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Abstract

We study the Lo-time regularity of the Z-component of a Markovian BSDE,
whose terminal condition is a function g of a forward SDE (X¢)o<¢<7. When g is
Lipschitz continuous, Zhang [1] proved that the related squared Lo-time regularity
is of order one with respect to the size of the time mesh. We extend this type of
result to any function g, including irregular functions such as indicator functions for
instance. We show that the order of convergence is explicitly connected to the rate
of decreasing of the expected conditional variance of g(X7) given X; as t goes to
T. This holds true for any Lipschitz continuous generator. The results are optimal.

Key words: backward stochastic differential equations, time regularity, Malliavin
calculus, rate of convergence
1991 MSC: 60H10, 65C30

Framework. In the past decade, a lot of attention has been paid to the
numerical resolution of Backward Stochastic Differential Equations (BSDEs
in short). In this work, we focus on Markovian BSDEs, that is the case where
the BSDE is coupled to a forward SDE. For fixed initial condition zy and
terminal time 7" > 0, it writes

Xo = o,
dX; =b(t, Xy)dt + o(t, X;)dW,,
—dY, = f(t, Xy, Yy, Zy)dt — Z,dWy,
Yr = g(Xr),
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where g(Xr) € Ly, W is a standard Brownian motion. A solution to ([)
is a triplet (X,Y, Z) adapted to the filtration of the Brownian motion, and
in some appropriate Ly spaces (defined later). When the generator f equals
0, Y is given by the conditional expectation Y; = E”*(g(X7)) and Z is the
predictable process arising from the predictable representation theorem. This
type of closed representation can be extended to f that are linear w.r.t. the
variables y and z (called linear BSDEs). In the other cases (truly non lin-
ear), usually no closed representation is available and one needs to compute
numerical solutions. As explained later, the corner stone to derive a rate of
convergence for numerical schemes solving ([I) is the Lo-time regularity of Z.
It is defined for a given time mesh 1 = {0 =ty <--- <t; <--- <ty =T} by

ZE / |2, — Z,,dt (2)

tz+1 o E7t [/ Z.ds. Note that Zy, is the projection of (Z,),<s<t,,,
on the space of F;,-measurable random variables, according to the scalar prod-
uct < u,v >= Eft”l usvsds. The objective of this work is to provide tight
estimates of £(Z,7), according to the regularity of the function g and the
mesh size || = supy<,n(tiy1 — t;). In all the sequel, we only consider time
mesh with N deterministic points.

where Z;, =

A brief account on numerical methods for BSDEs. There are three
main approaches for the numerical solution of (Y, Z) (the simulation of forward
component X is standard). Firstly, under appropriate conditions, Y; = v(t, X})
where v solves a semi-linear PDE (and Z is analogously related to the gradient
of v) (see [P] for instance): hence one may solve this PDE by deterministic
methods and then, we get Y by simulating X. Secondly, one may approach
the BSDE by a sequence of linear BSDEs (Picard iteration scheme): this is
efficiently achieved by Gobet and Labart [§], by coupling the resolution with
iterative control variates that drastically improves the accuracy. The third
approach is strongly related to the motivation of this work: it uses a backward
dynamic programming equation of the form (i < N)

YT = E7 (Y7, + (i — 6) f (i, X, YT 27),

e (3)
Z7r — E}—t (YW (Wt — th) ),

(tz+1 ti) i+1
where * denotes the transposition and Y7 = g(Xr). In addition, possibly X
can be replaced by a process easier to simulate (Euler scheme for instance)
and close to X. The equations ([) defines an explicit scheme but it could be
implicit as well, replacing in f the quantity Y,7, by Y;T: this does not modify
the convergence results. The next big issue would be how to compute the
conditional expectations: we do not discuss these aspects here and we refer
to [@] for quantization techniques, to [f] for Malliavin calculus tools, to [{]
for empirical regression methods. Let us focus on the error estimate between



(Y™, Z™) and (Y, Z). Actually under standard Lipschitz assumptions on f, it
is now well known (even in the more general case where jumps are included
in the equations, see [[]|) that the error can be estimated as follows:

N-1 t
(Y™ Y, 27— Z,x) = sup BT —Y,)?+ Y E/t "zr -z,
=0 i

0<i<N

< C(|r|+ E(Z,m)).

Thus, it is clear that the Lo-time regularity of Z plays a crucial role in the
rate of convergence of the dynamic programming equation ().

Known results on the Ls-regularity of Z. In the BSDE framework, the
best result to our knowledge has been obtained by Zhang [[lll: £(Z, 7) is of order
|| when g is a Lipschitz continuous function. Consequently, e(Y”™ — Y, Z™ —
Z,m) is also of order |r| and uniform time grids (¢; = i7'/N) are sufficient
for the approximation scheme. However, in practice ¢ may be an indicator
function: in that case, one expects that it worsens the rate of convergence
E(Z,m) to 0. Actually, this downgrade phenomenon is well known when the
generator f is null. This problem is related to the approximation of stochastic
integrals and of hedging strategy in finance. In [§, it is proved for instance
that for indicator functions in dimension 1, one gets £(Z,7) = O(N~Y/?) for
an uniform time grid. In fact, any rate N~ with o € (0, 1) can be obtained, by
picking an appropriate non smooth function g,. The larger « is, the smoother
Jo 18. The above results are extended by Geiss and his coauthors (see [J] and
references therein) by considering functions g in a Besov space B3, (a €
(0,1]). For a uniform time grid, they prove that the regularity index « exactly
gives the rate of convergence: £(Z,7) = O(N~%). In addition, to get the rate
N~! using a grid with N points, one has to consider points appropriately
concentrated near 7. We emphasize that their method of proofs is essentially
restricted to the Brownian motion case for X because it relies on Hermite
polynomials expansion of g, which allows for explicit computations.

The purpose of this work is twofold: firstly, to extend this type of results
to general SDEs; secondly, to deal with general BSDEs (i.e. with non null
generator).

Summary of our results. For general SDE model, the characterization of
the rate of convergence of £(Z, 7) in terms of Besov space is no more relevant.
It appears more natural to consider the following space (a € (0, 1])

_ TWFt 2
Lo = {g 5t E(9(Xr)?) + sup. E(9<XT)<T % t)(@g()@)))

< +oo}.  (4)

It describes the rate of decreasing of the expected conditional variance of
g9(Xr) given F; as t goes to T If X is a Brownian motion and T'=1, g € Ly,
is equivalent to g € Bg , provided a # 1 (see Corollary 2.3 in [{]). However,



our characterization is more flexible because it is adapted to the process and
the time horizon T. In addition, we show that this quantity is intrinsic to
the the time regularity of Z (even in the BSDE case). For uniform grids, the
rate of convergence is of order N=* (Theorem PRI, (a)). Also, one can take
non uniform grids to get the rate N=' (Theorem P1], (b)). To achieve these
results, we first estimate the error in the null generator case (thus extending
the results by Geiss et al. in a non trivial way) (Theorem [, Theorem [ and
Corollary [[(J). Then we prove that the non null generator case (involving (Z;);)
is a perturbation of the null case (with (z;);), so that the former results still
apply (Theorem P0Q):

EZ,m) < C(E(z,m) + |7|).

More precisely, we establish that Z is the superposition of z plus a time
smoother term (Theorem [[J). This result seems to be original in our frame-
work. It allows us to reduce the study of the L, time regularity of Z to that of z
(the former case) and that of the smoother term (which is easier). The decom-
position may be also interesting to get tight estimates on the behavior of Z as
t goes to T' (Corollary [4). Our proof relies on stochastic analysis techniques
combining PDEs, martingales, It6 calculus and BSDEs in L, (p € (1,2]). We
mention that usually with these tools, g is supposed to have a polynomial
growth, ensuring that g(Xr) is in any L, for p > 0. Here we stress the fact
that we only assume ¢(Xr) € Ly which is the minimal condition to discuss
the existence and uniqueness of the solution of ([) in Ly spaces.

We finally discuss the choice of time grids (uniform or alpha dependent) and
the optimality of the results.

Preliminaries. Hereafter, W is a g-dimensional Brownian motion, defined
on a filtered probability space (€2, F,P), where (F;)o<t<r (T is a fixed terminal
time) is the natural filtration of W, augmented with P-null sets.

We denote the conditional expectation E(X|F;) of a random variable X by
E7t(X).

A <. B means A < ¢B with a constant ¢ depending on T, b, o, f and universal
constants.

For a r x ¢ matrix A (r,c¢ > 1), that will be considered as an element of R"*¢,
A* stands for its transpose, A; for its jth column, and |A| for its Euclidean
norm (|A| := /Tr(AA*)).

If ¢ : RP* — RP? is a differentiable function, its gradient V,¢(z) := (0, ¢(2), ...,
Or,, p(7)) takes values in RP2*P1,

If po = 1, D%*p(z) := (6§i71jg0(x))i7j:1n_d stands for the Hessian matrix of ¢ and
takes values in RP1*P1,



a) The forward component:

Xy = @,

dXt = b(t, Xt)dt + U(t, Xt)dVVt,

()

where X, 79 € RY, b: [0,T] x RT - R? o : [0,7] x RY — R4, We will
assume that the coefficients of this SDE satisfy the following assumption:

(Ap,,) The functions b and o are bounded and twice continuously differ-
entiable with respect to the space variable, with uniformly bounded and
v-Hélder continuous derivatives, for some v € (0,1]. In addition, b and o
are %—Hélder continuous in time. o is also assumed to be uniformly elliptic:
there exists § > 0 such that, V(¢,z) € [0,T] x R, [o0*]|(t,x) > 61,.

We denote by VX the gradient of X, with respect to g, and by (D;X5)o<t<s
its Malliavin derivative (see [[0]). It is known that (VXs)s>o and (D X)s>¢
satisfy the following linear SDEs

s q s )
VX, = I, + / Vob(r, X,)VX,dr + 3 / V.0, (r X,)VX, AW, (6)
0 oo

s q s .
DX, = o(t, X,) + / V.b(r, X,) D X,dr + 3 / V.0, (r, X,) DX, dW7. (7)
t Pl

The following estimates are standard results in SDE literature.

Lemma 1 Assume (Ay,). For any p > 2, there exits a constant C,, such that

E sup |X,P < Cp(1+ |zo|?),
T

0<s<

E|X, — X,|? < C,|s —t]5.

From equation (f), one gets the following estimate, that will be used in this

work (it is a standard estimate if £ = 0; one can deduce the estimate for ¢ # 0
since VX,[VX;]7! is the derivative of X, with respect to X;):

E™* sup |VX,[VX,]']P < C,. (8)
t<s<T
Since
Dth = VXS(VXt)ilO'(t, Xt)]ltgs (9)

and o is bounded, the same estimate applies to (DX )i<s<r-



b) The backward component:

_d}/t = f(ta Xta Y;fa Zt)dt - thWt7

(10)
YT = g(XT)
We define the space S? to be the set of continuous adapted processes Y such
that

E[ sup |Yt|p} < 400,
t€[0,T]

and MP the set of predictable processes Z such that

E[(/OT\ZSFds)”/Q} < +o0

In the following, Y is always considered as a one dimensional process, but all
our study would remain valid if it were multidimensional.

A solution to ([[Q) is a triplet (X,Y,Z), where X is a continuous adapted
R-valued process with E(sup,, | X;|?) < +o0, solution to the SDE (), and
(Y, Z) € §? x M?. We make use of the following assumption on the generator:

(Ay) The function f is continuous with respect to its four arguments, and
continuously differentiable with respect to (z,y, z) with uniformly bounded
derivatives. Moreover, [i |f(s,0,0,0)|ds < +oo.

In Theorem PJ, f is assumed to be only Lipschitz continuous in (z,y, z), but
not necessarily continuously differentiable.

Under the assumptions (A,,) and (A;), and when E|g(Xr)[* < +oo, the
FBSDE ([) has a unique solution (X,Y,; Z) € 8§ x 8% x M2

c) Linear PDE and linear BSDE. Some of our intermediate results require
the following boundedness assumption on the terminal function g:

(A,) g is a bounded measurable function.

Under the assumptions (A;,) and (A,), and setting u(t,z) == E [g(X%x)},
one has u(t,z) = [gap(t,z;T,y)g(y)dy where p is the probability transition
density function of X. It is well known that p is a smooth function for t < T’
(see Friedman [[1]) and this regularity transfers to u since g is bounded.
Indeed, Gaussian type estimates on p and its derivatives enable us to apply
the Lebesgue derivation theorem. Of course, boundedness assumptions are
too strong for this statement, and sub-exponential growth would be enough.
However, assuming only at this stage that g is such that E(¢?(Xr)) < +oo
leads to technicalities that we have not been able to overcome.

To sum up, under (A,), V,u, D*u, d2u, dyu, 0,V u exist and are continuous



fort < T, and u is the smooth solution (on [0, T') xR?) of the partial differential
equation (PDE)

d d
Dult,x) + 3 bilt, 2)Dnyult, ) + % 3" [0 s (t, )02, , ult,2) = O for t < T,
i=1 ij=1
u(T,) = gl). (1)

Let (yt, 2t)o<t<r be the solution of the linear BSDE:

ye = g(Xr) — /T 2 dWs. (12)

t

Then
?/t = U(t, Xt)a Zt = Vmu(t, Xt)CT(t, Xt) (13)

d) The space L. For a measurable function g satisfying E|g(X7)|> < +o0,
we set

2
Vir(g) == E|g(Xr) — B (9(X1))
and, when g belongs to L, we define K“(g) as

: (14)

Vir(g)
K*(g) ==Elg(X7)]* + sup ———.
(9) == E[g(X7)] B A

Notice that Uae (o1 Li2,o 0Obviously contains uniformly Holder continuous func-
tions, but also some non-smooth functions, such as the indicator function of a
domain (under some conditions on the functions b and ¢ and on the domain:
see Gobet and Munos [IZ)).

Examples:

- If g is B-Holder continuous, then g € Ly g.

-lfd=¢=1, X =W and g(z) = 1jp400)(x), then g € Ly 1 (see paragraph

L2).

- More generally, for an indicator function of a smooth domain, g € LZ%.

e) The time net. In all what follows, 7 := (t)k=o..n is a deterministic time
net, such that 0 =ty < t; < ... <ty =T, and |7| := supy_y n(txr1 — tr). We
shall use the following net (3 € (0, 1])

o= " =T -1(1- %)%,0 <k<N} (15)

Note that 7(1) = (t,(CN’l)) coincides with the equidistant net. For § < 1, the
points in 7% are more concentrated near 7T'.

f) The constants. We emphasize the fact that, whenever a constant depends
on the function g, the dependence will be expressed explicitly, so that all the
constants such as C or ¢ do not depend on g, but may depend on b, o, f, a and



other universal constants. They may also depend on 7', but remain bounded
when 7" — 0.

1 The BSDE with null generator (f = 0) and bounded terminal
condition ¢

1.1 Main results

In this section, we study the solution (v, 2:)o<t<r of the BSDE with null
generator, and with terminal condition g(Xr). We derive estimates that will
be usefull for the next sections, and in particular we study the Lo-regularity
of the integrand (z:)o<t<r-

It is known for years that the Lo-time regularity of z is strongly related to the
rate of explosion of the derivatives of u(t,z) as ¢t goes to T' (see [§] and [{]).
We give below standard and also new related estimates, that will be useful in
the proofs.

The following estimate is standard:

T
E sup [yf*+E [ |zfds <. Elg(Xr)P, (16)
0<t<T 0
and, it follows from ([3) and ([[@)), under the ellipticity assumption,

T
E sup [u(t, X +E [ [Vou(s, X)%ds <. Blg(Xn)f,  (17)

0<t<T

We now bring together different estimates on V,u and D?u in terms of the
suitable integrability of V; r(g) as ¢t goes to T

Lemma 2 (L,-estimates for u and its derivatives) Assume (A,,) and
(A, ). Then, there exists a positive constant C, such that, for allt € [0,T),

Elu(t, X,) < Elg(X7)[%,
Vir(g)
T—t’
Vir(g)
(T —1)*

E|V,u(t, X;)]? < C
E|D2u(ta *th)|2 S C
For the proof, see section [[.J. The powers of (T" — t) appearing in Lemma J

are standard, but note that the Ly-norms depend on V; r(g) but not on the
supremum norm of g.



The following estimate, which is a consequence of Lemma [, will be usefull in
our work:

Corollary 3 Assume (Ap,)and (A,). Assume moreover that g € Lo, for
some « € (0,1]. Then, there exists a positive constant C', such that

T 2
E </0 |Vu(t, Xe)| + |D2u(t,Xt)|dt> < CT*K%(g).

For the proof, see section [[.3. We will show (see the proof of Theorem ), that

N-1 t t
SE[ %\@<-—+§:/“*@H—TMD2QXMMT
k=0 7tk

(and we have equivalence if (X;), is the Brownian motion).
Now, Geiss and Hujo [J] (Lemma 3.8) showed that, if ¢ : [0,7") — [0, 00) is
a non-decreasing continuous function, then

L(V.8)

Z /(;;1) k+1 —7)p(r)dr < % = /OT(T — ) Po(r)dr < oo, (18)

If (X;); is a Brownian Motion, (D?*u(r, X,)),<r is an Ly-martingale, which
easily implies that ¢(r) = E|D?u(r, X,)|? defines a non-decreasing continuous
function.

In the following proposition, we give two (more explicit) new characterizations
of the integrability of (T — r)!=Py(r).

Proposition 4 Let 8 € (0,1), and assume (Ap,), (Ay). Then the following
assertions are equivalent:

(U/ (T — ) =PE|D?u(r, X,)|2dr < +o0.
(u)/ — ) PE|V,u(r, X,)|?dr < +oo.
(m)/ — 1) PV (g)dr < +oo.

For the proof, see section [.3.

Remark 5 Actually, in the above result, the boundedness assumptions of g
can be relaxed into a sub-exponential growth condition.

The characterizations given by Proposition [} are no longer true when 3 = 1. A
counterexample is given by g(x) = x with (X;) = (W), which gives u(t,z) = x
s assertion(i) is satisfied, but neither (i1) nor (iii) are. In fact, it can easily be
seen that if we take any infinitely smooth but non constant function g (always
with (Xy) = (W) ), the assertion (iii) is never satisfied with 3 = 1.

That’s why we did not define the space L g as the space of functions satisfying



the assertion (iii) : otherwise, a Lipschitz continuous function such that g(x) =
x would belong to Lo g with B < 1 but not to Ly;. Thus, it would imply (see
below) to work with the non equidistant time grid 7% instead of the equidistant
one as it has usually been done when one has a Lipschitz continuous terminal
condition.

And it is clear that, if g € Lo, (o < 1), then all the three assertions of
Proposition [} are satisfied with 3 < c.

Now, we state tight estimates on V,u and D*u according to g € Ly, for
a € (0,1] (note that o = 1 is allowed).

Lemma 6 Let o € (0,1], and assume (Ay,) and (Ag). Then the three fol-
lowing assertions are equivalent:

(Z) g S L2,a-

(i) 3C*(g) > 0, such that, ¥Vt € [0,T),

C*(9)

2
< —
as < (T —t)i-e

¢
/ E ‘D2u(s, Xs)
0

(i11) 3C*(g) > 0, such that, ¥t € [0,T),

C*(g)

E |V u(t, Xt)|2 < m

And, if g € Lo, one can take C*(g) = CK(g) in (it) and (iii).

If o« < 1 (resp. o = 1), the previous three assertions are also equivalent to
(resp. lead to) the following one:

(iv) 3C*(g) > 0, such that, Vt € [0,T),

E|D?u(t, X,)|" < %

(and one can take C*(g) = CK*(g)).

”

Remark 7 The assumption "g € Lgo" ts natural in our framework, if we

want a rate of convergence for S p o Eff:“ |z — Etk|2 ds which is polynomial
with respect to the time-step |r|. In fact, Geiss and Hugjo [9] (Theorem 1.3 and
Theorem 2.1) showed that, if B is either the Brownian motion or the geometric

Brownian motion, then the following assertions are equivalent (o € (0,1)):
(GH-i) 3C > 0,Vt € [0,T"),

C
E |V u(t, Bt)|2 < m

(GH-ii) 3C > 0 such that, for all time-nets m = (tx)r=o.. N,
N-1 that C

B[ e -z Pds <

,; 5 |2s — 21, | ds < N

10



Lemma [ shows that the assertion (GH-i), written with a general diffusion X
instead of B, is equivalent to the assertion g € Ly, ” (even for o =1).

The previous estimates are sufficient to assert that it g € Ly,, then the

equidistant time net provides an &(z, 7)) of order .

Theorem 8 Assume (Ay,) and (A,). Assume moreover that g € Ly ,, for
some « € (0,1]. Then, with the choice of the equidistant time net,

N— L1
k+1
z Jo

*ds < CK°(g) (%)a

— Z.(N1)
S tk

(where C' does not depend on N ).

PROOF. One knows by ([J) that z; = V,u(s, Xs)o(s, Xs). Thus, by a pro-

jection argument, one has

tht1 : tht1 9
E/ \zs—Ztk|ds§E/ |25 — 21, |°ds
ti g

t
—E [ [Vauls, X,)o(s, X,) — Vau(ty, Xy, )o (b, Xy, ) [2ds.
tk
Now, write Vau(s, Xs)o(s, Xs)  —  Vaul(ty, Xy, )o(te, X,) =

Vou(ty, Xy, ) {o(s, Xs) — o(tr, Xi, ) JH{Vou(s, Xs) — Vou(te, Xi,)} o(s, Xs). Then,
using the assumptions (A, ), and for s € [tx, tgi1],
E|V,u(s, X,)o(s, X,) — Vau(ty, X, )o(te, Xi,)|?

2
< E{(|s — it 1X, - X)) [Vault, th)|2} +E|Vauls, Xo) — Vau(ty, X, )2
== El —+ EQ.

Clearly, and by means of Lemma P,

> K(g) K(g)
By <. |7E[Vau(ty, Xy, )| < |r |W <|mr |m-

As in the proof of Proposition f] (see (BF)), one gets the general estimate
(under (Ay))

By gc/ E|V,u(r, X,) \2dr+/ E|D?u(r, X,)[2dr
tg
K%(g)
(T —s)t=

LTl

+/ E|D%u(r, X,)[2dr

11



using (iii) Lemma [§. Therefore

0

T 1 N-1 tet1 S
£(z,7) <. ‘7T|Ka(g)/ Tt Z/ / E|Du(r, X,)[2drds
(T— 1-a s te
N-—
= [rK (9T + 3 / (trss — 7)E|D?u(r, X,) dr, (19)

where we have used an integration by parts. Note that the above upper bound
is available for any time net 7.
Now, if 7 is the equidistant time net, £(z, 7)) is bounded (up to a constant

c) by
Ta+1

K%(g) N

T (T-% 2 2 r 2 2
+ —/ E|D?u(r, X,)| dr+/ (T — r)E| Du(r, X,)|?dr.
N Jo T-L

Using Lemma [, one gets

% _K° T K%(g)
1) < a (g) 79
E(zmM) <. K°(g N/ Tt dr

e e =y

(@) ) wo )

<. K%(g) <%)a

To get the rate % in the case a € (0, 1), one should consider time nets with a
higher concentration of points near 7' to compensate the faster rate of explo-
sion of (D?u). For non equidistant time nets, we state the following universal
bounds.

Theorem 9 Assume (Ay,) and (A,). Assume moreover that g € Ly, for
some o € (0,1].

Now, take 8 =1, if « =1, and < « otherwise. Then, 3C > 0 such that, for
any time net m = {tg, k = 0...N},

_ tev1 — t
E(z,7) < CK*()T|x| + CK*(g)T*® sup |- % ).
(27) £ CR )T+ R sy ()
PROOF. Owing to inequality ([J), £(z, 7) is bounded by

b — T
C <|7T|K“(g)TO‘ + { sup sup (#) }/ (T — r)"=PE| D?u(r, Xr)|2dr> :
k=0..N—1retptppr) \ (T —1)17F 0

12



Now, for r € [tg, tri1),

t — T—1

(T —r)=8 T—1r
T —1 t —t
< (1_¢) (T — t,)f = o1~k
T —t, (T — ty)'-8
hich leads t LSS Tt N 7 25 S N
which leads to sup,epy, 1, 1) (7=ry=7 T—tT-7- Lhen,

t —t T
E(z,7m) <. [7|K*(@)T+ sup |l / (T—r)""PE| Du(r, X,)|2dr.
k=0..N—1 \ (T —tx)1= ) Jo

If 3 =« =1, then, from Lemma i, one has foT E|D?u(r, X,)2dr <. K*(g).
And, if 8 < a < 1, then, from Lemma [,

K*(g)

[ =Bt X Par <, 7=

0

dr < K*(g) TP,
We conclude that, in both cases,

/0 (T = )V PRID2u(r, X, 2dr <, K°(g)T".
The proof is complete. O

Corollary 10 Assume (A, ), (Ay), and that g € Lo, for some o € (0, 1].
Let 3 be as in Theorem [J. Then, with the choice ©®) (defined in ([3))

PR ST : ro
E(z, 7)) = kz:% E/t}j“” Zs = B ds < CK (g)ﬁ

(where C' does not depend on N ).

PROOF. Recall that t,(gN’B) =T-T (1 — %)E. Since the function r — T —

T(1-— r)% is concave on [0, 1], one has

11
T k\*?

k+1 ﬁN N
Therefore,
i
k
> 1.4 -
(T_t]({:Nvﬁ))l—ﬁ ﬁNTl_ﬁ (1_%)3(1 6) ﬁN

This, combined with Theorem [, proves Corollary [4. O

13



1.2 Optimality of the time net

One may raise the following question: if « < 1 and g € Ly, is the time net

7B = {t,gN’ﬁ) :0 <k < N}, with f < «, optimal? In other words, can we take
[ = « so as to have a rate of convergence of %? It follows from the previous
results that the answer is no. Let us give a counterexample.

Let g(z) = 1j00)(z) and (X¢) = (W;). Then

U(t, .T) = ]P(SU + WT - Wt Z 0)7

u,(t, @) = exp —

E|V. u(t, X;)[? / 27r e p{— }d;z:

t}\/—e xp {—
T+t

( ) \/ﬁ/ X Ao gy e

B \/f

oV T+ VT =t

which is equivalent to (7' — t)~%/2, up to a constant, when ¢ — T. Then, it
follows from Lemma f that g € Ly, with a = 3 (but not with a > ).
However, assertion (ii) of Proposition f] cannot be satisfied, for this example,
with = o = 1, so neither assertion (i) (which is necessary to have the rate
in view of the equivalence ([I§)) is.

1
N?

Remark 11 If the assertion (iii) of Proposition [} is satisfied for some 3 < 1,
using analogous arguments we obtain that the rate of convergence is ﬁ with
the equidistant time net 7V, and % with the non equidistant net 7.

OJ

1.8 Proofs

Proof of Lemma [.

- Estimate on u. One has u(t, X;) = E*g(X7), so Elu(t, X;)|* < E(E”*|g(X7)|)?
Elg(Xr)P.

- First derivative of u.

Suppose first that d = ¢q. Then, under the ellipticity assumption, o is invert-
ible. It is known that, V¢ € [0,T"), Vu(t,.) can be represented as a conditional
expectation (see Gobet and Munos [[J] among others):

Voult, X;) = B™ [g(Xr) H;7| |

14



where Ht(ljz is the random variable (called Malliavin weight) given by
Y = / (5, X,) VX, [VX,] " dWV,.
T—t
One uses the estimate (§) to get

1 T _ 1
E]:t|Ht( | m/t ]E]:t|VXS[VXt] 1|2d8 Sc m

Now, since IEE(H(1 ) = 0, one can write V u(t, X;) = Eff[(g(XT)—Eftg(XT))Hf}T)].
The Cauchy-Schwartz inequality yields

E"|g(X7) — EFtg(Xr)|?
T—t '

Vult, X)[? <. (20)

So, we obtains E|V u(t, X;)|? <. %TL_(f).

If d # q (and always under the ellipticity assumption on o), there exists a
d x d symmetric invertible matrix ¥ such that oo* = ¥? (see Stroock and
Varadhan [[J], Lemma 5.2.1, to define a square root of oo*). In addition, X
satisfies the same regularity estimates as o. Then, one can carry on the proof
above, replacing o by X, since the PDE ([[T]) satisfied by u depends on o only
through oo*.

Second derivative of u.

Suppose first that d = ¢, hence o invertible. It is also known (see again Gobet
and Munos [[7]) that V¢ € [0,7), there exists a random variable Ht(? such
that

D?u(t, X,) = B [g(Xr) H}7]
and we can prove (as for the previous estimate) that Ht(2T) satisfies,

1

t 2 t
EMH 7] =0, EMHZP <

Then the proof of the estimate of E| D?u(t, X;)|? is the same as for E|V u(t, X;)|?.

Note that the existence of Ht(? relies on the existence of V(V.X), which holds
under (A, ,) because b and o are both of class C**7 (v > 0).

If d # q and oo™ is elliptic, we proceed as for V,u using the matrix ¥ =
(co*)~12. O

Proof of Corollary B
First, note that

E(/OTW u(t, X)| + | D?ult, X,)|dt)”

<of [ (Bt X0F) i) 2f [ (B10Me X))

15



using the generalized Minkowski inequality. Besides, from Lemma [, and using
that g € Ly ,, one obtains

K*(g)

KCM
BVl X)P < e O e, x| <. (T =ty

“T =ty
Now, the required result easily follows. O
Proof of Proposition M.

We prove that (i)= (ii)= (iii)= (i).
(i)= (ii). By It0’s rule,

Duult, X) = 0y, u(0, Xo) + /0 UV (0, 0)0) (5, X)W,

k

t
+ / {@&Cku + V(D u)b+ %Tr 00" D*(0,,u)| } (s, X,)ds.
0

In order to get rid of the terms 9,0, u and D?*(d,,u), differentiate the PDE
(D) solved by u:

0 = 0y, (Gu+ Vub+ %Tr 00" D))
= (010s,u+ V(Du,u)b+ %Tr 00" D*(05,u)] ) + (Vuda b+ %Tr (0., (00" D).
Consequently
B, u(t, X2) = Dy, ul0, Xo) — / {vuaka ~Tr [0, (00") D% }} (5, X,)ds
+ [V} (s, X)W 21)

Then,

d
E|V.u(t,X))? = Y E|d,,ult, X;)|?

k=1

t 2 t
< BIVoul0, Xo)* + B ([ {IVaul + [D%ul} (5, X)ds) + [ BID*u(s, X,)Pds

<. E[,0(0, %)+ [ "B|V,u(s, X.)Pds + / "E|Du(s, X,)[2ds (22)
< B9 s Blgx + [ EIDu(s, X.)Pds = (). (23)

Then, by integrating by parts, one has

/T(T — 1) E|V,u(r, X,) dr <. m/s T =) (r)dr

0

:@<_[(T:;6 T} 1_5/ NP (1) )

16



Note that the first term in the limit is bounded by T;:; (I;T,(i) + E| g(XT)|2).

The second term is bounded by 115 JI(T — 7)'=PE|D?u(r, X,)|>dr, which is
finite because assertion (i) is in force.

(ii)=- (iii): the proof is similar to the previous one. In view of (I2[J), one has

2 T
E|g(X7) — B (g(X0)[ <. / [V, u(s, X,)[2ds = U(r).
Then, using an integration by parts, one gets

[ @ =1 g(r) ~ P (o) dr

< Jdim [ (T —r)" 72U (r)dr

s1T Jo
—([(T=r)" ’ 1 s -8 2
<, %1([76 \If(r)L+ 5 /0 (T — ) PE|V,u(r, X,)| dr).

The second term is finite according to assertion (ii). The first one is bounded

by

R /TIE|V w(r, X)2dr <Tms [ (T = r)PE|V.u(r, X,)[2dr
STT /8 s xT ) T — STTﬁ R x ) T 9

because (T —r)~# is increasing with respect to 7. The limit above equals then
to 0 since the related integral is convergent.

(iii)= (i). From Lemma J, one has E|D?u(r, X,)|* <. %, from which we

deduce (using assertion (iii)) that

T T
/ (T — r)'"PE|D%u(r, X,)|%dr <, / (T — )" 1%V, 1(g)dr < +oo.
0 0

O

Proof of Lemma [
We prove that (i)= (ii)= (iii)=(i).

()= (ii):

t d
/E|D2u(s,Xs)|2ds: Z/ E|V/(9,,u)[2(s, X,)ds
0 E—1 0

d ot
<o Y [ BV @ u)of(s, X,)ds,
k=1"0

17



by the ellipticity assumption. Then, by the isometry property and equality
(B1), one gets that [¢ E|D?u(s, X,)|?ds is bounded (up to a constant) by

M=~

E( /Ot V(0y,u)o(s, Xs)dVVS)2

B
Il

1

zd: (@ku (t, X¢) — O, u(0, Xo) +/ Vud,, b+ lTr[a,rk(aa )D*u ”(S,XS)dS)2

§CE’qu(t,Xt)’ +E[V,u(0, Xo)| +E(/O {[V.u| + D%l }(s, X,)ds)

K*(g) K(g)
Se [T g ' Tia

+ K% (g)T,
where we have used Lemma [] and Corollary .

(ii)=- (iii): this is an immediate consequence of the inequality (R3).

(iii)= (i): from equation ([[J), one gets

Vir(g) < /tTE Vu(s, X,) 2 ds <. /tT %ds <. C(g)(T — 1),

— S

which means that g € Ly ,.

The fact that (i) leads to (iv) follows from Lemma [, and it is clear that, when
a < 1, (iv) leads to (éi). O

In the following section, we state some results on Z; — z; that, put together

with those of section [l], will be crucial to study the Ly-regularity of the Z-
component of BSDEs with non null generator.

2 A representation and an estimate of Z; — 2, when the terminal
condition g is bounded and belongs to L,

2.1 The main result

We define
}/;0 ::K—yt, Zl? = Zt_zt-
Then, the process (Y?, Z%) is the solution, in §% x M? (because (Y, Z) and

(y, z) are in such spaces), of the BSDE with null terminal condition and gen-
erator

ot 2y, 2) = f(t, 2,y +ult,x), 2 + Vou(t,v)o(t, z)),

18



ie.
T T
Yf:/ fo(s,Xs,YSO,Zg)ds—/ Z0dW,.
t t
We set

T

W= Vyfo(r, X, YTO, ZO);

T

A= szo('r, X, Y,,O, ZO).

T

These quantities play a key role in the further estimates.
Note that

jal] < C (14 |Vou(r, X,)| + [D?u(r, X,)|) ; (24)
0] < C;
] < C.

Hence, f is Lipschitz continuous with respect to y and z, but not with respect
to x because V,u and D?u may explode as t goes to T.
Our purpose is to estimate Z — 2z = ZY and it is known that usually the
Z%-component is related to the Malliavin derivative of the Y%-component (see
Proposition 5.3. in [[[4]). But this is stated under strong integrability condi-
tions: namely in Prop.5.3.[[d], it is required that E [ [ |Daf(s, X, 5, 2)|>dsdf <
oo, for any y and z. This is not satisfied in our case (since it essentially
means that E [ | D?u(s, X,)|?ds < +00). However, we are going to prove that
the expected result (relating Z° to Malliavin derivatives) holds in our setting
(9 € La). We proceed by a localization of the generator (see paragraph P.2).
Before giving our main result, we introduce (U, V') the solution of the linear
BSDE

T 4 a._ .
U, :/t {a? +U, (b?[d + b, + jz1 c?ﬂ,a;’r) +Y v (Cg"rld + U;‘,r) } dr

J=1

d T . .
-3 [ veawy, (25)
j=17*

where b, and cr;-m denote respectively Vib(r, X,) and V,0;(r, X,), and ¢, is
the j-th component of V. It is well defined in §? x M? (see Lemma R in
Appendix []) because it follows from Lemma B and inequality (P4) that

2

E </OT |a2|dr> <. T°K*(g) < +o0. (26)

Our main result is stated as follows:

Theorem 12 Assume (A, ), (Ay) and (Ay). Assume moreover that g €
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Ly, for some a € (0,1]. Then, dP ® dt — a.s., one has

Zt — Zt = UtU(t,Xt).

In particular, since z; + U;o(t, X;) is continuous, Z has a continuous version :
this extends the results by Ma and Zhang [[J], in the case when g is continu-
ously differentiable with bounded derivative. We work with this version in the
sequel.

Remark 13 Z; — z; has also a closed representation as a conditional expec-
tation: see equation ([38) in the proof.

It is now easy to derive pointwise and Lg-estimates of Z; — z; as t goes to T.
We will not use the following estimates in the sequel, but we guess that they
are interesting for themselves.

Corollary 14 Assume (Ap. ), (A,) and (Ay). Assume moreover that g €
Ly, for some o € (0,1]. Then, for all t € [0,T), the following pointwise
estimate and Lq-estimate hold:

o EF X;) — EFg(X7))?
|&_M§C[/¢ [00) ~ 57 9(x0))]

i ds+C(T —t);

E|Z — 2| < CK*(g)(T —t)* + C(T —t)%.

Remark 15 When g is bounded and a-Hélder continuous (i.e. |g(x)—g(y)| <
C(g9)|lz — y|*), the pointwise estimate in Corollary leads to |Zy — z| <.
Clo)(T — )% + (T —t).

Since (z)o<t<r may explode at time T, this is a way to assert that Z and z
are equivalent for times close to T.

Proof of Corollary [14. Theorem [[J and the conditional version of estimate

(A3) yield
|Zy — 2| <c |Uy| < {Eft</tT |a2|dr)2}% <. /tT (E}—t|a2|2)%dr

using the generalized Minkowski inequality for the last inequality. From (B4),
one has
E7a%? <. 1+ BV, u(r, X,)|? + EX|D*u(r, X,)|?.

Therefore, by means of the pointwise estimates obtained in the proof of Lemma
B (see inequality (BQ) for V,u(r, X,)), one gets (for t <r < T)

E7[(g(Xr) — E7"g(X71))?]
(T —r)? ’

IE]rt|a79|2 <c1l+

20



and

T,

T EF[(a( X)) — EFra( X))2
Zais [T VEZ[(g(Xr) — EZg(Xr))]
t T—r
proving the pointwise estimate. Consequently, using the generalized Minkowski
inequality and g € Ly, one has

E |Zt — Zt|2

T \E[(g(X1) = EFrg(X1))?] 2
< (/ VEI( R D0y 1 (= oy

<c (\/K“(g) /tT Wm‘f +(T —t)?

<e K*(g)(T —1)° + (T — )"

2.2 Proof of Theorem

Since a? = V,fO(r, X,., Y2, Z¥) may explode as t goes to T, we proceed by a
time localization of f° as follows: for € > 0, we define:

fa(ta €,Y, Z) - fo(t7 €,Y, Z)]ltST—E

and (Y, Zf) the solution, in 8% x M2, of the localized BSDE:
T T
YS = / Fo(s, X, YE, Z5)ds —/ ZEdW,.
t t

As for a?, b2 and ¢°, we define
ERi S S

aa = foE(s’ XS7 }/567 Za)a

S

b=V, f(s, X5, Y, Z7),

S S

¢ = VoI (s, X, Y5, Z2).

S S

We assume (As,), (A,), (Ay), and that g € Ly, for some a € (0, 1].

The idea of our proof of Theorem [[J is the following: we prove that Z¢ con-
verges to Z° as ¢ goes to 0 (Lemma [[§) and that DY converges to some
D,Y? satisfying a linear BSDE (Lemma [[9). Then, since Zf = DY (Lemma
[7), we conclude that Z) = D;Y,. Finally, we derive the BSDE (BF) satisfied
by (Up)o<t<r from that satisfied by (D,Y}?)o<i<7-

Step 1: Stability

Lemma 16

T
limE | sup |Y8€—YSO|2+/ |Z§—Zg|2ds] =0.
0

e—0 s€[0,T]
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PROOF. We denote YE—Y? by §Y; and Z¢—Z? by 6 Z,. Then (§Y, 6 Z)o<s<T
is the solution in 8% x M? to the BSDE with a null terminal condition and
the (random) generator
5f<t7 Y, Z) = f€<t7 Xt7 Y+ }/;507 zZ+ Zz?) - fo<t7 Xtv }/;507 Zz?)
= |:f0(t7 Xta ) + }/tov z+ Zto) - fo(ta Xt7 }/toa Zto)} ]]-tST—E
- f0<t7 Xt7 }/;07 Zz?)]lt>Tf€-

Since the function f(¢,x,.,.) is Lipschitz continuous (and its Lipschitz con-
stant is the same as that of f),

|5f(t>y> Z)| S C1|y| + C1|Z| + ]lt>T—6|fO(t’ Xt> }/tov Zto)|

Then, thanks to a standard stability result (see Proposition 3.2 in [[[G]), one
obtains the following estimate:

T T 2
E l sup |0Y;|? +/ |5Zs|2d3] < CE </ Tor_o|fO(s, Xs, Y2, Zg)\ds> :
s€[0,T] 0 0

Now, one has f%(s, X,, Y2, Z°%) = f(s, X,, Ys, Zs), which is square integrable,
since (Y, Z) is the solution in §* x M? of BSDE ([). Then, by the monotone
convergence theorem, the above upper bound converges to 0 as € goes to 0. O

Step 2: Malliavin derivatives

Lemma 17 For any fizede > 0, (Y, Z¢) belongs to L? ((0,T),D"? x (D12)9).
Denoting their Malliavin derivatives by (D;YS, DiZ%), one has, a.s., for all

t€0,T) (see [I4).
7 = DY,

PROOF. This is a direct application of Proposition 5.9 of [[4]. It remains to
show that f¢ has bounded derivatives w.r.t (x,y, z). One has, for w = z,y, z,

vwf€<t7 xz, y’ Z) = vlvf0<t7 x, y7 z>]1t§Tf€7
and, if one defines 6 := (t,z,y + u(t, z), z + V,u(t,x)o(t, z)), then

Vet 2,y,2) = Vo f (0) + Vy f(0)Vault, ) + V. f(0) V. [(Vauo)](t, x),
Vyfo(t,:c,y,z) =V, f(0),

Hence, only the boundedness of V,f¢(t,z,y,z) needs to be justified. This
readily follows from |V, u(t,z)| + |D*u(t, z)| < C|lgllec/(T —t) < Cllglls/c,
for t < T — ¢, where the first inequality is proved as in Lemma [JJ (using the

22



boundedness of g).

Then, dt ® dP-a.s., one has ZF = D,Yy. In addition, in Ma and Zhang[[J], it
is proved that the above processes have a continuous version, which enables
to pass to an a.s. equality for any ¢. O

Note that, always from [[4], (D;Ys)s>: (€ > 0) satisfies to the following linear
BSDE:

T q q T .
DY: = / [EDX, + DY+ 3 &, D2, Ydr =Y / D2, dWY. (27)
S ]:1 ]:1 S

and, for s € [0,t), (D,Y?, D, Z¢) = (0,0).
We introduce (D;Y?, DiZ%);<s<7, as the unique solution, in §P x MP (for
p € (1,2)) to the following BSDE:

T q q T .
DY = / {aEDtXr + 00D, Y0 + ch,,,ptz;{r} dr=>" / thﬁrdwg. (28)
S =1 j=1 S

For s € [0,t), (D;Y?, D, Z2?) := (0,0).
Note that BSDE (R§) is well defined, applying Lemma RJ. In fact, b2 et ¢ are
uniformly bounded, and from (£4),

E(/tT

This upper bound is finite using Holder’s inequality. Indeed, supy<, <y | D:X,|?
is in any L, (see remark after inequality ({)) and the integral term is in Ly
(Corollary B).

Note that D,Y? is given by the following closed formula (which is standard
for linear BSDEs, see e.g. [I4])

a’D, X,

0<r<T

(29)

T
D,Y? = EF: / %a® D, X, dr, (30)
where (I'?),>; is the adjoint process defined by the forward linear SDE

drs =135 (bdr + dW,),  Ti=1.

Furthermore, define (VY?, VZ%)<s<r, to be the unique solution, in §” x MP
(1 < p<2),to the following BSDE:

T q q T .
wro- | {aavxr+b9vn0+2c2,rvzzr}dr—z [vznawi e
s j=1 j=17%
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This is a slight abuse of notation because (VY?, VZ°) solves the BSDE ob-
tained by differentiating with respect to zy the BSDE solved by (Y, Z°), but
we do not prove that (VY?, VZ9) are the gradients of (Y, Z%) with respect
to zo (however, this is true, using extra computations as before).

Then, from (f) it follows that

DY? = VYL [VX,] to(t, X,), D70 =VZUIVX,] ot X,). (32)

Step 3: Convergence of D,Y? to D,Y? as ¢ goes to 0
To justify this step, we repeatedly use the lemma below.

Lemma 18 Let ¢ be a bounded continuous deterministic function. Let (©F),
(©) and () be processes such that

T
(4) E/ 10°2ds < +o00;
0
T
(17) hI%E |©% — 8%%ds = 0;
e— 0

T P
(737) dp € (1,2) such that E(/ |78|d3) < +o00.
0
T P
Then, limE( [ ¢(6%) = ¢(69)|lr.lds)” =0,
e— 0

PROOF. Let Ky, K5 and § be positive constants. It is clear that

T p
E( [ 16(0%) — ¢(9)]1rlds)
P T p p T P
< Cele) B( | Peltisrds)” + K 2ele) E( [ Loy rads)
p T P
+ K (2lelle) B | Mi0z-on1-0ds)
r € 0 p
+ KTE( [ 19(0%) = p(0)[Ljogicxs os-opi<sds) (33)
Let n > 0. Firstly, by assumption (iii), K; can be chosen large enough to

ensure that the first term is bounded by 7. Besides, from Chebyshev inequality,
one has

Blo® | Blo; — 61
K22/P §2/p ’

Elgosk, + Eljg:—00>5 <

so that, owing to assumption (7), one can choose K, large enough to make
the second term in (BJ) bounded by 7. Thirdly, since ¢ is continuous on
the compact [—Ky — 1, Ky + 1], it is also uniformly continuous on the same
compact, and one can choose ¢ small enough to ensure that the last term in
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(B3) is bounded by 7. Finally, owing to assumption (i¢), one can choose ¢ small
enough to make the third term in (B3) bounded by 2.

Therefore, we have proved that for any n > 0, E( I e (02) —go(@g)nys\ds)p <
7, provided that ¢ is small enough. 0O

Lemma 19
lim E[ sup |D,YE — D, Y2|P] = 0.

=0 s€t,T)

PROOF. (DY —DY? D, Z¢ — D Z° )i<s<r satisfies the linear BSDE:
T q

DY; = DY = [ (65— DX, + (6~ IDYL + D 2(5, — ), )Du
S ]:1

T q
+ / b5 (DY = DYP) + Y&, (D7 — D22, dr
a7 =
-3 / (DuZ: =D 20,)dW.
2. |,

Set 17 = (a; — a) DXy, mp® o= (0 — B)DY? and mpe = S0 (c5, —
), )D;Z3,. Using the a priori Ly-estimate in Lemma PJ, one has

B sup [DY:-DYOP) < B [ Inpldr) +E( [ lnttlar) ([ pielar)

s€[t,T]
(34)
Let us prove that each contribution with 1=, 7% and 7°¢ converges to 0.
Contribution with *¢. It is clear that

| SIVefO(r X0 Y7, Z5) = Va f'(r, X, Y, 2| DX

T

+ ]17">T—5|Va:f0(r> Xra Y;Oa ZS)||DtXr|
First, note that |V, f%(t, z,y, 2)| <. 14 |V,u(t, z)| + |D*u(t, z)|. This implies
that, uniformly in &, 1,57_.|V,f°(r, X,., Y;?, Z2)|| D: X,| <. (1+|V$u(r, X )|+
| D?u(r, XT)|)|DtXT|, whose integral w.r.t. » belongs to L, (this has been es-
tablished in the proof of the existence of BSDE (P§)), and is consequently

a.s. finite. It readily follows from the dominated convergence theorem that
E(fOT Tosr | Vo fO(r, X,, Y2, ZS)HDtXer converges to 0 as £ goes to 0.

Next, setting ©F := (r, X, Y +u(r, X,), Z5 + Vau(r, X, )o(r, Xr)), 0w(0) =

Vuf(©), for w = z,y,2, and v, := (1 + |Vu(r, X,)| + | D?u(r, Xr)|)|DtXT|,
one has

Vo f2(07) = Vo P ODIDX | < D0 [0u(©F) = ¢u(O) -

W=x,y,z
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Owing to assumption (Ay), ¢, is continuous and bounded. Assumptions (%)
and (ii) of Lemma [[§ hold thanks to Lemma [[d and to the fact that ©% =
(r, X,,Y,, Z,). Assumption (iii) is checked since E( [ v.ds)? < 400, for p €
(1,2) (see inequality (BY) previously proved). It follows from Lemma [[§ that
E(fy |[Vaf°(02) — V. f2(0%)||D,X,|dr)” converges to 0 as e goes to 0.
Finally,

E(/OT nzldr)” — 0. (35)

Contribution with n®. One has

170 <c IV £(87) = Vy fOIDY | + Loy |V, f0(r, X, Y, Z)) | D:YY).

Then, we follow exactly the same proof as that of the contribution of n*. One
has only to check that v, := |D,Y,?| satisfies assumption (i77) of Lemma [I8.
This readily follows from (D;Y,?);<,<r € SP, which ensures that

T
B( [ )" <05 sup [DPP < oo

relt,T
Thus,
T
E(/ n2ldr)” — 0. (36)
0

Contribution with n*¢. One has

7] <e IV f(O5) = Vo (ONIDZ)| + Loy |V, f(r, X, Y], Z)) 1D 27,

Similarly, we check the integrability of v, := |D;Z?|. Since (D;Z°)i<r<7 € MP,

E(/OT%dr)p <, E(/OT \DtZS|2d7’)g < +00.

This gives
T
E(/ |777‘f’c|dr)p — 0. (37)
0

From (B4), (BF). (BG) and (B7), the proof is complete. O

Step 4: Proof of Theorem

From Lemma [ and Lemma [[J, we know that lim._oE|Zf — D,Y,’|P = 0.
Besides, from Lemma [[G, there is a subsequence (&,),>1 decreasing to 0 such
that lim,, o Z;" = Z?, (dP®dt) —a.s. . Thus, we conclude that, (dP® dt) —
a.s.,

T
70 = DY = E% / ta® DX, dr, (38)
t
taking advantage of the explicit representation of D,;Y,? in (B0).
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Then, from (BJ) and setting U; := VY;'[VX;] ™!, we have proved Z) = Uo(t, X;).
It remains to show that U satisfies the BSDE (@) It is clear that

—dU, = (—dVY)) VX + VY (—d[VX,] ™) —d < VY, [VX,]

Besides, it is known (see e.g. [[J]) that
q a A
—d[VX) " = VX {(b; Z DP)dt+ > oy dW7
Then, from the expression of dVY,? in (BI)), it follows that
—dU; = (af + VY [VX,] Zc VZ VX)) dt ZV VX tdwy
q
+ VY VX (b Z )dt+Za AW}
+ Z VZ), VX, o) dt

= ajdt + Uy (b1 + b, +Zc o) dt

7j=1

M=

+ (VZO VX - Uto';yt) (C?ﬂf[d + U;ﬁt) dt
J=1
Xq: (VZ0, VX = Uio), ) dW7.
J=1

By setting V/ := VZ,[VX] ™ - Utcr;i, we obtain
. , a , a
—dU, = {af + U8 Lo+ b, + 3 S,05,) + 3 VP (8, Lu+ 03, ) bt = S Vidwy.
j=1 j=1 j=1

O

3 Ls-regularity of Z, when the terminal condition g € Ly ,, but is
not necessarily bounded

3.1 The main results

In this section, we aim to establish an Ly-regularity of the process (Z;);, more
_ 2
ZS — Ztk dS,

precisely, to have a good rate of convergence of 0 ' E i, Pt
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where
_ 1 tht1
Z, = ——En / Zdu.
tev1 — tk t
In Zhang [[l, it was shown that, for BSDEs with Lipschitz continuous terminal
conditions, this rate is linear with respect to the time step |r|.

Here, we extend this result to non-Lipschitz terminal functions g: we show
that, if we suppose that g € Uae(o1] Liz,a, We can obtain the same rate |7|* for
the equidistant time net 7(!) or the rate |7| for an appropriate choice of the
time net.

In fact, we show that this Lo-regularity of (Z;)o<t<r can be deduced, under
the assumption above on g, from that of the process (z:)o<t<r (Theorem P0).

This is an interesting fact, since the study of the martingale integrand of the
initial nonlinear BSDE can be reduced to that of the martingale integrand of
the linear simpler BSDE with a null generator. We can then derive the desired
rate (Theorem R1). We state below these two main results, that hold even if
g is not bounded. Their proofs are postponed to the next paragraph.

Theorem 20 Assume (Au,), (Af) and that g € Ly, for some a € (0, 1].
Then, there is a positive constant C' such that, for any time net m = {t; : k =

0..N}

Z,~ 7| ds < C&(z,m) + C(K*(g)T* + T*) n.

N-1 -
£Z ) =Y E /
k=0 “tk

Theorem 21 Assume (Au,), (Ayr) and that g € Ly, for some a € (0,1].
Then, there is a positive constant C' (which does not depend on N ) such that

a) for the choice of the equidistant time net 7,

a(g)Ta + T3N71+a ‘
N« ’

£(2,70) < ot

b) for the choice of ©®, with 3 as in Corollary [I0,

K« (g)Ta + T3
N .

E(Z,aP)<C

Since all the bounds depend on the regularity of f only through ||V, f]c,
IV flloo and ||V, flloo, We can state the following theorem.

Theorem 22 Assume (Ay,) and that g € Lo, for some a € (0,1]. Then,
Theorem [21 still holds when the generator f is uniformly Lipschitz continuous
inx,y and z (but not necessarily continuously differentiable).
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The above theorem is derived from Theorem R1| using standard stability re-
sults, we omit details.

3.2 Proof of Theorem [2Q

In order to be able to use the results of the previous sections, we begin by
assuming that ¢ is bounded.

Step 1: Proof when g is bounded

Suppose for the moment that g is bounded (and belongs to Ly ,).

Recalling that Z) = Z, — 2z, = Uyo(t, X;), we are going to exploit the BSDE
(29) satisfied by U in order to bound E f*+ |20 — Z) |2ds.

From the BSDE (R3) satisfied by (U;, V;); (Theorem [[), and using Lemma
23, one obtains the following estimate:

B sup [0+ [ 1viPar] < B( [ ladlar)”

rel0,T]

Since |a?| <. 1+ |Vu(r, X,.)| + |D?*u(r, X,)|, we use Corollary f to obtain

T
E[ sup \UT\Z—l—/O \Vr\zdr} <, T“K*(g9) + T (39)
]

rel0,T

Let 0 <t < s <T. Always from BSDE (R7), and using the estimate (BY), one
has

B|U~ U < B( [ ladldr)’ + (s = t)*Esup U, + B [ |V, dr
t T t
ch(/S aldr)” + [K°(g)T° + T2 (s - 1)? +E/S|Vr|2dr. (40)
t t

We go back to the regularity of Z. As we did in the proof of Theorem B, we
write, using Theorem [[J to have Z? = U,o (s, X;), (dP @ dt) — a.s.,

10 202 Bot 2
E |Z, — Ztk| ds <E \Uso (s, Xs) — Uy, o(ty, Xy, )|“ds.

ty ty

Now, for s € [ty, tgi1],

E|U.0(s, X,) = Uy o (te, Xo,)* = E|(Us = Uy, )o(s, X.) = Uy, (ot Xo,) — 0 (s, X))
Sc E|Us - Utk|2 + |7T|E|Utk|2'

Then, using (B9) and ({0),

t t
E|Uso (s, Xo)~Us ot X )12 < B( [ |adldr) 4B [ |V, P+ [7K2 (9)+T2) .
th th
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Therefore,
N-1

Z /tk+1 B
ty

k=0

<. || NZ {E( / a%ldr)’ + E / Vi[2dr) + [T K (g) + T

<cIrI{B( [ lathar)” + B [ WPar + (K7 (9) +77)
< |m|(TK*(g) + T?).

2

ds

Z - 7y,

_ 2 2
Now, since clearly |Z, — Z;, < 2zs—Z, | +2 ZY —

2 _
= |2+ 20) — (2, + Z8)

2
Zp |, we conclude that

ZS - Ztk

N-1 thit
S E/[
k=0 tk

) N-1 g, e ,
ds <. ZE/ |25 — Zt, | ds+|7r|<TO‘Ko‘(g)+T).
k=0 Utk

(41)
O

Now, we suppose that ¢ is not necessarily bounded (and g belongs to L ).
We use the following bounded approximation of g. For M > 0 and y € R, we
set

om(y) =—MVyAM, (42)
and
gm = du o g. (43)

It is clear that, when M — 400, gu(x) — g(z) for all z € R such that
lg(z)| < 400, and gy (X7) — g(X7) in Lo.

We denote by (YM ZM) (resp. (y™,2M)) the solution to BSDE ([) (resp.
BSDE ([[2)) with g (Xr) as terminal condition instead of g(X7).

Step 2: Some stability results when M goes to oo

Lemma 23 Assume (A, ) and that g € Lo, for some a € (0, 1].
Then, gn € Lo o and

K%(gm) < K%(g).

PROOF. Recall that y; = E7tg(X7), and set yM := E* g),(X7) = E" ¢ (yr),
where ¢y is the function already defined by (). Note that ¢y is Lipschitz-
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continuous, with a Lipschitz constant equal to 1. One has

Vir(gm) = E‘QT — Y ‘ = E‘CbM yr) ft(ﬁM(yT)‘z
< E|oulyr) — onlm)| < Elyr — ul* = Vir(g),

where we used a projection property on Lo(F;) for the first inequality.
In addition, clearly |ga(X7)| < |g(X7)|, which readily finishes the proof. O

Lemma 24

. Nl tet1 M t+1 2
lim )~ E/ M Z;, ’ ds = Z / zs — 2, |” ds; (44)
M—++o00 k=0 ty
N-1 4 : -
im SE/[ —}:E/“la—ZQ%w (45)
M —+-o00 k=0 tk k=0 123

PROOF. We only prove (f4), since for (f3), the arguments are the same.

Write
N-1 4 N-1 4
+1 2 k+1
M _ M _ 2
‘E E/ zy —ztk’ds—g E/ |25 — 24, | ds’
k=0 tk k=0 tk
N-1 4
k+1
_ - M _ M - M _ M
_‘E IE/ (zs—ztk—zs —ztk)(zs—ztk+zs —ztk’)ds’
k=0 Utk
Nil Bt M M M _ =M
IE (ZS_ZS)_(Ztk_Ztk)(ZS_Ztk+23 -z, )ds
tht1 tk+1 2
M 5 M _ M
\/ zs — 2M) — (&, — 2) \/ — Z |+ |2M = Z) ) ds.

Now,

tet1
/
tr

M M
Zs — 2 ztk—z ’ds

(2 — 22" — (2, — )‘ ds<2E/

§4E/
0

where we used a projection argument. By classical stability results for BSDEs,
the term above tends to 0 when M — +oco. Besides,

tet+1
EA (

where C' does not depend on M (still using the classical a priori estimate for
BSDEs). Thus, we have proved (f4). O

9

2

+ M|?

Zs

_|_

+ ‘ztk

+ ‘ztk

Zs — Zy, ) S

N2 T 2
zy—z,f‘f‘)dsgélE/o (z
S CE|g<XT>|27
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Step 3: Proof when ¢ is not necessarily bounded

Applying (E)) in Step 1 with g7, one has
N-1 g,
> E[
k=0 Utk
and, since K*(gp) < K*(g) (Lemma P3),
2
M- Zf‘f‘ d8+\7r|(T°‘Ka(g)+T2).

N—1 tert

SE[

- (46)
46

Passing to the limit when M — +o0 and using Lemma P4, we prove Theorem

0. O

oM = 21 dst ] (T K (gar)+T2),

N-1
_ .12 (]
2 -z ds<. Y E [
k=0 k

M _ ZM[? = [
2 -z} das<. Y E |
k=0 7l

3.3  Proof of Theorem [2]

a) Equidistant time net 7(!). As a direct consequence of Theorem 0 and
Theorem [, one has

N-1 t](cfi’ll) 3 9 T Tl+a T3
M M «
L E foun 2= Zfho[ds s Koo (g + T3 ) + g
T T3
<. K%(g)— + —
< K9)Na Ty

using Lemma P3. Passing to the limit when M — +oo (Lemma P), we prove
estimate (a) of Theorem P1].

b) Time net 7(¥. The proof is the same, using Theorem R{, Corollary
and Lemma P3. O

A Appendix

The following lemma gives an a priori estimate for linear BSDEs, and is a
direct consequence of Proposition 3.2 in [[[G] (applied with f(w,t,y,2) of the
form a; + by + ¢;2).

Lemma 25 Consider the linear BSDE

T q q T )
Uy =¢+ / (ar +Ubr + ) Vjvrcjvr)dr - / V- dW/ (A1)
! i=1 =17t
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where £ € R q, € R4 b, € R> ¢, € R U, € RV, e R W, €
RY, for some progressively measurable coefficients (a,),, (b.)., (¢.), and a Fp-
measurable terminal condition &.

If |by|, |¢jr| are uniformly bounded, and if E|£|P + E(fOT |ar|dr)p < 400, then
there exists an unique solution (U, V) in 8? x MP to BSDE ({A.1), and the
following estimate holds:

E sup |UT|P+E</OT|%|2dr)§ < C{E|§|P+E</OT|ar|dr)p}. (A.2)

rel0,7]
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