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Abstract. Interaction of two long-crested shallow water ocean (Sand et al, 1990). During the last decade, many ef-
waves is analysed in the framework of the two-soliton solu-forts were concentrated in order to find an appropriate mech-
tion of the Kadomtsev-Petviashvili equation. The wave sys-anism that can cause considerable changes in the wave am-
tem is decomposed into the incoming waves and the interacplitudes exclusively resulting from (possibly nonlinear) su-
tion soliton that represents the particularly high wave humpperposition of long-crested waves and leading to spatially lo-
in the crossing area of the waves. Shown is that extremealised extreme surface elevations. For water waves, prob-
surface elevations up to four times exceeding the amplitudeably the first mechanism of this type has been first used to
of the incoming waves typically cover a very small area butexplain the origin of freak waves in (Dean, 1990). Modu-
in the near-resonance case they may have considerable ebation instability of wave trains with respect to longitudinal
tension. An application of the proposed mechanism to fastand transversal perturbations (Trulsen and Dysthe, 1997, Os-
ferries wash is discussed. borne et al., 2000) was one of the possibilities in order to
understand the nature of freak waves or to establish the area
where they are expected.

The most promising has been the approach of nonlin-
ear wave focusing occurring in situations resembling rough

The phenomenon of particularly high and steep (freak orseas in natl_JraI (_:onditions and cl_aiming that a Iarge nu_mber
rogue) waves is one of the most dangerous events that a tra\?-f waves with different frequenm_e_s and propagation direc-
eller at sea may encounter. At the early stage of freak wavd'ons may producg a Iarg_e long-living transient wave group
studies, their existence and appearance were explained by b3t @ particular point. This phenomenon has been theoret-
sically linear models like interaction of waves with oppos- !cally validated in several s'|mple but I‘ea|.IStIC models, e.g.
ing currents (see Peregrine, 1976; Jonsson, 1990 and bit? the framework of the simplest one-dimensional (1-D)
liography therein) or with uncharted seamounts (see WhiteKorteweg-de_Vrles_ equation (F_’elln_ovsky et al., 2000) and
and Fornberg, 1998 and bibliography therein), blockage oflOr the two-dimensional wave field in the framework of the
short waves by longer waves and currents (Shyu and Phillips?2V€Y-Stewartson equation (Slunyaev et al., 2002). Numer-
1990), interaction of surface waves with internal waves (Do-/cally: it has been demonstrated to work in irregular or ran-
nato et al., 1999) or linear superposition of long waves with oM sea even for extreme wave design purposes (Smith and

preceding shorter waves (e.g. Sand et al., 1990; StansbergVa": 2002) and also in the framework of generalized 2-D
1990). Later on, a number of deeply interesting results wer chibdinger equation (Onorato et al., 2002). There exist bril-
obtained based on the wave ray theory (e.g. Shyu and Tun iant experiments showing that this effect indeed occurs in
1999; White and Fornberg, 1998) and on the assumption o boratory conditions (e.g. Baldock and Swan, 1996; Johan-

the presence of either specific bathymetry or structure of curn€ssen and Swan, 2001).

rents. A detailed description of another source for considerable

Freak waves became a subject of significant interest fochanges in the wave amplitudes that can be related to the non-
scientists in 1990s when it was established that they occulin®ar superposition of long-crested waves and that also leads
much more frequently than predicted by surface wave statist© spatially localised extreme surface elevations is the aim of
tics. They are too high, too asymmetric and too steep, andhe present paper. As different from the effect of wave focus-

not necessarily related with other dynamical processes in thid that generally presumes the existence of a number of dif-
ferent wave components that partially may be short-crested,

Correspondence tof. Soomere (tarmo@phys.sea.ee) the proposed mechanism is effective for a small number but
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definitely long-crested and soliton-like waves. This situa-the so-called interaction soliton that connects two solitons
tion apparently is uncommon for storm waves or swell butwith their shifted counterparts (Peterson and van Groesen,
may frequently occur in relatively shallow areas with heavy 2001) and can be associated with the wave hump resulting
fast ferry traffic (Soomere et al., 2003, Parnell and Kofoed-from their crossing (cf. experimental evidence in Hammack
Hansen, 2001). A simple way to describe the interaction ofet al., 1989, 1995).
soliton-like waves in water of a finite depth is to consider two ~ We aim to clarify the regions in the parameter space of a
long-crested solitary waves travelling in different directions two-soliton solution where the height of the interaction soli-
on a surface of water under gravity (Hammack et al., 1989ton exceeds the value predicted by the linear theory and to
1995). This is the simplest setup for multi-directional wave evaluate its maximum height and length and the conditions
phenomena that can occur on sea. In this paper the extremghen they are achieved. When two waves of amplitudes
wave hump is described resulting from the crossing of theseanda, meet, the maximum amplitud¥ of their (linear or
waves. This wave hump resembles Mach stem that arisesonlinear) superposition can be writtens= m(ay + a),
when waves propagate in a semi-bounded area (also calledhere “amplification factorin may depend on both; and
Mach reflection, see, e.g. Funakoshi, 1980; Peregrine, 1983j, and their intersection anglg;». Linear theory gives
Tanaka, 1993). Contrary to the case of a linear superpositiom = 1. We show that, at least, for specific combinations
when the resulting wave height does not exceed the sum obf a1, ap and y12, the maximum “amplification factor” is
the heights of the counterparts, this hump can be up to fournmax = 2 as in the case of the Mach reflection.
times higher than the incoming wave(s). The paper is organized as follows. In Sect. 2 the solution
A suitable mathematical model for the description of of the KP equation is given decomposed into a sum of two
nonlinear shallow water gravity waves is the Kadomtsev-soliton terms and interaction soliton term. The analysis of the
Petviashvili (KP) equation (Kadomtsev and Petviashvili, spatial occupancy and the height of the interaction soliton
1970). Exact solutions for the KP equation can be foundis presented in Sect. 3. Section 4 includes the estimates of
by using Hirota bilinear formalism (Hirota, 1971). The 2-D the the critical angle between incoming solitons, leading to
two-soliton interaction has been analysed, among others, iextreme elevations, and occurrence and spatial structure of
(Satsuma, 1976; Miles, 1977a, 1977b; Freeman, 1980), witlextreme elevations. In Sect. 5 physical evidence of extreme
main attention to the phase shifts and resonance phenomenaaves, possible modelling of such entities using the notion
The resonance in this context is related to two interactingof interaction solitons and further prospects of modelling are
solitons (Miles, 1977a, b) resulting in a single soliton that discussed.
was resonant with both interacting waves. In this framework,
many authors have demonstrated that the amplitude of the ) )
water elevation at the intersection point of two solitons may2 TWo-soliton solution

exceed that of the sum of incoming solitons (see, for €XaM-rhe KP equation in normalized variables reads (Segur and
ple, Segur and Finkel, 1985; Haragus-Courcelle and Peg q 9

2000 Tsuji and Oikawa, 2001; Chow, 2002) but neither tth inkel, 1985)

limits pf the elevation nor the spatial occupancy of the high (5, 4+ 611, + Nyxx)y + 30,y =0, (1)
elevation have been analysed in detail. This model allows _ . .
to consider the solitons with arbitrary amplitudes whereas inwhere normalised variables, y, z, ) are related to physical

the case of the Mach reflection the amplitudes of the counVvariables(x, y, 7, 77) in a coordinate frame moving in the

terparts generally are related to each other. direction as follows:
Recently, Peterson and van Groesen have explicitly stud- ~ .1/2 ~ e
ied the two-soliton interaction (Peterson and van Groesen¥ = —— ()E - t\/g7!> ) y= Zi )
2000, 2001) with a special decomposition distinguishing the 3/2
) . : . ) g%°\/gh .. 3 .
single solitons and the interaction soliton that connects the = T; , n= ﬂ” + 0(s), 2

single solitons and mostly is concentrated in the intersection
area of the single solitons. The decomposition permits towheren is the elevation of the water surface & 0 cor-
study the properties of an interaction soliton in detail andresponds to the undisturbed surface)= |7lmax/2 < 1
clarify the mechanism of its emergence. Shown is that un-is maximal wave amplitude normalized against the depth of
der certain conditions the amplitude of the interaction solitonthe fluid 2 andg is gravity acceleration. In this framework,
may exceed considerably the amplitudes of the interactinghe phase speed of a disturbance always exceeds the max-
single solitons. imum linear wave phase spegdh. Since the interaction
The general idea elaborated below is the following. As in pattern of a two-soliton solution is stationary in the mov-
(Peterson and van Groesen, 2001), we associate waves withg coordinate frame, in the following we take= 0 with-
solitons by assuming the KP equation to be a valid modelout loss of generality. Below we mean that a gravity wave
for such waves in shallow water, that is, waves are relativelywith amplitudeso and wave length. propagating in water
long and small but finite when comparing to the water depth.of depth#, is a shallow-water wave if its Ursell number is
Oblique interaction of two solitons (below called incoming U = #joL2h—3 ~ 1. The KP equation itself is valid pro-
solitons) propagating in slightly different directions involves videdi/k = O(kh) = O(g), where(k, [) is a wave vector
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Fig. 1. The shape of surface in the
vicinity of the intersection of solitons
s1, s2 (upper left panel) and surface el-
evation caused by the interaction soli-
tons1o (upper right) and incoming soli-
tons (lower panels) in normalised coor-
dinates(x, y), cf. Fig. 3. Arealx| <
30, |y] <30, 0 <z < 4ay is shown at
each panel.

for the waves in questio®, = |(k, /)|, andx-direction is the (kl - k2)2 + A12(k1 + k2)2
principal direction of wave propagation. s12= 2672

A two-soliton solution of the KP Eq. (1) reads (Segur and @ — COSh[(gol _ g02)/2]
Finkel, 1985) 12

)

, +AT, cosh(¢1 + @2 +In A19) /2] . (5)
n(x, y, 1) = 28_2 Ing , The heigth and orientation of the interaction soliton only
dx depend on the amplitudes of the incoming solitons and the
where angle (interaction angle) between their crests. Within restric-
N tions of the KP model, interaction may result in either the
0 =1+ e + e + A1pe”™%2, positive or the negative phase shift; = —In A1y of the
o12 = kisx + hay + wiaf are phase variables, counterparts. The positive phase shift (when the interaction

k1= (k1. 11). ko= (kn.l») are the wave vectors of the soliton generally does not exceed the larger incoming one)
inlcgminl’ 15 <;Iit<:)2ng tﬁ;e 2“fre Lencieshs - can be found  Pically occurs for interactions between solitons with fairly
9 s > req w12 . different amplitudes. The negative phase shift is typical in
from the dispersion relation of the linearized KP equation, . ; : .
P(ky2, 112, 012) = ki2w12+ k3, + 312, = 0 andA1z is interactions of solitons with comparable amplitudes and re-
the 1’r21’a ;ezsmlftz z;anl"nytzetei’z 127912 = 12 sults generally in an interaction soliton which height exceeds
P P that of the sum of the two incoming solitons. This observa-
Avy— P(k1— ko, 11 — Ip, w1 — w2) tion agrees with the fact that the total mass and energy of all
2=- P(ky + ko, 1 + lp, w1 + w2) three solitons (as well as other integrals of motion) in a spe-
22— (ky — kp)? cific direction (called the principal propagation direction) are
= 2Tk 3 constant in the transversal direction.
— (k1 + k2

wherei = I1/k1 — l2/ k2 (Peterson and van Groesen, 2001).

The two-soliton solution can be decomposed into a sum o
two incoming solitonss1, s2 and the interaction solitosy 2
(Peterson and van Groesen, 2000)

]3 The height and length of the interaction soliton

Since we are basically interested in extreme amplitudes, in
what follows we concentrate on the region in the parame-
(4) ter space that corresponds to the negative phase shift case,
equivalently, to the region whet; > 1 (Fig. 2). In this re-
where the counterparts, s2 andsi2 (Fig. 1) are defined as:  gion, the maximum height of the interaction soliton exceeds
1o 1o that of the counterparts (except in the limiting calse — 1
Al/z kfz COSh((Pz,l +1In Al/2 ) with no phase shift when the height of the interaction soliton
Y: , tends to(k? + k2) /4, that is the mean height of the incoming

n=s1+s2+s12,

§1,2 =
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anglewx between the wave vectats, k2 (Fig. 3) that yields

k2 - A=21/k1 = 2tan(%a12), l1/k1 = —I2/kp and
412 — k2 (ky — ko)?
Y g A5 — kg (k1 + k2)
WK

In (Peterson and van Groesen, 2000) it is shown that the
phase shift$1, 52 of the incoming solitons satisfy the rela-
A <0 N tion |81 2k1,2| = |A12|. It is natural to interpret the interval
112 (’f [b, c] on Fig. 3 (where the crests of the incoming solitons
Y, ™ practically coincide) as the crest of the interaction soliton.
&, From Fig. 3 it follows that the (geometrical) length of the in-
Y teraction soliton_12 equals to the longer diagonal of the par-
N /7 allelogram with the side$; 2/ §ina12 (that are perpendicular
A NS A 0<A,,<1 to wave v_ectora_cz,l: respe_ctlvely)_and the acute angley.
12 SO This consideration immediately gives

"
‘ 1 lre1 + k2| [A12] - |1+ k2]
0" = Lip=——"|Ap|=—""—""—"—.

("

0 Pl k1 X K| K1k SiNa12

From Eq. (7) it follows that, formallyL 12> may vary from
Fig. 2. “Map” of negative and positive phase shift areas for the two- O to infinity. Since the first factor in Eg. (7) has a minimum
soliton solution of the KP equation for fixdg ,. The phase shift
parameter has a discontinuity along the line+ k2 = A where
[A12] = oo.

value, /72 + k5% > 0if k1 L k2 (this value indeed cannot
be achieved, because in this case the KP equation becomes
invalid) and since in physically meaningful cases at least one
wave vectork 1 2 has finite length L1 may approach zero
if and only if A1 — 1. This is possible only ikiky =
0, i.e. in the trivial case when one of the incoming solitons
has zero amplitude. Furthdry, approaches infinity either if
A12 — oo orin the trivial subcase || k2. The first case is
equivalent to the limiting procegs — %kl(kl + k2) which
gives a nontrivial solution.

For a given nonzero angte » between the incoming soli-
tons and fixed + k2, the interaction soliton length12 has
a maximum value if the vectors;, k2 have an equal length.
In the particular case of equal height solitons= k> = k,
Iy =—Ip =1, A1p =1?/ (1> — k*) and we have

\/(kl + kz)z + (ll + 12)2

Lo = InAqo
. . . . . . |k1lz — kal1|
Fig. 3. Idealised patterns of crests of incoming solitons (solid lines) InA
and the interaction soliton (bold line) corresponding to the negative = 12 , App>1. (8)
phase shift case. Notice that the crest of the interaction soliton is not !

necessarily parallel to the-axis except in the case of equal heights  |n the case of equal amplitude solitons, the direction of

(equivalently, equal lengths of the wave vectors) of incoming soli- y_gxis (the principal propagation direction) coincides with

tons. that of vectom1 + k. With the use of Egs. (3) and (5) it can
be shown that the maximum heights of the the counterparts
s1, s2, ands12 read (Peterson and van Groesen, 2001):

solitons). Further, in the case of considerably different am- 1, (k1 — k2)2 + A12(k1 + k2)2
plitudes of incoming solitons4A12 < 1), the amplitude ofthe @12 = Ekl'z’ aie = 122 . 9)
interaction soliton is smaller than the mean height of incom- 2(1+ A7)

ing solitons. However, in the case of equal amplitude incom-  Notice that the maximum heights of the incoming solitons
ing solitons, the surface elevation in the interaction regionare achieved at1 = 0, ¢» — —oco Or gy = 0, @1 — —00.
may up to four times exceed the amplitudgz = kf,/2  From the definition of the interaction soliton in Eq. (5) it
of the incoming solitons (see below; cf. Tsuji and Oikawa, follows that its height is always nonzero and has a max-
2001). imum value at the center of the interaction region defined
It is convenient to take the-axis to bisect the interaction by (¢1, ¢2) = %(Alz, A12). Figure 4 shows dependence of
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181 82 912
< Max (sqo+ $4+ S5)

A2 L12, @pp/ay y=const

Atz / | H A12<0

<« max (sy,S,)
\ y=const

& Mmax sq,
L
~.y=const

1 YLy

Fig. 4. The dependence of the phase shift parametgr, length  Fig. 5. The maximum surface elevation max.ons (s1 + 52 + s12)
of the interaction solitorL.1» and amplitudes of the incomingg ~ and the height of the incoming solitons Maxons: (s1, s2) and

and the interaction soliton;, on the wave vector componeht  the interaction soliton max.onss (s12) along their crests fok; =
along the lineky = k» = k in Fig. 2 forl; = —Ip = 0.3. The ko = 0.5; I3 = —I» = 0.3. The origin coincides with the centre of

casek = kres = A/~/2 corresponds to the intersection of the line the interaction soliton.
k1 = ko with the border of the area;,>1, i.e. with the line where
|A12] = co. Notice that for small values df/ kres the assumption

l k| is violated. . .
Il < [k| s violate 4 The critical angle, occurrence and spatial structure of

extreme elevations

Equation (2) shows that the normalized co-ordinate axes have
different scaling factors ~ ¢1/2%, y ~ ¢ that must be
taken into account when interpreting the results in physical
co-ordinates. Lef1o be the angle between soliton crests in

quantitiesA1z, L1, a1, az, a1z on the wave vector length the physical space. If we define= 2tan(%d12), then it is

in the case of equal amplitude incoming solitons. For fixedeasy to show that = A¢1/2. The physical lengttL1» of the

I1,2 and equal height solitons, from Egs. (6), (8) and (9) it interaction soliton crest is

follows that A12 monotonously increases from 1 to infinity . h 2h| A1)

when parametek of incoming solitions increases from0to Lio= — Lip = =,

k = 1/+/2. Further,L1, increases from 0 to infinity and the ek

amplitude of an interaction soliton monotonously increaseswhere

from 0 to %2 = 2. y 52
A= k2

In terms of the decomposition (Eg. 4), the components The above has shown that the highest surface elevation oc-
s1, s2 and sz are shown in Fig. 5, where = y/Liz and  curs in the center of the interaction area when two solitons of
values correspond to crests approximately following the linecomparable height interact. In the particular case of equal in
abed (s2), a’bed’ (s1) or be (s12) in Fig. 3. The originoft  height solitonsy = k» = k, 11 = —I> = [ and Egs. (3) and
is taken in the centre of the interaction soliton. It is seen that9) are simplified as follows:
although the visible part of interaction crest has the length 2

2
L12 (Fig. 3), the changes in components occur beyond thisy ,, — . aip= ZA;Z]‘ )
limit. Namely, the length of the area where the height of 12— k4 (1+ Ai/zz)z

the interaction soliton exceeds the double amplitude of the
incoming solitons (or, equivalently, where nonlinear effects The interaction soliton has maximum amplitude
create higher elevation than simple superposition of height®k? if Aj» = co. In this case we havé = k? that is

of two waves) may considerably exceggy. The reason is consistent with the assumption of the KP equation that
that the above definition of the interaction soliton length ll| « |k| provided|k| < 1.

in Eq. (7) is based on the geometrical image of crest patterns For given wave depth and incoming soliton amplitudes

of the interacting solitons. 7, the resonance takes place and the extent of extreme water
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z

Fig. 6. Surface elevation in the vicin-
ity of the interaction area, correspond-

y ing to incoming solitons with equal
amplitudesa; = ap, ] = -1 =

% 0.3, kres = +/0.3 andk = 0.8kres
(upper left panel),k = 0.9%ces (up-
per right), k = 0.9%res (lower left),
k = 0.999%es (lower right) in nor-
malised coordinatesr, y), cf. Fig. 3.
Arealx| <30, |y] <30, 0 <z <4a;
is shown at each panel.

level elevation described b1, may increase dramatically in the transversal direction confirms that the described am-

if the solitons intersect under a physical angle plitude amplification is not accompanied by energy pumping
. _ into the interaction region. Further on, the central part of
a1z = 2arctany/3i/h . the interaction region with extreme water surface elevation,

The critical angle (at which the interaction soliton height iIf “cut” out from the interaction picture and let to evolve on
and length are extreme) for two solitary waves in realis-its Own in a cha_nnel of suitable W|dt_h, apparently W|I_I not
tic conditions is reasonable. For example, for waves withhave the properties of a KP (KdV) soliton. The reason is that
heightsii = 1.8 m meeting each other in an area with typical 9enerally (exceptin the limiting cagg,| — oo) it does not
depthi = 50 m, the critical angle is about 36 correspond to a one-soliton solution of the KP equation, be-

From Fig. 4 it follows that the maximum relative ampli- cause its profile is wider compared to that of the one-soliton
tude of the interaction soliton mostly remains modest al-Solution with the same fixed height.
though it always exceeds that of incoming solitons. Eleva- Since there occurs no energy concentration in the extreme
tions exceeding two times the incoming soliton height occursurface elevation region, one might say that the described ef-
relatively seldom, only ifkres — k)/ kres ~< 0.05. fect is interesting only theoretically. This is true to some ex-

The analysis until now has concerned only the occurrenceent. But in natural conditions the sea bottom is never perfect,
of extreme elevations. We studied numerically the appearand the moving interaction soliton, generally, after a while
ance of the interaction soliton depending on the wave vectoieets conditions where KP equation itself might be invalid
length along the lind; = & for a fixed pair of wavenum-  or the negative phase shift is impossible. The transition from
bersly = —I (Fig. 6). If the wavenumbek; differs from  the regionk; < kres t0 the casek; > kres Needs a further
kres = +/I1 more than 10%, the length of the interaction soli- analysis. In this situation, the interaction soliton may break
ton (the extent of the extreme elevation) remains modest (cfas any other water wave does. This particular moment con-
Fig. 4). Whenk; — kres (equivalently, the wave vectors of tains acute danger, because, as it is generally believed, “no
the incoming solitons approach the border of the area-1  non-breaking wave is dangerous”, e.g. for offshore yachts
in Fig. 2), the area of extreme elevation widens. However,(Kirkman and McCurdy, 1987).

the length of the interaction soliton considerably excegt . .
. . . The discussed model of extreme water elevations or freak
only if the difference betweeky andkes (equivalently, the .
waves assumes the existence of more or less regular long-

difference between the interaction angle and the critical AN osted 2-D wave trains. This assumption sudaests that a
gle) is less than 1% (Fig. 6). i P 99

freak wave caused by the soliton interaction mechanism is
a rare phenomenon at open sea in natural conditions. In-
5 Discussion deed, the influence of the most important source of surface
waves — wind fields during storms — generally results in an
The fact that the total energy density of all three solitons,extremely irregular sea surface and the appearance of long-
integrated in the principal propagation direction, is constantliving solitary waves is unlikely. The presented mechanism
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may be far more important in relatively shallow coastal areasstability of which is yet unclear. In a highly idealised case
with high ship traffic density. It is well known that long- of interactions of five solitons surface elevations may exceed
crested soliton-like surface waves are frequently excited bythe amplitudes of the incoming solitons more than an order
contemporary high speed ships if they sail with critical or su- (Peterson, 2001).
percritical speeds (e.g. Chen and Sharma, 1997; navigational
speeds are distinguished according to the depth Froude numxcknowledgementsThis work has been supported by the Estonian
ber F; = vsnip/+/gh, that is the ratio of the ship speed and Science Foundation, grant 4025 (TS). Part of the work has been
the maximum phase speed of gravity waves. Operating asupported by STW technology foundation on the project “Extreme
speeds resulting; = 1 is defined as critical anl; > 1as  Waves” TWI.5374 at Twente University.
supercritical).
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