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Abstract
We consider the first-order Cauchy problem

ou+a(z,x,D)y)u=0, 0<z<Z

u |.=o = uo,

with Z > 0 and a(z, x, D,) a k X k matrix of pseudodifferential operators of order one, whose principal part
a; is assumed symmetrizable: there exists L(z, x, &) of order 0, invertible, such that

a) (Z7 X, g) = L(Z’ X, g) (_iﬁl (Z’ X, g) + Y1 (Z’ X, f)) (L(Z’ X, ‘f))il 5

where 3, and vy, are hermitian symmetric and y; > 0. An approximation Ansatz for the operator solu-
tion, U(Z, z), is constructed as the composition of global Fourier integral operators with complex matrix
phases. In the symmetric case, an estimate of the Sobolev operator norm in L((H®(R"))*, (H(R"))*) of
these operators is provided, which yields a convergence result for the Ansatz to U(z’, z) in some Sobolev
space as the number of operators in the composition goes to co, in both the symmetric and symmetrizable
cases. We thus obtain a representation of the solution operator U(z’,z) as an infinite product of Fourier
integral operators with matrix phases.
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Introduction and notation

Let k, n € N*. We consider the Cauchy problem

(1) ou+a(z,x,Dyu=0, 0<z<Z

() U l=o = U,

with Z > 0, u(z, x) € C¥, and a(z, x, €) a k x k matrix with entries continuous with respect to (w.r.t.) z with
values in S'(R" x R"), with the usual notation D, = %6&. (Symbol spaces are precisely defined at the end
of this introductory section.)

We write a(z, x, &) = a;(z, x,€) + ap(z, x,£), where a; is the principal part of a and a is a matrix symbol
with entries in S(R” x R"). The principal part is assumed homogeneous of degree one and symmetrizable
in the sense that there exists a matrix L(z, x, ) with entries in S OR" x R"), with z as a parameter, such that

a1(z, %,€) = Lz, %, &) a1(z, %, €) (L(z, %, €)',

and a(z, x,&) = —iB1(z, x, &) + y1(z, x,£), where 8; and y| are hermitian symmetric k X k matrices. The
matrix yi(z, x, £) is also assumed non-negative. For the precise statements of the assumptions we make on
the symbol a(z, x, &) refer to the subsequent sections.

In the case where, for instance, the eigenvalue multiplicities are constant, the solution operator U(z’, z) of the
Cauchy problem (1)—(2) is given by Fourier integral operators (FIO). However, in practice, the amplitudes
are only known up to elements of S, i.e., the operator itself is known up to a regularizing operator. We
wish to develop an alternative representation of U(z’, z). The solution operator is approximated by a multi-
product of FIOs, that are given explicitly, and we prove convergence as the number of operators in the
product goes to infinity. The convergence is not up to a regularising operator: the limit we obtain is exactly
UZ,2).

When a(z, x, €) is scalar, k = 1, and independent of x and z it is natural to treat such a problem by means of
Fourier transformation:

u(z, x') = f f ¢ =) Yy (x) dE dx,

where d¢ := dé/(2n)". Some assumption needs to be made on the symbol a(£) for this oscillatory integral
to be well defined. In particular, non-negativity will be imposed on a(¢). When the symbol a depends on
both x and z we can naively expect

3) w(z )~ iz x') = f f X HO-OX Dy ) e iy,

for z small, and hence approximately solve the Cauchy problem (1)—(2) for z € [0,z"] with z") small. If
we want to progress in the z direction we have to solve the Cauchy problem
Ou+azx,Dou=0, 7V<z<Z

I/I(Z, ) |z:z(” = I/ll(Z(l), ~)’

which we again approximately solve by
u(z, x') = up(z, x') := f f MO Oy, (oD ) 3¢ dix.

This procedure can be iterated until we reach z = Z.

In the scalar case, k = 1, upon appropriate assumptions, this procedure converges [29, 30] and yields the
solution operator of the Cauchy problem (1)—(2). The convergence is obtained in Sobolev spaces. We wish
to extend this type of results to the case of a symmetrizable system, which then yields a representation of
the solution operator as an infinite product of FIOs of the form of (3). The extension is intricate mainly
because we have to deal with matrix symbols and phases which do not commute in general and some simple
algebraic operations in the scalar case become impossible. Here, we introduce classes of FIOs with matrix
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phase functions. Some care is required for them to be well defined and some assumptions will be made on
the matrix symbol a(z, x, &), which in particular generalize those made in the scalar case in [29, 30]. We
shall prove some calculus results for these operators.

We define the so-called thin-slab propagator, G, ), as the operator with (matrix) kernel
G (X', x) = [ ¢ (@D D) o=@ D @ 8) g

Note that ¢~@ 9G¥ 9 and =@ -241@x4) do not commute in general. Combining all iteration steps above
involves composition of such operators: let 0 < 7 < --- < z¥ < Z, we then have

Ui 1(2, X) = Gz 20y © G f6-1y © + + = © Gz ) (1o )(X),

if z > z®. We then define the operator Wy, . for a subdivision ¥ of the interval [0, Z], B = { 20 7D Ay
with0 =70 <0 <... < ) =7

g(z!o) if 0 < z< Z(l),
1

Q@,Zw)ng@m,z(m) if 70 < z < 7D,
i=k

(Wq_;’z =

According to the procedure described above, Wy ;. yields an approximation Ansatz for the solution operator

Note that a similar procedure can be used to show the existence of an evolution system by approximating
it by composition of semigroup solutions of the Cauchy problem with z ’frozen’ in a(z, x, D,) [18, 34]. It
should be noticed that ‘W, ; is however not the solution operator of problem (1)—(2) even in the case where
the symbol a only depends on the transverse variable, x. For instance in the scalar case, k = 1, while
singularities propagate along the bicharacteristics associated with —Im(a;), we however observe that, with
the form of the phase function, the operator G, ;) propagates singularities along straight lines. See [32] for
further details. Furthermore, by composing the operators G~ .y and G, ), one convinces oneself that

G ? G oGry

in general if 7”7 > 7’ > z € [0, Z] (use again that singularities propagate along straight lines). The family of
operators (G ;) [0,z 15 thus neither a semigroup nor an evolution system.

Under Holder regularity of order a of a(z, x, &) w.r.t. z, and Lipschitz regularity of L(z, x, &) w.r.t. z in the
symmetrizable case, we shall prove convergence of the Ansatz ‘Wy; , to the solution operator U(Z’, z) of the
Cauchy problem (1)—(2):

(4) “(W(B’z - U(Z, 0)'|((H(“'+l))k,(H(“'+’))k) < Ag’r)a’

for 0 < r < 1 (Theorem 3.7 in the symmetric case, L(z, x, &) = I, and Theorem 4.15 in the symmetrizable
case). We thus obtain a representation of the solution operator U(Z’, z) as an infinite product of FIOs with
matrix phases. Such a result is achieved by first proving a precise estimate of the Sobolev operator norm of
the thin-slab propagator G, ;) in the symmetric case, L(z, x, &) = I;: for all s € R, there exists C > 0 such
that

Q) G )l oy (oyy <1+ CA,

forall 0 < z < 77 < Z with A = 7 — z sufficiently small (Theorem 2.22). To prove (5), we assume that
the symbols B and y; commute and are diagonalizable with a diagonalizing symbol that is smooth w.r.t.
x and & and bounded w.r.t. z, i.e. the symbol a(z, x, &) is assumed to be “geometrically regular”. Note that
this assumption does not exclude the crossing of smooth eigenvalues. Estimate (5) yields the stability of the
multi-composition of FIOs. For symmetrizable systems we assume that the symmetrizing symbol L(z, x, &)
is smooth w.r.t. x and & and Lipschitz continuous w.r.t. z. In this case, solutions of (1)—(2) exist and are
unique and we prove the convergence of the proposed Ansatz Wy, to U(z,0). An estimation of the form
of (5) is however not obtained in the case of a symmetrizable system. The treatment of this case relies on a
careful analysis of the product G, ) © G(r ;) that allows to fold back onto the symmetric case, yet creating
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perturbative terms that accumulate as the number of operators in the multi-composition increases. These
additional perturbative terms can be managed and the stability of the multi-composition is obtained.

Multi-composition of FIOs to approximate solutions of Cauchy problems were first proposed in the scalar
case in [25] and [24]. In these articles, the exact solution operator of a first-order hyperbolic equation
is approximated with a different Ansatz. The approximation is made up to a regularizing operator. The
technique is based on the computation and the estimation of the phase functions and amplitudes of the FIO
resulting from these multi-products, a result known as the Kumano-go-Taniguchi Theorem. It is based on
the earlier work of H. Kumano-go in [22]. This approach is synthesized in Chapter 10 of [23].

The case of systems with constant multiplicities in non-diagonal form in also treated in [23, Section 10.4].
However, the system is diagonalized by the application of elliptic pseudodifferential operators and the solu-
tion is only recovered through the use of a parametrix which yields the solution operator up to a regularizing
operator. In the present article, we aim to obtain an exact representation of the solution operator. Hence we
do not rely on such a diagonalization procedure of the system.

The multi-product technique was further applied to Schrédinger equations with specific symbols [20, 26].
In these latter works, the multi-product in also interpreted as an iterated integral of Feynman’s type and
convergence is studied in a weak sense. The time slicing approximation, closely related to our approach,
allows to give a rigorous mathematical meaning to Feynman path integrals [27, 11]. In [20] a convergence
result in L? is proven. This is the type of results sought here for first-order hyperbolic systems. We however
do not use the apparatus of multi-phases and rather focus on estimating the Sobolev regularity of each term
in the multi-product of FIOs in the proposed Ansatz Wy ,. While the resulting product is an FIO, we do
not compute its phase and amplitude. The Sobolev regularity allows us to use an a priori energy estimate
for the Cauchy problem (1)—(2) to prove convergence of the approximating Ansatz to the solution operator.

In [36] (see also [29, Appendix A]), a (microlocal) decoupling of the up-going and down-going wavefields
of the solution to the acoustic wave equation is presented. The resulting one-way wave equations are
of the form of (1)—(2) in the scalar case. In practice, the proposed Ansatz ‘W . can then be used in
geophysical problems for the purpose of imaging the Earth’s interior [8, 7]. As similar decoupling procedure
can be applied to the elasticity system and we obtain two one-way systems of the form of (1)—(2) [6]. One
motivation for this article is to use the proposed approximation Ansatz as a tool to compute approximations
of the exact solutions to the one-way systems of elasticity. Such computations in application to geophysical
problems have been used in [31]. With applications such as imaging in mind, in which one aims mainly to
recover the singularities in the subsurface (see for instance [38, 5]), we could extend the scalar results of
[32] to the case of systems, which would then yield microlocal convergence results, i.e. convergence of the
wavefront set of ‘Wi . (up) to that of U(z, 0)(up) in the sense given in [32].

The outline of the article is as follows. In Section 1, we prove some global regularity results for classes
of scalar FIOs with complex phase. These results are used in the subsequent Sections. In Section 2, we
introduce the thin-slab propagator in the case of a symmetric system, L(z, x, ¢) = I, and prove estimate (5).
In Section 3, we use this estimate to prove the stability of the Ansatz Wy ; and then prove the convergence
result (4). In Section 4, we address the case of a symmetrizable system and prove the convergence result (4)
in this case, assuming Lipschitz regularity of L(z, x, &) w.r.t. z. Some technical proofs have been placed in
Appendix A to ease the reading of the article.

In this article, when the constant C is used, its value may change from one line to another. If we want to
keep track of the value of a constant we shall use another letter. When we write that a function is bounded
w.r.t. z and/or A we shall actually mean that z is to be taken in the interval [0, Z] and A in some interval
[0, Ay ] unless otherwise stipulated. We shall generally write X, X', X", X1, ..., X™ for R", according to
variables, e.g., x, X/, ..., xX™). We shall sometimes use the variables v, ¢ that belong to ¥ and T which will
denote R™, R™ with possibly n, # n and n, # n. For the sake of concision we introduce

f:ff forn >3, neN.

@ H/_/
n times

In a standard way, we set (&) := /1 + |£? for & € R”. Throughout the article, we use spaces of global
symbols; a function a € ¢~ (RY x R?) is in SZfé(Rq X RP),0<p < 1,0 <6 < 1, if for all multi-indices a, 8
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there exists Cyp > 0 such that
1070 alx, )] < Cap ()" PP, x e RY, £ €RP.
The best possible constants Cyg, i.€.,

Pap(@) = sup (&)1 a(x, &),
(x,6)eRIXRP :
define seminorms for a Fréchet space structure on S m (R’f XR?). As usual we write S 7'(R? X R?) in the case

=1-6,5 L <p<1,and S”(R? x RP) in the casep =1, 6 = 0. We shall denote by MkS’”é(Rq X R?) the
space of k x k matrices with entries in S ;’f (R?7xR?). By M;(C), we denote the space of k X k matrices with
complex entries, furnished with some norm ||.||s,(c). Seminorms on MkS’” (R? x R?) are naturally built
from ||.]|pm,(c) and the seminorms on S Z’ (R? x RP). It yields a Fréchet space structure on M;S™ 6(R‘1 X RP).
In the case of matrix symbols, we shall also use the notation simplifications given above in the case p=1-06,
and thecasep =1, = 0.

We shall sometimes use the notion of multiple symbols. We set (&;n) = +/1 +|£?% +[n|®. A function
a(x,&,y,m) € € (R x RP' x R%2 x R”) is in SZ’;S’” R xR xR2 xR7™),0<p<1,0<6 < 1,if forall

multi-indices a, 81, @3, B>, there exists cfi‘f}z > ( such that

07105 020 alx, £, y, ] < Catls € FPIInlg pyesly Pl x e RY, y e R®, £ € R, e R
(See for instance [23, Chapter 2]). For an example of a multiple symbol, we can consider functions of the
form p(x, &)p2(x,v,&,1m)p3 (v, n), with each term being a symbol w.r.t. its variables.

We shall use, in a standard way, the notation # for the composition of symbols of pseudodifferential op-
erators (YDO). In the case of matrix symbols, a # b will naturally denote the matrix symbol with entries
(a#Db)ij = X ai # bij. When given an amplitude p(x,y,¢) € MkS’"ﬁ(X X X X R"), p > 6, we shall also
use the notation o {p} (x, &) for the symbol of the DO with amphtude p. For p e M S o " (X X R") we shall
write p* for the symbol of the adjoint operator.

For r € R we let E be the DO with symbol (¢)". The operator E) maps H® (X) onto H*"(X) unitarily
for all s € R with EC" being the inverse map. We shall use the same notation for the diagonal operator that
maps (H® (X)) onto (H~"(X))* unitarily, k € N*.

1 Some results on Fourier integral operators in the scalar case

1.1 A class of Fourier integral operators with complex phase

Let us consider the amplitude A (z, X', x,&) = —iki(z, X', x, &) + 11(z, X', x, &) that satisfies the following
assumption.

Assumption 1.1. The amplitudes ky(z,.) and 1,(z,.) are in #°(10,Z], S (X’ x X x R"), are real valued,

homogeneous of degree one in &, for |£| > 1, and 11(z,.) = 0.

Let 7,z € [0, Z], with ' > z, and let A := 7’ — z. Define the complex function ¢, ) € € (X’ x X X R") by
(1.1) P (¥, x,8) 1= (&' = X&) + iAh (2, X, x,&) = (&' = xlE) + Aki(z, X', x, &) + iAL (2, ¥, x, &),

and define the complex function ¢, (¥, x,£), homogeneous of degree one, in &, for all ¢ # 0, equal to
B (X, x, &) when |€] = 1.

Lemma 1.2. There exists A; > O such that ¢, . is a non-degenerate phase function, of positive type, for
0 <A =7 —z< Ay, atany point (x;, xo, &) where B¢z ) = 0.

Proof. We denote by k; and [; the homogeneous extension of k; and [; for all £ # 0. Note that Im(¢ ;) =0
and thus agiﬁ(z/l) = 0 implies /1(z, X', x,€) = 0 by Euler’s formula. Let us consider a point yo = (x;, X0, £0)
where d@ ;) = 0. Then [; vanishes at this point y, and so do all its partial differentials w.r.t. x’, x and &.
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We note that . @ ) (y0) = & + Advki(z, X, X0, &0) = 0. Then, because of homogeneity, for A sufficiently
small, & = 0 is the only possible solution, since

sup sup dvki(z, ¥, x,&) < C.
z€[0,Z] ¥ex’

xeX

it

Thus d¢, ;) does not vanish in X’ X X x (R" \ 0) for A sufficiently small. If we now consider the partial
differentials of dg, @ 2y, - . ., Og, Pz ) WLL 1O X1, ..., Xy,

0x, 05, (X', X, €) = 6 + Aaxﬁg,%l(z, X, x,é),

we see that the differentials ddg, (. ), - . . , dOg, () are linearly independent for A sufficiently small, since
ax[c')fjkl (z,Xx',x,8), 1 <1i, j <n,are bounded w.r.t. z, x’ and x, and homogeneous of degree zero in &. ]

Remark 1.3. In an abusive way, we shall say that the function ¢, . is a complex phase function of positive
type. The function ¢, . is assumed to be homogeneous of degree one in & only when |¢| > 1. This however
is not an obstacle to the subsequent analysis, e.g., FIO properties, since to define such operators the phase
function need not be homogeneous of degree one for small |£|. With the use of cut-off functions in the
amplitude of the operators below, one can in fact modify the phase functions for small |£].

Proposition 25.4.4 in [14] assesses that a non-degenerate phase function ¢(y, §) € €~ (Y x RY), of positive
type at some point (yg, 6p), locally defines a Lagrangian ideal of functions. In the case where there exists a
Lagrangian ideal K, such that in the neighborhood of every point of Kg the ideal is generated by the same
phase function ¢(x, 6), and conversely, the ideal of functions locally generated by ¢ coincides with K (at
a point (yo,1n0) € T*(Y) \ 0 associated to a point (y,6p) € ¥ X RY where ¢ is stationary in the sense of
Proposition 25.4.4 in [14]), we shall say that the phase function ¢(x, 6) globally defines K or that it is a
global phase function. We recall that if K is an ideal of functions on 7*(Y) \ 0, we set

Kr ={0,m) € T°(¥)\ 0; Yu € K, u(y,n) = 0}.

Because of the usual twist (x',&, x,&) — (x,&,x, =€) (see Section 25.2 and 25.5 in [14]), we use the
symplectic 2-form ¢’ — o on T*(X’ X X), where ¢ and o are the symplectic 2-forms on 7*(X") and T*(X)
respectively. Twisted Lagrangian ideals are called canonical ideals.

Proposition 1.4. There exists Ay > 0 such that if 7/,z € [0,Z] with 0 < A = 7/ — 7 < A, then the phase
Sunction ¢, ;) is a global phase function.

Proof. For (x', x,0) € X’ x X x R", set
o(x', x,0) = Re(¢pr )X, x,0) = (x' — x16) + Ak (z, X', x, 0),
which is a real non-degenerate phase function. The stationary point set for ¢(x’, x, 6), given by
2, ={(x,x,0) € X’ x X X (R"\ 0); dpep(x’, x,0) =0},
is thus a submanifold. Define
Co ={(x,&,x,&) eT"X)xT"(X); 0 e R", dgop(x',x,0) =0, & =0drve(x',x,0), & = —0.0(x', x,0)}.
Observe that the equations
E =0vp(x',x,0) =0+ Aok (X, x,0), x' —x+ Adgki(x',x,0) =0,

yield a global homogeneous diffeomorphism (x', &) = f(x, 6) for A sufficiently small, by a Banach fixed-
point argument, since d,k;(x’, x,60) and dgk;(x’, x, 0) are bounded on X’ x X x S"~!'. Similarly we obtain
that the equation

E=—-0vp(x',x,0) = 0 — Ad,ki (¥, x,0)
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also defines a global diffeomorphism (x, &) = g(x, 6) for A sufficiently small. Thus, for A sufficiently small,
the set C, is the graph of a smooth canonical transformation (hence, a submanifold). Let us denote by « the
natural global isomorphism between X, and C,. Define

g =2, N{(x, x,0) e X’ x X x (R"\ 0); [;(x', x,6) =0},
Kr = aZy) c (T"(X) X T*(X)\O0.

The set KR is thus part of a (smooth) submanifold.

Lety = (¥, x,0) € Z4. To any conic neighborhood V,, of y in X’ X X X R" corresponds, through «, a conic
neighborhood U, in (T*(X") X T*(X)) \ 0 of v = a(y) = (¥, &, x, &) € Kr. We choose V,, sufficiently small
to apply Proposition 25.4.4 in [14]. In the neighborhood U, the phase function ¢ (', x, ) thus defines
a canonical ideal that we denote by J,,.

We now define the ideal K of functions on (T*(X’) x T*(X)) \ 0 defined by the set of ¢ functions u such
that for all v € Ky, and for all y € €.°(U,), we have yu € J,. We see that K is a canonical ideal (see
properties (i)—(iii) in Definition 24.4.1 in [14]) and we have Kg = Kg. At every point of Kg the canonical
ideal K is thus locally defined by ¢, ;(x’, x, 8), which concludes the proof. |

Let us denote by Ji.- ;) the canonical ideal globally defined by ¢, .. Considering an amplitude oy ;(x’, x, €)
bounded w.r.t. z and 7’ with values in S Z’(X’ X X X R"Y), % < p £ 1, we define the distribution kernel in
9’ (X' x X)

(12) A(z’,z)(x/7 )C) — fei<x’_x|§>€_Ahl(Z’X/~X’§) O-(z’,z)(x,, X, f) df — feilﬁ(zf;)(x”x,f) O-(Z’,z)(x’, X, f) Jf,

where A = 7/ —7,0 < z < 7/ < Z, as an oscillatory integral (see Section 7.8 in [16]). The associated operator,
A - 1s alocal FIO [12, 9]. Because of Proposition 1.4, we have the following proposition.

Proposition 1.5. The operator A ;) is a global FIO with complex phase in R", for A sufficiently small.
1
Its kernel is in I°(X’ x X, Uz2)s Qgx)

We denote the half density bundle on X’ X X by Q ;{/i - Note that (Ji ;)" stands for the twisted canonical

ideal, i.e. a Lagrangian ideal (see Section 25.5 in [14]).

Proof. In view of Definitions 24.5.9 and 25.5.1 in [14], and arguing as in the proof of Proposition 1.4, we
see that the canonical ideal J, ), globally defined by ¢ ) satisfies Jy yr € T7(X") \ 0 x T*(X) \ 0, which
yields the conclusion. [ ]

1.2 Action on . (R") and .¥’’(R")
We shall study the properties of the operator A .y for small values of the parameter A.

Composition of global FIOs usually requires the operators to be properly supported. For the composition
of Ay, with A~ or with its adjoint, we need not make such a requirement because of the following

<

proposition which is proven in Appendix A.

Proposition 1.6. There exists Az > 0 such that if 2,z € [0,Z] with 0 < A = 2’ — z < A3, then A ;) maps
S R") into S (R") and &' (R") into S’ (R") continuously. Furthermore, the map (o ), u) — A (u) is
continuous.

1.3 Some calculus results

We shall need the following lemma.

1

Lemma 1.7. Let p(y,n) be bounded w.r.t. the parameter s with values in Sy x R"), 5

define

<p <1, and

ﬁs(A’y’ '7) =n- Afs(y’ T])’
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where f; is bounded w.r.t. the parameter s with values in S' (Y x R”, R") and homogeneous of degree one in
n, for |n| > 1. Then

Ps(A,y,1) = ps(v, 1A, y,m))

is bounded w.r.t. s and A with values in SZ’,(Y X R"), 0 < A < Ay, for Ay > 0 sufficiently small. In the case
o’ = 1itis bounded w.r.t. s with values in € ([0, A4],S™(Y x R")).

Proof. Let A4 be small enough such that [ — Afs(y,n)| = Co > 01if |n| = 1 and A € [0, A4]. We then have
L+ Colnl < 1+In=AfG.mI <1+ Cilnl, n€ R, Inl > 1, A €[0,A4].

This inequality yields the proper estimates for 6”63 1 Ds 1o prove that p; € § ’”(RP x R"). Bounds w.r.t. to the
parameters s and A come naturally. In the case p’ = 1, derivatives w.r.t. A do not affect the symbol order
and type. The proof is complete. ]

Lemma 1.8. Let q(z,y,n) be a non-negative symbol, bounded w.r.t. z with values in S'(Y X R"). Then,
e~ 29N js bounded w.r.t. A and z with values in S° (Y x R")
3

A proof is provided in Section 2.3 below.

Remark 1.9. In fact, one can obtain the symbol e~29@D to be with values in Ay 0.(YxR"), with § <p’ <1,
by making some special choices for the symbol ¢(z, y, ) (see [29, Section 2] and Section 2.3 below)

In the sequel, in this section we shall thus assume that e~2"D takes values in Sg,(Y x R"), for some p’,
l <p' <1.Wesetd =1-p’. We have the following proposition.

o o J(X X R, with0 < 8" < L < p” < 1. Then, for A sufficiently small:

Proposition 1.10. Let p(x,&) € S™, 7 <

1. The operator p(x, Dy) o Ay ), can be put in the form
(p(x, D) 0 A ) W)(X') = f f O G XE) g () dE dx

with g (X', x, &) bounded w.rt. to 7 and z with values in S ﬁ;’z) o oy maxee )X X X XRY) given by

(1.3) g, x¢6) = f [ @I V) =A@y ) AR @Y XK @ XED) (1! Mo o3, X, &) dn dy.
2. The operator A,y o p(x, Dy), can be put in the form

(Awz 0 px, DY W)(X') = f f VO XD g (X, x, E)u(x) dE dx

with q (X', x, &) bounded w.rt. to 7' and z with values in S;ﬁ;"&;/), ) max (6 6,,)(X’ X X X R") given by

(14)  quo,x8) = ff I g 6 3 I X Ok D (10 3 ) p(y, ) iy .

Formulae (1.3)—(1.4) for the amplitudes are to be understood as oscillatory integrals. Note that the form
of formula (1.4) differs from that of formula (2.3) in Theorem 10.2.1 in [23]. Recall however that, for
operators of this form, there is no unique choice for the amplitude.

The proof of Item 1 can be adapted in a straightforward manner from that of Theorem 10.2.2 in [23] for
A sufficiently small. Note that the variable x in (1.3) will then just act as an additional parameter but does
not modify the argumentation of the proof. In Appendix A we only prove Item 2 of the proposition, with a
method close to that of the proof of Theorem 10.2.2 in [23].

Remark 1.11. In fact, the proof of Proposition 1.10 shows that we can replace p(x’, n)a(z/,z)(y, x,€)in (1.3)

(resp. o (X', y,€)p(y, n) in (1.4)) by any multiple symbol! p. (X, y, x,&,17) in S ﬁl’r’:(p, ) max(e o) and the

two oscillatory integrals (1.4), (1.3) yield symbols in § ﬁ;’&p o) max(6.6 6,,)(X’ x X X R").

'With the same boundedness w.r.t. to z’ and z and with x as a smooth parameter in (1.3), and x’ as a smooth parameter in (1.4).
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1.4 Sobolev space regularity

We now turn to global L? and Sobolev space regularity for operators of the form of A, in (1.2).

Theorem 1.12. Let s € R. There exist C > 0 and As > 0 such that

A ollEo mo-my < Cp(o 2),

forall 77,z € [0,Z], and 0 < A = 7/ — z < As, where p(.) is some appropriately chosen seminorm on
SHX x X X R").

Sobolev norm estimation results often have a local character in the literature (see e.g. [13, 14]). The result
we prove here gives a global Sobolev regularity estimate. It generalizes some results found in [22, 23],
where the phase function is real and in a form close to that used here but only depend on the variables
x" and £. Other global estimates for FIOs can be found for instance in [35, 1]. Note that the real part of
the phase of A, ;) satisfies conditions (A-I)-(A-III) of [1] for A sufficiently small. In the case m = 0, if
the symbol o, ;) were of type 1,0 (or more generally of type 0,0) and the phase function were to be real
(li(z,.) = 0), then, we could apply the regularity result of [1] (see also [3]). Here, because of the symbol
type and the complex phase function we use, we need to prove this regularity result. In the proof, we shall
take advantage of the structure of the phase function.

Proof. We first treat the case in which o (X', x, £) is bounded w.r.t. to z” and z with values in S 2(X "X X X
R") and prove L? continuity.

The adjoint operator of A ;) is given by

ﬂ‘fz”z)(u)(x/) — ff ei(x’*X|§>e*Al’ll(Z,X,)C’,lf) E-(Z/,z)(x, xl’ é_«)u(x) dg dx,

from which we find

F () := Az 0 AL (W)X = f f e ( f f ein=6)
« e*A(hI(Z,X’,Yv§)+EI (z.x.y,1)) O-(Z’,z)(x,,y, 6) E(z’,z)(x, v, 7]) dr]dy) u(x) d(f dx.
With the lemma below we obtain
Fu)x') = / / T £ (X, x, ) u(x) dE dx,

with fi (X', x,&) bounded w.r.t. z’ and z with values in § Omin(pp,)(X’ x X x R"), for A sufficiently small.
Furthermore, for any seminorm p on § &in(p’p,), there exists a seminorm g on g such that we have p(f(, ;) <
Cq(o(» 5)*. Thus, for A sufficiently small, F is in ‘P?nin(p v, and bounded on L? by the Calderén-Vaillancourt

Theorem (see [23, Chapter 7, Sections 1,2] or [39, Section XIII-2]):
A2 © ALz < C qlow ),
where ¢ is a properly chosen seminorm on § S(X’ x X x R"). The result thus follows in this first case.

We now consider the amplitude oy ;) (x’, x, £) to be bounded w.r.t. to 2" and z with values in S '(X" X X X R").

We compose the operator A, ., from the left by E4™ and from the right by E%. By Proposition 1.10,
we obtain an operator with a similar form (with a real phase) with an amplitude bounded w.r.t. to 7’ and z

with values in § ?nin(p p,)(X " x X x R"), to which we apply the first part of the proof. ]

Lemma 1.13. The operator F is of the form
Fu)(x') = f f T fio (X, X, &) u(x) dE dx,

with fir (X', x, &) bounded w.rt. 7’ and z with values in S ?nin(p’p,)(X’ x X X R"), for A sufficiently small.

0
min(p,0’)’

P(fizn) < CQ(O'(Z’,Z))Z-

Furthermore, for a seminorm p on S there exists a seminorm q on S 2 such that we have

The proof of Lemma 1.13 can be found in Appendix A.
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2 The thin-slab propagator for a symmetric system

2.1 The Cauchy problem

Letk,n € N. Let s € Rand Z > 0. We consider the Cauchy problem

2.1 ou+a(z,x,Dyu=0, 0<z<Z

(2.2) U |0 = up € (HSD(RM)E,

where the matrix symbol a(z, x, £) takes values in M;.S (X x R") with z as a parameter.

In this section, we focus on the symmetric case. More precisely, we shall make the following assumption.

Assumption 2.1. The principal matrix symbol of a, a(z, x, &) = —ib(z, x, &) + ¢1(z, x, &), is such that both
by and c| are continuous w.r.t. z with values in MS'(X x R") and homogeneous of degree one in &, for
|€| > 1. Furthermore, they are hermitian symmetric and c1(z, x, €) is non-negative.

We set the remaining part of the symbol a(z, x, €) as ayp(z, x, &), ap(z, x,€) = a(z, x, &) — a1 (z, x, €), which is
assumed to be continuous w.r.t. z with values in MiS°(X x R").

Adapting the proof of Lemma 23.1.1 in [15] to systems (making use of the sharp Garding inequality for
positive first-order matrix symbols [28, Theorem 3.2], [40], [39, Chapter VII]) for any function in

V= €'(10, 2], (HY R n ([0, Z], (HU DR,

we have the following energy estimate (see also [4, Theorem 6.4.3])

Z
2.3) sup [luz, oy < Cllu(O©, oy +C f 1. + a(z, x, DJull oy dz.
z€[0,Z]
0

Then, there exists a unique solution in V to the Cauchy problem (2.1)—(2.2) ([15, Theorem 23.1.2], [4,
Theorem 6.4.5]).

By Proposition 9.3 in [10, Chapter VI] the family of operators (a(z, x, Dy)).c[0.z] generates a strongly con-
tinuous evolution system. Let U(Z’, z) denote the corresponding evolution system:

UiZ’,7)oU(Z,2)=U(",2), Z27"27 2220,
with
0.U(z,z0)(uo) + a(z, x, D)U(z,z0) (o) =0, 0 <790 <z<Z,
U (20, 20)(uo) = up € (H**D(RM),
while U(z, zo)(uo) € (HS*D(R™)Y* for all 7 € [z9, Z]. For the Cauchy problem (2.1)—(2.2) we take zo = 0.
We shall make the following further assumption on a(z, x, £).

Assumption 2.2. There exists w(z, x, &) continuous w.r.t. z with values in MS (X x R™), unitary, homoge-
neous of degree zero in &, for |é| > 1, such that

bi(z,x,€) = w(z, x, &) dp(z, x, &) (W(z, x, €))7, 1(z, %, &) = w(z, X, &) d (2, x, &) W(z, x,6) 7",

where dy(z, x, &) and d.(z, x,&) are k X k diagonal matrices with entries continuous w.r.t. z with values in
STR" x R") and homogeneous of degree one in &, for |¢| > 1. The diagonal entries of d.(z, x,&) are
non-negative since c1(z, x,&) > 0.

This assumption is sometimes referred to as having a “geometrically regular” matrix symbol a(z, x, &) (see
e.g. [33, Definition 2.2 (ii)]).



12 2. The thin-slab propagator for a symmetric system

Assumption 2.2 will be satisfied for instance if the eigenvalues of b;(z, x, &) and c;(z, x, £) have constant
multiplicities2 since by(z, x,£) and c¢((z, x, €) is hermitian symmetric [19, Section I1.4] and if the matrices
bi(z, x,¢) and c|(z, x,&) commute. However, Assumption 2.2 is much more general and allows for the
crossing of smooth eigenvalues.

We set v(z, x, &) := (W(z, x, €))7 = (w(z, x,€))* and d(z, x, &) := —idy(z, x, &) + d.(z, x, &). We shall denote by
dp)(z,x,&) and d.(z, x, £), 1 <[ < k, the diagonal entries of the matrices d(z, x, £) and d.(z, x, £).

Example 2.3. The Dirac operator 23:1 a;D,, + mB has an hermitian symmetric principal symbol. Here the
Dirac matrices are 4 X 4 matrices and are given by

(0 o . . (01 _ (0 —i (1 0
aj—(o_j O)’ j=1,2,3, w1th0‘1—(l 0)’0-2_(1' 0),0‘3—(0 —l)'

The two eigenvalues +|¢| both have constant multiplicity two. A norm convergence result of a Trotter-
product formula for the Dirac operator can be found in [17].

2.2 The thin-slab propagator

Let0<z<7z <Z Weset,forA=7 -z

(24) 8o, £) 1= e,

The function g, ,(x, €) is bounded w.r.t. z and smooth w.r.t. A with values in M;.S°(XxR") by the following
lemma.

Lemma 2.4. Let q.(y,n) be bounded w.r.t. z with values in MyS°(Y X RP). Then py (y,n) = €20 js
bounded w.r:t. z and smooth w.r.t. A with values in MyS°(Y x R?).

Proof. The exponential function for matrices is bounded. In fact, we have
”equoxn)”Mk(C) < Alatsmlwe < €y ey, neRP, z€l0,Z],

if we choose ||.|| p1,(c) to be the operator norm on M, (C). We now estimate |0y, pa (v, Mllm,c), for 1 <i < n,
and note that

1
Oypaz(yim) = A f 0N G g (y,m) 17O s,
0

We thus obtain

10y pA O, Mlimc) <C, yeY, neR”.

The estimate for [|0,, pa (v, MlImuc), for 1 < i < n follows the same. More generally the estimate for

02 P Az MIm.c), for arbitrary multi-indices @ and B is obtained by induction. Finally, smoothness
yOnPA\Y, 1 (C) Yy y Y.
w.r.t. to A and boundedness w.r.t. z are clear with the above estimates. [ |

Remark 2.5. By the proof of Lemma 18.1.10 in [15], the previous lemma can in fact be generalized to

F(q.(y,n) for any function F acting on M(C) such that F(M) = (F; (M), ..., Fu(M)), with F;;(M) =
F[j(Mll, e, M) in ((é)m(Cka, O),1<i,j<k

We define the following (k X k matrix) kernel

G(Z’!Z)(xl,x) = /ei(x’_)df)g(z/‘z)(xl’g)e—AIll(Z,x/,f) d’f'

2in particular if the eigenvalues are simple, i.e., in the strictly hyperbolic case.
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Such a kernel is well defined since we can write
G, x) = f T g (X EW(z, X E)e M Dz, ¥ £) dE,

and thus, each entry of the matrix kernel is a finite sum of scalar kernels of the form of (1.2). Each
component of the associated operator is thus a finite sum of FIOs of the form of A, , in Section 1. We
therefore have the following regularity results from Proposition 1.6 and Theorem 1.12.

Proposition 2.6. Let s € R. For A sufficiently small, the operator G, ;) with distribution kernel G, (X', x),
is a continuous map of (' (R into ( RMYE, (F' R into (' R, and (HO R into (HORM)-.
In particular, there exists C > 0 such that

G o)l oy HOW < C,
forall7,z€[0,Z, A=7 -z

Let m € R. If the matrix symbol g . is changed into a function bounded w.rt. A and z with values in
M;S l’)’f(R” xR"), p’ € [%, 11, then the associated operator maps (H®(R™))* into (HS™™(R™M)¥ continuously,
with a uniform operator-norm estimate as above.

In the sequel, we shall say that operators of the form of G . are FIOs with the complex matrix phase
(2.5) P, x,8) = (X' = xl€) + bi(z, X', €) + ici(z, X', ).
We aim to give a more precise estimate of the Sobolev operator norm of the thin-slab propagator in
L(H®ORM)Y, (HO(R")). We shall in fact obtain

G ollqaoy moy <1+ MA, A=7 -z,

for some M > 0 and for A sufficiently small (Theorem 2.22). To obtain such an estimate we need to
understand the properties of the matrix symbol e~2¢!**$) when A is small.

2.3 A class of symbols

We first introduce some definitions.

Definition 2.7. Let L > 2. A (scalar) symbol q(z,.) bounded w.r.t. z with values in S '(R? x R") is said to
satisfy Property (Pr) if it is non-negative and satisfies

(P 18105q(z,y. mI < Capy P (1 4 gz, y,p))!~1HEVE " 7 € [0,Z], y e R?, n e R

We then setp =1—1/Land § = 1/L.

Examples of symbols with such a property with L > 2 are given in [37]. In fact we have the following
lemma [29].

Lemma 2.8. Let q(z,y,n) be bounded w.r.t. z with values in S'(R? x R"). If ¢ > 0 then q satisfies Prop-
erty (Pr) for L = 2.

Remark 2.9. If the symbol ¢(z,y,n) and p(z,y, ) both satisfy Property (Py) then the amplitude g(z,y’,n) +
p(z,y,n) also satisfies Property (P) (with derivatives w.r.t. y, y’ and ).
The following definition concerns matrix symbols.

Definition 2.10. Let L > 2, p = 1 — 1/L and 6 = 1/L. Let px(z,y,1) be a function in € (Y x R", Mi(C))
depending on the parameters A > 0 and z € [0,Z]. We say that p satisfies Property (Qp) if the following
holds

(Qn)  320h(pa — pala=0)z.y.m) = A" By ), forlal + 1B < L, 0<m <1 —5(lal+ B,

where pza’g (z,y,m) is bounded w.r.t. A and z with values in MyS ;™" BI+olel y S RN, It follows that pa(z, y, ) —
Pala=0(z, y, 1) is itself bounded w.r.t. A and z with values in MkSg(Y X R").
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In [29], the following three lemmata, are proven in the scalar case, k = 1.

Lemma 2.11. Let q(z,.) be bounded w.r:t. 7 with values in S'(Y x R”) and satisfy Property (Pr). Define
oa(zy,m) = e 2D Then py satisfies Property (Q), k = 1, for A € [0,Aq] for any Ay > 0. As
Pala=o = 1, pa is itself bounded w.r.t. A and z with values in SS(Y x R").

Lemma 2.12. Let f € €~ (R) and pa(z,y,n) in €~ (Y x R") that satisfies Property (Qr), k = 1, and such
that pa(z, )la=o is independent of y and n. Then f(oa)(z,y,n) satisfies Property (Qp).

Lemma 2.13. Let pa(z,y,17) € Sg(Y X R") satisfy Property (Qr), k = 1, such that pa|a-o is constant. Let
fa(z, v, 1) be bounded w.r.t. z and A with values in S '(Y x R") be homogeneous of degree one in n for | > 1.

Define ij(A, z, y, 1) = 11— Afa(z, y,m). Then pa(z,y,n) := pa(z,y, (A, z,y,m)) satisfies Property (Qr), k =1,
for A sufficiently small.

Remark 2.14. These three lemmata naturally extend to diagonal matrix symbols and we shall use them in
this form below.

Proposition 2.15. Let L > 2. Let pa(z,y,1) be bounded w.r.t. z and A with values in MkSg(Y x R") that
satisfies Property (Q1), L > 2, p = 1 — 1/L. Let r(z,.) be bounded w.r.t. z with values in MiS°(Y x R™).
Then (rppa)(z,y,n) and (oar)(z, ¥, 1) both satisfy Property (Qp).

Proof. Let a, B be multi-indices such that |@| + || < L and let m be such that 0 < m < 1 —§(|e| + |8]). When
computing 6§8§r(pA — pala=0) we obtain a sum of terms of the form

FN (2., MO (o — pala=o)(@ y. 1),

with a1 + @y = @ and By + B, = 8. We choose m’ = m + 6(|a;| + |B1]). We have 0 < m’ < 1 — 6(|az| + |B2]).
By Property (Q1), we write

6326[,;2(,% — pala=0)@y, 1) = Am’“s('”z'*wz')pf P2y, m),

with pg'laz’g 2(z,y,n) bounded w.r.t. z with values in M;.S™ ~PL21+dl2l(y » R"). Thus, we have

a;m agl @z, n)agz agz (on — Palaco) @y, 1) = Am+6(|“|+w)(6§‘ 6/,371 r)pnAq/azﬁz (2,1
and (6?‘6[,;1 r)p'A”/”ﬂ *(z,y,n) is bounded w.r.t. A and z with values in MS, (Y x R") with
p =m' —plBa| + Slaz| = [B1] = m + 6(ja1| + |a2]) + (6 = D|B1| = plBa| = m + dla| - p|Bl,

since § = 1 — p. The proof for ppr can be carried out similarly. [

Note that the type 1,0 of the matrix symbol r(z,.) was of importance in the proof.

Corollary 2.16. Assume that the entries of the diagonal matrix symbol d.(z, x, £) satisfy Property (Pp), for
L > 2. Then the matrix symbol e~*1%9) satisfies Property (Qy) in MS S(X x R").

Recall that by Lemma 2.8, by default, the entries of the diagonal matrix symbol d.(z, x, ¢) satisfy Prop-
erty (Pp), for L =2.

Proof. The matrix symbol e~2%*$) satisfies Property (Qy ), from Lemma 2.11 and Remark 2.14. Then by
Proposition 2.15, the matrix symbol e=21@%8) = yy(z, x, £)e~24ExXOy (7, x, £) satisfies Property (Qy). ]

Lemma 2.17. Let the matrix amplitudes pa(z, x,y,&) and ua(z, x,y, &) both satisfy Property (Qr) and be
such that pa(z,.)|a=0 and ua(z, )la=o are constant. Then the amplitude pa(z, x,y,E)ua(z, X, 1, &) satisfies
Property (Qr) (with differentials w.r.t. x, y, t, and &).
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Proof. Let 0 <m < 1. We write

VA(Z’ X, ¥, 1, é:) = pA(Z5 X5 Y, 6) ,UA(Z, X, 1, f) - pA|A=O ,uAlA=0(Z)
= pa(z, 6,9, 8) (Ua(z, %, 1,8) — pala=0(2)) + (Pa(z, X, ¥, &) — pala=0(2)) (Hala=0(2))
= A"pa(z % 3,6 KR (@ X, 1,6) + A"PR™ (2, x5, €) (Hala=o(2)),
where 1%(z, x,1,€) and p/®(z, x, y,£) are bounded w.r.t. A and z with values in M,S?' by Property (Qy).
Since pala=0(z) solely depends on z and is bounded and pa(z, x, y, &) is itself bounded w.r.t. A and z with
values in M;S Y, we obtain Property (Q;) when no differentiation is applied.

Let @, o/, @” and B8 be mutli-indices such that 1 = || + |@/| + |&@”| + |8] < Landlet0 < m < 1 - 6A.

Computing agag’a;*"aﬁm(z, x,,t,&) we obtain a linear combination of terms of the form

070y 9 pale, %, 7. 0PI P ua@ x,1.6), @ = a1+, B=Bi+ P,
which, using Property (Q;), we write

m” (a2,a")B2

X, Y, )y (2, x,1,),

Am'+6(lal |+ |+|B1 ) +m” +8(|az |+l |+|B2])

pz (a1.a")B (2,

with p'A”/(a"a/)ﬁ " and uf//(az’a”)ﬁ ? bounded w.r.t. z and A with values in MkSZ’/“s(“"H'“'D_p Pilx x ¥ x R")

and My oDl (x5 T % R™) respectively and where 0 < m’ < 1 — &(jay| + |o/| + |B1]) and
0<m” <1-6(las| + |a”’| + |B2]). We choose m’ and m” such that m’ + m’’ = m. Then, the considered term
of 5?‘93/53”3§M(Z, x,,1,&) is of the form

Am+6(|a|+\a’I+Ia"\+|ﬂ\)p21'(m,a’)ﬁl 1 X,y,f)ﬂ?:”(”z’w”)ﬁz (z,x,1,),

with o'y @ P (2, x,y, O @7 (2, x, 1, €) bounded w.r.t. z and A with values in M 1D

YXT xR"). [ |

Lemma 2.18. Let pa(z, X, y, &) be an amplitude in MkSg(R2P X RP) depending on the parameters A > 0
and z € [0, Z] that satisfies Property (Qp) for 1 < |a| + |8 < 2 and such that pa(z, .)|a=o is independent of
(x,y,8). Let r(x,&) € MiS*(R? X R?) for some s € R. Then

o {oa 1} (2, X, &) = pa(z, X, X,€) 1(x,€) = A" P10z, x,6), 0<m < p -6,

where the function A{(z, x, £) is bounded w.r.t. A and z with values in M;S ;,"”7(‘076) (R?” X RP).
For a proof see the proof of Lemma 2.22 in [29], which can be directly adapted to the matrix case. We shall
also need the following lemma which is a closely related results.

Lemma 2.19. Let ga(z, x, &) be an symbol in MkSS(R” X RP?) depending on the parameters A > 0 and
z € [0, Z] that satisfies Property (Qr) for |a| = 1 and such that ga(z, .)|a=o is independent of x. Let r,(x,&)
be bounded w.r.t. z with values in M;.S*(R? X R?) for some s € R. Then

(r: # qa)(@ %, &) = (%, €) qaz, x,6) = A" (2, x,6), 0 <m < p,
where the function A%z, x,€) is bounded w.r.t. A and z with values in MS," " (R? x RP).

For a proof see the proof of Proposition 2.5 in [30], which can be directly adapted to the matrix case.

We shall need the following sharp Garding inequality.
Theorem 2.20. Let % <p<landsets=1-p. Let p(x,&) be a €~ k X k matrix that satisfies
(2.6) Vx,£ e R"xR", VfeC Re(p(x,OfIf) >0,

2.7 lp(x, Ollatc) < €6,
(2.8) 105 p(x, Ollmc) < Calé),  lal =1, |I0?p(x, Mme) <G, 1BI=1,
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and

2.9) L p(x, &) € MSHTTIFPI(X X R, for|a + Bl = 2.
Then there exists a non-negative constant C such that
Re(p(x, D)u, )2y 12y = =Cllull s u € (S (RN

The constant C can be chosen uniformly if the symbol p remains in a set such that the constants in (2.7)—
(2.8) are uniform and if@gﬁaﬁp(x, &), la + Bl = 2, remain in bounded domains of MkSz_Mﬂa‘_pW'(X x R")
respectively.

In other words, for the partial differentiations of order zero and one the symbol p behaves like an element
of MiS }’0 and like an element of M;S 2_6 for higher-order derivatives. Note that considering p(x, &) to be
in MyS Fl)(X x R"), we cannot directly apply the usual sharp Gérding inequality to obtain a lower L? bound
when % <p<l

Note that the hypothesis needed for the sharp Garding inequality have been further weakened by J.-M. Bony [2]:
only partial differentiations of orders greater than two are needed. His very elegant proof is however spe-
cialized to scalar symbols and cannot be adapted to the present system case. The proof of Theorem 2.20
can be found in Appendix A.

The following result is at the heart of the precise Sobolev operator-norm estimation of the thin-slab propa-
gator Gy ;).
Theorem 2.21. Let k(z, x,&) be a k X k diagonal matrix symbol with non-negative entries, that satisfy

Property (Pr), L > 2. Let m(z, x,&) be a k X k unitary matrix symbol, such that m(z, x, &) and m(z, x, )" =
(m(z, x, &))" are both bounded w.r.t. z with entries in S°(X x R"). Set

h(z, x, &) = m(z, x, Ok(z, x, E)(m(z, x, )",

The matrix symbol u(z, x,&) = e 2% s bounded w.rt. A and z with values in MyS 2(X X R") and the
pseudodifferential operator Ay ;) = u(z, x, Dy) is continuous from (LARM)X into (LX(RM)X. Moreover,
there exist A7 > 0 and M > 0 such that A ;) satisfies

”ﬂ(z’,z)“((Lz)",(LZ)k) < 1 + MA,

forall7,z€[0,Z] suchthat0 < A=7 —z7 < Aq.

Proof. In the proof, we shall always assume that A is sufficiently small to apply the invoked properties
and results. By Proposition 2.15, the symbols pa(z, x, &) = e~ M@x) and ua(z, x, &) = e~ AEXE) hoth satisfy
Property (Qy).

We prove that (A ) © ﬂfz,,z)u, Wy ey < (1+ CA)IIuII(ZLZ)k for all u € (¥ (R™)*. The pseudodifferential

operator A,z o A, has the matrix amplitude pa(z, x,y, &) = e~ Az oM@y E) which satisfies Property
(Qp) by Lemma 2.17. We then obtain

T{pa(z, x,y, &)} — e 22 = Au(z, %, 6),

where A (z, x, €) is bounded w.r.t. z and A with values in MkSg(X x R™) by Lemma 2.18 (using m = p — 9).
By the Calderdn-Vaillancourt Theorem (see [23, Chapter 7, Sections 1,2] or [39, Section XIII-2]), we
shall obtain the desired estimate for (A o 0 AL, _u, w)(12y 12y if We prove Re(e > Pou,u) oy 12y <
(1+ CA)lull? 2y, for all u € (S (R")E,

We set ga(z, x, &) = (1 — e 22@x0) /A for A > 0 and observe that g, (z, x, &) satisfies the conditions listed in
Theorem 2.20 uniformly w.r.t. z and A. In fact, a first-order Taylor formula gives ||ga(z, x, E)lIm.c) < C(E).
By Property (Qr) we obtain

10%ga(z, X, Elipmec) < CE), el =1, ||(9?CIA(Z, %OIme <C, IBI=1,
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using m = p in (Qr) in both cases. Finally, if |@ + | = 2, we obtain that 8§8§qA(Z, x, ) is bounded uniformly
w.r.t. zand A with values in MkSﬁ_‘SJ“S'”‘_” (X x R") by choosing m = p — & in (Qy).

By Theorem 2.20 we thus obtain Re(qga(z, X, D)u, u) 2y 12y = —CIIuII(ZLz)k for all ¥ € (Y(R™)* which
yields

2 —2Ah(z,x,Dy 2
”u”(LZ)k - Re(e (& )l/t, u)((Lz)k,(Lz)k) 2 _CA”u”(LZ)k’

which concludes the proof. [ ]

2.4 Sobolev space regularity estimate for the thin-slab propagator

We now state and prove the main theorem of this section, which will be essential to give a meaning to
infinite products of operators of the form of G, ) in Sections 3 and 4.

Theorem 2.22. Let s € R. There exist Ag > 0 and M > 0 such that

G @ o)l oy < 1+ MA,
forall7,z€[0,Z] suchthat0 < A =7 —z7 < Ag.
In the proof we assume that the diagonal entries of d, satisfy Property (P, ) for some L > 2. We know that it

is always true for L = 2 by Lemma 2.8 but special choices for ¢; can be made. As before weusep = 1-1/L
and 6 = 1/L withp > §for L >2andp=¢6= 1 for L =2.

Proof. We first observe that we can write,

8%, &) = I + Ag »(x, ),

with g, ;) bounded w.r.t. A and z with values in M;S O(R" x R™), from Taylor’s formula, and (1.1.9) in [16].
We thus obtain G, ;) = Q(IQ,’Z) + AG(» ), where the operator Q(I;’Z) is of the same form as G, ;) with the
amplitude g . replaced by /. With the last point in Proposition 2.6, we have

G )l czoy oy < C,

for A sufficiently small. Without any loss of generality we can thus assume that g (x,&) = I, ie.,
ao(z, x,€) = 0.

Let s € R. Then the kernel of B, ) := G,y © E is given by
Bl ) = [ -0euro 6 ge

The kernel of the adjoint operator of B, ;) is given by

* i(x'— —iAby(z,x,E)—Aci(z,x, -5
Bl o) = [ e 0eisneerdecns) (6 g,

%

since the matrix b;(z, x, &) and c(z, x, £) are hermitian symmetric. Introducing D,y = By © B(z,’z),

find its kernel to be

we

D(,/ 7)()6/, x) — fei(x’—xlf)e—Aal(z,x',f)e—iA}n(z,x,f)—Acl(z,x,f) <§_->—2s df,
which we write
D@ o) = [ 7708 (a6 ) (.8 (G e vz, ) 2, 67 e

With Taylor’s formula we write

v(z, ¥, &) = v(z, x, &) + (¥ — xliz, X, x,€)),
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with $(z, X, x, &) bounded w.r.t. zin (M;S (X’ x X x R"))" by (1.1.9) in [16]. This yields
D(z’,z)(x/» x) = D(z’,z),a(x/s X) + D(z’,z),b(x,’ x) + D(z’,z),c(x,s X),

where

Doy a(X, x) = f GV (g, x| £)e NG OO (o £y (£)72 g,

Dee s’ %) = f Sy (g, 2, E)e MO — 2oz, X, x, 6)) Wiz, x, E)e N Ey(z, x,€) ()7 dE,
and
D e(¥, ) = — / X 3 e NG OO (o _ (o, 1 x, £)) € dE.

We shall prove that the associated operators, namely D, 1.4, Dz 25> a0d Dy o ¢, satisfy
IE® 0 Dy oya © E9N 2y 2y < 1+ CA, IE® o (D 1yp + Dz oye) © EVllizy a2y < CA,
for some C > 0, uniformly in z € [0, Z] and A, A sufficiently enough. It will then follow that
G ooy mow = G ) oy mor < V1+C'A, €' >0,

since E® 0 D,y 0 E® = (E® 0 Gy 0 ET9) 0 (E® 0 Gy ) 0 EC)*, which will conclude the proof.
We first estimate ||[E®) 0 Dy ) 4 © E®||(12y: 12y The entry ij of the matrix kernel Dy, ), is given by

(D(Z"Z)]a)ij(x/, x) — Z feKX *)C|§>eiA(de(Z,X ,f)*db,l(z,xﬂf))[)A’l(Z’ x/, x, f) W,I(Z, x/, g)Vl/(Z, x/, é«_—) <§>*2A‘ dg’

I<i<k

where we have set

Pasz, ¥y x, &) 1= oM@ rdeser),

which satisfies Property (Q;) by Lemma 2.11, Remark 2.14 and Lemma 2.17.

For [ € {1,...,k}, with Taylor’s formula, we write

db,l(z’ )C,, g) - db’[(Z, X, ‘_(7‘:) = <X’ - xljb,l(zs )C,, X, §)>’

where the function dj,; is smooth, homogeneous of degree one in &, |¢] > 1, and continuous w.r.t. z with
values in § ' (X’ x X xR"). We thus obtain that the change of variables & — &+Adj(z, X', X, &) = Hiazx 0 (&)
is a global diffeomorphism for A small enough (uniformly in z € [0,Z]). We denote EI(A, z, X, x,&) =
HZ(IA,z,x’,x) (¢). We thus have

Do 0= Y, [ py e 5w ¥ &A1 x.)
1<i<k

X vlj(Z’ X’, SI(A’ Z, )C/, X, f)) <EI(A’ Z, )C/, X, §)>_25 «TI,A(Zs )C,, X, f) Jé\:’

where Ja(z, X', x, &) is the Jacobian and we have set

pA,l(Z’ .X,, X, f) = ﬁA,l(Z’ xl9 X, EI(A9 Z, )C,, X, f))

For A sufficiently small, the function &(A, z, x’, x, £) is homogeneous of degree one in £, continuous w.r.t. z,
and @ w.r.t. A with values in § ' (X’ xXxR") by Lemma 2.24 in [29]. By Lemma 1.7, wy(z, ¥/, &(A, 7, X, x, )
and v;;(z, x’,&(A, 7, X, x,&) are € wr.t. A and bounded w.r.t. z with values in SOX’ x X x R"), and
(E(A, 2, X, x, €))7 is € w.rt. A and bounded w.r.t. z with values in S 72*(X’ x X x R") for A sufficiently
small. The amplitude pa(z, X', x, &) is bounded w.r.t. z and A with values in SS(X' x X x R™) and satisfies
Property (Qr) by Lemma 2.13 for A sufficiently small.
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The Jacobian, J;a(z, X, x, £), is homogeneous of degree zero in &, |¢| > 1, and is continuous w.r.t. z and €~
w.r.t. A with values in S°(R*" x R") and J1a(z, X', x,8)la=0 = 1. With Taylor’s formula and (1.1.9) in [16],
we thus have
wiiz, X' E(A, 7, X, X, E)Wij(z, X E(A, 7, X, x, ONE(A, 7, X, x, €)Y
X Jia(@ X', %,8) = wiz, ', Evij(z, X', EXEY ™ + Meyja(z, ¥, x,€),

with kji;a(z, X', x, &) bounded w.r.t. z and A with values in § “25(X’ x X x R"). We thus obtain
D oa(x,x) = D, (X', ) + AD, ) (X, x),

where
(D@0 = Y [ € pa ke ¥ . e,
1<i<k
and
(DL i 0 = Y f Nz, ) €) pai(z, X, x, ) iz, X EXE T dE.
I<i<k

Accordingly, we obtain F(, 4 := E® 0 Dy, 0 E® = F¢ From the boundedness of the

1
@aa T 7:(2’1),&4'
amplitudes w.r.t. z and A stated above, we obtain [[F}, ) N2y < K, uniformly in z € [0,Z] and

A, A sufficiently enough, by the Calderén-Vaillancourt Theorem (see [23, Chapter 7, Sections 1,2] or [39,
Section XIII-2]).

Observe now that
DYy = f IO, X E) e, ¥ X, OV X EXE T dE,
where pa(z, X', x, €) is the diagonal matrix with pa(z, X', x, &) for diagonal entries. Setting,

/JA(Z’ xl7 X, g) = W(Z7 -x,7 f)PA(Z’ .X", X, é:)v(L -x,’ 6)7

the operator ¥ ¢

(v .. 18 pseudodifferential and has for symbol

(&) # o {uaz X', x,6)E 7 #(6)") (v, £).

The matrix amplitude pa(z, x’, x, ) is bounded w.r.t. A and z with values in § g(X’ X X X R™) and satisfies
Property (Qy) by Proposition 2.15. By Lemma 2.18 we see that

o (s X' 2 EXE ) — s ¥ X EXE ™ = Alp(z X E),
where A, is bounded w.r.t. A and z with values in M;.S ;ZS(R” x R™). We thus obtain

a _ b 2
7:( - 7:(z’,z),a + A‘?d(z’,z),a’

7,2).a

where 7—“(';,’2 , has for symbol

)
12 0@ X ) 1= () # (ualz, X', } L EXE ) # ()X, €) = () # palz, X', X, OO TN, 6)

and ||7—'é, vall@ran < K @, uniformly in z € [0,Z] and A, A sufficiently small, invoking the same theo-

rems as above.
The proof of the following lemma can be adapted to the matrix case from the proof of Lemma 2.25 in [29].

Lemma 2.23.

&Y # (ua(z, x, X, EXE N2, X, €) — ua(z, X, x, &) = Avalz, x, €),

where vp(z, x, ) is bounded w.r.t. 7 and A with values in MkSg(X x R™).
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With this lemma we obtain

b _ 3
?-( - 7:(z’,z),a + A7r(z’,z),a’

Z2).a

where F¢

(&2).a

small enough. With Theorem 2.21, we obtain IISL'(;, Da
the desired estimate, i.e.,

has for symbol pa(z, x’, x’, &) and IITé, ol < K® uniformly in z € [0,Z] and A, A

||((L2)k,(L2)k) < 1+ K((')A, fOr K(L) > O, and we thus haVe
' Aallrzy gzp < 1+ )+ + + R

7:(2 adlram 1 KO + KD 4 k@ 4 KOHA

uniformly in z € [0, Z] and A, A small enough.

We now turn to estimating the operator norm |D¢ o5+ Dz oycll a2y 12y We observe that (¥ —x;)e"™ =) =
—id¢,e"* ) By integration by parts we obtain

D yp(x',x) =i f e <Vf | w(z, ', &)™ D 5(z, ', x, O)w(z, x, £)e M Oy(z, x, €) <§>_25> dé,
which, by Leibniz formula, we write
Doy p(x',x) = DY, (X', %) + AD(,, (X', X),

where

N | N |
D(“Z,,z)’b(x',x) = lf€l<x x‘aa(az,’z)’b(x’,x, &) d¢, D(Z,,Z)’b(x',x) = lf€l<x X|§>a(z,’z)’b(x',x, &) d¢,

with
ol (5,8 = (Vew(z, ¥, ) | e D5z, 2 x, Oz, x, e M (z, x.6) (6)7)
+ Wz, X, e MOV | 9z, ¥, x, 8) wiz, x,6)) e vz, x,8) ()7
+ Wz, X, e MO (9z, ¥, x, OW(z, x,8) e MO | Velu(z, x,6) (7).
and

@l )y (0, 5,8) = Wiz, ¥, €) (Ved(z, ¥, €) ™MD 5z, ¥, x,6)) Wiz, x, O)e Mz, x,8) (6)™

— Wiz, ¥, £)e MO (52, ¥, x, Wiz, x, ) | Ved(z,x,£)) e M0z, x,8) (€)7

Note that neither cy(”z,’z)’ (lz,,z)’
ponents (D?z’,z),b)i i(x’, x) and (D(lz’,z),b)i (X', x), 1 <, j <k, are of the form of the scalar kernel Ay ;(x', x)
in (1.2) in Section 1, with an amplitude bounded w.r.t. z and A with values in S ;25‘1(X’ X X x R") and
S ;ZS(X " x X x R") respectively. If D! is the operator associated to the kernel D(lz,’z)’b(x’, x), forall r € R,

(7' ,2),b
there exists L > 0 such that

, Or @, ., , are amplitudes in general. However, we observe that all the kernel com-

1 1
||D(Z,’Z),b||((H(r))k’(H(r+2.r))k) S L( ),

by Theorem 1.12, uniformly in z € [0, Z] and A, A sufficiently small.

In the three terms in the expression of afz, " b(x’, x, &), we write

1
e—Ad(z,x’,f) -1- Ad(Z, x/,g)fe—aAd(z,x’,f) do-
0

‘We thus obtain

DY, (X x) = Db, (%) + AD(ZZ,,Z)’b(x’,x),

b
(Z',2)s
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where
Dy =1 [ &0l 6 d
with
ol (W 2.8 = (Vew(@, ¥ .6) | 1z ¥, 2, 6) ) wiz, x, E)e M y(z, x,8) ()7

+w(z, ¥, ) (Ve |z, ¥, x, Wiz, x, £)) e M0z, x,£) ()7
+w(z, ¥, &) (v(z, X, X%, Ew(z, x, &) e M@ | Ve(v(z, x,8) <g>-2s)> ,

and
(Z pXx) = lff =) 2 @ op(0s X, x, &) dé do,

with

a2 (03 0.8) = = (Vew(z ¥.€) | d(z. X', )™M D5z, ¥ x, iz, x, e Dz, x,6) (6)7)
— Wiz, ¥, €) d(z, X, £)e MOV, | 3z, 1, x,6) w(z, %, ) e Mz, x, 8) ()7
—w(z, X, &) d(z, x/’é_-)e—(rAd(z,x’,f) <\~’(Z, X, x, EWz, x, &) e—AE(z,x,E) | V.f(V(Z, x, &) (£>—2s)> .

The kernel components (sz,’z)’b)ij(x’,x), 1 < i,j < k, are of the form of the scalar kernel Ay ;(x’, x) in
(1.2) in Section 1, with an amplitude bounded w.r.t. z and A with values and S ;2S(X ’ X X x R™). Hence, for
all r € R, there exists L® > 0 such that

2 2
||z)(z,’z)‘b||((H(r))k’(H(r+2.r))k) S L( ),

un1f0rm1y in z € [0,Z] and A, A sufficiently enough, for Z) the operator associated to the kernel

(@,2),b°
(z 2, »(X’, x), by Theorem 1.12.

We proceed similarly with the exponential term left in the expression of the three terms that compose

b ’ ., .
a(z,yz)‘b(x , X, &) above, writing

1
e MEVO = | _ Ad(z, ¥, &) f e AN g7,

and we obtain
D?z,,z),b(XC x) = D, (X', %) + AD?Z’,Z),b(x,’ x),
where
Dol 0 =1 [ &40t ¢ 261,
with
@l (@ 2.8 = (Vew(e, ¥, | ¥z ¥, 2. ) wiz, x. (2, x.6) ()7

+ w(z, x"é:) <V§ | V(z, X, x, Hw(z, x, §)> Wz, x, &) <§>—25
+w(z, x', ) <\7(z, X, x,Ew(z, x, &) | V(2 %, &) <§>—2s)>’

and for all r € R, there exists L® > 0 such that

”D(Z Z)b”((H(»))A (H(r+2v))k) L( )
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3

uniformly in z € [0,Z] and A, A sufficiently enough, for Z)(Z, b

D

the operator associated to the kernel

(31, ) (X', x), with the same argumentation as above.

‘We observe
@y (X %,8) = (Velw(z, X T X, X, W, X, EV(E, X, EXEY ) = (Velw(z, X', )0z, X, x, EXE) )

recalling that v(z, x,£) = (W(z, x,&))"!. An integration by parts yields

D{, (X, x) = f Tz, X EXX = xli(z X, X, HNE TV dE,
and thus we obtain
Dl a0 = [ €40 X, 0 X, 6) = v x, X
since v(z, X', &) = v(z, x, &) + {x’ — x|¥(z, X', x, €)). We have thus obtaine
(2, X', &) = v(z, x,&) + (X' — x[¥(z, ¥, x, £)). We have thus obtained
D oyp(x',x) = DS, (X', %) + ADL., ) (X, X) + D, ) (X, %) + D, (X, 0),
with
1D 106 + Di oy + D oyl ooy < LY + L + L9,
uniformly in z € [0, Z] and A, A sufficiently small.
In a similar fashion, we obtain

Dol x) = =D, (X', x) + AD(,, ) (x', %),

(' ,2),¢

1

@ 2 associated to the kernel D! x, x),

(',2),¢

with, for the operator D
1 1
1D oy elhqaroy oy < ML,

for M > 0, uniformly in z € [0, Z] and A, A sufficiently small. With r = —s we thus obtain the expected
estimate
IEY 0 (D 26 + Dz 2ye) © E(S)”((U)k,(Lz)k) < CA,

uniformly in z € [0, Z] and A, A sufficiently small. [ ]

3 Convergence properties of the Ansatz Wy, in the symmetric case

As in Section 2, the z-family of symbols a;(z,.) satisfies Assumptions 2.1 and 2.2. Let p € [%, 1. We
assume that ¢ is chosen such that

(31) pA(Z, ) = giACI(Z,.)

takes values in MkSg(X x R") (see Lemma 2.11 and corollary 2.16).

We first define the Ansatz that approximates the solution operator to (2.1)—(2.2). The regularity properties
of the thin-slab propagator G, . given in Proposition 2.6 allow to compose operators of the form of G, ;).

Definition 3.1. Let B = {7, z(D, ..., 2™} be a subdivision of [0, Z] with 0 = <M< M =7

.....

Q(z,O) lf 0<z< Z(l),
1

Wy, = .
b Q(z,zw>)l_[§(z<z>,zm>) if 20 <z <D,
i=k

Thanks to the estimate proven in Theorem 2.22 we can now obtain the following proposition.
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Proposition 3.2. Let s € R. There exists K > 0 such that for every subdivision B of [0, Z] we have
VZ € [052]7 ||(W‘B,Z||((H(.\'))k’(].](x))k) S K,

Sor Ay sufficiently small.

Proof. By Theorem 2.22, there exits M > 0 such that if A = 7' — z is small enough then we have
G oll (HOY (HOY) S 1 + AM for all z € [0, Z]. For Ay sufficiently small we then obtain

N-1 N-1
. . (1) _ ()
||(W‘B»Z||((H“))k,(H(l))k) < l_[(l + M(Z(H'l) _ Z(I))) < 1—1 eM(~ ) = EMZ_
i=0 i=0
]

We have the following regularity result for the Ansatz Wy, by adapting the proof of Proposition 3.5 in
[29] to the present matrix case.

Proposition 3.3. Let s € R, B a subdivision of [0, Z] as in Definition 3.1 and let ug € (H**V(X))*. Then
the map z — Wy (uo) is in @°([0, Z], (HS*D (X)) and is piecewise ([0, Z], (HO(X))5) if B is chosen
such that Ay is small enough. The map z — We (uo) is in fact globally Lipschitz with C > 0 such that

W (o) = W (o)l < Clz = 2 Hluollgronye,

where the constant C is uniform w.r.t. B, 7" and z, if Ay is sufficiently small.

Before proceeding to estimating the approximation error made between the Ansatz Wy, and the solution
operator U(z,0) of (2.1)—(2.2), we need to establish a yDO-FIO composition formula adapted to the case
of matrix phase functions such as ¢, , given in (2.5).

3.1 A composition formula in the case of matrix phases

Composition formulae like those of Proposition 1.10 do not extend straightforwardly in general to the case
of matrix phases. We can however obtain a close-enough result which will be of use in the sequel.

Theorem 3.4. let p',p" € [%, 1]. Let u(z, x,&) be bounded w.r.t. z with values in MkSZf(X X R"), and the
operator Ay ) defined by

ﬂ(z”z)(u)(x/) — ff ei(x’—x|§>0-(z/’z)(x/,g)e—Adl(Z,X/,X,‘f) u(x) d'§ dx,

where 0 < 2 <7 < Z, A =7 —z with o (X', €) bounded w.rt. 7' and z with values in MkS,’;’,i(X X R™).
Then, for A sufficiently small, we have

Wz, x,Dy) 0 A zy = Bz + ARz ),
where for all s € R there exists C > 0 such that
(32) ||R(Z’,Z)||((H(S))k’(H(mefm/))k) < C, 0 < Z < Z’ < Z,

and the operator B, ;) has for kernel
Buoy(¥'sx) = f X g ()T g

with g (X', &) bounded w.rt. to 7’ and z with values in MyS ;’r’l;'(’; o p,,)(X X R") and given by the oscillatory
integral representation

(33) 9.8 = ff FXE L0 X ) 0 (3 ENa(Es 7. ) Wz y, E)ENBEIO-BEL Dy &) ap dy,
with pa(z,y, &) given in (3.1).

The proof of Theorem 3.4 can be found in Appendix A.
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3.2 Error estimation, convergence

To estimate the norm of Wy . (up)—U(z, 0)(19) in some Sobolev space, where U(z, 0) is the solution operator
of (2.1)—(2.2), we first need to have an understanding of the infinitesimal error made by the use of the thin-
slab propagator, i.e., find a bound for

0y +a(Z,x,Dy) 0 G y(w), 0<z<7 <Z ueH,

in some properly chosen norm when A = 7’ —z is small. For the next proposition we shall need the following
assumption.

Assumption 3.5. The matrix symbol a(z,.) is in ([0, Z1, MiS' (X X R"), 0 < a < 1, i.e., Holder
continuous w.r.t. z with values in MiS (X x R?), in the sense that,

alZ, x, & —alz, x,& =7 — 2%, z,x,&), 0<z<7<Z

with (7', z, x, &) bounded w.r.t. 7' and z with values in M;S'(R" x R™).

It should be noted that Assumption 3.5 concerns the full symbol a(z, .) and not simply its principal symbol.

Proposition 3.6. Let s € R. There exist Ag > 0 and C > 0 such that for 77 —z = A, A € [0, Ag],

(34 102 + a(@’, x, D)) © G o)l me-vyy < CA”.

The proof is along the lines of that of Theorem 2.8 in [30] and uses the calculus result of Theorem 3.4 since
in the present case phase functions are matrices. The proof can be found in Appendix A

Adapting the proof of energy estimate (2.3) to the case of piecewise %' function yet globally Lipschitz
functions like ‘W .(u0) (see Proposition 3.3) we find that

z
(3.5 1U(z, 0)(uo) — W (o)l oy < C/ 100, + a(z, x, D)) W - (o)l (oydz,

0
with the constant C uniform w.r.t. z and the subdivision P = {z©@, ..., 7™}, for uy € (HE*V)~.

We take z €]z, zU+D[. Then

(0 + a(z, x, D)) Wy (o) = (: + a(z, x, D))

1
§<z,z<,->)l_[g(z<,»),z<,-n)(uo)] = (0; + a(z, x, D,)) (g(z,z(j))(l/{j)) ,

i=j

with u; := ]’L.l:j G0 vy (up) which is in (H**D(R™)¥ by Theorem 2.22. By Proposition 3.2, the norm of
ujin (HO*D(RM)F remains bounded even if || = N becomes very large:

3K 20, llujllgeny < Klluollgorny, j€10,...,NL,N =[Pl € N, ug € (HDR")Y,
if Ag is small enough. By Proposition 3.6, we thus obtain
(3.6) 0 + a(z, x, D)W (uo)ll gy < CKAGluollovy,  z € [0,Z]\ B,
with the constants C and K uniform w.r.t. z and ‘B.

An interpolation argument yields the main result of this Section.

Theorem 3.7. Assume that the symbol a(z, .) satisfies Assumptions 2.1 and 2.2, and is in 7/0’”([0, Z1, MiS '(R"x
R™), i.e. Holder continuous w.r.t. z, with values in MiS '(R" x R"), in the sense that, for some 0 < a < 1

aiZ, x, & —alz, x,& = -2 a7,z x,8), 0<z<7 <7,

or Lipschitz (a = 1), with a(z', z, x, ) bounded w.r.t. 7 and z with values in MS'(R" x R"). Let s € R and
0 < r < 1. Then the approximation Ansatz Wy ; converges to the solution operator U(z, 0) of the Cauchy
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problem (2.1)—(2.2) in L((HSDRM)K, (HE (R uniformly w.rt. z as Ay goes to 0 with a convergence
rate of order a(1 —r):

Wz = UG O)llaeony ey < CAL' ™, 2 €[0,Z].
Furthermore, the operator Wy ; strongly converges to the solution operator U(z,0), uniformly w.rt. 7 €

[0,Z], in LCHC*DR™)Y, (HEDRM)Y).

Proof. The case r = 0 is an immediate consequence of (3.5) and (3.6).

From energy estimate (2.3) for s + 1 we have
3.7 1U(z, 0)(@o)llcgzes-nye < Clluollpresye.

From Proposition 3.2 we obtain

(3.8) W (o)l vy < Clluollgrorvye
and thus
(3.9 W (o) — Uz, O)(”O)H(H(M))k < C””O”(H(”l))ka

uniformly w.r.t. z € [0, Z]. The interpolation inequality

1-
(HG+mk = (rA) ’ ||V||r (s+1))k 9 0 <r< 1,
koo < CIV s Mg,

then yields
W <(t0) = Uz, 0)uo)llgzonye < CAG Nugllggosnye, 0 <r <1,
uniformly w.r.t. z € [0, Z].
Let ug € (H**D)* and let & > 0. For the strong convergence in (H**DY we choose u; € (H**?)* such that
luo — urllgeny < &. We then write
W -(uo) — U(z, 0) o)l vy < W 2(uo — up)llgorny + [ W o(ur) — Uz, 0)(up)ll sy
+ Uz, 0)(ug — upll ooy < Ce + CA%“”]“(H(HZ))I(

from estimates (3.7) and (3.8) and the case r = 0 of the first part of the Theorem. This last estimate is
uniform w.r.t. z € [0, Z] and yields the result. [ |

4 Symmetrizable systems

In this section, we consider the more general situation where the matrix symbol a; is symmetrizable.
Namely we make the following assumption.

Assumption 4.1. There exists a k X k invertible matrix L(z, x, &) that is bounded w.r.t. z with values in
MSO(X x R™), homogeneous of degree zero in &, |£| > 1, with (L(z, x, £))™" satisfying the same properties,
and such that

al(Zv X, g) = L(Z’ X, ‘f) al(Z, X, ‘f) (L(Z’ X, f))_l 5
with ay = —if + vy, satisfying Assumptions 2.1 and 2.2.

Note that this formulation is in fact equivalent to that in which we choose L(z, x, £) to be itself hermitian
symmetric or to the formulation given in [4]: we have

N (Z’ X, f) ay (Zs X, f) = ((L(Z9 X, ‘f))_l)* ay (Zs X, f) (L(Z’ X, ‘f))_l 5

with S(z,x,€) = (L(z, x,&)™")" (L(z, x,£))~" which is hermitian symmetric and S (z, x,&) > CId; (the
converse makes use of the square root of ).

We shall make the additional following assumption.
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Assumption 4.2. The matrix symbol L(z, x, €) is Lipschitz continuous, in the sense that
L@, %6 - Lz, x,6) = (¢ - 9L,z x,8),

with L(Z', z, x, €) bounded w.r.t. 7 and z with values in MS°(X x R").

The same property naturally follows for the matrix symbol R(z, x, &) := (L(z, x,&))\.

Example 4.3. The first-order system that describes linear anisotropic elastodynamic, written in terms of
velocity and stress field, is smoothly symmetrizable if multiplicities remain constant. Similarly, Maxwell’s
equations are a possible application of the results of this article if multiplicities remain constants. Conical
refraction in crystal optics is thus not considered here.

With the two assumptions made, the energy estimate (2.3) remains’ valid [4, Chapter VI] and there exists a
unique solution to the Cauchy problem (2.1)—(2.2) in €([0, Z], (H**D(R™)*) N €' ([0, Z], (HO (R™))F).

The thin-slab propagator G, . is defined as in Section 2. We check that it satisfies the regularity properties
of Proposition 2.6. The approximation Ansatz ‘W, can be defined as in Section 3. As in the previous
sections, we may assume that e~*%() and =471 take values in MiS)(XXR"), p € [5,1] (see Lemma 2.11
and corollary 2.16).

In order to prove the stability of the Ansatz Wy, in the case of a symmetrizable system we first need to
study some basic regularity properties of scalar operators which are closely related to the composition of
scalar operators of the form of

A HW(x') = ff & HE) =AM 0o E) ulx) dx dé,

where h(z, x, £) is a scalar symbol of order one.

4.1 Some operator properties

Let 1(z, x, €) and A (z, x, &) be scalar symbols that satisfy Assumption 1.1, with

h](Z, X, f) = —ikl(Z, X, f) + ll (Z’ X, §)7 h] (Z’ X, g) = _il_<1 (Z9 X, ‘f) + l] (Z’ X, é:)s

following the notation of Section 1. Let also o~ (X', &, x, 1) be a scalar multiple symbol bounded w.r.t.
7, 7 and z with values in SZf’ml(X’ x R" x X x R"), % < p’ < 1. Asin Section 1, we assume that /; and /;

are such that e=21@) and ¢~21@) take value in SS(X x R"), % < p <1 (see Remark 1.9 and Lemma 2.11).
We assume that we have

4.1 C(m) < () < Cm),

in the support of o» (¥’ €, x,17). Setting A =z’ —zand A’ = 7" — z, we formally define the operator

Forza@)(x') = f f X ) gm0 ) f f M A G g (X, €, X, 1) u(y) dy dn dix dE,

with the integrations w.r.t. to the different variables performed in the order y, 1, x, &.

Proposition 4.4. There exists Ajg > 0 such that if 7/,7',z € [0,Z] and A, A" € [0, Ayg), then the operator
F 2.z is well defined on S (R") and the map (0 o), u) & For o o (u) is continuous from S Zf’m (X' xR"x
X X R") x Y R") into S (R").

The proof of Proposition 4.4 can be found in Appendix A.

We now study the Sobolev-space regularity of the operator ¥, . ).

3Note that the Lipschitz regularity is minimal to obtain the energy estimate.
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Proposition 4.5. Let s € R. The operator Fi» ., maps HO(R") into HS™"")(R") and there exist C > 0
and A1 > 0 such that

4.2) ||?-(z”,z’,z)||(H(»‘>,H(’*"”'”’>) < Cp(or o)

forall 7,z € [0,Z], N, A € [0,A1], where p is some appropriately chosen seminorm on S:ff’m’ X' xR"x
X X R").

The proof of Proposition 4.5 can be found in Appendix A.

4.2 Composition of two thin-slab propagators

Because the matrix symbol L(z, x, £) is not unitary we cannot proceed as in Section 2 and obtain an estimate
for the Sobolev operator norm of G, . as in Theorem 2.22. The validity of such a sharp estimate in the
symmetrizable case remains an open question.

We instead investigate the product G~y 0 Gy ) With 0 < z < 7/ <z < Z, as it appears in the definition of
the Ansatz Wy ; in Section 3.

We define the following matrix-phase FIOs

4.3) H o ()(x') = f f g (X Lz, X, E)e AT Dy(x) dx dE,
(4.4) H o w)(x') = f f 08 (X, E)e M D Rz, X', €) u(x) dx dE,
4.5) @) = [[[ g0 065 ) dx e,

and

(4.6) HE () = G o), ue (HR).

The proofs of the following three propositions can be found in Appendix A.

Proposition 4.6. Let s € R. There exists an operator Ki» -, bounded from (H'O'(R™))* into (H®(R"))k,
uniformly w.r.t. 7, 7’ and z, such that

Hln oy © Ho oy = Hi oy © Hiy oy + max(A, AV K2 + MR, x, D),
for A =7 —zand N = 7" — 7’ both sufficiently small, and where

(47) M(Z7 X, Dx) =1Id - L(Z’ X, Dx) o R(Z’ X, Dx)

In the sequel, we shall often write M, in place of M(z, x, D,) for concision.

Proposition 4.7. Let s € R. There exists an operator K., bounded from (H®)(R™)Y* into (H)(R™))*
uniformly w.r.t. 7', 7' and z such that

1 1 1
7'((2,’2/) o W(z’,z) = ﬂ(z”,z’) o W(z’,z) + maX(A', A)q((zu’z/’z),

for A" and A sufficiently small.

Finally, we shall use the following result.

Proposition 4.8. Let s € R. There exists an operator K, bounded from (H®O(R™))* into (H®)(R™))*
uniformly w.rt. 7’ and z such that

HE . 0 Mz, x,Dy) = M, x, D) + AK iz,

for A sufficiently small.
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4.3 Stability of the Ansatz Wy, and conclusion

Here, to simplify the notation we shall use constant-step subdivisions P = (z@, 20 . ZM}yof [0,Z], ie.,
Ay = 70D — 7@ fori=0,...,N — 1. The result can however be extended to more general subdivisions of
[0,Z].

Let s € R. Let K > 0. We shall denote by K a generic operator continuous from (H(R"))* into (H*® (R"))¥
such that [| K| zoy oy < K. We now define notations for some operators. In the notation J ) .0, below,
we are solely interested in the form of the operator and by its norm estimate rather than by its precise
definition. Thus, in the definition of J ) ), the operators denoted by K may change from one term to
another. We choose to make this abuse of notation for the sake of concision.

Definition 4.9. For 0 <[ <!’ < N, we set
Id ifl =1,
Q(Zu/) 20) = g(zu’)yzw—n) lfl’ -1= l,

G -0y 0 -0 G 0y otherwise,

Id il =1
Ir . Ir _ S e _
7’((2(,,) ’’’’’ o) = ﬂ(z””,z(’/’“) = G L0-n) iflr —1=1,
(H(lzu'),zuun) 0 Hir-n sy © -+ © Hgen ey © ﬂ(z“*",z“’) otherwise,
and
Id ifl =1,
r . r o1
) W(zu’),zw—n) fr—-1=1,
Herr qo-vy © -+ - 0 Heae aeny 0 ﬂ(z(’*‘),z(”) otherwise.

The reader should note that 7-((1;1,) oy = G L0 but 7-[(];,,) a7 Geor,. oy if =122 ForO<I<I <N,

we denote by J ) .0, an operator of the form (J o .0y = 1d)

.....

1
4.8) N RGO 27_((;” ,,,,, <)
Hhy D H oI,

(@,....2m+D) (@M=, )
I+1<m;<l'-1

+ Al Z H"

r
[0 o O+
@), D) K W(Z(Wn ’’’’ Z0m_1+1))
+2r=1<mp<l’ -1 .. r ¥
: o 7-{(Z(mrl>’__,)z(ml+1)) oKo 7-[(2(,"17”,.,_ 20
1+3<my<m3-2
l+1<my<mpy-2
r § Ir r
+ A*B ?{(Z(’/),...,z“"r’ +1)) © (]( ° W(Z(”'f’_1),“.,2(”’/4“’) °
1+2r" =1<m s <’ -1 r r
m, o 7{(2(,”2,,) .... sy © Ko 7'((1(,”1,1)”“&(1)),

[+3<my <m3 -2
I+1<my<mp-2

with ¥’ = B((' - )/2).

In the sequel, the “order” of a term will refer to the power of Ay appearing in it.

Remark 4.10. Observe that in the definition of 7, () 20y in the case where I’ — [ is even, the last term is in
fact A;l;_l)/ K o -+ o K, with the generic operator K appearing (' — 1)/2 times (we do not write K~/
since the operator K may not be the same each time). In the case where I’ — [ is odd, then, there remains one
operator of the type H” or H" in each term of order E((/'—1)/2) = (I'-1-1)/2. Basically,

(Z(m— Do Z(m’+l)) (ZU’) Z(uH— 1 ))

.....
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in each term in the sums above, the operator K replaces the occurrence of two consecutive operators of the
type given in (4.3)—(4.6) and we cover all possible cases in the sums. We write the first examples of the
operators J,a ,) for the reader to get used to their form:

_ Ir
j(z(’“),z(’)) = (]—{( (1+1) 7()>

z

Ir
j(z(m)yz(l)) = 7‘{( (142)

FARETIN Z

_ Ir r Ir
Tt 20y = 7_{(z("’” ,,,,, oyt Ay <(K ° w(z“*”,z(“) + ﬂ(z(’*”,z“*z’) ° 7<) >

_ Ir
T a0y = Hlvo, )

z

1 1
+ A‘B (7< o W&(M) """" 20) + 7‘{(;1+4),Z(I+3)) oKo ﬂémn’z(z)) + (]‘{(Zr(lw) £0+2)) ° 7()
+ A?BV( oK,

etc.

We give an estimation of the operator norm of J .« ;o that relies on the sharp estimation of the Sobolev
operator norm of the thin-slab propagator obtained in Theorem 2.22 in the case of a symmetric system. The
result of Theorem 2.22 in fact applies to the operator H(. ), defined in (4.5), by Assumption 4.1.

The proofs of the following two lemmata can be found in Appendix A.

Lemma 4.11. There exist S > 0 and C > 0 such that

2 CZ
(49) ||j(z(ll)yz(1))||<(H(.)‘))k’(H(A))k) <87 > 0<i< l/ < N7

for Ay sufficiently small.

We also compute H"

(b ) © J v 20y, which will be needed below.

Lemma 4.12. For Ay sufficiently small, i.e. N large, for ' — [ > 3, we have
w(lzruwl) a0y @ T gy = T zoy + Ap My 0 Ko Jar-» 0y,
where J, () L0y IS given by (9 00y =1d)

T _ T
j(z(”),z”’) = ﬂ(z(") ’’’’’ )

r r
+ A\B Z ﬂ(z(lf)y."‘ztmlﬂ)) o (}( o (]_{(z(ml—l) """" Z(/))
I+1<m<l'-1

r r r
+ A\B é ?{(Z(Il) ..... z(”lr+1)) o (]( (¢] (]‘{(Z(””*]),..-,Z(m"’l+])) o

142r—1<mp<l’ -1 . r r

: o W(Z(mzfl) o gm0 oK o W(Zm],l) e 20
1+3<my<m3-2 T T
I+1<my <my-2

r r r
+ A‘B Z 7-{(1(1/) “““ 2+ oKo 7_{(Z(m,/—l) ))))) L4y o
142 =1<m,s <l' -1 r r
I+3< :<' -2 e 7—((1("’2’” ,,,,, Zm+h) oK 7-{(1(“1’” ..... 20y’
I+Vl;mf;m;—2
with v’ = E((I' = 1)/2). We have
7 CcZ
(410) ”j(Z“’),Z([’)”((H(.\‘))k‘(]-](ﬁ))k) <Se 5 0<i< l/ <N

for the same constants S and C as in (4.9).

Note that the definition of () ;0 is similar to that of J .« oy with the terms W(IZ’ .o eplaced by H(,
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r

We now focus on the estimation of the operator norm of G0, = H", ., oo H" ie. the
@0,...20) (2 Z0-D)

2,20y
question of the stability of the Ansatz Wy .. In the method we shall use, operators of the form of J ) 0,
appear, for which we can now bound the operator norm uniformly w.r.t. N = [8|. We have seen above, in

Proposition 4.6, that

_ Ir Ir _ 1 r
Go,.20) = 7'{(JZ),ZU)) ° ﬂ(z(l),z(m) =My © 7{(1(1),1«») +ApK + Mo

l
= 7’((;2),””1(0)) + Ay K+ Moo = T 20 + M.

Composing with H' (IZ’(})!Z(Z)) on the L.h.s. we obtain

_ Ir Ir Ir _ Ir Ir
Go..:0) = W(z“hz@)) ° ﬂ(z(z),z(”) © 7_{(z‘”,z((‘)) =Mz ° (7_{(1(2) ,,,,, o) F AyK + Mz(z))
I I I
= Hoy oy + Ay (K0 My oy + Hey oy 0 K) + Hy o 0 Mo
= j(za),z(o)) + 7‘{(1;3),1@)) oM = J(z(3>,z<0>) + Mo + Ap'K,

23,..,z20)

by Proposition 4.7 and Proposition 4.8. We carry on with these explicit computations to derive the form of
G20y = H", oo H" We have

""" (29,29) (2,20

1 1 1
g(z(‘” ..... 720) = 7’((;4>,Z(3)) 00 (;1)’2«») = (Zrm’z(z)) o (j(z(z),z(m) + Mo + ApK)
= j(z(“),z(o)) + A‘l‘Mz(“) oK o j(z(o),z(")) + Mz(‘” + A\B(}( + A&J3(]‘{(l;4)’z(3)) oK

= j—(z“),zw)) + MZM) o (Id + A\BW o j(z(o),zm))) + Am?{ + A‘Bq-{(l;(@’z(})) oK,
by Proposition 4.7 and Proposition 4.8 and Lemma 4.12. Similarly, we obtain

_ aylr Ir
g(z(s) ..... 70y = 7‘((1(5)’1(4)) O+++0 (]‘{(Z(l)’z(o))

= Wg;s)’zm) o [j 0y + M o (Id +A3K 0 9, (z“”,z“”)) + A K + A*Bq‘{(l;m)’z(g)) o 7(]
= j(z“’,z(“)) + AsBMZ(S) oKo j(z(l),z((l)) + (Mz(5> + A‘B(}() o (Id + Aqﬂ( o j(z(()),zm)))

l it tt
+Ap (7_((;5),54)) oK + (]_{(zr“),z“‘)) ° 7{(;4),1‘3)) ° %)

+ Aqgg(z(S)sz)) oK + Aqﬂ( o (Id + Aqg(]( o ji(z(o)‘z(m)) .
By induction we can now obtain

Lemma 4.13. Let | > 5, we have

..........

-4
“4.11) g(zm Z0) = j(z(n,z(m) + Aqgg(z(l) ) © K+ Mz(n o [Id + A‘l‘ Z Ko j(zm,z(O))]

Jj=0
! J=5
+ Aq_; Z [g(zm ’’’’’ 20) © K o (Id + Ajg Z K o j(z(i),z(ﬂ))]] B
j=4 i=0

with the convention Zi_:lo Ko, 20y = 0.

Proof. Formula (4.11) holds for / = 5, as we have seen above. For [ > 5, we now write

.....

I-4
= G020 © | T 20, 20) + ApGo,. 20y 0 K + Mo o [Id + Ay Z Ko j(z(”,z(o)))
j=0
1

J=5
+A‘B Z {Q(Z(n ,,,,, 2y © K o (Id + Aq_; Z K o j(z(f),z(o))]]} .
i=0

=
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We have

(412) g(z(’*”,z“’) o j(z“),z(“’) = j(z(“”,z‘”)) + A»BMZ(HI) oKo j(z(la‘i)’z(ﬂ)),
by Lemma 4.12. Next, by definition we have

(413) g(z(ul),zu)) o (A»Bg(z(/)’u_’zm) o 7() = Asgg(zml) 723) o 7(

,,,,,

By Proposition 4.8, we obtain

=4 -4
4.14) Q(Z(Hl)’z(l)) o MZ(I) o [Id + A‘B Z Ko j(z(/),z("))] = (MZ(HI) + A»B(]() o [Id + A‘B Z Ko j(z(/),z("))] .
Jj=0 Jj=0

Finally we have

l

-5
(4.15) Geun oy 0 Ay Z [g(zm ’’’’’ o Ko [Id + Ay Z Ko j(zm’z(m)]]

j=4 i=0
1 j-5

=Ag Z [g(zml)’wzm) oK o (Id + Ag Z K o j(zu),zto))]] .
j=4 i=0

-4

[+1-5
Aq37( o [Id + Ag3 Z Ko j;(z(j),Z(o))] = Aqgg(zuﬂ) """" L0+ © K o {Id + A‘I‘ Z Ko j(zm’z«)))] ,
=0 i=0

which yields formula (4.11) at the order / + 1, when summing (4.12)—(4.15) together. [ |

From Lemma 4.12 we observe that

!
Id + Ag Z K o j(zm,z(m) <C, 0<I<N,
=0 (HO (HOY)

with C uniform w.r.t. ®¥ and /, since Ay = Z/N. As [|M_ |l gy oy and [T o oyl oy are bounded
uniformly w.r.t. z and [, we obtain the existence of A > 0 and B > 0 such that

l
||g(z(”,z(0))||((H(s))k,(H(x))k) < A + A‘BB Z ||g(z(l),z(/))||((H(s))k’(H(s))k)s
Jj=3

from Lemma 4.13, which gives, with V;,; = IIQ(zm,zu))II((H(J))A!(H(S,)A,),

l

]
Vio<A+ AmBZ Vij<A+ AmBZ Vi
=3 =1

Above, we have chosen to use z?' = 0 as the starting value for z. However, similarly, we obtain
v
Vl’,lSA+A‘13BZ V]r’j, 0<I<l <N

Jj=l+1

Define the finite sequence (W))o<;<y by

1
Wo = 1, W,+1:A+A1;BZW-, 0<I<N-1.
=0
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Since Gv 0y =1d,0 <1 < N, we have V;; = 1 and a simple induction gives
Vig<Wpy, 0<I<I <N.
‘We now observe that forall 2 <[/ < N,
Wi =W +AsBWi = (1 + AyB)Wy_; = (1 + AyB)'W; = (1 + Ay B) (A + Ay B)

BZ
<1+ W)N(A + Ay B) < CeP?,

For the Ansatz ‘W, , in the symmetrizable case, we thus have the following counterpart to Proposition 3.2.

Theorem 4.14. Let s € R. Under Assumptions 4.1 and 4.2, there exists K’ > 0 such that for every
subdivision P = {Z@, 20, ..z} of [0, Z] with 0 = 70 < 7D < .. < 2 = Z Ay = 20D — 20, for
i=0,...,N—1, and Wy, as defined in Definition 3.1 we have

¥z € [0,Z], ||(W‘B,z||((H(J))k,(H(s))k) <K,

Sfor Ay sufficiently small.

With the stability of Wy , established, we can proceed with the analysis of its convergence as in Section 3.
There is no difference in the argumentation between the symmetric and the symmetrizable cases there. We
thus obtain a theorem similar to Theorem 3.7, which gives a representation of the solution operator of the
Cauchy problem (2.1)—(2.2) by an infinite product of matrix-phase FIOs.

Theorem 4.15. Let Assumptions 4.1 and 4.2 hold and let further assume that the symbol a(z,.) belongs to
([0, Z], MiS {(R" x R™)), i.e. Hélder continuous w.r.t. z, with values in MiS ' (R" x R"), in the sense
that, for some 0 < @ < 1

aZ, x, & —alz, x, & = —2)*a7,z,x,8), 0<z<7 <Z,

or Lipschitz (o = 1), with a(z', z, x, ) bounded w.r.t. 7 and z with values in MS'(R" x R"). Let s € R and
0 < r < 1. Then the approximation Ansatz ‘W, converges to the solution operator U(z,0) of the Cauchy
problem (2.1)—(2.2) in L((HSDRM)K, (HEI (R uniformly w.r.t. z as Ay goes to 0 with a convergence
rate of order a(1 —r):

W2 = UG O)lleeny eenyy < CAY ", 2 € [0,Z].

Furthermore, the operator ‘W, strongly converges to the solution operator U(z,0) uniformly w.rt. 7 €
[0,Z] in L(H®*DR™), (HOTDRM)Y).

A Some technical proofs

A.1 Proof of Proposition 1.6

For the proof of Proposition 1.6 we shall need the following lemma.

Lemma A.1. Let j, r be non-negative integers, u € & (R"), f € €' (R") such that
0<Imf(x)<Cp, xeR", |fP%)|<C,, xeR, I<s<r+l

Then we have

(A.1) W't

f u(x)(Im f(x))feiwf(x) dx

< C " sup IDSuIf (P +Im f@)7, w >0,

la|<r +€R"

where the constant C = C(f) is bounded when the function f stays in a domain of ¢ (R") where C,
Ci,...,C 1 can be chosen bounded.
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Proof. The proof is the same as that of Theorem 7.7.1 in [16] where u € €.(R"). In fact the further
assumptions on f made here allow to give global bounds that are needed since u € % (R") in the present
case. ]

Proof of Proposition 1.6. At first we shall assume that u € @7’ (R"). As the operator A, , is a global FIO
we then have Ay ) (u) € €~ (R") [14, Section 25.2]. Differentiation of A ;) (u)(x) w.r.t. to the variable x
is performed as usual for oscillatory integrals [16, end of Section 7.8]. Define

VEN,Y) = f o IHE= A 2y x ) ‘T(z’,z)()” x, 1) u(x) dx,

and set w(&,y) := v(&,€,y). We then have
A W)(X') = W', ) |y=r, with w(x',y) := f ¢ wg,y) .

We shall first prove that y — w(&,y) is bounded w.r.t. to y € R” with values in ' (R"). Let w = [£] > 1 and
& = &/)€] € 8. We then have —(x|¢) + iAh| (2, y, x,&) = wf(z,y, x, &) with f homogeneous of degree zero
in &, for |¢] > 1. Note that 0, f(z,y, x,&) = —&p + iA0h (2, Y, x,&). Uniformly w.r.t. z € [0,Z] and w.r.t.
v, x € R" we have |0,.f(z, y, x, £)| = ¢ > 0, for A sufficiently small. Applying Lemma A.1 and estimate (A.1)
we obtain, for r € N,

W'Vl < K; Z sup DS (0 0 (v, X M) < K ()" g (072 ) sup ID§u(n)l, 0 > 1,

n <
lal<r *€R i

where ¢, is a seminorm on S ;7", and where the constants K,, K| can be chosen uniformly w.r.t. z, y and &,

|€] > 1 since the constants Cy, Ci,...,C, of Lemma A.1 can be chosen bounded (as & € S"'). Now
setting 7 = ¢ we obtain that for all » € N, 3K’ > 0

(A.2) "M w(E, Y| < K/ g (0 o)sup IDIu(x)|,  E€R, =1, yeR"
lal<r
xeRM

We now consider
dew(£,y) = /e—i<x|§>fAh|(z,y,x,§) (afia'(zfgz)(y, X, &) +0 5V, x,E)(=ix; — Adghi (2, y, X, f))) u(x) dx.
As xju(x) € €7 (R") and d¢h(z,y, x,£) is homogeneous of degree zero in £ for |¢] > 1 estimates similar to

those in (A.2) are valid. Thus y - w(&, y) is bounded w.r.t. to y € R” with values in % (R").

Then, w(x’, y) obtained by Fourier transformation is also bounded w.r.t. to y € R” with values in . (R") and
we have, with a multi-index «,

ra

sup |x"“ A »H@)(x")| < sup sup |x

x'eR” yeR” x’eR”

W', )| < Cqa(0(r ) Palw),
for p, a seminorm on ¥'(R"), ¢, a seminorm on S Z’, because of (A.2) and the continuity of the Fourier

transformation on . (R").

Differentiating A ,(u)(x") w.r.t. to x;,i = 1,...,n, we obtain

Oy A W) = f O AMET D (5, 0 (X, X, E) + O o)X X, E)iE; = Ay (2, X, x,6))) dE,
and the same method yields, by induction, for @ and 8 multi-indices,

sup [x* &, A ()] < Cqap(z ) Pap),

x’eR"
for pop a seminorm on #'(R") and ¢, 5 a seminorm on S}'. We can now relax the assumption made on u,
i.e., u € €7 (R"), by a density argument. Hence the operator A, ;) maps ¥ (R") into .¥(R") continuously.
Observe now that the adjoint of A, ;) is of the same form and thus maps .%(R") into .%(R") continuously.
This concludes the proof. L]
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A.2 Proof of Proposition 1.10

As mentioned in the main text we only prove item 2 of the proposition here.
We set p = min(p, p’, p”’) and & = max(6,6’,6”) and

—AlL (z,X',y.€)

p(z’,z)(x,’ f’y’ 77) =€ O-(Z’,Z)(x/9y’ ‘f)p(y’ 77)

We observe that it is a multiple symbol in SZ’S'"/(X’ x R" x Y x R"). Expression (1.4) can be formally
obtained. We set

¢(Z',Z)(xl’ X, Y, g’ Tl) = <-x - y|§ - 77) + A(kl (Z’ xlv Y, f) - kl (Z’ .X/, X, f))

Estimating the partial differentials of ¢, ; w.r.t. X', x and ¢ we have

a‘;a‘;ageitp(;'.z)(f,x,y,f»n) < C(_{-’)W‘(f —n f)w‘(x _ y>\a\+lﬂ'l.

Following [23, proof of Theorem 10.2.2], we find that g¢ ,(x’, x,£) is in ¢*, bounded, with bounded
differentials, as & remains in a bounded domain.

We shall split g, into two pieces. Let y € €5 (R") be such that y(¢) = 1 if |¢] < % and x(¢) = 0
if [£] > % and set yo(n, &) = X(%), with 0 < 7 < 1 and yo(1,€) = 1 — xo(n,&). We then write
4z.2) = 4z 200 + Giz.2),0 Where

q(zgz),oo(x’, x,&) = ff ei‘p“""*’)(x/’X‘y’g"])p(zr,z),w(x', £,y,m) dn dy,
with P(z 2),00 (x/’ fs Y, 77) =P ) ()C/, f’ Yy, 77) XOO(rI’ é:) On the support Of/\/oo (77’ é:) we have

(A3) €2 30 -7,
We find (V¢ »(x', x,y,&,1m)) = (x —y) and have
Vo (X, x,y,6,m) = —(€ —n) + AVyki (2, X', , &).
For A sufficiently small, we find
IVy@ (X', x,3, & 2 ClE =1l > C'(E),
from (A.3). Then, setting
To = (V@) (1 = iV,lVy)), Ti = =iV, (V1Y)

we write, for [ sufficiently large,

q(z’,z),oo(x,; X, f) - ff ei%,'Z)(X/'X’y’f’n)(T(t))l(Ti)lp(z/,z),oo(X',f, y, ]7) d’] dy.

The estimates above allow to conclude that g, ;) (X', x, £) is bounded w.r.t. z’ and z with values in § = (X’ X
X X R"M).

NeXt’ we Set p(Z’,Z),O(x/7 fv y7 T]) = p(Z’,Z)(-x,’ é‘? ya T’) XO(TL f) and Write

kl(Z’ x/5y’ é:) - kl(Z, x’wx’ é‘:) = (y - xllzl (Z’ .X/,y, x’é‘:))’

by Taylor’s formula. Note that e (z,Xx',y, x,&) is then bounded w.r.t. z with values in S "X’ x Y x X xR").

Observe that |£ — 7| < %( 1 — 7)(£) on the support of yo(n, €) and thus for 1 — 7 sufficiently small we have

C(n) < (&) < C'm),
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The change of variable  — i + Ak;(z, X', y, x, €) is then global for A sufficiently small. We obtain

490X, x,&) = f f T 0K E, = Ak (2, Xy, X, £)) dip dy.
For A sufficiently small, we have
Clny <m - Aki(z, X', y,x,6) < C'Gpy, ifl¢] > 1,

on the support of the integrand after the change of variable. As in the proof of Lemma 1.7, these estimates
allow to show that pgz 900 X, E,3.m) = paayox,Ey,n — Aki(z, X', y, x,€)) is bounded w.rt. Z' and z

with values in S e ((X x X") x R" x Y x R"), space of multlple symbols By Theorem 2.2. 5 in [23] and

7’ ,2)

m+m ’ n
S;,,(; X' X X xR"). [ |

A.3 Proof of Lemma 1.13

Let y € €7 (R") be such that x(£) = 1if |¢] < } and x(¢) = 0if 4] > 3 and set yeo(7,) := 1 = x(7im)s
with 0 < 7 < 1. we write ¥ = Fo, + Fo with ’

Fu)() = f f SN f (s E) u(x) dE dix,

where
f 000X, x,6) = f f 0TI O AN ER) (. &) o (K3, E) Ty (X, y,1) dip dy.

with o, = 0 e 1@ Thus, the amplitude o, _ (x,y,é) is bounded w.r.t. A and z with values in
smo o (X xY xRY).
min(p,p")

We set
(X, y, x,&,m) =y = xln = &) + Atk (2, X', y, &) = ki(z, x,y,m)).
We observe that
Vool < C(E),  IVapl < Cp=£:6),  [Vepl < Cy = x),
and we thus find

(A4 |a§a‘ia§ei¢(f’y%§ﬂ)| < C(f)lﬁ/l(n —& é:)WI(y _ x)lal.

Computing the partial differentials of ¢ w.r.t. y and n we find

VT]QO(X,’ Vs X, é:v 77) =y—X- Avr]kl (Z’ XY, n)’
VX', y, x,E,m) =n =&+ A(Vyki(z, X', y, &) = Vyki (2, X, y, 7).

‘We have

(A.5) (Voo(x', y, x,6,m)) > C(y = x).

To estimate |V,¢| from below we write

Vy‘p(-x,, Y, X, §7 T]) =n- f + A(V)r‘kl(za XY, é:) - Vykl(z7 X5 Y, 77)) + A(Vykl(z7 X’, Ys 6) - Vyk](Z, XY, é‘:))7

and with Taylor’s formula we have, for A sufficiently small,

In =&+ A(Vyki(z, x,,6) = Vyki(z, x, y,m))| = Clnp = &].
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We also have
IA(Vyki (2, X', y, &) = Vyki(z, x, 9, )| < AC(E).

Thus, for A sufficiently small, on the support of y (1, &), where |7 —&| > %(l —7)(&), the previous estimates
yield

(A.6) IVyo(x, y, %, £ = Clnp — € = C'{¢).
Introducing
To = (V) 2(1 = iV,0lV,)),  Ti = =iV, *(V,¢|V,),

by integration by parts we obtain

foae, x,6) = f f O AN THNT (o1, E)T 0 (X, O T (5 v, 1) diy dy

for an arbitrary large [ € N. Because of estimates (A.4), (A.5), and (A.6), we find that f(, ;) « is bounded

w.r.t. 7/ and z with values in S (X’ X X X R"). In particular, for a seminorm p on S ?nin(pp’)’ there exists a

seminorm g on S such that

P(fio00) < C qlow )

We now consider the remaining part of the operator, Fy. We set yo(1,£) = X(ﬁ) =1 - xo(,8).
Observe that on the support of xo(7, ), for 1 — 7 small, we have

(A7) C(6) < (m < C&).
With Taylor’s formula we write

1

bt 08 = kG = [ (6 = xoakGzxes st = D+ 5E = )
0

+(& = Nl0uki (2, x + S = ), 3,1+ SE =) ds
= (¢ = ki (2 X 3, %, ) + (€ = ki (2 X, 3, X, €, ).

By Theorem 1.1.9 in [16], and (A.7) we observe that, on the support of yo, K, satisfies the estimates of
symbols in S w.r.t. the variables x’, y, x, n (or equivalently w.r.t. X, y, x, &), uniformly w.r.t. z. It is also
homogeneous of degree one in (¢, 1), for |n7| large.

Similarly we can consider I:q bounded w.r.t. to z and satisfies the estimates of symbols in S°, w.r.t. the
variables x’, y, x, , and homogeneous of degree zero in (&, i7), for || large. We thus obtain

Fo) = [[[ =10 ([[ 0 pe . vxm
X eiA<X’—XI7<|(z,X’,y,x,f,n)) eiA<§—nI1:<1(z,X’,y,x,f,n)» dn dy) u(x) dé dx,
where
PoX Y, x,6m) = xo, &) o, (X', 3,6 T, (X, 3,1).

The change of variables

En) > €+ M@ Xy, xEm), 1+ Aki(z, Xy, %,6,m) = Hazw yo(E,1)

is a global diffeomorphism for A small enough (uniformly in 7z’ and z in [0, Z]). We denote

(5’ ﬁ)(A7 2, x,’ Y, X, fa 77) = H(Al,z,x’,y,x)(é:’ ’7)7
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which, for A sufficiently small, and || sufficiently large, is homogeneous of degree one in (£, 17), continuous
w.r.t. z, and smooth w.r.t. A and satisfies the estimates of symbols in S I w.rt. to the variables x/, v, x, i1 (or
equivalently w.r.t. X', y, x, &) by Lemma 2.24 in [29] and (A.7). We thus have

Folu) () = [ f =) ( / / =116 il 2.y 5 ETNAZ Yk an)

X p(Z’,Z)('xl’ y’ x? (57 ﬁ)(A9 Z’ -x’, y7 )C, §7 77)) jl (A7 Z7 -x,7 y9 -x9 fs 77) d 77 dy) M(X) df d-x'

where J1(A, z, X', y,&, 1) is the Jacobian, which is homogeneous of degree zero in (£, 77), and is continuous
w.r.t. zand @ w.r.t. A with values in the space of multiple symbols S *°((X” x X) x R” X Y x R") because
of (A.7). For the sake of concision, we denote &(A, z, X', y, x, &, 1) simply by &, with a similar notation for 7.

Note that for A sufficiently small, (A.7) also holds for the new variables. By Lemma 1.7 and (A.7),

g(z,yz)(xf, y,&) and g(z,yz)(x, v, 1) are bounded w.r.t. A and z with values in S &?n(p’p/)((g(/ x X)xR"x Y xR"), for

A sufficiently small. A~simi1ar observation holds for yo(7, E). Because of (A.7), k (z, x',y, x, é, 1) satisfies
the same properties as ki(z, X', v, x, &, n) listed above.

,,,,,

s X X6

V(A z, X', y, x, &, 1) is homogeneous of degree zero in (&, 1), for || sufficiently large, continuous w.r.t. z, and
smooth w.r.t. A and satisfies the estimates of symbols in S® w.r.t. to the variables x’, y, x, i (or equivalently
w.rt. X', y, x, £) because of (A.7). We obtain

77(14)()(’) = ff ei(x’—xl-f)u(x) ([f £ =An=£) p(z',z)(x',f), X, g, i)
le (A9 Z’ x”y7 -x7 57 n)jZ(As Z7 'x,7y9 x’ f’ 77) dn dy) df d'x’

where J2(A, z, X', y, x, &€, 1) is the Jacobian, which is homogeneous of degree zero in (£, i7), for || sufficiently
large, and is continuous w.r.t. z and ¢ w.r.t. A with values in S %°((X’ x X) x R" x Y x R"). We also see that
symbol types and homogeneities of the terms in the integrals are preserved through this change of variable.
Note that we modify the form of & and 7 according to the second change of variable. We do not write it
explicitly for concision.

Setting
Q(z’,z)(x,, X, Y, 67 n) = XO(ﬁ’ g) E(Z/.Z)(x” 5}7 5) E(Z/,Z)(x’ 5]7 ﬁ) jl (Ar Z, xl7 5}’ X, é‘:, T])jZ(A9 2, -x’, v, X, 57 77),

with the same argumentation as above, because of (A.7), ¢ ;) is bounded w.r.t. 7 and z with values in the

space of multiple symbols § &?n(p p,)((X’ X X)X R" x Y x R"). We have

Fow)(x') = f f T f o o(X, x, &) u(x) dE dx,
with
Je 0, x,6) = ff IO () y, x, £,m) dip dy = e PPV Gy, X, E,) |yt -

From Theorem 2.2.5 in [23] and Remark 1 that follows (see also [21]), we obtain that f, ,o(x', x, &) is
bounded w.r.t. 7’ and z with values in S ?nin(pp’)(X’ x X X RM).

With the form obtained for fi, ;) o, from the continuity of the composition-like formula we obtain the second
part of the statement. u
A.4 Proof of Theorem 2.20: sharp Garding inequality

We follow the proof of the sharp Géarding inequality as given in [23, Section 3.4] and [39, Chapter VII]. We
introduce the following function

(A.8) F(£,0) = (&) q(&) 2 (¢ - &),
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where g(o) is real, even, belongs to #.°(|o| < 1) and satisfies [ q(O')2 do =1 and we set

W(Cox.6) = f F( mp(x. )F(E. ) dn,

which is the so-called Friedrichs’ symmetrization of the symbol p. By Theorem 3.4.2 in [23], since p(x, &) €

MiS QJ(X x R"™), the function u(Z, x, &) is a double symbol that belongs to M;.S ll’%(R” X X x R") (Note that

since we are not interested in an asymptotic formula for u(¢, y, &) the first part of the proof of Theorem 3.4.2
in [23] applies to the case p = ¢ = %). Then we have u(Dy,y, Dy) = v(x, D), with the symbol v(x, &) €
Mt ;(X X R") given by [23, Theorem 2.2.5]

5

V(. €) = f f eED (L x— y,8) dy dE,

as an oscillatory integral. The operator v(x, D,) is non-negative as an operator, i.e., for u € (% R we
have Re(v(x, D,)u, u) 2y 12y = 0 [23, Theorem 3.4.3].

Next, we study the properties of (v — p)(x, £). We set

(&) = u(ex.8) = [ FemPpempdn = [ plaé + 0@ gy do
1
= p&)+ [ [(1=98p(é + s0@ @ (@)} ds (o) do
0

by the second-order Taylor formula using that [ g(c)’do- = 1 and that g is even. We observe that |o| < 1
on the support of the function g(o-) which gives

(A9) C(E) < (€ +(E)10) < C1E),
From (2.9) we thus obtain that vy(x, &) — p(x, &) € MiS S(X X R"™). We now prove the following lemma.
Lemma A.2. The symbol (v — vy)(x, £) belongs to MkS? §(X x R™).

3

Proof. We first define

(A.10) N8 = =i ) Oy Dol x. Olee = =i Y, [ e F€m iy plx.i) € d
J j

and prove that v{(x, &) € MiS g(X x R"). From [23, Lemma 3.4.1] 8¢, F (£, n) has the form

O5FEM = O D) U (1= 107)" @ - 0@

<L, yi<y
where ¢, € S iy%l%y'l(R”). From the definition of F' in (A.8) we write the jth term in the sum in (A.10)
as
() _ a2 _ I\ oy _ -1
(A11) W) ==k 3 0@ | (- 06073)" @@ -éxer )
V<L yi<y

X 0, p(x,1) g(( = £)(€)™) dn
=i Y @ [ @) a0 Dl + O dor
<l i<y

after a change of variable. There are two cases to consider in the sum in (A.11): a)y; = yandb)y; =0
and |y| = 1. From (A.9), and (2.8) and from the fact that yr, , € S I’})(R”) we find that the contribution from
case a), i.e.,

WOE) = =i ) Uy € f T (Fpq) () q() B, plx,€ + (&)1 o) dor,

i1
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satisfies |v(1j’“)(x, &) < C. Computing 6§8§v(1'i’“)(x, &) we find it to be a linear combination of terms of the
form ‘

D sl [ @) a(e) B0, & + O ) do, with By + 2 = .

lyi<1

From (A.9) and (2.9) we see that 6“632 O, P(x, & + (&)20) is in MkSé‘aHp(l_wz')(X x R™) uniformly w.r.t. o,

o] < 1 and 6’3‘%7(5) isin S 1= LBll(X x R%). As a result, v(lj“)(x £) belongs to MkSO(X x R%). We now
consider the contr1but10n from case b) in the sum in (A.11), i.e.,

W8 =1 ) Uy0(@ [(@a)) o) 0u,ple 4 @) dor
lyl=1
We write

1
0P E+(©)10) = D p(x.O) + (&) Y 0 f (D0, P, E +107E)?) dt.
0

l

Since [ 8.q(0) (o) do = 0 (g is even), the first term gives no contribution and we obtain

W8 = =ie): ) wyolé) f f (@29)(0) q(0) TY(Oe D, P)(x, € + 10°€)?) dit do

=11

Since by (2.9), 9gdx, p(x, ) € MS (X x R") and i,,0(&) € Sl‘é(R") we obtain that v\*”(x, &) € MS (X x
R") from (A.9).

We have thus proven that v{(x, &) € MS 2(X x R"). We now compute (v — vo)(x, &).

v =), &) = f e YEOF mp(x -y, MF(En) dy dl dy - f F(&n)*p(x,n) dn
®

- f OEDE ) (px = yom) = pra ) FGE ) dy dZ dn
®

= [ 3 [ e R R plx = sy Py dy g dipds
O]

1

~i [ 3 [ €00, @ ma, px = sy.pF (e dy g dnds,
ARG

after an integration by parts. Arguing similarly, computing (v — vy — v;)(x, &), we obtain

(v—vo - vl)(x 3]

i f > f 00, F(E,m) (04, px = 5.1) = O, pCxs D) F(E, ) dy d dy ds

J

11
= fsz e 0k 062 oF(&m) ax o P(x—=s'sy,mF(&n)dydl dydsds'
0 i@

0
11
= —o-{fstfﬁ( JF @, n)@x P =5"s)x+ 5" sy, )F(& mdnds ds’}.
0o

0
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Observing that

11
plx,y,n) = ff s@ijlxlp((l —§5')x+ ss'y,n) ds ds’
00

is in MkS})(X X Y x R") by (2.9), and then following the proof of Theorem 3.4.2 in [23] we find that its
Friedrichs’ symmetrization,

ﬁ@4%9=fF@mﬂ%%mH&mM,

is in M;.S }Oé(x XR"x ¥ x R") and thus 8 , i(x,{,y, &) is in MkS?’%(X x R" x Y x R") and finally we find
27 5Js¢ 39

v=vo—v)(x,€) € MkS(i 6(X X R"™) by Theorem 2.2.5 in [23]. With v{(x,¢) € MkSg(X x R") as proven

above, this concludes the pzroof. [ ]

End of the proof of Theorem 2.20. As a consequence of the previous lemma we find that (v — p)(x,¢) €
MiSO ,(X xR") and we have
3

Re(p(x, Do)u, u) 2y 12y = Re(v(x, Du, )2y 20y + Re((p — v)(x, Dyu, )2y 12y 2 —C||u||(2L2)k,
by the Calderén-Vaillancourt Theorem (see [23, Chapter 7, Sections 1,2] or [39, Section XIII-2]). [ ]

A.5 Proof of Theorem 3.4

Let s € R. At first we choose the symbols u(z, x, £) and oy ;(x, &) with compact support w.r.t. the variables
x and £ to be able to carry out some integral calculus in a simple manner. In the proof, we shall always
assume that A is sufficiently small to apply the invoked properties and results.

We let u € & (R"). We then have
u(z,x,Dy) 0 Ay pu(x"") = ff e (X ) ff ei<x/_x|§>a'(z,’z)(x',f)e‘Aa‘(Z’x/"f) u(x) dé dx dn dx’'

= [[ e ([[ o e o O i ) D) i,

where we have set Ty 7)(1, X, &) = 0@ (X, E)palz, X', &) (recall that the matrices ¢i(z,.) and by(z,.) com-
mute). We set

%mﬂa:ﬂﬂﬂmﬂmeEMW@%wwvmwm@wc

Observe that g, .y may not be a symbol. Using properties of the matrix b;(z,.), we write

E](z’,z)(x”7 &) = ff ei(x"—x’ln—§>u(z’ xn’ 77) (Q_(Z,’Z)(')W(Z’ .)eiAdb(z")V(Z, )) (x/’ f)
X (w(z, e @)y (7 .)) (", &) dndx’,
and we proceed as in the proof of Theorem 2.22: with Taylor’s formula we write

v(z, X', &) = v(z, &7, &) + (x' = x"[i(z, ¥, X", E)),

with #(z, X', x”, £) bounded w.r.t. z with values in (M S (X’ x X" x R™))". We obtain
~ b .
deo = 4o + ey ¥ 9

with g ;) as given in (3.3) and

(A12) gl (x".&) = f f IO, X ) o (X, )

% W(Z, x/,é_«)eiAdp,(Z,x’,f)(x/ _ x/’|\~/(Z, x/, x//’ér))e—iAb](z,x”,f) JU dx’,
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and
(A13) g, ,(x",&) =~ f f IO uz, X ) o (KL €)
X w(z, x/’é:)elA(db(z,x af)—db(Z,x”é))(x/ _ x”lfz(z, X, x",f)) dn dx'.

Because of the diagonal form of the term /(4@ £)-d:@x"9) in (3 3), the result of Proposition 1.10 for the
scalar case (see also Remark 1.11), can be applied to the first term, g, ;). The assumptions made above on
the supports of u(z,.) and oy, can thus be relaxed in the expression of the term g in (3.3), which is

’ M 3 m+m n
then bounded w.r.t. 7’ and z with values in M;.S min(p.p’ p,,)(X X R™).

We shall now focus on the remainder terms, q(Z, ) and 4. .- Note that these two terms are not symbols in
general. However, we shall prove that the remaining operator, with (well-defined) kernel

J Gt e
can be written in the form A R, ;), with R .y satisfying estimate (3.2) and with this regularity property
still holding as we relax the assumptions made above on the supports of u(z, .) and o, ;). We shall actually

obtain that the components of the matrix operator R, . are sums of scalar FIOs of the form studied in
Section 1.

We write (x; — x”)e’<"”‘x n8) = ig, """ An integration by parts yields

G (X" €) = =i f f D (V2 X ) | (0 (WG, DB ) (), €)
X ¥z, x’, x",§)> e A1) dndx'.

We now expand the first exponential term to first order, i.e.,
eBMEXE = 1 4 iAdy(z, X', &) f 1B E) gy

and we obtain

q(z ) q(z ,2) + Aq(z ,2)°

with

q?z“z)(x",f) = —iff X X8 <V,7u(z, X', n) | (g(z,’z)(.)w(z, .)) ', &) Wz, x’,x",§)> e A GED) dndx

and

G- €) = f ff D (Va7 ) | (0 (W Ddb(z, Je ™) (v, £)

XV(z, X', X", £)) e D dy ! dt.

The operator R( 2 associated with the latter term, qé’z’,l iy has for kernel

RY (%) = f f W bl (X6 g,

with

i),l )(l xlr ‘f) ff i(x"—x'|n—=¢&) V /J(Z, .X",T]) | (Q(ZI,Z)C)W(Z, ~)db(Z, .)eliAdb(Z,~)) (x',f) Xi}(Z, xr’x//,§)> dn dx’.
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Note that qb’l (t, .) is not a symbol, in general. However, by formula (1.3), each component of the matrix

kernel Rb, )(x , X) is a sum of (scalar) FIO kernels of the form

1
[[ et o dgar 1 <1<k
0

(recall that dp,;, 1 <1 < k, are the diagonal entries of the dj,) and with a symbol A, ,(x”, &) that is bounded

w.r.t. to 7’ and z with values in Sﬁ;’(’;p p,,)(X” x R™). By Theorem 1.12, we thus obtain

b,1 1
”R(Z/’Z)||((H(.\'))k’(H(,\7m7m'))k) < K( ),

uniformly w.r.t. z and A, A sufficiently small. This estimate holds if we relax the assumptions made above
on the supports of y(z,.) and o ).

Similarly, we expand to first order the remaining exponential in the term q(Z ., and obtain
ba _ _bb
q(z’a,z) =gyt Aq(”’ 2)’
with
qp (", &) = —i f f WO (Vou(z, X ) | (0 OW ) (8, €) X X, X7, 6)) dipdy,

and

1
(8 = f f f IO (Ve X ) [ (o, (WG N E) F, ¥ X7 6))
0
X bi(z, X", &)e ™MD qy dx’ dr.

The operator 72 assomated with the latter term, q( e has for kernel

1
R (", x) = f f T g ()TN g i,
0

where q i is in fact a symbol, that is bounded w.r.t. to z’ and z with values in S m;’&p p,,>(X x R"). By

Proposmon 2.6, we have
b,2 2
IR o g qaasmmnyy < K2,

uniformly w.r.t. z and A, A sufficiently small. As above, this estimate holds if we relax the assumptions
made above on the supports of u(z,.) and o ).

For the remaining term, qf)f, oy which is actually a symbol, we ‘undo’ the integration by parts, which reads
A1) g8 = [[[ IO X i (W DO X = X X ) iy

We proceed similarly with the term qu,’z) in (A.13). An expansion to first order of the exponential term
yields

c,1
61(7/ 2 q(z ,2) + Aq(z’,z)’
with

qz (" &) = f f MO Uz, X ) (o (W D EXX = X[z, X X7, €)) dnpd
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and

1
‘]E'Z’,{Z)(x”,f) = —ifff eI (o, X (e, (Owz, N, E)
0
X (dy(z, X', &) = dy(z, X", £)) N DO 3|5z, ¥, X, £)) d ' dL,
We observe that
c,a bb _
Ay T4z =0

An integration by parts, in the term qu',l ., yields

1
(A15) ¢} (x", &)= - f f f IO V(e X ) | (0, (W D E)
0

X (dp(z &', €) = dy(z, X, £)e" B DD 52 3, &) dn d di.

Because of the diagonal form of the term e"A(@@¥-9)-db@x") in (A.15) the result of Proposition 1.10, can
be applied to q?z’,l’z) (see Remark 1.11). The assumptions made above on the supports of u(z,.) and oy 4

can also be relaxed in the expression of the term qf;,l which is then bounded w.r.t. 7’ and z with values in

2)’
MiS ;fl;l’fp p,’p,,)(X x R™). Applying Proposition 2.6 to operator ‘REZ’,{Z), associated with symbol qz;,lqz), which
kernel is

. _ s . iAby (2"
REz’,z)(x”7 x) = fel(X X|§>qzz’,z)(x”’§)el e df’
we obtain
| 3
”Rzz,’z)||((H(.v))kY(H(xfm—m'))k) S K( )

Finally, we have obtained R o) = R> . + R>? + R

.0 . . which yields the expected estimate,

||R(Z',Z)||((H(‘))/‘,(H(S””””'))/‘) S K(]) + K(Z) + K(S)

A.6 Proof of Proposition 3.6

In the proof, we shall always assume that A is sufficiently small to apply the invoked properties and results.

We define

%[(z’,z) = az’ © g(z’,z)v %(z’,z) :=a,(x,Dy) o g(z’,z)-

We recall that |G ;) ||y oy < C by Proposition 2.6 uniformly w.r.t. 7 and z. With Assumption 3.5 we
then have

l(a(z, x, Dy) — a(Z', x, D,)) © Gz ol oy -vyy < CA”.
It is thus sufficient to prove
”ﬂ(z’,z) + %(Z’,z)||((H(x))k,(1-1(rl>)k) < CA»

uniformly w.r.t. 7 and z in [0, Z].

‘We have

W HW)(x') =~ f f T g (XL E) alz, ¥, €) e BT Dy (x) dE dx.
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With a first-order Taylor formula, we find

(A.16) 8068 = I + A8z (%, §),
with g(, ) bounded w.r.t. A and z with values in M;S°(R” x R"). We can thus write %, ;) = ot AN
with

A »(W)(x) = - f f G (X, E) az, X, E) e AN Dy(x) de dx,

and A, , is given by the same formula with g, replaced by I;. We find ||§I(Z"Z)||((H(s))k’([.1(a—l))k) < C by

Proposition 2.6 since the symbol g, (', £)a(z, ¥, €) is bounded w.r.t. 7’ and z with values in M;S'(R" x
R").

By Theorem 3.4, we find
By =B+ AR
with
(A.17) IR oll oy vy <G 0<z2<7 <Z,

and the operator B, , is given by

B(Z/,Z)M(x/) = ff ei<x'—X\f> Q(zr,z)(x/,f)embl(z’x/’f)u(x) J.f dx,
with
(A18) g (¥, &) = f f eI a7, X Mg s ENPa(Z, Y, W, Y, E)e MBI DT Dy y &) dy dy,

which is bounded w.r.t. to 7’ and z with values in M;S /17(X X R™).

Making use of (A.16) once more, we obtain
(A 19) q(z’,z)(x3 f) = C—](Z',Z)(x, f) + AZ](Z',Z)(X’ g)’

with both 4., and g, ;) bounded w.r.t. to z" and z with values in MkS (X xR™), with 4. and g, ) given
4 ¥4

by expressmn (A.18) with the term g, ;) (v, &) replaced by I and g (), €), respectlvely We then define
the operator B, , | by

Y = i(x=xl€) ’ iAb1(z,X &)
@(Z/,Z)(M)(x ) = ff e g(z/,z)(x ’é:)e 1(z u(x) df dx,

and the operator B, ) by the same formula with 4. replaced by ;). We have B, ) = +AB

( Z2)
and [|B Il g gis-nyey < € for some C > 0.

It is now sufficient to prove

|2 <CA, 0<z<7<Z

@t (z ")“((H(Y))A H-Dyey =

when A = 7 — z is sufficiently small. We may therefore conclude by the second part of Proposition 2.6 and
the following lemma. ]

Lemma A.3. The matrix symbol
KA(Za X, f) = g(z, Z)(-x’ éj) - a(Za X, é‘:) pA(Z7 X, é‘:)

is equal to Aka(z, x, &) with ka(z, x, §) bounded w.rt. A and z with values in Mkal)(R” X R™).
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Proof. We first write (2, X, &) = ka.1(2, X, &) + kan(z, X, &) with

ka1 (z, x, &) 1= 6_1(2,,1)(?6, &) — (alz, ) # pa(z, )(x, &),
KA,Z(Z’ X, f) = (a(Z7 ) # PA(Z’ .))()C, f) - Cl(Z, X, f) PA(Z’ X, ‘f)’

and work on each term separately.

The composition product of ¥DOs [15, Theorem 18.1.8] gives the following oscillatory integral represen-
tation

(ate. ) # pae &) = [[ €47 at v pate.y. o dndy.
‘We thus obtain
KA,l(Z, x,&) = ff ei<x—y|n—§> a(z, x, Npa(z, y, W, v, g)(eiA(db(z,y,-f)—db(z,x,f)) — I)v(z, y, &) d’n dy,

which we write
1
ka1 x.8) = iA f ﬁ N a(z, x, ) pa(z, ¥, Wz, y, Oz, x, 3, E)e"™ (2, y, &) dn dy dt,
0

where

/J(Zs XY, ‘f) = db(Z, Y, g) - db(Zs X, f) = <y - xlh(Z9 XY, é:))s

for h(z, x, y, &) continuous w.r.t. z with values in (M;S (X x X x R"))", homogeneous of degree 1 by estimate
(1.1.9) in [16]. We observe that

1
kan(@x &) = A f f f (V, M0 | a2, x, mpaz v W v, V(2 X, v, E)E ™MDz &) dn dy db,
0

which after integration by parts gives

1
ka1x® = A [ [0 (V0,50 | patey. O W v, € he, o 3,6)
0

X MYy (7 y £) dy dy dt |-y,

Because of the diagonal form of the term e/**#@*¥%) the result of Proposition 1.10 for the scalar case,
can be applied. The first composition formula in Proposition 1.10 with x’, ¢ and z as parameters (see also
Remark 1.11) yields «a1(z, x, &) = Aka1(z, x,€) with Ra 1(2, X, ) continuous w.r.t. z and bounded w.r.t. A
with values in MiS J(R" X R").

For the second term ka2(z, X, &), since pa(z, x,€) given in (3.1) satisfies Property (Qr), we can apply
Lemma 2.19 with m = p and obtain ka2(z, X, &) = ARa2(z, x,&) with Raa(z, x, €) bounded w.r.t. z and A
with values in § })(R" x R"™). [ |

A.7 Proofs of Propositions 4.4 and 4.5

Proof of Proposition 4.4. In the proof, we shall denote by g a seminorm on § ;",’m' (X’ xR" x X x R") and
by p a seminorm on %’ (R"), which may change from one line to another.

We set

) i= [[[ I () dy iy = [ I (36, D) i
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which is well defined since & € % (R"). By Proposition 1.6, for all @, ¢’, 8 multi-indices and all N > 0,
there exist p and g such that

[N OT DL, x, )| < Cqlo oz ) p) " PP W x e R, £ € R,

with &’ = 1 — p’ (Note that we have used (4.1) here).

Defining ¥ as the Fourier transform of v w.r.t. x we obtain for all multi-indices @, ¢, § and all N > 0 we
have

KN 0% B30(x' s 1, )] < Cqlor 2. 2) plu) )" WL ¥ e R, £ € R,
and thus for all multi-indices @', 8 and all N > 0 we have
KEVOT I €. < Cq(o ) pu), X R, £ R

‘We now define
wx, ¥') = f OO £ £) d,

We have ¥, » »(u)(x") = w(x’, x"). Applying Proposition 1.6 once more, we find for all multi-indices &',
andallN >0

N a%0% w(x, x')| < Cqloqrz)pu), x,x €R",

x7x

which concludes the proof. L]
Proof of Proposition 4.5. The kernel of H» ;) := Fr . 0 EC¥ is given by

H(Z//,Z/,Z)(xl, y) - f ei<x’_x\§)eiA'k1 (z"xl,f)er—),l'])eiAk] (Z’x’n)g(zu’z/’z) (xl’ g’ X, 77) CTT] d.x dg,
®

with

LN E) Al (e, B
g(z”,z’.z)(xl’g’ X,1) = 0@ z(X, & x,me 1) g AL er(’]) %

which is bounded w.r.t. to 7/, 7 and z with values in S ﬁ;;”g;,)(X’ X R"” x X X R"). The kernel of the adjoint
operator H(:, , , is given by

H(*Z”!Z”Z)(y’ t/) — f ei<y—l|n’>e—iAk|(Z,t,n')ei<t—t’|§’)e—iA’k|(z’,t’,g’) E(Zu . Z)(t/’ é_-/’ t, )7/) df/ dt dn/
®

The kernel of H(» ) o H

(v 2.z 18 given by

Ky, 1) = f &I X =8 Gib ki (2 x.8) pilx—tlp) HIAK) (2.x.1) =k, (z.1.17)

®
X G )W) T (€ 1) TN iy dx g ag dr.

(We freely interchange the order of integration, as is usually done with oscillatory integrals without intro-
ducing regularization cutoff functions explicitly [16, Section 7.8].)

As in the proof of Theorem 2.22, with Taylor’s formula, we write
]Sl(z’ X, 77) - ]fl(z’ 1, 77) = <x - l|]}(Z, X, 1, 77)>
and perform the global change of variables n — 1 + Ak(z, x,1,17) = H axn(1). We denote

Az X, 1) = Hly (),
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which we write 7 for the sake of concision. We have

K(z",z’,z) ()C,, t/) — f ei(x’_x|§>eiA’k1(z’!xf,.f)ei(x—t\n)g(zﬁyz/’Z)(x/’ é:, X, ﬁ)
®
X E(er’zr’z)(t,sg,a t ﬁ)ei(l—z’E’)e—iA’k](z’,z/,f’)JA(Z’ X, 1, 77) JT] dx Jf dfl dl,
where Ja(z, x,1,77) is the Jacobian which is bounded w.r.t. 7 and z with values in S°(X x T x R"). By
Lemma 1.7 (adapting the proof to multiple symbols), g(z,,’z,’z)(x’, & x,7) = fi(x',& x,t,n) and g(z,,’z,’z)(t’, &t =
A, €, x,t,n) are bounded w.r.t. 7, 7’ and z with values in Sﬁi;”(;;,)(x’ XR"X(XxT)xR") and Sg’i’:(;;,)(T’ X
R” X (X x T') x R") respectively.

‘We then observe that
Koy (X' 1) = f e"<x/’)‘|§>em'k‘(z/"‘/*f)p(z,,’z/,z)(x', &, x, t',f’)e“"”rlfl){ﬂ,h(Z””"f’) dx dé¢ d¢’,
®
with

Pz (X Ex, 1, &) = f f G K E X T (€ 1A, X, 1) dE diy.

Adapting the proof of Theorem 18.1.8 in [15], we find that p» (X', &, x, ¢, €’) is a multiple symbol which
is bounded w.r.t. Z”/, 7’ and z with values in S ﬁ’i’:(;/z(;;l'—s)(x’ XR" X (X X T’) x R").

Now, adapting the proof of Lemma 1.13 to the case of a multiple symbol we now find that the operator
K.z » With kernel K,» (X', ') is a pseudodifferential operator with an amplitude bounded w.r.t. 7, 7/
and z with values in Sifl”;;"; ,;”(x’ x T’ x R").

Composing K.~ ., on both sides by E¢~"~") we find that E~") o F (. ., , 0 E® is bounded from L? into
L? by the Calderén-Vaillancourt Theorem (see [23, Chapter 7, Sections 1,2] or [39, Section XIII-2]). [ ]

A.8 Proofs of Propositions 4.6, 4.7 and 4.8

Proof of Proposition 4.6. In the proof, we shall always implicitly assume that A and A’ are taken suffi-
ciently small to apply the invoked properties. As in the proof of Theorem 2.22, we observe that there is no
loss of generality in assuming g~ »)(x, &) = g »(x, &) = I

With Assumption 4.2, we write L(z, X', &) = L(Z', X', &) + (z — D, 72, %, &) which yields
(A.20) HE o w)(x') = f f TR X £ A OR(Z, X ) u(x) dx dE + AKL,  (u)(x'),

with || K

(z’,z)”(([-[(s))k,(H(.w)k) < C, for some C > 0, by Theorem 1.12, since «; satisfies Assumption 2.2.

. lr . . o, lr . .
Since IIW(Z,,’Z,)II((H(Y))k’(H<Y>)k) < C, it thus suffices to consider the composition of H/, , with the first term in

(A.20). We call F(,» ;- ;) the resulting operator. It is formally given by
For o @) = f f XTI [ (X ) u(x) dx diy,
with
f(z”,z',z)(x/, n) — ff ei(x’—yhf—’l)L(Z/’ )C/,f)e_A/m(Z,‘x,’f)R(Z’, xl’ ég) L(Z',y, n)e—Aal(Z:)’JI)R(Z, Y, n) dy d‘éj

From the regularity of L(z, x, £) w.r.t. the variables x and £ that we assumed, we write

L(Z,vy7 77) = L(Z’7-x” §) + <y - )C/ILI(Z,,.X,, f,y, 77)) + <7] - §|L2(Z,9x,’ éjvy’ 77))

with Taylor’s formula. We then have fi;» » (X', ) = fior 2 0.a(X', 1) + fior 2 0.6(X", 1) Where

firzaX ) = f f T E)e TN NE T D AMCIIR(Z y ) dy dE,
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and

ferzop(X,n) = f f ei<xl’>’|§"’>L(z',x',f)e’Al“‘(Zl’xl’g)R(z’,x’,f)
X ((y = X|Li(Z, X, & y,m)) + (7 — ELo (2, X €, y, mNe “M D R(z, v, 1) dy dE.

The part of the operator associated to fi.» ) 4(x’,77) corresponds to 7{(’ H' We now study the

o
z//’Z/) (Z/’z)‘
second part associated to fi;» ) »(x’,77). As in the proof of Lemma 1.13, we introduce y € €’ (R") be such

that y (&) = 1 if €] < % and y(¢) = 0if |¢| > % and set yo(17,¢) := 1 _X((I?T_)i&)’ with 0 < 7 < 1. We have

S 22961 = for 2 9b.00(X 1) + fior 2 960(X',17) Where

f(Z”,z’,z),b,OO(x/’ 77) — ff €i<x’_y|§_n>/\,/oo(7], f)L(Z’, X,,f)e_A/m(Z/’x/’f)R(Z,, )C/,f)
X (= XL X €, y.m) + (= €L (2, X £y, m)e "SRGz, y, 1) dy dE,

with a similar definition for fi.» . »y50(x", 17) With y« (77, £) replaced by yo(17, &) = X(ﬁ) =1-xs(®,8).

We consider the component (f(; 2 5.00)ij (X', 77), for 1 < i, j < k. It is a sum of terms of the form

f f FAVED Y (1. (L X\ Ea(L s X £y (2, y, 1) dy dE,

with o(x',y,&,n) = (X' = Y€ —n) + Ndg)(Z', X', &) + Adg,u(z,y,n), for 1 < I,m < k (we have used As-
sumptions 4.1 and 2.2 made on @, and the notations that were introduced in Section 2). Since e %(+¥'5)
and ¢~ Y%an@yM are bounded w.r.t. z and z with values in S 2 we may take o (z/, x’, &) and 03(z,y, 1) to be
bounded w.r.t. 7 and z with values in S 2(X’ xR™") and § g(Y X R") respectively and the term o (z’, x’, &, y,17)
to be bounded w.r.t. 7’ with values in the space of multiple symbols S*%(X’ x R" X Y x R").

We observe that |V, ¢ < C{& —n;&) and |[V,¢| < C(x" — y). We thus have
(A.21) |3‘i/3§eiw(x’,y,§,n)| < CE - &P = ),
We note that

(A.22) Vel < C(xX =),

and we see that

Vyp == —m) + AV,dgu(z, y,m)
= _(é: - 77) + A(Vydﬁ,m(z9 Y, 77) - Vyd,b’,m(z’ Vs é:)) + Avydﬂ,m(z7 Vs g)

With Taylor’s formula we have, for A sufficiently small,
| = (& —m) + A(Vydgm(z, y, 1) = Vydgm(z, y, ) = Clnp = €]
We also have
|AV dg (2, , 6| < AL).

Thus, for A sufficiently small, on the support of y« (7, &), where [ —£&| > %(1 — 7)(€), the previous estimates
yield

(A.23) IVyel > Clnp — & > C'¢6).

Estimates (A.21), (A.22) and (A.23) allow to conclude that f;» o - (X', 77) is bounded w.r.t. 7, z’ and z
with values in S ~(X’ x R"), as in the proof of Lemma 1.13. First-order Taylor expansions of the terms
e NM@¥D and =AM @D wirt. to A and A respectively, in the expression of f.r ) p (X', 1) thus give

f(z”,z’,z),b,oo(x/’ ) = fi .2 200 (', n) + max(4, A/)f(z”,z’,z),loc (', ),
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where

firomres (0 am) = f f XN L EOLE X ORE K E)
Xy =X |Li(Z, %, & y,m) + (= ElL(Z, X', €, y, MNR(z, y, ) dy dé
- f f XD EYLE s yom) — L X EDRG. v ) dy dE

and fiv » 7 3.0 (X', ) is bounded w.r.t. 7, z’ and z with values in § (X" X R").

We now consider the term fi;» ;) 50(x’, 7). In the support of xo(1, £), for 1 — 7 small, we have

(A.24) C(&) < () < Cé).

We then note that L(z', X', &), R(Z', X', £), L(Z', X', &, v, 1), R(z, y, n7) satisfy the estimates of symbols of order
0 w.r.t. to the variables x’, y and ¢ (or equivalently w.r.t. X', y and 1) and Ly(z', x’,&,y,n) satisfies the
estimates of symbols of order —1 w.r.t. the same variables. Proceeding as in the proof of Theorem 2.22 or
the proof of Theorem 3.4 (integrations by parts and Taylor expansions of some exponential terms), we find
that

fir 29001 = for 2 9.0 n) + max(A, A') fior 2 5302, 1),

with

firsrmeo(@am) = f f D (. OLE A ORE (L E)
X (y = XL o2 £y} + (1 — ElLa( o £y YR G ya 1) dy dE
- f f XD . ELE yo) — L X )Ry, ) dy dE.

The operator ¥, ;) 3.0, associated to fi,» . -13.0(x’, 1), satisfies

||ﬁz”,z’,z),3,0||((Hm))1<,(H(A-))k) <C,

uniformly w.r.t. 7/, 7’ and z. In fact, to find such an estimate, because of the multiple symbols involved, we
use Proposition 4.5 in place of Theorem 1.12 of Section 1.

Setting fior 2 2.c(X's 1) = fior 220X s 1) + fior 2 2).c.00(X', 17) We Obtain

fir 2. m) = f f Ly, ) = L(Z X EDR(zZ, y, 1) dy dE
=T — (L(Z, ) # R, )X ) + i a(x 1),

with f» » »4(x’, 1) bounded w.r.t. 7, 7’ and z with values in S °(X” x R"), using again Assumption 4.2. This
concludes the proof. ]

Proof of Proposition 4.7. We proceed as in the proof of Proposition 4.6 and use the notation introduced
there. The counterpart of the term fi,» - ;) (X', 1) is then

ff XMy — L(Z, X, &) dy dE,

which in fact vanishes. u

Proof of Proposition 4.8. We write
HE o Mz x,Dy) = H = H ) o Lz, x, D) o R(z, x, Dy).
As a particular case of Proposition 4.7, we have

7‘{([2‘/’1) [©] L(Z, X, DX) = 7‘[[ ) + A(}((z’,z),l,

'z
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with [| Ky 5.1 ”((H(x))k (HOYy S C uniformly w.r.t. 7/ and z. Next, as a particular case of Proposition 4.6 we
have

Ir _ Ir r _ 1 r ’
WZ’,Z) - (}{(z’,z) ° (}{(z,z) - (}_{( ° 7_{(z,z) + Aq{(z’,z),Z + M(Z ,X,Dy)

7,2)

= H.., o Rz x,Dy) + AK 2 + M(Z, x, D),

with Il?((z’,z),z”((H(f))k‘(Hm)k) < C uniformly w.r.t. 7’ and z. The result follows. [

A.9 Proofs of Lemmata 4.11 and 4.12

Proof of Proposition 4.11. From Proposition 2.6 and Theorem 2.22, there exist § > 1 and M > 0 such that

r Ir
||7-{(Z',Z)”((H(x))k,(H(s))k) <SS, ”(}'{ z',z)”((H(:))k!(H(v))k) <SS,
1
W oM g gy <S> a0 Il iy iy < 1+ MA,

uniformly w.r.t. 7 and z, 0 < z < 7/ < Z, for A = 7/ — z sufficiently small.

We choose Ay sufficiently small such that 1 + MAg < § and to apply the invoked properties. There is no
loss of generality in assuming [ = 0.

If we consider the generic term in the sum of order r in the definition of J(,«) .o, we find

Ir r
” 7_{(1(1') ’’’’ Zmr+1y) © Ko 7_{(z(m,-—]) """" gy ©
r r r+2 pr I'-3r-2
© Himen,. ooy © K © Hianon o oy oy < 877K (1 + MAy) :

The number of terms in the sum of order r is less than (I’ — 1)(/’ = 3)--- (' =2r+ 1)/r!. In any case, I’ being
even or odd, we can estimate this number of terms from above by 2’(E(Z;/ 2)). In fact, the number of terms in
the sum is over estimated but this will suffice to our purpose. We obtain

1) O«

KoH"

(z(rﬂ]—l)’... ,Z(O))

2, Zmr+ D)) (zmr=D)

,,,,,,,,,,

M 2o Mo gm0 KoK,
2r—1<mp<l/~1 e

r .
(emD, ... fm+10) © (HOY(HOP)

1<my émz -2

e

)KrS r+2(1 + MA&B)I'_?”‘_Z.
Observe that this estimation is sharp in the case r = 0 but becomes rather crude when r becomes large, from
the over-estimation made above. In particular, for r = E(I’/2) this estimate is much larger than the estimates
Ag(l 2 kr (in the case [’ is even) and I%IS Ag(l P kr (in the case I’ is odd) that we can directly obtain.

Summing the estimates we obtain

E('/2)

[E(']2)
KT conll g oy < D, (2A%) ( ;
r=0

)Krsr+2(l + MA$)Z/—3V—2

B (E(l’ /2)) ( 204S K -

=821 + MAy)™ S el
( ») ; 1+ MAy

)r ((1+ MAY)Y?)

r

In the case where [’ is even we obtain

s o[ 2A4SK )
T oo ll oy oy <S4+ MAg) (m H Ay ) '

Thus, there exists C > 0 such that

1T s 200l gy oy < 821+ CARP < S2(1 +ZC/N)Y,

which is bounded, with S 2 exp(CZ) as an upper bound. The case where !’ is odd yields a similar bound. m
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Proof of Proposition 4.12. Let us first consider the composition of H”, = with the term of order 0 in
(Z0'+D 07

T 20y, 1.€. 7-((’;,,) 20y By proposition 4.7, we have, since I’ — [ > 2,

! ! _ qql
(A.25) Hiwon gy © Hlwy oy =Hiwen oy ¥ DK oH oy o)
Let us now consider the composition of 'H(IZ’(,,“) .y With the term of order r > 1 in J(. 0y in (4.8) in

Definition 4.9. We address three cases in the sum defining the term of order r: (i) m, =1'—1, (i) m, = I' -2,
and (iii) m, < I’ — 3. Case (iii) does not occur if I’ — [ < 3. If I’ — [ is even and if we consider the term of
order r = E((I' = 1)/2) = (I' = 1)/2 in (4.8) then only case (i) occurs. If I’ — [ is odd and if we consider the
term of order r = E((I' = 1)/2) = (I' = 1 — 1)/2 in (4.8) then Case (iii) does not occur.

Case (i): m, = I’ — 1. The term under consideration in the sum of order r in (4.8) is

r r r r
P : : Ko 7-[(z“’*z),...,z“”r*l*”) O O iy © Ko W(z‘ml’”,-",z"’)'

142r-3<m,_ <I'-3

1+3<my <m3—2
I+1<m) <my—2

After composition with H (IZ’(,,H))Z(,,)) from the Lh.s., we simply obtain
r Ir r
(A.26) P Z 7—{(2<l’+1),z<l’)) oKo (]_{(Z(V-z) _____ L1 4D)) O
[+2r=3<m,_ <’ =3 r r
- (202D oo Zm1 4Dy Oq(ow(z(ml—n’__,’z(l))’

I+3<my<my -2
I+1<m) <mp-2

which is of order r.

Case (ii): m, = I’ — 2. The term under consideration in the sum of order r in (4.8) is

r Ir r
oK o O~
P : : ﬁ(z(”),z”’-”) x 7—[(Z“/’”,-n,z("‘r-‘J'”)
1+2r-3<m,_ </ —4 - r r
4 ° (20D .. 4D oK o 7.{(1("""’,-",1“))'
1+3<my<m3-2
I+1<my<my-2

By Proposition 4.6, we have

Ir Ir _ Ir
W(Zu'n),z(/')) ° (]_{z“'),z“””) - W(z(“‘),-.-,z("’”) + A‘Bq( + Mz”'"“'

(
We thus obtain three terms when composing with Wg:(l,m ) from the Lh.s.:
r Ir r
(A.27) P Z 7-{(z“'“),‘..,z("’”) oK e 7-{(z“””,.--,z("’rfl*”) e
I+2r-3<m,_ <l -4 . r r
’ -l ° 7-{(Z(mzfl),...’z(»nﬁl)) o 7( o (]_{(Z(”’]’”,-“ ,Z(”)’

1+3<my<m3~2
I+1<my<mp-2

and
r r r
(A28)  AMaoKo D HLuy iy 0K OH ) O
1+2r=3<m,._ <l -4 e r r
! ° 7—{(z(’”z’”,'",z("”*”) oK e 7-{(z“”l’”u“ 20y’
1+3<my<m3 -2
I+l£nl?§n1;72
which are of order r and
r+l § r r
(A~29) Asn KoKo W(z‘l"3’,...,z(”’r—l*”) oKo 7'{(10»1,.,1-1),.__ Zmr—a )y Q-
1+2r=3sm,_| <I'~4 oo HT oK oH"

’ (2m2=D) ... Zm1+D)) (@m0 e (D)2
L+3<my<m3 -2

I+1<m) <my=2

which is of order r + 1.
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Case (iii): m, < I’ — 3. The term under consideration in the sum of order r in (4.8) is

r 1 r r
Ay D M 0 Hry ey 0K OH

..... (2lmr=D,...Zmr-1+1) e

2 1<mp<l/ =3 o r r
: OH oty mery @K OH s

(z a2 ) (z ,20)
1+3<my <m3—2

l+1<my<my-2

which, in fact, contains all the remaining terms of order r in J o) ,o). By Proposition 4.7 we have

Ir ) _ 1
W(Zufm’zw)) o 7_{@1/)’1(1/—1)) = 7-{(1(1’*-1)‘__.’2(1’—1)) +ApK.

After composition with H’ (IZ’(,,H) a from the 1.h.s. we thus obtain two terms:
r Ir r
(A30) A\B Z W(Z(Iul) ____ Lmr+1)) oKo W(Z(m,—l) ’’’’ Z0m1+1)y O
I+2r—1<my<l’ -3 ce r r
1+3 : 2 © 7-{(2(’"2’”,"' 2Dy oK o 7.{(2(”’17”,"',2(1))’
+3<my<m3—
I+1Sm?5m;—2
which is of order r and finally
r+1 r r
(A31) Axl) Z Ko 7-{(Z(/’—l) ,,,,, Zmr+ 1)y oKo H(Z(mrfl)y_”yz(mr—]+l)) o
+2r=1<mp<l’ -3 - r r
: °© W(zw;—n,...,z(mun) oKo ﬂ(zuul—l),... 20y’

I+3<my <m3—2
I+1<nr) <my—2

which is of order r + 1.
Let us first consider the resulting terms in which the operator M., does not occur.

Term of order 0 There is only one term of order 0 coming from (A.25),i.e. H", .
(Z(I D Z(l))

Terms of order 1 < r < E((I’ +1 - 1)/2) — 2 The terms originate either from terms of order r in J o) ;o)
and can be found in (A.26), (A.27) and (A.30), or they originate from terms of order r — 1 in J ) L0
and can be found in (A.29) and (A.31) (and (A.25) in the case r = 1). Gathering these terms we
obtain

A‘;.S Z 7{(1‘:(’/‘#1)"“’1(7717*’1)) © (}( © (]‘{(Z('ﬂrfl)

r
42r=1<mp<l’ . r
R (22D ..o Zlm1+D))

oy O ++-

oK o H"

(@M=D, 2 0)

.....

I+3<my <m3~2
I+1<my<my-2

which is exactly the term of order r in 7 (@D L0y

Terms of order E((I’ + 1 —1)/2) — 1 The case where /" — [ is even is treated as in the previous point. We
now consider the case I’/ odd. The terms originate either from terms of order r = E((I'+1-1)/2)-1 =
(' =1-1)/2 in J e 0y and can be found in (A.26), (A.27), since Case (iii) does not occur here, or
they originate from terms of order r — 1 in J ) 40y and can be found in (A.29) and (A.31). Gathering
these terms we obtain the term of order r in I w+1) 0.

Terms of order E((I’ + 1 — 1)/2) In the case where I’ — [ is even, then r = E((I' + 1 = 1)/2) = (I' = )/2.
The terms originate either from terms of order r in (. .oy and can be found in (A.26) as only case
(i) occurs here, or they originate from terms of order r — 1 in J,«) .0, and can be found in (A.29) and
(A.31). Gathering these terms we obtain the term of order r = (I’ — [)/2 in 7, (D L0y
In the case where I’ — [ is odd, the terms of order E((/" —1)/2) = (I' = 1 =1)/2 in J o .0, are (case (iii)
does not occur)

I'-1-3)/2

A%,J—l)/z (7_((1;1/)2(’_”) 0K o- oK+ Z Ko 0K oMy o 0K 00K )
(I'-1-1)/2 times m=0 (I'-1-1)/2—m times m times
After composition with 7'((12,41)%(,,)) from the Lh.s. the only term of order E(I' +1-10)/2) = (I' +1-1)/2

is given by (A.29), viz., A%’“*l)/z‘]( o---0 %K, which is exactly the term of order (I’ + 1 — [)/2 in
———

(I'+1-1)/2 times
j(z(l’H),Z(I)).
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We now consider the terms in which the operator M.y occur. Observe that there is no term of order 0.
The term of order r > 0, given in (A.28) is in fact the term of order r — 1 in the definition of - .0,
composed from the Lh.s. by AgM_ v+ o K.

In the case where I’ — [ is even, then the highest-order term with the operator M.+, occurring originates
from the term of order (I' = 1)/2 — 1 in J ) 0y and yields the last term in Nf (-3 20y, Which is of order
("'=D/2-2=E(" -3-1)/2), composed from the L.h.s. by Ag M_v+1, o K (see (A.28)). In the case where
I’ = lis odd, then the highest-order term with an occurrence of the operator M_q+1, originates from the term
of order E(I' = 1)/2) = (I' =1 -1)/2in J ;o ;0, and is given in (A.28), i.e.

Agilil)/zMz("*” oKoKo---oK
———
(I'-3-1)/2 times

which is the term of order (/' —3—1)/2 in the definition of 7, (-3 20y, composed from the Lh.s. by Ag Mo
K.

Adapting the proof of Lemma 4.11, we obtain the norm estimate (4.10) for operators of the form of 7, (@) Z0)-
]
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