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EXPLICIT PARAMETRIX AND LOCAL LIMIT
THEOREMS FOR SOME DEGENERATE DIFFUSION
PROCESSES

By VALENTIN KONAKOV*, STEPHANE MENOZZI
AND STANISLAV MOLCHANOV

CEMI RAS, Moscow, Université Paris VII and University of North
Carolina at Charlotte

Abstract

For a class of degenerate diffusion processes of rank 2, i.e. when
only Poisson brackets of order one are needed to span the whole space,
we obtain a parametrix representation of Mc Kean-Singer [MS67]
type for the density. We therefrom derive an explicit Gaussian upper
bound and a partial lower bound that characterize the additional
singularity induced by the degeneracy.

This particular representation then allows to give a local limit the-
orem with the usual convergence rate for an associated Markov chain
approximation. The key point is that the "weak" degeneracy allows
to exploit the techniques first introduced in Konakov and Molchanov
[KM85] and then developed in [KMO0O] that rely on Gaussian approx-
imations.

Résumé

Pour une classe de processus de diffusion de rang deux, i.e. lorsque
seuls des crochets de Poisson d’ordre un permettent d’engendrer 'espa-
ce, nous obtenons une représentation parametrix de type Mc Mean-
Singer [MS67| de la densité. Nous en dérivons une borne supérieure
Gaussienne explicite et une borne inférieure partielle qui caractérisent
la singularité additionnelle induite par la dégénérescence.

Nous donnons ensuite un théoréme limite local pour une approx-
imation par chaine de Markov associée. Le point crucial est que la
faible dégénérescence permet d’exploiter les techniques initialement
introduites par Konakov and Molchanov [KM85| puis développées
dans [KMO0O0] et qui reposent sur des approximations Gaussiennes.

1. Introduction.
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1.1. Global overview. Let us consider in R?, d > 1 the Markov diffusion
process with generator

i,j€[1,d]? i€[1,d]

If the coefficients of L are smooth enough, say C'(R%), bounded, and the
diffusion matrix A(z) = (a;;(x)) is uniformly elliptic (VA € R? (AXA) €
[6,6 1] for an appropriate § > 0) then the associated process (X¢)¢>0 has a
transition density p(t, z, y) which is the fundamental solution of the parabolic
problem 9;p(.) = Lyp(.), p(0,z,y) = 0,(z). Of course, one also has dyp(.) =
Lyp(.), p(0,7,y) = dz(y).
Moreover, this density satisfies uniformly in ¢ €]0, 7] the following Gaus-
sian bounds
~1

[z —yl” M |z —y[?
S/ eXP(Mf <pltoy) < gpexp |~ |

where the constant M depends on T', d, the ellipticity constant and the norms
of the coefficients in C'(R?), see e.g. Aronson [Aro67] or Stroock [Str88].

The above estimations express the following physically obvious fact: if the
process starts from zo € R?, then for small ¢ > 0, in the neighborhood of
xg it is "almost Gaussian" with the "frozen" diffusion tensor A(xg) and the
drift b(xg).

The justification of this fact requires the solution of the perturbative inte-
gral equation for p(-) (so-called Parametriz equation), where the leading term
of the perturbation theory for p(-) is exactly the Gaussian kernel pgy(-) corre-
sponding to the "frozen" coefficients at xg. For details concerning Parametriz
equations we refer the reader to Mc Kean and Singer [MS67|, Friedman
[Fri64] or [KMS5].

If the matrix A(z) degenerates, but the coefficients a, b are still smooth,
the diffusion process (X;);>0 with generator L exists (one can use the Ito
calculus for the direct construction of the trajectories), but has generally
speaking no density.

k
Consider now generators of the form L = ZAZQ + Ao,k < d, where
i=1
(Ai)iefo,x) are first order operators (vector fields) on R? (or more gener-
ally on smooth manifolds) with C* coefficients. Sufficient conditions for the
existence of the density can be formulated in terms of the structure of the Lie
algebra of the vector fields on R?, with usual linear operations and the Pois-
son bracketing [., .]. Namely, if the vector fields Ay, ..., Ak, [A1; Am].m)efo,r]?>
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(A1, [Am, Anll(,m,n)e[0,4]35 -+ SPan R? then the density exists. This result is
due to Hormander |[Hor67|, see also Norris |[Nor86| for a Malliavin calculus
based probabilistic proof. Operators having the previous property are said
to be hypoelliptic. Also, in [H6r67], Hérmander stressed that the seed of the
idea of hypoellipticity goes back to Kolmogorov’s note [Kol34].

A. Kolmogorov made the following important observation. Let d = 2.
For the generator L = 382, + azd,, a # 0, the solution of the associ-
ated SDE writes (X;,Y;) = (2o + Wy, yo + a(zot + f[f Wds)), where W is
a standard one dimensional Brownian motion. Thus (X;,Y;) has two di-

mensional Gaussian distribution with mean (z,yo + azot) and covariance
t2
¢ et

matrix C' = . Note that the transition density for small £

2
at’  a’t?

has higher singulQarity 3than the usual heat kernel. In Hérmander’s form
L = %A% + Ao, A1 = 0,,A0 = axdy so that [A;, Ag] = ady and thus,
Ay, [A1, Ag] have together rank 2.

In this paper, using a parametrix approach derived from the work of McK-
ean and Singer [MS67]|, we are able to derive a Gaussian upper bound, and a
"partial" lower bound with the two previous time scales, and an associated
local limit theorem in the following case.

1.2. Statement of the problem. We consider R? x R%-valued diffusion pro-
cesses that follow the dynamics

t t
X, :m—l—/ b(X,,Y)ds + / (X, Yy)dW,,
(1.1) 0 Jo

Yt=y+/Xsds,
JO

where (W});>¢ is a standard d-dimensional Brownian motion defined on some
filtered probability space (2, F, (F¢)i>0, P) satisfying the usual assumptions.
We assume that o is uniformly elliptic and that b, o are C', bounded, Lip-
schitz continuous functions so that there exists a unique strong solution to
(1.1).

Such kind of processes appear in various applicative fields. For instance
in mathematical finance, when dealing with Asian options, X represents the
dynamics of the underlying asset and its integral Y is involved in the option
Pay-off. Typically, the price of such options write E, [)(X7, T~ 'Yr)], where
for the put (resp. call) option the function ¢ (z,y) = (x—y)* (resp. (y—x)™),
see [BPVO01] and [Tem01].

The cross dependence of the dynamics of X in Y is also important when
handling kinematic models or Hamiltonian systems. For a given Hamilton
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function of the form H(z,y) = V(y)+ @, where V' is a potential and @ the
kinetic energy of a particle with unit mass, the associated stochastic Hamil-
tonian system would correspond to b(X,,Ys) = —(9,V(Ys) + F(X;, Ys) X)
in (1.1), where F'is a friction term. When F' > ( natural questions arise con-
cerning the asymptotic behavior of (X;,Y;), for instance the geometric con-
vergence to equilibrium for the Langevin equation is discussed in Mattingly
and Stuart [MS04], numerical approximations of the invariant measures in
Talay [Tal02|, the case of high degree potential V' is investigated in Hérau
and Nier [HNO4]. Under the previous boundedness assumption on b, equa-
tion (1.1) describes frictionless Hamiltonian systems with "almost linear"
potential.

Importantly, the two time-scales coming from Kolmogorov’s example, and
that we obtain for the density associated to (1.1), can be exploited to in-
vestigate small time asymptotics of the previous models. For instance, for
the Asian option, a normalization is required in the pay-off to make both
quantities scale-homogeneous.

As mentioned above, equation (1.1) provides one of the simplest forms
of degenerated processes and the previous assumptions guarantee that Hor-
mander’s theorem is satisfied taking only the first Poisson brackets between
the vector fields associated to the drift and the diffusive part in (1.1). In
a more general hypoelliptic setting, let us mention the work of Cattiaux
[Cat90, Cat91] whose assumptions include the case (1.1), but who obtains
less explicit controls, see his Proposition (1.12). Under the "strong" Horman-
der condition that involves the Poisson brackets of the diffusive part of the
process, small time asymptotics of the density are discussed in Ben Arous
|[Ben88| or Ben Arous and Léandre |[BLI1|. Eventually, in whole generality
two-sided bounds for the density of degenerate diffusions are investigated in
Kusuoka and Stroock [KS87|. All these work strongly rely on Malliavin cal-
culus techniques. We want to stress that the parametrix approach is not very
well suited to study general degenerate processes. Anyhow, the counterpart
is that it gives by construction more explicit controls. In the non-degenerate
case, for a-Hdélder continuous coefficients, it directly gives two-sided Gaus-
sian estimates. The lower bound on the diagonal in small time derives from
the series representation and the global lower bound is obtained thanks to a
chaining argument as in [KS87|. Here, we still derive a lower bound in small
time from the series, but do not succeed to do a chaining argument

Also, our controls remain valid if the coefficients in (1.1) are uniformly
a-Holder continuous, a case for which Héormander’s Theorem breaks down,
see Section 3 Remark 3.1 for details.

A natural question then concerns the Markov chain approximation of
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(1.1). For non degenerated processes this aspect has been widely studied,
see e.g. [KMOO| for local limit theorems. In [BT96|, using Malliavin calculus
techniques, Bally and Talay obtain an expansion at order one w.r.t. the time
step for the difference of the densities of the diffusion and a perturbed Euler
scheme, i.e. the stochastic integrals are approximated by Gaussian variables
and an artificial viscosity is added to ensure the discrete scheme has a den-
sity. This rate corresponds to the usual "weak error" bound. Since we follow
the local limit theorem approach we can handle a wider class of random
variables in the approximation but obtain a rate of order 1/2 w.r.t the time
step. Of course, plugging Gaussian random variables in our approximation
yields to rate h as in [BT96].

Importantly, as opposed to [BT96|, we do not need to introduce an ar-
tificial viscosity to ensure the existence of the density for the underlying
degenerate Markov chain. We develop analogously to the continuous case a
parametrix approach to express the density of the Markov chain in term
of the density of an auxiliary frozen random walk. The random walk is
degenerated as well, but has a density after a sufficient number of time
steps, see Subsection 4.4 for details. The local limit theorem is then derived
from an accurate comparison of the parametrix expansions of the densi-
ties of the process and the chain. To motivate this result we can consider
the case of the approximation of a "digital Asian call" i.e. of the quantity
P(T 'Yy — X7)T > K] for a given K € R*. Indeed, the local limit theorem
associated to our scheme directly relates the densities of the discrete and
continuous objects which is not the case if we only consider a discretization
of the non degenerate component and a numerical estimation of the integral,
since in that case the approximating couple can fail to have a density.

The paper is organized as follows. In Section 1.3, we give our assumptions
and fix some notations. Then, since the form of the Markov chain approxi-
mation strongly relies on the proof of our results for the diffusion we choose
to divide this paper into two parts. Sections 2 and 3 deal with the results
for the diffusion and their proofs. Section 4 is dedicated to the Markov chain
approximation of (1.1), the associated convergence results and the key points
of the proofs. The complete proof of the local limit Theorem can be found
in the Appendix.

1.3. Assumptions and Notations. We suppose that the coefficients of
equation (1.1) satisfy the following assumptions.

(UE) I(Amin; Amax) € (0,00)2, Vz € RY V(z,y) € R Anlz]? <
(a(z,y)2,2) < Amax|2|?, denoting a(x,y) = 0o*(x,y). From now on we sup-
pose that o is the unique symmetric matrix s.t. oo = a. We are interested
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in the density of the process and its approximation at a given time. Hence,
from the uniqueness in law, the previous assumption can be made without
loss of generality.

(B) The coefficients b, o in (1.1) are C', uniformly Lipschitz continuous
and bounded.

Throughout the paper we consider the running diffusion (1.1) up to a
fixed final time T > 0. We denote by C' a generic positive constant that
may change from line to line and only depends on 7', and the parameters
appearing in (UE), (B). We reserve the notation ¢ for constants that only
depend on parameters from (UE), (B). Other possible dependencies are
explicitly indicated.

2. Explicit parametrix and associated controls for the density
of the diffusion. The previous assumptions guarantee that Hérmander’s
Theorem, see e.g. Nualart [Nua98|, holds true, and therefore that V¢ >
0, (X¢,Y;) has a density w.r.t. the Lebesgue measure. Introduce the vec-
tor fields in R??

b1($,y) Ulj(xuy)

by(z, ) ogi(z,
AoGe,y) = | MO i€ T Ay = | P8

Td 0
(2.1)

One directly derives the following
Proposition 2.1 For all (z,y) € R??,

Spa’n(Al (LU, y)a =0y Ad(xu y)7 [AO(*Tay)u Al(xay)]a ey [AU (*Tay)u Ad(.’E,y)]) = RQdu
where ¥(i,j) € [0,d]?, [Ai,Aj] = A;VA; — A;VA; denotes the Poisson

bracket.

Fix T > 0and 0 < t < T, (z,y) € R*®. Since, we now know that
(X:,Y;) has a transition density, i.e. P[X; € dz',Y; € dy'| Xy = z,Yy =
y] = p(t, (z,y), (¢',y'))dz'dy’, our aim is to develop a parametrix for (1.1) to
obtain an explicit representation of this density.

Recall that we consider the following SDE

(2.2)

dXs = b(Xs,Ys)dt + o(Xs, Ys)dWs, Xg =z,
dYs = Xyds, Yy =y.
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For the parametrix development we need to introduce a "frozen" diffusion
process, (X, Ys)gejo,g below. Namely for all (z',y') € R?? define

23) dX'Y = oz y — o' (t — $))dW, + b(a', o )ds, Xb7 Y = g,
’ d?'st,z’,y' — Xﬁ,x’,y’ds’ Y/Ut,x’,y’ =y.

The key point is that the above process is gaussian. The arguments in the
second variable of the diffusion coefficient can seem awkward at first sight,
it includes the transport of the frozen point z’ with a time reversal. This
particular choice is actually imposed by the natural metric of the frozen
process, see Proposition 3.1, in order to allow the comparison of the singular
parts of the generators.

The processes (X, Yy) and (X5 YE2'¥') s € [0,], have the following
generators: V(z,y) € R2?, + € C%(R??),

i) = (5T (ale.)D20) + (6w 0), Vo) + (0,93) ) 2.9),
LYY yp(z,y) = <%Tr (a (2, y" — 2" (t — s)) Dii/}) + (b (', y") Vu1b)

(2.4) +<x,vyw>) (£.1).

From these operators we define for 0 < t < T, ((z,v), (z',9')) € (R?*?)? the
kernel H by

H(ta (xay)a (.’IJ’, yl)) = (L o L)ﬁ(ta ('Ta y)a (xlay,))a
~ ] = Tty .
where p(ta ('Tay)a ('7 )) = ﬁt’w Y (ta (may)al('al'))Nv ll—’ /:: LOI Y respectively
stand for the density of the process (Xf’z Y ,Y;t’m ¥) and the generator of
(XL Yst’xl’yl)se[[]’t] at time 0. We omit to explicitly emphasize the depen-

dence in ¢, 2,y for notational convenience.

Remark 2.1 Note carefully that in the above kernel, because of the linear
structure of the model the most singular terms, i.e. those involving derivatives
w.r.t. y, vanish.

The next proposition gives the expression of the density p in terms of an
infinite sum involving iterated convolutions of the density p with the kernel
H. Namely,

Proposition 2.2 (Parametrix expansion for (2.2))
For all 0 < 1 < T, ((z,1), (&',4)) € (R)?,

+o0o

(2.5) p(t, (,9), (2',y) = > _p@ HI(, (2,9), (+',y")),
r=0
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where

£ ®g(t. (.). (o /du/ f (. (2. ), (2.0)
gt —u, (z,0), (2", y))dzdv,

p@HO® =5 and H") = H® H(’”’I), r > 0 denotes the r—fold convolution
of the kernel H.

The previous Proposition is a direct consequence of the usual parametrix
recurrence relations. For the sake of completeness we provide its proof in
Section 3.

Now, since for 0 < ¢t < T (XS,}N/S)SE[OJ}, is a Gaussian process, p and its
derivatives are well controlled. The previous expression is the starting point
to derive the following

Theorem 2.1 (Gaussian bounds)
There exist constants ¢,C > 0 s.t. for all 0 < t < T, ((z,y), (z',y")) €
(R?4)2 one has:

p(t, (z.y), (2", y") < CD(t, (z,y), (2", y))

(2.6)
where
1y (atat]?
pe(t, (z,y), (2',y)) == '3/ xexp | —c hTI —af* +3 yoy 2 ‘ -I
I (27t2)d { 4t t3 J

enjoys the semigroup property, i.e. VO < s <t < T,

» dwdzpe(s, (z,y), (w, 2))pe(t — s, (w, 2), (z',y")) = pe(t, (z,9), (z', 9)).
Also, for a given Cy > 0, 3tg = tg(Co,c,C) s.t. for t < tg, [% +

‘yliyi (I'F‘Il)tP A
3157?2] < CUa p(ta ('Ta y)a (xlay,)) >C 1pc*1(t7 (x’ y)7 (x/’ yl))
Remark 2.2 The lower bound, obtained in small time and compact sets,
derives from the parametriz representation of Proposition 2.2 and the upper
Gaussian control. It remains an open problem to find a well suited chaining
argument to derive a global lower bound for this degenerate case.

Remark 2.3 Note that the above result would remain valid if we replaced
the dynamics of Yy in (1.1) by Y3 = y + fo s)ds for a C*t o > 0,
Lipschitz continuous mapping F : R? — R? s.t. VFVF 15 non degenerated,
i.e. 3o, V(& x) € RIXRE (VEVE*(2)€,€)| > colé|?. Indeed, in such a case,
(Xs, Ys)sepo,r) = (F(Xs), Ys)sepo,1) follows a dynamics of type (1.1).
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3. Proof of the main results: diffusion process.

3.1. Proof of Proposition 2.2: parametriz expansion. Following Cattiaux
[Cat90] and Lemma 3.1 one derives that p,p have continous densities with
bounded derivatives. Hence, from the forward and backward Kolmogorov
equations associated to (X,Y), ()Z', }7') and denoting by L* the adjoint of L,
we have

p(t; (z,y), (2" 4") = B(t, (z,9), (",9)))

b0
= du— dwdzp(u, ('Ta y)a (11), Z))ﬁ(t —u, (11), Z)a (mla y,))
Jo  Ou Jred

t
- / du dwdz {81?(“’ (2, y), (w, Z))ﬁ(t —u, (w, 2), (2", y"))
Jo JR2d ou

—i—p(u, (:r,y), (UJ, z)) X 8ﬁ(t ) (11), Z)a (.’IJ’, yl))}

ou

= /Ut du o dwdz [L*p(u, (z,y), (w, 2))p(t — u, (w, z), (z',y'))
Bty (. 2), (05 (2, ), (0, )]

= /0 du R2d dwdzp(“v (LC, y)7 (w7 Z))(L - f’)ﬁ(t —u, (w7 z)7 ('Tlu yl))

=p @ H(t, (,y), («",y").

A simple iteration completes the proof. O
3.2. Proof of Theorem 2.1.

3.2.1. Proof of the upper bound. The proof is divided into two parts. First
an elementary control on the density of ()Z', }~/) is stated in Lemma 3.1. Then,
this control is used to control the kernel H and the convolutions.

Step 1: Gaussian controls for (X,Y).

Lemma 3.1 There exist constants ¢ > 0,C > 0, s.t. for all multi-index «,
o] <3,V0<u<t<T,V(w,z),(z,y) € R

‘d3d/2

(g T4 < _ —lal/2 (*_

05w (1.2). (') < O )

B ' — w|? Y —z— L@ +w)(t—u)? )
xexp( 0[4(15_“)—1—3 (=)

= Ot —u) "% pelt =, (w,2), (2, 9)),
ﬁ(t - u, (w7 Z)u (xlvy’)) > 20711/7\0*1(75 - u, (w7 z)7 ('Tlu yl))u
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where P 15 as in Theorem 2.1 and enjoys the semi-group property.

The proof is postponed to Section 3.2.2.

Step 2: Control of the kernel. Recall that under (B), the coefficients
a, b are uniformly Lipschitz continuous. Hence, it is easy to get from Lemma
3.1 and the previous definition of H that, up to a modification of ¢ > 0 in
De, that 3C7 > 0,Vu € [0,1),

(3.1) |H (t — u, (w, 2), (', y")| < \/tol_uﬁc(t—u,(w,z),(x',y')).

Lemma 3.1 also yields that 3Cy > 0, Yu € (0,t], p(u,(z,y), (w,z)) <
Cope(u, (z,y), (w,z)). Setting C := C; V Oy, we finally obtain

PR H(t, (,y), («'.y))]|

t
< [au [ B (), (w,2)) [ (,2), (0, y')| dudz,
0 R?d

t 1
< / du CQﬁc(ua (LU, y)7 (w7 Z))iﬁc(t - u, (UJ, Z), ('Tla y,))dwdz
0 R2d Vt—u

< C*'?B(1, %)ﬁc(t, (z,y), (=", y")),

using the semigroup property of p. in the last inequality and where B(m,n) =
fol duu™ (1 — u)" ! denotes the S-function. By induction in r,

31 11

p o HO (@, (z,y), (+/, M<OHWﬂM1§m§§xmxBU§,y

(32) xPals (2,), (&',5)), 7 € N°.
This implies that the series representing the density p(t, (z,v), (z',y))

p(t, (z,y), ZP®H ), (2" y))

is absolutely convergent and the followmg estimate holds

p(t, (z.y), (2" y"))| < Cpe(t, (z,y), (",9))).
0

Remark 3.1 Note carefully that the above series still converges if the coef-
ficients b, o are only uniformly a-Hélder continuous. In such case Hérman-
der’s theorem does not hold, but one can show by standard techniques, see
e.g. Baldi [Bal78], that p(t,(z,y). (...)) == >.p @ HO(t, (z,y),(...)) is a

reN
probability density and derive with a Dynkin like argument, see e.q. Theo-

rem 2.8 in [Dyn63/, that it corresponds to the density of the weak solution of
(1.1).
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3.2.2. Proof of the partial lower bound. From the previous proof and the
gaussian nature of (X;,Y;), see Lemma 3.1, one gets

p(t, (z.y), (=, y")) plt, ( y), (@', y)) — Ct'Ppe(t, (,y), («',y)))
20 P (b, (w,9), (+',9) — CHPpo(t, (2,y), (o', y)
O™ D1 (t, (2,y), (2", y))

' —x|? ly' —y— % (2’ +a)t|?
‘ 4t‘ +3 2t3

AVARAVARIV]

for < Cp and t small enough.

3.2.3. Proof of the technical Lemmas.

Proof of Lemma 3.1. We prove the statement for |a| = 0, i.e. without
derivation. Indeed, since our computations only involve a finite number of
derivations that introduce some polynomials in front of the exponential, the
general bound can be derived similarly and the result holds taking the worst
constants. Also, with respect to the statement of the lemma, we suppose
w.l.o.g. u = 0 for notational convenience. We get from (2.3) with z = w, y =
z that for all 0 < ¢t < T,

Y, = {z—l—wt—l—b(m',y') g} + /Ut{/ova(m',y'm'(ts))dWs}dv
= may + Ay,
A = /t(ts)g(m"y/m'(ts))dWs — /t(ts)5des,
63 N

using Ito’s formula for the last equality. Setting Vs € [0,t], @s = 62, recall
from (UE) that &, is symmetric, we finally obtain that the covariance matrix
% of the vector (Xy,Y;) is equal to

5, — ( JEa,ds St — s)agds )

St = s)agds [t — s)2a.ds

Note from (UE) that: 3¢ > 0, Vs € [0,T], V& € R, (G, &) > c[€]?. Hence,
by the Cauchy Schwarz inequality

tI; L1
VZ € R (%07, Z) > ¢/2(Ci2,2), Cri= | % A,
1y Ll

where C} is actually the covariance matrix of a d-dimensional standard Brow-
nian motion and its integral.
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The mean vector of ()Z't,f/t) is equal to (my4,may), with mi; = w +

Y

b(z',y')t and my, as in (3.3). Note that C; = T AT*, where

I, i1, tly 0
T = 2 = .
(60 )= (% 2

I, —Ltg t I 0 I 0
1 _ (=1 =11 _ d 2°d d .
Hence, C, (T*) AT ( 0 I, ) ( 0 126731, ) ( *%Id Iy ) -

Now,VZ<szd,5:::—-<2;1z;z> < —¢/2{A(T~12),T~1Z). In particular,

for Z = (Z1,25),Z1 =2’ — (w+b(z',y')t), Zo =y — (2 + wt + b(m',y')%),
r 1o
we get T 17 = Q,E v lb(? Yt . We therefore derive
Yy —z— 5@ +w)t
6 1
£ < —i\:r' —w — bz’ y)t]* - t—g\y' —z— i(x' + w)t)?.

From (B) (boundedness of b), we derive that there exist ¢, C > 0 s.t.
y —z—g(w+ x')t)Q]

2 —w? ]
£E<C-— 3
= ¢ [ FTRERER 3

Eventually

_ Ccd3/? ' — w|? ly — 2 — L(w + 2)t)|?
p(t, (w,2), (z',y)) < 2y exp [ —c¢ g 3 2t3

= Cﬁc(tu (w7 z)7 ('Tlu y,))

Note from [Kol34| that p. enjoys the semigroup property. This gives the
statement for || = 0. The lower bound is derived similarly from the control
VZ € R (3,7, 7) < S(CyZ, Z) achieved for ¢ small enough. O

4. Markov Chain approximation and associated convergence re-
sults.

4.1. Global strategy. Let us recall the strategy to derive a local limit the-
orem for the Markov chain approximation associated to a diffusion process.
Suppose the underlying diffusion has a density with parametrix representa-
tion as in Proposition 2.2. If the "natural" Markov chain associated to the
diffusion has a density, the main idea is to introduce a Markov chain with
frozen coefficients that also has a density so that the density of the Markov
chain can be written in parametrix form as well with a suitable discrete
kernel.

The next step consists in comparing these two parametrix representations.
To this end, two key steps are needed:
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1. The comparison of the densities of the frozen Markov chain and frozen
diffusion process.
2. The comparison of the kernels.

The first step relies on Edgeworth like expansions, see e.g. Bhattacharya and
Rao |BRT76], the second one on careful Taylor like expansions.

The local limit Theorem is then derived by controlling the iterated con-
volutions of differences of the kernels. This procedure has been applied suc-
cessfully in [KMOO| to derive a local limit theorem for the Markov chain
approximation of uniformly elliptic diffusions with bounded coefficients.

In our current framework new difficulties arise. First of all it is not obvious
to derive that a "natural" Markov chain associated to (1.1) has a density.
To guarantee such an existence a common trick in the literature consists
in adding an artificial viscosity term in the discretization scheme, see e.g.
[BT96]. Our strategy is here different. Namely, we manage to obtain a den-
sity for the natural frozen Markov chain deriving from (2.3) after a sufficient
number of time steps. We therefore consider a "macro scale" frozen model
corresponding to this number of time steps. We then obtain a good com-
parison between the densities of the "aggregated" chain at macro scale and
the frozen diffusion process. This first step gives the structure of the random
variables involved in the approximation in order to have the comparison of
the densities. These variables have a density. From these variables, we then
derive the Markov chain dynamics by letting the coefficients vary at macro
scale.

A second difficulty is that the second component in (1.1) is unbounded.
This yields to handle a supplementary term w.r.t. the analysis carried out
in [KMO00| and to a slightly different version of the local limit theorem. In
the sequel we first give the dynamics of the Markov chains at macro scale
and state the local limit Theorem (Subsection 4.2). We give the Lemma for
the comparison of the densities (Subsection 4.3) and prove the existence of
the density for the aggregated "frozen" Markov chain (Subsection 4.4). The
whole proof of the local limit Theorem is carried out in the appendix.

4.2. Models and results. Now, fix T > 0, N € N* and let h = T/Z\Nf be
the "micro" time discretization step. Let n € N* be large enough so that the
natural "frozen" chain associated to (2.3) has a density, see Proposition 4.2,
and define the "macro" scale time step h = nh and set N = N/n € N* the
total number of "macro" time steps over [0, 7).

For all i € [0, N] set ¢; := ih. For any (z,y) € R??, we define on the time
grid {0, ..., ¢x } an R?¢ valued Markov chain (Zzl)ie[U,N]] = (X, Y;:?)*)ie[(],N]]

i
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whose dynamics is given by

Zy = (xz,y)*, and Vi € [0,N — 1],
Xt = X! +b(ZMh+o(Z)Vhnl,,
gt
Vi = Yo+ (Xi+ S0(ZDh + o (Zi) Vi )h,

(4.1)

where 7, := (1+ %) The variables (9;);c(0,n] = (n},n?)ie(U’Nﬂ are i.i.d. cen-
tered 2d-dimensional random variables. The density g, (n1,n2) of 9; satisfies
o N Lixa ¥ laxd
(Al) E[ﬁl] = 0, and COU(’l?z) - ( %'}’nldxd %'}’n(l + %)Idxd
(A2) There exist a positive integer S’ and a function 1 : R?? — R with
sup,ecg2d P(u) < oo and [ lul|® ¢ (u)du < oo for § = 4dS' + 4 such that

[ Dyyan ()] < (u)

for all |v| € [0,4]. The main result of the section, i.e. Theorem 4.1, is stated
in terms of S’

We finally need a "frozen" time inhomogeneous Markov chain. For (z,y), (z',y') €
R? | j € (0, N]* we define (Z]');eq057 = (X[, Y")*)ieo,51 by

Zé‘ = (z,y)", and Vi € [0,j — 1],
)?ZH = )N(Z + bz, y"Vh+ o'y — 2 (t; — ti))\/ﬁﬁil“,
17;’;1 = fft? + {X'g + ’Y2—nb(m',y')h +o(z',y — 2'(t; — tl))\/Eﬁfﬂ} h.
(4.2)

The ii.d. variables (7], 7; );c(0,j] have density g,(.).

Remark 4.1 Note that the models introduced in (4.1) and (4.2) can seem
awkward at first sight. They actually derive from computations that yield the
existence of the density for the natural frozen Markov chain associated to
(2.3) after n. "micro"” time steps h, i.e at the "macro" level with time step h.
This 1s developed in Subsection 4.4.

From now on, pi (¢, (w,9), (-,-)) and ¥ (¢, (2.), () 1= Bty (2.9).
(+,+)) denote the transition densities between times 0 and t;; < #; of the
Markov chain (4.1) and "frozen" Markov chain (4.2) respectively. Introducing
a discrete "analogue" to the generators we derive from the Markov property

a relation similar to (2.5) between p, and py,.
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For a sufficiently smooth function f, define L, and Ly, by
th(tja (may)a (mla y,)) =
W] [ i ), (00D B 0,0), o',y dudo

— flt— by (), (mty'))} ,

Luf(tj, (@), (' y)) =
Bl V;bi,jm’,y'(h, (), (u,0)F (£ — h, (u,0), (2, y'))dudv

A R ) @)

Note that because of technical reasons, there is a shift in time in the above
definitions, i.e. the time is £; — h, instead of the "expected" ¢;, in the right
hand side of the previous equations.

A discrete analogue Hy, of the kernel H is defined as

Hh(tj7 (*Tay)u (xluy’)) = (Lh - Eh)ﬁh(tju (*Tay)u (xluy’))u 0< .7 < N.

From the previous definition
Hy(tj, (,y), (', y) = " x
~tj, I’ ! ~t;, I: !
[ lon =5 ] b o ) 8 = B (w0, (&) dud

Analogously to Lemma 3.6 in [KMO00] we obtain the following result.

Proposition 4.1 (Parametrix for Markov chain) .

Assume (UE), (B) are in force. Then, for 0 <t; <T,
J

(43) el (@), @9) = Y (Bw@n H) (1, (.9), (2, y),
r=0

where the discrete time convolution type operator ®y, is defined by

(g A f)(tj7 ('Ta y)’ ('rl;la yl))

j—1
= 3" h [ gt @) ()1 i (o), (0, dudo,
=0

Dn O H,(lo) = pp and H,(lr) = Hj ®, H,(lrfl) denotes the r-fold discrete con-
volution of the kernel Hy,. W.r.t. the above definition, we use the convention
that i &n H) (0, (2,9), (+',3/)) = 0,7 > 1.
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Now (4.3) and (2.5) have the same form. Comparing these two expressions
we obtain the following local limit Theorem.

Theorem 4.1 (Local limit Theorem for the densities) .
Assume (UE), (B), (A-1), (A-2) hold true. Then, 3¢ > 0,

sup (L+ 2" + |z[) sup pe(T(1 +9), (2,y), (+',4))
(), (2’ y' ) ER2 6€[0,1]

- (5]
*|pn(T (2.). (', y") — (T, (2,9). (" y")| = O(h'?),

where p. is as in Theorem 2.1, pyp denotes the density of the Markov chain
(4.1) and ¥(p,u,v) € RT x R

N |
Xo(t:0) = p~ " x(u/p,0/p*), x(uv) = (1+ (a2 + o)) .
Note from the above result that the bigger is S’, the better is the control on
the tails.
4.3. Comparison of the discrete and continuous frozen densities. The
first step for the error analysis is achieved with the following

Lemma 4.1 There exists C > 0, s.t. for all j € (0,N], p* :=t;,

o B z+
|(Bn = )t (3,9), (2, ") S CR'P2p G, (a" — ) —y — =9,

(4.4)

where (y(u,v) = p~*%¢(u/p,v/p%),¢(u,v) =
troduced in (A2).

Proof. Iterating (4.2) from 0 till ¢; we get

1 . .
N EREICETER S being in-

- 1 4=t

h ~
X; = z+b(, y )P+ p{ﬁg 00'(-77/, y' — ' (0® = tk) s }
vh 2 /04 I 1

14~ L, 1
+p’ {ng(l”ay/ —a(p? tk))”l%+1;
k=0 :

1 _ k+1
(4.5) + ‘ng(mlayl — ' (p* = 1))l <1 - T) }
k=0 :



PARAMETRIX FOR SOME DEGENERATE PROCESSES 17

Introduce
T+ b2,y ) p? m} 1
m; = 2 (p4 y?P, = b =1+ —,
y+zp” + 502,y ), mj nj
and
j—1
{7 o’y = a'(0® = t)7lg g1 }
k=0
j—1
0, = iy o'y =2 (0® = )74
k=0 .
j—1
_ k+
45> olay o )ik (1 —.)}
k=0

The dynamics of (4.2) thus writes

X Plaxd  Odxd
v — e @ .
( Y ) i ( Oaxa  P*laxa ) 7
Setting Vs € [0, p?], ¢(s) := inf{t; :=ih : t; < s < t;1},as = o2(z', 9 —
#'(p? — 5)) we get V; := Cov(0;) =
T b o~ j
o Jo” dsags) % Jo' dsiig(s) F " ((s))
TR j b~ j
B Jo’ dstg FU(8()) 5 o dstigg 3 (9(5)
; ; 2
where F{™(¢(s)) := [%" + (1 — (¢(s) + W) FP" (8(s)) 1= 25~ (1+ g) +
h(t; — (6(s) +h)) + (t; — ((s) + h))?].
Thus, for A small enough, the covariance matrix Vj; is uniformly invertible

w.r.t. the parameters n, j, € N*. Denoting by g¢,, the density of the normalized
sum Vj71/2®j we derive

z'—m!
_ 1 ~1/2 :
ti, (x z,y) = ——— n ; P .
ph( ],(’I‘,y),(’l’ s Y )) p4ddet(v.1/2)g (‘/J ( yfm;‘? ))

J

Applying the Edgeworth expansion for g,, (the key tool is the normal approx-
imation of Bhattacharya and Rao, Theorem 19.3 in [BR76]) and exploiting
arguments similar to those of the proof of Lemma 3.1, we obtain

' —ml
. by 1 -1/2 ’
(), (z,y), (2", y")) p4ddet(Vj1/2)gG (VJ 2

3

<

hs)

x4+
5 )

(4.6) <Ch'Pp (2 — 2y —y —
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where gg stands for the standard 2d dimensional Gaussian density. To con-
clude the proof, recall from the proof of Lemma 3.1 that

' —ml,

N 1 —1/2 C.j
. Y'Y= ——— ) p

p(tju(xay)u(ff 7y)) p4ddet(cjl/2)gG (C] ( ylfnL:QO,j

(4.7)

4+ b ' 2 ,1 )
where m¢ ; = ) ( p,_4y )p, N ] = mgj ,and Cj =
y+zp®+ Qb(mvy) me.j

( %fgj dsa, t2 fO dsas(t; — s) )

t o~
%foj dsas(t; — s) t3 foj dsas(t; — s)?

The result eventually follows from (4.6), (4.7) and standard computations
involving the mean value theorem. O

4.4. FEuxzistence of the density for the aggregated frozen process. Let hg > 0
be a given fixed time step. For i € N set ; := ihg. le (#',y') € R? ¢t > 0.
We consider the frozen model defined by Xh0 =, Y ho = y and for all 1 €N,

X0 = X040y o + o2y - ta')Vhobis,
vh v h v h
}/tiil = Y;fio X, i1h0
(4.8) = ?}?0 + thZ_O + h%b(m', y') + hg/Qa(:v', y — tx')gzqu,

where (&);en- are i.i.d., centered with identity covariance. The aim of this
section is to show that for ¢ large enough ()Z'ZO,?JJO) admits a density. We
refer the reader to the work of Yurinski |[Yur72| or Molchanov and Varchenko
[MV77] for related topics.

iy X/ =g L
Conditionally to ( ?tﬁo T* ) and iterating the frozen model we get
ti =Y

Xpo = a7 + (nho)b(a', ')+a(w' y' - o't) /bt

(49) V[0 =y + (nho)z” + 2+ (nho)*b(a’,y') + (nho)**o (', y' = 2't)E]5).

where we recall v, = (1 + %) and

5,173 = (£2+1 + £z+2 + ...+ El+n) ;

i-3i-

(fzﬂ F( D+ (1 —)mn) .
n
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We have
(1-2-12 4 412 2?2 4+3n+1 1 1
V A ~(2 = n — — — 1 _
(17“(521 ) n 6712 3771( + 271)’
Cov(é’n),é’g) = n ” = 5= ?n

*
Hence, the covariance matrix of the 2d dimensional vector (5’172,5’273) is
non-degenerate for n > 2.
%
Estimating the characteristic function ¢, (71, 72) of the vector (52, 5271))

m

R?? we derive the following

Proposition 4.2 Let ¢(7) := E [exp (2(51,7)” . 7 € R? denote the char-

acteristic function of the (&)ien-. If for all multi index B8, |B] = S +2d + 1,
|IDBG()| < C(1 + |7**F24+ =1 then for n large enough and for all multi
index «, |a| < 4, one has

S+2d+1
/ |(71,7'2)|‘a‘|D Tt g (11, o) |dTdTy < .
R4 x R4
In particular, by Fourier inversion the density

(4.10) fn(bh,09) = %/exp(_i«gl;eﬂ*u(7'177'2)*>)‘Pn(7'177'2)d7'1d7'2

(2m)
exists and there exists C s.t. for all multi index v, |v| < 4,

y C
DY fn(01,02)] < T (6, 6) 521 = 1, (01,02).

Proof. Write

n—1 ]
. 1 . 2 T+ (1 =)
on(T1,72) = E[GXP {'L<Tlag§,n)> + <72,5n)>}] = H ¢ (Tn .
j=0 "
(4.11)
We partition the space R?? into the following disjoint sets
1
Ag = {(Tl,TQ)ER2d2|Tl|Z(1—E)7'2|},
1+ 1

>
[

{(71,72) e (1- Ty < - %) m} Gdeln—2]

b
7
i

1
{(71,72) € R* . |71] < m |TQ}.
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If (71, 72) € Ag then for i € [2,n — 2]

= (Inl - (1= 2)n)

m+ (1 - %)Tg

1
vn B T . .
> = (0=Pn - 0=Dml) = =
and similarly # > ﬁlﬁ |71]. Hence,
(4.12) T+ (1 - %)7'2 s > (i — 1)2d+1 ‘(71’72)|2d+1‘
NG 2n3d+3/2

If (11,72) € Aj- for some i*, i* € [1,n —2] and ! € [2,n — 1 —4*] then
elementary computations yield similarly

. d

n 4 (1 S P )2 2431
(4.13) NG Top3d+3/2 (1, 72) [
and for [ € [1,7* — 1]

x 2d+1

1+ (1 - Ehr [2d+1

(4.14) l )™ > — ()2
NG O 3d-+3/2

If (11,72) € Ap—1 then for i € [1,n — 1]

1 i+ 12! 2d+1
s (1) )

; d
Tl'l‘(].*%)TQ 21

NG

Use now the growth assumption on ¢ and the inequality 1 + Zjvzl pj <
Hévzl(l + p;) where p; > 0, to derive from (4.11)

(4.15)

b (1= —) cn
|‘Pn(7'177'2)‘ = ( ) < )
1;[ N w1 (1 |mr0-tm 2d+1
T L Y
Cn
< 2d+1°
1+ _ 7’1+(1*L) T2
N

Now equations (4.12), (4.13), (4.14), (4.15) yield that there exists n large
enough s.t.

C(n)
L+ (71, 72)]

|(Pn(7—177'2)‘ S 2d+1°
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where C'(n) — +o00. Anyhow, for such a fixed n, one has ¢, € L'(R?¢) which
n
implies the existence of the density f,, of the vectors (E“) 12)) € R??_ The

i,n Sin
properties concerning the growth and derivatives of f,, are derived from (4.10)

and the growth and smoothness properties of ¢. O
Hence we can set (], n?) := (é’ln) , 5’273) where (52, A}’Qn)) are as in the above

proposition. Introducing a "macro" scale time step h = nhgy, the discrete
model (4.2) corresponds to the "aggregated" dynamics of (4.9). Set for all
(61,02) € R2? 4)(61,603) := 1, (61, 0). With the notations of Section 4.2 one
derives that ¢, (61,62) = fn.(6h,02) satisfies (A2) with the above 1.

APPENDIX A: PROOF OF THE LOCAL LIMIT THEOREM 4.1

From now on, we use the following notations for multi-indices and powers.
For v = (Ula ey UQd) € NQdu (lU, y) - (LUl, o Ldy Y1, "'7yd)

*

set

V| =11 4 ... + g, V=11l gl

v V1 Vq Vd+1 Voq v vy Vg TyYd+1 12¥]
(z,9)" =21 a2 DY = Dyt Dyt Dyt D2

A.1. Preliminary controls on the discrete kernel. We first give
some controls for the kernel Hy(t;, (z,y),(z',y’)). Namely, the following
Lemma states that the difference between Hj, Kj := (L — E)ﬁh and an
additional remainder term Mj, is small, i.e. has the order announced in The-
orem 4.1.

Lemma A.1 (Control of the discrete kernel) For all j € [1,N], set
p* =t;. One has

‘(Hh - Kh - Mh)(tja (xu y)7 (xlﬂ y,))|

T+ z
5 7).

(A.16) < ChPp () —my —y -
where (, is as in Lemma 4.1 and for j € (1, N],

Ki(ty, (2,y), («',4)) = (L — L)pu(ty, (2, + xh), (2',4)),

i.e. Ky, is the difference of the generators associated to the initial and frozen
diffusion processes between 0 and t; applied to the density of the Markov
chain with a slight change for the initial point in the y component,

3
(A17) Mh(tju (*Tay)u (*Tlu yl)) = ZMf]f(tju (*Tay)u (*Tlu yl))a
k=1

where the (M/:)keﬂlygﬂ are defined in Appendiz B.
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For j =1 we set Kp(t;.(z,y), («',y)) =0,

Mh(tja (m,y), (mlayl)) = Hh(tjv ('Ta y)’ (xlayl))'

The proof is postponed to Appendix B. From this proof one also derives that
the terms appearing in Lemma A.1 are controlled with the following:

Lemma A.2 There exists a constant C s.t. for all 0 < 57 < N, for all (z,y)
and (z',y') in R

3
([Knl + My + Y _IM}| + [Hp|) (25, (,y), (. y)
=1
_ x4+ 2
< Cp ', (m'm,y'y 5 p2>,

with ¢, as in Lemma 4.1. Here again p = \/1;.

The key fact is that the previous bound provides an integrable singularity in
p-

A.2. Comparison of the parametrix expansions for the compen-
sated diffusion and Markov chain. We first state an auxiliary result
concerning the behavior of the iterated discrete kernel applied to the density
of the frozen Markov chain.

Lemma A.3 There exists a constant C (that does not depend on (z,y) and
(',y")) such that, for all0 < j < N, r € [0, 7],

_ o\ r o ottt
‘(ph@hHh )(tja(xuy)a(xay))‘ < F(1+%)
!
><Xp<:v’—:v,y’—y—x-;m,02>a

where x, and S' are as in Theorem 4.1.

To prove the lemma it is sufficient to repeat the proof of Lemma 3.11 in
[KMOO| with obvious modifications concerning the additional arguments in
v,y

Lemma A.4 For 0 < j < N the following formula holds:

J
Pty (2.9). (2 3) = 3 (Fen My + K)D) (4. (2.). (', 9)) + R,
r=0

where |R| < Ch'Y2p~ 1y, (2! — 2,y —y — %I’pQ) for some constant C. The
function x, is as in Theorem 4.1.
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The proof follows from Lemmas 4.1 and A.2 and is analogous to the proof
of Lemma 3.13. in [KMO00]. O

Let us now compare the parametrix expansions of the compensated diffu-
sion and Markov chain at time T'. From Proposition 2.2, (3.2) and Stirling’s
asymptotic formula for the I' function we have

N
(A18)  p(T,(z,y), (' ,y) =D (P& HO) (T, (w.y), («',y))) + R,
r=0
where |R;| < Ch'?p (T, x' — z,9 —y — I+‘” T), with p, as in Theorem 2.1.
By Lemma A .4
(A.19)
N
Pu(T (2,9). (&', y') = 3 (F&n (My + Kn)D) (T, (2,9). (2',5") + Ro
r=0
where ,
1/2n—1/2 Ttz
Ro| S CR'PT Py (o’ =y —y = =),

Because of (A.18) and (A.19), to prove the theorem it remains to show that

Ay = Hi (FoH") - > (B ®n (M + Kh)“))} (T, (z.y), (x',y'»‘

r=0 r=0
x4+
2

(A.20) <C(1+ \m'|)h1/2xﬁ(m'7.7:,y'fyf T).

Note that |[Ayx| < S1 + Sy + S5+ Sy, where

N N
5 = (z (For") - (Fen HW)) (7. (@), («'.4))].

r=0 r=0

N N
(Z(P@’hH ) - (penH" )) (T, (z,), (")),

r=0

N N
(Z( @n HD) =3 (p@n (M, + H)" ))> (T, (z,9), (+",4)]

r=0 r=0
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where H(t, (z,y), (z',y')) = H(t,(z.y + zh), (z',y')) is a shifted operator
introduced for the comparison with K}, see the proof of Lemma A.1 in the
Appendix B for details.

We shall show

/
TEET), e (13,4},

Sy < O+ |2/ A p(T, (w,y), («,4).

S;

IN

Ch'2x il — 2.y —y —

This is done in Appendix C.

APPENDIX B: PROOF OF LEMMAS A.1 AND A.2
B.1. Proof of Lemma A.1. For j =1 we have p = v/h. By definition
of Hh
Hh(hu (*Tay)u (*T’ay,)) = p72 [(ph - 52’:6 Y )(h7 (LU, y)7 (xl7y,))] )

Thus, recalling g,, stands for the density of the random variables appearing
in schemes (4.1), (4.2)

Y

_ 1
‘Hh(ha (z,y), (fI/", y'))\ = p~(1+2d) m% (u+ d1,v + 02)
1 ()
- nlu,v)|,
Vdeta(z',y' — gg'h)q
where
B ) S L) RO ) [ e G L)
\/E ’ \/i_l ’
- Y —y — (z+ syhb(z',y")h
v = o '(«,y —a'h) h32/2 7
- Y —y — (z+ 5yhb(z,y))h
e e
Note that
(B.21)
1 1 1/2 1/2 3/2 1/2
\/deta(xluy, - xlh) B \/deta(:v,y) S O [h (‘U| + h ) + h (|U‘ + h >:| )
(B.22)

g (4 01,0 + 82) = g (u,0)| < C9 ([u,u+ 1), [0,0+ 0], ) ([61] + [8a])
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where [X, Y] = (1-7)X +7Y, v € [0,1], for X, Y matrices or vectors. One
has
o (2, y' —a'h), 0 (z,9)], (&' — = — b(z',y)h)
vh
+y0 ! (z,y) (b(x',y) = bz, y))Vh
= [0 '« y' —a'h),0 N (z,y)] 02’y — a'h)u+ YRy,

[U,U +61]7 =

o M@y = a'h), o )y (v —y — (o + )
B3/

70 (@) (b y') = ble,y) -V

= o '@y —a'h),o w )o@y —a'h) + YR,

[v,04 6], =

Assumptions (B), (UE) also yield
|Ri| + |Ry| < CR'/?,
3C,,0 >0, VE€e R, 0 <y <1,
Cl|§‘ < Hail(‘rlay, - xlh)uail(xuy)]’ya(x,ay, - xlh)g‘ < 02|§‘

We also have X
0] + 102] < ChE (14 [ul? + [o]?) .

Recall that from (A2) and our choice for 9, ¥(u,v) < W From
(B.21), (B.22) and the above computations we get

1+ |ul? + |v|?
(1 + [(u,v)[5+2d+1)

!
(B.23) < Cpflcp(m'fﬂ:,y'fyf :r—;:v 0%).

|Hp(h, (2,9), (', ¢)| < Ch'/Zh*

For 1 < j < N, we proceed like in the proof of Lemma 3.9 in [KMO00]. We
get that

Hh(tj7 (:E, y)7 (xlu yl)) = (ﬁh - ﬁh)(tjv (:E, y)7 (xlvy’))

where

~

Hilty. (5,9), ') =1 [ (61,62) x

(B.24) M@ +3'(01),y + zh + 77 (62) — A,y + wh)| db1d6s,
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Hilty. (5,9), (') =1 [ (81,62) x
(B.25) M@ +3'(01),y + 2h + 57 (62) — Az, y + wh)| db1d6s,

with A(u,v) = ﬁh(tj = h, (u,v), ('fl;la y,))

Y

7(01) = Wb(a,y) + V(o) 70 = { DL L io(e )0 |,

and
761 = hb(a,y) + Vho(a',y' — ' p%)01,
b’y )Y h
74(0y) = {7@7%)7 —l—\/ﬁa(x',y'—:v'pQ)Hg}h.

Using a Taylor expansion at order three for A in (B.24) and (B.25) we
obtain

Halt;. (5.9). () = { 5 Tr(ao.9) = ale'.yf — a0 D2A(,y + o)

nh
h
+{3 (D2 + ah)bl.9). b )~ (DA, + b’ '), (' ')

s (tr(D2A(z.y + ah)(ale,y) - ala’,y’ — %)) = <1+i>
5 Nz, y Y Y —p 3 o
72h3
3

(h! / d6,d0ydq, (61, 62)

(4D} A,y + 2h)F'(0:),7%(02)) — (D} oM@,y + wh)F (1), 77(62))) }

+ 22 ((D2A(,y + zh)b(w, ), b=, ) <D§A<x,y+xh)b(m',y'),b<x',y'>>)} +

(7' (61),7°(62)"

v!

1
+3n71 Y /d91d02/ dé(1 — 6)qn (61, 02)
0

lv|=3
D"z + 67" (61), y + zh + §7°(62))

5 fano, [ a5 7,0y 010

V!
v|=3

—3p7 !
\

X DYz + 05" (6h),y + zh + 07°(02))
(B.26) =T+ I+ IIT+1V -V,
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where we denote DyA(z,y + zh) (vesp. DyA(z,y + zh), Dy Az,y + zh))
the R? @ R? matrices (Or; 2 M@,y + 2h)) i jyenap (vesp. (Oy, 4 A(z,y +
Th))ijern,d?s Oyia; Nx,y + 2h)) (i jyen.a?)-

In the sequel, a useful result is the following. There exists C' > 0 s.t. for
multi-indices «a, 8, |a] < 3,|8| < 3,

|8§85)\(m,y +zh)| < Cp 188D (o) — .y —y — zh

x+ 7
)

_ z+
(B.27) < Cp leF3i8he, <:v' —a,y —y— 5 p2>-

This assertion can be proved similarly to Lemma 3.7 in [KMO00].
Note now that

I = (L—L)pn(tj, (w,y+zh), (', y))

{2 0 ) = by, VA + )

HE = DAy +58) — il (5.5 + o), (0.9) |
= (Kp+ M&)(tja (. ), (mla y,))
From the above equation and (B.27) we get
N z+ 1
My (tj, (z,9), (" 9 < Cp'Gpla’ —myy' —y — ——p%).
(B.28)

Using similarly (B.27) and tedious but elementary calculations, one can
split in I1,III the terms that give the expected order, i.e. bounded by
CVhp'¢y(a' —x, y'fyf%x’pQ) and denoted below by R (;, (z,y), (z',y')),
and those that give an integrable singularity in time, i.e. bounded by Cpflg“p(:v’—
z,y —y— %’C’pQ) and denoted below by M?(t;, (z,y), (z',v")).
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It remains to estimate IV — V in (B.26). To this end write,

V.

v[=3
(6005 G~ (7@ 7 @0 o+ 5700 14570
HE 0,700 S [ daD A+ 55 (00) + a3 3)(60)
|ul=1

g+ oh + 07%(02) + 0d(7(62) — 7(62)))
(363" =300, 562(02) —72020))" = M (1. .9). ).

Computations involving (B.27) yield

N T+
(B.29)  [Mi(t), (), (2", y)) < Cp ' Gp(a’ =y =y = ——p").
We refer to the proof of (3.80) p. 584 in |[KMO0O| and Appendix C.3 for
additional details. This completes the proof. O

The proof of Lemma A.2 then follows from the previous proof, (B.27),
(B.28), (B.29) and (B.26) for j € (1, N] and (B.23) for j = 1.

APPENDIX C: CONTROL OF THE (S[)TE[UA}]
C.1. Control of S;. Set
pa(T, (z,y), ZP ®n H" ), (2", y))-

From Proposition 2.2 one has

(p — pa)(T, (z,9),(«",¢) = (POH —p&y H)(T,(z,y),(z',y))
+(p — pa) ®n H(T, (z,y), (', y")).

Iterating the previous identity we get

(p _pd)(T7 (LC,y), (xluyl)) = (p @H—p®p H) On W(Tu (*Tay)u (xlvy’))a
(C.30)

where Vj € [0, N — 1], VY(u,v) € R*?,

o(T —tj, (u,v), (z ZH (u,v), (z',y")).
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Let us first give a bound for Pj(u,v) := (p®@H —p®y H)(t;, (%, y), (u,v)), j €
[0, N], (u,v) € R?*. First, from the previous definitions of the continuous
and discrete convolution operators, Py(u,v) = 0, in the sense of generalized
functions. For 7 > 1 write

J—1 tiy1
Pj(u,v) = Z/ dt y
i—=0”ti R

Auw) (ts (w,2)) = p(t, (z,y), (w, 2))H(t; — 1, (w,2), (u,v)).

A first order Taylor expansion and Fubini’s theorem give

dwdz)‘(u,v) (t7 (w7 Z)) - A(u,v)(tia (wa Z)),

j—1

ti 1
Pi(u,v) = 2:/p+Jddt4—m)/‘déQf&hv,Q-+1?,
i=17ti /0
Ql(u,v,s) = dwdz0s A y,v) (8, (W, 2)) s—t; +5(1—1:), © € [1,5 — 1]
JIR2d
h
T = [Car] | dwdep(t. ,9). (0.2)
0 RQd
(031) X (H(tj - ta (wa Z)a (“a U)) - H(tja ('Ta y)a (“a U)))'

From Lemma 3.1, Theorem 2.1, we obtain
1) < CVhpe(ty, (#,y), (u,v)),
|0 (5.0, 2)| < Oty — 8) V24 (15 — 5)73/?)
Xﬁc(sa (LC, y)a (wa Z))ﬁc(tj -5, (w7 z)7 (u7 U))
Plug now the above control in (C.31), we get

[(—-1)/2]
Pj(u,v) < Cpu(tj, (z,y), (u,0))(h/? + h? (tj” oot
=1
j—2 Jj—2 3/
S (i) Y /))
i=[(j—-1)/2]+1 i=1

< Chl/?ﬁc(tju (*Tay)u (U,’U)).

Hence, from (C.30) and a suitable version of (3.2) for the discrete convolution
operator we derive

|(p = pa)(T, (z,y), (' y)| < ChYPpu(T, (z,y), («',y)).

The bound for S; can be derived using once again (3.2) for both the contin-
uous and discrete convolution operators and the asymptotics of the Gamma
function.
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~ C.2. Control of S3. Define for r € [0,N], T, := (p ® H" —p®
HUN(T, (z,y), («',y')). For r = 1, with the notations of Lemma 3.1 one gets

N—-1 .1
| < CR*Y /U do / £ 2 — )7 P Bty (2. ), ()
j=1"
Xpe(T — tj, (u,v + duh), (z',y"))dudv.
Also, for a different constant ¢’ than the one appearing in p., Vj € [1, N —1],

pe(T = 5, (u,v + duh), («',y")) < C(T — tj)—(3k+d)/2
e Ly v = (T A+ 6 — ty)
xexp( 0{4(th)+3 G
(C.32) < CPu(T + 0h — t;, (u,v), (z',y")).

Hence, up to another suitable modification of the constant in order to have
the semigroup property

N-1 1
1 < ORGP (T 1) ) [ AR T+ 0h (2,). (0 1)
j=1
1
< ORPAAT ) [ dbp(T + b (wy). (')
0

Write now, for all r > 2,

T, = peyH" Ve, (H - H)(T,(z.y).(z.y))
+(ﬁ®h H(Til) - ﬁ®h H(ril)) On H(Ta ('Ta y)a (xlayl)) =dy + Tr2-

The term 7,1 can be handled as T; exploiting the control

0.5 @, H (L, (2,y), (w,2))] < O I25.(t, (2,y), (w, 2))

T

x [ B((1+1)/2,1/2).
1=0
For T2 one uses the control of step (r — 1). Completing the induction one
derives

1S9 < CRP(1 4 la'l) sup pe(T(1+6), (.), (#',1/)).
6€[0,1]
Note that this term is the only one for which we have a linear contribution of
the terminal variable. This is, because of the shift, in some sense unavoidable.
Also, the previous trick in (C.32) adds the constraint to take a supremum
w.r.t. to a twice larger time interval as the initial one.
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C.3. Control of S3. For r =1 we have to control
ﬁ®h Mh(Ta (m,y), (mla y,)) =
3

Shy / dudvip(t;, (z.y), (u, ) MA(T — t;, (u,0). (', y))

i=1 j=0
3 N—
:hzz ij +hIn_1.
i=15=0

The term hly_1 needs to be handled by a different technique than the
other ones. Write

hiy 1 = /dudvﬁ(T —h, (z,y), (u,v))
X (ph - ﬁh) (ha (“a U)a (mla y,))

_ = h .
Set V = ((Tzhicl/w = h)gz )). Write now |u — | = |z — 2 +u — /|,
/ o
v—y—x—i—u(T—h) = y'—y—x+xT+x xh—i—v—y'—l—uh
2 2 2
' —u
+ (T + h)
2
, ’_ 7&1’ z—a'
Set U = te  ¥v 5 TH75h ,V := U+R. Recall also from Lemma

(T*h)l/Q’ (T*h)3/2

3.1 that p < Cp.. Hence, for all Z € N*, 3C := C(Z), p(T—h, (z,y), (u,v)) <
—92d C max(27,1+(2|R|)%)

(T = b 5y S

the definitions of the models (4.1) and (4.2), using the same techniques as

in the proof of Lemma A.1 for the case j = 1 one gets:

From the basic identity 1+\U1+R\Z and

h1/2
|hIn_1| < 1+|Uz/dudv (1 + (', 0")|D)ep(—u', —v)
x+x
< WP yp(al =y —y = ——T),

taking Z = S — 4 for the last inequality.
Also, from the definitions of the (Mj});c[i,3 in the previous section and
using freely its notations, we derive for all j € [0, N — 2]:

\MI(T — tj, (u,0), (', 9)] < AT —t))73%¢" —uy —v—
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N-2
from which one gets hz |15 < Chl/QCﬁ(.fI:' —zy —y—
j=0
terms in M7? coming from II in (B.26) can be handled as M. For those
coming from 111, i.e. crossed derivatives, the contribution associated to 7 = 0
is easily analyzed and for j > 1 an integration by part w.r.t. u leads to the
same control. The trickiest term to analyze is M,‘z’ Exploiting thoroughly
(B.27) and Lemma 3.1, the proof is similar to the one in [KMO00|, see p.578
control of (3.45), that relies on suitable integration by parts. We omit the
details here. Actually, for 7 > 1 it can be shown by induction that

x4+

T). The

(Bon BT — pey (H+ M) (T, (2,), («'.y))
h1/20r+1 ) .’I,‘+.’I},

SWX\/T(:U'—%?J -y 9

T),

which gives the control.

C.4. Control of S4. One can show that Lemma 4.1 is still valid for
the derivatives of the frozen densities. Using this result and Lemma A.2; the
proof is then similar to the one of [KMO00].
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