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1 Introduction

1.1 A regularity theorem

In this article we show some regularity results for solutions (in the sense
of geometric measure theory) of the isoperimetric problem in a Riemannian
manifold.

Definition 1.1. Let M be a Riemannian manifold of dimension n (possibly
of infinite volume).

We denote by oy the class of relatively compact open sets of M with C*
boundary.

The function I : [0, Vol(M)[— [0,4o0[ such that 1(0) =0

I'{ 10, Vol(M)] — [0, +o0|
1w — [anETM,Vol(Q):v{VOlnfl(aQ)}

is called the isoperimetric profile function (shortly the isoperimetric profile)

of the manifold M.

We define a solution of the isoperimetric problem for volume v as an in-
tegral current 7" such that M (T) = v and M(9T) = I(v). If M is compact,
such currents exist for all v €]0,Vol(M)[. The regularity theory of mini-
mizing currents, inaugurated by Federer and Fleming, that culminated with
F. Almgren’s works, shows that the solutions of the isoperimetric problem
are almost smooth: they are submanifolds with smooth boundary, in the
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complement of a singular set of codimension at least equal to 7 []A d).

For manifolds M of dimension greater than 8, there are minimizing cur-
rents whith non smooth boundary, in R” see, for example, [AIm70], [Mor0J],
BGG6Y. The first result, reached by Bombieri, De Giorgi, Giusti [BGG6Y]
shows that the cone C' := {(z,y) € R* x R* : |2| = |y|} is singular at the
origin and has minimal area in R®. In every ball of R, such a current is a
solution of the isoperimetric problem. Almgren’s theorem is thus optimal.
Therefore, additional conditions are required to get more regularity.

The aim of this article is to show that a solution of the isoperimetric prob-
lem, sufficiently close in the flat norm to a domain B with smooth boundary
0B, is also smooth and very close to B in the C*® topology. For further
applications of this theorem, we also require that the Riemannian metric of
M™ is variable. The main result is the following.

Theorem 1. Let M™ be a compact Riemannian manifold, g; a sequence of
Riemannian metrics of class C™ that converges to a fized metric g, in the



C* topology. Let B be a domain of M with smooth boundary OB, consider
T; a sequence of solutions of the isoperimetric problem of (M", g;) such that

(%) : M,_(B —T}) — 0.

. Joo

Then 0T} is the graph in normal exponential coordinates of a function u; on
0B.
Furthermore, for all o €]0,1], u; € C**(0B) and ||u;||c2.0o8) — 0.

1.2 Previous results

We can find a particular case of theorem [ in an article [MJ0(] of David
L. Johnson and F. Morgan. Indeed, these authors show that the solutions
of the isoperimetric problem in small volumes are close to small balls. The
article [Nar0@] goes farther. It shows that the solutions of the isoperimetric
problem belong to a family of domains, called pseudo-bubbles, that we can
construct by application of the implicit function theorem. This shows that
the isoperimetric problem reduces, naturally (and in particular, in a way
compatible with the symmetries of the ambient Riemannian manifold), to
a variational problem in finite dimension. We can recover an unpublished
result of Bruce Kleiner (dating back to 1985), that can be stated as follows.

Theorem 1.1 (Kleiner). Let M be a Riemannian manifold. Let G be a
group of isometries that acts transitively on M, K < G the isotropy group
of a point.

Then for small v > 0, there exists a solution of the isoperimetric profile in
volume v that is K invariant.

We learned about this result only in may 2005, as there is no written
trace and no other reference than [fom93. B. Kleiner persuaded us that he
had since 1985 the elements of the proof of theorem [I.

1.3 Future application

From Theorem [, we can argue that if, for a © > 0, all the solutions of
the isoperimetric problem in volume v are smooth, then the solutions of the
isoperimetric problem for volumes v close to v are smooth too. Under this
condition, we could be able to reduce the isoperimetric problem for volumes
close to v to a variational problem in finite dimension, as developed by [Nar0d]
for vg = 0. This will be done in a separate paper.



1.4 Sketch of the proof of Theorem [

First, assume that the metric is fixed, i.e. g; = g. We make essential use
of Allard’s theorem [AIl79] (Theorem 8.1): if a varifold V' = 9T > a has, in
a ball B(a,r), a weight ||V||(B(a,r)) sufficiently close to w, 1 R""! (where
wy,_1 is the volume of the unit ball of R"™!), then V is the graph of a function
u € C. A regularity theorem for elliptic partial differential equations and
a bootstrap argument imply that v € C*° and also give upper bounds for
lullcae.

In order to show that J7} satisfies the conditions of Allard’s regularity
theorem, we compare 97} to suitably chosen deformations of 97" with fixed
enclosed volume.

Unfortunately for our purposes, Allard’s theorem is stated in Euclidean
space. We are forced to give a Riemannian version via isometric embedding of
Riemannian manifolds in Euclidean spaces. Furthermore we need to control
the second fundamental form of the isometric embeddings relative to different
metrics on M. To make this possible we use a fine analysis of the proof of the
Nash’s isometric embedding theorem that M. Gromov did in [[Gro86H], this
highlights the fact that free isometric embeddings can be chosen to depend
continuously on the metric.

2 Plan of the article

1. Section 1 provides Riemannian versions of 3 classical results of geomet-
ric measure theory: Allard’s regularity theorem, the link between first
variation and mean curvature in the case of currents and varifolds, the
monotonicity formula.

2. Section 2 is the core of the paper and gives the proof of theorem [ in
case of a fixed metric. It starts by a detailed sketch of the proof. This
part has the aim of elucidating the basic ideas (subsection 2.2).

3. Section 3 deals with the general case of variable metrics.

2.1 Acknowledgements

I wish to thank Renata Grimaldi of University of Palermo for the fruitful
discussions that we had during my P.H.D. studies, about the subject of my
thesis; my P.H.D. advisor Pierre Pansu. I'm grateful to Istituto Nazionale di
Alta Matematica ”Francesco Severi” of Rome (Italy) for financial support.



3 Regularity Theory

3.1 Introduction

The aim of this section is to adapt several classical results of geometric mea-
sure theory stated in Euclidean spaces to arbitrary Riemannian manifolds.

3.2 Notations

In this section we are concerned with a Riemannian manifold M of class at
least C* (this condition is needed only to ensure the existence of an isometric
embedding via Nash’s theorem) and we keep fixed an isometric embedding
i: M — RY. We denote

Bi = 1 Lies pal oo, m

where I1;, q is the second fundamental form of the embedding i and ||.||oo 1
is the supremum norm taken on M. We observe, incidentally, that the second
fundamental form depends on first and second derivatives of the embedding
1 by continuous functions. Hence, if we have 2 embeddings i, io that are
close in the C? topology, then 3;,, 3;, will be const.c close and the constant
is independent of embeddings i;, i5. Indeed the constant depends only on
M and the intrinsic metric.

Remarks: In the rest of this paper we adopt the convention to denote
variables with letters without subscripts and constants by letters with sub-
scripts.

3.3 Mean curvature vector based on an hypersurface

For further applications, we give hereby a formula for mean curvature of
an hypersurface N that is a graph in normal exponential coordinates on a
neighborhood of 9B. Let

n—1 n—1

HY (y) =) I (ene) = =)  <Verei > (y) (1)

14 14

where (eq, ..., e,_1) is an orthonormal basis of T, such that (e, ..., e, o) =
TN NT,0B" and B" is the domain whose boundary is the hypersurface
equidistant at distance r to 0B.

Let v be a unit normal vector of N, we extend v to a vector field, that we
denote always v, over an entire neighborhood U,,(0B) such that [0,v] = 0



where [-, -] indicates the Lie bracket of two vector fields, and 6 is the vector
field obtained by taking the gradient of the signed distance function to 0B
having positive values outside B.

Introduce a chart ¢ of M. At first we choose a chart © in a neighborhood
of OB then we set

f]=rrxUd - U CM
¢'{ (t,7) - expo (18(0(x))).

where 4 C R"™ is the domain of ©. By choosing r less than the normal
injectivity radius of 0B, we have that ¢ is a diffeomorphism. (¢, z) are called
Fermi coordinates based at 0B.

Set v = a + b0 hence e, = %I’a + |alf. We set (63 = e1,...,6,1 =
€n9,bpn_1 = ‘%) We observe that the explicit calculation that follows is
independent from the extensions choosed for the vector fields e;.

We have, by a straightforward calculation:

12 b2
— <V, Ve 1 >=—— < V,a,a>——— +0V,b (2)

|al? |al?

n—2 n—2 n—2
=Y < Vv >==Y <Veae>-» b<V.be>. (3

i=1 i=1 i=1

Thus

— < Ve, \V,en_1 >= —divgp,(a)+ < Ve, ,a,én_1 > +bHIP+b < Ve, 0,6,-1 >
(4)
H,(t,x) = —divep,(a)+ < Vea,a > —bIII% (a,a) + bHIP +bV,0  (5)

where [ Ingt and H, ngt are respectively the second fundamental form and the
mean curvature in the direction of # of the equidistant hypersurface at dis-
tance t from 9B computed at the point exp?Z (t0(O(x))).

Assume that N is the graph, in normal exponential coordinates, of a
function u. Let

2
i (9)

é
W, = \/1 + ||Vmg)u
Then

- L <v,0>>0 v outward
a <v,0><0 v inward

0= db (—buz(o,x),(u(x),m) (?guu)) (6)



where Zo.2),(u(z),2) is the usual identification in R™ =] — r r[xU of T 4] —
r, r[xU with Tiy(z))] —r, r[xU that is induced by the chosen system of Fermi
coordinates based at dB (notation inspired by [Chad]]). In the sequel we

always make identifications via ¢ freely. Let b = _W%u we can write
u —
@ = oo ww. (Vgu@ : (7)
this leads to
v 1 v
. LU uVu, =
H%w(u,x) = _d“)(Snfl,gu)( Wg/'u ) — ﬁ < Vguu( M/i ), Vguu >g1(8)
u? o —
+ WIIG (vguu7 vguu)
) 1 1. v
u s LU
_ WUHG (u,x) —+ —u < Vgu(Wu),u Wg/'u ) >gu

with < v, 0 >> 0.

3.4 Allard’s Regularity Theorem

The proof of the theorem [ is mainly based on a regularity theorem for
almost minimizing varifolds. In the article [[AI[73], it is stated in an Euclidean
ambient context. Using isometric embeddings we can deduce a Riemannian
version of it.

We restate, here, for completeness sake, the regularity theorem of chapter
8 page 466 of [AIl7d] that will be of frequent use in the sequel. For this
statement we use the notations of the original article [AII73]. X'(M) denotes
smooth vectorfields on M, [|V]| the weight of a varifold (a positive measure
on M) O its density at a point, V' (g) the first variation of the varifold V' in
the direction of vectorfield g¢.

Theorem 3.1 (Allard’s Regularity Theorem, Euclidean version). Let
p > 1 be a real number. Let q be the conjugate exponent, % +% = 1. Let k
be a integer number, 1 < k <n. We assume that k < p < +oo if k > 1, and
that p > 2, if k = 1.

For all € €]0,1[ there exists n1 > 0, (that depends on ¢) such that for all
reals R > 0, for all integer d > 1, for all varifolds V € Vi (R™) and for all
points a € spt||V||, if

1. OF(||V|],z) = d for ||V]| almost all x € Bgn(a, R);



2. |[VII(U(a, R)) < (1 +m)dwyR*;

1 k

3. 6V (g) < mdr Re~" ([ |917l|V]|(dx))
Ula, R).

Then
there exists a map Fy : RF — R™ such that

Q|

with g € X(R™) and supp(g) C

1. Fy € CYRF R™) and FyoT = Id, where T : R* — R is an orthogonal
projection,

2. Ula,(1 —e)R)Nspt||V]| = Ula, (1 —e)R) N Fy(R¥),

1—k
5. Wy, 2 € R, [ldFi(y) — dF ()] < = (1) 7.

Theorem 3.2 (Allard’s Regularity Theorem, Riemannian version).
Let M™ be a compact Riemannian manifold, i : M — RY an isometric
embedding.
Let p > 1 be a real number. Let q be the conjugate exponent, % + é =1. Let
k be an integer number, 1 < k < mn. We assume that k < p < +o0 if k > 1,
and that p > 2, if k = 1.

For all € €]0, 1] there exists 7y (that depends on € ), such that there exists
a Ry > 0 and for all 0 < R < Ry, for all integer number 0 < d < +oo, for
all varifolds V- € Vi,(M™), and for all point a € spt||V]|, if

1. F(|V]|,z) > a?for [|V]| almost every x € Ba(a, é),
2. [|VI|(B(a, R)) < (1 + iy)dwy R",

~1 ~k

3. 6V (g) < indv R~ ([ 1gl7|V]|(dx))
et supp(g) C Bla, R).

Q=

, with g € X(M)

Then
there exists a function Fy : RF — M, Ry < R (ﬁ’l and Ry are mutually
independent) such that

1. Fy € CY(R*, M), dE1(0) is an isometry,

2. Bla, (1 —&)Ro) N spt||V]| = Bla, (1 — £)Ry) N F1(RY),

1—E

3. ||dFy(y) — dFy(2)]| <e<‘ Z‘) " for all y, z € R,

Ry
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Remark: In the statement of the theorem the constant 7; depends on
the embedding 7 and on 7; produced by theorem 1.

Idea of the proof: At this point we try to apply theorem B.J to the
varifold iy (V). Actually, if V' satisfies the assumptions 1, 2 and 3 of theo-
rem B.9, then iy (V) satisfies the hypothesis of Allard’s Regularity Theorem,
Euclidean version (see theorem B.1]) but, with different constants.

To this aim, we need to compare the intrinsic distance of a submanifold
and the distance of the ambient manifold restricted to the submanifold.

Lemma 3.1. Let M be an embedded manifold into RN of arbitrary codimen-
sion. i : M — RY an isometric embedding and 3; his second fundamental
form.

Fiz a point a € RN, a € M and consider a second point y # a different from
a on M, now take the geodesic o of M of length R that joins a and y on M
and the FEuclidean segment [a,y| of length R.

Then

there exists a constant d; > 0 that depends only on [3; so that R < R(1+6;R?).

Proof: We take as origin of coordinates the point a and parametrize o

RN

by its arc length s. Consider the function f(s) = |o(s)|>. Then f(R) = R?,
flis)=2<d' 0> (s),

f'(s) = 2(<d"0>(s)+<a',0" >(9))
242<0d" 0> (s)
= 242<0",0—s0"> (s).

Since (0—s0') = o' =o' —sd”, ||(c—sa")|| < s||o”|| < s0;, we get ||[o—s0’|| <

%ﬁi. It follows that f”(s) > 2 — s*32, f'(s) — f'(0) = f'(s) > 25 — 537,

7

f(s) > s*— % 2 which implies

2 2 R4 2
(R =R > R~ o )
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Finally R < R(1 + % 2) = R(1 + R%);) where ¢; is a constant that

depends only on 5;. O.

Proof of Allard’s Regularity Theorem, Riemannian version. In
this context, variables and constants respect the previous convention and
furthermore constants and variables relative to intrinsic objects of M are
denoted with a tilda. From the following formula [4.4 (1) in [AII7Y]]:

3(ixV)(g)=oV(g") - / g () - h(M, (2, 5))dV(z,S)  (10)
G (M)

with g € X(U(a, Ry)), g(z) = g™ (z) + g*(2), g () € LM, g*(z) € T M,

we can deduce that assumption 3 of theorem B.1] is satisfied with some suit-

ably chosen constants. To see this, it is sufficient to control the Euclidean

mean curvature of i4V.

Now, we assume that Ry, 71, R verify the following conditions:

==

e 0 < Ry <min {infxei(B(a’R)) {|z —alg~}, (1+n(153 -1 }’

o d=d,
e 0 <y <m1n{%,(1j§;’%)k - },
e 0<R< - =R

Remark: First we choose Ry > 0, then 7; and after that Rl with depen-
dences in this order.

1
The condition 0 < Ry < 1/ % serves to assert that OJ:;%”}%Q)IC —-1>0
7 K0}

and there exists 7; such that (1 + 7 )wpRF < (14 n)wpRF.
The condition 0 < Ry < inf, ;g i) {|7 — alrn} serves to assert that
spt||ix V]| Ni(B(a, Ro)) € i(spt|[V][ N B(a, R)).
From what was said, it follows
[l V1|(Be(a, Ro)) < [IVII(Baa(a, R)) < d(1+ ) R* < d(1+ 1 )wrRy.
(11)

The first term on the right hand side of equation ([[(J) is estimated thanks
to assumption 3,

1=k q L1~k
5V(gT)| < inds B ( /M |gT|q||V||<das>) < ind B gl
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To the second term, we apply Holder’s inequality,

| gl<x>~h<M,<x,s»dv<x,s>|s@{ / d||VH};||gHLq(I|V>-

Gr(M) upp(g)

Choosing vectorfields g supported in the Ry-ball makes

P ] 1 1
{/ d||V||} <AllixVII(B(a, Ro))}? < dv (1 + m)wi Ry
Supp(g)
It follows that

8igV)(g) < ndP RS (fon lgl9IIV]I(d2))* (12)

Now we can apply theorem B.J] (Allard’s Euclidean) to i4V at point a with
R = Ry as described previously to obtain (with a little abuse of notation for
i'), Fy =i ' o F, where F} is given by theorem (Allard Euclidean). It
can be easily seen that dF;(0) = Id and that i is an isometric embedding.
This implies that dF}(0) is an isometry.

In the remaining part of this section we assume ¢ = %

3.5 First Variation of Solutions of the Isoperimetric
Problem

In this subsection, we check that varifold solutions of the isoperimetric prob-
lem have constant mean curvature. This will used later, in Lemma [,
where Levy-Gromov’s inequality will be used to verify the third assumption
in Allard’s theorem.

Lemma 3.2. Let V' be the varifold associated to a current 0D of dimension
n — 1, that is the boundary of a current D of dimension n solution of the
1soperimetric problem.

Then

there exists a constant H so that for every vector field X € X (M) we have

00D(X)=—H < X,v > ||0D||(z),
Spt||oD]]
where v is the outward normal to the boundary of D.

Proof: As X(M) is the space of section of the tangent bundle T M — M,
it has a natural structure of vector space (possibly of infinite dimension).
Consider the following linear functionals on this vector space:

e [ XM — R
Y x = [op < X,v>dVolgp(x)
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S AM) — R
09D { X = 0D(X)

Lemma 3.3. If Fluz(X) =0,
then
?ere exists a variation h(t,x) such that M((h;)xD) = M(D) and [%L:o =

Proof: Construction of h. We start with the flow h(t,z) of X (ie:
X (z) := £h(t, z);—) and we make a correction by a flow H, of a vector field
Y that has Fluxz(Y') # 0. Now, we consider the function

f { I? — M
| (s,t) — M((Hsoh)(D))—Vol(D)

where [ is an interval of the real line. It is smooth by classical theorems
of differentiation of an integral, since we make an integration on rectifiable
currents.

We apply the implicit function theorem at point (0,0) to function f in order
to find an s(t) that satisfies

M((Hyo) o hi)(D)) = Vol(D) = 0.

Such an application of implicit function theorem is possible since

%f((), 0) = Flux(Y) # 0.

We have also s'(0) = 0. Indeed

d ) : ,
af(s(t), t)=s'(t) /ht(D) div(Y) + /de(Hs(t)*X)

and an evaluation at ¢t = 0 gives
§'(0)Fluz(Y) + Flux(X)
hence s'(0) = 0 since Fluz(Y') # 0 and Flux(X)
t

0
O ~
Now if we apply the previous argument to h(t,z) = Hyqy)o h(t,z) we can see

that 9
ah(o x)=5(0)Y(h(x)) + Hy), X = X,

by the fact s'(0) = 0. O.

End of the proof of lemma B.2|
Let X be a vector field with Fluz(X) = 0. Applying lemma B.3, there
exists a variation h(t, z) satisfing the following two properties
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1. M((h)4D) = M(D)

oh _
2. ot t=0 _X7

provided Fluz(X) =0 and

d

2 M((h)9D)],_ = 60D(X) = 0.

In other words, Ker(Flux) C Ker(60D). Hence there exists A € R for which
it is true that 60D = AFlux. We set H = —\. This notation is justified
by the fact that on the smooth part of 0D, H is equal to the genuine mean
curvature. 0.

3.6 Riemannian Monotonicity Formula

Theorem 3.3 (Riemannian Monotonicity Formula). Let T € RV,,(M)
be a varifold solution of the isoperimetric problem, consider x € Spt||0T]||,
and R > 0.
Then

O(||0T ||, x)w,_1 R* e 1HIFAIR < 10T || B(x, R), (13)

where H is the mean curvature of 0T .

Proof: When M is Euclidean space, this result is due to W. K. Allard,
[AI77]. In order to adapt it to the situation considered here, we make use
of an isometric embedding 7 of M (whose existence is stated by Nash’s the-
orem) and then we look at the current ix7" in order to apply the Euclidean
statement. In this case we see that the term to consider, instead of simply
taking into account the mean curvature of 7" in M, involves the mean cur-
vature of 74T into RY. This is not really a problem because of our control
on the norm of the second fundamental form of the embedding of M in R
by the upper bound ;. Therefore

O(||0T|, #)wp_1 R*te~ UHIFBIE < |0T||B(z, R).
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4 The Normal Graph Theorem

Theorem 4.1. Let M™ be a Riemannian manifold with injectivity radius
injp > 0. Leti: M — RY be an isometric embedding with second funda-
mental form bounded by ;. Let B be a compact domain whose boundary 0B
is smooth with normal injectivity radius ro > 0 and second fundamental form
113l < 8.

Then

there exists eo(inja, Bi, To, 5, Vol(B), Vol(0B)) > 0 such that for every cur-
rent T' solution of the isoperimetric problem that satisfies condition (x)

Vol(BAT) <eg, (%)

0T is the normal graph of a function u on 0B.
Furthermore, for all a €]0,1[, u € C**(0B) and ||u|czeop) tends to 0 as
Vol(BAT) tends to 0. This convergence is uniform. The constants involved

only depend on injn, Bi, mo .53, Vol(B) and Vol(0B).

Remark: All the constants that bound the geometry of the ambient
space are calculated on a tubular neighborhood of 0B where the normal ex-
ponential map is a diffeomorphism, except for the confinement theorem.
The proof of theorem .1 occupies paragraphs [£.]] to [£.7.

We give at first a sketch of this proof and then a series of lemmas that are
used in the true proof.

4.1 Sketch of the Proof of theorem @.]]

1. At a first stage we make use of an a prior: estimate of the mean curva-
ture for solutions of the isoperimetric problem, this is Lévy-Gromov’s
lemma, stated in [L].

2. Secondly, we apply Allard’s regularity theorem (Riemannian version)
to prove that T is a C® submanifold.
To this aim we proceed as in the following steps:

(a) We stand on a sufficently small scale R in order to estimate the
first variation like required by theorem B.3.

(b) We estimate the volume of the intersection of J7 with a ball
By(z, R) and we proceed as follows: we cut 7T with By(x, R)
and replace T by T" of equal volume thanks to the construction
(lemma ) of a one parameter family of diffecomorphisms that
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4.2
Set

1.

2.

perturbes T' preserving the volumes of perturbed domains. This

leads to the estimates of lemmas [L.3, ..

(c) We apply Allard’s theorem and we conclude that 0T is of class
che,
Remark: The tangent cone is hence a vector space. As showed
by Frank Morgan in [Mor0g], it follows that 07" is as smooth as
the metric. We shall give a direct proof of this.

. We confine 0T in a tubular neighborhood of 9B, of sufficiently small

thickness, in theorem [l.7. For this, .3 is combined with the Rieman-
nian monotonicity formula B.3.

. We calculate a bound on r (the tubular neighborhood thickness) so that

the projection , of the tubular neighborhood U,,(0B) of thickness r
on 0B, restricted to JT is a local diffeomorphism and, after, via a
topological argument we argue that mar is a global diffeomorphism.
This shows that 0T is the global normal graph on 0B of a function .
By an application of the implicit function theorem, w is then of class
che,

A geometric argument shows that the C' norm of u goes to zero if
r — 0. An appeal to Ascoli-Arzela’s theorem is needed to show that
l|u||cra — O when 7 — 0.

Finally we use elliptic regularity theory, Schauder’s estimates, in order
to find upper bounds on ||u||c2.« and with the same technique of Ascoli-
Arzela of point 5, we show ||ul|c2.« — 0 when r — 0.

A priori estimates on mean curvature

k= Min {—1,ianICM},

5 = Max {SUPWICM7 ]_}

Denote by H?T the mean curvature of 9T. It is constant for isoperimetric
domains.

Lemma 4.1. Let M" be a compact Riemannian manifold. Let B a domain
whose boundary OB is smooth with normal injectivity radius r¢ > 0 and
second fundamental form ||I1sg||e < [ < +00.
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Then
there exists €1 > 0 and Hy > 0 such that for every current T solution of the
isoperimetric problem that satisfies the condition

VOZ(TAB) S €1,

|\HOT| < Hy(k,n,Vol(B),Vol(0B)). (14)

Proof: We give first a qualitative argument and after another one that
gives an explicit apriori upper bound for H;(k,n, Voly(B),Vol(0B)).

Qualitative Argument:
Let T; be a sequence of solutions of the isoperimetric problem for (M, g)
such that Vol(T;AB) tends to 0. Since Vol(7}) tends to Vol(B), Vol(91})
tends to Iy (Vol(B)) < Vol(OB).

Assume by contradiction that the mean curvature h; > 0 of 97} tends to
infinity. Using Heintze and Karcher’s volume comparison theorem, Gromov

proves in [[Gro864d] that
z(hj,k) )
Vol () < Vol 0L) [ feu®) ~ om0 e, (15)
0

where z(h;, k) is the first positive zero of c(t) — hjsi(t). Here

R — R

cos(\/ot)  sid >0

Yt - <1 5i60=0

cosh(v/t) sid <0

R — R

J-sin(V/dt 10> 0

sid \/gsm(f ) si ~
— t si0=10

%sinh(\/gt) 516 <0

We easily see that z(h;, k) — 0. Furthermore

Z(hjvk) z(hjvk)
[ a0 —msraes [ o ta—o
0 0

a contradiction.
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Effective Argument: To make the previous argument effective, it is
sufficient to explicitly estimate Vol(9T) in terms of Vol(B), Vol(0B) and
curvature bounds. For s € [—rg,7¢], let B® be the domain whose boundary
is parallel, at distance s, to 0B (B? is inside B if s < 0). Let

g1 = max{Vol(B™) — Vol(B),Vol(B) — Vol(B~™)}.
If Vol(TAB) < €1, there exists s such that Vol(T) = Vol(B?). Then
Vol(0T) < Vol(0B*) < (ck(s) + |H?P|s1(s))" Vol (0B),

by Heintze-Karcher. 0.

4.3 Volume of the Intersection of a smooth hypersur-

face with a ball of the ambient Riemannian mani-
fold

Let 75,3 > 0 be the first positive zero of the function c¢; — 3s;.
Set )\(ﬁ,é)(t) = m for t € [0,7’575[.

Lemma 4.2. Let M be a Riemannian manifold, V- C M be a smooth hyper-
surface. There exists Ry > 0 and Cy > 0 so for every R < Ry and for every
x € M at distance d < Ry from V', if R' = d+ R, then

Vol(V N B(z,R)) < (1+ CoRwn_1 B

Ry depends only on 3, 1o, inja (bound on the second fundamental form of
V', normal injectivity radius of V', injectivity radius of M ), 6y (geometry of
the ambient Riemannian manifold) and Cy depends on the same quantities
plus a lower bound on Ricci curvature of V.

Remark: In the proof of theorem [L.1 we apply lemma .4 with V = 0B,
d < R?, but, d < R? is enough too.

Idea of the proof. Using comparison theorems for distortion of the nor-
mal exponential map based on a submanifold, we can compare the intrinsic
and extrinsic distance functions on V' < M. This allows us to reduce the
problem to the estimation of the volume of an intrinsic ball of V| i.e. to
Bishop-Gromov’s inequality.
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Proof:
Whenever y € V such that dy(z,V) = dm(x,y) = d there exists R” for
which

V N B(z,R) C By(y, R").

We can take for exemple R" < sup,cynp(,ridv(y,2)}

Set
~_inf{ Ric
ky = Mm{%, —1}.
then
Vol(V N B(z,R)) < By(y,R") (16)
< VOlefl(B(O,R”)) (17)
R//
= s / sult)"dt, (18)
0

where the first inequality from Bishop-Gromov’s.
We have then

Vol(V N By, R)) < (1+ C' (ko) (R")*)wn—1 R
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after expanding the term
Volyn (B(o,R")) — Volgn-1(0, R")

Wh—1 R/lnf 1

by a Taylor-Lagrange type formula.

We still have to verify that R” < 1 + CR’. For this we need to compare
the intrinsic and extrinsic distances on V.

Let 7 be the projection of ¢, on V.

Following a comparison result of Heintze and Karcher we get

(es(t) — Bss(1))*g0 < g¢ < (ci(t) + Bsr(1)) g0, (19)

the preceding expression is understood in the sense of quadratic forms. Let
z € V so that dy(x, 2) = R, dy(y,z) = R" and dp(z, z) = b. If we consider
the minimizing geodesic v of M that joins y to z parameterized by arc length
and let us denote A = Supscpopidam(y(s), 0B)}, there are points p € 0B,
q €7, p,q € Bu(y,b) for which A = d(p, q) and conclude A < b.

If we take R, such that 0 < Ry := Min{=%2, 1, 7o, injr } where 7 is the first
positive zero of (¢s — 3ss)’, provided that c¢s — Bss be decreasing and positive
on [0, Ry] we then infer

b > / e5 — Bs) () 1dr (1) Lo (20)
> (es(A) — Bss(B))ly(m 0 ) (21)
> (c5(2R) — Bss(2R))R", (22)
whence
R'(R) < \(8,8)(b)b < (1 + C(8,5)b)b (23)

Incidentally we observe that the preceding equation gives us an analogue
result to lemma B.1 in case of an arbitrary Riemannian ambient manifold,
but always in codimension 1. We observe also a non sharp estimate

R"(R) < A(3,0)(2R)b

because \([3,0) is decreasing in a neighborhood of the origin.
By triangle inequality, we get b < d + R and consequently

R"(R) < \(8,0)(2R)(d + R).

If we look at the Taylor expansion of \(3,0)(t) = 1 + Bt + O(t*), we notice
at a qualitative level that

R'(R) < (1+32R+0O(R*))(d+R)=(1+0O(R))(d+R) = (1+CR)(d+ R)
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§)(2R

where the constant C' = SUpRe[O,Rg]{%}. So we get

Vol(VOBuy(x, R)) < (14+C" (k) (1+CR)(d+R))*)wp 1 (1+CR)(d+R))"

and finally
Vol(V N Buy(x,R)) < (1+ CyRNw, R™!

for C'y depending on a lower bound on Ricci curvature tensor of V| on an
upper bound on the second fundamental formof V' and un upper bound on
curvature tensor of ambient manifold. O.

4.4 Compensation of Volume Process

Remark: In this subsection we make no assumption on the distance of an
arbitrary point x of 0T. Let Rz := Min{inj, 1o, %(B)}.
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Lemma 4.3. There exists C3 > 0 such that whenever R < Rz, a < %, there
is €3 > 0 so that, for every x € 0T, there exists a vector field &, with the
following properties

1. the support of &, is disjoint from B(z, R) ;

2. the flow ¢; is defined for t € [-R,R], and for t € [—5 £] &, is the
gradient of the signed distance function to 0B;

3. the norm of the covariant derivative |VE,| < Cs.

Furthermore, for every solution I" of the isoperimetric problem whose bound-
ary contains x, and Vol(TAB) < e3, there exists t € [—a,a] such that
T" = (BN B(x,R)) U (¢(T) \ B(z, R)) has volume equal to volume of T.
In particular,

Vol(0T N B(z,R)) < Vol(0BN B(z,R)) + Vol((TAB)NdB(x, R))
+ Vol(¢(0T)) — Vol(OT).
(24)
Constants C3 and €3 depend only on the geometry of the problem, of the a
priori choice of a vector field fized once and for all on Upp(rg) and on a bump
function 1 defined once at all also.

Remarks:

1. In the proof of theorem [.1] we use lemma with g9 < &3, among
other contraints that will be clear in the sequel.

2. Furthermore if dv := Vol(B N B(z, R)) — Vol(T N B(z, R)) < 0 then
t > 0 and if Jv > 0 then ¢ < 0 (balancing of volume).

3. The parameter a serves to control that ¢t be small, as this ¢ will control
the term |[Vol(T" N Supp(p)) — Vol(T N Supp(p))|

Idea of proof. The vector field &, is obtained with the classical tech-
nique of multiplication by a bump function the metric vector gradient of the
signed distance function 0B. This bump function has support in a neighbor-
hood of a point that belongs to 0B and that is far away from z. We provide
also that the flow of this vector field significantly increases the volume of B.
This is sufficient to suitably change the volume of 7. We can then operate a
balancing of a given volume variation.

Proof: First, we make the following geometric construction of a vector field
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v. Fix a point 3’ € 9B with B(xz, R) N B(y, R) = ) (it suffices to take ¢’ so
that d(z,y') > R+ 3diam(B), for example).

Let Upp(ro) = {x € M|d(x,0B) < r9}. By the choice of ry, the normal
exponential map

B . 8BX] —7"0,7“0[ — I/{aB(TQ)
exp’ { (q,1) = expg(tr(q))

is a diffeomorphism.

Let v be the extension by parallel transport on normal (to dB) geodesics of
the exterior normal issuing from 0B (equivalently, v is the gradient of the
signed distance function to dB), in a vector field defined on U,,(0B).

Let
y R — [0,1]
. _1
s X/ (ls]) +e3e=Txq101((]s)

Now, we modulate v with the smooth function ¢) and we set

o 1= @ZJ(L%’ .>)V =Y.

It can be seen that ||Vx&|| < [|U/]|oo, 1l X + [ Vxv|| < Cs]|X]|, estab-

lishing that C3 depends on geometric quantities and on the choice of .

Let {4} be the flow (one parameter group of diffeomorphisms of M) of
the vector field &,.

It’s true that Supp(p) C Bpm(Y, R).

Now, consider, whenever a €]0, g[ the functions f, g, h defined as follows:

| [-a,a] — R
g‘{t — Volgu(gi(B))
| [-a,a] — R )
! '{t o Volyu(i(D))
. [—a,a] — R
h'{t  Voly(gi(T))

where T := (T — B(z, R)) U (BN B(z, R)).

For the aims of the proof, we need to show that Vol(T) € f([—a,a]) with an
argument independent of z as f depends on z.

By construction

7 [Volgn(i(B))]

~—

f%(aB) 1/11 <v,v > dVol%(aB)

Y(t)Vol(0B; N Supp(vr)) (25)
Vol(0B; N Supp(vn)),

IRAVAI
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hence letting R := Wik)@ and
(cs — B3s)(3)(InfyeanVol(0B N B(y', R')) == C,
Z C§7
whenever ¢ < g.
Hence ¢ is strictly increasing and g(a) — g(—a) > 2aC% =: A;.
Let
e (2200
dy 00,[—a,a] xUr, (OB)
by similar arguments to those of the proof of lemma [£.4]
From
lf(t) = h(t)] = [Vol,(BNB(x,R)) — Vol,(T N B(x, R))|
< Vol((TAB) N B(x,R))
S €3,
h(t) —g@)] < [Vol(p(TAB))|

< JVol(TAB)

S eana[_:B’
it follows that

If(t) —g(t)] < e3+ Jez < (1 +€e"PYey =: 0,
o is independent on x.
If we take .
< ———aC 2
then .
0 < 5 min{g(0) — g(~a), g(a) — g(0)}, (28)

therefore

lg(=a) +0,9(a) — o] € f([=a,a]).

With this choice for 3 we obtain
Vol(T) € [g(—a) + 0. g(a) — o],

so, there exists t € [~a,a] depending on z such that f(t) = Vol(T) =
Vol(¢(T)) and we conclude the proof by taking 7" := ¢,(T).
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Finally
Vol,_1(0T) I(Vol(T))

VOln, 1 (8T/) s

IA I

whence

Vol,—1(0T") < Vol(0BN B(xz,R)) + Vol((TAB) N 0B(z, R))
+Vol,1(¢14(0T)) — Vol(9T N B(x, R)),

which implies (P4) O.

4.5 Comparison of the area of the boundary of an
isoperimetric domain with the area of its own vari-
ation with constant volume

Lemma 4.4. Let M be a Riemannian manifold. For every C' > 0, for every
vector field & on M such that |VE| < C, whose flow is denoted by ¢y, and

whenever V' is a hypersurface embedded in M,
Vol(¢uV) < =DM yo1(V).

Proof: It suffices to majorate the norm of the differential of diffeomor-
phism ¢;.

[daty(0)] = (9(2) (0))? = (9(0(2))(datr(v)))? = (67 (g00) () (1)

(97 (9m) (@) () < eMg(z)(v) = o],
The last inequality comes from the following lemma.
Lemma 4.5. (¢;(gam)(2)(v)) < e*Vlg(z)(v).
Proof:

NI
=

o (6i(9m)) = GiLeam (29)

We assume for the moment that we can show the following inequality:
Legm = 2 x symmetric part of VE. (30)
We use this fact to establish

Legm < 2|\VE|gm < 2C g,
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hence ¢*Lega < 2C0;5 (gm).

Set t — &f(gm) = qi, on T, M, then g, satisfies %qt < 2Cq; with ¢y = gm.
It follows that whenever x € M and v € T, M, ¢;(v) < e2*“lgy(v) we have
(67 (90 (@) (v)) < e Mg(2)(v).

It remains to show that Lega = 2 x symmetric part of V&.

Let A¢ := L — V. We look at this operator on 2 covariant tensor fields and
evaluate it on the metric grq. We obtain Lega = Acga and then

0= Ae(g(wr, wa)) = (Aeg)(wr, w2) + g(—=Vu, §; wa) + g(—w1, Vi)

it is obvious that |Legnm| < 2|VE|. O.

End of the proof of lemma [.4.
We apply the inequality of lemma [I.J to the members of an orthonormal
basis (v1,...,v,_1) of the tangent space T,.V, we find

| (01 A -+ - Avg_q)| < e DN
By an integration on V/, one gets

Vol(¢uwu V) < eV 40l (V).

Lemma 4.6. Whenever R >0, x € Spt||0T|| there exists Ry, & < Ry < R,
such that

Vol((TAB) N9B(z, Ry)) < %VOZ(TAB).

Proof: By a straightforward application of the coarea formula and the
mean value theorem for integrals. O.

Remark: At this point of the article we cannot put restrictions on the
distance of z € 9T to OB.
This lemma is used in the confinement lemma to majorate the volume of 0T
in a geodesic ball. In lemma [.7, we need to control the (n—1)—dimensional
volume of the intersection of JT with a geodesic ball of radius R centered in

x. To make it possible we need to have the quantity @ very small.
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Lemma 4.7. Whenevern > 0, there is R5 such that whenever R < Ry, there
are Rg, 16, €¢ > 0 (depending only on R and on the geometry of the problem)

such that 0 < % <Rs<R,0<rs < (%)3 and if T is a current solution of

the isoperimetric problem with the property Vol(BAT) < &g,

then,
whenever x € Spt||0T || with d(x,0B) < r¢ we have
Vol(OT N Bp(z, Rg)) < (14 n)w,_1 Ry (31)
Remarks:

1. In this context there are 2 distance scales. The scale of Rg the radius
of the cutting geodesic ball of the ambient Riemannian manifold, that
is the same as the scale of R and that of r¢ that is the distance between
an arbitrary point of 07 and a point of 9B. This is an important point
in the estimates required by Allard’s theorem, as the proof of lemma
] shows. Without this control on the scales involved we cannot have
good control on the volume of the intersection of the hypersurface 0B
with an ambient geodesic ball.

2. The presence of interval ]%, R] is just a technical complication due to
the mean value theorem for integrals in the estimates of the (n — 1) —
dimensional volume of the part of 7' N B(z, R) that is TAB.

Proof: .
Let A := Cys (1+;—§>, B = <1+ 82) _1

23
Let Rs5 be the greatest positive real number s such that

L.s< Min{ian7T07 %(B)aR?)})

2.

AB+B+ A< on. (32)

Wl =

We fix rg > 0 with rg < (%)3.
Let « € Spt||0T|.
Let a be the greatest positive real number s < g with

1 n—1
(e(n—l)Cas _ 1)M S gnwn—l (g) (33)

where M is the maximum the isoperimetric profile on the interval [vol(B)/2, 2vol(B)].
le.

n—1
nwa-1 (3)

1
i 3M

a < Min{ log ,g}

1
(77, — 1)03
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Set g¢ 1= Min{53, Vol2(B)’ %nwn—l (}_2%)”}

Let T be a solution of the isoperimetric problem such that Vol(TAB) < .
By (B4) we find t(x) € [—a,a] and e3 (given by lemma [I.J) satisfying

Vol(0T N B(x,R)) < Vol(dB N B(x,R)) + Vol((TAB) N 8B(x, R))
+Vol,_1(p14(0T)) — Vol,_1(T).
(34)
From lemma .7 we have

Vol(0T N B(z,R)) < Vol(0BN B(xz,R)) + Vol((TAB)NJB(x, R))
+(em=DCt — 1)Wol, 1(0T).
(35)
By lemma [L.g we get R, satisfying

Vol((TAB) NdB(z, Ry)) 2V ol(TAB)

€G-

VARV

R

Let Rg := Ry. Lemmas [[.4, [£.§ and [l.7 combined give

2
Vol(0TNB(z, Rg)) < (1—0—(9(R6))wn,1Rgil—l—EVOZ(TAB)#—(e(”*I)CS“—1)M,
(36)
as, by lemma [£.3,
Vol(OB N B(z,R)) < (14 O(R))w,_1 R" Y,

and by lemma [0 0 < g < Rg < R.
By (B3), (B3) and the choice of &g, equation (Bg) becomes

1 1 1
Vol(0TNB(z, Rg)) < (1+gn)wn,leflegnwn,lRZ’legnwn,le’l. (37)

Finally
Vol(8T N B(x, Rg)) < (1 +n)w,_1 RE! (38)

0.

4.6 Confinement of an Isoperimetric Domain by Mono-
tonicity Formula

Theorem 4.2. Let M™ be a Riemannian manifold. Let B a compact domain
whose boundary OB is smooth.
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For every s > 0, there exists e7(s) > 0 with the property that if T is a current
solution of the isoperimetric problem with

Vol(BAT) < e,

then OT is contained in a tubular neighborhood of thickness s of 0B.

Idea of the proof: By contradiction, we assume that there is a current
T and a point x € 9T at distance > s of 9B. We choose R €]s/2, s so
that the intersection TAB with the sphere 0B(z, R) has small area. The
mecanism of balancing gives an estimation of the area of 9T N B(x, R), as
OBNB(x, R) = (. This majoration contradicts the minoration given by mono-
tonicity formula (Lemma BJ), if vol(T'AB) is too small.
Proof: Set s > 0. Let H; be the constant produced by lemma [L1] (Lévy-
Gromov). Let C5 be the constant given by lemma fI.J. Let M be the max-
imum of the isoperimetric profile on the interval [vol(B)/2,2vol(B)]. Let 3;
be a bound on the second fundamental form of an isometric immersion of M
in RY the Euclidean space. We can choose a so that

1 n—1
("D — )M < Swny (g) o~ (Hi+50)s, (39)

Let 3 be the second constant given by lemma [.3, when, in this lemma, we
take R = s/2. Let g7 < g3, e7 < vol(B)/2 and

2e7 1 SN (48,
_<_ n— _ 1+61)8.
s 2w 1<2) ¢

Let T be a current solution of the isoperimetric problem satisfying
vol(TAB) < e.

We argue by contradiction. Assume there is a point z € 97 placed at distance

> s from 0B.

The balancing of volume (lemme ) gives for all R < Min{s, Rs}

Vol(0T N B(z, R)) < Vol((TAB) N 0B(x, R)) + Vol(¢4(0T)) — Vol(0T),

as B(z, R)NB = (). We apply lemma [[.4 with C' = C3 and we set R; €]s/2, s]
defining R; := R, obtained by applying lemma [£.q with R = s such that

vol((TAB) A B(z, Re)) < %VOZ(TAB).
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It follows

vol(0T N B(x, R7)) < 21 + (e~ _ 1)Vol(9T)
s

2
wol(T N B(z, R)) < =7 4 (e=DCaa _ 1))y,
S

Invoking lemma [I]] (Lévy-Gromov), the mean curvature of 9T satisfies
H| < H,.
Monotonicity inequality (lemma ) gives us
vol(OT N B(x, R7)) > wy_ RE e (HI+5)Rr

which, by our choice of €7, contradicts the preceding inequality. We conclude
that OT is contained in a tubular neighborhood of thickness s of 0B. O.

4.7 Proof of Theorem BT

Application of Allard’s Theorem We give now the proof of theorem
E.J. We must show that solutions 7" of the isoperimetric problem which are
close to B volumewise are graphs of small functions. Therefore, we fix a
number 7 and will find £q(r) such that Vol(TAB) < eo(r) implies that 0T
is the graph of a function u with ||u||. < r. Later on, stronger norms of u
will be estimated in terms of 7.

Proof: Set a €]0,1], ¢ = %, d=1and p = % in the Riemannian
Allard’s theorem. Theorem B.9 provides us with a constant 7; and radius
R,. Consider Ry = M in{injam, o, %4(3)} as defined in section [.4 and let
R = Min{R;, Ry, ——2——1}. Pick a radius r < (g)3 and set g =

Hy[(1471)wn—1]P
Min{eg,e7(r)}. Let T be a solution of the isoperimetric problem satisfying

Vol(TAB) < &j.

Then from the comparison lemma .7 applied with n = 7;, we obtain a
Rg E]g, R] with the property

IVII(B(w, Re)) < (1+ 1) dwi Rg. (40)
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From lemmas B.3 and [[.]] we argue that whenever g € X' (M) with

50T (g) < Hi(Vol(dT N B(x, Re)))? |9l sa(or). (41)

Hence, an application of comparison lemma [L.7 allows us to get

_ 1 i1 _ ol
60T (g) < {Hl[(l + m)wn_l]pRﬁ} Rs"  lgllraery < mBg"  |lgllraor),
(42)
because

{1+ A)wn PR} <, (43)

by the choice of R.

Finally the confinement lemma allows us to state that the support of 9T is
in a tubular neighborhood of thickness r.

The Riemannian version of Allard’s theorem applies with R = R. It provides
us with a radius Ry, and for all z € T, with a C* map F' : R*! — M whose
image of a neighborhood of the origin is exactly ||iy(9T)||N Bgx (2, 1 Ry) and
whose differential satisfies

d(z,2")
R

||dF, —dF.|| <e < ) Vz, 2 € R 2], |#] < R.

mlor is a local diffeomorphism. In what follows r indicates again the
thickness of a tubular neighborhood of 9B in which 0T is confined, 7 is the
projection of U,.(0B) on 0B, 0 is the gradient vector of the signed distance
function to 0B and gy the induced metric by that of M on 0B.
In addition to r < (R/2)?, we shall need that \/r < (1 —¢)Ry = 3R, and
c(r) < 1, for a function ¢ to be defined in the sequel. Therefore we let r; be
the largest radius satifying these conditions.

Let ¢g = min{ef, Vol({x € M|d(xz,0B) < r})}. From now on, we as-
sume that Vol(TAB) < &o.

Counsider the function

f { ] = 3Ro, 5R[ — R
e — du(F(tv), 9B)

where Ry is given by Allard’s theorem, v is a unit vector in 7,07

Allard’s theorem gives a C1*® bound on F. Riemannian comparison the-
orems (Heintze-Karcher) gives C? bounds on the distance to OB in terms of
ambient sectional curvature and the second fundamental form of 9B. There-
fore f is C1* bounded. If its derivative at 0 were large, then f would take
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large values. Since f is confined within | — r, r[, its derivative f’(0) is small,
|f'(0)] < ¢(r). This shows that | < dF(v),8 > | < ¢(r) for all unit vectors
v. If ¢(r) < 1, this implies that the differential of the projection to 9B,
restricted to 0T, is onto, i.e. 7|gr is a local diffeomorphism.

Furthermore, as r gets smaller, the differential of 7|sr gets closer and
closer to an isometry.

7|or is a global diffeomorphism

Lemma 4.8. Let U be a tubular neighborhood of B. There exists w €
A" Y U) such that dw = dV ol,,.

Proof: U being a connected non compact manifold of dimension n implies
H™(U,R) =0, see [God7]]| theorem 6.1 of page 216. O.

By two preceding lemmas we have

Vol,(T) = / dw :/ w =nVoly(B) :'r]/ w
T or oB

with 7 close to 1, but

/ w:mn’/ w:m/dw:mVOZn(B)
or oB B

with 7’ close to 1, as 7*(w|ap) is close to w|sr as OT is C! close to OB and

nl/ “ / ™ (wlop) =m [ w.
orT or oB

This establishes that m = 1. In other words we have showed that 7|s7 is a
global diffeomorphism.
Furthermore,

u=d(-,0B)o Fo(moF)™! (44)
shows that u belongs to C'*(9B).

C?“ and Higher order Regularity. Let us first give a precise definition
of the C'** norms.

Definition 4.1. Let M be a compact Riemannian manifold, let u be a func-
tion on M. We say that u € C**(M,R™) if the representative of u in every
coordinates chart is of class C“.
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Definition 4.2. Let u € C%“(M). We set

1 |0M(M) = mlaX {||U|Ql | |Cfva(§2l)} )

©
~

where ||ujq,||cta,) = [[uo ©7|ctagy) with { U C R} be a fized

atlas of M.

At this point, we continue by attaching the argument of Morgan 3.3 and
C*° regularity and also C“* follows easily. Using these facts, we show ||u|c1.a
is small and after by Schauder’s estimates we can conclude that ||u||cza is
small. In order to show that u is more regular we use the same argument
used in [Mor(03] proposition 3.3 page 5044 as indicated at the end of the proof
of [Mor0J] proposition 3.5 page 5047. For reader’s convenience, we restate
here the theorem.

Proposition 4.1 ([Mor03] prop. 3.3). Let f be a real function defined on
an open set Q of R"™1 with the property

d

| [ P s+ ). V@) + tolepas| =0

whenever g is a function with Supp(g) CC . Assume F' and g—? are C*~1

oF
Ofi0f;

and F' is elliptic, i.e. the matrix is positive definite.
Then

fis CHe.

Proof: The proof can be found in [Mor0J O.

In local coordinates, we can see JT locally like the graph of a function f

of class C1,
For smooth variations g with compact support the area functional A(f) :=
[ Az, f, V f(x))dx and the volume functional V(f) := [V (z, f(x))dz satisty
the relation: p
SA(S +tg) = WS +1g)] im0 = 0 (45)
for some Lagrange multiplier A that is the mean curvature of 0T. The func-
tional A—\V then satisfies the regularity and ellipticity assumptions required
by [, hence OT is as regular as possible and at least of class C%¢, which
implies by an application of the implicit function theorem that F' given by
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Allard’s theorem belongs to g2’°‘ and therefore that u is also of class C*%,
In other words, there exists I of class C%“ such that

= d(-,0B)o Fo(moF)™?,

and we conclude that u is of class C>.

O?“ Estimates. Now we are in a position to exploit the formula of the first
section for the mean curvature of a normal graph. This allows to estimate
the C** norm and C*® norm of u. Straightforward computations will show
that the C%° norm of u goes to zero when r — 0. We now give the details of
these calculations. We consider a system of Fermi coordinates (r, z) centerd
at a point p € 9B, with x normal coordinates on an open set of 0B centered

in p as in [Gra0l]|. Let

ou 0u
U = =, Uy ‘= =,

ox’ ! oxtx
g = dt* + g"(r, x)da'd2’, (46)
1V, ullg, = 9" (u, x)usuy, (47)

_ 1 o lj
Ve Wy = —5 (1+HVuH { I (u xuu]ul}
(1+HVuH E {3919 w, 2)ujug + 294 (u, 2)uuguw f g™ ‘9
(48)

—g”(uax) + fzj(xvua vu) uij + f(ZL',U,VU)

I
W [divopr (Vguu)hrzu - |:Wu
(49)

u

Notice that f(x,u, Vu) , f9(z,u,Vu) — 0, ||u||cr — 0. The functions

ff”{ RnilxRanil — R
| (2w, 2) = f(z,y,2)

have the same regularity than the metric with respect to variables z, y and
they are of class C* with respect to z. We carry the same calculations for
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— —
, V,,u 1 uV,u, =
Hl'i:;w<u,.l’) = _dZU(S”—l,gu)< Mg/u ) — W < vauu( W/i ), Vguu > g
u? —— —
+ WIIG (vguu7 vguu)
1 u 1 =1 ]' 6)gufl‘[/
- WuHe (u, ) + W, < VQ“(WU)’U W, ) >,
with < v, 0 >< 0.
< V_pwu(—bVu),—bVu) > = WQUHQ (< 9"t fiVu, Vu >) (50)
+ 17+||_V1u||2 << WLquuVu, Vu >)
where
1 lj 1 i
fi = —2 T vap)? {gvluiujul + g;wu; + 29 uluij} .
L eVe (Vo T oy, = A< du(Ve)Vu, Vu >
W2 Voggu't Wy /7 YV 9u 7 u w3 ’ 51)

+ < V,bvﬂ(—qu), —qu) >

It is easy to see that the expression

1 1 .
s < du(Vu)Vu, Vu >= e (9" " wsujupuy,) (52)
does not depends on second partial derivatives of u. For this reason we can
set

= 1
filz,u, Vu) := w3 < du(Vu)Vu,Vu > . (53)
The following quantities depend only on u, x and on the first derivatives of
u.

fij(x, u, Vu)ul-j + f(x, u, VU) =< vfqu<_bvu)v _bvu) > <54)

2 2
—%H@B“(vu, V) = —%g”glmuiulrgj (w,2).  (55)

u

f(x,u, Vu) :=

The expression

1 u o
2 m
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depends linearly on second derivatives of u. We set

. _ 1
u(Fuy + (e, V) = —HPuVs, (W) | (57)
We obtain .
[Wug”(u, x) + 19 (z,u, Vu)} wij = hy + ho (58)

where hy = H)T — - HJ?" and

hy = f(@,u, Vu) = f(z,u,Vu) = fi(2,u, V) = f(z,u, Vu) = f*(z,u, V).
The equation of constant mean curvature for normal graphs takes the form

{Wug”(u, x) + 1 (x, u, Vu)] wi; = h(z,u, Vu), (59)

with h(z,u, Vu) , U9 (z,u,Vu), f*, f, fi, f, 9, f =0, |Jul|cx — 0 and

B S Rr-l1xyRxR*™1 — R
%] * 1] ) .
h,l 7f7faf 7f ’f'{(x,y,z) — f($ayvz)

have the same regularity as the Levi-Civita connection with respect to vari-
ables z, y and are of class O with respect to z. If k < K™ < §, then by
Heintze-Karcher’s theorem [HKT7Y| we get

(es(w) = Bss(w)” go < g(u, x) < (cs(u) + Bss(w))” go (60)
%0 - <gluz)™ < % . (61)
(cs(u) — Bss(u))”  (cs(u) + Bss(u))
Consequently, there are 0 < A; < Ay for which
Al-[n—l 5 S g(u,x)_l < AZ-[n—l (62)

(cs(u) + Fss(u)) ~ (es(u) = Bss(u)*

hence the equation B .
Lu = a"u;; = h(x)

with a” () = f-g"(u, ) + 19 (2, u, Vu), h(zr) = h(z,u(r), Vu(z)) is uni-
formly elliptic as the [¥ — 0 when r \, 0. Using the theory of elliptic partial
differential equations, we can obtain LP estimates on the norm W?2? of the
function wu. )

ullzp < cllhllop + callullr,
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where ¢, ¢ depend on ellipticity constants A; and As, and therefore on the
geometry of the situation (B,0B, f3;, 3, M) and of the choice of the atlas

A~
{0 = U CR" !} used to define
HUH(JAQ(@B) = mlaX {||U|Ql||cha(szl)}

where |[ug,llcraay = [l © () loroq.
Finally,

ullwenory < c1(0B, A1, As)||h]|wos@n) + c2(0B, Ay, As)|[ul| ooy,  (63)

l|ul|cr.a@) < c3(OB)|ullw2r@8)- (64)

Theorem 4.3 (The Comparison Principle for Curvatures). Let By and
By being two submanifolds with boundary, of dimension n of M, By C B,
let x € 0B; N 0Bs.

Then

< HB1(2), Vyy ><< HOP2(3), U0y >

Proof: [Ale6d] O.

Lemma 4.9.

1

BT — - B < O Nluller k. 8,117 — 2Lip(H7"(-))diam(0B)

when r — 0.

Proof: Let z;, x5 € OB be defined as u(xq) := Max,cop{u(x)} and
u(xy) = Mingeop{u(x)}.
Then
Bv=1) C T C Bu(=2)

and B*®1)  B¥*2) have smooth boundary and are tangent to 97 at p; =
(x1,u(z1)) and py = (29, u(xs)). We deduce then, by comparison principle
applied to B*=1) T B¥®*2) that

P () < HT (@) < HJP (), (63)
We assume that r <7 := Min{£, ry, %}
We substract the same quantity to the sides of (f3)

HeaBu(m)(xl) . WLuHeaBu(x) (.T) HET . WiquBu(x) (.T)

u(zg) u(z) (66)
HYP" () — 5 HYP (2)

IA A
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u(z) u(zy) u(zg)
|HIT — L HPP ()] < [HYP (1) — HYP* (22)]
+ [HPP Y () — - HYP (a)]

and after we apply the triangle inequality repeatedly to obtain

(67)

< [HZB" (21) — HB(21)]
+ [HZB" (29) — HIB (2y)] (68)
+  [HEB(z1) — HFP (29)]

( (
|HYB" Y (1) — HYB" " (a5)|

B O] < ) (1 )

Wa e aB‘fg; (69)
+ wplHyT () — Hg” ()
[HYP Y (@) = HPP @) < JHEP (20) — HP (@)
+|HPP @) - B ()] (70)
+  |HPP(x) — HYP (an)].
To majorate the middle term, we need to prove the following lemma.
Lemma 4.10. There exists bs(s) such that whenever y € 0B,
[Hy" (y) — Hy" (y)] < ba(s). (71)
Proof: Let
n—1
Vy(s,y) = | ) ctgs(s + ey, Ni(y))) — Hy (y)l

1

V3(s,y) = law(s + ca(y, Hy" (y))) — Hy" (y))|
bs(s,y) := Max {b3(s, y), bs(s,y)}
where ctgs(c1(z,s)) = s, c1(z, s) €]0, 5[ ctgr(ea(w,5)) = s,

if s >/ =k, tgp(ca(z,s)) = s, if s <V —k and co(x,vV—k) = vV —k

ctgr(s) , s>+v—k
ar(s) =4 vV—k , s=+—k
tar(s) ., s<+v—k

We find bs(s) := [|b3(8,y)||cc.0m O

Continuation of the proof of lemma [.9. If we set

C(r,||ullcr, k, 8, TI§B) = 4bs(r) + 2Lip(HFB(-))diam(0B)
£ (1= 3) 1HP Ol s
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we conclude that

1 wulx
[HT = HYP (@)| < O |l on, k. 8, T1]7) (72)

End of C?“ estimates, in case when 9B has constant mean curva-
ture. The preceding arguments allow us to state that

||iL||W0,p(aB> — 0 , I — 0

|u||zp@oBy = 0, 7 —0

hence
Huucl,a(aB) — O , I — O

If we apply the classical Schauder estimates theory we write

||| c2a@p) < ca(OB)||h|coa@ry + c5(0B, Ar, Ag)|[ul|co@r).  (73)

Therefore
l|ul|c2a@r) — 0, r— 0 Ya €]0,1] (74)

as hy and hy are C'™ expressions with respect to v and Vu and hence converge
in C%“ topology, necessarily to 0.
Remark: Alternatively, finer calculations would show that

|ul|cro@r) < C(geom, Bi,e, RY) Ya €]0, 1].
With the aid of the following lemma, this would show that
||U||Cl,a(aB) — 0 , T — O

Lemma 4.11. Ve > 0, VM > 0, Ya < 3 there exists 0 > 0 such that if
llul|cr < e and ||ullcs < M then ||u]|cee < 6.

Proof: Compactness of the injections of C%# — C%* (a direct conse-
quence of Ascoli-Arzela’s theorem). O.
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End of C%“ estimates, general case. Qualitative Argument. Whenever
r goes to 0, the quantity |HoT — WLH(?BU| goes to 0. To see this it is not
necessary to use lemma [.9, and the end of the proof remains unchanged.

Effective Argument. We need to improve lemma .9 As u is bounded
in C? norm, the second fundamental form of AT is bounded. Using the
fact that OT is everywhere transversal to the vector field é, we show that
the normal the injectivity radius of 0T is bounded from below. We can
use a tubular neighborhood of 9T, and, applying the comparison theorem
for curvatures to gives lower and upper bounds for mean curvature of 0B
by mean curvature of equidistant hypersurfaces of 9T. This gives an upper
bound of |HJ" — 7-HZ""|. The very end of the proof of C*“ estimates
remains unchanged. '

5 Proof of the Normal Graph Theorem, Vari-
able Metrics Case

Proof: We apply the "Embedding Theorem” of page 223 of [[Gro86H] to
obtain a free isometric embedding i, for (M, ¢.) fixed. Furthermore, an
application of the ”Main Theorem” of page 118 to this embedding to obtain
free isometric embeddings i; of (M, g;) in RY close in the C? topology (see
[Gro86H][page 18]) of in. As constants on which the estimations of theo-
rem [L]] depend are continuous in the C? topology, we apply theorem []] to
(M;, g;), with the embeddings i;, to establish the conclusion. 0.
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