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Abstract. We introduce a new test procedure of independence in the framework of paramet-
ric copulas with unknown marginals. The method is based essentially on the dual represen-
tation of y2-divergence on signed finite measures. The asymptotic properties of the proposed
estimate and the test statistic are studied under the null and alternative hypotheses, with

simple and standard limit distributions both when the parameter is an interior point or not.

1 Introduction and motivations

Parametric models for copulas have been intensively investigated during the last decades.
Copulas have become of great interest in applied statistics, because of the fact that they
constitute a flexible and robust way to model dependence between the marginals of random
vectors. The reader may refer to the following books for excellent expositions of the ba-
sics of copula theory : Nelsen (1999) and Joe (1997). In this framework, semiparametric
inference methods, based on pseudo-likelihood, have been applied to copulas by a number
of authors (see, e.g., Shih and Louis (1995), Wang and Ding (2000), Tsukahara (2005) and
the references therein). Throughout the available literature, investigations on the asymptotic
properties of parametric estimators, as well as the relevant test statistics, have privileged the
case where the parameter is an interior point of the admissible domain. However, for most

parametric copula models of interest, the boundaries of the admissible parameter spaces



include some important parameter values, typically among which, that corresponding to the
independence of margins. This paper concentrates on this specific problem. We aim, namely,
to investigate parametric inference procedures, in the case where the parameter belongs to
the boundary of the admissible domain. In particular, the usual limit laws both for paramet-
ric copula estimators and test statistics become invalid under these limiting cases, and, in
particular, under marginal independence. Motivated by this observation, we will introduce
a new semiparametric inference procedure based on y?-divergence and duality technique.
We will show that the proposed estimator remains asymptotically normal, even under the
marginal independence assumption. This will allow us to introduce test statistic of indepen-

dence, his study will be made, both under the null and alternative hypotheses.

It is well known since the work of Sklar (1959) that the joint behavior of a bivariate vec-
tor (X1, Xy) with d.f. F(xy,29) == P(X; < 21, Xy < x9), and continuous marginal d.f.’s
Fi(z;) == P(X; < x;), i = 1,2, is characterized by the copula (or dependence function)
C(-,+) associated with F(-,-). The copula function is defined, for all (u,us) € (0,1)%
through the identity

C(Ul,UQ) =P {Fl(Xl) S Uz, FQ(XQ) S UQ} .

Many useful multivariate models for dependence between X; and X5 turn out to be generated
by parametric families of copulas of the form {Cy; 0 € O}, typically indexed by a vector val-
ued parameter § € © C RP? (see, e.g., Kimeldorf and Sampson (1975a), Kimeldorf and Sampson
(1975b), and Joe (1993)). The nonparametric approach to copula estimation has been ini-
tiated by Deheuvels (1979b), who introduced and investigated the empirical copula process.
In addition, Deheuvels (1980, 1981) described the limiting behavior of this empirical process
(see, also Fermanian et al. (2004a) and the references therein). In this paper, we consider

semiparametric copula models with unknown marginals.

In order to estimate the unknown true value of the parameter # € O, which we denote,
throughout the sequel, by 0y € ©, some semiparametric estimation procedures, based on
the maximization, on the parameter space O, of properly chosen pseudo-likelihood criterion,
have been proposed by Oakes (1994), and studied by Genest et al. (1995), Shih and Louis
(1995), Wang and Ding (2000) and Tsukahara (2005) among others. In each of these papers,
some asymptotic normality properties are established for v/n (9~ — QT), where 6 = 6,, denotes
a properly chosen estimator of 7. This is achieved, provided that 67 lies in the interior,
denoted by é, of the parameter space © C RP. On the other hand, the case where 67 € 00 =
O-0isa boundary value of ©, has not been studied in a systematical way until present.

Moreover, it turns out that, for the above-mentioned estimators, the asymptotic normality



of \/ﬁ(é — HT), may fail to hold for 67 € 00; indeed, under some regularity conditions, when
¢ is univariate, we can prove that the limit law is the distribution of Z1(z>¢) where Z is
a centred normal variable, and that the limit law of the generalized pseudo-likelihood ratio
statistic is a mixture of chi-square laws with one degree of freedom and Dirac measure at
zero; see Bouzebda and Keziou (2008). Furthermore, when the parameter is multivariate,
the derivation of the limit distributions under the null hypothesis of independence, becomes
much more complex; see Self and Liang (1987). Also, the limit distributions are not standard
which yields formidable numerical difficulties to calculate the critical value of the test. We
cite below some examples of parametric copulas, for which marginal independence is verified
for some specific values of the parameter 6, on the boundary 00 of the admissible parameter
set ©. We start with examples for which 6 varies within subsets of R. Such is the case for

the extreme value copulas, namely

Ca(uq,ug) == exp {logu1u2A ( log uy ) } , (1.1)

log uqus

where A(-) is a convex function on [0, 1], satisfying
- A:[0,1] — [1/2,1] such that max(t,1 —t) < A(t) < 1forall 0 <t <1.

For
Alt) == Ag(t) = t° + (1 = ))Y?; 0 € [1,00] (1.2)

we have Gumbel (1960) family of copulas, which is one of the most popular model used to

model bivariate extreme values. For
Agt) =1—(t 4+ 1=t 90,00 (1.3)

we obtain Galambos (1975) family of copulas. Finally for

Ag(#) = 1 <9—1 + %Hlog <ﬁ)) (=)D (9—1 _ %Hlog (%)) 4

where 6 € [0,00[ and ®(-) denoting the standard normal N(0, 1) distribution function, we
obtain the Hiisler and Reiss (1989) family of copulas. A useful family of copulas, due to Joe
(1993), is given, for 0 < uy,us < 1, by

Cg(ul, Ug) =1- [(1 - ul)g + (1 — UQ)G — (1 — Ul)e(l — Ug)e}
The Gumbel-Barnett copulas are given, for 0 < uy,us < 1, by

Co(uy, ug) = ujugexp {—(1 — 6)(loguy)(logus)}; 6 € [0, 1]. (1.6)



The Clayton copulas of positive dependence are such that, for 0 < uy,us < 1,
Cy(ur,up) = (ur? +uz? — 1) 777 6€)0, 00]. (1.7)

Parametric families of copulas with parameter ¢ varying in RP, for some p > 2, include the

following classical examples. Below, we set 6 = (91, 92>T € R2.

Co(uy,ug) == {1 + [(ufgl —1)% 4 (u;™ — 1)92}1/92}_1/61 , 0 €]0,00[x][1,00[; (1.8)

Co(uy,ug) == exp{ - [6’2_1 log (exp (—Qg(logul)el) (1.9)
+exp (—b(log us)") — 1)} 1/01}, 0 € [1,00[x]0, 00l

For other examples of the kind, we refer to Joe (1997).

For each of the above examples, the independence case Cpy,.(u1,us) = ujug (or A(t) = 1)
occurs at the boundary of the parameter space O, i.e., when 1 = 1 for the models (1.2),
(1.5) and (1.6), 07 = 0 for the models (1.3), (1.4) and (1.7), 7 = (0,1)7 for the bivariate
parameter model (1.8), and 67 = (1,0)" for the bivariate parameter model (1.9). In the
sequel, we will denote by 6y the value of the parameter (when it exists), corresponding to

the independence of the marginals, i.e., the value of the parameter for which we have
Cgo (ul, Ug) = UjUs2, for all (Ul,UQ) € (0, 1)2

Hence, 6y = 1 for the models (1.2), (1.5) and (1.6), 8y = 0 for the models (1.3), (1.4) and
(1.7), 6y = (0,1)T for the model (1.8), and 6y = (1,0)" for the model (1.9). Note that for
the models (1.3), (1.4), (1.7), (1.8) and (1.9), Cy,(u1,u2) = ujus is naturally defined to be
the limit of Cy(-,-) when 6 tends to 6 with values in ©. We denote cy(-, ) := %;M Co(-,+)
the density of Cy(-,-) and we define ¢g,(+,-) to be the limit of cy(-,-) when 6 tends to 6y
with values in ©. Hence, we can show that for all the above models ¢g, (uy,us) = 1 for all
0 <up,us < 1.

In contrast with the preceding examples, where 6y € 00 is a boundary value of ©, the case
where 0y is an interior point of © may, at times, occur, but is more seldom. An example
where 0 € O is given by the Farlie-Gumbel-Morgenstern (FGM) copula, defined by

Cg(ul,u2) = UiU2 + GU1U2(1 - ul)(l — UQ), 0 € O = [—1, 1], (110)

and for which 6§, =0 € © =] — 1, 1].

In the present article, we will treat parametric estimation of 6, and tests of the independence

assumption 67 = 6,. We consider both the case where 6, € O is an interior point of ©, and
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the case where 6, € 9O is a boundary value of ©. To treat this case, we propose a new
inference procedure, based on an estimation of y2-divergence by duality technique. This
method may be applied independently of the dimension of the parameter space. Also the
limit law of the estimate of the parameter is normal and the limiting distribution of the
proposed test statistic is x? under independence, either when 6, is an interior point, or when
6y is a boundary point of ©. The idea is to include the parameter domain © into an enlarged
space, say ©., in order to render 6, an interior point of the new parameter space, ©.. The
conclusion is then obtained through an application of y2-divergence and duality technique.
Our methods rely on the fact that, under appropriate assumptions, the definition of the
density cy(-,-) = %ZMCG(-, -) of Cy(+,-), pertaining to the models we consider, may be
extended beyond the standard domain of variation © of #. On the other hand, the definition
of ¢y(+,-) which corresponds to these extensions, is then, in general, no longer a density, and
may, at times, become negative. For example, such is the case for the parametric models
(1.2), (1.5), (1.3) and (1.4), for which ¢y(-, -) is meaningful for some 6 ¢ O, but then, becomes
negative over some non-negligible (with respect to Lebesgue’s measure) subsets of (0,1)%.
This implies that the log-likelihood of the data is not properly defined on the whole space
©.. For this reason, we will use the y?-divergence between signed finite measures. We will

discuss this problem in more details, below, in section 2.

The remainder of the present paper is organized as follows. In section 2, we present our
semiparametric inference procedure, based upon optimization of the y2-divergence between
the model (Cy,0 € O,) and the empirical copula associated to the data, and by using the
dual representation of x2-divergence. We then derive the asymptotic limiting distribution of
the proposed estimator. It will become clear later on from our results, that the asymptotic
normality of the estimate holds, even under the independence assumption, when, either, 6
is an interior, or a boundary point of ©. The proposed test statistic of independence is
also studied, under the null hypothesis .77 of independence, as well as under the alternative
hypothesis. The limiting asymptotic distribution of the test statistic under the alternative
hypothesis is used to derive an approximation to the power function. An application of
the forthcoming results will allow us to evaluate the sample size necessary to guarantee a
pre-assigned power level, with respect to a specified alternative. Finally, section 4 reports
a short simulation results, to illustrate the performance of the proposed test statistic. The

proofs of these results will be postponed to the appendix.



2 A semiparametric estimation procedure through y?-

divergence

As mentioned earlier, the problem of estimating 8, when 6 € 0O, has not been systematically
considered in the scientific literature; and the classical asymptotic normality property of the
estimators is no longer satisfied. To overcome this difficulty, in what follows, we enlarge the
parameter space © into a wider space O, D O. This is tailored to let 8y become an interior
point of ©.. Naturally, we assume that the definition of the function cy(+, -) may be extended
to ©.. The difficulty associated with this construction is that, subject to a proper definition,
the densities cy(-,-) of Cy(+,-) with respect to the Lebesgue’s measure, may become negative
on some non negligible subsets of I := (0,1)? (in this case cy(-,-) becomes the density of
a signed measure, see remark 3.2). Note that just as Deheuvels’s empirical copula is not a
copula, cy(-, ) for § € O, is not necessarily a copula density and fail to integrate to 1. When
such is the case, a semiparametric estimation of 6 via log-likelihood cannot be used. To
circumvent this difficulty, we introduce a new inference procedure, based on y?-divergence
method, and duality technique. Recall that the y2-divergence between a bounded signed
measure Q, and a probability P on &, when Q is absolutely continuous with respect to P,
is defined by

d
(Q, P) := /@gp (%) dP, where ¢ : € R p(z) := % (z —1)%. (2.1)

In the sequel, we denote by x?(6y, 07) the x*-divergence between Cy, (-, -) and Cy,.(-,-). Ap-
plying the dual representation of ¢-divergence obtained by Broniatowski and Keziou (2006)
Theorem 4.4, we readily obtain that x?(6, 67) can be rewritten as
o tr) = s { [ 7.do, = [0y acin . (22
feF I I

where ¢*(+) is used to denote the convex conjugate of ¢(-), namely, the function defined by

t2
"t te R (L) :i=sup{te —p(x)} = 3 +t,
z€R

and .7 is an arbitrary class of measurable functions, fulfilling the following conditions
VfeF; [|f] dCy, is finite and ¢'(dCy,/dCy,) = ¢'(1/cy,) € F. Furthermore, the sup in
(2.2) is unique and achieved at f = ¢'(1/cp,).

Define the new parameter space ©, of § as follows. Set

O, := {9 € R? such that /\w’(l/ce(ul,u2))| duyduy < oo} : (2.3)
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By choosing the class of functions %, via
F={(u,u) € I = ¢'(1/co(ur,uz)) —1; 6 € O},

we infer from (2.2) the relation

2 . L _/ i 1
X (9079T) C :s(i{/](ce(ul’u2> 1 duldu2 : 2C9(U1,U2)2 2 dC@T(u17u2>}’(2’4)

It turns out that the supremum in (2.4) is reached iff § = 6r. Moreover, in general, Or
is an interior point of the new parameter space O., especially under the null hypothesis of

independence, namely, when 07 = 6. Set

1 1 1 1
.u ) = | (———— — 1) dugduy -4 ——— = 2.5
i, u, ve) /z(ce(uhuz) ) e {209(U1,U2)2 2} (25)

Consider a random sample {(Xij, Xox); &k = 1,...,n} from the distribution of (X, X5) de-
noted by Fo,. (21, 22) 1= Cy,(Fi(x1), Fo(z2)) = P(X1 < 21, Xy < 23). In what follows, we
propose to estimate the y2-divergence x?(6y, 07) between Cy, (-, ) and Cy,.(-,-), by

X2 (6o, 07) := sup /m(@,ul,u2) dC(uy, us), (2.6)
66@6 I
and to estimate the parameter 0 by
é\n = arg sup {/m(eaulﬂw) dcn(ulau2)} ’ (2.7)
I

0€0,

where C),(+,-) is the modified empirical copula, defined by

n

1
Ch(ur, u) == n Z Lip, () <unt LR (Xar) <un)s (u1,u2) € 1, (2.8)
k=1

where
1 & .
an(t> = 5 Z]l]—oo,t}(Xjk)u J= 1727
k=1
and 14 stands for the indicator function of the event A.

Remark 2.1 The choice of the x*-divergence among various divergences is motivated by the

following statements:



- Recall that the ¢-divergences between a bounded signed measure Q, and a probability P

on 9, when Q is absolutely continuous with respect to P, is defined by

IMQ?%=é¢C%)ﬂ%

where ¢ is a proper closed convex function from | — oo, 00[ to [0,00[ with ¢(1) = 0
and such that the domain dom¢ = {x € R : ¢(x) < oo} is an interval with end
points ay < 1 < by.The Kullback-Leibler, modified Kullback-Leibler, x*, modified x?,
and Hellinger divergences are examples of ¢-divergences; they are obtained respectively
for o(z) = zlogz —z+ 1, ¢(z) = —logz +z — 1, ¢(z) = 2(z — 1)2, ¢(z) = %@,
and ¢(x) = 2(/x — 1)%. We observe that Kullback-Leibler, modified Kullback-Leibler,
modified x*, and Hellinger divergences are infinite when dQ/dP takes negative values
on non negligible (with respect to P) subset of 9, since the corresponding ¢(+) is infi-
nite on (—o00,0). This problem does not hold in the case of x*-divergence, indeed the

corresponding ¢(+) is finite on R.

- We give an example of copulas for which the likelihood-based procedure fails. We con-
sider the Gumbel copulas Cy(-,-) given in (1.2), it’s corresponding density copula is
defined by
~ = \(6-1)

— o (wug)

co(ur, uz) = Cp(ur, us)(uius) T e

where T = —logx. We can show that cy(-, -) may takes negative values for some 0 € O,.

(@ + &)Y +0-1], (29)

In fact co7(uy,us) is megative for (ui,us) € [0.9,1)%, hence the likelihood function is
not well defined.

Remark 2.2 The set O, defined in (2.3) is generally with non empty interior O.. In par-
ticular, we may check that 6y (the value corresponding to independence) belongs to (:)e, since
the integral in (2.3) is finite; it is equal to zero when 0 = 0y, for any copula density cq(-,-).
For example, in the case of FGM copulas (1.10), it is easy to show that ©, = R. Howewver, it
1s hard to determine the whole set ©, for some copulas, but in order to test the independence,
we need only to prove the existence of a neighborhood N(6y) of 0y for which the integral in
(2.3) is finite since we calculate the estimate 0y, in (2.7) by Newton-Raphson algorithm using
0o as initial point. The explicit calculation of the integral in (2.3) may be complicated for

some copulas, in such cases we use the Monte Carlo method to compute this integral.

Statistics of the form

v, = /I¢(u1,u2) dC(uy, us),
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belong to the general class of multivariate rank statistics. Their asymptotic properties have
been investigated at length by a number of authors, among whom we may cite Ruymgaart et al.
(1972), Ruymgaart (1974) and Riischendorf (1976). In particular, the previous authors have
provided regularity conditions, imposed on (-, ), which imply the asymptotic normality of
U,,. The corresponding arguments have been modified by Genest et al. (1995), Tsukahara
(2005) and Fermanian et al. (2004b), as to establish almost sure convergence of the estima-
tors they consider. In the same spirit, the limiting behavior, as n tends to the infinity, of
our estimator and test statistic T,,, will make an instrumental use of the general theory of
multivariate rank statistics. Using some similar arguments as in Qin and Lawless (1994), the
existence and consistency of our estimator and test statistic will be established through an
application of the law of the iterated logarithm for empirical copula processes, in combina-
tion with general arguments from multivariate rank statistics theory. In the sequel, without
loss of generality, we will limit ourselves to the case where the parameter is univariate. The
extensions of our result in a multivariate framework may be achieved, at the price of ad-
ditional technicalities, and under similar assumptions. We will make use of the following

definitions.

Definition 2.1 (i) Let 2 be the set of continuous functions q on [0, 1] which are positive
on (0,1), symmetric about 1/2, increasing on [0,1/2] and satisfy fol{q(t)}‘2dt < 0.

(ii) A function v : (0,1) — (0,00) is called u-shaped if it is symmetric about 1/2 and

increasing on (0,1/2].
(iii) For 0 < 8 < 1 and u-shaped function r, we define

0 r(Bt) if 0<t<1/2;
T o0y if 1/2<t<1.

If for 8 > 0 in a neighborhood of 0, there exists a constant Mg, such that rg < Mpgr
on (0,1), then r is called a reproducing u-shaped function. We denote by % the set of

reproducing u-shaped functions.
Typical examples of elements in 2 and % are given by
at) =1 D)5, 0<C<1/2, r(t) = o[t1 -], <=0, 0>0.

We will describe the asymptotic properties of the proposed estimate 5n under the following

conditions.



(C.1) There exist functions 7,72 € # such that

ak
Wm(eT,U:L,UQ)‘ < ryp(ur)rag(ug), for k=1,2,
and
o
50 m(6, uy, u2)‘ < 11 3(up)re3(uz) on a neighborhood N(07) of Or,
where [, {r17k(u1)r27k(u2)}2 dCp, (u1,uz) < oo for k = 1,2, 3;
(C.2) The function (uy,us) € I+ & m(0r,u,us) is of bounded variation on I;

(C.3) For each 6, the function 2 m(6,u;,us) : I — R is continuously differentiable, and
there exist functions r; € Z, r; € Z and ¢; € 2 for i = 1,2, such that

2
a m(9>ulau2) S /’Fi(ui)’r‘j(uj)a@j - 172 and Z 7é ja

000u;
and
/I{qi(ui)ﬁ(ui)rj(uj)}ngT(ul,uQ) < 00, 1,7 =1,2 and i # j.
Set
== _F [59—;2771(9@ Fl(Xlk),Fé(sz))] , (2.10)
and
32 := Var [Zm (07, Fi(X1), Fo(X2)) + Wi (07, X1) + Wa(b7, Xo)] (2.11)
where

Wi(eTaXi) = /1{Fi(xi)<ui}a%swm (9T7U1,U2)09T(U1,U2) duydug, 1 =1,2.
I

We can see that = and W;(X;) can be defined, respectively, by

(1]

— F [(%m (O, F1(X1k), F2(X2k)))2]

and, for i =1, 2,
Wi(‘gTaXi) = - /]l{Fi(Xi)Sui}%m (9T7U17U2) a%im (9T7U17U2) CeT(uhUz) duydusy.
I
The following theorem describes the asymptotic behavior of the estimate HAn given in (2.7).
From now on, —%5 denotes the convergence in distribution.

Theorem 2.1 Assume that the conditions C.1-C.3 hold.
10



(a) Let B(Or,n™/3) :== {6 € ©,,10 — 0| <n~Y/3}. Then, as n — oo, with probability
one, the function 6 — [m (0,u1,us) dC,(u1,us) reaches its mazimum value at some
point 0, in the interior of the interval B(0p,n~/3). As a consequence, the estimate is

consistent almost surely and satisfies
/%m <§n7 Uy, UQ) an(Ul, UQ> = 0.
I
(b) Asn — oo,
(6, — 07) =% N(0,%2/2).

The proof of Theorem 2.1 is postponed to section 6.

3 A test based on “y’-divergence”

One of the motivations of the present work is to build a statistical test of independence,
based on y2-divergence. In the framework of the parametric copula model, the null hypoth-
esis, namely, the independence case Cy(ui,us) = ujug corresponds to the condition that
6 - Op = 0y. We consider the alternative composite hypothesis 7 : 0 # 6,. The
corresponding generalized pseudo-likelihood ratio statistic is then given by

; "o (Fin(X1z), Fon (X
Hk:l oo (Frin(X1k), Fon(Xor))

Y

where, for j =1, 2, ﬁ’m stands for n/(n+1) times the marginal empirical distribution function
of the j-th variable X ;. The rescaling by the factor n/(n+1), avoids difficulties arising from
potential unboundedness of log cy(uy, us), when either u; or us tends to one. Since, 6 is a
boundary value of the parameter space O, we can see, that the convergence in distribution of
S, to a x? random variable is not likely to hold. In order to bring a solution to this problem,

we introduce the statistic

~

T, (0o, 0,) := 2n sup /m(é’,ul,uQ) dC(uy, uz). (3.1)
0€0, J1

~

Below, we will show that, under the null hypothesis J#), the just-given statistic T, (6o, 6,)
converges in distribution to a x? random variable. This property allows us to build a test
of 4 against J#, asymptotically of level a. The limit law of T, (6, ﬁn) will also be given
under the alternative hypothesis 7. The following additional conditions will be needed for

the statement of our results.
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(C.4) We have

i 5, M0 s uz) =0,
and there exist M; > 0 and d; > 0 such that, for all # in some neighborhood of 6y, one
has, for i =1, 2,

< er(ui)_1'5+51r(u3_i)0‘5+51 7

0
‘ m(ea uzy, Uz)— m(eu uzy, Uz)Ce(Uh U2)

where r(u) := u(1 — u) for u € (0, 1);

(C.5) There exist a neighborhood N(6r) of 67, and functions r; € Z such that for all
0 € N(0r), we have

00

97 Uy, Ug)

< r1(uq)ra(ug) with /I{rl(ul)r2(u2)}2 dCy,(u1,us) < 00;

(C.6) There exist functions r;,7; € Z, ¢; € 2, i = 1,2 such that

‘ m(Op, w1, uz)| < 11 (ug)re(uz),

m(0, ur,u2) | < (i) ()i, = 1,2 and i # j,

o

with
/I {1 (u2)ra(u2) Y2 dCiy (g, 1) < o0,

and
/{qz(uz)ﬁ(uz)r](u])}dCGT(u1>u2) < 09, Za] - 1a 2 and ¢ 7& ]
I

Theorem 3.1 Assume that conditions C.1-C.4 hold. Then, under the null hypothesis 74,

the statistic T, converges in distribution to a x3 random variable (with 1 degree of freedom,).

The proof of Theorem 3.1 is postponed until section 6.

Theorem 3.2 Assume that conditions C.1-C.3 and C.5-C.6 hold. Then, under the alterna-
tive hypothesis 71, we have

vn (Z—g — x* (b, 9T))

converges to a centered normal random variable with variance

0'>2<2 = Var [m (GT, F1 (Xlk)7 Fg(ng)) -+ }/1(97“, Xl) + }/2(97‘, Xg)] y (32)

where
._ P
Yi (07, X;) := /]l{Fi(Xi)<ui}a_uim (O, w1, u2) cop (w1, u2) duydus.
I
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The proof of Theorem 3.2 is postponed until section 6.

Remark 3.1 An application of Theorem 3.1, leads to reject the null hypothesis 76, : O = b,
whenever the value of the statistic T,, exceeds qi_, namely, the (1 — a)-quantile of the x?
law. The test corresponding to this rejection rule is then, asymptotically of level o, when

n — 0o. Accordingly, the critical region is given by
CR:={T, >q_a}- (3.3)

The fact that this test is consistent follows from Theorem 3.2. Further, this theorem can be
used to give an approzimation to the power function Op — [(0r) := Py, {CR} in a similar
way to Keziou and Leoni-Aubin (2005) and Keziou and Leoni-Aubin (2007). We so obtain

that Ji
n rqi—a 2
0r)~1— —(—— 0, 0 ) , 3.4
o) =1 =0 (L2 (B2~ 200,01 (3.4)
where ® denotes, as usual, the distribution function of N(0,1) standard normal random
variable. A useful consequence of (3.4) is the possibility of computing an approzimate value of
the sample size ensuring a specified power B(0r), with respect to some pre-assigned alternative

Or # 0y. Let ng be the positive root of the equation

B=1-0 (@ (‘“‘“ - X2(90,9T))) , (3.5)

Oy2 2n

which can be rewritten as
(a+0b) — /a(a + 2b)
_ 3.6

where a := 0, (71(1 — B))* and b = qi_ax2(0o,07). The sought-after approzimate value

of the sample size is then given by
n* = |ng| + 1,
where |u| denote the integer part of u.

Remark 3.2 If the parameter 6 does not belong to ©, i.e., 0 € O, — O, the densities cy(+, "),
with respect to the Lebesgue’s measure, associated to Cy(-,+), may become negative on some

non negligible subsets of I. So, in this case
C@(Ul, UQ> = / C@(Ul, UQ> d>\(u1, UQ), Yu € ], (37)
(0,u1)x(0,u2)

13



may be a signed measure (and not a copula) for some 6 € ©, —O. Hence, the formula (2.7)
may lead to a value of the estimator HAn belonging to ©. — ©, and the corresponding Cy, s
not necessarily a copula. So, for point estimation, the pseudo-maximum likelihood estimator
(restricted to vary in the admissible domain) should be used instead of (2.7). The latter
estimator may not be meaningful, and is likely to have a larger mean square error. The main
advantage of our formula (2.6), where the supremum is taken on the extended space O,
instead of the admissible domain ©, is that it permits easily to build a test of independence
even when the dimension of the parameter space © is larger than one. We can show that the
proposed test statistic, based on the formula (2.6), has a x*(p) limit law with p = dim(O)

degrees of freedom.

Remark 3.3 The asymptotic variances (2.11) and (3.2) may be consistently estimated re-

spectively by the sample variances of

%m <§naFln(Xl,k)>F2n(X2,k)) +W1(é\naXl,k) +W2(§n>X2,k)> k - 1)"'7”7 (38)

m (§n>F1n(Xl,k)>F2n(X2,k)> +}/1(§naXl,k) +)/2(/9\n7X2,k)7 k - ].,...,TL, (39)

as was done in Genest et al. (1995). Similarly, the parameter = in (2.10) may be consistently

estimated by the sample mean of

[ (B, Fra(X0), an()(z,f))}2 L k=1,...,n. (3.10)

4 Simulation results

In this section, we present some simulation results aiming to illustrate the theoretical results
of Theorem 3.1 and Theorem 3.2.

4.1 The chi square approximation

We illustrate the accuracy of the approximation of the statistic T, by its limit law y?
under the null hypothesis of independence of marginals; see Theorem 3.1. We consider the
Clayton, FGM and Gumbel copulas given in (1.7), (1.10) and (1.2) respectively. We use
the Q-Q plot of the empirical quantiles of the proposed statistic T,, versus the quantiles of
the x? law. In Figure 1, the Q-Q plots are obtained from 1000 independent runs of samples
with sizes n = 100 and n = 500 for Clayton and FGM copulas, and from 500 independent

runs of samples with sizes n = 100 and n = 500 for Gumbel copula. We observe that the

14



approximation is good even for moderate sample sizes. The integral in the expression of
m(6,-,-) is calculated by the Monte Carlo method, and the supremum in (3.1) is considered
on the extended space ©.; it has been computed on a neighborhood of 6y := 0 by the

Newton-Raphson algorithm taking 6, := 0 as an initial point.

Clayton copula, n=100, rep=1000 Clayton copula, n=500, rep=1000
10 7
9 +
- * 6 +7
L8 . . z
g7 . s .
@ L H L%
£ 4 £ 1
5 1t 54 s
g5 + H +
~ H o
£ L N +
= = +
3 ¥ T
L3 # £ I
g # g’ g
& &
2
1
1
2 3 10 1 2 3 4 5 7
Chi square quantiles (with 1 df) Chi square quantiles (with 1 df)
FGM copula, =100, rep=1000 FGM copula, n=500, rep=1000
7 7
*
6 S 6 <
< 7 o +
8 . £ 2
g5 - g5 o7
® + s 4
£ L £ -
54 4.7 54 L
g to 8 o+
H +7 £ +
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1 3 4 5 6 8 9 1 2 3 4 5 7
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Figure 1:

The Q-Q Plots of the statistic T, versus its limit law 2

4.2 Power comparison

Figure 2 graphically compares the power of three different tests for bivariate independence
based on the statistics T, 7, and p,, where T, is defined in (3.1), 7, is the Kendall 7

statistic,

2

n? — —
1<i<j<n
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Here, (Ry,51), ..., (Ry, S,) are the paired rank statistics pertaining to the sample (X 1, Xa1),
ooy (Xim, Xon). pn is the Spearman p statistic, defined by

n

1 12
—n
i=1

n—1+n3

We consider the FGM copula and the marginals are exponential with parameter one. The
power functions of the three statistics are plotted as a function of 6 € [0,0.5] for sample
sizes n = 100 and n = 500. Each power entry was obtained from 1000 independent runs.
Looking at Figure 2, we can see that the test based on T, is superior to 7,, and p,. On the
right panel of Figure 2, for large samples (n=500), we see that the power of the tests based

on Kendall’s tau and T,, are almost equal.

n=100, rep=1000 n=500, rep=1000

0.45F | — — —Kendall 1 09F | — — -Kendall
— - — Spearman — - — Spearman
The proposed statistic 1 08f the proposed statistic 7

/1 07r

061

05F

~
Power

041

03r

02r

01r

. . . . 0 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0 005 01 015 02 025 03 035 04 045 05
theta theta

Figure 2: Power comparison

5 Conclusion

We have proposed a new test procedure based on y2?-divergence and duality technique in
the framework of parametric copulas. It seems that the procedure introduced here is par-
ticularly well adapted to the boundary problem. For point estimation, the estimator based
on y?-divergence when we extend the parameter space, may not have a meaningful inter-
pretation and most probably has a larger mean square error. However, Theorem 2.1 may
be useful to construct the confidence region for the parameter of interest in connection with
the intersection method (see Feng and McCulloch (1992)) which is easy to implement, while
the asymptotic distribution of the maximum likelihood estimator is difficult to use, since the

limiting distributions are complex when incorporating boundary constraints.
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For clarity, our arguments are presented in the bivariate context. Note, however, that a
d-variate generalization is possible with obvious changes of notation and modification as-

sumptions. We mention that the popular multivariate Archimedean copulas

Co(ur, ..., ug) = ¢~ {p(w) + - + p(uq)}

can only admit positive dependence, so that as long as the independence copula belongs to
a given Archimedean family, 6y is on the boundary. Note, also that the proposed test of
independence is not omnibus but depends on the hypothesis that the dependence structure

belong to a certain family.

6 Appendix

First we give a technical Lemma which we will use to prove our results.

Lemma 6.1 Let F(-,-) be continuous and C(-,-) have continuous partial derivatives. As-

sume that 7 is a continuous function, with bounded variation on I. Then
/](u17u2) d (Cp(u1, uz) — Clug, uz)) = O (n_1/2(log logn)l/z) (a.s.). (6.1)
I

Proof of Lemma 6.1. Recall that the modified empirical copula C,(-,-), is slightly different
from the empirical copula C,(-,-), introduced by Deheuvels (1979a), and defined by

Cn(ul,uQ):Fn<F1_1(u1),F2_1(uz)) for (ur,uz) € (0,12, (6.2)

where F () and F,,'(-) denote the empirical quantile functions, associated with F,(z1) =

F, (z1,00) and Fy,(z2) = F, (00, 23), respectively, and defined by

FUt) :=inf{z € R| Fj,(z) > t}, j=1,2. (6.3)

jn

Here, F,,(-,-) denotes the joint empirical distribution function, associated with the sample
{( Xk, Xox); k=1,...,n}, defined by

1
Fn(l'l,:lj'g) = E Z]I{Xmﬁxl}]l{X%SM}’ —o0 < X1, Ty < Q. (64)
k=1

We know that C,(-,:) and C,(+,-) coincide on the grid {(i/n,j/n), 1 <i<j <n}. The

subtle difference lies in the fact that C, (-, -) is left-continuous with right-hand limits, whereas
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Cy(+,-) on the other hand is right continuous with left-hand limits. The difference between

C,(+,+) and C,(+,-), however, is small
a(2l)-a (S E)<2 69
n'n n n n
Using integration by parts, as in Fermanian et al. (2004a), we see that
Vit [ st ) d(Co = Cus,ua) = [ VACo = O)(ursuz) dytun )
I I
= [ V(G = € 1) dyfun )~ [ VACo — O)(1) dyn, o)
I I

sup |C,(u) — Cp(u)| £ max

uel 1<i,j<n

- Vi (Cp(uy, 1) = uy) dy(us, 1) — Vi(Cr(1, ug) — ug) dy(1, us).

[0,1] [0,1]

Hence,

‘ﬁ/fﬁ(ul,w)d(Cn—C>(ul,U2)<5\/Esup\0 - O)wl [l

From this and (6.5), applying Theorem 3.1 in Deheuvels (1979a), we obtain the following

result

/Ij(ul,UQ) d(Cy,, — C)(ur,u9) = O (n_1/2(log logn)l/z) (a.s.).
|

Proof of Theorem 2.1. (a) Under the assumption (C.1), a straightforward calculus yields
/%m QT, Uy, Ug) ngT(Ul,UQ) = O (66)
I

Under the assumptions (C.1), and by applying Proposition 2.2 in Genest et al. (1995), we

can see that, as n — oo,

/ (QT,Ul,Ug) dC (ul,u2 —)/ QT,Ul,UQ) ngT(Ul,UQ) 0 (67)

1

and

/%m(@T,ul,uQ) an(ul,UQ) — /g—;m(efp,ul,w) ngT(Ul,UQ) =—-= <0, (68)
1 1

almost surely. Now, for any § = 0 + vn~"/3, with |v| < 1, consider a Taylor expansion of
[ m(0,ur,us) dCy(ur, up) in 0 in a neighborhood of 7, using (C.1) part 2, one finds

n/m(@,ul,ug) dC,(uy, ug) — n/m(@T,ul,uQ) dC,,(uq,us) (6.9)
I I
2
— m/%/f%m(%,ul,uz) dC(uy, uz) +n1/32’2 /aGQm(HT,ul,UQ) dCy(uy,u9) + O(1) (a.s.),
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uniformly in v with |v| < 1. On the other hand, under condition (C.2), by Lemma 6.1, we

have
/%m(@T,ul,uQ)an(ul,ug) = O(n ?*(oglogn)*?) (a.s.).
I

Therefore, using (6.8) and (6.9), we obtain for any = 67 +vn~'/3 with |v| = 1,
n/m(ﬁ,ul,u2) dC,(uy, uz) — n/m(HT,ul,UQ) dC(uy, us)
I I
= O(nS(loglogn)¥?) — 27202 + O(1) (a.s.). (6.10)

Observe that the right-hand side vanishes when # = 6p, and that the left-hand side,
by (6.8), becomes negative for all n sufficiently large. Thus, by the continuity of 6 —
[ m(0,u1,uz) dC,(uy, us), it holds that as n — oo, with probability one,

0 — /m(@,ul,uQ) dC,,(uq, us)

reaches its maximum value at some point 6, in the interior of the interval B(fy,n=Y/3).

Therefore, the estimate gn satisfies

/%m@, w1, ug) dC (g, up) = 0 and | B, — O |= O(n~13). (6.11)
I

(b) Making use of the first part of Theorem 2.1, and once more, by a Taylor expansion of

/ %m(é\na Uy, u2) an(Ul, u2)a

1

with respect to HAn, in the neighborhood of 67, we obtain that

0= /I 2@ ur, uz) Aty uz) = /I 2 (O, ) dCh (1, o)

+ (6, — 6r) /%;m(QT,ul, us) dCy (uy, us) + o(n~1?).
I

Hence,

\/ﬁ(é\n - QT) = (— /[ 88—;2m(9T, Uy, UQ) dC’n(ul, UQ)) ) \/EWH(QT) + 0(1), (612)

where
Wn(QT) = /%m(QT,ul,uQ) dC’n(ul,uQ).
1
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Applying Proposition 3 page 362 in Tsukahara (2005), under assumptions (C.1) part 1 and

(C.3), as n — oo, we have
VW, (0r) % N (0,%2) . (6.13)

Finally, by combining (6.13) and (6.8) in connection with Slutsky’s Theorem, as n — oo,we

conclude that

(0, — 67) % N(0,52/=2). (6.14)
This completes the proof. [ |
Proof of Theorem 3.1. Assume that 07 = 6. From (6.12), using (6.8) and (6.13), we

obtain

Vi (8.~ 0r) = —lﬁwn(eT) +op(1). (6.15)
Expanding in Taylor series T,,(6y, ) L) in 8, around O, we get
T,.(60,6,,) = 2nW,,(67)(6,, — 07) — Sn(0, — 07)> + op(1). (6.16)
Now, use (6.15) combined with (6.16) to obtain
T,.(00,0,) = %an(HT)Q +on(1). (6.17)
By (6.13), as n — oo, we have
VAW, (07) L N (0,52) (6.18)

in distribution. When 67 = 6, under Assumption (C.4), we can see that 32 in (6.18) is equal
to 1/Z; see Proposition 2.2 in Genest et al. (1995). Combining this with (6.17) to conclude
that

T, -5\,
under the null hypothesis .77). [ |

Proof of Theorem 3.2. Rewrltlng =2 as

T, (0,0
(70 = sup /m (0, u1,uz) dCp(uy, us), (6.19)
2n 0cO,
and making use of a Taylor expansion of 29739”) with respect to @L, in a neighborhood of

Or, under (C.5) to obtain

(QOa

o /m Or, uy,us) dCp(uy, us) + op(n 1/2)
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Hence, one finds

v <% _ Xz(eo,gT)) - </Im(9T,u1,u2) dc,, — /Im(eT,ul,uz) dCeT)

—I—Op(l).

Finally, under condition (C.6), application once more of Proposition 3 page 362 in Tsukahara
(2005), concludes the proof. [
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