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Abstract — A relation is established between the

structure function of the RC transmission line mod-

eling a one-port passive distributed thermal net-

work and the spatial distribution of thermal prop-

erties in heat diffusion problems with generic multi-

directional heat-flows.

1 Introduction

Distributed thermal networks are widely used for
modeling heat conduction problems in components
and packages. Structure functions, originally in-
troduced by V. Szekely et al. [1], are means for
characterizing the responses of one-port distributed
thermal networks in terms of equivalent RC trans-
mission lines. In fact, as recently precised in [8], the
response of a one-port passive distributed thermal
network modeling a generic thermal problem coin-
cides with the response of a proper RC transmission
line defined by a structure function.

Since their introduction, structure functions have
been used for inferring on the spatial distributions
of thermal properties in components and packages
[1–4]. For a one-dimensional thermal problem in
which power is injected at one boundary and tem-
perature rise is measured at the same boundary, a
one-port passive distributed thermal network natu-
rally arises. In this case, the cumulative resistance
and capacitance of the RC transmission line are ex-
actly the cumulative thermal resistance and capaci-
tance from the boundary at which power is injected.
In this case, hereafter referred to as one-directional
heat flow, by determining the structure function
from the thermal response of the distributed ther-
mal network, precise information on the spatial dis-
tribution of thermal properties is recovered [13].

No procedure is reported in literature for exactly
determining a structure function from a thermal
response. Moreover in practice, this technique is
used in applications which are only approximated
by one-directional heat-flows. The more inaccurate
is this approximation, the more inaccurate is the
recovered information on the spatial distribution of
thermal properties. That is because no exact inter-
pretation of the structure function is available. The
situation is even more critical for a generic thermal
problem, hereafter referred to as multi-directional

heat-flow. For such a thermal problem, the struc-
ture function can still be associated to a one-port
passive distributed thermal network, as precised
in [8]. However the relation between the struc-
ture function and the spatial distribution of thermal
properties in the thermal problem is not known.

In this paper, which extends the results in
[5], the structure function of a one-port passive
distributed thermal network modelling a multi-
directional heat-flow is considered. A procedure
for exactly determining a structure function from a
thermal response is shown. Moreover an exact re-
lation between the structure function of the equiva-
lent RC transmission line on one hand and the spa-
tial distribution of thermal properties in the ther-
mal problem on the other hand is established. As
a result a physical interpretation of the structure
function is obtained.

Precisely, firstly the problem of relating the
structure function of an RC transmission line to
the spatial distribution of material properties of
the heat diffusion problem is transformed into the
equivalent problem of relating the structure func-
tion of an LC transmission line to the spatial distri-
bution of material properties of a wave propagation
problem. Secondly the relation between the struc-
ture function and the response of such LC trans-
mission line is outlined. Lastly a family of wave
fronts and a family of rays are naturally associated
to the wave propagation problem. The structure
function is related to the thermal properties along
rays between wave-fronts. Using this result, a strat-
egy is proposed for naturally exploiting structure
functions in practical applications.

The rest of this paper is organized as follows.
In section 2 the definition of structure function is
recalled. In section 3 the companion wave prop-
agation problem is introduced. A procedure for
determining the structure function from the wave-
propagation problem is outlined in section 4 and ap-
plied in 5. Wave-fronts and rays of the wave propa-
gation problem and the relation between structure
function and spatial distribution of material prop-
erties is shown in section 6 and applied in section
7.
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2 RC Transmission Line Representation of

One-Port Passive Distributed Thermal

Network

We refer to a generic component or package that
extends in a bounded spatial region Ω. As is well
known, the relation between the generated power
density G(r, t) and the temperature rise distribu-
tion u(r, t) with respect to ambient temperature
and the heat flux density q(r, t) is ruled by the First
Principle of Thermodynamics and by Fourier’s law
as follows

∇ · q(r, t)) + c(r)
∂v

∂t
(r, t) = G(r, t), (1)

q(r, t) = −k(r)∇u(r, t), (2)

in which c(r) is the volumetric heat capacity and
k(r) is the thermal conductivity. These equations
are completed by the conditions on the boundary
∂Ω of Ω and by the initial condition for the tem-
perature rise u(r, t). The boundary conditions, as-
sumed of Robin’s type, are

q(r, t) · ν(r) = h(r)u(r, t), (3)

in which h(r) is the heat transfer coefficient and
ν(r) is the unit vector outward normal to ∂Ω. The
initial condition is assumed to be zero

u(r, 0) = 0. (4)

A one-port passive distributed thermal network
is defined as in [8–10], by introducing the power
P (t) and the temperature rise T (t) measured at its
port. The power P (t) determines the power density
G(r, t) as

G(r, t) = g(r)P (t) (5)

in which g(r) is a function of support Σ. The tem-
perature rise T (t) is

T (t) =

∫

Ω

g(r)u(r, t) dr. (6)

The relation between the power P (t) and the tem-
perature rise T (t) is represented, in the time do-
main, by a power impulse thermal response zRC(t)
and, in the complex angular frequency domain, by
a thermal impedance function ZRC(s).

As proved in [8], the response of a one-port pas-
sive distributed thermal network is the short circuit
input response of a passive RC transmission line of
total resistance R0 = ZRC(0). Any definition of
the port temperature T (t) different from Eq. (6) in
general leads to an active distributed thermal net-
work, which clearly is not equivalent to a passive
RC transmission line as shown in Fig. 1. The non-

PSfrag replacements
T (t)

P (t)
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K(R)

Figure 1: Equivalent passive RC transmission line.

singular RC transmission line is ruled by equations

P (x, t) = −k(x)
∂T

∂x
(x, t),

∂P

∂x
(x, t) = −c(x)

∂T

∂t
(x, t)

in which k(x) and c(x) are the thermal conductivity
and volumetric heat capacity at coordinate x along
the line, P (x, t) and T (x, t) are the power and tem-
perature rise at coordinate x along the line. Differ-
ent choices of the x coordinate correspond to differ-
ent k(x) and c(x) and to different representations
of the non-singular RC transmission line. Two rep-
resentations are hereafter considered. In the travel

time representation [14, 15], the coordinate x = τ
is chosen is such a way that k(x) = c(x) = A(τ) so
that

P (τ, t) = −A(τ)
∂T

∂τ
(τ, t),

∂P

∂τ
(τ, t) = −A(τ)

∂T

∂t
(τ, t)

In the structure function representation [6, 7], the
coordinate x = R is chosen in such a way that
k(x) = 1 and c(x) = K(R) so that

P (R, t) = −
∂T

∂R
(R, t),

∂P

∂R
(R, t) = −K(R)

∂T

∂t
(R, t).

Thus R is the cumulative resistance along the line
and

C(R) =

∫ R

0

K(R) dR

is the cumulative capacitance.
Such representations are equivalent. In fact from

the travel time representation the structure func-
tion representation is recovered as follows

R =

∫ τ

0

dτ

A(τ)
, (7)

K(R) = A2(τ), (8)

C(R) =

∫ τ

0

A(τ) dτ. (9)
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Similarly from the structure function representa-
tion the travel time representation is recovered as
follows

τ =

∫ R

0

√

K(R) dR,

A(τ) =
√

K(R).

3 Companion Wave Propagation Problem

The heat diffusion problem of Eqs. (1)-(4) and
the one-port passive distributed thermal network of
Eqs. (5), (6) can be formally associated to a com-
panion wave propagation problem and to a compan-
ion one-port passive distributed network. Precisely
the wave propagation problem in Ω is,

∂j

∂t
(r, t) = −k(r)∇v(r, t) (10)

∇ · j(r, t)) + c(r)
∂v

∂t
(r, t) = G(r, t), (11)

with boundary conditions, on ∂Ω,

∂j

∂t
(r, t) · ν = h(r)v(r, t), (12)

and with initial conditions, in Ω,

v(r, 0) = 0, j(r, 0) = 0. (13)

The companion one-port passive distributed net-
work is defined by introducing the current I(t) and
the voltage V (t) measured at its port, as follows.
The current I(t) determines G(r, t) as

G(r, t) = g(r)I(t). (14)

The voltage V (t) is

V (t) =

∫

Ω

g(r)v(r, t) dr. (15)

The relation between the current I(t) and the volt-
age V (t) is represented, in the time domain, by an
impulse response zLC(t) and, in the complex an-
gular frequency domain, by an impedance function
ZLC(s). Since

ZLC(s) = sZRC(s2),

the response of this one-port distributed network
is the short circuit input response of a passive LC
transmission line obtained from the passive RC
transmission line of Fig. 1 by substituting the re-
sistors with inductors, as shown in Fig. 2. This
passive LC transmission line is in general singu-
lar since it consists of the cascade connection of a

PSfrag replacements
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K(L)

Figure 2: Equivalent passive LC transmission line.

lumped LC ladder and of a non-singular LC trans-
mission line ruled by equations

∂I

∂t
(x, t) = −k(τ)

∂V

∂x
(x, t),

∂I

∂x
(x, t) = −c(x)

∂V

∂t
(x, t)

in which I(x, t) and V (x, t) are the current and
voltage at coordinate x along the line. Different
choices of the x coordinate correspond to different
k(x) and c(x) and to different representations of
the non-singular LC transmission line. Two repre-
sentations are hereafter considered. In the travel
time representation [14,15] the coordinate x = τ is
chosen in such a way that k(x) = c(x) = A(τ) so
that

∂I

∂t
(τ, t) = −A(τ)

∂V

∂τ
(τ, t), (16)

∂I

∂τ
(τ, t) = −A(τ)

∂V

∂t
(τ, t) (17)

In the structure function representation [3], the
coordinate x = L is chosen in such a way that
k(x) = 1 and c(x) = K(L) so that

∂I

∂t
(L, t) = −

∂V

∂L
(L, t),

∂I

∂L
(L, t) = −K(L)

∂V

∂t
(L, t).

Thus L is the cumulative inductance along the line
and

C(L) =

∫ L

0

K(L) dL

is the cumulative capacitance. Such representations
are equivalent. In fact from the travel time rep-
resentation the structure function is recovered as
follows

L =

∫ τ

0

dτ

A(τ)
,

K(L) = A2(τ),

C(L) =

∫ τ

0

A(τ) dτ.

 TIMA EDITIONS / THERMINIC 2005 ISBN 2-916187-01-4 257



Similarly from the structure function representa-
tion, the travel time representation is recovered as
follows

τ =

∫ L

0

√

K(L) dL,

A(τ) =
√

K(L).

The spatial distributions of material properties
k(r) and c(r) are common to the heat diffusion
problem and to the companion wave propagation
problem. Similarly the structure function repre-
sentation is common to the one-port passive dis-
tributed thermal network and to the companion
one-port passive distributed network. Hereafter, in
order to relate the structure function to the spa-
tial distributions of thermal properties k(r) and
c(r), the companion wave propagation problem and
the companion one-port passive distributed net-
work are considered.

4 Procedure for Determining Structure

Functions

The lumped LC ladder in Fig. 2 can be determined
by applying the continuous fraction expansion of
the ZLC(s) impedance. Precisely for k = 1, 2, . . .

C2k−1 = lim
s→∞

1/sZ2k−2(s)

L2k = lim
s→∞

Z2k−1(s)/s

in which Z0(s) = ZLC(s) and

Z2k−1(s) = 1/(1/Z2k−2(s)− sC2k−1),

Z2k(s) = Z2k−1(s)− sL2k.

The continuous fraction expansion breaks down af-
ter p lumped elements are determined. It can be
easily proved that p is the maximum order of the
derivatives of zLC(t) with respect to time existing
at t = 0. Equivalently p can be related to the spa-
tial regularity of the k(r), c(r) and g(r) functions.

The determination of the non-singular LC trans-
mission line in Fig. 2 can be obtained from Zp(s)
as follows. It results

A(0) = 1/ lim
s→∞

Zp(s).

The other values of A(τ) can be determined by gen-
eralizing [14]. The impulse response zp(t) is com-
puted. Then the following Fredholm integral equa-
tion is solved for I(τ, t)

I(τ, t) +
A(0)

2

∫ τ

−τ

zp(|t− r|)I(τ, r) dr = 1

in which

−τ ≤ t ≤ τ.

It results in

∫ τ

0

A(τ) dτ =

∫ τ

0

I(τ, t) dt.

By recalling Eqs. (7)-(9), also R, K(R) and C(R)
can be recovered from A(τ). This computation is
stopped at τ = τ0 such that R(τ0) = R0. A pro-
cedure for determining structure functions is thus
established.

It has to be noted that if all derivatives of zLC(t)
exist at t = 0, then the continuous fraction expan-
sion does not break down. In this case only an
infinite lumped LC network is determined.

5 Analytical Example: Part I

A slab of thickness L, area S, thermal conductivity
k and volumetric heat capacity c is considered. The
slab extends in the region Ω in which 0 ≤ x ≤ L,
the power P (t) is uniformly generated within the
Σ sub-region of Ω, 0 ≤ x ≤ l ≤ L. On the sur-
face x = L of the boundary ∂Ω the temperature is
set to the ambient temperature. On the rest of the
boundary ∂Ω the thermal flux is set to zero. Ac-
cording to Eq. (6), the mean temperature rise in Σ
is the T (t) temperature rise of a one-port passive
distributed thermal network. By means of the pro-
cedure outlined in section 4, the structure function
representation of the one-port passive distributed
thermal network can be derived. The results for
some values of l are hereafter reported.

From the continuous fraction division one
lumped capacitor is derived having capacitance

C1 = lSc.

By solving the Fredholm integral equation the
travel time representation follows from which the
structure function representation is obtained. For
l = L it results in

γ =
1

(1− 3ρ)
1

3

, 0 < ρ <
1

3
.

For l = 2L/3 it results in

γ =



























2
3

(

1− 9
8ρ
)

1

3

, 0 ≤ ρ ≤ 37
72

4
9

(

5
3 − 3ρ

)
1

3

, 37
72 ≤ ρ ≤ 5

9
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For l = L/3 it results in

γ =



















































2
9

(

8
27 −

2
3ρ
)

1

3

, 0 ≤ ρ ≤ 7
18

2
3

(

16
9 − 2ρ

)
1

3

, 7
18 ≤ ρ ≤ 20

27

1
3

(

7
9 − ρ

)
1

3

, 20
27 ≤ ρ ≤ 7

9

For l = L/6 it results in

γ =































































































































1
18

(

1
27 −

1
6ρ
)

1

3

, 0 ≤ ρ ≤ 7
36

1
6

(

2
9 −

1
2ρ
)

1

3

, 7
36 ≤ ρ ≤ 10

27

1
3

(

2
3 − ρ

)
1

3

, 10
27 ≤ ρ ≤ 13

24

5
9

(

40
27 −

5
3ρ
)

1

3

, 13
24 ≤ ρ ≤ 32

45

5
6

(

25
9 − 5

2ρ
)

1

3

, 32
45 ≤ ρ ≤ 95

108

1
6

(

4
9 −

1
2ρ
)

1

3

, 95
108 ≤ ρ ≤ 8

9

Both cumulative and differential structure func-
tions are shown in Figs. 3, 4 in which γ = C/LSc,
ρ = R/(L/kS), κ = K/kcS2. As expected, as
l/L approaches 0 the structure function approaches
that of a uniform RC transmission line.

6 Relation between Spatial Distributions of

Thermal Properties and Structure Func-

tions

Let I(t) be a unit impulse and let v(r, t), j(r, t) the
solution of Eqs. (10)-(13).

Let ωk(t) be the sub-region of Ω in each r of
which v(r, r) 6= 0 at some r ≤ t and let ∂ωk(t)
be its boundary. Similarly let ωk(t) be the sub-
region of Ω in each r of which j(r, r) 6= 0 at some
r ≤ t and let ∂ωk(t) be its boundary. It results
ωc(t) ⊃ ωk(t) and ∂ωk(t) ⊃ ∂ωc(t). From Eqs.
(10)-(13) it follows

v(r, 0) =
g(r)

c(r)
.

Thus ωc(0) is the support of g(r), that is the Σ
region, while ωk(0) is the sub-region of Σ support

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.5

1

1.5

2

2.5

3

PSfrag replacements

1
3

5
9

7
9

8
9

l = L

l = 2L/3
l = L/3 l = L/6

γ

ρ

Figure 3: Cumulative Structure Functions.
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of j(r, 0). The ∂ωc(t) and ∂ωk(t) surfaces shown
in Fig. 5 are the wave fronts of v(r, t) and j(r, t)
respectively, propagating at finite velocity given at
each r by

√

k(r)

c(r)
.

Thus ∂ωc(t) has equation t = ψc(r) in which ψc(r)
is the solution of the eikonal equation

(∇ψc(r))
2 =

c(r)

k(r)
(18)

such that ψc(r) = 0 defines the surface ∂ωc(0).
Similarly ∂ωk(t) has equation t = ψk(r) in which
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ψk(r) is the solution of the eikonal equation

(∇ψk(r))2 =
k(r)

k(r)
(19)

such that ψk(r) = 0 defines the surface ∂ωk(0).
The family of rays orthogonal both to the family
of wave fronts ∂ωc(t) and ∂ωk(t) is also considered.
It results in

Proposition 1 For a ray γ(t) going either from

∂ωc(0) to ∂ωc(t) or from ∂ωk(0) to ∂ωk(t) it is

t =

∫

γ(t)

√

c(r)

k(r)
dγ.

From the theory of characteristic lines [11], it fol-
lows that, v(r, t) is affected by all and only the val-
ues of c(r) in ωc(t) and of k(r) in ωk(t). Moreover,
as a consequence of the particular definition of V (t)
given by Eq. (15), the following fundamental result
can be proved

Proposition 2 V (2t) is affected by all and only

the values of c(r) in ωc(t) and of k(r) in ωk(t).

Let V (τ, t) and I(τ, t) be solutions of Eqs. (16),
(17) when I(t) is a unit impulse. From section 4 it
follows

Proposition 3 V (2t) is affected by all and only

the capacitances and inductances of the lumped LC

ladder network and by the values of A(τ) in the

interval 0 ≤ τ ≤ t.

As a consequence of Propositions 1, 2 and 3, and
of Eqs. (7)-(9), the following main result is derived

Proposition 4 For each 0 < R ≤ R0, the restric-

tion of the structure function K(ρ) to 0 ≤ ρ ≤ R,

is affected by all and only the values of c(r) in ωc(t)
and of k(r) in ωk(t), being

t =

∫

γ(t)

√

c(r)

k(r)
dγ =

∫ R

0

√

K(ρ) dρ (20)

in which γ(t) is any ray going either from ∂ωc(0)
to ∂ωc(t) or from ∂ωk(0) to ∂ωk(t).

Eq. (20) expresses the physical interpretation
of structure functions for generic multi-directional
heat-flows.

The natural manner for exploiting this result in
applications is the following. Let C be an heat dif-
fusion problem. Let N be a one-port passive dis-
tributed thermal network modeling C and let K(R)
be its structure function. Let ∂ωc(t) and ∂ωk(t)
be the wave fronts of the companion wave propaga-
tion problem of C, with their rays γ(t) going from

(t)(t)(t)(t)(t)(t)(t)(t)

PSfrag replacements
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γ
γ
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Figure 5: Propagation within Ω of the ∂ωc(t) wave
front of v(r, t) and of the ∂ωk(t) wave front of j(r, t).

∂ωc(0) to ∂ωc(t) and from ∂ωk(0) to ∂ωk(t). Also
let C′ be a second heat diffusion problem whose
thermal properties present a spatially localized dif-
ference with respect to C. Let N ′ be the one-port
passive distributed thermal network modeling C ′

and let K ′(R) be its structure function. If R is
the smallest value at which K(R) and K ′(R) dif-
fer, either ∂ωc(t) is the smallest surface at which
the volumetric heat capacity of C and C ′ differ or
∂ωk(t) is the smallest surface at which the thermal
conductivity of C and C ′ differ, being

t =

∫

γ(t)

√

c(r)

k(r)
dγ =

∫ R

0

√

K(ρ) dρ =

∫ R

0

√

K ′(ρ) dρ.

Moreover, by applying this procedure to different
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modified heat diffusion problems C ′, the quantity

∫

γ(t2)\γ(t1)

√

c(r)

k(r)
dγ

can be determined in which γ(t2)\γ(t1) is any
ray going either from ∂ωc(t1) to ∂ωc(t2) or from
∂ωk(t1) to ∂ωk(t2).

7 Analytical Example: Part II

Let us consider the heat diffusion problem of sec-
tion 5. The relation between the structure func-
tion K(R) and the spatial distribution of thermal
properties follows from Property 4. For each R the
restriction of the structure function to the interval
[0, R] is affected by all the values of the volumetric
heat capacity in

ωc(t) =

[

0,min

(

l + L

√

k

c
t, L

)]

and by all and only the values of thermal conduc-
tivity in

ωk(t) =

[

max

(

0, l − L

√

k

c
t

)

,

min

(

l + L

√

k

c
t, L

)]

in which t is determined by Eq. (20).
Let us now consider in details the case l = L,

hereafter referred to as the heat diffusion problem
C. Such heat diffusion problem is transformed into
the C′ heat diffusion problem by doubling the ther-
mal conductivity within [0, 2L/3]. By proceeding
as in section 4, for the C ′ heat diffusion problem
the following structure function is derived

γ =























1

(1− 3ρ)
1

3

, 0 ≤ ρ ≤ 19
81

3
2

(

23
4 − 81

4 ρ
)

1

3
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81 .

The differential structure functions of C and C ′ are
compared in Fig. 6. The smallest value at which
they differ is

R =
19

81

L

kS
.

Thus from Proposition 4 it follows that C and
C′ present a difference in thermal conductivity at
∂ωk(t) with

t =

∫

γ(t)

√

c(r)

k(r)
dγ =

1

3

√

c

k
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Figure 6: Differential Structure Functions of C and
C′.

8 Conclusions

A relation has been established between the struc-
ture function of the RC transmission line mod-
eling a one-port passive distributed thermal net-
work and the spatial distribution of thermal prop-
erties in heat diffusion problems with generic multi-
directional heat-flows.
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