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Abstract: The angular power spectrum of a stationary random field on
the sphere is estimated from the needlet coefficients of a single realization,
observed with increasingly fine resolution. The estimator we consider is
similar to the one recently used in practice by (Fay et al. 2008) to estimate
the power spectrum of the Cosmic Microwave Background. The consistency
of the estimator, in the asymptotics of high frequencies, is proved for a
model with a stationary Gaussian field corrupted by heteroscedastic noise
and missing data.

Keywords and phrases: Spherical random fields, Angular power spec-
trum estimation, High resolution asymptotics, Spherical wavelets, Needlets,
Cosmic Microwave Background.

Contents

1 Introduction. . . . . . . . ... .. .. ... 1
2 Modeland settings . . . . . ... ... . o o 2
3 Estimationresults ... ... ... ...... ... ..., 8
4 Simulations . . .. ... .. .. 0 e e e e e e e . 11
5 Conclusion . . . . . . . . . i it e e e e e e e e e e e e 14
6 Proofs . . . . . . e e e e e e e e e e e e e e e e e 14
References . . . . . . . . . o i i e e e e e e e e e e e e e 25

1. Introduction

In many application domains (geophysics, cosmology, hydrodynamics, computer
vision, etc.), data are defined on the sphere. If the data fit the model of a
stationary stochastic field, their second order characteristics, summarized by the

*corresponding author.
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angular power spectrum, is of great importance. It contains all the distribution
information in the case of a Gaussian stationary process. Ordinary spherical
harmonic transform (SHT), the equivalent of the Fourier Series on the circle,
provides a fast and efficient method for spectral estimation in the idealistic case
of a fully and perfectly observed sphere. We are mainly concerned here with the
asymptotics of high angular frequencies.

However, rarely the data are available on the whole sphere. Often it is ob-
served under non-stationary contaminants. This is the case for the cosmic mi-
crowave background (CMB) which is a major motivation for this work. For
those reasons, during the past decade, localized analysis for spherical data has
motivated many developments; see [12, 22, 7, 21, 16] and the references therein.

The wavelets provide a powerful framework for dealing with non-stationarities.
A recent construction of wavelet frames (needlets) by [8, 18] has proved effi-
cient to analyze stationary spherical processes, thanks to their good localization
property. The statistical properties of these frames’ coefficients, in a noiseless
context, are established in [1, 2, 14]. In [1], a Central Limit theorem is proved for
functionals of the needlet coefficients of a pure, noiseless, unmasked, Gaussian
stationary field. This is supplemented in [2] with bootstrap estimators of the
variance of such statistics; the authors show that these bootstrap estimators are
‘consistent’ (in a high frequency sense; see below) and that the CLT holds when
the true variance is replaced by its bootstrap estimate.

In the time series literature, wavelets are used for spectral estimation whether
in a semi-parametric (see e.g. [20]) or a non-parametric [4] context. Our obser-
vation model, in addition to being spherical, has the particularity of presenting
quite general non stationarity (in the structure of the noise) and we failed to
find any reference on the subject even for processes living on Euclidean spaces.

In this paper, we establish the consistency of a spectral estimator constructed
on the needlets coefficients in high-frequency asymptotics.

The paper is organized as follows. In Section 2 we present the model, including
assumptions on the way the process is sampled. In Section 3 we define the
needlet spectral estimators and state the consistency results that hold true under
realistic conditions. The finite sample behavior of the estimator is explored by
numerical simulations in Section 4. Our conclusion is given in Section 5 and
Proofs are postponed to Section 6.

2. Model and settings
2.1. Gaussian stationary spherical fields

Consider the unit sphere S in R? with generic element &. The geodesic distance

is given by d(¢,¢’) def arccos(§ - ¢') where £ - ¢’ denotes the usual dot product

between ¢ and & (considered as vectors in R3). The uniform measure d¢ is

the unique positive measure on S which is invariant by rotation, with total

mass 47, Let H % L2(S, d€) be the Hilbert space of complex-valued square

integrable functions. We have the following decomposition: H = @, , H, where
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H is the vector space of spherical harmonics of degree ¢, i.e. restrictions to the
sphere of homogeneous polynomials of degree ¢ in R which are harmonic (or,
equivalently, the restriction of which are eigenvectors of the spherical Laplacian
with eigenvalues ¢(¢ + 1)). The usual spherical harmonics Y., (§), —¢ < m <
¢, constitute an orthonormal basis of H,. Therefore, the set of all spherical
harmonics Y¢ m, £ > 0, =€ < m < ¢, is an orthonormal basis of H.

In this paper, we shall be concerned with a zero-mean, mean square continu-
ous and real-valued random field X (§). We shall assume that X is second-order
stationary, that is E[X (p)X (p€")] = E[X(£)X ()] for all p € SO(3). Then

. . . £ .
the spherical harmonics coefficients of X, ag ., e <X,Hg7m>H, are square inte-
grable random variables which verify E [a/ ,a}, ,,/] = 60,001, Ce for m,m’ >0
and a;—m,m = aj,,. The inverse spherical harmonics transform reads: X(§) =

> 050 an:_é ae,mYe,m(§). The last equality holds in the sense that

g

The sequence (C),s, is called the (angular) power spectrum of X. Let L,

2

Lt
X(§) —Z Z aem¥Bem(§)| d§ e 0.

=0 m=—/¢

denote the Legendre polynomial of degree ¢ normalized by L,(1) = Qi—il. The
angular power spectrum is linked to the angular correlation of X by the relation
Y 50 CeLy(cos0) = E[X (€)X (&')] for all pairs of points such that d(&,£') = 6.
The square integrability of X is equivalent to the condition ), (2¢+1)Cy < oo.

We shall also assume that X is Gaussian. This additional assumption is
known to be true if and only if the coefficients ay,,, £ > 0, m > 0 are independent
(see [3] for the “only if” part). As mentioned in the Introduction, the finite-
dimensional distributions of a Gaussian stationary field are entirely determined
by the second-order characteristics, that is by the angular power spectrum of the
field. For instance, the second-order stationarity is equivalent, under Gaussian
assumption, to the strict stationarity, i.e. for all p € SO(3) and &;,...,&, €S
the two vectors (X (p&1),...,X(p€,)) and (X(&1),...,X(&,)) have the same
distribution.

2.2. Sampling on the sphere

In any real-life situation, only discretized versions of X are available, and con-
sequently spherical harmonic coefficients are exactly computable only if X is
L-band-limited, that is all the ap,, = 0, £ > L, for some L which depends
essentially on the number of observed points. The discretization of the sphere
and achievement of cubature formulas for geodetic functions is a non-trivial
task. During the last decade it was shown ([17, 18]) that there exists a constant
co > 0 such that for all L € N* there exists a set ({x, At )req1,...n} € (SX Rj_)N
of cubature points and weights (referred to as a pizelization of order L) with
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the following properties.

For all f € @;0 Hy, /S f(&)de = le Aef(&x)  (cubature formula).

cg 'L < N < L2

C(TIL_2 < min A\, < max A\ < oL 72
1<k<N 1<k<N

'Lt < Sgulg’ d(& {&ktreqr,...N}) < coL ™t
c
~lr-1 < i D) < coLt.
G L < 1§kn<1}cI/1§N (&> &) < oL

The following two lemmas derive straightforwardly from these pixelization prop-
erties. The first one is proved in [1] and the second one follows from a simple
covering argument (see [2, Lemma 5] for a similar statement).

Lemma 1 ([1]). For all M > 3, there exists a constant ¢ > 0 such that for all
L e N*, £ €S and for all pizelization of order L we have

> T EEE <
k=1 (14 Ld(& &)™ —
Lemma 2. There exists a constant ¢ > 0 such that for all L € N*, £ € S and

§ > oL and for all pizelization of order L we have

¢ 16°L* < Card {k € {1,...,N} : d(§,&) < 6} < e6%L?

c

2.3. Observation model

We are now in position to give a description of our statistical model. Assume
that we observe a noisy and sampled version of low-passed X at successive scales
J, with some missing (or attenuated) data. More precisely, for every j € N, given
some L; € N*,

e let (&k, Ajk)ke{1,..., N,y De a pixelization of order 4L; ;

eletW;:ke{l,....Nj}»W;r€[0,1]]andoj:ke{l,... Nj}—oj, €
R, be deterministic, known, functions ;

eandlet Bj: /€ N— Bj, cRsuchthat B, =1if /< L; and B;, =0

if £>2L;.
We observe
Vi S Wikl (€0) + Zinl, JEN, k€ {1, N} )
where Z; 1, &of 0;xUjr and Uji, j € N, k € {1,...,N;} is a triangular array of

standard and independent Gaussian random variables and independent of the
process X. The process X is defined by

¢
X; dzefz > BiiaemYem 5 tem = (X, Yem)y - (3)

>0 m=—/
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In any CMB experiment, some smoothing is induced by the instrumental beam.
Eq (3) is a idealistic version of this low-pass operation.

Without loss of generality, j — L; is supposed non-decreasing. In the follow-
ing, we call W, the mask. The particular case of W; taking its values in {0;1}
corresponds to missing data.

In other words, a single realization of X is considered, but independent and
noisy measures with an increasing spatial resolution are available. This corre-
sponds, for instance, to the observation model of the CMB. The latter is modeled
by astrophysicists as the single realization of a stationary Gaussian process. Its
observation is achieved by more and more precise instruments, involving their
own observation noise, sky coverage and instrumental beam. Full sky map of
moderate resolutions (e.g. maps provided by the WMAP collaboration [5]) and
observations of small and clean patches of the sky at very high resolution (e.g.
maps from ACBAR experiment [19]) are available simultaneously. Cosmologists
aggregate information for those maps to give a large band estimation of the
angular power spectrum.

2.4. Needlets and statistical properties of needlet coefficients
2.4.1. General framework

The needlets are second-generation wavelet frames which were introduced by [18]
(see also [8, 11]). Let us recall below their definition and first properties, the
proofs of which are either referred to existing literature or postponed to Sec-
tion 6.

Start from the fact that the orthogonal projection on Hy has a kernel involving
Legendre polynomials, namely

J4

Vi e H, M, ) E > (f.Yem)uYem() = /S Lo(€- &) f(€)de.

m=—/{

Instead of considering single frequencies ¢, we shall combine them within fre-
quency bands. For this purpose, define a sequence of functions b; : £ € N —
bjr € R, j € N, called (frequency) window functions. The window bj is sup-
posed to be supported in [0, Léb)] for some L(b) € N. The kernels ¥, : (£,£') —
D50 bjeLe(€- &) and Ay 2 (§,€) = 32,50( M) 6(5 5 ) have the tWO follow-
ing obvious properties. First for all f € H, f(§) = > jen JsAj (&Hde'.
Second, A;(&,&') fS £,87) y(87,¢)dE”.

The dlscretlzatlon of the above kernels leads to the following spherical func-
tions called needlets. For each scale j € N, given a pixelization (&; , )\j,k)ke{1,..4,Nj}

of order at least 2L§b), define

Vik(€) = Ak Y bieLe(€ - &)

£>0
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The needlets ¥, j € N, k € {1,...,N;} constitute a frame of H [18, 11] if
for all £ € N, ZjeN(bﬂ)2 = 1. For any (possibly random) function f in H, the

coefficients < 1, wjvk>H are renormalized for sake of notational simplicity: we shall
handle the needlet coefficients

Vi k = ()\j,k)il/z <fv wj’k>H

If fis L((]b)-band—limited7 one can compute practically the coefficients y; 1, j < J,
in the spherical harmonics domain, from the values of f on the cubature points,
as made explicit by the following diagram.

SHT X SHT !
(F)r<ren — (af,m)ggLfilﬂ - (bj,lal,m)eng - (%‘Jchgngj (4)

The initial pixelization (€, Ax)1<k<n must be of order at least 2L(Jb). SHT de-
notes spherical harmonics transform, computed from the samples of X and of
the Y¢ »’s thanks to (1a). Double arrows denotes J operations.

Since the needlet coefficients at a given scale j depend only on a finite number
of values of the function f, it is possible to generalize this notion to an arbitrary
(possibly random) finite sequence (fi)1<k<n, € RYi. The needlet coefficients of
such sequence are the quantities

N; ¢ N;
M) Z)‘j,pwj,k (&) fo = Z Z bj.e9em (k) Z Njpdem (E5p) fp-
p=1 p=1

>0 m=—¢

If fr = f(&x) for some f € @ZLio and & are the points of a pixelization of
order at least 2L;, then the above expressions are equal to ; k.

Let us give the first properties of the needlet coeflicients of a random field at a
given scale j € N. Let X be a stationary field, X; like in Eq. (3) with B, , = 1 if

¢< L and By, = 0if € > 2L, and (&4, Aju)1<k<n, a pixelization of order

4L§b). The needlet coefficients of X are denoted 7; ;. They are also the needlet
coefficients of X; since X and X; have the same spherical harmonics coeflicients

up to the frequency ¢ = Lg.b). In the presence of an additive noise Z;;, in the
observation of X (; 1), the “observed” needlet coefficients computed by (4) from
X + Z write n; 1, + (j,k, where the coeflicients (; ; are the needlet coefficients of
Z. The next results provide the covariance structure of those coefficients at scale
j- In our model, X and Z are supposed Gaussian. In this case, their needlets
coefficients are Gaussian too.

Proposition 3 ([1]). Denote (C¢)e>0 the power spectrum of X. Its needlet
coefficients n; . are centered, with covariances given by

Cov [nj k] = Y (b5.0)" CoLe(&jk - &)
>0
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Proposition 4. Assume Z of the form Z; ) = 0;,U;r where the U; . are un-
correlated, centered and unit variance random variables. The needlet coefficients
Gk of Z are centered, with covariances given by

N.
1 J

= \/W Z <)‘]'7P0-j7p)2 wj,k(gﬂp)wj:k/(gjﬁﬂ)'
kAR p—1

Cov [k, Cjii]

2.4.2. B-adic needlets

In this paper we shall fix some constant B > 1 and consider B-adic window
functions.

Assumption 1. There exist M > 3 and a M-differentiable real function a
supported in [—B, B] and identically equal to 1 on [-B~', B~1] such that

bje=b(B7)

where b(-) = \/a(-/B) —a(-).

For such window functions, L§-b) = BI+1. These spectral windows are not as
general as those used by [6]. Indeed, it has been shown by [11] that one can
take advantage of the relaxation of the B-adic scheme originally proposed in
the definition of needlets to optimize their non-asymptotic localization proper-
ties. In the following, since we are concerned with asymptotic properties, we
will make use of the B-adic structure of Assumptions 1 and 2, so that the spa-
tial localization property of the needlet takes the convenient form of the next
proposition.

Proposition 5 ([18]). There exists a constant ¢ > 0 which depends only on the
function b such that for all j € N, k€ {1,...,N;} and £ € S,

cBI
(1+Bid(e, €j7k>)M

The stochastic counterpart of this analytical result is that the needlet coef-
ficients of a stationary field are asymptotically uncorrelated as j — oo, except
for points at a distance of order B~7 or less. For this purpose and throughout
this article, we make on the power spectrum of X the same following regularity
assumption as in [1, 14, 13] (and also, in substance, in [15]).

|1k (E)] <

Assumption 2. There exist a > 2 and a sequence of functions g; : [B~1, B] —
R, j € N, such that '
Co=1"g; (B7Y)

for every ¢ € [BI=Y BItY]. Moreover, there exist positive numbers co, ..., Car
such that for all j € N, cal <g; <co and for allr < M,
dT
su —gi(u)| <c .
371§5g3 durgj( )‘ -
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Proposition 6 ([1]). Let X be stationary with a power spectrum satisfying
Assumption 2 and n; i, its needlet coefficients. Then there exist a constant ¢ > 0
such that for all j € N and k, k" € {1,...,N;}

C
(14 Bjd(fj,k,ﬁj,k'))M

Remark. A generalization of this B-adic framework, in a different direction to
the one of [11] can be found in [9, 15, 13]. The authors do not suppose that the
function a (orb) is compactly supported and obtain localization and asymptotic
uncorrelation results similar to Propositions 5 and 6.

|Cor [0k, nj,kr]] <

3. Estimation results

In this Section, we present a new procedure for the estimation of the angular
power spectrum of X in the model of Eq. (2) based on the needlet coefficients
of Y. The properties of needlets described in Section 2.4 allow to take into
account the local signal-to-noise ratio in the estimation of the (however) global
spectrum. This spatial accuracy is at the cost of a lower frequential precision:
not every value of Cy will be estimated, but only the mean values in the bands
defined by the windows b; .

3.1. Parameters and estimators

We shall provide below estimators for the parameters

CO U (4m) =1 3 (264 1) (by.0) €
£>0

which are smoothed versions of the power spectrum of X at successive scales. A
comparison of a Riemannian sum to an integral shows that, under Assumption 2,
1 BI2=) < 0U) < ¢, BIZ=9) for some ¢1, ¢y > 0.

Following [2, 13, 14], we consider the ’consistency’ of a sequence of estimators
in the high-frequency asymptotics, which implies (contrary to the usual notion
of consistency) a sequence of parameters to estimate. This is made more precise
in the definition below.

Definition. Given a sequence 0; of nonzero parameters, a sequence 0; of esti-
mators is said consistent ifﬁ(ﬂj,ej) ; 0, where
j*)OO

- ar E (6 —0,)°
e(0,.0,) 2 B0 )
J

The Needlet Spectral Estimators (NSE) are defined by

N
OO LSy, {(w,k)Q - (”J%’“)Z} ?

k=1
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with some weights such that Ziv; L w;r =1 and where

N 1/2
def 1
ik = | o > Moy ptin(&))? (6)
75 p=1

is the standard deviation of the needlet coefficients of the masked noise (it
follows from Proposition 4 with k = k" and W 0; 1 in place of ;). The 7;1’s
are the observed needlet coefficients of Y and n; are defined in Eq. (6). The
weights should ideally be designed according to the local noise level and the
local effect of the mask. For this purpose, given a sequence (t;) ey in R, let us
define the set of kept coefficients

1/2

N;
Ky S ke{l . N> Nl = W) ($5.4(&0)° <t
p=1

As the second-order characteristics of the noise are known, its effect on the
square of the needlet coefficients is completely subtracted in (5). Thus, the bias
of the NSE is caused only by the mask.

Proposition 7. For any choice of weights such that w;, =0 for k ¢ X;, there
exists a constant ¢ such that
E ou) — C(j)’
[810))
Remark 1. In particular, if W; = 1 (no mask), then for any choice of weights,
CD is unbiased.

< ¢B%t;.

This result is completed by the following one about the variance of C when
there is no noise.

Proposition 8. Suppose that o, =0 for allk € {1,...,N;} and that wj =0
for k ¢ X;. Then there exists ¢ > 0 such that

—~ . N,
w <ec J |wj7kwj_’k/| thj (N]tj > 2
2 B Z ; 20 , .
C woe1 (L+Bid(& . &) cO o)

If the needlets coefficients at a scale j were independent, centered Gaussian
variables with unknown variance C'¥) and observed with independent centered
heteroscedastic Gaussian additive errors of variance (n; j)?, then the Maximum
Likelihood of ') would be reached for the value C@) given by (5) with weights
wjp o (CU) + (nj,k)Q)_Q (see e.g. [6]). In reality, the uncorrelation of the
needlets coefficients holds only approximately in the sens of Proposition 6. How-
ever, if some previous, possibly rough, estimates for CY) are available, say 6(3),
the following weights are still meaningful.

1 /—(; -2
Wik = E (C(J) + (nj,k)z) 1k€9<_7~ (7)



Fajj and Guillouz / Spectral estimation on the sphere with needlets 10
def N, —(7) 2\ —2
where S = 327, (C77 + (nj)”) lrex, -

3.2. Consistency of the estimators

Suppose that Assumptions 1 and 2 are satisfied. Theorems 1 and 2 below provide
conditions for the consistency of the needlet spectral estimators (5). Theorem 1
deals with generic weights whereas in Theorem 2 we consider weights of the

form (7).
Theorem 1. Assume that

i) the weights wjy are such that wj =0 for k ¢ X; and that moreover

N; W),k wj |
Zk k=1 ; M o 0
' (1+Bid(& ks Ejnr))

N; |w; kw; p| - 0(BY) .
b

it) the noise verifies

N
z:)‘M(Wmffj,p)4 = 0<93(47a)]> ;
p=1 j—oo

iti) the thresholds t; defining the set of kept coefficients are chosen such that

tj = o(B™) .
iy o )
Then the sequence CY) s consistent.

Remark 2. Condition i) prohibits weights which are too much concentrated on
few points k. For instance, thanks to Lemma 1, Condition i) is trivially satisfied

if
= —1
1§mk:%}}:vj |wj k| i 0 (N] )-
Theorem 2. Suppose that the weights follow Eq. (7) and that

i) there exists a constant k1 > 1 and a sequence r; in Ry such that

(L+r)* k1]
_— (B ) ;
Card {k S ij : (njvk)2 < ’]"jC(])} j—o0 ( ) i

i1) there exists a constant ko € R such that

N ;
ZP:IAP(WJQPUJ’@F = O(B”QJ);

j—o0
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iii) the thresholds t; defining the set of kept coefficients are such that

t; = 0(‘370‘7');

j—o0
iv) there exists a constant ¢ > 0 such that for all j € N

oW <o <ol

Then, for M > max gf‘f ; 5+aﬁ_1’ill+”2}, the sequence CY) is consistent.

The hypotheses of Theorem 2 can be interpreted in the following way: Con-
dition i) describes a trade-off between an arbitrary upper bound on the noise
variance and the number of observed points under this bound. The noise level
can be as high as wanted (in the — very weak — limit of Condition ii)) in some
regions, provided that it is under control at least in some other regions. An
example is given below. Conditions ii) and iii) are not restrictive, neither is
the condition on the number M of derivatives of a, since one is free to chose
a infinitely differentiable a. On the contrary, Condition iv) assumes a previous
partial knowledge on the parameters C'Y) to estimate, which is equivalent to
the knowledge of the parameter «.

Example. Suppose that there exists a § > 0 such that for each scale j, data
with a noise variance less than /N are available at least within a spherical disc

of radius . More precisely, there exist {§ € S and r; = O ((\/Nj)6>, b8 <1
such that for all k with d(&;x, &) <0

e W(k) =1
e and o, < r;CU).

Then condition i) is satisfied.

4. Simulations

In this section, we investigate the non-asymptotic numerical performances of
the NSE, in a relatively realistic setting. This is for illustration only, as there
are many free parameters in the models (mask, noise level) that are only asymp-
totically constrained by the previous theory.

4.1. Settings

The constant determining the width of the bands is set to B = 1.25. The
function a of Assumption 1 is designed on [B~!, B] by a polynomial of degree
19 connecting 1 to 0 with M = 9 continuous derivatives, i.e. a(B~!) = 1,
a(B) =0 and a”(B*') =0, 1 <r < M. Frequency window functions b; , and
some of the associated needlets are displayed in Fig. 1.

In the analysis, the first 10 scales (0 < j < 9) are not considered since the
support of the corresponding window functions is of width less or equal than
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Frequency window functions

0.8
1

Window functions
04
|

0.0
L

T T T T T T
0 200 400 600 800 1000

Frequencies

Needlet profile, band j=15 Needlet profile, band j=23 Needlet profile, band j=30

O OC

Fi1G 1. Needlets in frequency and spatial spaces. Top: window functions b; o as functions of
frequency £ (in blue, the three ones corresponding to profiles plotted below). Bottom: Polar
plots of the function 6 € [0, 27[— Eé>0 bj.¢Le(cosB) for j =15, 23 and 30, to illustrate their

localization property.

2. These scales correspond to frequencies ¢ < 8. The range of studied scales is
10 < 5 < 30.

We use the HEALPix pixelization and associated direct and inverse spherical
harmonic transform [10]. Needlet coefficients are computed from three experi-
ments providing maps at respective HEALPix resolutions nside = 128,256 and
512 (i.e. the number of cubature points N is 196.608, 786.432 and 3.145.728).

The simulated data are illustrated in Fig. 2. A first “experiment” (hereafter,
A), i.e. a mask an a noise level map, is used for scales 10 < j < 23. The
noise level is reminiscent to the expected level form the forthcoming Planck
experiment of the European Spatial Agency!. Two other experiments (hereafter,
B and C), with synthetic masks and noise-level maps, are used respectively for
scales 23 < 7 < 26 and 26 < 5 < 30.

4.2. Results

The distribution on the NSE estimators for first the scales 10 < 5 < 30 is
estimated by 800 Monte Carlo replicates in the setting of previous section. Fig-
ure 3 illustrates the convergence of the sequence C'¥). The approximate normal
distribution of the estimator is highlighted by the quantile-to-quantile plots of
Figure 4 and the p-values from Anderson-Darling goodness-of-fit test.

lsee www.rssd.esa.int/Planck/
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Signal (WX} Signal (WX} Signal (WX)

200 200 —200 200 —200 e 200

Sld—Dev ol noise Sld-Dev ol noise Sld—Dev ol noise

<z

o

— 200 e 150 — 300

Noise (W4) Nolse (WZ) Noise (W4)

—200 . 200 —150 150 —30.0

Ghservation (¥) Observation (1) Observation (¥)

Fic 2. Simulated data. Fist line: WX. Second line: Wo. Third line: WZ. Fourth line: Y.
The columns correspond to the settings for the three experiments: A (fist column) used for
10 < j < 23; B (second column) used for 23 < j < 26; C (third column) used for 26 < j < 30.

g i i

e | !
;’%_ %lg A EBE C
% i;i!isgg o

T T T T T T T T T T T T T T T T
11 12 183 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Band index j

Fic 3. Boxz-and-whisker plots of the NSE estimator cw, Regions A,B, and C delimits the
range of the three experiments, from the coarsest (and wide coverage) to the finest (and small
coverage) one.
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1
!

0
!

-1

Sample Quantiles
Sample Quantiles
0
1
Sample Quantiles

-2 -

AD p-val = 0.145
CvM p-val = 0.039 o] CvM p-val = 0.146

AD p-val = 0.163
CvM p-val = 0.159

T T T T T T T T T T T T T T T T T T T
3 2 -1 0 1 2 3 3 2 -1 0 1 2 3 3 2 4 0 1 2 3
Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles

AD p-val = 0.016

Fic 4. Distribution of the standardized NSE estimator oW for bands 15, 28 and 30. The p-
values are obtained from the Anderson-Darling and Cramér-von Mises tests of Gaussianity.
At low frequencies, the estimator is significatively skewed.

5. Conclusion

In this work, we have proved the mean-square consistency of a spherical spec-
tral estimator based on the needlet analysis of a stationary field with missing
data and non-homogeneous additive noise. Our model is relatively realistic and
could be enriched to fit the requirement of particular applications. A possible
development of this work is the study of the rate of convergence, limiting law,
efficiency, etc. of those estimators.

Although this has not be stated here for brevity, it must be noticed that this
method allows easy adaptation to a context with longitudinal data, i.e. of the
form

Y—j,k,e = Wj,k,e [X (gj,k) + Zj,k,e] y ] € N7 ke {17 .. '7Nj}7 e e {17 .. 7Ej}'

for some sequence of integer {E; } jen. This generalization of model (2) is of high
importance for practical applications, when for each scale j multiple independent
observations (indexed by e) of the signal of interest are available, such those
provided by the various CMB experiments (see [6] for details).

6. Proofs

In this section, for sake of notational simplicity,

e the sub- and superscripts j are omitted

e for quantities a(j) and b(j) depending on j, a < b means: 3¢ > 0,Vj €
N, a(j) < cb(j)

e g =<bmeans: a Sband b < a.
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The following fact will be used extensively in the proofs. Let (&5, A\p)i<p<n
be a pixelization of order 4B7+!

Zwk (€)= [wkede =2t 3 bBT0bBI) [ L6 Ll -6

£,0'>0

2€+1
= A D BABINT— < AR Y BA(BINB <1 (8)
£>0 £>0

as fR z)rdr > 0 and A\, B’ < B~/ using (1b)-(1c).
6.1. Proof of Propositions 3 and 4

The four following lines, which can be found in [1, p. 9], are recalled for the
reader’s convenience.

Efpow] = (wdw) V2B / / X(6)X (€ )u ()b (€)dede

(w7 [ 3 S Sttt e (€ (€ VO (€

0,0 >0 m=—Lm/'=—1'

()23 Z/yzm OOE [ Y (€ €1

>0 m=—{

= ZC@I)? Z yé,m(gk)gé,m(&f’)

>0 m=—{

¢
which proves Proposition 3. On the other hand (, = > > brzemYe.m (&)

>0 m=—¢
where
def N
Z0,m = Z)\pzpyl,m(gp)
p=1
Thus
Cov [Gir] = Y, Z Z bebe Cov [20,ms 20 | e,m (Ek) e mr (Ek7)

£,0'>0 —L

Z Z Z bebe (ZA 2Yo.m (&) w/m/@p)) Y (§)Yer me (k)

>0m=—Lm’

= AWZ* o (&)t (&)
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6.2. Proof of Proposition 7

EC-C 1
% = G Zwk {Var(wc)—ni—C}
keX

&3 wtvar o - )

keX

16

2 N 2
1
< 5 Z wk)\JZI (Z/\ W X gp)wk gp ) —E (Z )‘LUX gp 7/% 6p)>
keX = p=1
1 al al
= 6 Z wk)\;; (Z >\p fp (0 fp Z/\p 1 + W fp)d’k(fp))‘
keX p=1 p=1
) N 2 2y 1/2
< 2w E (Z e gpm(sp) E (Z ApX@pwk(sp))
keX p=1 =
87 Var (X) V al al v
ar
< il Z wrAy, {Z)‘p(l - )27/113@1)) Z pr%(ﬁp)}
keX p=1 p=1
N
< =t Wy,
¢ &
= B¢

In particular, if W =1, one can take ¢ = 0 in the definition of X and the above

result shows that C' is unbiased.

6.3. Proof of Proposition 8

Define the unobserved coefficients 7 def )\,;1/2 <wk, X>H

Var (C) 1
-5 > wiw Cov 7, ] = =5
ke k,k'eX

2 . ..
= = > wpwi {Cov [ijk, fix] — Cov [ijk, Tk — 1]
ko' €K

~ ~ ~ ~ 2
— Cov [iix — 1, 7] + Cov [k — 1, T — Mir]

)

kk'eX

+ Cov *[ijk — Nk, Ty — ']}

> wewi { Cov *[ijk, firs] + Cov *[fik, iir — mas]

> wpwy Cov [k, mi]
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For the first term in the r.h.s. of Eq. (9), we use the following bound, proved
in [1].

b2C, Lo B 10
; Al gk gk')) (1+Bjd(£k7£k’)) ( )
Thus, with Lemma 1 and using that C' =< B/2=) and N =< B%
> wpwp Cov ik, ] = Y wpwe{ D> bCrL(& &)}
k,k/ €K k,k/ €K £>0
< B2i(2—a) |wkwk/|
k7kz/€:g< (L4 BId (&, &r))*M
< 2 wkw |
k,;x (1+ BId(&k, &))*M
For the other terms of the decomposition (9), one can write
2
Var (i —me) = M 'E <Z Ap( (gp)wk(gp)>
N
< N'E (ZA X2(&) D Apl1 = wk@p))
— p=1
N
= A MrVar (X)) A1 = W)yi(6)
p=1
< Nt (11)
thus
Z wpwiy {Cov [iix — e, ]} < Z wg Var (f, — i) Z wys Var (1)
k,k/€X kex k'ex
< CONt
and
Z wrwyy {Cov [i, — m e — i ]}> < Z wy Var (7 — Uk)}z
k,k/€X keX
S N

Putting these terms together establishes Proposition 8.

6.4. Proof of Theorems 1 and 2

We have R R
[EC - C|> Var(C)
e

e(C) =
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By Proposition 7, the bias term is bounded by

EC —C|

< Bt
C ~Y

and converges to 0 thanks to Condition iii).
On the other hand

~ N

Var (C 1 2

% = 72 E wiwy Cov | 'yk,’yk,] =z g wkwk/Cov2[’Yk>’Yk’]
—1 k,k'=1

= — Z wiwi { Cov Wkank/]JFCOV[Ckak’}}

X

@ > wiwp {Cov [, ] + Cov *[Ge, Cw]} (12)
kb €K

From Proposition 8

N 2
2 |wkwk/| Nt Nt
> wywp Cov [, me] S Y 4 + =+ <
ko ek oty (LB &)Y C c

where N ! < B9t — 0 with Condition iii). To establish Theorems 1 and 2 it

jHOO

suffices now to prove that in both cases

N
| wiw|
- 0 13
ka=1 (T + BId(Er, &))PM o0 (13)
and
Z ’wk'wk/COV [Ckv(k’] — 0 . (].4)
k k€K

Let us consider separately the cases of Theorems 1 and 2.
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6.5. End of proof of Theorem 1

The convergence of Eq. (13) is nothing else but Condition i). To prove (14), use
the Property (1c) and the Cauchy-Schwartz inequality and write

Z |wkwk/|Cov2[Ck7C1@/] [wiwy | { Z)\IQ)WE ,2,1/% Ep)wr (fp)}

(]

kk'eX k' eX Ak Ak
= > |wkwk/\{ZA W20y (&) (65) )
k.k'eX
s D> |wkwk/\{ZA W,o 4}{ZA | (&)t (§) 1 }
kk'eX p=1 p=1
N
< Donwiest > jww|
p=1 k,k'eX
) 1
B2 . -
g 2 (1+ BId(&,, €)™ (1 + BId(&,, &))2
= 0(C)
Jj—00

with Conditions i) and ii) and Proposition 5.

6.6. End of proof of Theorem 2

The two following remarks will prove useful. First, from Condition iv), (¢! A
D(C+n2) < (C+n2)<(cV1)(C+n?)so that

wg < E(C—i—n%)i liex - (].5)

Second, using again Condition iv)
CardV S CardV

S = C +n? _22 C +n? _22 — 2 16
kezﬂc( k) kezv( k) (1+r)202 (1+r)2C2 ( )

where
= {(keX:ni<rC} . (17)

The convergence of Eq. (13) is established thanks to Conditions i) and iii)
and Lemma 1

i |[wrwp| 1 >y (C+n3)2(C+ni)?
_ - = = : S
oy (L BId(&r, &) 5% Sz (L4 BId(E, &w))?
c 1
< > : -
s Kk €K (14 B7d(&k, &)
(1+7r)*

(Card V)2 (CardX) e 0
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For the convergence of Eq. (14), note that

COV Ck, Ck/ Z )\ Up'l/)k gp)d}k’ (fp)

where the implicit constant does not depend on k, k¥’ (Proposition 4 and prop-
erty (1c) of the pixelization). For any constant x € (0, 1), the value of which
will be fixed later, we have

1 _ _
> wipwi Cov *[Gr, G 0252 Y. (CH+nd)HCHnp)

kk'€X kk'€X

X

X{Z)‘ W2 27/% gp)d’k’(fp)}

1
5 0252(A1 +A2+A3+A4)
with
A = S (C+nd)HC+ni) Z M W22 (&) 0 (6) )
k,k'€X
d(Ep,Epr ) SB—HI
Ay = S Cnd)2CHnR) Y AW (6))
kk/€X peD(k,k")
d(fk,ﬁk/)>fB*W
where D(k, k') ' {p: d(¢, &) > %qyw‘ and d(&,&,) > %Bw‘}
A = S Cnd)2CHnd)Hnd Y &) (&)}
RREX pid(Er &)< EBrI
d(fk,fk/)>$*'ﬂ
Ay = Y (C+nd)(CHnp)H > M| W202 = 02| (&) (6,) )
k,k'€X p:d(&k,ﬁp)géﬁ_”j

d(&k & )>B R

Remark. As noticed in Section 3.1, the weights proposed here are linked with
the asymptotic uncorrelation of the needlet coefficients. A1 includes the near-
diagonal terms of the noise covariance in the needlet coefficients domain ; As,
Az and Ay include the off-diagonal covariances, for which the localization of
the needlets is crucial. In As, the “near-disjointness” of the supports of Yy and
Y 18 only considered sufficiently far away from & and &, while in As it is

considered around &, (or equivalently & ). Finally, A4 depends on the regularity

of pr— o2

We shall use the fact that: Vo,C' € Ry, (C+ CZ 410 ; ;12

With Cauchy-Schwartz inequality, W < 1 and the properties of the cubature

7y2 <m1n{
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points (including Lemma 2) we have
N N
A < Z (CﬂL”i)iz(CJrni’)iz{ Z)‘pang(fp)}{ Z)‘paﬁwlz’ (gp)}

k,k/€X ) p=1 p=1
A€k &pr )SBrI

N (C +n3)? (C +n3,)?

keX K ex )
A&k &pr ) SBr
2
< Nig—%j

Thanks to Eq. (16) and Condition i)

Ay (L+7r)* o j(2—r1—
< N2 - p-26i o @2i(2—k1—K)
25z~ (CardV)? Pl

provided that
K>2—K . (18a)

To give upper bounds on A and As, we use Proposition 5. Define

e 1 1 .
D(k, k') < {p (6 &) > 5B and (6, &) > 5B }
Write

Ay < ) (CHm)2(C+nf)

ko k' €K
<{ D" NWEaRn(&) v (&)}
peD(k,k")
< D (C+nd)HC +n})
k,k'eX
. )\ W20.2 )
x {B% i Pp7p
{ pd%;kl) (14 BId(&p, &k))M (1 + B]d(gp’fk,))M}
<

_ _ 2
> (C+nP)AC +nd) 2{(1+1B<1 oh MZA wio;

k.k'€X
N ? 22— (=)
2 2 2 27(2—(1—k
< S (Zp_l prpap> B

so that, with Eq. (16) and Condition ii),

As N 2\ m2ilam(lm)A  m2j(rota—(l—r)M
e <Zp_ﬂp%> BAE(1-IM) < g0
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provided that

Ko + «
M 18b
o 1—k ( )
Remark now that if d(&x, &) > B~ and d(§, &) < 3B 7" then d(&, &) >
24(Er, €r) s0 that rmraEey e < TFEAE g LS

4
n
A; < : . | 2
3 S Z (C+n)*(C+ni)? Zl N p |k (Ep)thn (Ep)]
d(&k Z):/)ixﬁﬂej pid(Ex,Ep) <2 B

n} : A
> > 2
N C+n2)2(C + n2,)2 1+ Bid(&g, &) 2M
e 'E’k/ff«gw( FIRHOE )T e drzan e TG G)
ksSk/ )
4
< k 34]37](17141)21\/[372%]
RO CET R
2
< %321'(2—(1—%)M)

and with Condition i),

As (L+7)* oraje—(i— j(4—r1—(1—
< N2B j(2—(1—k)M) = 32](4 k1—(1—rK)M) 0
C25% ~ (CardV)? paa

provided that

47
Y

18c
- (18c)

For the last term Ay, we use Condition ii), the same arguments as for As,
and Lemma 9 which takes advantage of the localization of v around point &
to compare the local noise level in direct and needlet domains. The estimate
depends on the regularity o of 2.

d ik k) = (W, o 0)? )
Lemma 9. Define g, S max ‘(WJ’WJC’[’Z&)' Wi 2i )| There egist a con-
1<k<k'<N; g0 €4n)

stant ¢ > 0 such that for all j € N, € > 0, and k, k' € {1,...,N;} with
d(& &) < 6,

v o\ —1 M .
|(Wj7k’0j,k/)2 — (TLJ’JC)Q‘ S & {(nj7k)2 <1 — 3%J> —+ Qj (6 + Bwj)} .

The proof of Lemma 9 is postponed to the end of the Section. For

M1t
—1—-k

(18d)
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and using Lemma 9 with € = %B*’” we get
1m0\ 2
Ay < (1 - 931+MJ) As

1 . o\ 2
2 Zm—~k J
+o (293 J+BI+M) S

k,k'eX
d(ﬁk;ﬁk’)>%g_w

1 _ YA 1 o .
A 2 —R—HKI BiTard 34].ij(1fn)2M:Bf2/{j
aTe (2 i > 2 TR T

> prd(ensty)< 13— v [V (Ep) ¥k ()]
(C+nP)*(C +ni)?

A

< Az (1 + 92932~fclz>

as ﬁ—% < —k. Note now that under ii) and using (1c) and (1le), we have

0j = O(CB(“2+3)j);

j—o0

and
As < As +321(2—N1+H2+3+a—(1—n)]v1) 0
C282 ~ (252 j—yoo

provided that

54 a— K1+ Ko

M >
11—k

(18e)

It remains to see that their exists a x € (0,1) satisfying simultaneously the
conditions (18a) to (18e). This is the case if

M>max{ﬁ2+a' 4—rK1 5+a—li1+l€2}.

Ii1—17ﬂ1—1, Kll—l

It suffices to take k € (2 — K1, 1) sufficiently near to 2 — k1 (recall that k1 > 1).
Finally, remark that any x; satisfying i is bounded by 2, then the above condition
on M reduces to the one mentioned in the statement of the Theorem. This
concludes the proof of (14) and Theorem 2.
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Proof of Lemma 9

First, for any § > 0, using (1b), (1le

[Wiok — nil

Second

= szai Z /\pwlg(fp) -
p=1

>

~

Z)\ W2a2y2(€,) =

IN

A

N

Wi

202 — Z A

L X
2 Wi
p=1

D

p:d(£p,€r) <6

/\p|WkQ-UI%

W2

DWWt (&)

2’1/% (&) + Wiok

Wy op|vi(&p)

24

), (8), 0 < W <1 and the definition of o

1- — Z W2NZYE(Ep)

p=1

+ Z M| Wiah = Wa 2|¢k(§p)+Wk0k<
pid(Ep &) >0
R S N Wieh - Wil | + Wia
(1+Bio)M PITRTE w7
Pid(€p 61) >0
'Bj 2 2
Q<6+(1+Bj5)1‘4) + Wioj
N
W;fai Z pri (&)

p=1

Z (sz%

p:d(€p,€r) <8

>

W2a2) ¥i(&p)

(Wiai — Wyop) vii(&)

p:d(€p,&k)>0

W2 2 1_137]. _ 5+L
KTk 1+Bio) ) °\°T 1+ Big)M

Combining Egs. (19) and (20), one gets, for any k" with d(&x,&k) <€

|W]?/J]%/ —n

2
k

<

S

(Wi o — Wior| + [Wior — njl
BI
Qe+g<5+(1+Bj6)M)
) Bi B !
*(”kW(“ (HM)M)) <1‘ <1+Bf6>M>
B -1
2 e —
" (1 (1+Bf6>M>
5 B B -1
_ 1 l1—-—
te 6*( +(1+3J5)M) +< (1+93a5)M)

1+Zwk £p>

(19)

N
> " x (Wit — W2o2) vi (&)
p=1

(20)
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- M .
Particularizing this last expression with § = B 377 Jeads to Lemma 9, since we

have, for M > 3, j > 1 and this ¢:

B 1
™ < 2-
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