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Laboratoire de Mathématiques Appliquées - UMR 5142 CNRS
BP 1155 - 64013 PAU Cedex - FRANCE

Abstract

We establish the existence and uniqueness of the solution to some inner
obstacle problems for a coupling of a multidimensional quasilinear first-
order hyperbolic equation set in a region €2;, with a quasilinear parabolic
one set in the complementary €, = Q\Q;. We start by providing the
definition of a weak solution through an entropy inequality on the whole
domain. Since the interface 9, N 0, contains the outward character-
istics for the first-order operator in €2, the uniqueness proof begins by
considering first the hyperbolic zone and then the parabolic one. The
existence property uses the vanishing viscosity method and to pass to the
limit on the hyperbolic zone, we refer to the notion of process solution.

1 Introduction

1.1 Mathematical setting

Let Q be a bounded domain of R™, n > 1, with a smooth boundary I and T a
finite positive real. This paper is devoted to the mathematical analysis to the
unilateral or bilateral inner obstacle problem for the coupling of a quasilinear
advection-reaction equation of the form

Th(u) = dyu — Z O, (K (u)B;) 4 gn(t,z,u) =0,

set in an hyperbolic zone Qp, =]0, T[xQ), with a quasilinear diffusion-advection-
reaction equation of the type

T, (u) = dyu — Z D, (0, 0(u) + K (u)By) + gp(t,z,u) = 0,

set in a parabolic area @, =0, T[x(Q\Qp), complementary to the former, and
for suitable conditions across the interface between the two regions @, and Q5.
A threshold 0 being given, the (bilateral) obstacle problem for 75 and 7, may
be formally written through the free boundary formulation: find a measurable



and bounded function v on Q =|0, T[x €2 such that,

0<u<6onQ, (
for ¢ in {h,p},T;(u) =00n Q; N[0 < u < 0], (
Ti(u) <0on @Q;N[0<u=40],7;(u) >00n Q; N[0=u <0, (3
u=0on |0, T[xT, u(0,.) = ug on £, (
subject to the transmissions conditions (see Remark 3) along the interface X5, =
10, T[xTpp, with T'p, =T, NI, and T'; = 99, @ € {h,p}:
u)Q, =uqQ, on X, N [B.y, > 0] (5)
Vo(u).vp =0 on Xp, N[0 <u <, (6)
where B = (By, .., B,,), v; denoting the outward normal unit vector defined H"™-

a.e. on ¥; and for ¢ in [0, n+ 1], HY being the g-dimensional Hausdorff measure.
Lastly H"‘l(l“hp n (Fl\l“hp)) =0.

Remark 1. Presentation (1)-(3) is also valid for the upper unilateral obstacle
problem (u < 0) (resp. for the lower unilateral obstacle problem (u > 6)) by
formally replacing the lower bound with "—oo” (resp. the upper bound with
7 +00” ). Observe that in these situations, for i in {h,p}, T;(u) are non-positive
(resp. nonnegative) distributions on Q.

This problem arises from several simplified physical models like infiltration
processes in a stratified subsoil viewed as two layers with different geological
characteristics and such that in the second layer we can neglect the effects
of diffusivity. Indeed when we are interested in the evolution of any effluent ¢
within the flow of substances moving in the subsoil, the first simplified modelling
consists in taking into account but one phase saturating the soil, made of two
components without any chemical interactions: water and component c. We
assume that the distribution of temperatures T and the pressure field P of the
fluid phase are determined, sufficiently smooth functions. Then, we refer to
P.Bia and M.Combarnous [2] to transcript the mass conservation law for ¢ and
we take into account the existence of some saturation thresholds 6, (T, P) and
02..(T, P): beyond those the appearance of a new phase (liquid or solid) for
the same number of components changes the thermodynamical nature of the
system, which cannot be described through a simplified balance equation. This
way, the relations ruling the mass fraction w, are formally given by:

E(t,x,we) =0o0n [0 < we < 6],
Elt,z,we) <0on [0 <we=0),E(t,z,w.) >0 on [0 =w. < 6],

where E(t,z,w.) = p(T,w.) {&wc - :;(((i))Vwc.(VP — p(T, wc)g)}
—Div [A(x)p(T, we) Vwe| (7)

In (7), k denotes the absolute permeability at the point x, u being the dynamic
viscosity of the fluid phase and p(T,w,) its density, defined by the composition
w. at temperature T'. Lastly, g is the gravity acceleration vector. Furthermore,
the molecular diffusion-dispersion effects have been taken into account through
the tensor A(z). But depending on the geological nature of the subsoil these
effects may be neglected in favor of the effluent’s transport ones. In this situation
the evolution of w, is ruled by a first-order quasilinear operator.



1.2 Main assumptions on data

For technical reasons (proofs of Theorem 2 and Proposition 3), we assume in
this work that the obstacle 6 is independent from the time variable. So it will be
considered as a measurable function on € such that 6|, belongs to W °°(€;),
i in {h,p}. In addition 0)q, is an element of H?(£2,). Besides 0 is compatible
with the boundary condition in the sense 6(3) > 0 for any & of 9Q. We set:

Vo € Q, Co(x) = [0,0(x)] and Cg° = [0, esssup 0]

Q
for the bilateral obstacle problem while
Co(z) =] — 00,0(x)] and Cg° =] — 00, esssup 6]
Q

for the (upper) unilateral obstacle problem, the reasoning for lower or upper
unilateral obstacle problems being similar.

The vector field B is given in Wht>(Q)". Especially B; and 9,,B; are
continuous on the whole € with respect to the space variable. Moreover

th C {0’ S Zh,B(J).Vh < 0} (8)

The initial data ug belongs to L (Q)N HE (). In addition, ug is an element
of Cy(x) for a.e. z in Q. Besides, for ¢ in {h,p}, the reaction term g; is in
Whtoo(10, T[x€Q; x C5°) and we set

M,, = ess sup |0ugi(t, z,u)]|.
(t,z,u)€]0,T[x Q2 xCg°
The transport term K is Lipschitz continuous on Cg° with a constant Kg.
Besides K is nondecreasing. Thus we may define the nonnegative and nonde-
creasing time-depending function

N.
M1:t€[O,T]—>M1(t)zesssupﬂeNt—l-Wg(eNt—l), 9)
Q
where N = Zie{h,p} ngz + ICKHdiUBHLoo(Q)
and N3 = >, ) €8S SUD|g ixq, 9i(t, 2, 0)” + esssupjg 7o (K (0)divB)
We also introduce the non-positive and non-increasing function

Ni . e
W(eN—l), (10)

My :t €10,T] — Ma(t) = min(0, ess igf ug) eVt +

with Ny = —>7c 1, 11 €888UD|o 7xq, 9i(t, T, 0)T — esssupjg 7o (K (0)divB) ™.
From now, to unify the presentation with the bilateral obstacle problem we
set for the unilateral obstacle problem:

Co° = [Ma(T),esssupb)].
Q

Lastly ¢ is a nondecreasing function of W1°°(Cg°), with ¢(0) = 0, ¢’ is
Lipschitz continuous on C§° and

¢~ exists and is a continuous function on ¢(Cg°). (11)

We point out that (11) is especially fulfilled when L£({z € C3°,¢'(z) = 0}) =0,
where L refers to the Lebesgue measure on R.



Remark 2. The monotonicity of K and (8) show that the interface Xp, is
included in the set of outward characteristics for the first-order operator in the
hyperbolic domain. So on the transmission zone (5) is useless since data are
leaving the hyperbolic domain. This essential property will guide us for the
statement of uniqueness by first considering the behavior of a solution on the
hyperbolic area and then on the parabolic one.

1.3 Notations and functional spaces
In the sequel, o (resp. &) is a variable of X; (resp. T';), i € {h, hp,p}. This way,
o = (t,d) for any t of [0,T].
We need to consider the Hilbert space
V={ve H(Q,),v =0 a.e. onT,\I'y,}.

used with the norm [jvlly = [[Vv|[z2(q,), equivalent to the classical H'()-
norm. We denote ((.,.)) the pairing between V and V' and (.,.) the pairing
between Hg(2) and H—1(2). Furthermore, for X and Y two Hilbert spaces, it
will be referred to the Hilbert space

W(0,T; X;Y) = {ve L*0,T; X); 0w € L*(0,T;Y)},

equipped with the norm ||v|lw o7 x;v) = (Hatv“%Q(o’T;y) + HUH%?(O,T;X)) ! :
In the sequel, X will be mainly taken equal to H}(Q) or V and Y to H~1(Q)
or V' respectively.

The function sgn, denotes the Lipschitzian and bounded approximation of
the function sgn given for any positive p and any nonnegative real = by:

sgn,(z) = min (x’ 1) and sgn,(—z) = —sgn,(x).
I

Lastly, to simplify the writing, we set for i in {h, p}:

Gi(u,v) = g;(t, z,u) — div(K(v)B)
L;(u,v,w) = —|u —v|0yw — | K (u) — K(v)|B.Vw — sgn(u — v)G;(u, v)w,
and with Ig, (z) =1 if x € Q;, I, (z) = 0 else,
L(u,v,w) = Ly(u,v,w)lq, () + Ln(u,v, w)lg, (z),

g(t,amu) = gp(t’xvu)]lﬁp (.’E) + gh(t>$7u)HQh (l‘),
F(u,v,w) = {|K (u) — K(v)| = |K(w) = K(v)| + | K (u) = K(w)[},

2 Statement of Uniqueness

We give the definition of a weak solution to (1)-(6) by firstly keeping in mind that
it has to involve an entropy criterion on @)} and secondly by taking into account
the obstacle condition for u. That is why, by considering that (1)-(6) can be
viewed as an obstacle problem for an evolutional quasilinear parabolic equation
that strongly degenerates on a fixed subdomain, we refer to related works ([1],[7])
to propose a weak formulation through a global entropy inequality on the whole
Q, the latter giving rise to a variational inequality on the parabolic domain and
to an entropy inequality on the hyperbolic one so as to ensure the uniqueness.



2.1 Definition
So it will be said that:

Definition 1. A measurable function u is a weak solution to (1)-(6) i,
for a.e. t in]0,T[, u(t,.) €Cqo ace. inQ, ¢(u)e L*(0,T;V), (12)
V(e D(Q), (>0,
/ L(u, 5, C)dadt — / V]o(u) — 6(k)|.VCdwdt + / Ao(k)sgn(u — k)Cdudt
Q Qp Qp
+ [ Vothmsanotu) - o())cdr" o, (13)
3h

D

where k = kO, k € [0,1] for the bilateral obstacle problem and k = k + 0,
k € [My(T) — esssupg 0, 0] for the unilateral one,

V¢ € LY (Ep\Enp), ¢ >0,

ess h%{ / F(u(o + 1vp),0,k(3))B(0). vy (dH™ <0, (14)
2\ hp
ess lirél+ / |u(t, x) — up(x)|dz = 0. (15)
t—
Q

Remark 3.

(i) When 6 is nonnegative on Q, the formulation for the (upper) unilateral
obstacle problem is a special situation of (13) for the bilateral obstacle problem
by considering k <1 only.

(i) The link between (2),(3),(6) and (13) can be achieved through two inequal-
ities resulting form (13) and that will be useful in the sequel. In (13), we take
k(z) = 0(x), that means k = 1 in the case of a bilateral obstacle condition and
k =0 in the case of an unilateral one. It comes (with T = Tlq, + Tpla, ),

/u@th:rdt < /(V¢(u)+K(u)B) .VCdmdtJr/g(t,:r,u)Cdmdt

Q Qp Q
T / V(8.0 (1 + sgn(d(u) — 6(6)))CAH"
th
- /(1 + sgn(u — 0))7T (0)(dxdt. (16)
Q

In (13), we take k(x) = 0 for the bilateral obstacle problem and k(x) = My(T)—



esssupg 0 + 60(x) for the unilateral one (so that u— k > 0 a.e.). One has,

/uatgdxdt > /(V¢(U)+K(U)B) .VCdzdtJr/g(t,x,u)Cdxdt

Q Qp Q
[ Tolnn(1 = sgn(otu) - oe))can”
Yhp
_ / (1 — sgn(u — k)T (x)Cdadt. (17)
Q

Let V = (u,—Io, Vé(u) — K(u)B) in L*(Q)"'. For any ¢ in D(Q;), i in
{h,p}, we take T and (™ as test-functions in (16) and (17). By writing that
¢ = (¢t —(, we deduce the existence of a constant C' such that

/V.(&t(,Vg‘)dmdt < Ol¢lzau-

That means Vg, belongs to Hyv,, , (Qi) = {v € L2(Q)" divg, v € L?(Q:)}-
We deduce that Vg, .v; belongs to HO_Ol/Q(Ehp), the topological dual ofHééQ(Ehp).
In addition, we derive from (16) and (17) that a.e. on Q;,

_div(t,x)V\Qi < gi(t7 z, u) - (1 + sgn(u - 0»7;(9)7

—dive oy Vig, = gi(t,z,u) — (1 — sgn(u — k))Ti(k).
We multiply each inequality with ¢ in D(Q), ¢ > 0 and add up with respect to
i. By denoting |.,.] the pairing between Héo/z(th) and H(;Ol/z(th) it comes:

/V(@tc, VC)dl‘dt - |_V|Qh,-1/h + V|Qp.l/p, CJ
Q

< [ttt — 1+ sgn(u— 0)T(6))cdod,
Q

and /V.(@tC, V{)dzdt — |V |q, vn + V|q, Vp: (]
Q

> /(g(t, x,u) — (1 — sgn(u — k)7 (k)){dzdt.
Q

Now what follows is formal. We are interested with the bilateral obstacle problem
(the reasoning for the unilateral one being similar) and assume that [0 < u < 6]
is an open subset of Q, H™-measurable. We consider in (16) and (17) that ¢
has a compact support in Q; N[0 < u < 0]. Since (1 + sgn(u —0))¢ = (1 —
sgn(u—r))C = 0 a.c. and (1+sgn(d(u) — $(8)C = (1— sgn(d(w) - $(x)))C = 0
H"-a.e., we deduce that for i in {h,p},

div(t,x)(V|Qi) =0o0nQ;N[0<u<d,



that is namely (2). Then, for ¢ with a compact support in QN[0 < u < 0], by
comparing (16) and (17) with above inequality, we may say

|_V|Q;1~Vh + V|Qp~7/p7 CJ = 0,

that is (6) in a certain sense. Furthermore if we take ¢ with a support in
QN0 <u=06] and in Q; N[0 =u < 0] - if it has a meaning - we find (3).
Besides, for any nonnegative ¢ a compact support in QN[0 < u = 6],

LV\Qh'Vh+V\Qp'Vp7CJ :/ng(&)uhgdHn7
Yhp

and [ V@, -vh + Vi@, -Vp, | = /T(e)cdxdt.
Q

This way,
Vo(0).v, >T(0) H"- a.e. onEp,N[0<u =90

On Xpp N[0 =1u < 6], since K(0) = ¢(0) =0, for any nonnegative { a compact
support in QN[0 =u < 6]

[ViQ,-vh + Vg, ¥p, (] =0 < /g(t,x, 0)¢dxdt.
Q

2.2 Study on the hyperbolic zone

We derive from (13) and (14) an entropy inequality on the hyperbolic domain
that will be the starting point to establish a time-Lipschitzian dependence in
LY(,) of a weak solution to (1)-(6) with respect to the corresponding initial
data. To do so we claim a first lemma proved as in [1]:

Lemma 1. Let u be a measurable and bounded function on Q satisfying (13)
and (14). Then for any k as in Definition 1 and any ¢ of D(]0, T[xR™), ¢ > 0,

—/Lh(u, k,Q)dxdt < —ess lim / |K (u(o + 714))|B(0).vpp(o)dH™

T—0~

Qn Sr\Zhp

" / K (#)(0)|B(0) wnp (o) dH" (18)

Sp\Zhp

In order to use the method of doubling variables, we now need a technical
result based on properties of mollifiers and already pointed out in [10],[11]. From
(18) we argue that for any open subset ¥, of ¥}, and  as in Definition 1,

ess Tlirél_ / |K(u(o +71vp)) — K(k(0))|B(0).vp8(c)dH™ exists  (19)

Eloc
and, 3y € L>°(3;,.) such that

ess Tlirglﬁ K(u(o + 71vp))B(0).vpfB(o)dH™ = / Ve (0)B(o)dH™, (20)

Zioc Sioc



for any 3 in L'(Zjs). In the sequel (19) and (20) will be used with ;.. = Zp,
or Yjpe = Xp\Xp,. We define the sequence (Ws)s=o on R+

n

V6 > 0,Vp= (t7l’) € Rn+17 Wé(p) = pé(t) Hp5(zz)7

=1

where (p5)s>0 is a standard sequence of mollifiers on R. We focus on X;\Xp,
the proof developed in [11] on the whole boundary to state:

Lemma 2. Let u be a measurable and bounded function on @y, such that (19)
holds. Then for any continuous function ¢ on Qp U Xp

Jim [ [ IK)BE) e TSI - Dz

Qn Zp\Zhp
= %ess Tlir(r]li / | K (u(o + 71vp))|B(o)vpe(o)dH™
Zp\Zhp
and,
61ir(r)1+ ess Tli%lf / | K (u(o + Tl/h))|B(0').l/hg0(%ﬁ)W§(0 — p)dHdp
Qn S\ Shp

= %ess Tli%lf / |K (u(o + 7vh))|B(0).vpp(o)dH™.

Zr\Zhp

From Lemma 1 and Lemma 2 we derive:

Theorem 1. Let uy and us be two bounded and measurable functions on Qp,
for a.e. t in ]0,T[, u(t,.) and v(t,.) belong to Cy a.e. on Qp, satisfying (18)
and (15) respectively for initial data w1 and ug2. Then

for a.e. t in]0,T7, / lui(t,.) — us(t,.)|dz < ™

Proof. We choose in (18) for u; written in variables p = (¢, z),
k(z) = uz(t, ) — 0(%) + 0(z),
in the case of an (upper) unilateral constraint while
us(t, %)
K@) =3 0@

0 else,

0(x) if 0(i) # 0

for a bilateral obstacle condition, and similarly in (18) for us written in variables
p = (t,&). Furthermore in (18) for uy,

p+p
p(p) = (5~

where § is positive and large enough, and ¢ belongs to D(]0, T[xR™), ¢ > 0.
Similarly in (18) for us. We integrate over @, on the p variables for u; and on

YWs(p — p),



the p variables for uy. We add up. Through techniques developed in [7] we pass
to the limit with § on the left-hand side. The right-hand side goes to 0 with 9,
thanks to Lemma 2 for u; and uy. It comes:

- / (s — usl@4C — K (ur) — K (us)|B.VC dads
Qn

< - / sgn(uy — u2)(gn(t, x,u1) — gn(t, =, us))(dxdt.
Qn

For ¢ = ayp where « belongs to D(]0,T[), « > 0 and @ to D(R™), ¢ >0, ¢ =1
on @y, the Lipschitz condition for g provides:

— / lur — ugla (t)dedt < Mg, / |ur — uo|ae(t)dxdt.
Qn Qn

When « is the element of a sequence approximating I[g 4, ¢ being given outside
a set of measure zero, the desired inequality is obtained thanks to the initial
condition (15) for u; and us and to the Gronwall’s Lemma. O

2.3 Study in the parabolic zone

We consider now the behavior of a weak solution « to (1)-(6) on the parabolic
domain. With this view, we characterize u on @, through a strong variational
inequality (in the sense of J.L.Lions in [9]) including the contribution of entering
data from the hyperbolic zone. Indeed:

Proposition 1. Let u be a measurable and bounded function on @ such that
Vo(u) belongs to L*(Q,)™ and satisfying (13). Then dyu belongs to L*(0,T; V).
Furthermore, for any v in L*(0,T;V) such that for a.e. t in ]0,T[, ¢~ (v(t,.))
is an element of Cg a.e. on €,

T
/ (B v — d(u)))dt + / (Vo(u) + K (u)B) .V (v — o(u))dadt
0 Qp

+/gp(t7x,u)(v — ¢(u))dzdt
Qp
+ess lim K(u(o + 7v4))B(0).vp(v — ¢(u))dH™ > 0. (21)

T—0"

Zhp

Proof. Thanks to a density argument (16) and (17) still hold for any nonnegative
¢ in D(0,T; H(2)). Now let ¢ be given in D(0,7;V). We consider ¢ an
extension of ¢ to D(0,T; H}(R2)) and we take ¢ = $&, in (16) and (17), where
&, belongs to Whte°(Q), 0 < ¢, <1, and fulfills for any positive o

£, (z) = lifze Qp,
AT 0ifx €, dist(x,Thy) > 0, |VE,]lee < Co.



To pass to the limit when p goes to 0", we claim that due to (19) (see [1]),

lim [ K(u)pB.V,drdt = ess lim K(u(o + 7vp))p(0)B.ypdH™.

0—0Tt T—0—
Qn Lhp
This way, for any ¢ in D(0,T;V), ¢ > 0,
/u@tgodxdt < / (Vo(u) + K(u)B) .Vodrdt + /gp(t, x, u)pdrdt
Qp Qp Qp
b [ Vo0 1+ sgntu—8))edr”
Ehp
— /(1 + sgn(u — 0))7,(0)pdxdt
Qp
+ ess lim K(u(o + mvp))p(0)B.vpdH"™. (22)
T—0~
E}Lp
and
/u@tgodxdt > / (Voé(u) + K(u)B) .Vodrdt + /gp(t, x, u)pdrdt
Qp Qp Qp
+ / Vo(k).vp(l — sgn(ue — k) )pdH"
Eh,p
- /(1 —sgn(u — k)T, (k)pdzdt
Qp
+ ess lirél_ K(u(o + 7vp))p(0)B.aypdH™.. (23)

Zhp

We write ¢ = 1 — ¢~ and use (22)-(23) with T and ¢~. Since u is bounded
and ¢(u) belongs to L?(0,T; V) we argue that there exists a constant C such as

T
VQD € D(O,T, V), //u@twdwdt § C”‘P”LZ(O,T;V)a
0 Q

which ensures that d;u belongs to L?(0,T; V") (see Appendix of [3]). Thus,

T T

VYo € D0, T; V), —//uatgodxdt = /((&u,g@))dt,

0 Q, 0
Thus by density, we may rewrite (22) and (23) with ¢ in L?(0,T;V). Then
we consider ¢ = (v — ¢(u))T and ¢ = (v — ¢(u))™ respectively, with v as
in the statement of Proposition 1 so that, due to the obstacle condition for wu,
(1+sgn(u—0))(v—¢(u))™ = 0 and respectively (1 —sgn(u—k))(v—¢(u))~ =0
a.e. on @, and H™-a.e. on Xj,. By adding up Inequality (21) follows, that
completes the proof of Proposition 1. O

10



2.4 The uniqueness theorem

Theorem 1 ensures a uniqueness property on the hyperbolic zone. On the
parabolic one, the lack of regularity of the time partial derivative of a weak
solution to (1)-(6) requires a doubling the time variable and uses a suitable
time-integration by parts formula. Furthermore, to deal with the convective
terms, we assume that

¢ — K o ¢! is Lipschitz continuous on ¢(C§°). (24)
Then we have:
Theorem 2. Under (24) Problem (1)-(6) admits at most one weak solution.

Proof. On the parabolic zone, it refers to that developed in [8]. Indeed, let u4
and us be two weak solutions to (1)-(6). Thanks to Lemma 1 and Theorem 1,
we know that u; = us a.e. on Q. In addition, # being independent from the
time variable on @), we may choose in (21) for u; written in variables (¢, )

vi(t,2) = dlun) (b, 2) — L sgn,(d(u)(t,z) — $(uz) (. 2)),

[l loo

and in (21) for uy written in variables (¢, z)

va(f, ) = lun)(F, 2) + Tt sgmy, () (t, x) — d(un) (F, ).

[l loo

For any positive §, as(t,t) = v (%f) 06 (%g)’ where 7 is an element of

D(]0,T[), v > 0, and ¢ is small enough for as to belong to D(]0,T[x]0,T).
To simplify the writing we add a ”tilde” superscript to any function in the £
variable; g stands for (¢, z) while ¢ stands for (,7). By adding up (and denoting

wy5(ur, t2) = sgn, (p(u1) — ¢(t2))as), it comes:

(<8tu1 — ag’LLQ, wu,g(ul, ﬂ2)>>dtd£

10,T[xQyp
+ v{(b(ul) - ¢(d2)}'ku,5(u17 ﬂQ)dthN
10,T[xQyp
< _ / (K (ur) — K (ii2)}B. Vo g (ur, iia)dqdi
10,77% Q,
+ / K (iis)(B — B).Vw, 5(u1, it2)dqdt
10.77% Qp
- / (900> 1) — G (@ 12 Yy (o i) dgdld
0,T[xQp
T
_ / ess hrgl_ K (ui(o + 7vp))B.vpwy s (ur, to)dHy Ldi
0 Shp

T—0~
Yhp

+ /ess lim K (ug(F + 7vh))Bvpw,, 5 (uy, ) dH2dL,
0

11



To deal with the first term in the left-hand side, we use a time-integration by
parts formula in the same spirit as in ([5], the Mignot-Bamberger Lemma).
For the second integral in the right-hand side, a Green formula is used since
(24) ensures that K (iiz) = (K o ¢~1)(¢(ii2)) belongs to L*(0,T; H'(£2,)). For
the boundary integrals we argue that due to the uniqueness property on the
hyperbolic zone, us(6 + Tv4) = ui (6 + 7vp) for ae. (6,7). This way, as a
consequence of (20),

T
/ess Tlirgi K (ug(& 4 1v3))B.vpw,, s(ur, o) dHEdt
0 Shp

T

/ess lim K (uy (6 4 Tv1))B.vpw,, 5(uy, o) dH2dt

T—0~

Ehp

= / / wu(; ul,uQ)d'H dt

0 Shp

where v belongs to L™ (Xy,). It follows that

U

— / /sgnu(gi)(r) — ¢(@iz))dr | Oasdqdt
10,T[xQp \i2

U

_ / / sqnu(d(ur) — $(r))dr | drasdadi

10.T[xQ, \i2
< IBlisigy [ 1K) = K@) Vusun, @)ldadi
10.T[xQp
+ / div(K (12)(B — B))w,,.s(u1, tz)dqdt
10,T[xQp
- / K ﬂg)(B*B).I/hw“’g(uhﬂg)dqd{
10,T[x Sy
- o)~ 90 82 b, ) dadt
OT[pr
— // o)wy,s(ur, Ue)dHy dt—l—// G)wy,s(ur, Ug)dHgdt.
0 Zhy 0 Zpyp

We take the limit with respect to u. For the first integral in the right-hand side

12



we refer to (24) and use the Sacks Lemma; so that it goes to 0. Thus one has:

— / |uy — o] (Osas + Orars)dqdt

10,1[xQ,p

< |div(K (i12) (B — B))|asdqdt
10,7[xQy

+ / |K (1) (B — B).vp,|asdqdt
]O,T[XE;LP

T T
+ Mg, / \ul—ﬂzlaadqd5+/ /|7(t,s)—7(t~,s)|a5dsdtdf,
10,T[xQp 0 0 Ty

We come back to the definition of s to express its partial derivatives with
respect to t and . This way we may pass to the limit with § through the
classical argument of the Lebesgue points for an integrable function on ]0,T[:
all the terms in the right-hand side tend to 0 (B being smooth) except the
first integral in the third line. The end is classical: it uses a piecewise linear
approximation of Ijg ;[, ¢ given outside of a set of measure zero. Thanks to (15)
and to the Gronwall’s Lemma we complete the proof of Theorem 2. O

3 The Existence Property

3.1 The obstacle problem to the second order

We propose to approximate the weak solution to (1)-(6) through a sequence of
solutions to viscous problems deduced from (1)-(6) by adding a diffusion term
only in the hyperbolic area. This is in accordance with the proposed physical
modelling of two layers in the subsoil with different geological characteristics.
So for any positive €, we introduce

Ten() = O — > 0, (00, (u) + K (u) B:) + gn(t, z,u),
=1

and we consider the free boundary problem: find a measurable and bounded
function u. on @ such that formally (for the bilateral obstacle problem),
0<u.<6onqQ,
Tp(ue) =00n QN0 <u. <6],7 n(u)=0o0n QN[0 < u <6,
Ten(ue) <0on QpN[0<ue=0],Tn(us) >00n QN[0 =u <9,
Tp(ue) <0on QpNI[0<u =6],T,(u) >0o0nQp,N[0=u <86,

ue =0 on 3, uc(0,.) = ug on Q,

~~ o~ o~ —~
[N}
~
D — D

and to have a well-posed problem, we express the transmission conditions across
the interface (that will be discussed in Remark 6)

—eV(ue).vp = Vo(ue).vp on Xp, N[0 < ue < 6], (30)
Ue|Q, = Ue|Q, ON Lhyp- (31)

13



Our aim is to prove first that (25)-(31) has a unique weak solution and secondly
to establish some estimates proper to study the behavior of the sequence (uc)eso
when € goes to 0. We obtain an existence result to (25)-(31) by using the arti-
ficial viscosity method - to regularize ¢ - and by relaxing the obstacle condition.
That is why we start by introducing a Lipschitz bounded extension K* and g,
for i in {h,p}, of K and g; outside Cg° through (for a generic function f):

£ = { f(z)if z € Cg°,

fllege) if 2 <lcge, fesssupg 0) if 2 > esssupg 0,
where lcgo = min(Cy° depending on the unilateral or bilateral case. For ¢ we
choose an increasing Lipschitz extension ¢* outside Cg°, so that due to (11),
(¢*)~! exists and is a continuous function on ¢*(C§°).

Then, for any positive parameter 7, we set ¢; = ¢* + nlg and B(z,u) =
(—u™ + (u—0(x))™) for a bilateral constraint (while for a unilateral obstacle
condition 3 is reduced to B(z,u) = (u—0(x))T)) and A, a C}()-class ap-
proximation of A = I, (2) + €lg, such that

AN > 0,Ve >0,V > 0,0 < A, < N a.e. in £,

C
VAo < (6 and when 7 goes to 07, A, — Ac a.e. on (.
n

This way (see e.g. [6])
Theorem 3. There exists a unique solution
e € W(0.T5 HY(R) 0 H2(Q); L)) N L(Q)
to the nondegenerate-penalized problem:
Oty — div(Ae () V Py (tey) + K (uen)B) + g*(t, 2, ue )

1
—;B(x,uem) a.e. on @, (32)
Uen(0,.) = wo a.e. in . (33)

Now we state some a priori estimates for (ue,)n>o that are sufficient to
study its limit when 7 goes to 0%. Indeed (with Q4 =]0, s[x, s in ]0,T1]):

Proposition 2. There exists a constant C independent from € and n such that:
Vt € [0,T], Ma(t) < ueyn(t,.) < Mi(t) a.e. inQ,
[18(z; uen)llzr(@) < Cn, 35
/273
IAel V& (ten) 2@y < C 36
- €1\1/2
s €10, T, €05y (e, + SINE VO ()52 g < Co (BT

34

(34)
(35)
(36)
(37)

where My and My are defined in (9) and (10) and a;n(m) = /,/(gb*)’n(T)dT.
0

14



Proof. For (34) we use a cut-off method in L' by considering the L?(Q;)-scalar
product between (32) and sgn} (uc,, — Mi(t)) for the majoration by M, and
—sgn,, (e, — Ma(t)) for the minoration by M. It is also a cut-off method in
L' that provides (35). From the energy equality fulfilled by u. , we derive (36).
To conclude we take the L?(Qs)-scalar product between (32) and €d; ¢} (uc, ).
Concerning the penalized term,

€

¢ / (ttery — )" 00 (t1c)

10,s[x£2
—= % / (Ue,n - 9)+(¢;)/((u€m — 9)"" + Q)at(ue’n _ 9)+dxdt
10,s[x 2
(te,n—6)7T
€
Ty / O / 7(¢}) (7 4 0)dr | dadt
]O,S[XQ 0

(ue,n(s,)=0)"

_ 7/ 0/ (65) (7 + 0)dr | da > 0.

The same reasoning and the same sign condition hold for —(u.,)~. We bound
the convective and reactive terms by using (34),(36) and the Young inequality
(see [8]). Thanks to the density of D(0,T; H}(Q)NH?()) into W (0,T; H ()N
H?(Q); L?(Q2)), the diffusive term is integrated by parts and then with respect to
t. So that the constant C'in (36) depends on [[¢(uo)|| s (o) and [[uol[ i) O

The parameter e being fixed, (¢;(uc,y))y>0 remains at least in a bounded
set of H'(Q). As a result, the compactness embedding of the latter space
into L?(Q) and the continuity of (¢*)~! provide the existence of a measurable
function u. and a subsequence - still denoted (e y),>0 - such that when 7 goes
to 07, (uey)p>0 goes to ue in L9(Q), 1 < g < o0 and (67 (te,))n>0 goes to
é(ue) weakly in H'(Q) and strongly in C°([0,7]; L?(£2)). This leads to:

Theorem 4. Problem (25)-(31) has at least a weak solution u. such that

vt €]0,T[, uc(t,.) € Co a.e. in Q, (38)
¢(uc) € W(0,T, Hy(Q), L*(Q)), (39)
ue(0,.) =up a.e. in Q, (40)

and for any v in W(0,T; HH(Q), L?(Q)), v(T,.) = u(T,.) a.e. in Q, such that
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for any t in [0,T], ¢~ L(v(t,.)) € Cy a.e. on Q,
/8tv(v — ¢(ue))dxdt + / Ac(X)Vo(ue). V(v — d(ue))dxdt
Q Q

+/K(u6)B.V(U — ¢(ue))dzdt + Q/g(t,x,ue)(v — ¢(ue))dxdt

—0)0 (v — P(u.))dzdt

(ug — v( (¢p(ug) — v(0,.))dz > 0. (41)

Z)\ @\

Remark 4. In (38),(40),(41) the trace of u. with respect to the time variable
has to be understood, for any t in [0,7T], in the sense uc(t,.) = ¢~ (d(u)(t,.)).

Proof. Obstacle Condition (38) follows from (35) while (40) comes from (33) and
from the strong convergence of (¢} (te,,))n>0 toward ¢(uc) in CO([0, T]; L*(52)).
To obtain (41) we take the L?(Q)- 5calar product between (32) and v — ¢5 (uc ).
To study the penalized term, we write:

! - - ! Uey — v—¢*(u x
- !ws,n—9>+<v—¢n<ue,n>>dxdt - - Q/( e — O (0 — 0 (g ) derdt

+ /(uﬁm — 0)+u€,ndaﬁdt7
Q

where in the right-hand side the first term is nonnegative and the second one goes
to 0 (due to (35)). The same reasoning is still true for the negative part in 5(z, .).
For the evolution term, we artificially introduce the quantity 9;¢(v)(d(v) —
¢*(te,n)). Then we integrate by parts in time and use the definition of v. This
allows us to take the n-limit. Just note that in the diffusive term we take in fact
the ” liminf” and the weak convergence of gradients in L?(Q). O

Now, we observe that

Proposition 3. If u; and uz are two weak solutions to (38)-(41) for initial
data ug,1 and ug o respectively, then (with My = Mg, + M, ),

for a.e. t in]0,T7, / lui(t, ) — ua(t, x)|dx < /|u071 — g 2|dx Mot
Q

Proof. We develop the same reasoning (on the whole @) as in Theorem 2 (on
Qp) by doubling the time variable and using the same test-functions (remind
that 6 is independent from the time variable on the whole Q). Observe that
there are no here boundary integrals. Besides, to deal with the evolution terms,
we perform first an integration by parts with respect to the time variable by
considering that ay has a compact support in ]0,T[x]0,T[. Then we refer to
the integration formula proved in [8] through some convexity inequalities:
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Lemma 3. Let u be a measurable and bounded function (by a constant M ) on Q
and [ a function defined on Q x [—M, M| such that for any x in Q, A — f(x,\)
is mondecreasing and continuous and for all X\ in [-M,M], x — f(x,\) is
measurable and bounded on Q and O f(.,u) belongs to L1 (Q). Then, for any «
of C1([0,T]), a > 0, such that a(T) = a(0) = 0,

ud(f (x, u)a)dzxdt = f(z,r)dr | Oradxdt,
-

for any measurable function v bounded by M on €.

This way,
/ s Oy (sgmu(@(uy) — &(@n))ars)dgd

10,T[xQ

- / Ta0;(sgnu(@(ur) — &(@in))ars)dgdf
10,T[xQ

- / / sgn, (8(r) — o(iia))dr | dyasdadi
]O,T[XQ U2

- / / sgn, (@(ur) — S(r))dr | dyagdgdi
10,T[xQ \u1

The conclusion follows. O

3.2 The viscous limit

As a consequence of the uniqueness property stated in Proposition 3, we make
sure that the whole sequence (ue,),>0 converges toward u. when 7 goes to 0F.
Thus, by considering the a priori estimates of Proposition 2 for (ue,)n>0, we
may derive some estimates for (u¢)eso. Indeed

Proposition 4.
(te)es0 18 a bounded sequence in L™ (Q), (42)

and there exists a constant C independent from € such that

€2V (ue)ll 2@ + IV (ue)llrzg,n < C- (43)

Relations (42) and (43) are not sufficient to study the behavior of the se-
quence (u¢)e>o when € goes to 07: we also need an estimate of d;u. in a suitable
space. To this purpose, we prove that u. fulfills an entropy inequality on ) that
also be used as a starting point to establish (13) for the corresponding e-limit.
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Proposition 5. Assume that
0)q, belongs to H(Q). (44)
Then there exists a constant C, independent from e such that,
10cuell L2 0,151 (2)) < C. (45)

Proof. We set k(x) = kf(z), k € [0,1], for a bilateral constraint or x(z) =
k+0(x), Ma(T) — esssupg 8 < k < 0 for a unilateral obstacle condition. We
consider the L?(Q)-scalar product between (32) and w$" = sgn, (¢} (ucy) —
¢y(K))¢, where ¢ belongs to D(] — oo, T[x2), { > 0. We observe first that the
penalized term is nonnegative. The other integrals are performed through the
following transformations:

For the evolution term, with I, (uc,,, &) = [ " sgn (65 (T) — ¢ (K))dT

/8tu€7nw;’"dxdt = /3tI,L(u6m,/£)Cdxdt
Q Q

—/Iu(ue,n,n)at(:dxdt— /Iu(uo,n)C(O,.)dx.

Q Q

For the diffusion term,

/ NV (te ) VS dedt = / NV (8 (te) — by () Vs "drdt

+ / Aen Vo (k). Vwydzdt
Q

We develop the partial derivatives in the first term in the right-hand side and
we use the fact that sgn,(.) is nondecreasing. To take the limit with 7, we
remind that due to (34) and (37), (wu(uey,~))n>0 is a bounded sequence of
HY(Q)N L>(Q), uniformly with respect to 1 and so, thanks to the convergence
properties of (uc),>o0 toward u., converges toward wy, = sgn,(¢(ue) — ¢(x))¢
strongly in L9(Q), 1 < ¢ < +oo, weakly in H(Q). Then, the n-limit being
taken, we use the Green formula in the second of the diffusion term by sharing
the integration field into @), (where A = €) and @, (where A¢ = 1). It comes:

—/I (e, )8th:rdt—/I (up, £)C(0,.)dx
Q

Q

/ Aesgnu(B(ue) — 6(k)V (é(ue) — 6(x)). Vdudt

+ K(x))B.Vwydzdt + [ (e — 1)Vo(k).vpwy,dH"
fi /
/ AAP(k) + div(K(k)B) — g(t, 2, ue)) w;,drdt < 0. (46)
Q
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We pass to the limit with p through the Lebesgue dominated convergence The-
orem and the Sacks Lemma to deal with the first term in the third line (remind
that (24) holds). It follows:

/ (110, ,) dxdt—/\uo—mc )

/)\ Vig(ue) — ¢(k)|.V{dxdt — /)\eAgb(/i)sgn(ue — k)(dxdt
Q

" / (e — )Vo(R)vnsgn(d(uc) — H(k))CAH™ < 0. (47)

Shp

Now the arguments are similar to those developed in Proposition 1 to prove that
Oyu is in L?(0,T;V"). In (47) we consider that ¢ is a nonnegative element of
D(Q) and so, thanks to a density argument, we may choose ¢ in D(0,T; Hi (Q)),
¢ > 0. Thus for kK =1 in the case of a bilateral obstacle and £ = 0 in the case
of a unilateral one (so that x(z) = 0(x)), one has (with 7c = 7 ;lq, + T,lq,):

/ueathxdt
Q
< AV (ue).Vededt + | K(ue)B.V{dzdt + | g(t,z,uc)(dzdt
s snsn:
(e~ 1) [ Vo)1 + sgn(ofur) - o(6))CdH"
Shp
— /1+sgn 0))7.(0)(dxdt,

Q

and for k(z) = 0 in the case of a bilateral constraint and x(z) = Ma(T) —
esssupg 0 + 0(x) for an unilateral one (thus ue — x > 0 a.e.) it comes:

/ue&ggdmdt
Q
> /)\Eng(ue).VCd:cdth/K(a:,us)B.ngxdt+/g(t,x,ue)édxdt
Q Q

Q
(c—1) / V() wn (1 — sgn(d(ue) — d(r)))CAH"

— [0 = sontuc = TGt

Q
For any ¢ in D(0,T, H}(Q2)), we write ¢ = (T — (™ and use the two previous

inequalities with (T and ¢(~. Thanks to estimates of Proposition 4, and to
the continuity of the trace operator from V into L?(I'y,) (so from H{(f2) into
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L?(T'p,)), we prove the existence of a constant C' (independent from €) such as:

V¢ € DO.7: (@), | [ udigdodt] < CI¢l oo
Q

Thus d;u, belongs to L2(0,T; H~1(2)) and for any ¢ of D(0,T; H}(Q2)),

T

—/ueathxdtz /(&ue,g)dt.

Q 0

Estimate (45) follows that completes the proof of Proposition 5.
O

Remark 5. By referring to [8], we may assert that as soon as Opu. belongs
to L2(0,T; H1(Q)) we can perform a time-integration by parts in (41) so that
the weak solution to (25)-(29) fulfills the "strong” variational inequality for any
measurable function v, v in Cy a.e. on Q with ¢(v) in HF(Q):

(Ortte, () — d(ug)) + / (AVo(ue) + K (u)B).V(6(v) — d(uc))da

Q

—l—/g(t,x,ue)(q’)(v) — ¢(ue))dx > 0 for a.e. t in]0,T].

Q

Remark 6. By reasoning as in Remark 8 and denoting Ve = (ue, — AV (u.) —
K (uc)B) we make sure that Vg, belongs to Hdw(,m(Qi) and a.e. on Q;,

_div(tﬂ)VG\Qi < gi(tvzvue) - (1 + Sgn(ue - 0))7;(9)7
—div oy Vo, = gi(t, x,ue) — (1 — sgn(uec — k) Ti(k).

So that if [0 < u. < 0] is an open subset of Q, H™-measurable, we argue that
div(s,e)(Veo,) =0 on Q; N[0 < ue < 0],
that is (26) and for any nonnegative ¢ with a support in Q N[0 < u. < 6]
[Veionvn + Ve, Vps ¢| =0,

that corresponds to (30). Observe that (31) holds since ¢(uc) belongs to H*(Q).
Eventually Vo(8).v, > Tc(0) H™- a.e. on Tpp N[0 < ue =6].

To study the behavior of the sequence (uc)e~o and characterize the corre-
sponding limit we need and additional assumption on ¢:

¢~ " is Holder continuous on ¢(Cg°) with an exponent 7 in ]0, 1[. (48)

In this framework,
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Proposition 6. If (48) holds, there exists a measurable function u in L>(Q),
with for a.e. t in ]0,T[, u(t,.) € Cy a.e. on Q, ¢(u) in L*(0,T;V) and such
that up to a subsequence when € goes to 0T,

ue — u in L®(Q) weak —*, and in L(Q,), 1 < g < +o0,
Vo (ue) = Vo(u) weakly in L*(Qp)", eVp(uc) — 0T strongly in L*(Qn)".

Proof. The strong convergence in L(Q,) for (u¢)eso refers to the arguments
put forward in [5], chapter 2. From (45) the sequence (Opu,)eso remains fixed in
a bounded subset of L?(0,T; H~1(£,)) and due to (43), the sequence (¢(uc))eso0
is bounded in L?(0,T’; V') uniformly with respect to e. Using that

Vs €]0,1[, L*(0,T; V) — L*(0,T; H*(Q,)) — L*(0,T; W*2(9,)),

we argue that u. = ¢~ (é(u,)) is bounded in L*/7(0,T; W7 *2/7(Q,)). The com-
pactness embedding of W7 %2/7(€,)) into L?/7(2,) and the J.L.Lions compact-
ness Theorem ([9], p. 57) ensure that W = {v € L?/7(0, T; W™ *2/7(Q,)); dpv €
L2(0,T; H~'(,))} is compactly embedded in L?/7(0,T; L*/7(12,)).

O

The previous convergence properties for (u).so are sufficient To characterize
the function u. On the hyperbolic zone we take advantage of (42) and of:

Claim 1. (see [4]) - If O be an open bounded subset of R? (¢ > 1) and (upn)n>0
a sequence of measurable functions on O such that,

IM > 0,Yn > 0, [[un| oo 0y < M,
there exist a subsequence (Uy(n))n>0 and a measurable 7 in L>°(]0,1[xO) such
that for all continuous and bounded functions f on Ox] — M, M],

n—-+4oo

Ve € LYO), lim /f(x,uw(n))fdx: / f(z,7(a, w))datdz.
(@] 10,1[x O

Such a result has first been applied to the approximation through the artifi-
cial viscosity method of the Cauchy problem in R? for conservation laws, as one
can establish a uniform L°°-control of approximate solutions. It has also been
applied to the numerical analysis of transport equations since ” Finite-Volume”
schemes only give an L°°-estimate uniformly with respect to the mesh length
of the numerical solution (see [4]). Here the approximating sequence is the
sequence of solutions to viscous problems (25)-(29) and we state:

Theorem 5. If
(K o ¢™1Y is continuous on ¢(C5°), (49)

then (1)-(6) has a weak solution that is the limit in L9(Q), 1 < ¢ < 400 of the
whole sequence of solutions to viscous Problems (25)-(31) when € goes to 0T.

Proof. We consider the function u highlighted in Proposition 6. Since (u¢|q, )e>0
is uniformly bounded, there exist a subsequence - still labelled (Ue\ﬂh)6>0 - and
a measurable and bounded function 7 - called a process - on ]0, 1[xQ}, such that
for any continuous bounded function 1 on Qj x C§° and for any £ of L'(Qy)

lim | ¥(t, z,uc)édxdt = / Y(t, z, (o, t, x))dadzdt. (50)

e—0t

Qn 10,1[xQn
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We first establish that on Qp, the process 7 is reduced to u)q, and secondly we
prove that u is a weak solution to (1)-(6) for initial data ug. To do so, we come
back to (46) in order to take the e-limit and then the p-limit separately on the
parabolic zone and on the hyperbolic one. Thanks to the convergence properties
of (u¢)eso toward u there are no difficulties to pass to these limits in the integrals
over (0. Especially for the convective term we refer to the Sacks Lemma. For the
boundary integrals we use the fact that (sgn,(¢(ue) — #(k))()e>o is a bounded
sequence of L*(0,T;V) that weakly converges toward sgn,(¢(u) — ¢(k))¢ in
L?(0,T;V) up to a subsequence. Then we refer to the continuity and to the
linearity of the trace operator from V into L?(T';,). On the hyperbolic zone, we
take the e-limit thanks to (50) since all the nonlinearities are continuous with
respect to u.. However the flux term

I, = / K (ue)sgnly(¢(ue) — 6())V (6(ue) — d(r)) Bdadt
Qn

has to be carefully studied since we only have weak convergences for (u.)eso
and for (Vé(ue))eso. That is why we introduce

v

H, (v, w) = / (I 0 ¢ 1) ()sgnl, (v — w)dr.

w

So that after an integration by parts with respect to 7,

L = [ V(H(6(). 6()) Bdsi
Qn

o (ue)
- / / (Ko (2571)/(7')3971;(7 — ¢(k))dr | Vo (x).Bldzdt.
Qr \9(k)

Thanks to the Green formula,

L, — - / Ho(6(ue), $(7))(CdivB + VC.B)dedt
Qn
b [ Hulo(u). 60 Banar
hp
P(ue)
- / /(Kod)’l)’(T)sgn;l(T—gb(/{))dT Vo (x).Bldzdt.
Qn \¢(k)

Since ¢(u) is an element of L*(0,T; H'(Q)), for a.e. t of |0, T[, (¢(ue) 0, )rm, =
((ue) |0, )i, We take now the e-limit through (50). For the boundary integral,
we argue as previously by considering that (H,(¢(uc), ())¢)e>0 is a bounded
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sequence in L?(0,T; V). It comes lim,_,o+ I, = I, where

I, = — / H,,(6(7), ¢(k))(CdivB + V(.B)dadzdt
Qnx]0,1]
+ / H,( #))B.vpCdH™
()
- / / (K 0 ¢~ 1) (m)sgn),(r — ¢(r))dr | Vo(r).Bldadxdt.
Qrx]0,1[ \¢(k)

To pass to the limit with u, we come back to the definition of signz and we

use the fact that since K o ¢~! is continuous on ¢(C5°), (H,(v,w)),>0 con-

verges toward sgn(v — w)K (w) a.e. on Qx]0,1[ and dH"-a.e. on Xyp,. In the

same way, due to (49), (f(K o™ ()sgn/, (T — w)d7'> converges toward
w n>0

sgn(v — w)(K o ¢71)(w) a.e. on Qpx]0,1[. From the Lebesgue dominated

convergence Theorem, it follows that lim, o+ I, = I where

I = - / sgn(m — k)(K(k)B.V( + (div(K (k)B))dadzdt
Qnrx]0,1]
+ / sgn(p(u) — ¢(k)) K (k)B.vpCdH",
Zhp

since ¢ is strictly increasing. Eventually,

- /L (u, k, )dxdt — / Lh(ﬂ,ﬁ,g)dadxdt—/|uo — k|¢(0, .)dx

Qrx]0,1]
/V|¢ K)|.-V¢dxdt — /Aqb Ysgn(u — k)Cdxdt
Qp
/ V(). vsgn((u) - 6(x))CdH" < 0. (51)

Yhp

For ¢ in D(] — 00, T] x Qp,), we deduce that

/ Lhwngdadxdm/lurnld Jdx

Qnx]0,1] Qp

Therefore, by following F.Otto’s ideas in [10], but here in the context of a process
solution, we may be sure that,

t—0t
10,1[x Q2

ess lim / |m(a, t, ) — A(z)|dadr < /|u0 — A(x)|dz, (52)

where A(z) = k(x)6(x), k(.) being a measurable function on Qp, 0 < k <1
a.e. in Qy, for the bilateral obstacle problem and A(z) = k(x) + 0(x), Ma(T) —
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esssupg @ < k < 0 a.e. in Q, for the unilateral one. Initial Condition (15) on
Qy, for 7 is obtained by choosing:

UO(I)
A(z) = 0(z)

0 else,

if () # 0, in the case of the bilateral constraint and

A(x) = up(x) — 6(x), for the unilateral one.

Now to establish (14) for 7, we take advantage of the approximation proper-
ties of u through (u.)eso and of ue through (ue,;)n>0 to come back to (32)-(33)
and consider the L?(Q)-scalar product between (32) and 9 H;(ue,y, )¢, where
¢ belongs to D(]0, T[xQ4), ¢ >0, ¢(t,.) =0 on I'y, for any ¢ of [0,T7], and

o\ 1/2
VN, Hizw) — ((dz‘s«z,[o,w]))%(})) =3
Ouzw) = / O H, (v, w) (K*Y (7 dr,

is the family of boundary entropy-entropy flux pair introduced by F.Otto [10].
We emphasize that 9y Hy(ue,, )¢ is an element of W (0,T; Hg(Q4); L?(21,)) so
that calculations may be performed as if we were in a single domain. Especially
the Green formula does not give rise to integrals along the interface. By arguing
that 0 < 01Hj (e, k)B(x, Ue ) a.e. on Qp, it comes:

— / (Hi(ten, ©)0:C — Qi(Ue n, K)B.VC — Gh (e, £)C) dadt
Qn
< - / A (O Hi (U, K)VC + (031 Hi (e, £)VE).V @} (te ) dadt,
Qn
the convexity of the function & — H;(¢,.) being taken into account and

Cra(tten i) = / (K*) (1)B. Vi + K*(r)divB) 82, H, (, k) dr

+ gﬁ(t, Z, uw)alHl(uw, Ii).

On account of the convergences properties of (uey)p>0 toward u., we take the
n-limit. Then, as previously, we take the e-limit thanks to (50). It follows that:

— / (Hy(m,k)0:¢ — Qi(m, k)B.V( — G i (7, k)() dadzdt < 0.
10,1[xQn

At this point, we adapt F.Otto’s works providing that:

ess lixgl_ / Qi(m(a,0 4+ 7v),k)B(0).vp¢dadH™ < 0,

]O,l[th,\Eh,p
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for any ¢ of L'(X4\Zhp), ¢ > 0. Boundary condition (14) for m follows by
observing that (Q;);en+ converges uniformly toward F(z,0, k) as | goes to +oc.

So 7 fulfills (14),(15) and (18) with similar integrations fields. This way, by
reasoning as in Theorem 1, if m1(«,.,.) and 72 (0, .,.) are two process solutions
for initial data ug 1 and wug 2, then for a.e. ¢ in ]0, 77,

|71 (, t, ) — m2(B, t, z)|dadBdxdt < / luo.1 — up,a|dx eMon’.
10,1[xQp, Qp
When wup1 = up2 on €, there exists a measurable function u; on @ such
that a.e. on Qp, up = m(a,.) = ma(B,.) for a.e. a and G in ]0,1[. Besides
the uniqueness property warrants that the whole sequence (u.)eso strongly con-
verges to up in L9(Qp), 1 < ¢ < +00. Thus u = ujq, a.e. on Qp, and u satisfies
(12)-(14). To complete the proof of Theorem 5 we only need to ensure that u

fulfills (15). Owing to (52) we just have to concentrate on €2,. We consider (51)
for ¢(t,z) = ¥ (t)¢(x) with ¢ in D(] — 00, T]), ¥ > 0, and ¢ in D(£,), ¢ > 0:

T

- / / u— klede + £(8) | w0yt < / o — KlCu(0)de,
QP QP

0

with f(f) = /Q ( / (1 (u(r, 2)) — K () [B.VC

P

+ gp(T,:L‘,u(T7 m))sgn(u(ﬂx) — k)¢ — |¢(u(7-7 z)) — ¢(’$)|AC]d7—)d$'

So the time-depending function ¢t — pr |u— k|Cdz + f(¢) is identified a.e. with

a non-increasing and bounded function, so it has an essential limit when ¢ goes
to 0%, ¢ in ]0, T[\O, where L(O) = 0. As f goes to 0 with ¢, it comes

ess lim /|u — k|¢dx < /|u0 — k|(dz,
QP

t—0+
Qp

for any function ¢ of D(€2,), ( > 0. As a consequence, thanks to F.Otto’s
reasoning in [10] we may announce (with A as in (52)):

ess lirgl+ |u(t,z) — A(x)|dx < /|u0 — A(z)|dzx
t—
Q, Q,

and we argue as for (52), which concludes the proof of Theorem 5. O
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