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8�%� �' ���% �'���?�&�'��' �'6�'���%� 8��$���'6� 8'� ��$%��
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)�7� &�%�$8�6�%� �' ��8��' &����$�7' 8' ����%�' $%���%?��%� 8�&6$� ��6 ����7��$�% �7$:�%�' ¢

x(t) = As(t) + b(t) �=�
�£

A
'�� �� ���6$&' 8' ����%�' (M,N)

6�'��' '� 8' 6�%�
��'$%"

x(t) = [x1(t), . . . , xM (t)]T
�' :'&�'76

(M, 1) 8'� �$�?%�7; ���'6:�� �(·)T 8��$�%' �����6��'76 8' �6�%����$�$�%�
'�

s(t) = [s1(t), . . . , sN (t)]T
�' :'&�'76

(N, 1) 8'� �$�%�7;
��76&'� �7�����'� 8��'6�$%$��'� '�

b(t) '�� 7% �67$� �88$?�$�,
��%� ��7�' �� �7$�' �% �' ���&'6� 8�%� �' &�� 8' �$�%�7;
��76&'� 6�'�� '� 7%' ���6$&' 8' ����%�' 6�'��',)�7� &�%�$8�6�%� �'� �>������'� �7$:�%�'� ¢

• !� ���6$&' 8' ����%�' $%���%��%�
A

'�� $%&�%%7'
��$� 8' 6�%� ��'$%,

• !' %���6' 8' ��76&'�
N

'�� &�%%7,
• !'� &������%�'�

bi(t)
"
i = 1, . . . , N ��%� ���%&�'�"

����$�%%�$6'� '� $%8��'%8�%�'� 8'� ��76&'�,
• !'� ��76&'�

si(t)
"
i = 1, . . . , N ��%� 8'� �$�%�7; 8�%��'� 6'�6��'%���$�%� �'���?�&�'��' ��%� �7¤����'%��8$��$%&�'��,

/'��' 8'6%$�6' �>������' �$�%$�' �7�$� ';$��' 8'� ��$%��
8�%� �' ���% �'���?�&�'��' %' &�66'���%8�%� �7�� 7%' �'7�'
'� 7%$�7' ��76&',!����'&�$� '�� 8�'��$�'6 7%' �$%:'6�'� 8' �� ���6$&' 8'
����%�' ��$% 8' 6'�6�7:'6 �'� &�%�6$�7�$�%� 8'� 8$��6'%�'�
��76&'�, �% ��%�6��" &'��'�?&$ %' ��%� 6'��$�7�'� �7�� 7%'
����$�78' '� 7%' �'6�7���$�% �6��, /�'�� ��76�7�$" �%



&�%�$8�6' ��%�6��'�'%� �7' �� ���6$&' 8' ����%�'
A

�
��� '��$��' �7�%8 �� ���6$&' ���'%7'" %���'

Ae

" �' ��&?��6$�' ��7� �� ��6�'
Ae = ADP

�:'&
D

���6$&' 8$���%��'$%:'6�$��' '�
P

���6$&' 8' �'6�7���$�%,
�% &' �7$ &�%&'6%' �$%��'�'%� �� ����6��$�% 8' ��76&'� �
�6��6'�'%� ��6�'6" �7�%8

M ≥ N
" ¥¦§¦ 8�%� �' &�� �76?

8��'6�$%�" 7%' '��$��' 8'� ��76&'� �����$'%� �7 ��>'% 8'
A

#
x(t) �

A
# 8��$�%�%� �� ��'78�?$%:'6�' 8' �� ���6$&'

A
�,

¨7�%8
M < N

" ¥¦§¦ 8�%� �' &�� ��7�?8��'6�$%�" $� %�>
� ��7� 7%' ���7�$�% 7%$�7' '� �� ����6��$�% '�'&�$:' 8'�
��76&'� %�&'��$�' 8'� �>������'� '� 8'� 8�:'����'�'%��
�7�����'%��$6'�,
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­%' ���$��' 8��%8'�'��'� '�� 8��%$' ��6 7% ��6����6' 8��&�'��'
a

'� 8' �'���
b

��6 ����7��$�% �7$:�%�'¢

ψa,b(t) =
1√
a
ψ(
t− b

a
). �0�

�£
ψ(t) '�� 7%' ��%&�$�% &����';' ���'��' ®¯°§±§²²§³ ´µ¶§,!� �6�%���6��' '% �%8'�'��'� 8�7% �$�%��

s(t) '�� 8��%$'��6 ¢

Ws(a, b) =

∫ +∞

−∞

ψa,b(t)s
∗(t)dt �3�

�:'&
a ∈ R

+
"
b ∈ R

'� ∗ 8��$�%' �����6��'76 8' &�%�7��$��%,
9�76 8'7; �$�%�7; s1(t) '�

s2(t)
" ��76 7%' ���' �%8'�'��'

��6'
ψ(t)

" �� �6�%���6��' �% �%8'�'��'� &6�$��' '%�6'
s1(t)'�

s2(t)
'�� 8��%$' ��6 ¢

Ws1s2
(a, b) = Ws1

(a, b).W ∗
s2

(a, b). �4�
� ��6�$6 8' ��';�6'��$�% �4�" �% �'7� 8��%$6 �� �6�%���6��'
'% �%8'�'��'� ����$��' �·+.� 87 :'&�'76

s(t) = [s1(t), . . . , sN (t)]��6 ¢
{Ws(a, b)}i,j = Wsisj

(a, b). ���
����6�� �' ��8��' �=�" ∀(i, j) ∈ {1, . . . ,M} ¢
Wxixj

(a, b) = Wxi
(a, b).W ∗

xj
(a, b)

=

N
∑

l,m=1

ailajmWslsm
(a, b) +Wbibj

(a, b)

+

N
∑

l=1

ailWslbj
(a, b) +

N
∑

l=1

ajlWbisl
(a, b),���

���6�"
Wx(a, b)

�'7� ���&6$6' ��7� �� ��6�' ¢
Wx(a, b) = AWs(a, b)A

T + Wb(a, b)

+ AWsb(a, b) + Wbs(a, b)A
T �2�

�£
Ws(a, b)

'�
Wb(a, b) ��%�" 6'��'&�$:'�'%�" �'� ·+. 8'�

��76&'� '� 87 �67$� '� �£
Wsb(a, b) '�

Wbs(a, b)
��%� �'�·+. &6�$��'� '%�6' ��76&'� '� �67$�,

��%� �' &�� %�%?�67$��" ����7��$�% �6�&�8'%�' �' 6�87$� � ¢
Wx(a, b) = AWs(a, b)A

T ,
�1�

�$%�%" �% �;' 7% �'7$�
ε

'� �% &�%�$8�6' 7%$�7'�'%� �'���$%� (a, b)
��76 �'��7'�� ‖Wx(a, b)‖ > ε1

��76 6':'%$6 �7

��8��' �1�,!��%8'�'��' ��6'
ψ(t)

���%� &����';'" �� ���6$&'
Ws(a, b)'�� 8�%& � �>���6$' �'6�$�$'%%', .$ ��76 &'6��$%� ��$%��

�'���?�&�'��' (a, b) '��' '�� 8$���%��'" ���6� �� ���6$&'
A�'7� ��6' '��$��' ��6 8$���%��$���$�% &�%��$%�' 8' ��'%�'���'

M = {Wx(a, b), (a, b) ∈ R
+ × R} ,

¸¹º »¼½¾¿À½Á¼Â½Ã¼¿À Ä¿ÀÅ¿¼ÀÃÆ À¿À ÇÀ¼Ã½¼ÈÆ
+% &�%�$8�6' ��'%�'���'D 8'

K
���6$&'�

Mi

"
i ∈ {1, . . . ,K}�7$ �' 8�&�����'%� ��7� �� ��6�' ¢

Mi = ADiA
T , ∀i ∈ {1, . . . ,K} ,

�£
Di

"
i ∈ {1, . . . ,K} ��%� 8'� ���6$&'� 8$���%��'�,!����'&�$� '�� 8�'��$�'6

A
'� ��'%�'���' 8'� ���6$&'�

Di

"
i ∈ {1, . . . ,K} ,
¨7�%8

A
'�� 7%$��$6'" 7%' ���7�$�% � ��� �6�����' 8�%��=�, ��%� �' &�� %�% 7%$��$6' �% �6����' 8����$�$�'6 �'&6$��6' ¢

C(B) =

K
∑

i=1

‖OffDiag{BT
MiB}‖2,

�<�

�£ �����6��'76
OffDiag{·} 6'%:�$' 7%' ���6$&' � 8$���%��'%7��' &�%��67$�' � ��6�$6 8'� ����'%�� ��6�?8$���%�� 8' ��%

�6�7�'%�,��%� �4����" %�7� �:�%� �6����� 7% ����6$���' ��76 �����$�$���$�%
8' C(B) ��%� &�%�6�$%�' 8�7%$��6$��,

¸¹É ÊËÁÆÄÃ¼¿À ½ÇÃ¿Ì½Ã¼ÍÇÆ ÎÆÂ Ï¿¼ÀÃÂ ÃÆÌÏÂÐËÄÑÆÁÁÆ
��% 8' &�%��67$6' ��'%�'���' 8'� ���6$&'�M = {Wx(a, b), (a, b)}� 8$���%��$�'6 &�%��$%�'�'%�" $� '�� %�&'���$6' 8' ���'&�$�%?%'6 �'� ��$%�� (a, b)

�7�$�'�� 8�%� �' ���% �'���?�&�'��' ��76
�'��7'�� �'� ���6$&'�

Ws(a, b)
��%� 8$���%��'� �2�,

!'� 8$��6'%�'� ��67&�76'� �����6$�7'� 8' �� ���6$&'
Ws(a, b)��%� ¢

• Ws(a, b)
'�� %7��'" ���6� ‖Wx(a, b)‖ = 0 '� �' ��$%�

(a, b)
%�'�� ��� 6'�'%7,

• Ws(a, b)
%�� �7&7%' ��67&�76' ��6�$&7�$�6' ¢

Wx(a, b)%�'�� ��� $%��6'���%�' ��76 ��'%�'���' M ,
• Ws(a, b)

'�� 8$���%��' ¢
Wx(a, b) '�� 6'�'%7' 8�%���'%�'���' M ,

��%� �' 8'6%$'6 &��" �7$��7'
Ws(a, b)

'�� � �>���6$' �'6?
�$�$'%%' '�

A
'�� 6�'��'"

Wx(a, b) '�� ����'�'%� � :��'76�6�'��'�, /'��' �6��6$��� �'7� ��6' ';���$��' ��76 ���'&?�$�%%'6 �'� ��$%�� (a, b) 8�%� �' ���% �'���?�&�'��' ��76
�'��7'��

Ws(a, b)
'�� 8$���%��' ¢

‖Wx(a, b)‖ > ε1
�=5�

‖={Wx(a, b)}‖ < ε2
�==�

�£ ={.} '� ‖.‖ ��%� 6'��'&�$:'�'%� �� ��6�$' $���$%�$6'
'� �� %�6�' '7&�$8$'%%'"

ε1
'�
ε2

��%� 8'� �'7$�� ���$�$��,���7�6'� ���6�&�'� ��76 �� ���'&�$�% �7�����$�7' 8'� ��$%��
�:'& ���%&�$�'%� ����$�� 8'� ���'6:��$�%� �'7:'%� ��6'&�%�7��'6 8�%� �=�������,
 � '�� � %��'6 �7' 8�%� �' &�� �£ �� ���6$&'

Ws(a, b)
'��



s1 

s2 

s3 

ÒÓÔÕ =¢ !'� �$�%�7; ��76&'� �:�%� ����%�',

8$���%��'" ���6� '��' '�� 8' 6�%� 7%, �% '�'�" �$ �% �7�?���' �7' �� ���6$&'
Ws(a, b)

'�� 8' 6�%� �7 ��$%� ����
� 8'7;" ���6� ∃(i, j), i 6= j

�'� �7' ¢
Wsisi

(a, b) 6= 0 '�
Wsjsj

(a, b) 6= 0
" 8��£

Wsisj
(a, b) 6= 0 8���6�� �4�, ��%&

�� ���6$&'
Ws(a, b)

%�'�� ��� 8$���%��' &' �7$ '�� &�%�6�?
8$&��$6' �:'& ���>������' 8' 8���6�, /'��' �6��6$��� �76
�' 6�%� �'7� ��6' ';���$��' '% &������'%� �7 &6$��6' �==�
�£ 8�%� �' &�� �£ ���%8'�'��' ��6' '�� � :��'76� 6�'��'�" '%&�'6&��%� �'� ���6$&'�

Wx(a, b) Ö 8' 6�%� =, !' &6$��6'
�7$:�%� �6�87$� 8�%& &'��' 8'6%$�6' �6��6$��� ¢

|λmax{Wx(a, b)}×ØÙÚÛ{Wx(a, b)} − 1| < ε3.
�=0�

�£
λmax{Wx(a, b)} 8��$�%' �� ��7� �6�%8' :��'76 �6��6'

8' �� ���6$&'
Wx(a, b)

,

Ü ����
������ ��«������Ý�
�
��%� &'��' ��6�$'" %�7� $��7��6�%� �7 ��>'% 8' �$�7��?�$�%� $%��6���$�7'� ������6� 8' �� �����8' �6�����' �7
%$:'�7 8'� �'6��6��%&'� 8' �� ����6��$�% &����6��$:'?
�'%� � 8��7�6'� ���6�&�'� ����'� �76 �� 8$���%��$���$�%&�%��$%�',)�7� &�%�$8�6�%�

N = 3 ��76&'� 8'
T = 2048

�&��%�$���%�6'Þ7'� �76
M = 3

&���'76�, !� ��76&'
s1

'�� 7% �&�$6�
�$%��$6'� ¢

s1(t) = sin(250πt2), t ∈ [0, 1]
, !� ��76&'

s2
'��7% �&�$6� �7�86��$�7'� ¢

s2(t) = sin(150πt3)
, �%�%" ��

��76&'
s3

'�� 7%' ��6��7'%&' �76'� ¢
s3(t) = sin(350πt)

,
!��%8'�'��' ��6' &�%�$8�6�' '�� ���%8'�'��' 8' ��6�'� &��?��';' ¢

ψ(t) = 1√
πfb

e2iπfcte
− t2

fb

" �7�%� �7; :��'76� 8'
a

'�
b
" '��'� ��%� 6'��'&�$:'�'%� 8�%� [1, . . . , 32] '� [1, . . . , T ]

,
!'� �'6��6��%&'� 8' �� ����6��$�% ��%� �7�%�$��'� ��6
��$%8$&' �7$:�%� �<� ¢

I(S) =
1

N(N − 1)





N
∑

i=1

N
∑

j=1

|(S)i,j |2
max

`
|(S)i,`|2

− 1





+
1

N(N − 1)





N
∑

j=1

N
∑

i=1

|(S)i,j |2
max

`
|(S)`,j |2

− 1





�=3�

�7 %$:'�7 8' �� ��76' = ��%� �¤&��'� �'� ��76&'� �:�%�
����%�'" �76 �� ��76' 0 ��6�� ����%�', !� ��76' 3 ��%?�6' �� �6�%���6��' '% �%8'�'��'� 8'� ���'6:��$�%� '� �76 ��
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��76' 4 �'� ��$%�� ���'&�$�%%�� �76 �' ���% �'���?�&�'��'��76 �� 8$���%��$���$�% &�%��$%�' �:'& �'� &6$��6'� �=5��==�
�£

ε1 = 5.22 '�
ε2 = 10−2

" �' 6����6� �$�%�� � �67$� '��
8' 30dB

, !� ��76' � $��7��6' �' 6��7���� 8' �� ����6��$�%"
�£ �'� �6�%���6��'� '% �%8'�'��'� 8'� ��76&'� ��%� 6'&�%?��67$�'�, !� ��76' � $��7��6' �'� �'6��6��%&'� '% 8- 8' ��
�����8' �6�����' �ó-..� &����6�' � �����6�&�' ·�-..
����' �76 �� 8$���%��$���$�% &�%��$%�' 8' ���6$&'� $��7'� 8'6'�6��'%���$�%� �'���?�6��7'%&' ����$��'� ��� �£ �' 6����6�
�$�%�� � �67$� :�6$' 8' 10dB

�
100dB

,

ô õ���
�����

)�7� �:�%� ��%�6� 8�%� &'��' &���7%$&��$�% �7' �� ����?6��$�% 8' ��76&'� 8��'6�$%$��'� '� %�% ����$�%%�$6'� �'7�
��6' 6���$��' 8�%� �' &�� �£ �'� ��76&'� �����8'%� 8'� 6'�6��'%?���$�%� 8$��$%&�'� 8�%� �' ���% �'���?�&�'��', !����6�&�'�6�����' '�� ����' �76 �� 8$���%��$���$�% &�%��$%�' 8�7%
%�7:'�7 �>�' 8' ���6$&'� &�%��67$�'� � ��6�$6 8' �6�%���6?��'� '% �%8'�'��'� ����$��'� ��$� �7��$ �76 7% &6$��6' 8'
���'&�$�% �7�����$�7' 8' ��$%�� (a, b)

,
9�6 �' �$�$� 8' �$�7���$�%� $%��6���$�7'�" %�7� �:�%� $��7�?�6� �'� �'6��6��%&'� 8' �� �����8' �76 8'� �$�%�7; �>%?����$�7'� �$'% ��&��$��� 8�%� �' ���% �'���?�&�'��'" �'6?
�'���%� �$%�$ 7%' ���'&�$�% ���$���' 8'� ��$%�� (a, b)

%'&�66'���%8�%� ��� �7; �$%�'6��6'%&'��, � �'6�$� $%��6'���%� 8' :�$6 �� &���&$�� 8' �� �����8' �
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ÒÓÔÕ �¢ ��$%8$&' 8' �'6��6��%&' 8' �� �����8' �6�����'
�ó-..� '� 8' ·�-.. '% ��%&�$�% 87 6����6� �$�%�� �
�67$�,

';�6�$6' 8'� ��76&'� �>�%� 7%' ��67&�76' ��7� �&����';'�
8�%� �� �'�76' �£ �� ���'&�$�% �7�����$�7' 8'� ��$%��
(a, b) �'6�$� ��7� �8��$&��'�,!� ��%�6��$���$�% 8' �� �����8' �6�����' � 7% ��8��'&�%:��7�$� ��766�$� ����'�'%� ��6' �6�$��',

ö
«
�
��
�
�=� �, -'��7&�6�%$" �, (, ��$%" �-�$%8 ��76&' �'��6��$�%

���'8 �% �$�'?�6'�7'%&> �$�%�� 6'�6'�'%���$�%�"� ÷øøø
ù¶ú¯³¦ û¥ü¯ú± ý¶®þ§³³¥¯ü" #��, 4�" )�, ==" ��, 0111?01<2" )�:, =<<1,

�0� �, -'��7&�6�%$" ÿ, ���$8?�'6�$�" �,?�, /�68��� �%8�, ��7�$%'�" �� ��$%8 ��76&'� �'��6��$�% 7�$%� �'&�%8
�68'6 ����$��$&��"  ��� ·6�%��&�$�%� �% .$�%�� 96�&'��?$%�" #��, 4�" ��, 434?444" �'�67�6> =<<2,

�3� �,?�, /�68��� �%8 �, .�7��7�$�&" �-�$%8 -'����6�$%�
��6 %�% (�7��$�% .$�%����" ÷øøø ý¶®þ§§°¥¯ü³��" #��,45" ��, 3�0?325" =<<3,

�4� �,�, ��8�$�$" ), ·�$6$�%?��6'�7" �, ��6'�7" �/��?
�$%'8 )�%?+6�����%�� ��$%� �'6�?8$���%��$���$�% �%8
��$%� �$���%��$���$�% ��6 .�76&'� .'��6��$�%�" ÷¯ ý¶®þ¦÷øøø �®¶�³�®� ®¯ û²ú²¥³²¥þú± û¥ü¯ú± ý¶®þ§³³¥¯ü" -�6?8'�7;" �6�%&'" �7�> 055�,

��� �,�, ��8�$�$" ), ·�$6$�%?��6'�7" �, ��6'�7" �)�%
�6�����%�� ��$%� 8$���%��$���$�% ��'6� 8$���%��$���$�%��6 ��76&'� �'��6��$�% ���'8 �% �$�'?�6'�7'%&> 8$��6$?�7�$�%��" ÷øøø ù¶ú¯³úþ²¥®¯³ ®¯ û¥ü¯ú± ý¶®þ§³³¥¯ü" :��,��" )�, 4" ��6$� 0552,

��� /, ��:���' �%8 /, ��%&�6�$" �·	� &�%�6$�7�$�%� ��
��$%8 ��76&' �'��6��$�% 7�$%� �$�'?�6'�7'%&> 8$��6$�7?�$�%��" ÷øøø û¥ü¯ú± ý¶®þ§³³¥¯ü 
§²²§¶³" #��, ==" )�, 3"
��, 31�?31<" ��6&� 0554,

�2� !, ($7�$'6$" ), ·�$6$�%?��6'�7 �%8 9,?�, �6�7��"�-�$%8 ��76&'� �'��6��$�% ���'8 �% �7�86��$& �$�'?�6'�7'%&> 6'�6'�'%���$�%�¢ � �'���8 	$���7� �6'?
	�$�'%$%��" ÷¯ ý¶®þ¦ ÷�
ûûý �����" ��%�?ÿ�%�" ��,
01<?0<0" ��6$� 0553,

�1� ., ������" �� ��$6> ��6 �7��$6'���7�$�% �$�%�� 8'&����?
�$�$�%¢ ��' 	�:'�'� 6'�6'�'%���$�%�" ÷øøø ù¶ú¯³¦ ýú²�
²§¶¯ 
¯ú±¦ ú¯° �úþ�¦ ÷¯²§±±¥ü§¯þ§" ==�2�" =<1<" �, �24?�<3,

�<� �, ��6'�7" �� �'%'6��$���$�% �� ��$%�?8$���%��$���$�%&6$�'6$� ��6 ��76&' �'��6��$�%�" ÷øøø ù¶ú¯³¦ û¥ü¯ú±ý¶®þ§³³¥¯ü" #��, 4<" )� 3" ��, �35��4=" ��6&� 055=,
�=5� �,-, *7���$ '� ��, �ó�:'�'�� �%8 ��'$6 ����$&��$�%��"

��%'� �%8 -�6��'�� 97��, /���," -����% "=<<0,
�==� �, .�'%�" �ó�:'�'� ·6�%���6��" ù�§ ²¶ú¯³�®¶´³ ú¯°

ú�� ±¥þú²¥®¯³ �ú¯°�®®�" �8, �> �, �, 9�7��6$���" ��,
242?102" ·�' ��'&�6$&�� �%�$%''6$%� ��%8���� .'6$'�"
=<<�,


