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❆❜str❛❝t ✿ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ s♦❧✈❡ ❡①t❡r✐♦r ♣r♦❜❧❡♠s ✐♥ t❤❡ ❤❛❧❢✲
s♣❛❝❡ ❢♦r t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❲❡ ❣✐✈❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t② r❡s✉❧ts ✐♥ ✇❡✐❣❤t❡❞
Lp✬s t❤❡♦r② ✇✐t❤ 1 < p < ∞✳ ❚❤✐s ♣❛♣❡r ❡①t❡♥❞s t❤❡ st✉❞✐❡s ❞♦♥❡ ✐♥ ❬✺❪ ✇✐t❤
❉✐r✐❝❤❧❡t ❛♥❞ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥s✳
❑❡② ✇♦r❞s ✿ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ❀ ▲❛♣❧❛❝✐❛♥ ❀ ❉✐r✐❝❤❧❡t ❛♥❞ ◆❡✉♠❛♥♥
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❀ ❊①t❡r✐♦r ♣r♦❜❧❡♠s ❀ ❍❛❧❢✲s♣❛❝❡✳
❆▼❙ ❈❧❛ss✐✜❝❛t✐♦♥ ✿ ✸✺❏✵✺✱ ✸✺❏✷✺✳
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▼❛♥② ♣r♦❜❧❡♠s ✐♥ ✢✉✐❞ ❞②♥❛♠✐❝s✱ s✉❝❤ ❛s ✢♦✇s ♣❛st ♦❜st❛❝❧❡s✱ ❛r♦✉♥❞ ❝♦r✲
♥❡rs ♦r t❤r♦✉❣❤ ♣✐♣❡s ♦r ❛♣❡rt✉r❡s✱ ❛r❡ ✜rst ❝♦♥❝❡♣t✉❛❧✐③❡❞ ❜② ❙t♦❦❡s ♦r ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✳ ❖✉r ❛✐♠ ✐s t♦ s♦❧✈❡ s✉❝❤ s②st❡♠s ✐♥
❛ ♣❛rt✐❝✉❧❛r ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❢♦r ✇❤✐❝❤ ❛♥② r❡s✉❧t ✐s ❦♥♦✇♥✳ ❚❤✐s ❞♦♠❛✐♥✱
t❤❛t ✇❡ ❝❛❧❧ ❡①t❡r✐♦r ❞♦♠❛✐♥ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✱ ✐s t❤❡ ❝♦♠♣❧❡♠❡♥t ✐♥ t❤❡ ✉♣♣❡r
❤❛❧❢✲s♣❛❝❡ ♦❢ ❛ ❝♦♠♣❛❝t r❡❣✐♦♥ ω0✳ ❲❡ ❝❛♥ s❡❡ t❤✐s ❣❡♦♠❡tr② ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢
t❤❡ ✏❝❧❛ss✐❝❛❧✑ ❡①t❡r✐♦r ❞♦♠❛✐♥✱ ✐✳❡ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ ω0 ✐♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡✳ ■♥
❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r✱ ✇❡ st✉❞② ❛ ❙t♦❦❡s s②st❡♠ ♦♥ s✉❝❤ ❛ ❞♦♠❛✐♥ ❜✉t ♣r✐♦r t♦
t❤❛t✱ ✐t ❝❛♥ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❣✐✈❡ r❡s✉❧ts ❢♦r t❤❡ ▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥✳ ❚❤✉s✱ ✐♥
t❤✐s ✇♦r❦✱ ✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❡①t❡r✐♦r ▲❛♣❧❛❝❡✬s ♣r♦❜❧❡♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✳

❋✐rst✱ ❧❡t ✉s r❡❝❛❧❧ s♦♠❡ ❡❧❡♠❡♥ts ❢♦r t❤❡ ▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥ ✐♥ ❛ ❝❧❛ss✐❝❛❧
❡①t❡r✐♦r ❞♦♠❛✐♥✱ ❞♦♠❛✐♥ ✇❤✐❝❤ ✐s t❤❡ ❜❛s✐s ♦❢ ♦✉rs✳ ❙❡✈❡r❛❧ ❢❛♠✐❧✐❡s ♦❢ s♣❛❝❡s
❛r❡ ✉s❡❞ ❢♦r t❤✐s ♦♣❡r❛t♦r✱ ❧✐❦❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ D(cω0) ❢♦r t❤❡ ♥♦r♠ ♦❢ t❤❡
❣r❛❞✐❡♥t ✐♥ Lp(cω0) ✭✇❤❡r❡ cω0 ✐s t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ ω0 ✐♥ R

n✮✱ ✇❤✐❝❤ ❤❛s t❤❡
✐♥❝♦♥✈❡♥✐❡♥t t❤❛t✱ ✇❤❡♥ p ≥ n✱ s♦♠❡ ✈❡r② tr❡❛❝❤❡r♦✉s ❈❛✉❝❤② s❡q✉❡♥❝❡s ❡①✐st
✐♥ D(cω0) t❤❛t ❞♦ ♥♦t ❝♦♥✈❡r❣❡ t♦ ❞✐str✐❜✉t✐♦♥s✱ ❛ ❜❡❤❛✈✐♦✉r ❝❛r❡❢✉❧❧② ❞❡s❝r✐❜❡❞
✐♥ ✶✾✺✹ ❜② ❉❡♥② ❛♥❞ ▲✐♦♥s ✭❝❢✳ ❬✾❪✮✳ ❆♥ ♦t❤❡r ❢❛♠✐❧② ♦❢ s♣❛❝❡s ✐s t❤❡ s✉❜s♣❛❝❡ ✐♥
Lp

loc(
cω0) ♦❢ ❢✉♥❝t✐♦♥s ✇❤♦s❡ ❣r❛❞✐❡♥ts ❜❡❧♦♥❣ t♦ Lp(cω0)✱ s✉❜s♣❛❝❡ ✇❤✐❝❤ ❤❛✈❡

∗❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✳ ❊✲♠❛✐❧ ❛❞❞r❡ss❡s✿ ❝❤❡r✐❢✳❛♠r♦✉❝❤❡❅✉♥✐✈✲♣❛✉✳❢r ✭❈✳❆♠r♦✉❝❤❡✮✱
✢♦r✐❛♥✳❜♦♥③♦♠❅✉♥✐✈✲♣❛✉✳❢r ✭❋✳ ❇♦♥③♦♠✮✳

✶



❛♥ ✐♠♣r❡❝✐s✐♦♥ ❛t ✐♥✜♥✐t② ✐♥❤❡r❡♥t t♦ t❤❡ Lp
loc ♥♦r♠✳

❆♥ ♦t❤❡r ❛♣♣r♦❛❝❤ ✐s t♦ s❡t ♣r♦❜❧❡♠s ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇❤❡r❡ t❤❡
❣r♦✇t❤ ♦r ❞❡❝❛② ♦❢ ❢✉♥❝t✐♦♥s ❛t ✐♥✜♥✐t② ❛r❡ ❡①♣r❡ss❡❞ ❜② ♠❡❛♥s ♦❢ ✇❡✐❣❤ts✳ ❚❤❡s❡
s♣❛❝❡s ❤❛✈❡ s❡✈❡r❛❧ ❛❞✈❛♥t❛❣❡s ✿ t❤❡② s❛t✐s❢② ❛♥ ♦♣t✐♠❛❧ ✇❡✐❣❤t❡❞ P♦✐♥❝❛ré✲t②♣❡
✐♥❡q✉❛❧✐t② ❀ t❤❡② ❛❧❧♦✇ ✉s t♦ ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ ♥♦t ❥✉st ♦❢
t❤❡✐r ❣r❛❞✐❡♥t✱ ✇❤✐❝❤ ✐s ✈✐t❛❧ ❢r♦♠ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢
✈✐❡✇✳
❲✐t❤♦✉t ❜❡✐♥❣ ❡①❤❛✉st✐✈❡✱ ✇❡ ❝❛♥ r❡❝❛❧❧ ✇♦r❦s ♦❢ s❡✈❡r❛❧ ❛✉t❤♦rs ✇❤♦ ❤❛✈❡
❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥ ✐♥ ❛ ❝❧❛ss✐❝❛❧ ❡①t❡r✐♦r ❞♦♠❛✐♥
❜② ♠❡❛♥s ♦❢ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✿ s❡❡ ❈❛♥t♦r ❬✽❪✱ ●✐r♦✐r❡ ❬✶✵❪✱ ●✐r♦✐r❡ ❛♥❞
◆❡❞❡❧❡❝ ❬✶✶❪✱ ◆❡❞❡❧❡❝ ❬✶✽❪✱ ◆❡❞❡❧❡❝ ❛♥❞ P❧❛♥❝❤❛r❞ ❬✶✾❪✱ ❍s✐❛♦ ❛♥❞ ❲❡♥❞❧❛♥❞
❬✶✸❪✱ ▲❡r♦✉① ❬✶✹❪ ❛♥❞ ❬✶✺❪✱ ▼❝❖✇❡♥ ❬✶✻❪ ❛♥❞ ❆♠r♦✉❝❤❡✱ ●✐r❛✉❧t ❛♥❞ ●✐r♦✐r❡ ❬✺❪✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝❤♦♦s❡ t♦ s❡t ♦✉r ♣r♦❜❧❡♠s ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ❛♥❞
✇❡ r❡♠✐♥❞ t❤❛t ❤❡r❡✱ ♦✉r ♦r✐❣✐♥❛❧✐t②✱ ✇✐t❤ r❡s♣❡❝t t♦ r❡s✉❧ts ♣r❡✈✐♦✉s❧② q✉♦t❡❞✱ ✐s
t♦ ❡①t❡♥❞ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡①t❡r✐♦r ▲❛♣❧❛❝❡✬s ♣r♦❜❧❡♠ ✐♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡ t♦
t❤❡ ❡①t❡r✐♦r ♣r♦❜❧❡♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✳ ❋r♦♠ t❤✐s ❡①t❡♥s✐♦♥✱ ❝♦♠❡s ❛♥ ❛❞❞✐t✐♦♥❛❧
❞✐✣❝✉❧t② ❞✉❡ t♦ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❜♦✉♥❞❛r②✳ ■♥❞❡❡❞✱ ❛s ✐t ❝♦♥t❛✐♥s R

n−1✱ ✐t ✐s
♥♦t ❜♦✉♥❞❡❞ ❛♥②♠♦r❡✳ ❙♦✱ ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ ✇❡✐❣❤ts ❡✈❡♥ ✐♥ t❤❡ s♣❛❝❡s ♦❢
tr❛❝❡s✳ ❲❡ ❝❛♥ ❝✐t❡ ❍❛♥♦✉③❡t ❬✶✷❪ ✇❤♦ ❤❛s ❣✐✈❡♥ t❤❡ ✜rst r❡s✉❧ts ❢♦r s✉❝❤ s♣❛❝❡s
✐♥ ✶✾✼✶ ❛♥❞ ❆♠r♦✉❝❤❡✱ ◆❡↔❛s♦✈à ❬✻❪ ✇❤♦ ❤❛✈❡ ❡①t❡♥❞❡❞ t❤❡s❡ r❡s✉❧ts ✐♥ ✷✵✵✶
t♦ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇❤✐❝❤ ♣♦ss❡ss ❧♦❣❛r✐t❤♠✐❝ ✇❡✐❣❤ts ✭✇❡ ❥✉st r❡♠✐♥❞
t❤❛t ❧♦❣❛r✐t❤♠✐❝ ✇❡✐❣❤ts ❛❧❧♦✇ ✉s t♦ ❤❛✈❡ ❛ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t② ❡✈❡♥ ✐♥ t❤❡
✏❝r✐t✐❝❛❧✑ ❝❛s❡s ❀ s❡❡ ❜❡❧♦✇ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❤❛❧❢✲s♣❛❝❡ ❤❛s ❛
✉s❡❢✉❧ s②♠♠❡tr✐❝ ♣r♦♣❡rt② ✇❤❛t ✇❡ ✉s❡ ♠❛♥② t✐♠❡s ✐♥ t❤✐s ✇♦r❦✳
▼♦r❡♦✈❡r✱ ✇❡ ❞❡❛❧ ✇✐t❤ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❤❛✈❡ ❉✐r✐❝❤❧❡t ♦r ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥s
♦♥ t❤❡ ❜♦✉♥❞❡❞ ❜♦✉♥❞❛r② ❜✉t ❛❧s♦ ♦♥ t❤❡ ✉♥❜♦✉♥❞❡❞ ❜♦✉♥❞❛r②✱ t❤❛t ✐s t♦ s❛②
♦♥ R

n−1✳ ❙♦✱ ✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❢♦✉r ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ✿

(PD) − ∆u = f ✐♥ Ω, u = g0 ♦♥ Γ0, u = g1 ♦♥ R
n−1,

(PN ) − ∆u = f ✐♥ Ω,
∂u

∂n
= g0 ♦♥ Γ0,

∂u

∂n
= g1 ♦♥ R

n−1,

(PM1
) − ∆u = f ✐♥ Ω, u = g0 ♦♥ Γ0,

∂u

∂n
= g1 ♦♥ R

n−1,

(PM2
) − ∆u = f ✐♥ Ω,

∂u

∂n
= g0 ♦♥ Γ0, u = g1 ♦♥ R

n−1,

✇✐t❤ Ω t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ ω0 ✐♥ R
n
+✱ ✇❤❡r❡ ω0 ✐s ❛ ❝♦♠♣❛❝t ❛♥❞ ♥♦♥✲❡♠♣t② s✉❜✲

s❡t ♦❢ R
n
+✱ n ≥ 2 ❛♥❞ Γ0 t❤❡ ❜♦✉♥❞❛r② ♦❢ ω0✳ ❲❡ s✉♣♣♦s❡❞ t❤❛t Γ0 ✐s ❝♦♥♥❡❝t❡❞

s♦ t❤❛t Ω ✐s ❝♦♥♥❡❝t❡❞ t♦♦✳ ❲❡ s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C1,1✱ ❡✈❡♥ ✐❢✱ ❢♦r s♦♠❡
✈❛❧✉❡s ♦❢ t❤❡ ❡①♣♦♥❡♥t p✱ Ω ❝❛♥ ❜❡ ❧❡ss r❡❣✉❧❛r✳
❊❛❝❤ s❡❝t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ♦♥❡ ♦❢ t❤❡ ❢♦✉r ♣r♦❜❧❡♠s✳
❲❡ ✇✐❧❧ ❝❛❧❧ (PM1) ❛♥❞ (PM2) t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ♠✐①❡❞ ♣r♦❜❧❡♠ ❜❡❝❛✉s❡
♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❜♦t❤ ❛ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ❛♥❞ ❛ ◆❡✉♠❛♥♥ ♦♥❡✳ ❚❤❡ ♠❛✐♥
r❡s✉❧ts ♦❢ t❤✐s ✇♦r❦ ❛r❡ ❚❤❡♦r❡♠s ✷✳✷✱ ✸✳✸✱ ✹✳✸ ❛♥❞ ✺✳✹✳

❲❡ ❝♦♠♣❧❡t❡ t❤✐s ✐♥tr♦❞✉❝t✐♦♥ ✇✐t❤ ❛ s❤♦rt r❡✈✐❡✇ ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈
s♣❛❝❡s ❛♥❞ t❤❡✐r tr❛❝❡ s♣❛❝❡s✳ ❋♦r ❛♥② ✐♥t❡❣❡r q ✇❡ ❞❡♥♦t❡ ❜② Pq t❤❡ s♣❛❝❡ ♦❢
♣♦❧②♥♦♠✐❛❧s ✐♥ n ✈❛r✐❛❜❧❡s✱ ♦❢ ❞❡❣r❡❡ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ q✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥

✷



t❤❛t Pq ✐s r❡❞✉❝❡❞ t♦ {0} ✇❤❡♥ q ✐s ♥❡❣❛t✐✈❡✳
❋♦r ❛♥② r❡❛❧ ♥✉♠❜❡r p ∈ ]1,+∞[✱ ✇❡ ❞❡♥♦t❡ ❜② p′ t❤❡ ❞✉❛❧ ❡①♣♦♥❡♥t ♦❢ p ✿

1

p
+

1

p′
= 1.

▲❡t x = (x1, . . . , xn) ❜❡ ❛ t②♣✐❝❛❧ ♣♦✐♥t ♦❢ R
n✱ x′ = (x1, . . . , xn−1) ❛♥❞ ❧❡t

r = |x| = (x2
1 + · · · + x2

n)1/2 ❞❡♥♦t❡ ✐ts ❞✐st❛♥❝❡ t♦ t❤❡ ♦r✐❣✐♥✳ ❲❡ s❤❛❧❧ ✉s❡ t✇♦
❜❛s✐❝ ✇❡✐❣❤ts ✿

ρ = (1 + r2)1/2 ❛♥❞ lg ρ = ln(2 + r2).

❆s ✉s✉❛❧✱ D(Ω) ✐s t❤❡ s♣❛❝❡ ♦❢ ✐♥❞❡✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t
s✉♣♣♦rt✱ D′(Ω) ✐ts ❞✉❛❧ s♣❛❝❡✱ ❝❛❧❧❡❞ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s ❛♥❞ D(Ω) t❤❡
s♣❛❝❡ ♦❢ r❡str✐❝t✐♦♥s t♦ Ω ♦❢ ❢✉♥❝t✐♦♥s ✐♥ D(Rn)✳

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡s ✿

W 1,p
0 (Ω) = {u ∈ D′(Ω),

u

ω1
∈ Lp(Ω), ∇u ∈ Lp(Ω)}

❛♥❞

W 2,p
1 (Ω) = {u ∈ D′(Ω),

u

ω1
∈ Lp(Ω), ∇u ∈ Lp(Ω),

ρ
∂2u

∂xi∂xj
∈ Lp(Ω), i, j = 1, . . . , n},

✇❤❡r❡ ω1 ✐s ❞❡✜♥❡❞ ❜② ✿

ω1 =

{
ρ ✐❢ n 6= p,
ρ lg ρ ✐❢ n = p.

❚❤❡② ❛r❡ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡s ❡q✉✐♣♣❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ ♥❛t✉r❛❧ ♥♦r♠s ✿

‖u‖W 1,p
0 (Ω) = (‖ω−1

1 u‖p
Lp(Ω) + ‖∇u‖p

Lp(Ω))
1/p

❛♥❞

‖u‖W 2,p
1 (Ω) = (‖ω−1

1 u‖p
Lp(Ω) + ‖∇u‖p

Lp(Ω) +
∑

1≤i,j≤n

‖ρ
∂2u

∂xi∂xj
‖p

Lp(Ω))
1/p.

❲❡ ❛❧s♦ ❞❡✜♥❡ s❡♠✐✲♥♦r♠s ✿

|u|W 1,p
0 (Ω) = ‖∇u‖Lp(Ω)

❛♥❞

|u|W 2,p
1 (Ω) = (

∑

1≤i,j≤n

‖ρ
∂2u

∂xi∂xj
‖p

Lp(Ω))
1/p.

❲❡ s❡t t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡s ✿

◦

W
1,p
0 (Ω) = D(Ω)

‖.‖
W

1,p
0 (Ω) ❛♥❞

◦

W
2,p
1 (Ω) = D(Ω)

‖.‖
W

2,p
1 (Ω) ,

❛♥❞ ✇❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t

◦

W
1,p
0 (Ω) = {u ∈W 1,p

0 (Ω), u = 0 ♦♥ Γ0 ∪ R
n−1}

✸



❛♥❞ t❤❛t

◦

W
2,p
1 (Ω) = {u ∈W 2,p

1 (Ω), u =
∂u

∂n
= 0 ♦♥ Γ0 ∪ R

n−1}

✇❤❡r❡ t❤❡ s❡♥s❡ ♦❢ tr❛❝❡s ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜❡❧♦✇✳ ❚❤❡ ✇❡✐❣❤ts ❞❡✜♥❡❞
♣r❡✈✐♦✉s❧② ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t t❤❡ s♣❛❝❡ D(Ω) ✐s ❞❡♥s❡ ✐♥W 1,p

0 (Ω) ❛♥❞ ✐♥W 2,p
1 (Ω)

❛♥❞ s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞ ✿

∀u ∈W 1,p
0 (Ω), inf

k∈P[1−n/p]

‖u+ k‖W 1,p
0 (Ω) ≤ C |u|W 1,p

0 (Ω)

♥♦t✐❝✐♥❣ t❤❛t P[1−n/p] = {0} s✐ p < n✱ ❛♥❞

∀u ∈
◦

W
1,p
0 (Ω), ‖u‖W 1,p

0 (Ω) ≤ C |u|W 1,p
0 (Ω).

❲❡ ❤❛✈❡ s✐♠✐❧❛r ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ s♣❛❝❡ W 2,p
1 (Ω)✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ♣r♦✈❡❞✱ ✐♥

t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❜② ❆♠r♦✉❝❤❡✱ ●✐r❛✉❧t ❛♥❞ ●✐r♦✐r❡ ❬✺❪ ✐♥ ❛♥ ❡①t❡r✐♦r ❞♦♠❛✐♥
❛♥❞ ❜② ❆♠r♦✉❝❤❡ ❛♥❞ ◆❡↔❛s♦✈à ❬✻❪ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✳ ❚❤❡② ❛r❡ ❡①t❡♥❞❡❞ t♦ t❤✐s
❞♦♠❛✐♥ ❜② ❛♥ ❛❞❡q✉❛t❡ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t②✳ ❲❡ ❞❡♥♦t❡ ❜②W−1,p

0 (Ω) ✭r❡s♣❡❝t✐✈❡❧②

W−2,p
−1 (Ω)✮ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢

◦

W
1,p′

0 (Ω) ✭r❡s♣❡❝t✐✈❡❧② ♦❢
◦

W
2,p′

1 (Ω)✮✳ ■t ✐s s♣❛❝❡s
♦❢ ❞✐str✐❜✉t✐♦♥s✳

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t♦♦✱ ❢♦r ℓ ∈ R✱ t❤❡ s♣❛❝❡ W 0,p
ℓ (Ω) ❜② ✿

W 0,p
ℓ (Ω) = {u ∈ D′(Ω), ρℓu ∈ Lp(Ω)}.

❲❡ ❤❛✈❡✱ ✐❢ n 6= p✱ t❤❡ ❝♦♥t✐♥✉♦✉s ✐♥❥❡❝t✐♦♥s

W 1,p
0 (Ω) ⊂W 0,p

−1(Ω) ❛♥❞ W 0,p′

1 (Ω) ⊂W−1,p′

0 (Ω).

◆♦✇✱ ✇❡ ✇❛♥t t♦ ❞❡✜♥❡ t❤❡ tr❛❝❡s ♦❢ ❢✉♥❝t✐♦♥s ♦❢ W 1,p
0 (Ω) ❛♥❞ W 2,p

1 (Ω)✳
❚❤❡s❡ tr❛❝❡s ❤❛✈❡ ❛ ❝♦♠♣♦♥❡♥t ♦♥ Γ0 ❛♥❞ ❛♥ ♦t❤❡r ❝♦♠♣♦♥❡♥t ♦♥ R

n−1✳ ❋♦r
t❤❡ tr❛❝❡s ♦♥ Γ0✱ ✇❡ r❡t✉r♥ t♦ ❆❞❛♠s ❬✶❪ ♦r ◆❡↔❛s ❬✶✼❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
t✇♦ s♣❛❝❡s W 1− 1

p ,p(Γ0) ❛♥❞ W 2− 1
p ,p(Γ0) ❛♥❞ ❢♦r t❤❡ ✉s✉❛❧ tr❛❝❡ t❤❡♦r❡♠s✳ ❋♦r

t❤❡ tr❛❝❡s ♦❢ ❢✉♥❝t✐♦♥s ♦♥ R
n−1✱ ✇❡ s❡♥❞ ❜❛❝❦ t♦ ❆♠r♦✉❝❤❡ ❛♥❞ ◆❡↔❛s♦✈à ❬✻❪

❢♦r ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❤❡r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡s ✿

W
1− 1

p ,p

0 (Rn−1) = {u ∈ D′(Rn−1), ω
−1+ 1

p

2 u ∈ Lp(Rn−1),
∫

Rn−1×Rn−1

|u(x) − u(y)|p

|x − y|n+p−2
dxdy <∞},

✇❤❡r❡

ω2 =

{
ρ′ ✐❢ n 6= p,

ρ′(lg ρ′)p′

✐❢ n = p,

✇✐t❤ ρ′ = (1 + |x′|2)1/2 ❛♥❞ lg ρ′ = ln(2 + |x′|2)✳ ■t ✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡
❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ♥❛t✉r❛❧ ♥♦r♠

(‖ω
−1+ 1

p

2 u‖p
Lp(Rn−1) +

∫

Rn−1×Rn−1

|u(x) − u(y)|p

|x − y|n+p−2
dxdy)1/p.

✹



❲❡ s❤♦✇ t❤❛t t❤❡ ♠❛♣♣✐♥❣

γ0 : W 1,p
0 (Rn

+) → W
1− 1

p ,p

0 (Rn−1)

u 7→ u|Rn−1

✐s ❝♦♥t✐♥✉♦✉s✱ ♦♥t♦ ❛♥❞ s✉❝❤ t❤❛t

❑❡r γ0 =
◦

W
1,p
0 (Rn

+) = D(Ω)
‖.‖

W
1,p
0 (R

n
+

) .

❚❤❡♥✱ ✇❡ ❞❡✜♥❡

W
1− 1

p ,p

1 (Rn−1) = {u ∈W 0,p
1
p

(Rn−1), ρ′u ∈W
1− 1

p ,p

0 (Rn−1)},

❛♥❞
W

2− 1
p ,p

1 (Rn−1) = {u ∈W 1,p
1
p

(Rn−1), ρ′∇u ∈ W
1− 1

p ,p

0 (Rn−1)},

✇❤❡r❡

W 1,p
1
p

(Rn−1) = {u ∈ D′(Rn−1), ω
−1+ 1

p

2 u ∈ Lp(Rn−1), (ρ′)
1
p ∇u ∈ Lp(Rn−1)}.

❍❡r❡ ❛❣❛✐♥✱ ✇❡ ❡q✉✐♣ t❤❡s❡ s♣❛❝❡s ✇✐t❤ t❤❡✐r ♥❛t✉r❛❧ ♥♦r♠✳ ❆s ✐♥ ❬✶✷❪✱ ✇❡ ❝❛♥
♣r♦✈❡ t❤❛t ✿

γ : W 2,p
1 (Rn

+) → W
2− 1

p ,p

1 (Rn−1) ×W
1− 1

p ,p

1 (Rn−1)

u 7→ (u|Rn−1 ,
∂u

∂n |Rn−1
)

✐s ❛ ♠❛♣♣✐♥❣ ❝♦♥t✐♥✉♦✉s✱ ♦♥t♦ ❛♥❞ s✉❝❤ t❤❛t

❑❡r γ =
◦

W
2,p
1 (Rn

+) = D(Ω)
‖.‖

W
2,p
1 (R

n
+

) .

❲❡ ❞❡✜♥❡ ω′
0 t❤❡ s②♠♠❡tr✐❝ r❡❣✐♦♥ ♦❢ ω0 ✇✐t❤ r❡s♣❡❝t t♦ R

n−1✱ Γ′
0 t❤❡ ❜♦✉♥✲

❞❛r② ♦❢ ω′
0✱ Ω′ t❤❡ s②♠♠❡tr✐❝ r❡❣✐♦♥ ♦❢ Ω✱ Ω̃ = Ω∪Ω′ ∪R

n−1 ❛♥❞ Γ̃0 = Γ0 ∪Γ′
0✳

❲❡ ❞❡✜♥❡ t♦♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s ℓ∗ ❛♥❞ ℓ∗✳ ❋♦r (x′, xn) ∈ R
n ❛♥❞ ℓ ❛♥②

❢✉♥❝t✐♦♥✱ ✇❡ s❡t ✿

ℓ∗(x′, xn) =

{
ℓ(x′, xn) if xn > 0,
−ℓ(x′,−xn) if xn < 0,

❛♥❞

ℓ∗(x
′, xn) =

{
ℓ(x′, xn) if xn > 0,
ℓ(x′,−xn) if xn < 0.

❋✐♥❛❧❧②✱ ✇❡ ❞❡♥♦t❡✱ ❢♦r p ∈ ]1,∞[✱ < ., . >Γ t❤❡ ❞✉❛❧✐t② ♣❛✐r✐♥❣ W− 1
p ,p(Γ)✱

W
1− 1

p′
,p′

(Γ)✱ ✇✐t❤ Γ = Γ0 ♦r Γ̃0 ❛♥❞ < ., . >Rn−1 ✱ t❤❡ ♣❛✐r✐♥❣ W
− 1

p ,p

0 (Rn−1)✱

W
1− 1

p′
,p′

0 (Rn−1)✳

❲❡ r❡♠✐♥❞ t❤❛t ✐♥ ❛❧❧ t❤✐s ❛rt✐❝❧❡✱ ✇❡ s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C1,1✳

❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② C ❛ ♣♦s✐t✐✈❡ ❛♥❞ r❡❛❧ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ✈❛r② ❢r♦♠ ❧✐♥❡
t♦ ❧✐♥❡✳

✺



✷ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❉✐r✐❝❤❧❡t

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❉✐r✐❝❤❧❡t ✿

(PD)





−∆u = f ✐♥ Ω,
u = g0 ♦♥ Γ0,
u = g1 ♦♥ R

n−1.

❋✐rst✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡r♥❡❧ ✿

Dp
0(Ω) = {z ∈W 1,p

0 (Ω), ∆z = 0 in Ω, z = 0 on Γ0, z = 0 on R
n−1}.

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❋♦r ❛♥② p > 1✱ Dp
0(Ω) = {0}✳

Pr♦♦❢ ✲ ▲❡t z ❜❡ ✐♥ Dp
0(Ω)✱ ✇❡ ❞❡✜♥❡✱ ❢♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Ω̃ t❤❡ ❢✉♥❝t✐♦♥

z∗ ∈
◦

W
1,p
0 (Ω̃)✳ ❋♦r ❛♥② ϕ ∈ D(Ω̃)✱ ✇❡ ❤❛✈❡ ✿

< ∆z∗, ϕ >D′(eΩ),D(eΩ)= < z∗,∆ϕ >D′(eΩ),D(eΩ)

=

∫

Ω

z(x′, xn)∆ϕ(x′, xn) dx −

∫

Ω′

z(x′,−xn)∆ϕ(x′, xn) dx.

▼♦r❡♦✈❡r ∫

Ω

z(x′, xn)∆ϕ(x′, xn) dx = − <
∂z

∂n
, ϕ >Rn−1 .

❙❡tt✐♥❣ ψ(x′, xn) = ϕ(x′,−xn)✱ ✇❡ ❤❛✈❡ ψ ∈ D(Ω̃) ❛♥❞
∫

Ω′

z(x′,−xn)∆ϕ(x′, xn) dx =

∫

Ω

z(x′, xn)∆ψ(x′, xn) dx

= − <
∂z

∂n
, ϕ >Rn−1 .

❚❤✉s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t < ∆z∗, ϕ >D′(eΩ),D(eΩ)= 0✱ ✐✳❡ ∆z∗ = 0 ✐♥ Ω̃✳ ❙♦✱ t❤❡

❢✉♥❝t✐♦♥ z∗ ✐s ✐♥ t❤❡ s♣❛❝❡ Ap
0(Ω̃) ❞❡✜♥❡❞ ❜② ✿

Ap
0(Ω̃) = {v ∈W 1,p

0 (Ω̃), ∆v = 0 ✐♥ Ω̃, v = 0 ♦♥ Γ̃0}.

◆♦✇✱ ✇❡ ✉s❡ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ Ap
0(Ω̃) ✭s❡❡ ❬✺❪✮✳ ❋♦r t❤✐s✱ ✇❡ s❡t µ0 t❤❡

❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜② ✿

µ0 = U ∗ (
1

|Γ̃0|
δeΓ0

)

✇❤❡r❡ U =
1

2π
❧♥(r) ✐s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥ ✐♥ R

2

❛♥❞ δeΓ0
✐s ❞❡✜♥❡❞ ❜② ✿

∀ϕ ∈ D(R2), < δeΓ0
, ϕ > =

∫

eΓ0

ϕ dσ.

✐✮ ■❢ p < n ♦r p = n = 2✱ t❤❡♥ Ap
0(Ω̃) = {0} ❛♥❞ z∗ = 0 ✐♥ Ω̃✱ ✐✳❡ z = 0 ✐♥ Ω

❛♥❞ Dp
0(Ω) = {0}✳

✻



✐✐✮ ■❢ p ≥ n ≥ 3✱ t❤❡♥ ✇❡ ❤❛✈❡ z∗ = c(λ− 1)✱ ✇❤❡r❡ c ✐s ❛ r❡❛❧ ❝♦♥st❛♥t ❛♥❞
λ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ W 1,p

0 (Ω̃) ∩W 1,2
0 (Ω̃) ♦❢ t❤❡ ♣r♦❜❧❡♠

∆λ = 0 in Ω̃, λ = 1 on Γ̃0.

❚❤✉s✱ ♦♥ R
n−1✱ z∗ = z = c(λ − 1) = 0✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t c = 0 ❜❡❝❛✉s❡ ♦t❤❡r✲

✇✐s❡✱ λ ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ 1 ♦♥ R
n−1✱ t❤❛t ✐s ♥♦t ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ 1 /∈W

1
2 ,2
0 (Rn−1)✳

❋✐♥❛❧❧②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t z = 0✱ ✐✳❡ Dp
0(Ω) = {0}✳

✐✐✐✮ ■❢ p > n = 2✱ t❤❡♥ ✇❡ ❤❛✈❡ z∗ = c(µ − µ0)✱ ✇❤❡r❡ c ✐s ❛ r❡❛❧ ❝♦♥st❛♥t
❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ µ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ W 1,p

0 (Ω̃) ∩W 1,2
0 (Ω̃) ♦❢ t❤❡ ♣r♦❜❧❡♠

∆µ = 0 in Ω̃, µ = µ0 on Γ̃0.

❚❤✉s✱ ♦♥ R✱ z = c(µ−µ0) = 0✳ ❚❤✐s ✐♠♣❧✐❡s ❛❣❛✐♥ t❤❛t c = 0 ❜❡❝❛✉s❡ ♦t❤❡r✇✐s❡

µ ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ µ0 ♦♥ R✱ t❤❛t ✐s ♥♦t ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ µ0 /∈W
1
2 ,2
0 (R)✳ ■♥❞❡❡❞✱

❧❡t x = (x′, 0) ❜❡ ✐♥ R✱ ❧✐❦❡

µ0(x) =
1

2π|Γ̃0|

∫

eΓ0

ln(|y − x|) dσy,

t❤❡♥ µ0(x
′) ≥ C ln|x′| ✐❢ |x′| > α ✇✐t❤ α ❡♥♦✉❣❤ ❜✐❣ ❛♥❞

∫

|x′|>α

|µ0(x
′, 0)|2

|x′| log2(2 + |x′|)
dx′ ≥ C

∫

|x′|>α

dx′

|x′|
= +∞

t❤❛t ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ µ0 ∈W
1
2 ,2
0 (R)✳ ❚❤✉s c = 0 ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t z = 0✱

✐✳❡ Dp
0(Ω) = {0}✳ �

❚❤❡♦r❡♠ ✷✳✷✳ ❋♦r ❡❛❝❤ p > 1✱ t❤❡r❡ ❡①✐sts C = C(ω0, p) > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥

ω0 ❛♥❞ p s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❋♦r ❛♥② f ∈W−1,p
0 (Ω)✱ g0 ∈W 1− 1

p ,p(Γ0)

❛♥❞ g1 ∈ W
1− 1

p ,p

0 (Rn−1)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈ W 1,p
0 (Ω) s♦❧✉t✐♦♥ ♦❢ (PD)✳

▼♦r❡♦✈❡r✱ u s❛t✐s✜❡s

‖u‖W 1,p
0 (Ω) ≤ C( ‖f‖W−1,p

0 (Ω) + ‖g0‖
W

1− 1
p

,p
(Γ0)

+ ‖g1‖
W

1− 1
p

,p

0 (Rn−1)
). ✭✶✮

✳

Pr♦♦❢ ✲ ✐✮ ❲❡ ❜❡❣✐♥ t♦ s❤♦✇ t❤❛t s♦❧✈✐♥❣ ✭PD✮ ❛♠♦✉♥ts t♦ s♦❧✈❡ ❛ ♣r♦❜❧❡♠
✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts ug1 ∈W 1,p

0 (Rn
+)

s✉❝❤ t❤❛t ug1
= g1 ♦♥ R

n−1 ❛♥❞

‖ug1‖W 1,p
0 (Rn

+) ≤ C ‖g1‖
W

1− 1
p

,p

0 (Rn−1)
✭✷✮

❲❡ s❡t u1 = ug1|Ω✳ ❚❤❡♥ u1 ∈ W 1,p
0 (Ω) ❛♥❞ t❤❡ tr❛❝❡ η ♦❢ u1 ♦♥ Γ0 ✐s ✐♥

W 1− 1
p ,p(Γ0)✳ ❙❡tt✐♥❣ z = u−u1✱ t❤❡ ♣r♦❜❧❡♠ (P) ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦❜❧❡♠ ✿

(P1) − ∆z = f + ∆u1 in Ω, z = g0 − η on Γ0, z = 0 on R
n−1.

❲❡ s❡t g = g0 − η✱ ❛♥❞ ❧❡t R > 0 ❜❡ s✉❝❤ t❤❛t ω0 ⊂ BR ⊂ R
n
+✳ ❚❤❡ ❢✉♥❝t✐♦♥ h0

❞❡✜♥❡❞ ❜② ✿
h0 = g on Γ0, h0 = 0 on ∂BR,

✼



✐s ✐♥ W 1− 1
p ,p(Γ0 ∪ ∂BR)✳ ❲❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts uh0 ∈ W 1,p(ΩR)✱ ✇❤❡r❡ ΩR =

Ω ∩BR✱ s✉❝❤ t❤❛t uh0 = h0 ♦♥ Γ0 ∪ ∂BR ❛♥❞ ❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡ ✿

‖uh0‖W 1,p(ΩR) ≤ C ‖h0‖
W

1− 1
p

,p
(Γ0∪∂BR)

.

❲❡ s❡t
u0 = uh0

in ΩR, u0 = 0 in Ω \ ΩR.

❲❡ ❤❛✈❡ u0 ∈W 1,p(Ω)✱ u0 = g ♦♥ Γ0✱ u0 = 0 ♦♥ R
n−1 ❛♥❞ u0 ❝❤❡❝❦s

‖u0‖W 1,p
0 (Ω) ≤ C( ‖g0‖

W
1− 1

p
,p

(Γ0)
+ ‖g1‖

W
1− 1

p
,p

0 (Rn−1)
). ✭✸✮

❋✐♥❛❧❧②✱ s❡tt✐♥❣ v = z − u0✱ t❤❡ ♣r♦❜❧❡♠ ✭P1✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦❜❧❡♠ (P ′) ✿

(P ′) − ∆v = h in Ω, v = 0 on Γ0, v = 0 on R
n−1,

✇❤❡r❡ h = f + ∆u1 + ∆u0 ∈W−1,p
0 (Ω)✳

✐✐✮ ◆♦✇✱ ✇❡ ✇❛♥t t♦ ❝♦♠❡ ❜❛❝❦ t♦ ❛ ♣r♦❜❧❡♠ s❡tt❡❞ ✐♥ t❤❡ ♦♣❡♥ r❡❣✐♦♥ Ω̃✱

♣r♦❜❧❡♠ t❤❛t ✇❡ ❦♥♦✇ s♦❧✈✐♥❣✳ ▲❡t ϕ ❜❡ ✐♥
◦

W
1,p′

0 (Ω̃)✱ ✇❡ s❡t ❢♦r ❛❧♠♦st ❛♥②
(x′, xn) ∈ Ω✱

πϕ(x′, xn) = ϕ(x′, xn) − ϕ(x′,−xn).

■t ✐s ♦❜✈✐♦✉s t❤❛t πϕ ∈
◦

W
1,p′

0 (Ω) ❛♥❞✱ ❢♦r ❛♥② ϕ ∈
◦

W
1,p′

0 (Ω̃)✱ ✇❡ ❞❡✜♥❡ t❤❡
♦♣❡r❛t♦r hπ ❜②

< hπ, ϕ >:= < h, πϕ >
W−1,p

0 (Ω)×
◦

W
1,p′

0 (Ω)
.

❲❡ ♥♦t✐❝❡ t❤❛t hπ ✐s ✐♥ W−1,p
0 (Ω̃) ❛♥❞ s❛t✐s✜❡s

‖hπ‖W−1,p
0 (eΩ) ≤ 2‖h‖W−1,p

0 (Ω). ✭✹✮

◆♦✇✱ ✇❡ s✉♣♣♦s❡ t❤❛t p ≥ 2✳ ❚❤❛♥❦s t♦ ❬✺❪✱ ✇❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts w ∈ W 1,p
0 (Ω̃)

s♦❧✉t✐♦♥ ♦❢
−∆w = hπ in Ω̃, w = 0 on Γ̃0,

❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡

‖w‖W 1,p
0 (eΩ) ≤ C ‖hπ‖W−1,p

0 (eΩ). ✭✺✮

❚❤❡ ❢✉♥❝t✐♦♥ v =
1

2
πw ❜❡❧♦♥❣s t♦

◦

W
1,p
0 (Ω) ❛♥❞ ✇❡ ❤❛✈❡ ✿

‖v‖W 1,p
0 (Ω) ≤ 2‖w‖W 1,p

0 (eΩ). ✭✻✮

◆♦✇✱ ❧❡t ✉s s❤♦✇ t❤❛t −∆v = h ✐♥ Ω ✐✳❡ v s♦❧✉t✐♦♥ ♦❢ (P ′)✳ ▲❡t ϕ ❜❡ ✐♥ D(Ω)✱
t❤❡♥ ✿

2 < ∆v, ϕ >D′(Ω),D(Ω) = 2 < v,∆ϕ >D′(Ω),D(Ω)

=

∫

Ω

[w(x′, xn) − w(x′,−xn)]∆ϕ dx.

✽



▼♦r❡♦✈❡r✱ s❡tt✐♥❣ ψ(x′, xn) = ϕ(x′,−xn)✱ t❤❡♥ ψ ∈ D(Ω′) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡
r❡❧❛t✐♦♥s ∫

Ω

w(x′, xn)∆ϕ dx = < ∆w,ϕ >D′(Ω),D(Ω)

❛♥❞
∫

Ω

w(x′,−xn)∆ϕ dx =

∫

Ω′

w(x′, xn)∆ψ dx = < ∆w,ψ >D′(Ω′),D(Ω′) .

❙❡tt✐♥❣ ϕ̃ ❛♥❞ ψ̃ t❤❡ ❡①t❡♥s✐♦♥s ❜② 0 ✐♥ Ω̃ ♦❢ ϕ ❛♥❞ ψ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❞❡❞✉❝❡
t❤❛t ✿

2 < ∆v, ϕ >D′(Ω),D(Ω) = < ∆w, ϕ̃− ψ̃ >D′(eΩ),D(eΩ)

= − < hπ, ϕ̃− ψ̃ >D′(eΩ),D(eΩ)

= − < h, πϕ̃− πψ̃ >D′(Ω),D(Ω)

= −2 < h,ϕ >D′(Ω),D(Ω),

✐✳❡ −∆v = h ✐♥ Ω✳ ❙♦✱ ✇❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t✱ ✐❢ p ≥ 2✱ t❤❡ ♦♣❡r❛t♦r

∆ :
◦

W
1,p
0 (Ω) 7→W−1,p

0 (Ω)

✐s ❛ ✐s♦♠♦r♣❤✐s♠✱ ❛♥❞✱ ❜② ❞✉❛❧✐t②✱ t❤❡ ♦♣❡r❛t♦r

∆ :
◦

W
1,p′

0 (Ω) 7→W−1,p′

0 (Ω)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ t♦♦✳ ❙♦✱ ✐❢ p < 2✱ t❤❡ ♣r♦❜❧❡♠ (P ′) ❤❛s ❛❧s♦ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥
v ∈ W 1,p

0 (Ω)✳ ❚❤✉s✱ t❤❡ ♣r♦❜❧❡♠ (PD) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r 1 < p < ∞✳
❋✐♥❛❧❧②✱ t❤❛♥❦s t♦ ✭✷✮✱ ✭✸✮✱ ✭✹✮✱ ✭✺✮ ❛♥❞ ✭✻✮✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡ ✭✶✮✳ �

✸ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ◆❡✉♠❛♥♥

❲❡ r❡♠✐♥❞ t❤❛t ✐♥ t❤✐s s❡❝t✐♦♥ ❛♥❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✱ Ω ✐s s✉♣♣♦s❡❞ t♦
❜❡ ♦❢ ❝❧❛ss C1,1✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✿

(PN )





−∆u = f ✐♥ Ω,
∂u

∂n
= g0 ♦♥ Γ0,

∂u

∂n
= g1 ♦♥ R

n−1.

❍❡r❡✱ ✇❡ s✉♣♣♦s❡ t❤❛t
n

p′
6= 1✳

❋✐rst✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡r♥❡❧ ✿

N p
0(Ω) = {z ∈W 1,p

0 (Ω), ∆z = 0 in Ω,
∂z

∂n
= 0 on Γ0,

∂z

∂n
= 0 on R

n−1}.

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❋♦r ❛♥② p > 1 s✉❝❤ t❤❛t
n

p′
6= 1✱ N p

0(Ω) = P[1−n/p]✳

✾



Pr♦♦❢ ✲ ❋✐rst✱ ✇❡ ♥♦t✐❝❡ t❤❛t P[1−n/p] ⊂ N p
0(Ω)✳ ▲❡t ✉s s❤♦✇ t❤❡ ♦t❤❡r ✐♥✲

❝❧✉s✐♦♥✳ ▲❡t z ❜❡ ✐♥ N p
0(Ω) ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ z∗ ✇❤✐❝❤ ✐s ✐♥ W 1,p

0 (Ω̃)✳

▲✐❦❡
∂z

∂n
= 0 ♦♥ Γ0✱ ✇❡ ❤❛✈❡

∂z∗
∂n

= 0 ♦♥ Γ̃0 ❛♥❞ ✇❡ ❝❤❡❝❦✱ ❧✐❦❡ ❞♦♥❡ ✐♥ t❤❡ ♣r♦♦❢

♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✱ t❤❛t ∆z∗ = 0 ✐♥ Ω̃✳ ❙♦✱ t❤❡ ❢✉♥❝t✐♦♥ z∗ ❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡

{v ∈ W 1,p
0 (Ω̃), ∆v = 0 ✐♥ Ω̃,

∂v

∂n
= 0 ♦♥ Γ̃0} ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ P[1−n/p] ✭s❡❡

❬✺❪✮✳ ❚❤✉s✱ ✐❢ p < n✱ z∗ = 0 ✐♥ Ω̃ ❛♥❞ z = 0 ✐♥ Ω✳ ■❢ p ≥ n✱ z∗ ✐s ❝♦♥st❛♥t ✐♥ Ω̃✱
s♦ z ✐s ❝♦♥st❛♥t ✐♥ Ω✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡ N p

0(Ω) = P[1−n/p]✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ str♦♥❣ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠
(PN )✳

❚❤❡♦r❡♠ ✸✳✷✳ ❋♦r ❡❛❝❤ p > 1 ❝❤❡❝❦✐♥❣
n

p′
6= 1✱ t❤❡r❡ ❡①✐sts C = C(ω0, p) > 0

❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ω0 ❛♥❞ p s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❋♦r ❛♥② f ∈W 0,p
1 (Ω)✱

g0 ∈W 1− 1
p ,p(Γ0) ❛♥❞ g1 ∈W

1− 1
p ,p

1 (Rn−1) s❛t✐s❢②✐♥❣✱ ✐❢ p <
n

n− 1
✱ t❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✿
∫

Ω

f dx +

∫

Γ0

g0 dσ +

∫

Rn−1

g1 dx
′ = 0, ✭✼✮

t❤❡ ♣r♦❜❧❡♠ (PN ) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ W 2,p
1 (Ω)/P[1−n/p]✳ ▼♦r❡♦✈❡r✱ u

s❛t✐s✜❡s

‖u‖W 2,p
1 (Ω)/P[1−n/p]

≤ C( ‖f‖W 0,p
1 (Ω)+‖g0‖

W
1− 1

p
,p

(Γ0)
+‖g1‖

W
1− 1

p
,p

1 (Rn−1)
). ✭✽✮

Pr♦♦❢ ✲ ❋✐rst✱ ✇❡ ♥♦t✐❝❡ t❤❛t✱ t❤❛♥❦s t♦ t❤❡ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❞❛t❛✱ ❛♥②
✐♥t❡❣r❛❧ ♦❢ ✭✼✮ ❤❛s ❛ ♠❡❛♥✐♥❣ ✇❤❡♥ p <

n

n− 1
✱ t❤❡ ❧❛st ♦♥❡ ❜❡✐♥❣ ✜♥✐s❤❡❞

❜❡❝❛✉s❡ W
1− 1

p ,p

1 (Rn−1) ⊂ W 0,p
1
p

(Rn−1) ⊂ L1(Rn−1)✳ ▼♦r❡♦✈❡r✱ ❧✐❦❡
n

p′
6= 1✱

✇❡ ❤❛✈❡ t❤❡ ✐♥❥❡❝t✐♦♥ W 0,p
1
p

(Rn−1) ⊂ W
− 1

p ,p

0 (Rn−1)✳ ❲❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts ❛

❢✉♥❝t✐♦♥ ug1
∈W 2,p

1 (Rn
+) s✉❝❤ t❤❛t

∂ug1

∂n
= g1 ❛♥❞ ug1

= 0 ♦♥ R
n−1 ❝❤❡❝❦✐♥❣ ✿

‖ug1
‖W 2,p

1 (Rn
+) ≤ C ‖g1‖

W
1− 1

p
,p

1 (Rn−1)
. ✭✾✮

❲❡ s❡t u1 t❤❡ r❡str✐❝t✐♦♥ ♦❢ ug1 t♦ Ω ❛♥❞ η t❤❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ u1 ♦♥ Γ0✳
❋✐♥❛❧❧②✱ ✇❡ s❡t g = g0 − η ∈ W 1− 1

p ,p(Γ0) ❛♥❞ h = f + ∆u1 ∈ W 0,p
1 (Ω)✳ ❚❤❡♥✱

s❡tt✐♥❣ v = u− u1 ∈ W 2,p
1 (Ω)✱ t❤❡ ♣r♦❜❧❡♠ (PN ) ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦❜❧❡♠ (P ′) ✿

(P ′)





−∆v = h ✐♥ Ω,
∂v

∂n
= g ♦♥ Γ0,

∂v

∂n
= 0 ♦♥ R

n−1.

❲❡ ❜✉✐❧❞ t❤❡ t✇♦ ❢✉♥❝t✐♦♥s h∗ ∈W 0,p
1 (Ω̃) ❛♥❞ g∗ ∈W 1− 1

p ,p(Γ̃0) ✇❤✐❝❤ ❝❤❡❝❦✱ ✐❢

p <
n

n− 1
❛♥❞ t❤❛♥❦s t♦ ✭✼✮✱ t❤❡ ❡q✉❛❧✐t②

∫

eΩ

h∗ dx +

∫

eΓ0

g∗ dσ = 0✳ ❚❤❛♥❦s t♦

✶✵



❬✺❪✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ w ∈ W 2,p
1 (Ω̃)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ P[1−n/p]✱

s♦❧✉t✐♦♥ ♦❢
−∆w = h∗ ✐♥ Ω̃,

∂w

∂n
= g∗ ♦♥ Γ̃0,

❝❤❡❝❦✐♥❣ ✿

‖w‖W 2,p
1 (eΩ)/P[1−n/p]

≤ C( ‖h‖W 0,p
1 (eΩ) + ‖g‖

W
1− 1

p
,p

(eΓ0)
).

◆♦✇✱ ❧❡t w0 ∈ W 2,p
1 (Ω̃) ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠✳ ❋♦r ❛❧♠♦st ❛♥②

(x′, xn) ∈ Ω̃✱ ✇❡ s❡t v0(x′, xn) = w0(x
′,−xn)✳ ❆s h∗ ✐s ❡✈❡♥ ✇✐t❤ r❡s♣❡❝t t♦ xn✱

✇❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ✇❡ ❤❛✈❡ −∆v0 = h∗ ✐♥ Ω̃✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦♥ Γ̃0✱ ✇❡ ♥♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡✱ ❢♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Γ̃0 ✿

∂v0
∂n

(x′, xn) =
∂w0

∂n
(x′,−xn).

❆s g∗ ✐s ❡✈❡♥ ✇✐t❤ r❡s♣❡❝t t♦ xn✱ ✇❡ ❛❣❛✐♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ✇❡ ❤❛✈❡
∂v0
∂n

= g∗

♦♥ Γ̃0✳ ❙♦ v0 ∈ W 2,p
1 (Ω̃) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ t❤❛t w0 s❛t✐s✜❡s✳

❚❤✉s✱ t❤❡ ❞✐✛❡r❡♥❝❡ v0 − w0 ✐s ❡q✉❛❧ t♦ ❛ ❝♦♥st❛♥t c ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② ♥✐❧✳ ❙♦

w0(x
′, xn) = w0(x

′,−xn) ❛♥❞ t❤✉s
∂w0

∂n
= 0 ♦♥ R

n−1✳ ❚❤❡ r❡str✐❝t✐♦♥ v ♦❢ w0

t♦ Ω ❜❡✐♥❣ ✐♥ W 2,p
1 (Ω)✱ ✐s s♦❧✉t✐♦♥ ♦❢ (P ′) ❛♥❞ ❝❤❡❝❦s ✿

‖v‖W 2,p
1 (Ω)/P[1−n/p]

≤ C( ‖h‖W 0,p
1 (Ω) + ‖g‖

W
1− 1

p
,p

(Γ0)
).

❋✐♥❛❧❧②✱ ❢r♦♠ t❤✐s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✾✮✱ ❝♦♠❡s t❤❡ ❡st✐♠❛t❡ ✭✽✮✳ �

◆♦✇✱ ✇❡ s❡❛r❝❤ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠ (PN ) ✿

❚❤❡♦r❡♠ ✸✳✸✳ ❋♦r ❡❛❝❤ p > 1 ❝❤❡❝❦✐♥❣
n

p′
6= 1✱ t❤❡r❡ ❡①✐sts C = C(ω0, p) > 0

❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ω0 ❛♥❞ p s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❋♦r ❛♥② f ∈W 0,p
1 (Ω)✱

g0 ∈ W− 1
p ,p(Γ0) ❛♥❞ g1 ∈ W

− 1
p ,p

0 (Rn−1) s❛t✐s❢②✐♥❣✱ ✐❢ p <
n

n− 1
✱ t❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥❞✐t✐♦♥ ♦❢ ❝♦♠♣❛t✐❜✐❧✐t② ✿
∫

Ω

f dx+ < g0, 1 >Γ0 + < g1, 1 >Rn−1= 0, ✭✶✵✮

t❤❡ ♣r♦❜❧❡♠ (PN ) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ W 1,p
0 (Ω)/P[1−n/p]✳ ▼♦r❡♦✈❡r✱ u

s❛t✐s✜❡s

‖u‖W 1,p
0 (Ω)/P[1−n/p]

≤ C( ‖f‖W 0,p
1 (Ω)+‖g0‖

W
−

1
p

,p
(Γ0)

+‖g1‖
W

−
1
p

,p

0 (Rn−1)
). ✭✶✶✮

Pr♦♦❢ ✲ ✐✮ ❋✐rst✱ ✇❡ s✉♣♣♦s❡
n

p′
> 1✳

❚❤❡♦r❡♠ ✸✳✷ ❛ss✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ s ∈ W 2,p
1 (Ω) ⊂ W 1,p

0 (Ω)
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

−∆s = f ✐♥ Ω,
∂s

∂n
= 0 ♦♥ Γ0,

∂s

∂n
= 0 ♦♥ R

n−1,

✶✶



❛♥❞ ❝❤❡❝❦✐♥❣

‖s‖W 1,p
0 (Ω)/P[1−n/p]

≤ ‖s‖W 2,p
1 (Ω)/P[1−n/p]

≤ C ‖f‖W 0,p
1 (Ω). ✭✶✷✮

❚❤❡♥✱ t❤❛♥❦s t♦ ❬✷❪✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ z ∈W 1,p
0 (Rn

+) s♦❧✉t✐♦♥ ♦❢

∆z = 0 ✐♥ R
n
+

∂z

∂n
= g1 ♦♥ R

n−1,

❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡

‖z‖W 1,p
0 (Rn

+) ≤ C ‖g1‖
W

−
1
p

,p

0 (Rn−1)
. ✭✶✸✮

❲❡ ❞❡♥♦t❡ ❛❣❛✐♥ ❜② z t❤❡ r❡str✐❝t✐♦♥ ♦❢ z t♦ Ω✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ♥♦r♠❛❧
❞❡r✐✈❛t✐✈❡ η ♦❢ z ♦♥ Γ0 ✐s ✐♥ W− 1

p ,p(Γ0)✳ ❲❡ s❡t g = g0 − η ∈ W− 1
p ,p(Γ0) ❛♥❞

✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✿

(P ′) ∆v = 0 ✐♥ Ω,
∂v

∂n
= g ♦♥ Γ0,

∂v

∂n
= 0 ♦♥ R

n−1.

▲❡t µ ❜❡ ✐♥ W 1− 1
p′

,p′

(Γ̃0)✳ ❋♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Γ0✱ ✇❡ s❡t

πµ(x′, xn) = µ(x′, xn) + µ(x′,−xn).

❲❡ ♥♦t✐❝❡ t❤❛t πµ ∈W
1− 1

p′
,p′

(Γ0) ❛♥❞ ✇❡ ❞❡✜♥❡

< gπ, µ >:= < g, πµ >Γ0 .

■t ✐s ♦❜✈✐♦✉s t❤❛t gπ ∈ W− 1
p ,p(Γ̃0) ❛♥❞ t❤❛t g ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ gπ t♦ Γ0✳

▼♦r❡♦✈❡r✱ ✇❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t gπ ✐s ❡✈❡♥ ✇✐t❤ r❡s♣❡❝t t♦ xn✱ ✐✳❡

< gπ, ξ >eΓ0
= < gπ, µ >eΓ0

,

✇❤❡r❡ ξ(x′, xn) = µ(x′,−xn) ✇✐t❤ (x′, xn) ∈ Γ̃0✳ ❚❤❛♥❦s t♦ ❬✺❪✱ t❤❡r❡ ❡①✐sts
❛ ❢✉♥❝t✐♦♥ w ∈ W 1,p

0 (Ω̃)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ P[1−n/p] s♦❧✉t✐♦♥ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✿

∆w = 0 ✐♥ Ω̃,
∂w

∂n
= gπ ♦♥ Γ̃0,

❛♥❞ ❝❤❡❝❦✐♥❣ ✿

‖w‖W 1,p
0 (eΩ)/P[1−n/p]

≤ C ‖gπ‖
W

−
1
p

,p
(eΓ0)

≤ C ‖g‖
W

−
1
p

,p
(Γ0)

.

▲❡t w0 ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ✇❡ s❡t ❢♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Ω̃ ✿

v0(x
′, xn) = w0(x

′,−xn).

❚❤❡ ❢✉♥❝t✐♦♥ v0 ✐s ✐♥ W 1,p
0 (Ω̃) ❛♥❞ ❧✐❦❡ ∆w0 = 0 ♦♥ Ω̃✱ ✇❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ∆v0

✐s ♥✐❧ t♦♦✳ ❚❤✉s✱
∂v0
∂n

❤❛s ❛ ♠❡❛♥✐♥❣ ✐♥ W− 1
p ,p(Γ̃0)✳ ◆♦✇✱ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t

✶✷



∂v0
∂n

= gπ ♦♥ Γ̃0✳ ▲❡t µ ❜❡ ✐♥ W 1− 1
p′

,p′

(Γ̃0)✳ ❲❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts ϕ ∈W 1,p′

0 (Ω̃)

s✉❝❤ t❤❛t ϕ = µ ♦♥ Γ̃0 ❛♥❞ ‖ϕ‖
W 1,p′

0 (eΩ)
≤ C ‖µ‖

W
1− 1

p′
,p′

(eΓ0)
✳ ❲❡ ❤❛✈❡ ✿

<
∂v0
∂n

, µ >eΓ0
=

∫

eΩ

∇v0 · ∇ϕ dx.

❋♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Ω̃✱ ✇❡ s❡t ψ(x′, xn) = ϕ(x′,−xn)✳ ❚❤❡ ❢✉♥❝t✐♦♥ ψ ✐s
✐♥ W 1,p′

0 (Ω̃) ❛♥❞ ✇❡ s❡t ξ ∈ W
1− 1

p′
,p′

(Γ̃0) t❤❡ tr❛❝❡ ♦❢ ψ ♦♥ Γ̃0✳ ❲❡ ♥♦t✐❝❡ t❤❛t
ξ(x′, xn) = µ(x′,−xn)✳ ▼♦r❡♦✈❡r✱ ✇❡ s❤♦✇ t❤❛t

∫

eΩ

∇v0 · ∇ϕ dx =

∫

eΩ

∇w0 · ∇ψ dx.

❚❤✉s✱

<
∂v0
∂n

, µ >eΓ0
= <

∂w0

∂n
, ξ >eΓ0

= < gπ, ξ >eΓ0
= < gπ, µ >eΓ0

.

❙♦
∂v0
∂n

= gπ ♦♥ Γ̃0 ❛♥❞ v0 ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ t❤❛t w0 s❛t✐s✜❡s✱
✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t v0 − w0 ✐s ❛ ❝♦♥st❛♥t✱ ❝♦♥st❛♥t ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② ♥✐❧✳ ❚❤❡
r❡str✐❝t✐♦♥ ♦❢ w0 t♦ Ω✱ t❤❛t ✇❡ ♥♦t❡ v✱ ❜❡✐♥❣ ✐♥ W 1,p

0 (Ω)✱ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠ (P ′) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡

‖v‖W 1,p
0 (Ω)/P[1−n/p]

≤ C ‖g‖
W

−
1
p

,p
(Γ0)

. ✭✶✹✮

❋✐♥❛❧❧②✱ t❤❡ ❢✉♥❝t✐♦♥ u = z + s + v ∈ W 1,p
0 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ (PN )

❛♥❞ t❤❛♥❦s t♦ ✭✶✷✮✱ ✭✶✸✮ ❛♥❞ ✭✶✹✮✱ ✇❡ ❤❛✈❡ ✭✶✶✮✳

✐✐✮ ◆♦✇✱ ✇❡ s✉♣♣♦s❡ t❤❛t
n

p′
< 1✳

▲❡t α ❜❡ ✐♥ W 0,p
1 (Ω)✱ β ✐♥ W 1− 1

p ,p(Γ0) ❛♥❞ γ ✐♥ W
1− 1

p ,p

1 (Rn−1) s✉❝❤ t❤❛t ✿
∫

Ω

α dx =

∫

Γ0

β dσ =

∫

Rn−1

γ dx′ = 1.

❍❡r❡✱ ✇❡ ♥♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ W 1− 1
p ,p(Γ0) ⊂ W− 1

p ,p(Γ0) ❛♥❞ W
1− 1

p ,p

1 (Rn−1) ⊂

W
− 1

p ,p

0 (Rn−1)✳ ❲❡ s❡t

F = (

∫

Ω

f dx) α, G0 = < g0, 1 >Γ0
β ❛♥❞ G1 = < g1, 1 >Rn−1 γ.

❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✸✳✷✱ ✇❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts r ∈W 2,p
1 (Ω) ⊂W 1,p

0 (Ω) s♦❧✉t✐♦♥
♦❢ t❤❡ ♣r♦❜❧❡♠

∆r = f − F ✐♥ Ω,
∂r

∂n
= 0 ♦♥ Γ0,

∂r

∂n
= 0 ♦♥ R

n−1,

❝❤❡❝❦✐♥❣ ✿

‖r‖W 1,p
0 (Ω) ≤ ‖r‖W 2,p

1 (Ω) ≤ C ‖f − F‖W 0,p
1 (Ω) ≤ C ‖f‖W 0,p

1 (Ω). ✭✶✺✮

✶✸



❚❤❛♥❦s t♦ ❬✷❪✱ ❧✐❦❡ < G1 − g1, 1 >Rn−1= 0✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ z ∈W 1,p
0 (Rn

+)
s♦❧✉t✐♦♥ ♦❢

∆z = 0 ✐♥ R
n
+,

∂z

∂n
= g1 −G1 ♦♥ R

n−1,

❝❤❡❝❦✐♥❣ ✿

‖z‖W 1,p
0 (Rn

+) ≤ C ‖g1 −G1‖
W

−
1
p

,p

0 (Rn−1)
≤ C ‖g1‖

W
−

1
p

,p

0 (Rn−1)
. ✭✶✻✮

❲❡ ❞❡♥♦t❡ ❛❣❛✐♥ ❜② z t❤❡ r❡str✐❝t✐♦♥ ♦❢ z t♦ Ω✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ♥♦r♠❛❧
❞❡r✐✈❛t✐✈❡ η ♦❢ z ♦♥ Γ0 ✐s ✐♥ W− 1

p ,p(Γ0) ❛♥❞ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ✿

< η, 1 >Γ0= 0.

❲❡ s❡t g = g0 −G0 − η ∈W− 1
p ,p(Γ0)✱ ❛♥❞ ✇❡ ❞♦ t❤❡ s❛♠❡ r❡❛s♦♥♥✐♥❣ ❛s ✐♥ t❤❡

♣♦✐♥t ✐✮ t♦ s❤♦✇ t❤❡r❡ ❡①✐sts v ∈W 1,p
0 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

∆v = 0 ✐♥ Ω,
∂v

∂n
= g ♦♥ Γ0,

∂v

∂n
= 0 ♦♥ R

n−1,

❝❤❡❝❦✐♥❣ ✿

‖v‖W 1,p
0 (Ω) ≤ C ‖g‖

W
−

1
p

,p
(Γ0)

≤ C( ‖g0‖
W

−
1
p

,p
(Γ0)

+ ‖g1‖
W

−
1
p

,p

0 (Rn−1)
). ✭✶✼✮

❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦♥ gπ ✐s s❛t✐s✜❡❞ ❜❡❝❛✉s❡ < gπ, 1 >eΓ0

= 2 < g, 1 >Γ0= 0✳ ❋✐♥❛❧❧②✱ ♥♦t✐❝✐♥❣ t❤❛t F ∈ W 0,p
1 (Ω)✱ G0 ∈ W 1− 1

p ,p(Γ0)✱

G1 ∈W
1− 1

p ,p

1 (Rn−1) ❛♥❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✵✮ ✐s s❛t✐s✜❡❞✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠
✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ s ∈W 2,p

1 (Ω) ⊂W 1,p
0 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

∆s = F ✐♥ Ω,
∂s

∂n
= G0 ♦♥ Γ0,

∂s

∂n
= G1 ♦♥ R

n−1,

❛♥❞ ❝❤❡❝❦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ✿

‖s‖W 1,p
0 (Ω) ≤ C( ‖F‖W 0,p

1 (Ω) + ‖G0‖
W

1− 1
p

,p
(Γ0)

+ ‖G1‖
W

1− 1
p

,p

1 (Rn−1)
). ✭✶✽✮

❋✐♥❛❧❧②✱ t❤❡ ❢✉♥❝t✐♦♥ u = r + z + v + s ∈ W 1,p
0 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

(PN ) ❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✶✶✮ ✐s ❣✐✈❡♥ ❜② ✭✶✺✮✱ ✭✶✻✮ ✭✶✼✮ ❛♥❞ ✭✶✽✮✳ �

❘❡♠❛r❦ ✿ ❲❡ ♥♦t✐❝❡ t❤❛t✱ ✇❤❡♥ t❤❡ ❞❛t❛ ❛r❡ ♠♦r❡ r❡❣✉❧❛r✱ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥
✐s ❛❧s♦ ♠♦r❡ r❡❣✉❧❛r ❀ ✐♥ ❢❛❝t✱ ✐t ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳

✹ ❚❤❡ ✜rst ♠✐①❡❞ ♣r♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✿

(PM1
)





−∆u = f ✐♥ Ω,
u = g0 ♦♥ Γ0,
∂u

∂n
= g1 ♦♥ R

n−1.

✶✹



❍❡r❡✱ ✇❡ s✉♣♣♦s❡ t♦♦ t❤❛t
n

p′
6= 1 ❛♥❞ ✜rst✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡r♥❡❧ ✿

Ep
0(Ω) = {z ∈W 1,p

0 (Ω), ∆z = 0 in Ω, z = 0 on Γ0,
∂z

∂n
= 0 on R

n−1}.

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✭✇❡ s❡♥❞ ❜❛❝❦ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶ ❢♦r
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ µ0✮ ✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ✐✮ ■❢ p < n ♦r p = n = 2✱ t❤❡♥ Ep
0(Ω) = {0}✳

✐✐✮ ■❢ p ≥ n ≥ 3✱ t❤❡♥ Ep
0(Ω) = {c(λ− 1), c ∈ R} ✇❤❡r❡ λ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥

✐♥ W 1,2
0 (Ω) ∩W 1,p

0 (Ω) ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ (P1) ✿

(P1) ∆λ = 0 in Ω, λ = 1 on Γ0,
∂λ

∂n
= 0 on R

n−1.

✐✐✐✮ ■❢ p > n = 2✱ t❤❡♥ Ep
0(Ω) = {c(µ − µ0), c ∈ R} ✇❤❡r❡ µ ✐s t❤❡ ✉♥✐q✉❡

s♦❧✉t✐♦♥ ✐♥ W 1,2
0 (Ω) ∩W 1,p

0 (Ω) ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ (P2) ✿

(P2) ∆µ = 0 in Ω, µ = µ0 on Γ0,
∂µ

∂n
= 0 on R.

Pr♦♦❢ ✲ ▲❡t z ❜❡ ✐♥ Ep
0(Ω)✳ ❲❡ ❞❡✜♥❡✱ ❢♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Ω̃ t❤❡ ❢✉♥❝t✐♦♥

z∗ ∈W 1,p
0 (Ω̃)✱ z∗ = 0 ♦♥ Γ̃0 ❛♥❞ ✇❡ ❝❤❡❝❦✱ ❧✐❦❡ ❞♦♥❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥

✷✳✶ t❤❛t ∆z∗ = 0 ✐♥ Ω̃✳ ❙♦ t❤❡ ❢✉♥❝t✐♦♥ z∗ ✐s ✐♥ t❤❡ s♣❛❝❡

Ap
0(Ω̃) = {z ∈W 1,p

0 (Ω̃), ∆z = 0 ✐♥ Ω̃, z = 0 ♦♥ Γ̃0}

◆♦✇✱ ✇❡ ✉s❡ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ Ap
0(Ω̃) ✭s❡❡ ❬✺❪✮✳

✐✮ ■❢ p < n ♦r ✐❢ p = n = 2✱ t❤❡♥ Ap
0(Ω̃) = {0} ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t z∗ = 0 ✐♥

Ω̃ ❛♥❞ s♦ z = 0 ✐♥ Ω✱ ✐✳❡ Ep
0(Ω) = {0}✳

✐✐✮ ■❢ p ≥ n ≥ 3✱ t❤❡♥ z∗ = c(λ̃− 1)✱ ✇❤❡r❡ c ✐s ❛ r❡❛❧ ❝♦♥st❛♥t ❛♥❞ λ̃ ✐s t❤❡
✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ W 1,p

0 (Ω̃) ∩W 1,2
0 (Ω̃) ♦❢ t❤❡ ♣r♦❜❧❡♠

∆λ̃ = 0 in Ω̃, λ̃ = 1 on Γ̃0.

◆♦✇✱ ✇❡ s❡t✱ ❢♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Ω̃✱ β(x′, xn) = λ̃(x′,−xn)✳ ❲❡ ❡❛s✐❧②
❝❤❡❝❦ t❤❛t β✱ ❜❡❧♦♥❣✐♥❣ t♦ W 1,p

0 (Ω̃) ∩W 1,2
0 (Ω̃)✱ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣r♦❜❧❡♠

t❤❛t λ̃ s❛t✐s✜❡s✱ ❜✉t t❤✐s s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡✱ s♦ ✇❡ ❞❡❞✉❝❡ t❤❛t β = λ̃ ❛♥❞ s♦ ♦♥

R
n−1✱

∂λ̃

∂n
= 0✳ ❚❤✉s✱ s❡tt✐♥❣ λ t❤❡ r❡str✐❝t✐♦♥ ♦❢ λ̃ t♦ Ω✱ λ ∈W 1,p

0 (Ω)∩W 1,2
0 (Ω)

✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ (P1)✳ ▼♦r❡♦✈❡r✱ t❤✐s s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡✳ ■♥❞❡❡❞✱ ✐❢ θ
✐s ❛♥ ♦t❤❡r s♦❧✉t✐♦♥✱ θ∗ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ t❤❛t λ̃ s❛t✐s✜❡s ✐♥ Ω̃✱ s♦
θ∗ = λ̃ ✐♥ Ω̃ ❛♥❞ θ = λ ✐♥ Ω✳

✐✐✐✮ ■❢ p > n = 2✱ s♦✱ ✇❡ ❤❛✈❡ z∗ = c(µ̃− µ0)✱ ✇❤❡r❡ c ✐s ❛ r❡❛❧ ❝♦♥st❛♥t ❛♥❞
µ̃ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ W 1,p

0 (Ω̃) ∩W 1,2
0 (Ω̃) ♦❢ t❤❡ ♣r♦❜❧❡♠

∆µ̃ = 0 in Ω̃, µ̃ = µ0 on Γ̃0.

✶✺



❇✉t✱ ✇❡ ♥♦t✐❝❡ t❤❛t µ0 ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥

µ0(x) =
1

2π|Γ̃0|

∫

eΓ0

ln(|y − x|) dσy.

❆s Γ̃0 ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ R
n−1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t µ0 ✐s s②♠♠❡tr✐❝ t♦♦✱

❛♥❞ s♦
∂µ0

∂n
= 0 ♦♥ R

n−1✳ ◆♦✇✱ ❢♦r (x′, xn) ∈ Ω̃✱ ✇❡ s❡t ξ(x′, xn) = µ̃(x′,−xn)✳

❲❡ ❝❤❡❝❦s t❤❛t ξ✱ ❜❡❧♦♥❣✐♥❣ t♦ W 1,p
0 (Ω̃)∩W 1,2

0 (Ω̃)✱ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣r♦✲
❜❧❡♠ t❤❛t µ̃ s❛t✐s✜❡s✱ ❜✉t t❤✐s s♦❧✉t✐♦♥ ❜❡✐♥❣ ✉♥✐q✉❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ξ = µ̃

❛♥❞ s♦✱ ♦♥ R
n−1✱

∂µ̃

∂n
= 0✳ ❚❤✉s✱ s❡tt✐♥❣ µ t❤❡ r❡str✐❝t✐♦♥ ♦❢ µ̃ t♦ Ω✱ µ ∈

W 1,p
0 (Ω) ∩W 1,2

0 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ (P2) ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤✐s s♦❧✉✲
t✐♦♥ ✐s ✉♥✐q✉❡ ❧✐❦❡ ✐♥ t❤❡ ♣♦✐♥t ✐✐✮✳ ◆♦t✐❝✐♥❣ t❤❛t ✇❡ ❤❛✈❡ ❛❧s♦ ∆µ0 = 0 ✐♥ Ω✱
t❤❡ ♦t❤❡r ✐♥❝❧✉s✐♦♥ ❜❡❝♦♠❡s ♦❜✈✐♦✉s✳ �

▲❡t f ❜❡ ✐♥ W 0,p
1 (Ω)✱ g0 ✐♥ W 1− 1

p ,p(Γ0) ❛♥❞ g1 ✐♥ W
− 1

p ,p

0 (Rn−1)✳ ❲❡ r❡♠✐♥❞
t❤❛t ✇❡ s❡❛r❝❤ u ∈ W 1,p

0 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ (PM1)✳ ❲❡ s✉♣♣♦s❡ t❤❛t
s✉❝❤ ❛ s♦❧✉t✐♦♥ u ∈W 1,p

0 (Ω) ❡①✐sts✳ ❚❤❡♥✱ ❢♦r ❛♥② v ∈W 1,p′

0 (Ω)✱ ✇❡ ❤❛✈❡ ✿
∫

Ω

−v∆u dx =

∫

Ω

∇u · ∇v dx − <
∂u

∂n
, v >Γ0∪Rn−1 .

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② ϕ ∈ Ep′

0 (Ω) ✿
∫

Ω

fϕ dx =

∫

Ω

∇u · ∇ϕ dx − < g1, ϕ >Rn−1 .

❲❡ ❤❛✈❡ t♦♦ ✿

0 =

∫

Ω

−u∆ϕ dx =

∫

Ω

∇ϕ · ∇u dx − <
∂ϕ

∂n
, g0 >Γ0 .

❲❡ ❞❡❞✉❝❡ ❢r♦♠ t❤✐s t❤❛t ✐❢ u ∈W 1,p
0 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ (PM1)✱ t❤❡

❞❛t❛ ♠✉st ❝❤❡❝❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✿

∀ϕ ∈ Ep′

0 (Ω),

∫

Ω

fϕ dx = <
∂ϕ

∂n
, g0 >Γ0 − < g1, ϕ >Rn−1 . ✭✶✾✮

◆♦✇✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❛r❝❤ str♦♥❣ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♣r♦❜❧❡♠ (PM1)✳

❚❤❡♦r❡♠ ✹✳✷✳ ❋♦r ❡❛❝❤ p >
n

n− 1
✱ t❤❡r❡ ❡①✐sts C = C(ω0, p) > 0 ❞❡♣❡♥❞✐♥❣

♦♥❧② ♦♥ ω0 ❛♥❞ p s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❋♦r ❛♥② f ∈ W 0,p
1 (Ω)✱ g0 ∈

W 2− 1
p ,p(Γ0) ❛♥❞ g1 ∈W

1− 1
p ,p

1 (Rn−1)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈W 2,p
1 (Ω)/Ep

0(Ω)
s♦❧✉t✐♦♥ ♦❢ (PM1)✳ ▼♦r❡♦✈❡r✱ u s❛t✐s✜❡s

‖u‖W 2,p
1 (Ω)/Ep

0(Ω) ≤ C( ‖f‖W 0,p
1 (Ω) +‖g0‖

W
2− 1

p
,p

(Γ0)
+‖g1‖

W
1− 1

p
,p

1 (Rn−1)
). ✭✷✵✮

Pr♦♦❢ ✲ ❲❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ug1
∈ W 2,p

1 (Rn
+) s✉❝❤ t❤❛t ug1

= 0

❛♥❞
∂ug1

∂n
= g1 ♦♥ R

n−1 ❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡ ✿

‖ug1
‖W 2,p

1 (Rn
+) ≤ C ‖g1‖

W
1− 1

p
,p

1 (Rn−1)
. ✭✷✶✮

✶✻



❲❡ s❡t u1 t❤❡ r❡str✐❝t✐♦♥ ♦❢ ug1 t♦ Ω ❛♥❞ η t❤❡ tr❛❝❡ ♦❢ u1 ♦♥ Γ0✳ ❚❤❡♥✱ ✇❡
s❡t g = g0 − η ∈ W 2− 1

p ,p(Γ0) ❛♥❞ h = f + ∆u1 ∈ W 0,p
1 (Ω)✳ ◆♦✇✱ ✇❡ ♠✉st ✜♥❞

v ∈W 2,p
1 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ (P ′) ✿

(P ′) − ∆v = h ✐♥ Ω, v = g ♦♥ Γ0,
∂v

∂n
= 0 ♦♥ R

n−1.

❋♦r t❤✐s✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥s h∗ ∈ W 0,p
1 (Ω̃) ❛♥❞ g∗ ∈ W 2− 1

p ,p(Γ̃0)✳ ❚❤❛♥❦s
t♦ ❬✺❪✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ w ∈ W 2,p

1 (Ω̃)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ Ap
0(Ω̃)✱

s♦❧✉t✐♦♥ ♦❢
−∆w = h∗ ✐♥ Ω̃, w = g∗ ♦♥ Γ̃0,

❛♥❞ ❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡ ✿

‖w‖W 2,p
1 (eΩ)/Ap

0(eΩ) ≤ C( ‖h‖W 0,p
1 (Ω) + ‖g‖

W
2− 1

p
,p

(Γ0)
).

▲❡t w0 ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ❛♥❞ ❢♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Ω̃✱ ✇❡ s❡t ✿

v0(x
′, xn) = w0(x

′,−xn).

❚❤❛♥❦s t♦ t❤❡ s②♠♠❡tr② ♦❢ h∗✱ g∗✱ Ω̃ ❛♥❞ Γ̃0 ✇✐t❤ r❡s♣❡❝t t♦ R
n−1✱ ✇❡ ❡❛s✐❧②

s❤♦✇ t❤❛t v0 ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ t❤❛t w0✳ ❚❤✉s v0 = w0 + k ✇❤❡r❡

k ∈ Ap
0(Ω̃)✳ ▼♦r❡♦✈❡r✱ ✇❡ s❤♦✇ t❤❛t

∂k

∂n
= 0 ♦♥ R

n−1 ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t
∂w0

∂n
= 0 ♦♥ R

n−1✱ s♦✱ t❤❡ ❢✉♥❝t✐♦♥ v✱ r❡str✐❝t✐♦♥ ♦❢ w0 t♦ Ω✱ ✐s ✐♥ W 2,p
1 (Ω)✱ ✐s

s♦❧✉t✐♦♥ ♦❢ (P ′) ❛♥❞ ❝❤❡❝❦s ✿

‖v‖W 2,p
1 (Ω) ≤ C( ‖f‖W 0,p

1 (Ω) + ‖g0‖
W

2− 1
p

,p
(Γ0)

+ ‖g1‖
W

1− 1
p

,p

1 (Rn−1)
). ✭✷✷✮

❋✐♥❛❧❧②✱ u = v + u1 ∈ W 2,p
1 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ (PM1) ❛♥❞ ✭✷✵✮ ❝♦♠❡s ❢r♦♠ ✭✷✶✮

❛♥❞ ✭✷✷✮✳ �

◆♦✇ ✇❡ s❡❛r❝❤ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠ (PM1)✳ ❋♦r t❤✐s✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠✱ ✇❡ s❤❛❧❧ ✐♥tr♦❞✉❝❡ ❛ ❧❡♠♠❛ ❜❡t✇❡❡♥ ♣♦✐♥ts ✐✮ ❛♥❞ ✐✐✮✳ ❚❤✐s ❧❡♠♠❛✱
✇❤♦s❡ t❤❡ ♣r♦♦❢ s❤❛❧❧ ✉s❡ t❤❡ r❡s✉❧t ♦❢ t❤❡ ♣♦✐♥t ✐✮✱ ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ ❛♥
✏✐♥❢✲s✉♣✑ ❝♦♥❞✐t✐♦♥✱ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t ✐✐✮✳

❚❤❡♦r❡♠ ✹✳✸✳ ❋♦r ❡❛❝❤ p > 1 ❝❤❡❝❦✐♥❣
n

p′
6= 1✱ t❤❡r❡ ❡①✐sts C = C(ω0, p) > 0

❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ω0 ❛♥❞ p s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❋♦r ❛♥② f ∈W 0,p
1 (Ω)✱

g0 ∈ W 1− 1
p ,p(Γ0) ❛♥❞ g1 ∈ W

− 1
p ,p

0 (Rn−1)✱ ❝❤❡❝❦✐♥❣✱ ✐❢ p <
n

n− 1
✱ t❤❡ ❝♦♠✲

♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✾✮✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈ W 1,p
0 (Ω)/Ep

0(Ω) s♦❧✉t✐♦♥ ♦❢
(PM1)✳ ▼♦r❡♦✈❡r✱ u s❛t✐s✜❡s

‖u‖W 1,p
0 (Ω)/Ep

0(Ω) ≤ C( ‖f‖W 0,p
1 (Ω) + ‖g0‖

W
1− 1

p
,p

(Γ0)
+ ‖g1‖

W
−

1
p

,p

0 (Rn−1)
). ✭✷✸✮

Pr♦♦❢ ✲ ✐✮ ❋✐rst✱ ✇❡ s✉♣♣♦s❡
n

p′
> 1✱ ✐✳❡ p >

n

n− 1
✳

✶✼



❚❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✱ ✇❡ ❜❡❣✐♥ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝✲
t✐♦♥ s ∈W 2,p

1 (Ω) ⊂W 1,p
0 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

−∆s = f ✐♥ Ω, s = 0 ♦♥ Γ0,
∂s

∂n
= 0 ♦♥ R

n−1.

❛♥❞ ❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡ ✿

‖s‖W 1,p
0 (Ω) ≤ ‖s‖W 2,p

1 (Ω) ≤ C ‖f‖W 0,p
1 (Ω). ✭✷✹✮

▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ ❬✷❪✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ z ∈W 1,p
0 (Rn

+) s♦❧✉t✐♦♥ ♦❢

∆z = 0 ✐♥ R
n
+,

∂z

∂n
= g1 ♦♥ R

n−1,

❛♥❞ ❝❤❡❝❦✐♥❣ ✿
‖z‖W 1,p

0 (Rn
+) ≤ C ‖g1‖

W
−

1
p

,p

0 (Rn−1)
. ✭✷✺✮

❲❡ ❞❡♥♦t❡ ❛❣❛✐♥ ❜② z t❤❡ r❡str✐❝t✐♦♥ ♦❢ z t♦ Ω✱ s♦ z ∈ W 1,p
0 (Ω) ❛♥❞ ∆z = 0 ✐♥

Ω✳ ◆♦✇✱ ❧❡t η ❜❡ t❤❡ tr❛❝❡ ♦❢ z ♦♥ Γ0✳ ❚❤❡ ❢✉♥❝t✐♦♥ η ✐s ✐♥ W 1− 1
p ,p(Γ0)✳ ❲❡ s❡t

g = g0 − η ∈W 1− 1
p ,p(Γ0)✳ ▲✐❦❡ ❞♦♥❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷ ❛♥❞ t❤❛♥❦s t♦

❬✺❪✱ ✇❡ s❤♦✇ t❤❡r❡ ❡①✐sts v ∈W 1,p
0 (Ω) s♦❧✉t✐♦♥ ♦❢ ✿

∆v = 0 ✐♥ Ω, v = g ♦♥ Γ0,
∂v

∂n
= 0 ♦♥ R

n−1,

❛♥❞ ❝❦❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡ ✿

‖v‖W 1,p
0 (Ω) ≤ C ‖g‖

W
1− 1

p
,p

(Γ0)
. ✭✷✻✮

❋✐♥❛❧❧②✱ t❤❡ ❢✉♥❝t✐♦♥ u = s+ z + v ∈W 1,p
0 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ (PM1)

❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✷✸✮ ❝♦♠❡s ❢r♦♠ ✭✷✹✮✱ ✭✷✺✮ ❛♥❞ ✭✷✻✮✳

◆♦✇✱ ✇❡ s❡t
Vp = {v ∈W 1,p

0 (Ω), v = 0 ♦♥ Γ0},

❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ t♦ s♦❧✈❡ t❤❡ ♣♦✐♥t ✐✐✮ ♦❢ t❤❡ t❤❡♦r❡♠ ✿

▲❡♠♠❛ ✹✳✹✳ ▲❡t p ❜❡ s✉❝❤ t❤❛t p >
n

n− 1
✳ ❚❤❡r❡ ❡①✐sts ❛ r❡❛❧ ❝♦♥st❛♥t β > 0

s✉❝❤ t❤❛t

inf
w∈Vp′

w 6=0

sup
v∈Vp

v 6=0

∫

Ω

∇v · ∇w dx

‖∇v‖Lp(Ω)‖∇w‖Lp′

(Ω)

≥ β,

❛♥❞ t❤❡ ♦♣❡r❛t♦rs B ❢r♦♠ Vp/Ker B t♦ (Vp′)′ ❛♥❞ B′ ❢r♦♠ Vp′ t♦ (Vp)
′ ⊥ Ker B

❞❡✜♥❡❞ ❜② ✿

∀v ∈ Vp, ∀w ∈ Vp′ , < Bv,w > = < v,B′w > =

∫

Ω

∇v · ∇w dx

❛r❡ ✐s♦♠♦r♣❤✐s♠s✳

✶✽



Pr♦♦❢ ✲ ❲❡ ♠✉st ✜rst❧② s❤♦✇ ❛♥ ❡q✉✐✈❛❧❡♥t ♣r♦♣♦s✐t✐♦♥ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✷

♦❢ ❬✸❪✱ ✐✳❡ ❢♦r ❛♥② g ∈ Lp(Ω)✱ t❤❡r❡ ❡①✐sts z ∈
◦

Hp (Ω) ❛♥❞ ϕ ∈ Vp, s✉❝❤ t❤❛t ✿

g = ∇ϕ+ z,

‖∇ϕ‖Lp(Ω) ≤ C ‖g‖Lp(Ω)

✇❤❡r❡ C > 0 ✐s ❛ r❡❛❧ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ Ω ❛♥❞ p ❛♥❞

◦

Hp (Ω) = {z ∈ Lp(Ω), ❞✐✈ z = 0 ✐♥ Ω, z · n = 0 ♦♥ R
n−1}.

❚❤❡ ♣r♦♦❢ t❛❦❡s ♦♥❡✬s ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❬✸❪✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❛♥❦s
t♦ ❬✹❪✱ s❡tt✐♥❣

g̃ = g ✐♥ Ω, g̃ = 0 ✐♥ ω0, g̃ = 0 ✐♥ R
n
−,

t❤❡r❡ ❡①✐sts v ∈W 1,p
0 (Rn) s♦❧✉t✐♦♥ ♦❢

∆v = ❞✐✈ g̃ ✐♥ R
n,

s✉❝❤ t❤❛t ‖∇v‖Lp(Rn) ≤ C ‖g‖Lp(Ω)✳ ❲❡ ❞❡♥♦t❡ ❛❣❛✐♥ ❜② v t❤❡ r❡str✐❝t✐♦♥ ♦❢ v

t♦ Ω✳ ❲❡ ♥♦t✐❝❡ t❤❛t✱ t❤❛♥❦s t♦ ❬✼❪✱ (g − ∇v) · n ∈ W
− 1

p ,p

0 (Rn−1) ❜❡❝❛✉s❡ ❞✐✈
(g−∇v) = 0 ∈W 0,p

1 (Ω)✳ ▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ ♣♦✐♥t ✐✮✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡
w ∈W 1,p

0 (Ω) s♦❧✉t✐♦♥ ♦❢ ✿

∆w = 0 ✐♥ Ω, w = −v ♦♥ Γ0,
∂w

∂n
= (g −∇v) · n ♦♥ R

n−1,

s✉❝❤ t❤❛t ‖∇w‖Lp(Ω) ≤ C ‖g‖Lp(Ω)✳ ❚❤❡♥✱ s❡tt✐♥❣ ϕ = v+w ❛♥❞ z = g −∇ϕ✱
✇❡ ❤❛✈❡ t❤❡ s❡❛r❝❤❡❞ r❡s✉❧t✱ ❛♥❞✱ ❧✐❦❡ ❞♦♥❡ ✐♥ ❬✸❪✱ t❤❡ ✏✐♥❢✲s✉♣✑ ❝♦♥❞✐t✐♦♥✳ ❚❤❡
s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛ ❝♦♠❡s ❢r♦♠ t❤❡ ❇❛❜✉➨❦❛✲❇r❡③③✐✬s t❤❡♦r❡♠ ✭s❡❡ ❬✸❪ ❢♦r
❡①❛♠♣❧❡✮✳ �

✐✐✮ ❲❡ s✉♣♣♦s❡
n

p′
< 1✱ ✐✳❡ p <

n

n− 1
✳

❚❤❛♥❦s t♦ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ z ∈W 1,p
0 (Ω) s♦❧✉t✐♦♥ ♦❢

t❤❡ ♣r♦❜❧❡♠
∆z = 0 ✐♥ Ω, z = g0 ♦♥ Γ0, z = 0 ♦♥ R

n−1,

❛♥❞ ❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡ ✿

‖z‖W 1,p
0 (Ω) ≤ C ‖g0‖

W
1− 1

p
,p

(Γ0)
. ✭✷✼✮

▲✐❦❡ ∆z = 0 ∈ W 0,p
1 (Ω)✱ η =

∂z

∂n
❤❛s ❛ ♠❡❛♥✐♥❣ ✐♥ W

− 1
p ,p

0 (Rn−1)✳ ❲❡ s❡t

g = g1 − η ∈W
− 1

p ,p

0 (Rn−1) ❛♥❞ ✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ (P ′) ✿

(P ′) − ∆v = f ✐♥ Ω, v = 0 ♦♥ Γ0,
∂v

∂n
= g ♦♥ R

n−1.

❋♦r t❤✐s✱ ❢♦r ❛♥② w ∈ Vp′ ✇❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r ✿

Tw =

∫

Ω

fw dx + < g,w >Rn−1 .

✶✾



❲❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t T ∈ (Vp′)′✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ (FV) ✿ ✜♥❞
v ∈ Vp s✉❝❤ t❤❛t ❢♦r ❛♥② w ∈ Vp′ ✱ ✇❡ ❤❛✈❡ ✿

∫

Ω

∇v · ∇w dx = Tw.

❲❡ ♥♦t✐❝❡ t❤❛t ✐❢ v ∈ W 1,p
0 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ (P ′)✱ ✐t ✐s ❛❧s♦ s♦❧✉t✐♦♥ ♦❢ (FV)✳

❈♦♥✈❡rs❡❧②✱ ❧❡t v ∈ Vp ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ (FV) ❛♥❞ ❧❡t ϕ ❜❡ ✐♥ D(Ω) ⊂ Vp′ ✳ ❙♦

< ∆v, ϕ >D′(Ω),D(Ω)= −

∫

Ω

∇v · ∇ϕ dx = −Tϕ = − < f, ϕ >D′(Ω),D(Ω),

✐✳❡ −∆v = f ✐♥ Ω✳ ❚❤❡ ❢✉♥❝t✐♦♥ ∆v ∈ W 0,p
1 (Ω)✱ s♦

∂v

∂n
❤❛s ❛ ♠❡❛♥✐♥❣ ✐♥

W
− 1

p ,p

0 (Rn−1)✳ ◆♦✇✱ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t ✇❡ ❤❛✈❡
∂v

∂n
= g ♦♥ R

n−1✳ ❲❡ ❦♥♦✇

t❤❛t✱ ❢♦r ❛♥② µ ∈W
2− 1

p′
,p′

1 (Rn−1)✱ t❤❡r❡ ❡①✐sts u1 ∈W 2,p′

1 (Rn
+) s✉❝❤ t❤❛t

u1 = µ ❛♥❞
∂u1

∂n
= 0 ♦♥ R

n−1,

✇✐t❤ ‖u1‖W 2,p′

1 (Rn
+)

≤ C ‖µ‖
W

2− 1
p′

,p′

1 (Rn−1)
✳ ❲❡ ❞❡♥♦t❡ ❛❣❛✐♥ ❜② u1 ∈ W 2,p′

1 (Ω)

t❤❡ r❡str✐❝t✐♦♥ ♦❢ u1 t♦ Ω ❛♥❞ ξ ∈ W
2− 1

p′
,p′

(Γ0) t❤❡ tr❛❝❡ ♦❢ u1 ♦♥ Γ0✳ ❚❤❡r❡
❡①✐sts u0 ∈ W 2,p′

(ΩR)✱ ✇❤❡r❡ R > 0 ✐s s✉❝❤ t❤❛t ω0 ⊂ BR ⊂ R
n
+ ❛♥❞ ΩR =

Ω ∩BR✱ ❝❤❡❝❦✐♥❣

u0 = ξ ❛♥❞
∂u0

∂n
= 0 ♦♥ Γ0, u0 =

∂u0

∂n
= 0 ♦♥ ∂BR

❛♥❞
‖u0‖W 2,p′ (ΩR) ≤ C ‖ξ‖

W
2− 1

p′
,p′

(Γ0)

❲❡ s❡t ũ0 t❤❡ ❡①t❡♥s✐♦♥ ♦❢ u0 ❜② 0 ♦✉ts✐❞❡ BR✳ ❲❡ ❤❛✈❡ ũ0 ∈W 2,p′

1 (Ω) ❛♥❞

ũ0 = ξ ❛♥❞
∂ũ0

∂n
= 0 ♦♥ Γ0, ũ0 =

∂ũ0

∂n
= 0 ♦♥ R

n−1,

✇✐t❤ ‖ũ0‖W 2,p′

1 (Ω)
≤ C ‖u1‖W 2,p′

1 (Ω)
✳ ❲❡ s❡t u = u1 − ũ0 ∈ W 2,p′

1 (Ω)✱ t❤❡♥ u

❝❤❡❝❦s
u = 0 ♦♥ Γ0, u = µ ❛♥❞

∂u

∂n
= 0 ♦♥ R

n−1

❛♥❞
‖u‖

W 2,p′

1 (Ω)
≤ C ‖µ‖

W
2− 1

p′
,p′

1 (Rn−1)

❚❤✉s✱ ♥♦t✐❝✐♥❣ t❤❛t u ∈ Vp′ ❛♥❞ µ ∈ W
1− 1

p′
,p′

0 (Rn−1) ❜❡❝❛✉s❡✱ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢
n ❛♥❞ p′✱ W 2,p′

1 (Ω) ⊂W 1,p′

0 (Ω)✱ ✇❡ ❤❛✈❡

<
∂v

∂n
, µ >Rn−1= <

∂v

∂n
, u >Γ0∪Rn−1 =

∫

Ω

u∆v dx +

∫

Ω

∇v · ∇u dx

= −

∫

Ω

fu dx + Tu

= < g, µ >Rn−1 ,

✷✵



✐✳❡
∂v

∂n
= g ♦♥ R

n−1✳ ❙♦✱ ♣r♦❜❧❡♠s (P ′) ❛♥❞ (FV) ❛r❡ ❡q✉✐✈❛❧❡♥ts✳ ▼♦r❡♦✈❡r✱

❧✐❦❡ p <
n

n− 1
✱ p′ >

n

n− 1
❛♥❞ ✇❡ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ♥♦t✐❝✐♥❣ t❤❛t ✇❡

❤❛✈❡ ❑❡r B = Ep′

0 (Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

B′ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ Vp t♦ (Vp′)′ ⊥ Ep′

0 (Ω). ✭✷✽✮

▼♦r❡♦✈❡r T ∈ (Vp′)′ ⊥ Ep′

0 (Ω)✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② ϕ ∈ Ep′

0 (Ω)✱ ✇❡ ❤❛✈❡

Tϕ =

∫

Ω

fϕ dx + < g1, ϕ >Rn−1 − < η,ϕ >Rn−1

❛♥❞

< η,ϕ >Rn−1= <
∂z

∂n
, ϕ >Γ0∪Rn−1=

∫

Ω

∇z · ∇ϕ dx = <
∂ϕ

∂n
, g0 >Γ0 ,

✇❤✐❝❤ ✐♠♣❧✐❡s✱ t❤❛♥❦s t♦ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✾✮✱ t❤❛t Tϕ = 0✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦
❞❡❞✉❝❡✱ t❤❛♥❦s t♦ ✭✷✽✮✱ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ v ∈ Vp s✉❝❤ t❤❛t B′v = T ✱ ✐✳❡
s♦❧✉t✐♦♥ ♦❢ (FV) ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ♦❢ (P ′) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ✿

‖v‖W 1,p
0 (Ω) ≤ C (‖f‖W 0,p

1 (Ω) + ‖g0‖
W

1− 1
p

,p
(Γ0)

+ ‖g1‖
W

−
1
p

,p

0 (Rn−1)
). ✭✷✾✮

❋✐♥❛❧❧②✱ u = z+v ∈W 1,p
0 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ (PM1

) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡ ✭✷✸✮
t❤❛♥❦s t♦ ✭✷✼✮ ❛♥❞ ✭✷✾✮✳ �

❘❡♠❛r❦ ✿ ❲❡ ♥♦t✐❝❡ t❤❛t ✇❤❡♥ p >
n

n− 1
❛♥❞ ✇❤❡♥ t❤❡ ❞❛t❛ ❛r❡ ♠♦r❡

r❡❣✉❧❛r✱ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ✐s ♠♦r❡ r❡❣✉❧❛r t♦♦ ❀ ✐t ✐s ✐♥ ❢❛❝t t❤❡ s♦❧✉t✐♦♥ ♦❢
❚❤❡♦r❡♠ ✹✳✷✳

✺ ❚❤❡ s❡❝♦♥❞ ♠✐①❡❞ ♣r♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✿

(PM2
)





−∆u = f ✐♥ Ω,
∂u

∂n
= g0 ♦♥ Γ0,

u = g1 ♦♥ R
n−1.

❍❡r❡✱ ✇❡ st✐❧❧ s✉♣♣♦s❡
n

p′
6= 1 ❛♥❞✱ ✜rst✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡r♥❡❧ ✿

Fp
0(Ω) = {z ∈W 1,p

0 (Ω), ∆z = 0 in Ω,
∂z

∂n
= 0 on Γ0, z = 0 on R

n−1}.

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❋♦r ❛♥② p > 1 s✉❝❤ t❤❛t
n

p′
6= 1✱ Fp

0(Ω) = {0}✳

Pr♦♦❢ ✲ ▲❡t z ❜❡ ✐♥ Fp
0(Ω)✳ ❲❡ ❞❡✜♥❡✱ ❢♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Ω̃ t❤❡

❢✉♥❝t✐♦♥ z∗ ∈ W 1,p
0 (Ω̃)✳ ❚❤❡♥

∂z∗

∂n
= 0 ♦♥ Γ̃0 ❛♥❞ ✇❡ ❝❤❡❝❦✱ ❧✐❦❡ ❞♦♥❡ ✐♥ t❤❡

✷✶



♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶ t❤❛t ∆z∗ = 0 ✐♥ Ω̃✳ ❚❤❡ ❢✉♥❝t✐♦♥ z∗ ✐s ✐♥ t❤❡ s♣❛❝❡

{z ∈W 1,p
0 (Ω̃), ∆z = 0 ✐♥ Ω̃,

∂z

∂n
= 0 ♦♥ Γ̃0} ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ P[1−n/p] ✭s❡❡ ❬✺❪✮✳

❚❤✉s✱ ✐❢ p < n✱ z∗ = 0 ✐♥ Ω̃ ❛♥❞ z = 0 ✐♥ Ω ❛♥❞ ✐❢ p ≥ n✱ z∗ ✐s ❛ ❝♦♥st❛♥t ✐♥ Ω̃
s♦ z ✐s ❝♦♥st❛♥t ✐♥ Ω✱ ❜✉t z = 0 ♦♥ R

n−1✱ s♦ z = 0 ✐♥ Ω ❛♥❞ Fp
0(Ω) = {0}✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ str♦♥❣ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠
(PM2)✳

❚❤❡♦r❡♠ ✺✳✷✳ ❋♦r ❡❛❝❤ p >
n

n− 1
✱ t❤❡r❡ ❡①✐sts C = C(ω0, p) > 0 ❞❡♣❡♥✲

❞✐♥❣ ♦♥❧② ♦♥ ω0 ❛♥❞ p s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❋♦r ❛♥② f ∈ W 0,p
1 (Ω)✱

g0 ∈ W 1− 1
p ,p(Γ0) ❛♥❞ g1 ∈ W

2− 1
p ,p

1 (Rn−1)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈ W 2,p
1 (Ω)

s♦❧✉t✐♦♥ ♦❢ (PM2)✳ ▼♦r❡♦✈❡r✱ u s❛t✐s✜❡s

‖u‖W 2,p
1 (Ω) ≤ C( ‖f‖W 0,p

1 (Ω) + ‖g0‖
W

1− 1
p

,p
(Γ0)

+ ‖g1‖
W

2− 1
p

,p

1 (Rn−1)
). ✭✸✵✮

Pr♦♦❢ ✲ ❲❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ug1 ∈W 2,p
1 (Rn

+) s✉❝❤ t❤❛t ug1 = g1

❛♥❞
∂ug1

∂n
= 0 ♦♥ R

n−1✱ ❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡ ✿

‖ug1
‖W 2,p

1 (Rn
+) ≤ C ‖g1‖

W
2− 1

p
,p

1 (Rn−1)
. ✭✸✶✮

❲❡ s❡t u1 t❤❡ r❡str✐❝t✐♦♥ ♦❢ ug1
t♦ Ω ❛♥❞ η t❤❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ u1 ♦♥ Γ0✳

❚❤❡♥✱ ✇❡ s❡t g = g0 − η ∈ W 1− 1
p ,p(Γ0) ❛♥❞ h = f + ∆u1 ∈ W 0,p

1 (Ω)✳ ◆♦✇✱ ✇❡
✇❛♥t t♦ ✜♥❞ v ∈W 2,p

1 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ (P ′) ✿

(P ′) − ∆v = h ✐♥ Ω,
∂v

∂n
= g ♦♥ Γ0, v = 0 ♦♥ R

n−1.

❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥s h∗ ∈ W 0,p
1 (Ω̃) ❛♥❞ g∗ ∈ W 1− 1

p ,p(Γ̃0) ❛♥❞✱ t❤❛♥❦s t♦
❬✺❪✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ w ∈ W 2,p

1 (Ω̃)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ P[1−n/p]✱
s♦❧✉t✐♦♥ ♦❢

−∆w = h∗ ✐♥ Ω̃,
∂w

∂n
= g∗ ♦♥ Γ̃0,

❛♥❞ ❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡ ✿

‖w‖W 2,p
1 (eΩ)/P[1−n/p]

≤ C( ‖h‖W 0,p
1 (Ω) + ‖g‖

W
1− 1

p
,p

(Γ0)
).

▲❡t w0 ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ❛♥❞✱ ❢♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Ω̃✱ ✇❡ s❡t ✿

v0(x
′, xn) = −w0(x

′,−xn).

❲❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t v0 ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ t❤❛t w0 s❛t✐s✜❡s✳ ❚❤✉s
v0 − w0 ∈ P[1−n/p]✳

✐✮ ❲❡ s✉♣♣♦s❡ t❤❛t
n

p
> 1✳ ■♥ t❤✐s ❝❛s❡✱ v0 = w0 ✐♥ Ω̃ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t

w0 = 0 ♦♥ R
n−1✳ ❙♦✱ t❤❡ ❢✉♥❝t✐♦♥ v ∈ W 2,p

1 (Ω)✱ r❡str✐❝t✐♦♥ ♦❢ w0 t♦ Ω ✐s ❛
s♦❧✉t✐♦♥ ♦❢ (P ′)✳

✷✷



✐✐✮ ❲❡ s✉♣♣♦s❡ t❤❛t
n

p
≤ 1✳ ■♥ t❤✐s ❝❛s❡✱ v0 = w0 +α ✐♥ Ω̃✱ ✇❤❡r❡ α ✐s ❛ r❡❛❧

❝♦♥st❛♥t✱ ❛♥❞✱ s❡tt✐♥❣ c = −
1

2
α✱ ✇❡ ❞❡❞✉❝❡ t❤❛t w0 = c ♦♥ R

n−1✳ ❚❤❡ ❢✉♥❝t✐♦♥

v = w0|Ω − c ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ W 2,p
1 (Ω) ❛♥❞ v ✐s s♦❧✉t✐♦♥ ♦❢ (P ′)✳

▼♦r❡♦✈❡r✱ v✱ s♦❧✉t✐♦♥ ♦❢ (P ′)✱ ❝❤❡❝❦s t❤❡ ❡st✐♠❛t❡ ✿

‖v‖W 2,p
1 (Ω) ≤ C( ‖f‖W 0,p

1 (Ω) + ‖g0‖
W

1− 1
p

,p
(Γ0)

+ ‖g1‖
W

2− 1
p

,p

1 (Rn−1)
). ✭✸✷✮

❋✐♥❛❧❧②✱ t❤❡ ❢✉♥❝t✐♦♥ u = v+u1 ∈W 2,p
1 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ (PM2

) ❛♥❞ t❤❡ ❡st✐♠❛t❡
✭✸✵✮ ❝♦♠❡s ❢r♦♠ ✭✸✶✮ ❛♥❞ ✭✸✷✮✳ �

◆♦✇✱ ✇❡ s❡❛r❝❤ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠ (PM2)✳ ❲❡ s❡t

Wp = {v ∈W 1,p
0 (Ω), v = 0 ♦♥ R

n−1},

❛♥❞ ✇❡ ✜rst❧② ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ t❤❛t ✇❡ ❞❡♠♦♥str❛t❡ ❧✐❦❡ t♦ ▲❡♠♠❛ ✹✳✹
r❡✈❡rs✐♥❣ ♦♥❧② Γ0 ❛♥❞ R

n−1 ✭❛♥❞ s♦✱ ✉s✐♥❣ ✐♥ ✐ts ♣r♦♦❢ t❤❡ r❡s✉❧t ♦❢ t❤❡ ♣♦✐♥t ✐✮
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✮ ✿

▲❡♠♠❛ ✺✳✸✳ ▲❡t p ❜❡ s✉❝❤ t❤❛t p >
n

n− 1
✳ ❚❤❡r❡ ❡①✐sts ❛ r❡❛❧ ❝♦♥st❛♥t β > 0

s✉❝❤ t❤❛t

inf
w∈Wp′

w 6=0

sup
v∈Wp

v 6=0

∫

Ω

∇v · ∇w dx

‖∇v‖Lp(Ω)‖∇w‖Lp′

(Ω)

≥ β,

❛♥❞ t❤❡ ♦♣❡r❛t♦rs B ❢r♦♠ Wp/Ker B t♦(Wp′)′ ❛♥❞ B′ ❢r♦♠ Wp′ t♦ (Wp)
′ ⊥

Ker B ❞❡✜♥❡❞ ❜② ✿

∀v ∈Wp, ∀w ∈Wp′ , < Bv,w > = < v,B′w > =

∫

Ω

∇v · ∇w dx

❛r❡ ✐s♦♠♦r♣❤✐s♠s✳

❚❤❡♦r❡♠ ✺✳✹✳ ❋♦r ❡❛❝❤ p > 1 ❝❤❡❝❦✐♥❣
n

p′
6= 1✱ t❤❡r❡ ❡①✐sts C = C(ω0, p) > 0

❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ω0 ❛♥❞ p s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❋♦r ❛♥② f ∈W 0,p
1 (Ω)✱

g0 ∈ W− 1
p ,p(Γ0) ❛♥❞ g1 ∈ W

1− 1
p ,p

0 (Rn−1)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈ W 1,p
0 (Ω)

s♦❧✉t✐♦♥ ♦❢ (PM2)✳ ▼♦r❡♦✈❡r✱ u s❛t✐s✜❡s

‖u‖W 1,p
0 (Ω) ≤ C( ‖f‖W 0,p

1 (Ω) + ‖g0‖
W

−
1
p

,p
(Γ0)

+ ‖g1‖
W

1− 1
p

,p

0 (Rn−1)
). ✭✸✸✮

Pr♦♦❢ ✲ ✐✮ ❲❡ s✉♣♣♦s❡
n

p′
> 1✱ ✐✳❡ p >

n

n− 1
✳

❋✐rst✱ ✇❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✺✳✷ t♦ ❤❛✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s ∈W 2,p
1 (Ω) ⊂W 1,p

0 (Ω)
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

−∆s = f ✐♥ Ω,
∂s

∂n
= 0 ♦♥ Γ0, s = 0 ♦♥ R

n−1,

✷✸



❛♥❞ ❝❤❡❝❦✐♥❣ ✿

‖s‖W 1,p
0 (Ω) ≤ ‖s‖W 2,p

1 (Ω) ≤ C ‖f‖W 0,p
1 (Ω). ✭✸✹✮

❚❤❡♥✱ t❤❛♥❦s t♦ ❬✻❪✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ z ∈W 1,p
0 (Rn

+) s♦❧✉t✐♦♥ ♦❢

∆z = 0 ✐♥ R
n
+ z = g1 ♦♥ R

n−1,

❝❤❡❝❦✐♥❣ ✿
‖z‖W 1,p

0 (Rn
+) ≤ C ‖g1‖

W
1− 1

p
,p

0 (Rn−1)
. ✭✸✺✮

❲❡ ❞❡♥♦t❡ ❛❣❛✐♥ ❜② z t❤❡ r❡str✐❝t✐♦♥ ♦❢ z t♦ Ω✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ♥♦r♠❛❧
❞❡r✐✈❛t✐✈❡ η ♦❢ z ♦♥ Γ0 ✐s ✐♥ W− 1

p ,p(Γ0)✳ ❲❡ s❡t g = g0 − η ∈ W− 1
p ,p(Γ0) ❛♥❞

✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ (P ′) ✿

(P ′) ∆v = 0 ✐♥ Ω,
∂v

∂n
= g ♦♥ Γ0, v = 0 ♦♥ R

n−1.

▲❡t µ ❜❡ ✐♥ W 1− 1
p′

,p′

(Γ̃0)✳ ❋♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Γ0✱ ✇❡ s❡t

πµ(x′, xn) = µ(x′, xn) − µ(x′,−xn).

❲❡ ♥♦t✐❝❡ t❤❛t πµ ∈W
1− 1

p′
,p′

(Γ0)✱ ❛♥❞ ✇❡ ❞❡✜♥❡

< gπ, µ >:= < g, πµ >Γ0
.

■t ✐s ♦❜✈✐♦✉s t❤❛t gπ ∈ W− 1
p ,p(Γ̃0) ❛♥❞ t❤❛t g ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ gπ t♦ Γ0✳

▼♦r❡♦✈❡r✱ ✇❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t

< gπ, ξ >eΓ0
= − < gπ, µ >eΓ0

,

✇❤❡r❡ ξ(x′, xn) = µ(x′,−xn) ✇✐t❤ (x′, xn) ∈ Γ̃0✳ ❚❤❛♥❦s t♦ ❬✺❪✱ t❤❡r❡ ❡①✐sts
❛ ❢✉♥❝t✐♦♥ w ∈ W 1,p

0 (Ω̃)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ P[1−n/p] s♦❧✉t✐♦♥ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✿

∆w = 0 ✐♥ Ω̃,
∂w

∂n
= gπ ♦♥ Γ̃0,

❛♥❞ ❝❤❡❝❦✐♥❣ ✿
‖w‖W 1,p

0 (eΩ)/P[1−n/p]
≤ C ‖gπ‖

W
−

1
p

,p
(eΓ0)

.

▲❡t w0 ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠✳ ❲❡ s❡t ❢♦r ❛❧♠♦st ❛♥② (x′, xn) ∈ Ω̃ ✿

v0(x
′, xn) = −w0(x

′,−xn).

❚❤❡ ❢✉♥❝t✐♦♥ v0 ✐s ✐♥ W 1,p
0 (Ω̃) ❛♥❞ ❧✐❦❡ ∆w0 ✐s ♥✐❧ ✐♥ Ω̃✱ ✇❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ∆v0

✐s ♥✐❧ t♦♦✳ ❚❤✉s
∂v0
∂n

❤❛s ❛ ♠❡❛♥✐♥❣ ✐♥ W− 1
p ,p(Γ̃0) ❛♥❞ ✇❡ s❤♦✇✱ ❧✐❦❡ ❞♦♥❡ ✐♥ t❤❡

♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸ t❤❛t
∂v0
∂n

= gπ ♦♥ Γ̃0✳ ❙♦✱ t❤❡ ❢✉♥❝t✐♦♥ v0 ✐s s♦❧✉t✐♦♥ ♦❢
t❤❡ s❛♠❡ ♣r♦❜❧❡♠ t❤❛t w0 s❛t✐s✜❡s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t v0 − w0 ∈ P[1−n/p]✳ ❲❡

✷✹



❝♦♥❝❧✉❞❡ ❧✐❦❡ ❞♦♥❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡
♦❢ t❤❡ s♦❧✉t✐♦♥ v ∈W 1,p

0 (Ω) ♦❢ t❤❡ ♣r♦❜❧❡♠ (P ′) ❝❤❡❝❦✐♥❣ ✿

‖v‖W 1,p
0 (Ω) ≤ C ‖g‖

W
−

1
p

,p
(Γ0)

. ✭✸✻✮

❋✐♥❛❧❧②✱ t❤❡ ❢✉♥❝t✐♦♥ u = z + s + v ∈ W 1,p
0 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ (PN )

❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✸✸✮ ❝♦♠❡s ❢r♦♠ ✭✸✹✮✱ ✭✸✺✮ ❛♥❞ ✭✸✻✮✳

✐✐✮ ❲❡ s✉♣♣♦s❡
n

p′
< 1✱ ✐✳❡ p <

n

n− 1
✳

❚❤❛♥❦s t♦ t❤❡ s❡❝t✐♦♥ ✷✱ ✇❡ ❦♥♦✇ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ z ∈W 1,p
0 (Ω) s♦❧✉t✐♦♥

♦❢ t❤❡ ♣r♦❜❧❡♠

∆z = 0 ✐♥ Ω, z = 0 ♦♥ Γ0, z = g1 ♦♥ R
n−1,

❝❤❡❝❦✐♥❣ t❤❡ ❡st✐♠❛t❡ ✿

‖z‖W 1,p
0 (Ω) ≤ C ‖g1‖

W
1− 1

p
,p

0 (Rn−1)
. ✭✸✼✮

▲✐❦❡ ∆z = 0 ∈ Lp(Ω)✱ η =
∂z

∂n
❤❛s ❛ ♠❡❛♥✐♥❣ ✐♥ W− 1

p ,p(Γ0)✳ ❲❡ s❡t g = g0 − η

❛♥❞ ✇❡ ✇❛♥t t♦ ✜♥❞ v ∈W 1,p
0 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ (P ′) ✿

(P ′) − ∆v = f ✐♥ Ω,
∂v

∂n
= g ♦♥ Γ0, v = 0 ♦♥ R

n−1.

❋♦r t❤✐s✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ✐❞❡❛ ❛s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣♦✐♥t ✐✐✮ ✐♥ ❚❤❡♦r❡♠ ✹✳✹
r❡✈❡rs✐♥❣ ♦♥❧② Γ0 ❛♥❞ R

n−1 ❛♥❞ ♥♦t✐❝✐♥❣ t❤❛t✱ ❢♦r µ ∈ W
2− 1

p′
,p′

(Γ0)✱ ✇❡ ❦♥♦✇
❡❛s✐❧② ❜✉✐❧❞✐♥❣ s ∈W 2,p′

1 (Ω) s✉❝❤ t❤❛t

s = µ ❛♥❞
∂s

∂n
= 0 ♦♥ Γ0, s =

∂s

∂n
= 0 ♦♥ R

n−1,

❝❤❡❝❦✐♥❣
‖s‖

W 2,p′

1 (Ω)
≤ C ‖µ‖

W
2− 1

p′
,p′

(Γ0)

❛♥❞ t❤❛t ❑❡r B′ = Fp′

0 (Ω) = {0}✳ ❲❡ ❤❛✈❡ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ✿

‖v‖W 1,p
0 (Ω) ≤ C (‖f‖W 0,p

1 (Ω) + ‖g0‖
W

−
1
p

,p
(Γ0)

+ ‖g1‖
W

1− 1
p

,p

0 (Rn−1)
). ✭✸✽✮

❋✐♥❛❧❧②✱ u = z+v ∈W 1,p
0 (Ω) ✐s s♦❧✉t✐♦♥ ♦❢ (PM2) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡ ✭✸✸✮

t❤❛♥❦s t♦ ✭✸✼✮ ❛♥❞ ✭✸✽✮✳ �

❘❡♠❛r❦ ✿ ❲❡ ♥♦t✐❝❡ t❤❛t ✇❤❡♥ p >
n

n− 1
❛♥❞ ✇❤❡♥ t❤❡ ❞❛t❛ ❛r❡ ♠♦r❡

r❡❣✉❧❛r✱ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ✐s ♠♦r❡ r❡❣✉❧❛r t♦♦ ❀ ✐t ✐s ✐♥ ❢❛❝t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
t❤❡♦r❡♠ ✺✳✷✳
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❡q✉❛t✐♦♥ ✐♥ R
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