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Abstract. The classical models of volcanic eruptions assume These percolation mechanisms for catastrophically weak-
that they originate as a consequence of critical stresses aning magma would presumably operate in conjunction with

critical strain rates being exceeded in the magma followedhe classical critical stress and critical strain mechanisms. We
by catastrophic fragmentation. In a recent paper (Gaonac’ttonclude that percolation theory provides an attractive theo-
et al., 2003) we proposed an additional mechanism based oretical framework for understanding highly vesicular magma.

the properties of complex networks of overlapping bubbles;
that extreme multibubble coalescence could lead to catas-
trophic changes in the magma rheology at a critical vesic-
ularity. This is possible because at a critical vesiculafity

(the percolation threshold), even in the absence of eXtemai!Subbles play a crucial role in controlling the style and in-

strgsse§ the magma fragments. By considering 2-D F?er(,:ofensity of volcanism: when reaching a free surface they can
lation with the (observed) extreme power law bubble distri- relieve pressure — possibly violently — and when they are
butions, we showed numerically tha. had the apparently 2006 in the ascending magma, they can weaken its struc-
realistic value~0.7. ture. In order for this weakening to lead to an explosive rather
The properties of percolating systems are, however, sigthan an effusive eruption style, one assumes that the sys-
nificantly different in 2-D and 3-D. In this paper, we dis- tem responds discontinuously/catastrophically to a small in-
cuss various new features relevant to 3-D percolation andrease in some physical parameter. Two main fragmentation
compare the model predictions with empirical data on explo-mechanisms are proposed. The first supposes that the bub-
sive volcanism. The most important points are a) bubblesyle gas pressure increases sufficiently to overcome the ten-
and magma have different 3-D critical percolation points; sjle strength of the surrounding magma (e.g. Aldibirov, 1994:
we show numerically that with power law bubble distribu- zhang, 1999; Alidibirov and Dingwell, 1996); whereas the
tions that the important magma percolation threshid,,  second is based on the idea that viscous strain rates could
has the high value-0.97+0.01, b) a generic result of 3-D  become higher than the relaxational strain rate of the melt
percolation is that the resulting primary fragments will have (Dingwell and Webb, 1989; Papale, 1999). In both cases,
power law distributions with exponertz;~1.186:0.002,  the rheology changes catastrophically even though a physical
near the empirical value (for pumicej1.1+0.1; c) we re-  parameter (gas pressure or strain rate) may only change by
view the relevant percolation literature and point out that thethe (possibly) small amount necessary to exceed a threshold.
elastic properties may have lower — possibly more realisticThe theoretical calculations underlying these models invari-
— critical vesicularities relevant to magmas; d) we explore ably make artificial assumptions about the geometry of bub-
the implications of long range correlations (power law bub- bly magma such as ignoring multibubble interactions, assum-
ble distributions) and discuss this in combination with bubbleing regular arrays of non-overlapping bubbles, the sphericity
anisotropy; e) we propose a new kind of intermediate “ellip- of bubbles, etc. While these assumptions may be valid at low
tical” dimensional percolation involving differentially elon- vesicularities, they become questionable at larger ones where
gated bubbles and show that it can lead to somewhat lowegxtreme bubble — bubble “overlap” and interaction must oc-

1 Introduction

critical thresholds. cur.

In all cases, the role of bubbles is important; recent ad-
Correspondence to: H. Gaonac’h vances in their understanding include studies of textural
(gaonach.helene@ugam.ca) aspects of volcanic products issued from bubbly magmas
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Table 1. Definitions of variables used in the text.

P Vesicularity of the magma

Pex Vesicularity at explosion

P3¢ by Pacm, P2c (0r P2 ) Critical vesicularity at percolation in a system. The subscript indicates the di-
mensionality, “b” indicates “bubbles”, “m” magma”

A*, V* The area and volume of largest bubbles (this diverge’ at

n(A), n(V) Number density of bubbles with areas betwetmnd A+dA, (with volumes
betweenV andV+dV in 3-D)

Bo, B3 Initial bubble size distribution scaling exponent in 2-D and 3-D, respectively

B3y Universal fragmentation exponent in 3-D, valid néay. ,,,

Vex, <Vex> Effective excluded volume, ensemble average of the effective extruded volume

P2, BB: P2e.cF, P3e.BB. P3.,cr  Critical bond occupation fraction for central force (CF) and bond bending (BB)
elasticity on lattices, the number indicates the dimensionality

L Linear size dimension of the system

D,j=2+H, Elliptical dimension

(Klug and Cashman, 1994; Polacci et al.,, 2001; Klug et The classical eruption models focus on the consequences
al., 2002; Gaonac'’h et al., 1996a, b, Lovejoy et al., 2004);of the variation of external parameters on a relatively static
these studies have brought out the importance of coalesceneragma; it is implicitly assumed that, for a given bubble
and anisotropy of bubbles. Laboratory studies were also im-overpressure, the rheology (e.g. the critical yield strength)
portant for refining theories of magma fragmentation, espe-evolves smoothly with vesicularit (e.g. in Spieler et al.,
cially Ichihara et al. (2002), Spieler et al. (2004), Namiki 2004, it evolves linearly withP). Yet there are reasons to
and Manga (2005, 2006). At an empirical level, Spieler etbelieve that the relation may not always be smooth and can
al. (2004) have established that at least for low to moderateeven be singular. This is because it is generally acknowl-
vesicularities (belowr20%—-30%), that for a fixed bubble edged that explosions typically occur at such high vesicular-
overpressure, there is a roughly linear relation between théties P,, that the bubbles necessarily overlap into complex
yield strength and the vesicularify of the bubbly fluid (the  networks. For example, Sparks (1978) suggests that at the
critical overpressure is proportional toP;/see Table 1 for moment of explosionP,,~75-77% is quite common and
parameter definitions). Although the authors do not discussGardner et al. (1996) find®~0.64 for eruption products
this in much detail, for large®, the yield strengths inferred coming from magmas with viscosities higher thar? Pas.
from their experiments are seemingly nearly independent ofSince the most vesicular products (more fragile) are more
P even if the relation is hard to discern due to the large ex-susceptible to secondary fragmentation this is presumably a
periment to experiment variability. Indeed it would be sur- lower bound onP,, (see below).

prising if high vesicularity conditions could be successfully  The geometry of idealized versions of these bubble net-
modelled without taking into account complex multibubble works — in which all the bubbles are placed uniformly at
interactions. random and have various distributions of shapes and orien-
In Namiki and Manga (2005), magma was simulated bytations — has been extensively studied in statistical physics;
a gum rosin solution. Over a large range of initial vesicu- the problem of “percolation” (see Stauffer, 1985, for an intro-
larity and pressure differentials they conducted rapid decomguction). Percolation theory shows that under fairly general
pression experiments. The effects of the decompression rategrcumstances the superposition of such randomly distributed
on the eruption styles of the bubbly elastic fluid was inves-shapes results in a geometric phase transition around a criti-
tigated, demonstrating the important role of bubbles and deca] vesicularityP.. Applied to bubbles, this means that as the
formation during expansion of the magma. In Namiki and vesicularity P approachess., (Pa. in 3-D) the aread* (or

Manga (2006) the effects of decompression rate on expanyolumes V* in 3-D) of the largest simply connected bubbles
sion style and velocity of the bubbly fluids were explored diverges:

when viscosity was low enough to allow the expansion of the

bubbles. A* ~ |P — P2¢|_2U2; 2-D

1
V¥~ |P — Py |73 3-D @)
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(v is the “correlation length exponenti>=4/3 (Den Nijs,
1979);1v3=0.88+0.02 (Grassberger, 1983). In a 2-D system
the largest bubble spans the system and effectively cleaves
it in half so that even if there is no external stressPat

the magma is reduced to a collection of disconnected frag- 0.6
ments. In Gaonac’h et al. (2003), this singular behaviour of
percolating systems was used as the basis of a critical rheo- 2c oot
logical model for explosive volcanism in which the stresses 0.62
and strain rates play only passive roles, but in which the 0.60
vesicularity plays the role of critical parameter: in a stressed
magma, ifP slowly rises to the critical valu®,,. catastrophic
fragmentation will result. Although it is possible that certain 0.56 -1
volcanic explosions are purely consequences of this bubble- L
based mechanism, the percolation mechanism is clearly not

: - ; ; : Fig. 1. This shows an accurate estimate of the infinite system
in contradiction with the classical mechanisms. In vol- . S
contradictio th the classical mechanisms. Indeed vo .2-D percolation threshold-R for power law bubble distributions

canic explosmns may occur because the percolation point from simulations. The scale invariant exponent used in the nu-
reaChed_ in some particularly porous parF of the magma COI'merical simulation isB>=0.75 (the empirical value). The (finite
umn which then breaks down locally. This local breakdown gizeq) percolation threshold is estimated at four different sized
could create a pressure wave that disrupts the surroundin
magma by classical critical stress mechanisms.
The most commonly dISCU.SSEd type of percolation is thatdard method for dealing with finite size effects. The extrapola-
which occurs on a regular lattice. In contrast, the bubble per- -1
colation we proposed is a type of “continuum percolation” “T’d” ﬁf L vé t% Z%gtéi%gf t?ﬁ_ i”_ﬁ”ilte sytsui? pem'atio”tthrefh'
o : ; : : old; here B.=0. .001. This is close to the approximate value
which is theoretlgally and numer.lca”y harder to mvesj“gate'OJQt0.0S Ccited in Gaonac'’h et al. (2003). The ?zfrgest bubbles in
General percolation theory predicts that the percolation ex-,' "~~~ " =" . . - :
. . . . the initial distribution had diameters =10% of the system size.
ponents ¢p in Eq. (1), D is the dimension of space; there
are other exponents including a fragmentation exponent; see
below) are “universal” in the sense that they are the same
for virtually any basic shape in both lattice and continuum @ “short-range” type where all bubbles would be smaller than
percolation. However, the critical. is not universal and is  the size of the magmatic system. Figure 1 demonstrates that
usually determined numerically and after considerable effortthe observed power law percolation is in the same “universal-
While standard continuum percolation theory usesity” class as the usual monodisperse percolation (same invari-
“monodisperse” distributions (all the basic shapes are thedntvz exponent) since it is well fit by the theoretical univer-
same size), in order to apply percolation theory to a bub-Sal monodisperse exponent=4/3 (Den Nijs, 1979). Using
bly magma, it was on the contrary proposed that a widethis power law distribution an®,=0.75 on numerical simu-
power law distribution of basic bubble sizes should be used/ations, (Gaonac'h et al., 2003) fourit.~0.7+0.05 which
This was justified on the one hand because the basic bubbldS duite close to the vesicularity (Sparks, 1978; Gardner et
bubble (binary) coalescence mechanism has no characteri§l-» 1996) observed in the products of explosive volcanism.
tic size and hence leads to power law distributions of gas Unfortunately, the more realistic 3-D case was not con-
vesicles (Gaonac’h et al., 1996b; Lovejoy et al., 2004).sidered. At the time, it appeared that the change in the 2-
On the other hand it was justified empirically; Gaonac’h et D percolation threshold resulting from the replacement of
al. (1996a), Klug et al. (2002) found: monodisperse by power law bubble distributions was very
A)~ A-B-L 2D considerable. According to data in the review (ben-Avraham
n( ~ U —Ba—1. (2) and Havlin, 2000), (Table 2.1, p. 17) the monodisperse 2-
n(V)~ V=T 3D D Py, had the value 0.3120.005 which was only slightly
wheren is the number density of bubbles with areas betweenabove the 3-D value 0.289%.0005 (Rintoul and Torquato,
A andA+dA, (with volumes betwee andV+dV, in 3-D); 1997). It was therefore concluded that the dimensionality
empirically they foundB,~0.75. This is quite an extreme did not have a strong influence ah, and that the increase
distribution indeed, since whenevBs or Bz<1itissodom-  from P,.~0.3 (monodisperse) to 0.7 (power law) was due
inated by the large bubbles that a cut-off is needed (here taketo the strong effect of the power law bubble distribution.
as a fixed fraction of the system size) in order to stop theUnfortunately, the review value’.=0.312+0.005 turned
mean diverging in the large bubble limit (this is necessaryout to be a misprint; the correct (and up to date) value is
so that the model can be normalized to yield a finite meanP;.=0.67633%0.000004 (Quintanilla, 2001). In reality, the
vesicularity). According to the terminology of de Dreuzy et bubble distribution only has a small effect @) (see how-
al. (2000) power law percolation is a “long-range” rather thanever Sect. 5) whereas the effect of the dimension of space is

P

0.70

0.68

0.01 0.02 0. 0.04
0.58

-1
gystems L=3, 28, 29, 210 and then plotted againdt 2 where
v>=4/3 is the theoretical correlation length exponent; this is a stan-
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Fig. 2a. A horizontal section through a 28@ower law (33=0.85)
system just below the magma percolation pointt,2=0.97. Bub-  Fig. 2p. A “cloud” rendition of the previous simulation bringing
bles are white; the rocky matrix/viscous magma is black. Most of oyt the filamentary nature of the magma near the magma percola-
the bubbles are actually joined via connections out of the plane.  tion point. Here, the intensity (white to saturated blue) depends on
the exponentially weighted total (integrated) magma density along
a column perpendicular to the surface, the brighter regions are those
very large. Indeed, a much more precise calculatio®9f  where most light would pass if lit from the other side, i.e. a repre-
in the case of power law bubbles (see Fig. 1) taking into ac-sentation of gas bubbles.
count the size of the finite simulated system shows that the
infinite system has a value @.=0.708t0.001, so that the
effect of changing the distribution — even for a distribution as
extreme as a power law distribution with<1 — is actually
fairly small. Due to the much lower monodisperse 3PR)
value, it is therefore important to re-examine the percolation
model of explosive volcanism. On the one hand, we seek to
verify the effect of power law bubble distributions in 3-D (in
particular on the value afs.), on the other, we explore some
new features of 3-D percolation not present in 2-D and some
implications for volcanic systems.

2 3-D continuum percolation: power law and monodis-
perse bubble distributions

Percolation in 2-D is relatively straightforward. Bela®y,,

the largest bubble is of finite extendl (in Eqg. 1), the sur-
rounding magma region is infinite and “magma” percola-
tion prevails (a path is possible from one side of the sys-
tem to the other without crossing through bubbles). At

Py @ percolating network of bubbles is formed (a path gig >c. Four different view angles showing a simulation of the
is possible from one side of the system to the other onlypercolating magma cluster (largest magma fragment — in grey) with
through bubbles). This path cleaves the magma into fi-power law bubble distribution&z=0.85) on a 62 simulation show-
nite sized fragments; the overall system will therefore loseing the extremely fragile and complex created structures at such
its tensile strength. The poinPy., is critical for both high vesicularity £=0.95).

geometric and rheological properties. In 3-D the situa-

tion is more complicated, there are two different percola-

tion thresholds: the percolation threshold of the gas bubble

Nonlin. Processes Geophys., 14, 743-755, 2007 www.nonlin-processes-geophys.net/14/743/2007/
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Fig. 3a. This shows the probability of bubble percolation as a func-
tion of vesicularity of the system for power distributed spheres, Fig. 3b. Same as Fig. 3a except for magma percolation.
B3=0.85 (blue) and monodisperse (red). The simulations wereps. , =0.973, 0.964 for the power law (blue) and monodisperse
made on 258 grids, in the monodisperse case, the radii were 10 (red) respectively bubbles. There were about 120 simulations in
pixels, in the power law case, the large bubble cut-off on the initial each case. Again the monodisperse value is slightly different from
distribution had radius 10 pixels; there were about 100 simulationsthe literature (infinite) system value due to finite size effects.
in each case. The curves are fits to the semi-empirical funétion
(1+tanha(P—P.)) wherea is a constant (determined by the finite

size of the system). The arrows show the value®okstimated ) . . . .
here asP3. ;,=0.228, 0.259 for the power law and monodisperse Cr€asing the elongation ratio of the (monodisperse) ellipses

systems, respectively. The latter is slightly below the literature (in-t0 8:1 (the maximum possible on his gri#. ,, decreased

finite system) value 0.2895.0005 due to finite size effects. by about 1% from the spherical vallRg, ,,~0.9699:0.003
(Rintoul, 2000), toP3.,,~0.958. This is in contrast with
our simulations in Fig. 3b indicating about a 1% increase

network, Ps.,, and the percolation threshold of the sur- in Ps.,» when monodisperse distributions of spheres are re-
rounding magma,Ps. ,, (the subscript 8" for “bubbles”, placed by power law distributions witB3=0.85. As pointed
“m” for “magma”). At the critical P3. ,=0.2895+0.0005 for ~ out in Gaonac’h et al. (2003), B; is the bubble size expo-
monodisperse spheres (Rintoul and Torquato, 1997), thergent of a 2-D cross-section of an isotropic 3-D percolation
is a continuous spaghetti-like fractal bubble spanning theprocess, then when passing from 2-D to 3-D we must use
system, but the magmatic surrounding matrix is — with thethe relation 2(182)=3(1-B3) so that the empiricaB,=0.75
exception of a few small fragments — all connected, in-corresponds t@#3~0.85.
finitely large and percolating. However when one reaches For the percolating model of explosive volcanism, this sec-
a much higher vesicularitys. ,~0.9699:0.0003 (Rintoul,  ond Ps,,, is the most important in the sense that it is at
2000), the magma fragments i.e. the magma stops percolathis very high level of vesicularity that the magmatic sys-
ing; this is another critical threshold with the same “univer- tem is completely fragmented, where the tensile strength of
sal” exponents. For lattice percolation Grassberger (1983}he magma completely vanishes. If the system is under stress
findsv3=0.88+0.02 for continuum percolation while Rintoul and just belowPs. ,, , then an imperceptible increase i
(2000) givesv3=0.902+0.005 (the two are presumed to be |eads to a catastrophic weakening of the system and hence
the same to within numerical error). Figures 2a, b, ¢ exhibitexplosion. In comparison, &, while degassing will be
the fragile filamentary magmatic structures at this high vesic-enhanced by the percolating bubble network, the magma rhe-
ularity. ology will only change imperceptibly and the magma would
In the continuum percolation literature, it is traditional to continue its ascent without being too disturbed. Unfortu-
consider that the complement of the percolating elements areately, the valuePs. ,, is quite high, perhaps too high to
“voids”. In applications to magmas, this can be confusing be compatible with the observations although — as discussed
since the percolating medium is a gas bubble, the complebelow — the observations on explosive products may not be
ment being the viscous magma — or when analysing volcanistraightforward to interpret. This is especially true since it
samples — the solid matrix and crystals. The magma permay be enough for a localized region to reach the percola-
colation cited above is therefore called “void percolation” tion threshold in order to provoke first a local and then a more
or “Swiss cheese percolation”. Although void percolation general fragmentation. Before discussing this further, let us
hasn’t attracted so much attention, Yi (2006) has investigatedirst check that changing from a monodisperse to power law
the effect of changing the shape of the basic elements frondistribution does not alter thes.'s very much. Figures 3a,
spheres to ellipsoids. On 12D@rids, he showed that in- b show the results of numerical simulations for estimating a

www.nonlin-processes-geophys.net/14/743/2007/ Nonlin. Processes Geophys., 14, 743-755, 2007
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Fig. 4a. This shows the fragment distribution of 11 non percolat- gig 4p This shows the average number distributions of volcanic

ing simulations on 258lattice involving power law bubble distri- fragments from 600 simulations sized $28r both monodisperse

butions with B3=0.85 taken at P=0.967 (ne#&g..,,). The distri- ,6) and power law (red) percolation at a P value of 0.7, i.e. be-
butions are normalized by the total number of bubbles so that thg,,, he Pa..,, value (note;B3=0.85 was used for the bubble dis-
C,Mm H .

ordinate is actually the relative probability of fragments of a given i, tion and natural logs are used on the graph). The radius of

vo!ume. The reference slopes have the theoretical universal percqy,q monodisperse bubbles was 10 pixels, the largest bubble in the
lation valueB3/2=0.425 (left) and 1.186 (right). The latter formula power law simulations was also 10 pixels in radius. This corre-

was also found in 2-D simulations in Gaonac'h et al. (2003) but the g ons o a Log(volume)=8.34 corresponding to a characteristic
formula B3/2 is only semi-empirical. scale that breaks the scaling (note the habkere). The two steep
reference lines have sloped.186. The shallow reference line has

) S slope—0.85. While the second exponent is the universal prediction
monodisperse and power law distribution wig=0.85. We  of continuum percolation theory faP close toPs. ,,, the former

can see that not only are the finite monodispetgés close  behaviour (0.85) is nontrivial to explain since it is the bubble dis-

to the theoretical infinite system valueBs(,,~0.964 — see tribution which has a power law witi83=0.85. Since these sim-

Fig. 3b — i.e. to within 0.6% of the value 0.9680.0003 ulations were belowPs, ,,, the single largest fragments on each

(Rintoul, 2000); this serves as a check on the simu|ations)§imulation percolate and were removed from the distributions.

but also that the power law simulations are not very differ-

ent, with Pa. ;, about 3% lower andPs. ,, about 1% higher

than the corresponding monodisperse values. Although wéical fragmentation mechanisms (they suggested a series of

did not attempt to extrapolate these 35&lues to infinite ~ fragmentation events happening in the eruptive column) so

system values, the difference is small and is expected to pethat the 3-D percolation explanation f@s,>1 is particu-

sist in the limit (see the discussion in Sect. 5). larly appealing. We should note that this power law distribu-
A seductive feature is that this model elegantly ex- tion tail only appears neaPs., (~*90%); however Fig. 4b

plains the fragment size distributions observed for pumice.shows that somewhat below this values(,,=0.7), in the

One of the universal features of percolation at the criticalPower law (but not monodisperse case) this theoretical be-

point is indeed the existence of a power law distribution haviour may already be starting to be visible.

of fragments with universal percolation exponent in 3-D,

B3~1.186+:0.002 (Jan and Stauffer, 1998)f ‘for “frag-

ment”; Bsy=1—1 wherer is the usual percolation notation. 3 3-D continuum percolation as a model for explosive

Our simulations confirmed that the power law bubble distri-  volcanism

butions did not alter this value (Fig. 4a) which is very close

to the empirical valués ;~:1.140.1 from Plinian fragments  We have noted that in the absence of external stress, com-

(Kaminski and Jaupart, 1998). Note that in some of the lit- plete fragmentation of the magma will only occur near the

erature (e.g. Kaminski and Jaupart, 1998; Kueppers et alrelatively high (monodisperse) valug,. ,,~0.9699. While

2006) the exponentBy is used instead. It is denoted by this seems high, it is worth noting that the evidence for the

the symbolD and is incorrectly referred to as a “fractal di- critical explosive vesicularity,, being around 0.6-0.7 is in-

mension” even though it is not the fractal dimension of any direct, being based on the vesicularity of eruption products.

set of points; indeed, sinceB3 >3, it could not possibly  However, according to the percolation model, while the over-

represent a set embedded in three-dimensional space. Th&l magma may have a large at the moment of explosion,

value B3y >1 contrasts with the much smaller value obtained the individual fragments will have a distribution fvalues

in 2-D percolation £ B2/2; see Gaonac’h et al., 2003, for a each of which will be quite a bit lower, possibly quite close to

discussion). In addition, as noted by Kaminski and Jauparbbservations. In addition, after the explosion some of the vol-

(1998) values oBss>1 cannot be obtained by simple clas- canic products will stay hot longer so that the bubbles inside

Nonlin. Processes Geophys., 14, 743-755, 2007 www.nonlin-processes-geophys.net/14/743/2007/
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Fig. 5. Schematic diagrams showing the hypothetical response of porous magma to pressure gradients at varying?véuéisates, in
percentage).

each fragment will continue to expand and coalesce and -s not speculation but a sure consequence of 3-D percolation
presumably in some cases — continue to fragment after the the entire magma fragments (the magma no longer perco-
initial explosion, e.g. Thomas et al. (1994). While this makeslates) even in the absence of a surrounding pressure gradient.
it difficult to infer the P, in the magma at the moment of the

explosion it does not necessarily change the overall bubble We_ have seen that due _to 2-D percolat_m_n catagtropmcally
size distributions. cleaving every planar section Bi.~0.708, it is possible that

the rheology of the magmatic system will respond abruptly
Even with these caveats, real magmas are under stress aegten at values well belows. ,,. Figure 4b shows that — at

will certainly fragment belowPs. ,,. The problem is to de- least in the case of power law bubble distributions — that the
termine how the rheology — in particular the yield strength —primary fragments have size distributions with long tails not
of the magma evolves witR. While the percolation model too far from the theoretical power law with exponeBy
may indeed provide a good approximation to the magma gefhence close to the observations of Kaminski and Jaupart,
ometry — since it is a fairly general model of multibubble 1998). The only direct way to test this model would be either
overlap (and we hypothesize, multibubble coalescence) — irempirically by testing the yield strengths of volcanic prod-
itself it will explain explosive volcanism only if for some ucts as functions of their vesicularities (something which to
relevant small range of vesicularit§, the rheology varies our knowledge has not yet been done systematically), or
extremely rapidly. While we postpone a discussion of theto perform (difficult) numerical or theoretical calculations
mechanical properties of percolating systems to a later secsn percolating systems (see however below). Probably the
tion, we can use our knowledge of 2-D and 3-D percolationbest relevant information currently available is from labora-
to make a schematic of the plausible behaviour of the bubblytory experiments by Namiki and Manga (2005) (see Fig. 6)
viscoelastic fluid (Fig. 5). On the left we see the relatively which although not conclusive do seem compatible with the
simple situation in 2-D where a single percolation thresholdpercolation based schematic Fig. 5. The authors conducted
exists. As the vesicularity increases from 0% to 70%, lessrapid decompression experiments of an analogue of a bubbly
and less overpressure is needed to fragment the system. Atagma varying the initial vesicularity and pressure change
P>, (close to 70%) fragmentation occurs even at vanishingfrom one experiment to another. They observed various
surrounding pressure gradients. On the right, we see the sipatterns in response to the experimental conditions such as
uation in 3-D where there are several criti¢gavalues asso- “fragmentation” or “partial rupture” regimes and plotted the
ciated with abrupt changes in the yield strength of the mag-estimated observed experimental values in hypothesized re-
matic system. Starting at low vesicularity, we hypothesizegions in accordance to initial vesicularities, pressure changes
that whenP exceeds firsPs. ; (~*30%) — where the bubbles and potential energy (assumed to be transformed into kinetic
form infinite spaghetti-like fractal networks and allow more energy). In order to interpret Fig. 6 in terms of the percola-
effective degassing — there may be a corresponding weakerion model, two points must be borne in mind. First, while
ing of the still percolating magma. Then, Bt Py, (=70%) the percolation model applies to the vesicularity at the mo-
every planar cross-section will undergo 2-D bubble percola-ment of fragmentation, Fig. 6 refers to the initial vesicularity
tion, hence every plane will be cleaved by an infinite sizedi.e. just before a sudden decompression — expansion of the
bubble. We hypothesize that this might cause further rapicbubbles. In spite of this, we may note from the figure that
weakening of the magmatic rheology near this value, possi— as expected (cf. Fig. 5) — wheh>70% the pressure gra-
bly explaining the common observations Bfnear 70% in  dient need not be very high to cause rupture and fragmenta-
the volcanic products. Finally, &t , (=97%) — and this  tion. At Ps.,,~95% the system will fragment as discussed
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proximate the magma as an elastic solid, then we may be able
to apply the theoretical results on the elastic properties of
percolating systems that have been studied since the 1980s.
The key result (Arbabi and Sahimi, 1988, 1993; Sahimi and
Arbabi, 1993; and see the discussion in Craciun et al., 1998)
is that there are two different universality classes (implying
in each class a specific critical vesicularity threshold) for the
elastic properties depending on whether the interacting ele-
ments (e.g. the bonds between the sites in bond percolation)
have elastic properties only along the lines connecting the
sites (“central force”, the CF model), or with resistance tan-

. & gential to this line (“bond bending”, the BB model).

To understand why there might be differences between CF
and BB elasticity, consider the simple example of bond per-
colation on a square lattice in 2-D. In the pure CF model,
each bond is a spring; however since the springs cannot re-
sist tangential forces, even if all bonds are present (the frac-
tion of bonds =1), the entire lattice will “flop” over with
even an infinitesimal tangential push. On the contrary, in
the pure BB model, we may think of each bond as a flexible
Fig. 6. A “regime” diagram of laboratory observed bubbly magma beam rather than a spring, and as the fraction of bonds de-
behaviour as a function of initial vesicularity and overpressure ~Creases, the structure will maintain its integrity until the geo-
AP. The various symbols represent different experimental condi-metric phase transition occurs at the usual percolation thresh-
tions; adapted from Namiki and Manga (2005). The three verticalold of the bond network (which is exactl2 in this case
lines show the three different 3-D percolation thresholds identified(Essam et al., 1978)). In this example, the critical CF point
in the present paper as critical vesicularities relevant to magmatif the |attice isP2..cr=1, whereas the critical BB point is
rheology (see Fig. 5). Blue, green, re.d, pink and light-blue Symb()lSPze,BB:l/Z (“e” for “elastic” critical threshold). Clearly we
show cases with fragmentation, partial rupture, detachment, deforgenerally haveP, cr=>P. p5 ; and in lattices (such as the

mation and notl_nmg ‘ .See '\.'am'k' and Manga (2005). c.:rossesf’triangular lattice) whereP,, cr exceedsPy, pp, if we start
circles and asteriks indicate different concentrations of their experi- t a bond fracti flOO‘V dd "t find that th
mental solutions. Their diagram is divided in five distinct expansiona a bond fraction o 0 and decrease It, we fin atthe

styles (see Namiki and Manga, 2005, for explanations). structure - although still geometrically percolating — catas-
trophically loses its ability to resist stressesat cr. In
real materials of course there will generally be a mixture of

above. Second, in addition to the nontrivial relation betweenCF and BB, (this is called a “cross-over” behaviour) so that
initial vesicularity and the vesicularity at the moment of frag- the BB elasticity will ultimately be dominant at large enough
mentation, the Straightforward app"cation of the perco|ati0nscales. However if the BB contribution is Sma”, the structure
model to explosive volcanism is under slowly varying condi- ¢an still weaken rapidly at the critical CF percolation point
tions with vesicularityP slowly rising — and not under rapid P3e,cr-

decompression. Such depressurization — at least in local pla- If we consider the results on 3-D elastic properties, we find
nar regions perpendicular to the pressure change variation that the critical threshold in the 3-D bond bending model
is particularly favourable to fragmentation (Ichihara et al., — the point where there is a singularity in the elastic mod-
2002) so that in addition to visco-elastic extensions of theulii Pz, zp — is low (in most models it is equal to the

theory we must also take into account anisotropy. correspondingPs. 5 i.e. around 20-30%; we use the sub-
script “b” although in this lattice model the bubble ana-

logue is a spring/elastic bond). What is notable is that the
3-D central force model has much higher valukg cr
than Ps, pp. For example, in (3-D) body centred cubic lat-
tices with bond percolation Arbabi and Sahimi (1993) find
Magmas are viscoelastic fluids implying that viscous and Psz,.cr=0.73#0.002.

elastic properties of the fluid depend on the relevant ex- However, before concluding that critical elastic properties
pansion and decompression rates (see Ichihara et al., 2002)ould potentially explain critical magma rheology at such
While itis possible that 3-D percolation as described above isa high percolation threshold, it must be recalled that the
already an adequate model of explosive volcanism, it is worthpercolation of a system is usually identified with the frac-
exploring other avenues for obtaining singular behaviour attion of gas bubbles, not magma. The critiddl, ¢ how-
lower more commonly observel.’s than 90%. If we ap- ever corresponds to a fraction 0.437.002 of (central force

A P (Pa) overpressure

U

| 0.4

b
Initial Vesicularity

4 Magma Rheology and critical elastic properties in
percolating systems
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only) springs on a body centred cubic lattice, i.e. to theculation may diverge). They showed how to handle the ex-
lattice analogue of 1-0.7350.002=0.263-0.002 voids. In  cluded volume in this power law (“long-range correlations”)
comparison, on the same body centred cubic lattice Lorenzase and with the help of numerical simulations, they cal-
and Zziff (1998) found for (bond bending only) springs culated the effective excluded volumes and corresponding
P3..s=P3. ,=0.1802875 corresponding to the absence ofpercolation thresholds for power law element distributions
springs on a fraction 0.8299125. However, we have seemwith 1»<B3<4/3 and with eccentricities 0.8k <1. As B3
from the example of continuum void percolation that we decreases they found a generally increastlg a conse-
cannot simply takePs. ,=1-P3., (the bubble percolation quence of the stronger long-range correlations present at low
threshold is close to 30% while that of the magma is closeBs where the system is increasingly dominated by a single
to 90%); we must really do a proper elastic calculation large element (ellipses here) although some of this is prob-
on a continuum model with appropriate microscopic elas-ably due to finite size effects. Perhaps more interesting, is
tic properties, a difficult operation to conduct. At present, their finding that for fixedB3, at eccentricities of around 0.5,
one uses lattice percolation with random individual elastic Ps. reaches a maximum. For a giv#a they considered the
bonds distributed with a probability distribution which at- maximum Ps.'s, over all the eccentricities simulated. They
tempts to mimick the “necks” and other connectivity mor- found that this maximun®s, varied monotonically over the
phologies which arise in continuum percolation (the mag-range 0.3% P3.<0.65 asB3 decreases from 4/3 tb> (al-
matic analogue would be the walls, plateaus and matrix of theéhough their higher values dfs. are subject to larger numer-
magma system). Once the lattice elasticity calculation hascal uncertainty; thesé values were calculated from their
been made, the equivalent continuum critical elastic threshpublished excluded volume values). Using the experimental
old can be estimated using the lattice filling factor methodmagma valueB3=0.85 their maximumPs. , (obtained with
of Scher and Zallen (1970). In other words, elastic thresh-theire=0.5) is 0.42. de Dreuzy et al. (2000) noted that using
old estimates that are directly relevant to percolating magmasircular elements does not lead to such strong effects; how-
(even ignoring viscous effects) do not exist and will require ever the effect of eccentricity is greatly enhanced by the long
explicit modelling. For the moment, we conclude that the range correlation introduced by the power law distributions.
existing lattice based results are mostly suggestive, and thdh addition from their Fig. 5, we infer tha®3~0.85 (corre-
magma rheology requires much research. sponding to theiu=2.6) is not low enough for very strong
Due to the difficulty of direct calculations, it is relevant to effects, in agreement with our results in Fig. 3a.
mention the laboratory results of Meille and Garboczi (2001) Caution should be taken before applying these results to
who compare numerical simulations and laboratory results3-D magma percolation. Although de Dreuzy et al. (2000)
on gypsum plaster. In at least one of their experimental sysused shapes with nonzero excluded volumes, they were inter-
tems, they find a critical elastic vesiculariBg. .~0.8; they  ested in “fault” percolation and hence exclusively used 2-D
underline the difference between 2-D and 3-D behavioursshapes (circles, ellipses) with each having zero volumes. The
and the importance of 3-D simulations for comparing with results presented in our paper are apparently the first to con-
real world systems and point to mechanisms which couldsider finite volume percolating shapes with long range cor-
lower critical P values for magma rheology. relations. Assuming that the application of excluded volume
theory is indeed correct, de Dreuzy et al. (2000) showed that
by using power law distributions, it is possible to vary the
5 The effect of distributions of anisotropic percolation  percolation threshold over a somewhat wider range than pre-
elements on the percolation threshold viously believed. However with the exception of the limited

o ) _ _ ~ results presented in Fig. 3b above, the effect of power law
The effect of distributions of anisotropic shapes (with a given gistributions on void percolation threshold,.,, has not

distribution of orientation directions) has classically beenpeen investigated. Nevertheless, it is interesting — at least
treated using “excluded volume” theory. The idea is to takefq the spherical elements treated here — that with respect to

into account the fact that the degree of overlap of differ- fhe monodisperse value it increases rather than decreases the
ently shaped elements (here, the bubbles) can be statistically,,,e of Pae .

accounted for, and that this determines the efficiency with
which the elements can connect up. Based on this idea Bal-

berg (1985) argued that in 3-D if the critical effective ex- g Other possibilities: stratified percolation with ellipti-
cluded volume is<V,, >, then the bubble percolation thresh- cal dimension between 2 and 3

<Ve

old is Ps.=1—e~ "8 . He then argued that for any distri-

bution of shapes and orientations that0<V,,><2.8 (im-  The finding that percolation resulting from power law distri-
plying the bounds 0.08P3.<0.29). However, de Dreuzy et butions of elements/bubbles is particularly effective at mod-
al. (2000) argued that this result does not apply in cases wittifying the percolation threshold when it is combined with
wide power law size distributions (where for example, vari- anisotropic shapes motivates further investigation of the role
ous statistical moments needed for the excluded volume calef the anisotropy of bubbles. Indeed, bubble shapes are
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that its effective dimension i®,;). In a monodisperse sys-
tem, the flattening would in contrast have a relatively trivial
effect since all the structures would be flattened by the same
amount independently of their size.

From these extreme cases, we may expect that the percola-
tion threshold will be different in the horizontal and vertical
(z) directions. In addition, it is possible that the criterion
for percolation may need to be appropriately changed with
D,;. To get an idea of the problem, Fig. 8a shows a didac-
tic example (without displaying the small bubbles) where we
have takenH,=0.6 (D,;=2.6). At a vesicularity ofP=15%
(Fig. 8b; H.=0), the bubbles spread primarily on theplane.
Even if we use the strict percolation criterion thaty per-
colation occurs only if a path exists across the system from
a givenz value to an identicat value on the other side, due
to the connectivity in the direction (Figs. 8b, ¢ foH,=0,

B ALY =5, D,;=2), we obtain percolation at a low value néar , rather
e et el S FESes than the much higheP,, (0.67). In this case, Fig. 8c shows
the percolating bubbles: although theidirection spread is
Fig. 7. Here is an example of a natural pumice displaying elongatedsma”, it is enough to drastically lowet, ;.

(i voloanc). The image fs & scanning elecurontc backsoatoreq 1° S¢¢_ how_ much differential anisotropy can afect
X C{he P, values, we show Fig. 9 withH,=0.2, (i.e.

image. This image represents a Santorini volcano pumice. D=2+H.=2.2), Bs=0.85, which uses the standard percola-
tion criterion but applies it to respectively the horizontal and
vertical directions H,=0.2 is the lowest that can be reason-
highly non-spherical due to coalescence (Fig. 7; and Lovejoyably simulated with a 200lattice). The (finite system) per-
etal., 2004) and magma stratification under stress (for exameolation thresholds can be estimated by the fitting method of
ple near the conduit walls). Evidence for this comes fromFig. 3 yielding roughlyP2 2nor.c.n=0.916, P2 aver .. =0.893.
the fragmented layers of elongated fragments found in flowThese can be compared to the (isotropic) vatge,,=0.973
banding perpendicular to the pressure gradient (e.g. Ichi{Fig. 3b corresponding t#. = 1; the latter being on a slightly
hara et al., 2002; Gonnermann and Manga, 2003; Namikiarger lattice). Although finite size effects will change these
and Manga, 2005). If we have a power law bubble distri- values a little the effect will be small (for monodisperse dis-
bution, then it is both theoretically meaningful and physi- tributions it was within 0.6% of the infinite system value, see
cally plausible that the largest bubbles are the most “elon-ig. 3b) and this small shift will be not too different for the
gated” in the direction of shear; let us take this direction to different H. values. We can therefore safely conclude that
be perpendicular to the z-axis and assume that the flatteningifferential anisotropy can decrease the magma percolation
occurs in the z-direction, so that in the x-y plane, bubblesthreshold by a significant amount, probably taking it below
have circular cross-sections sizd., but in the z-direction, the 90% level.
they are flattened having extersL”? (with O<H,<1).
If the bubbles are spheres At1, then theirx—z or y—z
cross-sections will be ellipses with eccentricities increasing7  Conclusions
with L. The volumes of bubbles will therefore grow with
L as Volumel)~LxLxL":=[Pe where 2D, <3 and A few years ago several of us proposed the hypothesis that
D, =2+H, is an “elliptical dimension”; see (Schertzer and multibubble coalescence in magmas could be modelled as
Lovejoy, 1985). In this way the basic bubble structures canpercolation processes with the basic elements being isotropic
be made to interpolate between 2-D and 3-D. For examplebubbles distributed in a power law manner. Near the critical
in the limit of complete flattening into thin 2-D disk#/(=0, percolation threshold, a small change in vesicularity could
D.;=2), the system will percolate from one side of the lead to a catastrophic decrease in the yield strength, catas-
plane to the other at the 2-D percolation threshBjd. At trophic breakdown/ fragmentation of the magma such that
the other extreme H,=1, D.;=3) the shapes are spheres and if the magma is under stress it would explode. We demon-
we recover the 3-DPs. . The reason that this system can strated the idea with some limited two-dimensional numer-
be treated as having an intermediate dimension between 2-izal simulations and by comparisons with 2-D data of ex-
and 3-D is because there is a power law distribution of bubbleplosive volcanism including estimates of critical vesicularity
sizes leading to structures with increasingly flattening over avalues for explosive volcanismP{,~0.6—0.7) and also the
huge range of scales (indeed, it is only over this scale rang@ower law exponent of the distribution of explosive products

2.55 mm
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Fig. 8a. The stratified percolation model described in the text is
made from disks which are circular with radifigixels in the hor-
izontal andL#% in the vertical with power law volume distribu-
tions (B3=0.85). The simulations are on a 12828x 32 grid, with
H;=0.6, (corresponding to an “effective” or “elliptical dimension”
of 2+H;) and the minimum and maximum radius of respectively

10 pixels and 30 pixels (for didactic purposes the smallest bubbles-ig. 8c. The percolating cluster from the realization shown in

were supressed). Gas bubbles are the opaque shapes.

t

Fig. 8b. Although only a relatively thin layer of disks participate
in

the percolating cluster, the possibility of connecting in the ver-
ical direction is enough to reduce the bubble percolation threshold

P, well below the 2-D valuex0.6 (which we would obtain in the

imit of planar disks infinitely thin in the z-direction).

(B3zf). This new mechanism could act on its own to trigger
an explosion, or — by causing local structural weakening
— could act in conjunction with classical pressure surge or
strain rate surge mechanisms. Of course, if the magma is
not under stress (more likely at low viscosity), then nothing
special happens at the percolation point, one has a usual pas-
sive degassing, effusive eruption. On the other hand, cases
of basaltic Plinian products with very low vesicularities were
explained as being the result of a sudden collapse of the bub-
ble network (Gardner et al., 1996).

A serious limitation of the proposed percolation hypoth-

esis was its two-dimensional character: real magmas are
three-dimensional, and the change of dimension from two
to three leads to several differences, in particular, to the ex-

stence of a second “magma” percolation threshold (corre-

Fig. 8b. The stratified percolation model described in the text Sponding to “void” or “Swiss cheese” percolation in the lit-

made from disks 1 pixel thick in the (vertical) direction and with
power law distributions £3=0.85 with an initial bubble distribu-
tion with a maximum radius of 10 pixels) in the/ (horizontal
plane), corresponding t&,=0, henceD=2. The simulations are
on a 128128x32 grid, in the figureP=0.152. It is in fact just
percolating according to the criterion that percolation occurs in the
horizontal plane if and only if a continuous path exists through the
bubbles which starts and ends at the samelue (here =10 pixels
and not simply on opposite sides as is usually the case, see Fig. 8c

www.nonlin-processes-geophys.net/14/743/2007/

erature).
exponentB,>=0.75 (corresponding t®#3~0.85), we found
that whereas there is a unique 2-D valBg.~0.7, in 3-

Using the empirical bubble number distribution

D, there are two percolation threshold®s.,~0.25 and
P3c.m~0.97. From the simulations, we noted that unlike in
2-D where the fragments have expon@a~0.42, the 3-D

value B3y~1.186 (apparently universal, independent of the

5>ubeeBg) is very close to the observation83,~1.14+-0.1

reflecting the dominant effects of multibubble coalescence.
The agreement between the observed and predicted

B3y is probably the most convincing direct evidence that

Nonlin. Processes Geophys., 14, 743-755, 2007
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1 , , , Som—— : . , , highly vesicular magmas involving strong nonlinear bubble-
: bubble interactions.

08 . It is probable that percolation is only part of the picture;
‘. it may be that the magma progressively weakens at higher
5 and higher vesicularity?, but that the trigger for explosion

5 still comes from the classical critical yield strength limit be-
04 r : ] ing exceeded by a sudden large overpressure or decompres-
. sion rate generating large differences between internal and
% external bubble pressures (typically of16 10 Pa s) desta-
" . 1 . L . \ bilizing the highly viscoelastic surrounding magma which
08 08 084 086 088 09 092 094 09 098 1 then fragments. Alternatively, the relevant magma percola-
P tion threshold is somewhat lower thah,. ,,~0.97 and the
mechanism is indeed a rheological singularity at a critical
Fig. 9. This shows the effect of varying the vesicularity on the void Vesicu|arityp_ In any case, the use of a perco|ati0n frame-
(magma) percolation probability in the horizontal and vertical di- \york at highP surely represents a step towards realism when

;_?Cfiggst‘))l“ a ﬁ”(;te 2d®|atti°e (1%0 simulat_ionls for eaa_ﬁ).IWitg] hor compared to spherical close-packing and other highly artifi-
:=0.2 blue and red correspond respectively to vertical and hori-cia1 o dels of highe magmas.

zontal percolation thresholds.

Probability
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