N

N

Nonparametric goodness-of fit testing in quantum
homodyne tomography with noisy data

Katia Meziani

» To cite this version:

Katia Meziani. Nonparametric goodness-of fit testing in quantum homodyne tomography with noisy
data. Electronic Journal of Statistics , 2009, 2, pp.1195-1223. 10.1214/08-EJS286 . hal-00311975

HAL Id: hal-00311975
https://hal.science/hal-00311975
Submitted on 23 Aug 2008

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00311975
https://hal.archives-ouvertes.fr

Nonparametric goodness-of fit testing in quantum

homodyne tomography with noisy data

Katia Méziani
email: mezianiQmath.jussieu.fr
Laboratoire de Probabilités et Modeles Aléatoires,
Université Paris VII (Denis Diderot),

case courier 7012, 2 Place Jussieu 75251 Paris cedex 05, France.

August 23, 2008

Abstract

In the framework of quantum optics, we study the problem of goodness-of-
fit testing in a severely ill-posed inverse problem. A novel testing procedure is
introduced and its rates of convergence are investigated under various smooth-
ness assumptions. The procedure is derived from a projection-type estimator,
where the projection is done in Lo distance on some suitably chosen pattern

functions. The proposed methodology is illustrated with simulated data sets.
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1 Introduction

In quantum optics, the results of the measurement of a quantum state p are random.
Mathematically, a quantum state p is entirely characterized by an operator p on a

complex Hilbert space H such that p is
1. self-adjoint (or Hermitian): p = p*, where p* is the adjoint of p,
2. positive: p > 0, or equivalently (i, py) > 0 for all ¢ € H,
3. trace one: Tr(p) = 1.

In this paper, the studied quantum system is a monochromatic light in a cavity,
whose state is described by infinite density matrices p on the separable Hilbert,
hereafter, denoted by Ly (R), the space of square integrable complex valued functions
on the real line. In this setting, a convenient representation of a quantum state can
be obtained by the projection onto the orthonormal basis (’(/)j)j cny called Fock basis
and defined by

() o= —ee ()2 M)

Here, Hj(x) := (—1)j€x2%€_$2 denotes the j-th Hermite polynomial. Furthermore,
to each state p corresponds a Wigner function W,, which gives an identical rep-
resentation of the quantum state p. The Wigner function is a mapping from R? to
R such that [[ W,(¢,p)dgdp = 1. For this reason, W, is regarded as a generalized
joint probability density of the two random variables () and P that we would get if
we could measure simultaneously the two observables Q and P, which are respec-
tively the electric and the magnetic fields. The Wigner function W, can be defined

rigorously by its Fourier transform F,[WW,] with respect to both variables

W,(u,v) := Fo[W,|(u,v) = Tr (pexp(iuQ + ivP)).

In quantum optics, physicists produce quantum state of light and via measurement,
they gather independent identically distributed random variables containing infor-

mation on the unknown, underlying quantum state p. The measurements are done
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by a technique called quantum homodyne tomography (QHT), which has been put
in practice for the first time in [9]. We refer the interested reader to the book [L§]
or the paper [If] for further details on QHT. Our goal is to check whether the pro-
duced light pulse is in the known quantum state 7, or not. This can be done via
goodness-of-fit testing. We measure the distance between the unknown state p and

the presumed state 7 by the squared-IL,-distance:

2 2
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7,k=>0

In an ideal framework, the results of measurement would be (X;, ®;),—1 . », indepen-
dent identically distributed random variables with values in R x [0, 7]. Let p,(z, ¢)
be the probability density function w.r.t. the measure %)\ of (X1, @), where \ stands

for the Lebesgue measure on R x [0, 7r|. It is well-known that

pp(x[0) = RIW,|(z, 9). (3)

Here, R denotes the Radon transform, taking functions W,(q, p) on R? into functions
RIW,|(z,¢) on Rx [0, 7] formed by integration along lines of direction ¢ and distance

x from the origin, expressed as
RIW,|(x,¢) = / W,(z cos ¢ — tsin g, xsin ¢ + t cos ¢)dt.

In this paper we consider a more realistic model in presence of an additional in-
dependent Gaussian noise. More precisely, we observe (Y, ®¢)s—1,. , independent

identically distributed random variables, given by

Y= iXe + V-2 &, (4)

where &, is a sequence of independent identically distributed standard Gaussians,
independent of all (X,, ®;). The detection efficiency parameter n, 0 < n < 1, is a
known parameter and 1 — 7 represents the proportion of lost photons due to various

losses in the measurement process.



The problem of reconstructing the quantum state of a light beam has been exten-
sively studied in quantum statistic and physic literature. Methods for reconstructing
a quantum state have been proposed based either on density matrix or on Wigner
function estimation. The estimation of the density matrix from averages of data has
been considered in the framework of ideal detection [I3, [3, B0, B] as well as in the
more general case of an efficiency parameter n belonging to the interval |1/2,1] (cf.
[0, [4, [T, 7). The case n €]0, 1] has been recently treated in [ff]. The latter paper
provides also rates of convergence in L, loss for an estimator of the Wigner function.
The problem of pointwise estimation of the Wigner function has been previously
studied in [f] for noisy data and in [[[§] for ideal data. It should be noted that the
results of [If] and most part of the results in [J] are asymptotically minimax not only
in the rate, but also in the constant.

In the present work, the goodness-of-fit problem in quantum statistic is considered.
There is a large literature on nonparametric testing procedures for the goodness-of-fit
of probability distributions. First of all, let us mention the family of test procedures
built on certain distances between empirical cumulative distribution functions (c.d.f.),
such as the Kolmogorov-Smirnov and the Cramer-Von Mises test statistics, for which
extensive results in terms of asymptotic efficiency were established [BJ]. In order to
be more sensitive to low-frequency components or narrow bumps for powerful dis-
crimination, test procedures based on distances between densities were proposed,
such as the Bickel-Rosenblatt test [H, B for the Lo-distance and the test of [[] for
the IL;-distance. Theoretical results on such test statistics naturally stems from their
nonparametric function estimation counterparts.

In order to compare nonparametric testing procedures, many approaches were pro-
posed, as reviewed in [B3, [7[]. A common approach is to analyze the power against
sequences of local alternatives { f,},>1 of the form f, = fy + vn,g where g is the
direction defining the sequence of local alternatives, and where ¢, — 0 as n tends
to infinity. Typically, while nonparametric test statistics achieve nontrivial power

(i.e. the power of the test is strictly larger than the first type error) against direc-



tional alternatives f, = fo + ©ng when ¢, = Cn~/2, they achieve nontrivial power
against nondirectional alternatives f, = fo + ©ng, only for ¢, slower than n=/2. In
other words, achieving nontrivial power uniformly against a large class of alternatives
comes at the price of a slower rate than for parametric testing. The minimax dis-
tinguishability framework described in a non-asymptotic setting in [[, [J] and in an
asymptotic setting in [[7], allows to give precise statements about this phenomenon
by characterizing the discrimination rate ¢,, depending on a smoothness index of the
class of alternatives one wish to discriminate for the null hypothesis. Sharp minimax
results with pointwise and sup-norm distances have been established in 1] for the
regression model and in [Bg] for the Gaussian white noise model for supersmooth
functions. In [§], goodness-of-fit testing in the convolution model have been consid-
ered and minimax rates for testing in Lo-norm from indirect observations have been
established. The first testing procedure adaptive to smoothness of the alternative
function was proposed by [B{].

In quantum statistic framework, for the problem of discriminating between two dif-
ferent and fixed states we mention [P4] among others. They have establish lower
bound for the Bayesian error probability.

The remainder of the article is organized as follows. In Section P, we introduce the
notation and define the nonparametric class containing the density matrices we are
dealing with. The testing procedure and the theorical results assessing its asymptotic
behavior are presented in Section []. Section [] contains an illustration of the proposed

methodology on simulated data sets while the proof are postponed to Section fj.

2 Preliminaries

For any functions f, g : R — R, denote by f * g the convolution product
fraly) = /f(y — t)g(t)dt.

Since Y, := /Xy + /(1 —1n)/2 &, the density p} of (Y;, ®,) is given by the con-
volution of the density p,(-/\/7,¢)/y/n with N" the centered Gaussian density of
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variance (1 —n)/2. In other terms

Pi(y, 0) = <%pp <%¢) *N”) (v), VYyeR, ¢€l0,n].

In the Fourier domain, this relation becomes

Flp)(, 0)(1) = Filp, (-, )|t N (1), (5)

where F1[p)(-, ¢)] denotes the Fourier transform with respect to the first variable and
N7 the Fourier transform of the Gaussian density N".

We suppose that the unknown state belongs to the class R(B,r, L) for B > 0 and
r €]0, 2] defined by

R(B,r, L) := {p quantum state : |p; 1| < Lexp(—B(j + k)"/*)}. (6)

This decay condition on the coefficients of the density matrix characterizes both
smoothness and the asymptotic behavior of the associated Wigner function. Indeed,
it has been translated on the corresponding Wigner function in Proposition 1 and 2
in [@]. Namely, for all j > k, if p € R(B,r, L) with r €]0,2[, then for all 8 < B,
there exists zo (depending explicitly on r, B, 3) such that for all (¢,p) satisfying

v/ @2 + p? > zy we have
(Wolq,p)| < Crz' e, (7)
W,(q,p)| < et e, ®)

where z = /g% + p?. In case where r = 2, equations ([]) and (§) remain valid for

ﬁ . B

©+VvB)?
Let us consider the problem of nonparametric goodness-of fit testing from the data
(Yy, @) for £ =1,...,n. Given 7 € R(B,r, L), the physical interpretation of such a
test is to check whether the produced light pulse is in a known quantum state 7, or

not. This can be done via the density matrix as follows:

Hol p=T,
Hi(C,¢,): pe€R(B,r L) such that |[p— 7|2 > C - vn,

where ¢, is a sequence, which tends to 0 when n — oo.
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Definition 1. For a given 0 < A < 1, a test procedure €, satisfies the upper bound
(B) for the testing rate p, over the smoothness class R(B,r, L) if there erists a
constant C* > 0 such that for allC > C*:

n—0o0 PEH1(C.on)

lim sup {PT[QH =1+ sup PBJ[Q,= 0]} <\, (9)

where P, denote the probability under p = 7 defined in Hy.

We present in Table [l examples of pure quantum states, which can be created
at this moment in laboratory and belong to the class R(B,r, L) with r = 2. A state
is called pure if it cannot be represented as a mixture (convex combination) of other
states, i.e., if it is an extreme point of the convex set of states. This is equivalent
to the density matrix being a one dimensional projector, i.e., of the form p = P,
for some unit vector 1. In this case the formula for the expectation value of an
operator A in the state simplifies as tr(Ap) = E,[A]. Equivalently, a state p is pure
if Tr(p?) = 1. All other states are called mixed states.

Let us discuss these few examples of quantum states. Among the pure states we
consider the single photon state and the vacuum state, which is the pure state of
zero photons. Note that the vacuum state would provide a random variable of Gaus-
sian probability density p,(z|¢) via the ideal measurement of quantum homodyne
tomography.. We consider also the coherent-q, state, which characterizes the laser
pulse with the number of photons Poisson distributed with an average of M pho-
tons. The Squeezed states (see e.g. [{]) have Gaussian Wigner functions whose
variances in the two directions have a fixed product. The parameters M and & are

such that M > sinh®(¢), C(M,€) is a normalization constant, o = %,

1/2
and § = (m) . The well-known Schrodinger cat state is described by a linear
superposition of two coherent vectors (see e.g. [RBF]). Table [l gives some explicit

density matrix coefficients p;; and probability densities p,(x|¢).



Table 1: Examples of quantum states

Vacuum state

® oo = 1 rest zero,

o p,(el0) = V7.

Single photon state

® p11 = 1 rest zero,

o p,(al) = 2% | /.

Coherent-q state ¢o € R
o ik = e 10 g TR,
® py(z|¢) = exp(—(z — gocos(¢))?) /7.

Squeezed state M € R, £ € R

o o3 = COM, E)(} tanh (€))7 H, (6) He(8)/ TR,

o py{a16) = exp [(sin?(6) (e cos(9) — (wcos(8) — @)% ] (¢ sin(6) + % cos?(6))
x —e~%(x cos(p) — a)? — eX¥x?sin?(¢)] /1/m (e sin?(¢) + e~% cos2(¢)).

Thermal state 3 > 0
o pis=0l(1—e e,

® pp(z]¢) = y/tanh(53/2)/m exp(—a” tanh(5/2)).

Schrodinger cat ¢y > 0
o pir = 2(q0/V2)+* /) (ViTK(exp(q3/2) + exp(—q3/2))), for j and k even, rest zero,
* py(]¢) = (exp(—(w — o c03(9))?) + exp(—(z + qo cos(¢))*)

+2 cos(2gox sin(¢)) exp(—2* — gj cos*(¢))) / (2v/T (1 + exp(—q5))) -




3 Testing Procedure and results

In the setting described in previous sections, we provide in this part our test from a
projection method on pattern functions and we establish our main theorical results.

Let us first define the pattern functions and derive some useful properties.

3.1 Pattern functions

First introduced in [Q], the pattern functions f; for j > k are functions well known

in physic defined in [[Ld] as the first derivatives of products of the functions 1 and
Pk
0
fin(@) = o (Vi()er(@)).
The functions ¢ and ¢y are the two fundamental solutions of the Schrodinger equa-
tion ) ,
[—%%—F%]d}:wd}, weR,

for a given frequency wy. The function ¢ is the normalized function as [¢7 = 1
for an eigenvalues wy. The function 1, is called the regular wave function, while the
function ¢y, is called the irregular one as it cannot be normalizable as v is.

The matrix elements p;; of the state p in the Fock basis can be expressed as
expected values of the functions F}x(X,, ®¢) = fix(Xe)e kD% where f;r = fi;
are bounded real pattern functions [[§],.i.e. for all j,k € N,

Pk = / / pp(, 9) fin(x)e I dgda.
0
In others words
pik = E, [Fjx(Xe, @0)] - (10)

Equation ([L0) expresses the idea that one can reconstruct any density matrix element

p;k from the knowledge of the pattern functions.



A concrete expression for their Fourier transform using generalized Laguerre

polynomials can be found in [2F], [A]. For j > k

Fat) = mloiy PRt S ) (1)

where f;; denotes the Fourier transform of the Pattern function f;; and L¢(z)

denotes the generalized Laguerre polynomial.
We can note that the pattern functions f;;(x) are even functions for even differ-

ences j — k and odd functions for odd ones

fir(=a) = (=17 fiu(2).
To take into account the detection losses described by the overall efficiency 7, it is
necessary to adapt the pattern functions. When 7 €]1/2, 1], we denote by ff,k the

function introduced in [l and defined by their Fourier transform as follows:

1-m,2

e(t) = fe()e o (12)

In this paper we develop a procedure for n €]1/2, 1], but it is possible to get quite
similar results with the same procedure for 0 < n < % by using modified pattern
functions, those introduced in [fI]. We restrict our study to the more interesting case
n €]1/2,1] as in practice 1 is around 0.9. The following lemma provides useful upper

bounds on the Ly-norm of the f;; and the L,-norm of the fjnk. From now on, we

1— et/

denote v 1= e

Lemma 1 (Aubry et al. [f]). There exists a constant Cy such that for N large

enough
N
17
> fiklly < CoNe .
7,k=0
Forn €]1/2,1] and v = , there exists constant CL such that for N large enough

Z P < cnn—seron,

7,k=0

For the L.-norm of the f]" ., this lemma is slightly different from Lemmata 4 and

5 in [f] where the sum is over j + k =0,..., N. The proof remains similar.
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3.2 Testing procedure

In this section we derive an estimator of ||p — 7|5 based on indirect observations

(Y:, ®;)i=1....n and study its properties. We provide our test procedure for n €]1/2,1].

.....

For n €]1/2,1], N :== N(n) — oo and ¢ := d(n) — 0, let us define an estimator
M, of ||p — 7|5 as an U-statistic of order 2 by

k=0 f£m=1
where

Fl(x, ¢) = fﬂk(‘”)@ﬂ(kﬁ)d}ﬂ{ogmgzv-u

uses the pattern functions defined in ([[4) and @ denote the complex conjugate of a.
For the test statistic M,, defined in ([J), a constant C > 0 and some threshold

t, > 0, we define the test procedure as
Q, =1(|M,| >C- ). (14)

We first remark that each element of the density matrix is estimated with no
bias. Moreover, the estimator M,, is unbiased under p = 7 defined in Hy (Remark [I)).
Remark P relates useful tools for the proof of the upper bounds in the sense of

Definition [l From now on, we denote by E, the expected value under p satisfying

H,(C,p,) and E, under p = 7 defined in Hy.

Remark 1. Note that for 0 <k <j < N —1 andn €]1/2,1]

Emh(H o) o e B[R (5 0)] < nn

11



Indeed, from Plancherel formula
B [Fn< )] // /fﬂnk ——)e Py, ¢)ddy
/ F()e™ 00 g (iny, @) dedy

“(/)g e f7k<>€%%”273Ix/ﬁp20x/ﬁ,¢)Kt)d¢dt

From equation (f]), and from Plancherel formula

B [ (S50)] = [ S Ba0e S Al o0 s
-/ /0 eI f,  (2)py (e, B)dda = py.
Thus,
E, M) =300 (pje — m50)°  and B [M,] =0.

Remark 2. For N large enough and p belonging to the class R(B,r, L)

k=0 AN C - CyN'/6 n=1,

where C1, and Cy are constants defined in Lemma [] and C is a positive constant.

Proof. Since E, [‘Fﬁk(%,@)ﬂ ~ B, U (W,@)ﬂ For n €]1/2, 1]

— Y 2 SIS meny2l
Ep Fj?? (—,(I)) Jk 01y
25 |[B Sl n=1

For n = 1, we first apply Lemma 6 in [[]] where it has been established that

sup /O pol, $)dé < C,

z€R

where C'is a positive constant. Hence, the result is a direct consequence of Lemma [l.

O
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In order to choose optimal the bandwidth N, we do the classical bias/variance
trade-off. Hence, the following Propositions evaluate under p = 7 defined in Hy and
under p satisfying H:(C, ¢,) , the bias term B;(M,) := |E; [M,]| and B,(M,) =
|E, [M,] — ||p — 7||3] (Proposition [l) and the variance term V; := E. [| M, — ET[Mn]ﬂ
and V, := E, [|M,, — Ep[Mn]|2] (Proposition J).

Proposition 1. For r €]0,2], and n €]1/2,1] we have
e under p =1 defined in Hy, B, (M,) =0,
e under p satisfying Hi(C, p,), for N large enough
Bp(Mn) < CBNQ—r/Ze—ZBNT/Q’
where Cpg is a positive constant depending only on B, r and L.

Proposition 2. Forr €]0,2] and v = 14;77’7 we have for N large enough

17/6
Nn — 0 as n — o0,

e under p satisfying H1(C, pn), n =1 and for N s.t.

V,)(Mn) < %Nﬂ/b"

n

o under p satisfying H.(C, ), n €]1/2,1] and for N s.t. N_TQ/SemVN — 0 as

n— oo
Vp(Mn) < Welﬁvl\f’
n
e and under p = 71 defined in Hy, n =1 and for N s.t. N:/G — 0 as n — oo,
V,(M,) < %Nms’

e and under p = 7 defined in Hy, n €]1/2,1] and for N s.i. %MGIGWN — 0 as
n — oo.

(Cgo )2N74/3 e32ny
2 Y

Ve (My) <

n

The constants C, and Cy are defined in Lemma [] and C' is positive constant.
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3.3 Main results

In the following Theorem, we establish upper bounds in the sense of Definition [I]
where p is the unknown density matrix supposed to belong to the class R(B,r, L)
defined in (f). Theorem (1) deals with the ideal detection case while Theorem [I-(2)

and Theorem [ take into account the Gaussian noise.

Theorem 1. The test procedure ), defined in ([4) for the bandwidth N(n), the
threshold t, and the constant C* satisfies the upper bound (B) for the rate ¢, such
that

1. forr €]0,2], n =1, the bandwidth N(n) := Ny is equal to

logn  (loglogn)? 2
Ny = 15
1 (43 y Loglos , (15)
and the rate
02 =12 =n""2(logn)w, (16)

2. forr=2,n€]1/2,1] and v := 1;—7;7, the bandwidth N(n) := Ny is equal to

1 log (1
N2 = Og(n) 1 _'_ § Og( Og n) , (17)
4(4v + B) 3 log(n)
and the rate
9 9 12y-B  ___ B
¢ = t,, = log(n)3@FB n 208, (18)

1— .
Theorem 2. Forr €]0,2[, n €]1/2,1[ and v = 7!, the test procedure Q, defined in
([A) for the bandwidth N := N3 solution of the equation

16yNs 4+ 4BNS? = logn, (19)
the threshold t,, and the constant C* satisfies the upper bound (B) for the rate @,

r/2

=t = Ny PN (20)

14



We can remark that
lim sup {PT[Qn =14+ sup P,[Q, = O]} = 0.
n—00 pEH1(Cyon)

Theorem [| and B} provide upper bounds for our testing procedure defined in
equation ([4) for the testing rates ¢,. We first remark that our procedure gives
nearly parametric rate up to a logarithmic factor since we are in the framework of
ideal detection (no noise) and supersmooth corresponding Wigner functions for all
r €]0,2]. In the setting of Theorem [I-(2) and Theorem J, there are good reasons to
believe that our testing procedure achieves optimal rates. This remark follows from a
recent work of Butucea ([§]), where the author establishes minimax rates for testing
in Lo-norm from indirect observations. However, we do not attempt to go that far

in this paper.

The point of this paper is the study in a nonparametric setup of the properties
of goodness-of-fit testing by a procedure based on a projection estimator on pattern
functions. In order to compare our procedure in the framework of quantum statistic,
one can investigate a new approach based on kernel type estimation. Such a testing
procedure can been directly derived from the kernel estimator in [R3] of the quadratic
functional [[ W2, where W, is the Wigner function associated to the quantum state

p. Our test problem is equivalent to the following:
HO . Wp = WP(N
Hy: Sup,cr(prr) [Wo = Wpll2 = C - n
where ¢, is a sequence which tends to 0 when n — oo. We conjecture that its

performances are comparable to those found in this paper and we will leave this

analysis for a separate work.

4 Simulations

From now on, we set » = 2. The purpose of this Section H is to implement our testing

procedure and to investigate its numerical performances. Our motivation is, given a

15



density matrix 7 € R(B,r), to decide whether Hy or H; is accepted

Hy: p=T,
Hi(C,pn): peR(B,1L)st. |[p—7l2>C- pn,

where ¢, is a sequence, which tends to 0 when n — oo. We propose to simulate
two different situations. In the first one, case A, we consider quantum states easily
distinguishable, while in the second one, case B, we deal with quantum states, which
are quite similar and it is difficult to differentiate between them. For 7 defined in
Hy, we sample our procedure from different density matrices p satisfying H;(C, ¢,)

such that in
e the case A: 7 is the vacuum state, while

— a) p is the vacuum state (p = 7),
— b) p is the single photon state,

— ¢) pis the Schridinger cat state,
e the case B: 7 is the coherent-3 state, while

— a) p is the coherent-3 state (p = 7),
— b) p is the coherent-\/6 state,

— ¢) pis the Schridinger cat state.

The latter case is a more complicated situation for two main reasons. The Schrodinger
cat state corresponds to a linear superposition of two coherent states (£qp). More-
over, the probability density of a coherent-qy state is Gaussian with a mean propor-
tional to o (see Table [[). Figures[[] to B represent the density matrices of the states
we consider in our simulations.

In each situation (cases A and B), we shall consider the case n = 1, which
corresponds to the ideal detection and the case n = 0.9 i.e. when noise is present.

The latter case is the practical one in laboratory. From now on, we set that:

16



e for n =1, N = 15 in both situations,
e for n = 0.9 and in both situations we consider two different values for N

- N=14

- N =13.

We can notice that, when we are in presence of noise (n = 0.9), we have to take N
smaller than the one we choose in the ideal setting. It can be explained by the fact
that the variance term of our estimator increase exponentially with N in the case
n = 0.9 (see Proposition B).

In every experiments, each trial is designed as follows. We sample n = 50000 i.i.d.
data from each of the three probability densities p, defined in Table [[] for p chosen as
above. The Gaussian noise component £ is simulated independently with a variance
equals to \/m We run several iterations and denote by n. the number of

iterations.

Figure 1: Density matrices of the states considered in the case A

(a) The vacuum state (b) The single photon state

17



Figure 2: Density matrices of the states considered in the case B

(a) The coherent-3 state (b) The coherent-\/6 state

Figure 3: Density matrices of the states considered in both cases A and B

a) The Schrédinger cat state for
(a) g
q =3
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To implement our procedure, we compute our modified pattern function f;’k(a:) in
Section [I.1. We implement in Section .9 the estimator M,, defined in ([J) and finally,
we study the performance of our test procedure 2, defined in ([[4) in Section [£.3.

4.1 Pattern functions f},

To illustrate our procedure, we need the modified pattern function f]"k(a:) defined in
(L3) for all j > k. For this purpose, we compute here the inverse Fourier Transform
;Z () of the f]"k(t) given esplicitly by ([2) and the generalized Laguerre polynomials.
Previous authors have used different method to implement the pattern function in

[[9, B] via a following recurrence relations defined in [[§:

fin(x) = 2z (2 — 2k + Dbppa(x =205 + D) (x) @i (z

for j > k, otherwise f;x(z) = fr;(z). We display in Figure f| the corresponding
graphical representations of the pattern functions up to a constant 7 as in physic
literature 7! f; 1. instead of f; are often called pattern functions. Figure [j represents
some modified pattern functions 7! ]"k for n = 0.9.

For some of f; we expressed below their explicit form.

foo(z) =2 — Ze_xQx\/EErfi(x),
forlz) =e™ [—26”32;1:(—3 +22%) + 7(1 — 82% + 4x4)Erfi(a:)] :

e’
€T) =
fia(z) e

+v/7z (21 — T42® + 522" — 82°) Erfi(z)] ,

Fola) = &

|:26$2 (—4 +272% — 242 + 4:106)

= 267" (=30 + 435a% — 8650 + 5262° — 1162° + 82™°)
+v/7w (225 — 14252 + 2160z* — 11602° + 2402° — 162'°) Erfi(z)] .
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4.2 Implementation of M,

The purpose of this Section [[.9 is to investigate the performance of the estimator

M,,. We recall that M, is defined as follows:

4,k=0f£m=1

where FY, (z,¢) = [ (x)e” " D?Nocp<jcn-1y and 7 is defined in Hy. From now
on, every values of M, shall be based on n = 50000 i.i.d noisy data (Y, ®,). The
procedure M, is an estimator of the Ly distance ||p—7||3 = Zf;;:lo(Pm —7j1)? and in
our case we project onto the space of matrices of dimension N = N(n) with respect
to the basis {1y },—,. We are interested in the true values of ||p — 7||3 in the different
cases, Table ] and ] give the values of ||p — 7||3. We recall that the choice of N = 15
corresponds to the setting of ideal detection with n = 1, while N = 14 and N = 13
deal with the noisy detection with n = 0.9. Note that for p = 7 we expect M,, to be

close to 0 while for p satisfying H,(C, ¢,) we expect M, to be close to ||p — 7]|3.

Table 2: The values of ||p — 7||3) for case A: 7 the vacuum state

p a) vacuum b) single photon c¢) Schridinger cat

0 2 1.9556

Table 3: The values of ||p — 7||3 for case B: 7 the coherent-3 state

p a) coherent-3 b) coherent-/6 c¢) Schridinger cat
0 0.2812 0.9999

We run n. = 1000 iterations of M, in each situation in framework A and in
framework B. Table f] and | summarize the median values. We see in these experi-

ments that our estimator M,, :
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e in the setting A: M, is almost ||p — 7]|3 = 0 when p = 7 and is close to the

true value ||p — 7||% otherwise either for n = 1 or n = 0.9,

e in the setting B: when p = 7, the procedure M, shows excellent results since
M, is close to ||p — 7||3 = 0 either when n = 1 or n = 0.9. In the ideal case
and when p is the coherent-/6 state, the procedure M, gives a good result
since the median of the boxplot of M, is equal to 0.2688 and the true value

lp — 7]|5 = 0.2812. Otherwise, the procedure M, under evaluates the distance

o= 7ll5-
Table 4: The medians for case A: 7 the vacuum state
p a) vacuum b) single photon c) Schrédinger cat
N=15n=1 0.0043 1.9972 1.9417
N=14,n71=0.9 0.0256 1.9936 1.9360
N=13,n=09 0.0144 1.9943 1.9378

Table 5: The medians for case B: 7 the coherent-3 state

p a) coherent-3 b) coherent-v/6 c¢) Schrédinger cat
N=15n=1 —6.8721-107*  0.2688 0.8962
N=14,7=0.9 -0.0466 0.1704 0.7735
N=13,7n=0.9 -0.0376 0.1847 0.7840
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Figure [ to L] show boxplot of n. = 1000 values of the estimator M, in each

experiment.
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Figure 6: Case A 7 is the vacuum state: a) p the vacuum state, b) p the single

photon state and c) p the Schrédinger cat state for n =1, N =15
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Figure 7: Case A 7 is the vacuum state: a) p the vacuum state, b) p the single

photon state and c) p the Schridinger cat state for n = 0.9, N = 14
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In order to evaluate the quality of our procedure M,, we compute the mean square
error MSE = E,[|M,, — ||p—7||3|?] as the average over n. = 1000 independent runs of
|M,, — ||lp — 7|12|?, with ||p — 7|2 given by Tables f| and f. Table [ and [ summarize
the results. As we have already noticed the procedure M, gives excellent results
in every cases but it has a larger MSE when we evaluate the distance between the

coherent-3 state and the Schriodinger cat state: MSE is equal to 0.0531 and 0.0484.

Table 6: The values of MSE for case A: 7 the vacuum state

p a) vacuum b) single photon c¢) Schrodinger cat
N=15n=1 2.3988-107° 1.3175-1071 4.7877 - 1074
N=14,7=0.9 0.0181 0.0056 0.0071

N =13,7=0.9 0.0069 0.0025 0.0051

Table 7: The values of MSE for case B: 7 the coherent-3 state

p a) coherent-3 b) coherent-/6 c¢) Schridinger cat
N=15n=1 1.4303-107% 1.9473-107* 0.0110
N=14,7=09 0.0044 0.0132 0.0531
N =13,7n=0.9 0.0019 0.0093 0.0484

4.3 Studies of the performance of our test procedure (2,

In this part, we would like to confirm the performance of our testing procedure €2,,.
In order to appreciate it, we recall that the power of the test is the probability to
correctly reject the false null hypothesis. We denote 7, the power of the test and

defined it as follows:

T, = P,[Q, = 1] = P,[|M,| > C*t2] under p satistying H:(C, ¢y,).
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Independently of the future runs, we first compute the estimator M, as described
in previous sections and we would like to compare it with a threshold ¢,,. We decide
as follows. If |M,| > t,(«) we accept H;, otherwise we accept Hy. In the statistical
literature, the parameter ¢, = t,(«) is also called the critical value associated to a,

which is the probability error of first type and defined as follows:
P, =1] = P, [|M,| > C*t}] = a.

In our framework, we set o = 1% and a = 5%.

As we don’t know the density probability of M, under p = 7 defined in H, we
shall evaluate empirically the threshold ¢, at the testing level a0 for our particular
choices of 7, n = 50000, o and 7. In this purpose, we run n. = 1000 iterations of
M,,, each independently computed as described in the beginning of Section f|. We
summarize our results in Table §. We report that the obtained values t,, are larger

when 7 = 0.9 than when n = 1. It is due to the noise effect.

Table 8: Values of t,,

Case A : 7 the vacuum Case B : 7 the coherent-3
N=15n=1 t,(1%) = 0.0096 tn(1%) = 0.0028

tn(5%) = 0.0079 tn(5%) = 0.0022
N=14,1=09 t,(1%) = 0.4605 tn(1%) = 0.1453

tn(5%) = 0.2739 tn(5%) = 0.1100
N=13,7=09 t,(1%) = 0.2692 t,(1%) = 0.0798

tn(5%) = 0.1666 ta(5%) = 0.0713

From now on, we fix the value of ¢, as in Table §. With the same protocol as
above, we run independently of the previous runs n,, = 1000 independent replications
of M,,, each independently computed as described previously. Hence, we evaluate the
empirical power of our testing procedure and the empirical first type error. Tables

and [[( provide the empirical results obtained by our test procedure in the experiments
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we deal with. We see that our testing procedure provides very good results even in
the framework B, we obtain powers 7, equal to 1 since N = 13 when we are in
presence of noise. Otherwise, for N = 14 and n = 0.9 the powers of our testing
procedure is a little bit degraded since 7, = 0.7160 for o = 1% and 7, = 0.9440 for
a = 5% in the framework B when p is the coherent-\/6 state, the optimal N when

we are in presence of noise is N = 13 with powers of test equal to 1.

Table 9: Case A- 7 vacuum: empirical values of the first type error o and the power

of the test m, over 1000 runs for ¢, given in Table

p a)vacuum b) single ph. c¢) Schridinger C.
o Tn Tn
N =15n=1, t,(1%) 0.0150 1.0000 1.0000
N =15n=1, t,(5%) 0.0570 1.0000 1.0000
N=14,71=0.9, t,(1%) 0.0070 1.0000 1.0000
N=14,n1=0.9, t,(5%) 0.0550 1.0000 1.0000
N=13,7=0.9, t,(1%) 0.0130 1.0000 1.0000
N =13,n7=0.9, t,(5%) 0.0680 1.0000 1.0000
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Table 10: Case B- 7 coherent-3: empirical values of the first type error o and the

power of the test m, over 1000 runs for ¢, given in Table §

p a) coherent-3 b) coherent-/6 ¢) Schrédinger C.
Q T T
N =15n=1, t,(1%) 0.0090 1.0000 1.0000
N =15,n=1, t,(5%) 0.0530 1.0000 1.0000
N=14,71=0.9, t,(1%) 0.0120 0.7160 1.0000
N=14,71=0.9, t,(5%) 0.0680 0.9440 1.0000
N =13,7=0.9, t,(1%) 0.0230 1.0000 1.0000
N =13,171=0.9,t,(5%) 0.0620 1.0000 1.0000

5 Proof

In this last section, we give the proofs of the Theorem [l and Theorem P derived in

Section B.3 and the proofs of the Proposition [ and P established in Section B.2.

5.1 Proof of the Theorems

In the paragraphs below, we establish the results of the Theorem [ and P derived in
Section B.3. We begin by Theorem [[}-(1).

Proof of Theorem [1-(1). Take r €]0,2], n = 1, the bandwidth N; defined in the
equation ([[§) and ? defined in ([[@), we have by Proposition B-2 and Proposition -1

(€ Gy
Vo(My) < 2N < Cul, (21)
V() < SN < Gy, 22)

n

where Cy and Cly. are positive constants depending only on B, r and L.

Under p = 7 defined in Hy, from Proposition [ll, equations (B1) and ([[d), we
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bound from above the first type error as follows:

E/[|M,*]  ViM,]  Cy.¢?
. . %2 T n VT n Trn
PT[Qn - 1] - PT [|Mn‘ Z C tn} S C*2t4 - C*2t4 S C*2 - O’

as n — oo.
On the other hand, under p satisfying H;(C, ¢,), we have the second type error

bounded as follows:

P,[Q, =0] =P, [|M,| < C*t}]
< Pp “Mn - Ep[MnH > Hp - TH2 - C*ti - Bp[MnH .

Moreover, under p satisfying H(C, ¢,), let C = C*(1 + 4), 0 €]0, 1], Proposition i,
equations (RG) and (B0) imply that B, < gC*cpi for n large enough and then

|M,, — E,[M,]| _ |lp—7|* — C*t2 — B,[M,]
CVSO%

My — B[My]| _ 6C*/2

<P >
g LV VP(Mn) vCyv
4Cy, A
< < —
—(6C*)2 T 27
for C* large enough. O

Proof of Theorem [4-(2). For r =2, n €]1/2,1], the bandwidth N defined in the
equation ([[7) and ¢? defined in (B0), we know by Proposition -2 and Proposition JJ-1
that

(Cgo>2 —4/3 32vN, 18

VT<Mn) < TNQ € < CVT()Orw (23)
&C1

Vo(My) < =N, 160N < O of (24)

where Cf§, and Cf, are positive constants depending only on B, r, L and 7.
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On one hand, under p = 7 defined in Hy, by Proposition [, equations (B3) and
(I]), we have the first type error bounded as follows:
E.[|M,[*]
C

PQ, =1] =P, [|M,| > C't;] < g

/4
_ VT[Mn] < C1VTS0n N 0
C*Qtzrlb — C*Q ’
as n — oQ.
On the other hand, under p satisfying H;(C, ¢, ), the second type error is bounded

as follows:

=Y
S
3
I
=)
!

P, [|M,| < C*t:]
< B, [|My = E,[M,]| > [lp — 7||" = C*t; — B,[M,]] .

From Proposition [, equations (4) and ([§), since we are under p satisfying
Hl(ca Spn)a we get

[ — _ 2 g2
P = 0] < P, | Mo LMl Nl = 7ll” = Cty = B, (M
L VP(Mn) Cyea
<P, ‘M”_Ep[Mn” ZC_C TCB
L VP(Mn) vV CV

< C{/ < é
—(C-C"—=Cp)? — 2
for C > C* and C* large enough. O

Proof of Theorem [§. In the case r €]0,2[ and n €]1/2,1[, for the bandwidth
N3 solution of the equation ([J) and for ¢? defined in (R{)), Proposition g-2 and
Proposition PF1 give that

(Cgo)2 —4/3 32yNs nog M vg
V;'(Mn) < n2 N3 € < CVT(pn . N3 < CVT(pn (25)
Scn — " 3r—14
Vo(M,) < =Ny 2PelNs < Gl - Ny 2 (26)
n

where C’{; and C{/,T are positive constants depending only on B, r, L and 7.

31



Under p = 7 defined in Hy, from Proposition [[, equations (BJ) and (BQ), it follows
that the first type error satisfies

E MY _ ViM,] _ Oy
%42 T n T n V-¥'n
P’T[Qn = 1] = PT [|Mn| > C tn} < C*2t4 = C*2¢4 < C*2 - O’

as 1n — Q.

Furthermore, under p satisfying H;(C, ¢, ), the second type error is such that

P,[Q, =0] = P, [|M,| < C*t3]
< P, [|My, — E,[My]| > |lp — 7| = C*t;, — B,[M,]] .

From Proposition [, equations (Bf) and (R0), since we are under p satisfying
H,(C,p,), we deduce that

3r—14

M, — E,[M, —C* - v N,
B[, =0] < P, My — B[], €= C o) < CV;” ; — 0,
V'V, (M) /C{;NB G (C—C*—Cp)
as n — oo, for C > C* and C* large enough. O

5.2 Proof of the Propositions

In the following paragraphs, we give the proofs of the Proposition [[] and B established
in Section B.2.
Proof of Proposition [1. By Remark [I], for r €]0, 2]
By(My) = |E, [My] = lp = 7l3| = | E, [Ma] = > lpsw — 73l -
k>0

It is easy to see that under p = 7 defined in Hy, we have B,(M,) = 0. Under p
satisfying H;(C, ¢y,),
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Z \ng—T]k\ - Z \ng—T]k\
4,k>0
—1

pik — T]k‘ +Z‘pjj T]J‘2

Q,

L
'M8Z

J=N k=0 j=N
oo j—1 00

<A (ol + 1mal?) 2> (105 + I7417)
7j=N k=0 j=N

Since 7 and p belong to the class R(B,r, L) defined in (@), it implies

oo j—1 00
B,(M,) < 8L Z D eTRBUTE g2y 2Bl
N k=0 j=N

< 8L2/ (j—1e _QBUT/Qdu+4L2/ e 2B gy,
N N

< OpN2 /2 2BN"? 4 C/BNl—r/Qe—QB(QN)T/Q’

where Cp and C; denote positive constants depending only on B, r and L. As

272 > 1 for all r > 0,
B,(M,) < CxN>"2e 2N (1 1 o(1)),

as N — oo. O

Proof of Proposition [4. By centering variables, we have M, — E, [M,,] := Fi+ F5

e (50 w0
() 5 0)
s (CIERRETC)

< [mi(2) )
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where Re(z) stands for the real part of the complex number z.
Then, V,(M,) = E, [|M, — E,(|M,|]|’] = E, [|Fi"] + B, [|F2]’]. First deal
with the first term of the previous sum E, [|F1|2}

£t e |5 () - 5 [ (o))

By the Cauchy-Schwarz inequality on the sum and as E[|X — F[X]?] < E[|X]?]:
AVEAY
E,[|F] < Z E, ( CD) .
v

7,k=0
(CLP N-13e32N  for  €]1/2,1],
(c cg) N17/3

A direct consequence of Remark [ is

E, [|F]?] <
p“ 1”_ for n = 1.

By noticing |Re(z)| < |z|, the second term of the sum E, [FZ] is such that

N-1
Y] Y
> ()= m(Ge)])
2\ A\
v 2
<[ (759) |
By the Cauchy-Schwarz inequality on the sum and as E[|X — F[X]?] < E[|X]?]:
v 2
[ Pef? <—<ZE < <I>> D
7,k=0 \/ﬁ
v 2
2] )
J,k=0 VI
2] )

N—-1
(X
4 N—-1
< —llo—ll (Z E,

4,k=0

4
B, [|R[*] < —Ep
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By Remark J and as ||p||5, ||7]|3 < 1 we obtain under p satisfying H,(C, ¢,)

%N*Q/:SQI&YN for n 6]1/27 1[7

2
E,[|R|"] < 8C-Co N17/6

for n = 1.

If, N is such that the upper bound of E, [\Fgﬂ tends to 0 with n, then this is the

dominant term in the upper bound of V,(M,). In addition, notice that under p =7

defined in Hy, we have E, [|F2|2] = 0. O
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