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Abstract
In this article wepresentan analytical closed-formexpressionto ensure exacterror boundsfor view-dependent
simpli�cation which is of importancefor several algorithms.Thepresentwork containsproofsandsolutionsfor
thegeneral 2D caseandparticular 3D cases.
Mostpreceedingworksrely on coarseheuristics,that might fail and/or restrictmovementsor objectrepresenta-
tions.We introducethenotionof validity regionsasthecompletesetof possiblesimpli�cationsrespectinga given
error boundbetweentheobjectandits simpli�cation. Theapproach handlesarbitrary polygonalviewcellswhich
allow for freemovementin the interior. We showhowto computetheseregionsfor meshpointsand faces.Since
the validity region of a faceaccountsfor all its points,propertieslike silhouettepreservationand texturesare
gracefullyhandled.Thisis not thecaseif theerror is controlled onlyat theface's verticesor edges.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometry
andObjectModelling

1. Intr oduction

Simpli�cation hasbecomea very importanttopic in today's
research.Nowadays,modelsaremadeout of thousandsof
triangles,andcomplex sceneslike forestscaneven contain
millions of polygons.Graphicshardware is constantlyim-
proving, but not capableof displayingsuchcomplex scenes
in real-time,thussimpli�cation remainsanimportantissue.

Clark [Cla76] wasprobablythe�rst to point out thatdis-
tant objectsdo not needthe sameprecisionascloserones.
Sincethen,severalapproacheshave beenproposedto auto-
maticallycreatesimplerrepresentationsof aninputmodel.A
key point is to controltheerrorcausedby usingacoarserre-
placement.This is a dif�cult problemfor a singleviewpoint
but evenharderif oneconsidersto keepthesamerepresen-
tationfor a certainviewing region (viewcell).

In thisarticle,we areinterestedin measuringthegeomet-
ric errorassociatedwith agivensimpli�cation andviewcell.
Furthermoreit is possibleto detectfor eachmeshpart the
viewpointsthatrevealthemaximalerror. Reviewing thesim-
pli�cation from thisveryviewpointgivestheuseranideaof
thesubjective/qualitative error.

y Elmar.Eisemann@inrialpes.fr, Xavier.Decoret@inrialpes.fr, ARTIS is a team of the
GRAVIR/IMA G laboratory, a joint effort of CNRS,INRIA, INPG andUJF

A hugeamountof literatureon simpli�cation exists,but
no work on a generalerror analysishasbeenpublishedso
far. Interestingly, most previously proposederror bounds,
evenfor thesimplercaseof asingleviewpoint,arebasedon
heuristicsthat are invalid in the generalcase.Viewcell ap-
proaches(wherea simpli�cation hasbeenprecalculatedand
is usedwhile an observer staysinsidea certainregion, the
viewcell) receiveda lot of interestbecauserun-timesimpli-
�cation becomesinef�cient for very complex models.The
query-costexceedsthe gain from renderingthe simpli�ed
version.In this article we de�ne andsolve the problemof
exact (not only upper) error boundsanalytically in two-
dimensionalscenesand with arbitrary precisionin 3D. In
practicemodelsare often well-behaved, making heuristics
work well, which producearbitrarily large errors only in
mostlypathologicalcases.Thisisprobablywhy theresulting
error hasnot yet beenclosely examined.Neverthelessour
analysiscanbeappliedandis of interestin situationswhere
faithfulnessis a must.Also we proof with our work thatal-
gorithmswith strict error boundsstill allow for aggressive
simpli�cation. Weshow thiswith asimpleexampleapplica-
tion. This proof of conceptis not the main contribution of
thepaper, which is thetheoreticalfoundationandde�nition
of thegeometricerrorfor viewcell-depedentsimpli�cation.

In this article we underlinethe actualcomplexity of the
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problem,presenthow errorboundscanbevisualized,calcu-
latedandassured.It servesasaninvitationto furtherexplore
a �eld that existed for more than 30 years.Simpli�cation
still containslotsof basicopenquestionsto whichourwork
givessomeanswersandprovidesa deepunderstanding.

After discussingpreviouswork (section2), thede�nition
of theproblemwill bepresented(section3). Thecalculation
of exactvalidity regionsis not trivial andwewill derive it in
severalsteps.Startingwith meshpointsweshow how wecan
indirectlyobtaintheexactsolutionusingspecialviewpoints.
We describehow to �nd themfor different typesof view-
cells (section4) andextendtheapproachfrom meshpoints
to faces(section5). Wethendiscussourwork, concludeand
give anoutlookon futureresearch(sections6,7).

2. Previous Work
Generalsimpli�cation algorithmscan be divided into two
classes.The �rst selects an appropriate model during
run-time basedon the current viewpoint. This often in-
volveshierarchicalstructures[Hop96,Hop97,XV96,ESV99,
ESSS01]. The secondclassusually implies the useof al-
ternative representations[SDB97, DSSD99, JWS02, JW02,
WM03] which are createdaccordingto a viewcell. Seen
from thisregion,thecorrespondingsimpli�ed representation
shouldcloselymatchtheoriginalmodel's appearance.

Run-timebasedapproachestestsimplequeriesto decide
whethermoredetailsareneeded.Most algorithmsuseedge
collapses(introducedin [Hop96]) and work with bound-
ing spheresand specialsilhouettecriteria to obtain a bet-
ter quality. Unfortunately, boundingspheresaroundedges
do not provide a real conservative bound,neithercloseness
relationsbetweenverticesasusedby Luebke et al. [LE97].
In [LE97] somegroundrulesarespeci�ed. Polygonsoups
shouldbeacceptedasvalid input, anda �ne-grainedtrade-
off between�delity andaggressive simpli�cation shouldbe
possible.Theanalysisin this articleful�lls bothconditions.

Another run-time approach,that representsa transition
to of�ine simpli�cation is presentedin [COM98]. This al-
gorithm establishesupperboundson geometryandtexture
andis ableto limit theactualscreenerror. Neverthelessthe
boundis not tight andonly given in accordanceto a certain
viewing distance,not for arbitraryviewcells.Themethodis
bestsuitedfor denseobjectsof high complexity.

Most viewcell-basedapproachesinvolve alternative rep-
resentationswhich canberenderedef�ciently andonly one
query (membershipof the observer to a viewcell) has to
be evaluated.Typically much information about the scene
can be storedin form of textures on a simpli�ed model
[MS95, SDB97]. As pointedout by Wilson et al. [WM03],
invisible partsmay causeproblems.They performa recon-
structionbasedonseveralviewpointsto maximizevisibility.
In somecasesthismightnotbesuf�cient. Imagineawall al-
mostperpendicularto theobserver's sightline.No geometry
is hidden,but textureinformationcanappeardistortedfrom

a differentviewpoint dueto thegrazingangle.Geometrical
errorboundsarenotestablishedonsuchrepresentations.

Jeschke et al. [JWS02, JW02] manageto provide an er-
ror boundfor a particularcase.Around a cubic viewcell,
they createenclosingcubeson which thesceneis projected,
whereasinside the �rst one the original geometryis used.
If theusermoveson thediagonalsof theviewcell, they are
ableto deducethepositionof thelayersfor a faithful repre-
sentation.Décoretetal. [DSSD99] provideanerrormeasure
for parallaxeffects in two-dimensionalscenesfor segment
viewcells.Wederiveamoregeneralerrorboundwhichdoes
not directly dependon the alternative representationbeing
used.We ensure�delity and do not restrict the observer's
movementto a segment.

Our approachrelatesto Cohenet al. [CVM� 96], wherea
hull is de�ned aroundtheinitial model.Simpli�cation oper-
ationsareonly consideredvalid if theobjectremainsinside
thisboundary. Cohenetal.'sapproachis notview-dependent
anddoesnot take texture into account,asit usestheHaus-
dorff distance(seesection3). Inspiredby their work we are
interestedin determiningmaximumenvelopesfor a view-
dependent,point-wisemeasure.

3. BasicDe�nitions

M S=s(M)

V

 

MVS
viewcell

Figure 1: Angulardistanceis evaluatedfor each viewpoint
V in viewcell V.

Theinput of theproblemis a meshM anda viewcell V.
Themeshis de�ned by verticesVi andfacesF j , andconsists
of all thepointsinsidethosefaces(usuallydenotedM). The
viewcellV is asetof viewpoints(usuallydenotedV).

The goal is to measurethe distancebetweenM and a
simpli�ed meshS. A simpli�cation is a mappingfrom the
pointsof M to thepointsof S:

s : M 7! S;M ! s(M)

Notethats canbemany-to-one,i.e. severalpointscanbe
"simpli�ed" to thesameplace.

A classicapproachto measuretheerroris to compareM
and S = s(M ) using the Hausdorff distance.This metric
measuresthe geometricchangebetweenthe meshand its
simpli�cation. If every point on the meshhasa color (e.g.
throughtexturing),two meshescanhavethesameshape(i.e.
a null Hausdorff distance)but look very different.For that
reason,distancemeasuresbetweenM andS shouldbecon-
sideredfor eachpoint (not only vertex) on themesh.Thus,
in a �rst step,we will focuson singlepointson themesh.

ForasingleviewpointV, thedistancebetweenM andS:=
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s(M) is de�ned astheangle dMVSunderwhich thesegment
[M;S] is seenfrom V (�g. 1). It is importantto notice,that
for a �x ed view frustum,the angleimplies a boundon the
projectedscreendistanceandviceversa.

For a viewcell V, we de�ne the error as the maximum
angleunderwhich a point M andits simpli�cation Scanbe
seenfrom within theviewcell.

eV (M;S) := max
V2V

dMVS (1)

We say a simpli�cation is valid for a given error Q 2
[0;p=2), if for all meshpoints M 2 M the error between
M andits simpli�cation s(M) is smallerthanQ.

4. Validity Regionsof Points

view cell
M1

M2 

M3 

M5

M4 

Figure2: Someexamplesfor validity regionsof meshpoints
basedon a givensegmentviewcell anda �xed error bound.
Noticethat theshapesare not symmetric,nor alwayspoly-
hedral and might be unbounded.The image was obtained
via sampledconeintersections.)

Thevalidity region for anerrorboundQ of a meshpoint
M anda viewcell V is de�ned astheset:

VRQ
V (M) := f Sj eV (M;S) � Qg (2)

Thisde�nition is equivalentto:

VRQ
V (M) =

�

V2V

f Sj dMVS� Qg (3)

Fromthis we canobtain:

VRQ
V [W (M) = VRQ

V (M) \ VRQ
W (M) (4)

Intuitively eq. (4) statesthat a bigger viewcell leadsto
smallervalidity regions.In eq.(3), thesetf Sj dMVS� Qg is
a coneof apex V in direction� !VM andapertureQ. Therefore
thevalidity region correspondsto theintersectionof cones.

Theremainderof this sectiondescribesthedetermination
of theexactshapeof thevalidity region.Fig. 2 shows some
examplesandoneseesthattheshapeis notpolyhedral,thus
dependingonanin�nity of viewpoints.

Fromeq.(3) we seethatvalidity regionsareconvex, be-
causethesetis de�ned asthe intersectionof convex cones.
Convexity implies star-shapewhich meansthat the validity

region of M canbe representedradially by its extentswith
respectto M andagivendirection~d. Thisgivesaconvenient
parametrizationof thesetwe look for.

VRQ
V (~d)(M) := dVRQ

V (M) \ r(M; ~d) (5)

wherer(M; ~d) denotestheray from M in direction~d and
dVRQ

V (M) refersto theboundaryof thevalidity region.

For a singleviewpoint V it is simpleto calculatethe ex-
tents.It correspondsto the intersectionbetweenthe view
conebordersanda ray throughM in a direction ~d (�g. 3).

view cell

MM

viewpoint 

M+t d

d d

VR extent

QQ

Figure3: Validity region extentsof points,intersectionwith
cone(left), hyperplaneviewcell (right)

ForanerrorboundQ thevalidity regionextentin direction
~d of M for a viewpoint V is given by M + t~d, wheret is
speci�edby the(smaller)positiveresultof eq.(6). If thereis
none,thevalidity region is unboundedin thisdirection.

� sin2Q < � !VMj~d > � sinQcosQ
q

1� < � !VMj~d > 2

<
� !VM

jj
� !VMjj

j~d > 2 � cos2 Q
(6)

< j > denotesthe standardscalarproduct, jj jj the L2
norm.

For generalviewcells,it is dif�cult to calculatethevalid-
ity region. On the otherhand,for a �nite setof viewpoints
thesolutioncanbe foundby evaluatingexpression(6) sev-
eral times.The key ideais thusto �nd a �nite setof view-
points in the viewcell that canbe usedto boundthe whole
validity regionextent.

Max Viewpoints: It canbeshown thatfor aclosedviewcell
therehasto bea specialviewpoint, theso-calledmaxview-
point, Vmax, suchthat VRQ

V (~d)(M) = VRQ
f Vmaxg(~d)(M). Vmax

dependsonthemeshpoint,theviewcell, theerrorboundand
thedirection.

In other words, the coneassociatedwith the viewpoint
Vmax is actuallyresponsiblefor thevalidity region extent in
thedirection~d. Denotingthevalidity region extentE, it fol-
lows dEVmaxM = Q (�g. 4). The max viewpoint thus gives
thevalidity region extent (expression(6)). This givesusan
anindirectway to �nd theexactanswerto ourproblem.The
existenceof thesepointswill follow from thediscussionin

c
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Q

viewcell

M

Q

E

max viewpoint
for direction d

 

d

Figure 4: For a closedviewcell and a direction ~d, there is
onespeci�c viewpoint,themaxviewpoint,which impliesthe
validity region extentE of meshpoint M.

the specialcaseof polygonalviewcells but it is generally
truefor closedviewcells.

The inscribedangletheoremstatesthat in 2D all points
that seea given segmentundera �x ed angleQ lie on a bi-
circle, the outercontourof two intersectingcircles.In 3D,
the set is invariantunderrotationaroundaxis ~d, thuslead-
ing to aso-calledbialy, a toruswithouthole.Thisshapealso
playedanimportantrole in [LKR � 96], whereit wasderived
in a differentmannerfor height�eld simpli�cations during
run-time.All pointsinsidethis bialy seethesegmentunder
ananglegreaterthanQ. Thisshowsthatthebialy de�ned by
themeshpoint, thevalidity region extentandthemaxview-
point is tangentto theviewcell andleadsto theobservation:

VRQ
V (M) = VRQ

dV (M)

Hence,it is suf�cient to calculatethe validity region ex-
tentfor thebordersof a volumetricviewcell.

Due to eq. (4), eachpart of a polygonalviewcell canbe
treatedseparatelyby intersectingthecorrespondingresults.
In 3D we can restrict ourselves to faces,in 2D to simple
line segments.It thussuf�ces to supposeonecodimensional
viewcells.Westartby consideringhyperplanes.

Hyperplane Viewcells:Thebialy's tangency is key to �nd-
ing themaxviewpoint.Dueto thebialy's rotationallyinvari-
ant shapearounddirection ~d the tangency point hasto lie
on the orthogonalprojectionof the line S(t) on the plane.
This implies that for hyperplaneviewcells the 3D casecan
be solved in 2D. Fig. 5 shows a bialy andthe possiblere-
strictionto 2D. Theparametrizationof asimpli�cation point
S(t) = M + t~d leadsto a parameterizedbialy of pointsthat
"see"thesegment[MS(t)] undertheangleQ. Theideais to
�nd the parametert to obtain tangency (�g. 6). Insteadof
working on thebialy/bicircleitself, we treatthetwo circular
partsseparately.

Without lossof generality, theviewcell correspondsto the
x-axis and the meshpoint M = (m1;m2)> , with m2 > 0.
Thenthecircle is given by theequationfor the centerC(t)
andtheradiusr(t).

C(t) = M +
t
2

(~d � cotQ~d? )

M

d

S

Q

V

viewcell

Figure 5: The 3D shapeof the points seeingthe segment
[M;S] under the sameangle. Themaxviewpoint hasto be
situatedin the plane containingthe projection of the line
de�nedbyM, ~d andtheviewcell plane's normal.

M

S(t1)

d
S(t2)

viewcell

max viewpoint

Q

Q

Q

Figure 6: Parameterizinga simpli�cation point leadsto a
parameterizedbicircle (consistingof two circles).Themax
viewpointis thetangentpoint on theviewcell.

r(t) =
t

2sinQ

where� indicatestheconsideredpartof thebicircle. As
the viewcell correspondsto the x-axis andM is situatedin
theupperhalf-space,the tangent/maxviewpoint musthave
coordinates(xmax;0) = C(tmax) � (0; r(tmax)) . Solving the
implied linear systemleadsto the coordinatesof the max
viewpoint:

Vmax = (m1 + m2 �
sinQd1 � cosQd2

� cosQd1 � sinQd2 + 1
;0) (7)

tmax =
2sinQm2

� cosQd1 � sinQd2 + 1
(8)

again,� dependsontheconsideredpart.Moredetailscan
befoundin theappendixA.

At this point, we get a �rst interestingresult. If we pa-
rameterizet, which correspondsto thedistancebetweenthe
validity regionextentandthemeshpointM, via thedirection
~d = (cosg;sing)> , givenby anangleg, we get:

tmax(g) =
sinQm2

� cos(Q� g) � 1
(9)
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which is anequationdescribinga hyperbola.Thevalidity
region of a meshpoint for a line viewcell is thusformedby
two intersectinghyperbolas(�g. 7). In 3D this region is ro-
tatedaroundthenormalof thehyperplaneviewcell.Wehave
thusanexactdescriptionof thevalidity region of a point in
threedimensionsin thecaseof a hyperplaneviewcell.

viewcell

M

Figure7: For a line viewcell thevalidity regionof a point is
boundedby two hyperbolas.

One CodimensionalViewcells:In thenext stepwe wantto
restrictthehyperplaneviewcellsto polygonalareas.Wewill
describehow to solvetheproblemin the2D caseandexplain
how to transfertheideato the3D case.

Whenworking with two separatedcircles insteadof the
bicircle,weactually�nd two "maxviewpoints",onefor each
circularpart.Althoughoneof thesetwo might not bea max
viewpoint in thestrict sense,to avoid confusionandwith a
slightabuseof notation,wewill referto bothof themasmax
viewpoints. It is not problematicto test several points, as
long astheir numberis �nite. In particularit is importantto
considerbothsidesof thebicircle,becausethepositionof a
maxviewpoint for asegmentviewcell is in nodirectrelation
to theonefor thecorrespondingline viewcell (�g. 8).

viewcell

M

 

d

Vl Vs

Figure 8: For the line viewcell themaxviewpoint in direc-
tion ~d is situatedontheleft,whereasfor thesegmentviewcell
it is on theright.

Let VS be a segmentviewcell andVL its extensionto a
line viewcell.Also, letVs (resp.Vl ) bethemaxviewpoint for
VS (resp.VL). If Vl 2 VS thenVs = Vl . Wenow wantto show
that if Vl 62VS thenVs is an extremity of VS (�g. 9). Vl has
to be in the interior of the tangentbicircle at VS (inscribed
circletheorem).Thereforethesegment[Vs;Vl ] liesalsoin the
interiorof thebicircleof Vs. VS\ (Vs;Vl ) 6= ; contradictsthe
tangency property, thusVS is anextremity.

In the3D case,wecanestablishthesamedistinction.The
proof is essentiallythesame,thebialy for thehyperplaneis

viewcell

M

Vl Vs

d

Figure 9: If themaxviewpoint (for onepart of thebicircle)
for theline viewcell doesnot lie on thesegmentviewcell, its
maxviewpointhasto beon anextremity.

containedin the bialy for the viewcell, thereforethe space
betweenthe two hasto beempty. Unfortunatelyin 3D, this
border is not a point, but a segment.To solve for the va-
lidity extent it can still be treatedas a line and then the
segment's extremitiesare taken into account.Still, �nding
max viewpoints for the line involves higherorder polyno-
mials andwe did not yet succeedto obtainan analyticex-
pression.Nevertheless,it is possibleto approachthe result
arbitrarily closeusing numericalmethods.It is not a triv-
ial resultthatnumericallystablesolutionscanbe provided.
Theproofcomesfrom thegeometricalinterpretationthatwe
established.The ideais to embedthe line into a planeand
look at iso-valuesfor the sizesof the bialys (which are in
direct relationto the lengthsof thevalidity region extents).
Theresultarehalf-moonshapedareasaroundtheactualmax
viewpointof theplane(�g 10). Thus,ona line embeddedin
this planeat most threeextremacanoccur. All viewpoints
for which thevalidity region is unboundedlie insidea cone.
Thereforeonecanquickly determinewhichpartof theview-
cell is notneededfor thedeterminationof thevalidity extent.
To restrictthesearchspaceonecanpick anarbitraryview-
point V of the remainingviewcell and de�ne a minimum
distancesuchthatall viewpointsexceedingthis distanceare
lessrestrictive thanV. Thesepropertiesmake it possibleto
computethe validity extent in a stableway with arbitrary
precision.

d

Figure 10: For a givendirectionthe sizesof thebialys are
representedon a plane(redlow, whitehigh).Thehalfmoon-
shapescanbeexplainedwithour geometricalinterpretation.

To resume,sofarwe have shown thatit is possibleto cal-
culatethevalidity region of pointsgiven a �nite setof (not
necessarilybounded)polygonalviewcells.For a givenpoint
M anda direction ~d, possiblygiven via an existing simpli-
�cation point S, the max viewpointsareclassi�ed for each
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faceof theviewcell. This is doneby consideringthehyper-
planeusing eq. (7) and discardingviewpoints outsidethe
viewcell face.Next the bordersof the viewcell are exam-
ined. This givesa �nite set for which eq. (3) is evaluated,
whatleadsto theminimal extent.

Thisresultcouldbeappliedfor e.g.simpli�cation of point
cloudsor sampledgeometry(or texelsof a texturedmesh).
Suchapplicationslie out of the scopeof this article. The
result is generalenoughto be usedwith any simpli�cation
algorithm.If thecreationof theimpostorwasnotperformed
using this error bound,the veri�cation of validity still re-
mainspossible.Concerninglevel of detail changes,when
the observer approachesthe object,our error measurede-
liverstheactualdistanceatwhicharepresentationchangeis
needed.This canbedoneby determiningthebialys for the
desirederror andassuringthat the minimal distancekeeps
theviewer outsideof everysingleone.

5. Validity Regionsof Faces

In this sectionwe will extendthenotionof validity regions
of pointsto meshfaces,thereforetakingcolorinformationof
points(liketexture)into account.Mathematicallyafacecon-
tainsanin�nity of points.Thusto avoid sampling,we want
to establisha way to assurethevalidity of themodi�cation
of awholeface.Thispartis quitetechnicalandcurrentlyour
resultis two-dimensional.

The solution is not straightforward becausevalidity re-
gionsfor pointsinsidethefacecannotbesimplyinterpolated
from the validity regionsof the vertices.In otherwords,if
theverticesof a facearemovedwithin their validity region,
meshpointsonthefacedonotnecessarilyremainin theirre-
spectivevalidity region,asillustratedin �g. 11. Thisdirectly
implies that algorithmsbasingtheir error estimateonly on
edgesor vertex distancescannotsucceedin establishingan
upperboundon theerrorof theactualimage(neitherin 2D
nor in 3D). A comparisonof any algorithmlike this with a
methodinvolving our analysiscould thusbe arbitrarily bi-
asedin our favor. In otherwordsheuristiccanandwill lead
to arbitrarily largeerrors(at leastin specialcases).

N

viewcell

M

s(M)
s(N)

C

Figure 11: WhenM and N are moved within their valid-
ity region (to s(M) and s(N) respectively)not all pointson
[MN] canbesimpli�ed on [s(M),s(N)]. E.g. C's validity re-
gion doesnot intersect[s(M)s(N)]

To de�ne a validity region for faces,we must �rst �x
thewaya faceis "moved" duringthesimpli�cation process,
thusspecifyingthe"movement"of thecorrespondingmesh
points. We chosea directionalprojectiononto a simpli�-
cation plane.This is actually lessrestrictingthan it might
soundandhasseveralbene�ts.Theorderof themeshpoints
anda certaininjectivity andconnectivity is keptduringsim-
pli�cation. Comparedto aperspectiveprojection,nospeci�c
viewpoint hasto beselectedandfacescouldstill becut into
partsto allow differentdirectionsperpatch.Finally it should
bementionedthattheanalysisis independentof thewaythe
�nal representationis stored.If the obtainedsimpli�cation
is texture based,it canstill be transformedunderperspec-
tiveprojectionto gainmemory. Only theresolutionchanges,
not the position of the samples.The approachof this sec-
tion canalsobeusedto �nd optimal texture resolutionsfor
all viewpointsinsidetheviewcell (see[Eis04]). The ideais
to chooseas the simpli�cation direction the surfaceorien-
tation, thus representingtexels on the surface.In this part,
we assumeprojectionsalongtheplane's normalto easeex-
planations,althoughthe approachdescribedgeneralizesto
arbitrarydirections.

A simpli�cation plane is said to be valid for a face if
eachpoint on the face,whenprojectedonto the simpli�ca-
tion plane,remainsinsideits correspondingvalidity region
(�g. 12).

N

viewcell

M

invalid

valid

Figure12: A simpli�cation planeis valid for theface[M;N]
if all facepointsremaininsidetheir correspondingvalidity
region afterbeingtransferred.

A planecanberepresentedby its Houghtransform:anor-
mal andanoffset from theorigin [Hou62]. Fixing a normal
(andthusprojectiondirection)leavesuswith thequestionof
�nding the possibleoffsetsfor a valid simpli�cation plane.
For a singlemeshpoint the offset is given via the validity
regionextents.For a meshface,this is moredif�cult.

From eq. (8), we observe that for a line viewcell the ex-
tentsof a validity region vary linearly with the distanceof
themeshpoint to theviewcell. In this caseit is suf�cient to
ensurevalidity at theface's extremitiesto obtainvalidity for
all pointson theface.This alsoholdsin the3D casefor hy-
perplaneviewcells.Thusif all themaxviewpointsfall inside
thesegmentviewcell, we encountera linearbehavior andit
is actuallysuf�cient to testtheverticesof theface.

This observation leadsto the idea of decomposingthe
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meshfaceinto several parts,for which we will determine
the offsetsseparately. Having detectedthe linear part, we
will seethat theremainingpartsarenon-linear, but involve
only onesingleviewpoint.Onceoffsetshave beenfoundfor
eachpart,anintersectionleadsto thecorrectsolutionfor the
face.An emptysetmeansthat thereis no valid simpli�ca-
tion planefor this projectiondirection, henceat leastone
point cannotbe simpli�ed. Realizethat for eachfacethere
arealwaysvalid simpli�cation planes,in particulartheone
containingthefaceitself.

dlinear part

M
N

viewcell
Figure13: Validity extentsin direction~d of theface'spoints
formtheshapeabove, which containsa linear part. Accord-
ingly thefacewill bedecomposedinto a linear region,where
it is suf�cient to test the extremitiesand the non-linear re-
gions,which haveto bedealtwith separately.

Detectingthe Linear Part: Thedeterminationof thelinear
partis actuallyequivalentto thedetectionof thosepointson
the facefor which the max viewpoint of the corresponding
line viewcell falls into thesegmentviewcell. Dueto eq.(7),
we candeterminefor eachpointon thefacethecorrespond-
ing coordinatesof the max viewpoint for a line viewcell.
Actually thereis a small subtlety;eq. (7) correspondsto a
meshpoint in the upperhalf-space,thereforefacesshould
beclipped,seeappendixB. Thereis a linearcorrespondence
betweenthe positionof the meshpoint andthe max view-
point for hyperplaneviewcells.Now, if thefaceis extended
to a line, we have two pointson this line for which themax
viewpoint correspondsto anextremity of thesegmentview-
cell. Thesebordersof thelinearpartcanbeinferredby solv-
ing for (m1;m2)> in eq.(7) wherethemaxviewpoint corre-
spondsto thesegmentviewcell'sextremities(�g. 13).

Supposingthefaceis givenby thesegment[M;N] wewill
referto theline throughtheface,asthefaceline, heregiven
by l (a) := M + a( ~MN) = M + a(w1;w2)> . Without lossof
generality, oneviewcell extremity is (e;0)> . Thus,theequa-
tion to solve is: Vmax(l (a)) = (e;0)> . Thesolutionis given
by:

ae =
e� (m1 + cm2)

w1 + cw2
; c :=

sinQd1 � cosQd2

� cosQd1 � sinQd2 + 1
(10)

(� correspondsto thetwo sidesof thebicircle). If (w1 +
cw2) = 0 all meshpointssharethesamemaxviewpoint. If
thisviewpoint lies inside(respectively outside)thesegment,
thewholefaceis linear(respectively non-linear).

Dealingwith the non-linear part: Thewaywedetectedthe
linear part actually implies one propertyof the non-linear
part;it only dependsonasingleviewpoint: oneextremityof
theviewcell.Thusweonly needto examinehow thevalidity
regionof a facebehavesfor a singleviewpoint.

We will considerthevalidity region extentof pointson a
faceline. For eachsuchpointP, thevalidity region extentis
given by the intersectionof a line passingthroughP in the
projectiondirectionandthe viewpoint's view cone.If each
sideof the coneis treatedseparatelyasa line andwe plot
thoseintersectionsfor every point on thefaceline, we geta
graphasshown in �g. 14. It maycontain"false"intersections
whichrepresentintersectionswith theline insteadof theray.
This is unproblematic,asa falseintersectionimpliesa more
restrictive intersectionfor theotherview coneray. Theright
partof �g. 20shows anexample.

viewpoint

face line

projection direction

ray

asymptote

VRface(a)

face(a)Q

Figure14: Thevalidity region extentsof themeshpointson
the face are given by the intersectionbetweena ray from
viewpoint with angleQ and a line from the meshpoint in
projectiondirection.

The graph visualizesthe validity region extents of all
pointson the faceline. A valid simpli�cation planehasto
remaininsidethehull describedby theportionof thegraph
correspondingto themeshface(blueregion in �g. 14). Thus
to �nd theoffsetsof ourplane,weneedto �nd tangentswith
normal~d at thecontainedcurve parts.

The following reasoningswill have to be performedfor
Q and� Q (both branchesof theview cone).The resulting
graphsdelimit the simpli�cation plane's offset. Both cases
aresimilar andwe will only focusonQ.

Let's develop a mathematicaldescription.Given a point
M, the viewpoint V andthe projectiondirection ~d, we are
looking for the intersectionbetweenthe two lines l1(a) :=
M + a~d andl2(a) := V + aRQ(V � M), whereRQ describes
arotationof angleQ.

To easethe calculus,but without loss of generality, we
canassumethatV = (0;0)> , ~d = (0;1)> . M is on the face
line givenby f ace(a) = (0;m)> + a(cosg;sing)> . This last
assumptionis actuallya restriction,asit is now impossible
thatthefacedescribesaverticalsegment,not lying onthey-
axis.On theotherhand,this is not crucialastheprojection
directionwasassumedto bevertical.Wesimplyexcludethis
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casewhereafacewouldbesimpli�ed to apoint.Thismakes
senseandtheremainingcasecouldbetreatedseparately. The
�nal curve correspondsto:

VRf ace(a) := a
a sin(Q+ g) + mcosQcosg
a cos(Q+ g) � msinQcosg

(11)

Wearenow interestedin thetangentpointswith a normal
equalto theprojectiondirection.As theprojectiondirection
hasbeenchosento be(0;1)> , we areactuallyinterestedin
localminimaandmaximaof thisquadraticrational.Thecur-
vaturecanonly have two differentsigns,onefor eachside
of the de�nition gap.Thusany point for which the deriva-
tive vanishesis automaticallyanextremum,therecannotbe
any saddlepoints and the function remainsmonotonicfor
thebranchesseparatedby theextremum.Dueto this mono-
tonicity, it is suf�cient to test the extremitiesof the faceif
theextremado notcorrespondto meshpoints.

Finding extrema is equivalent to �nding roots of the
derivative.Theresultingexpressionis at mostquadraticand
thereforepossibleto solve.Thediscussionis quitetechnical,
becausethefunctionvariesfrom aline, to aparabola,hyper-
bola anda "real" rational function dependingon the angle
betweenthefaceandtheprojectiondirection.Theresulting
formulaecanbefoundin appendixC.

Concluding Face Validity: To summarize,let's explain a
way to detectthe validity of a face.(To acceleratethe ap-
proacha moreprofounddiscussionof the functionswould
benecessaryandtheinterestedreaderis referredto [Eis04]).

For both partsof the bicircle, that is to sayfor both cir-
cleswe �nd thelinearregionon theface.Thenwe calculate
themaximumoffsetin theprojectiondirectionfor thelinear
partby evaluatingeq.(6) for its extremities.For theremain-
ing non-linearpartsthereis only oneviewcell extremity to
be considered.The tangentsat the curve are found for Q
and� Q. If theextremacorrespondto meshpointstheseare

viewpoint

projection direction
tangent points

valid simplification plane
mesh face

Figure 15: For Q and � Q we obtain functionsrepresent-
ing the validity extentsof all points on the face line. We
are actually only interestedin thosepointson the faceline
correspondingto meshpoints.Therefore both functionsare
cropped.There are two cases:an extremumcorrespondsto
a meshpoint (uppercurve)or onlytheextremitieshaveto be
testedbecauseof monotonicity(lower curve).

evaluated,otherwiseonly the face's extremitiesneedto be
checked. The processis repeatedfor � ~d, to get the lower
offsetboundfor thesimpli�cation plane.

6. Discussion

In this paperwe examine the exact error in the caseof
viewcell-dependentsimpli�cation and describehow they
can be visualizedand representedgeometrically. We treat
several 3D casesandprovide closed-formsolutionsfor the
2D situation.

The innovative contribution is the notion of validity re-
gions, which correspondexactly to the region of points
whicharecloseenoughto beusedasasimpli�cation. Weex-
plain how their exactcalculationcanbeachieved.Thus,we
wereableto establishanexacterrorbound.In otherwords,
we give an answerto thequestionwhethera simpli�cation
is valid, how muchwecansimplify andfor whichviewpoint
theerrorwill bemostevident.

In addition,we point out the importanceof considering
all points in a face to respecttexture. The error measure
naturallyleadsto silhouetteandparallaxeffectpreservation.
This approachcombineslocal point with meshinformation
andavoids sampling.Movementof the observer is not re-
strictedandarbitrary polygonalviewcells are possible.As
mentionedbeforeheuristicsthat only test observed vertex
distancesor edgelengthscanresultin arbitrarilylargeerrors.
Figure16 depictssuchasituationwheretheerrorconverges
to in�nity . It is impossibleto performanunbiasedcompari-
son.

viewcell

Figure 16: The vertical edges are small as seenfrom the
viewcell,but their collapsemakesthetrianglesdisappear.

The evaluationof the validity regionsis very fastdueto
its closed-formrepresentation.It takes� 1 sec.for 290.000
point validity extents (� 0.0036ms per evaluation) on a
Pentium1.5 GHz (facevalidity is usuallyabout3-4 times
slower).Neverthelesswecompletelyacknowledgethatgood
heuristicscanbesimplerandoftenleadto acceptableresults
(especiallyfor �nely tesselatedmodels).This is not surpris-
ing, asfor far away geometrya smallviewcell behaveslike
apointviewcell andsmalltrianglesbehave likepoints,but it
is not equivalent.This paperallows to evaluatetheerrorre-
sultingfrom simpleheuristicsandcompareto thenow avail-
ableexactreference.E.g.for impostors[SDB97] oftenasin-
gleviewpoint is chosen.Thisnecessitybecomesapparentin
form of a commonproblemof viewcell-basedapproaches.
Representationscanchangedrasticallyfrom oneviewcell to
theother. This is especiallytruebecauselittle attentionhas
beenpaidto theactualerrorcommittedby thereplacement.
In our approachtheproximity is guaranteedthroughoutthe
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original VDBBC

Figure 17: A city model(Courtesyof J. Dorsey) is simpli�ed on only 115quads.Theviewcell is a halfspaceat thebottomof
theimage. Eventhoughfromabovebothrepresentationsseemto differ a lot (left, middle),seenfromtheinsideof theviewcell
bothlookquitesimilar (right). In each of thethreesampleviewstheoriginal is on thetopandthesimpli�cation underneath.

viewcell andeverywhereon the geometry. Overlappingof
viewcellsor blendingthusbecomemeaningful.

Theoreticallythis metric could be useful in several con-
texts, like simpli�cation envelopes[CVM� 96]. Geometry
modi�cations are acceptedif the shapeis closeenoughto
the initial one.This approachwould be applicablefor any
edge-collapseor vertex deletionalgorithm if a simpli�ca-
tion functioncanbede�ned. This is alsopossiblefor point
cloudsor by samplingin 3D (for exampleat textureresolu-
tion). This is somewhat relatedto [COM98], but involving
viewcells.Ourdistancemetriccanalsobedirectlyuseddur-
ing the simpli�cation process[Fre00]. Other paperscould
bene�t from ourwork too.Oneexample,is arecentpaperon
soft-shadows [AHL � 06]. Heretheoccluderwasrepresented
usinga depthmapandtheerrorwasestimatedbasedon the
gapbetweendepthsamples.Our analysisallows a classi�-
cationof this errorandpredictstheregion on thegroundfor
which theerroris biggest.

We alsoimplementeda view-dependentbillboardclouds
(VD-BBC) approachwhoserun-timescaleslinearlywith the
geometriccomplexity. BBC [DDSD03] area simpli�cation
via planes.Theseplanesarerepresentedvia texturedandal-
phamappedquadson which geometryis projected.These-
lectionis performedbasedon a heuristic,working on a dis-
cretizationof theplanespace.Following thedensity(avalue
representingtheamountof geometry(faces)thatcanbesim-
pli�ed ontheplane)thealgorithmgreedilyproceedsuntil all
faceshavebeensimpli�ed. For VD-BBC, weexploit theva-
lidity regions to determineon which planesa facecan be
projectedin two dimensions.

A �rst exampleis shown in �gure 17. The methodwas
appliedto a 4194 triangle city model. Due to its simplic-
ity the modeldoesnot seemto leave muchpossibilitiesto
simplify. Nevertheless,theresultingrepresentationcontains
only 115 texturedquadswhile maintaininga proximity of
0:1� (� 5 pixels)neglectingtheverticalerror. Theviewcell
in thisexampleis ahalfspacesituatedat thelowerbottomof

theimage.In particularit is interestingto seehow thestruc-
ture of the city is maintainedfor nearbyparts,whereasfar
awayareasareaggressively simpli�ed. Especiallythestruc-
turebecomesunrecognizablefrom above, but appearsclose
to theoriginal asseenfrom theviewcell. As in theoriginal
BBC approachsmall cracksmight be visible whereneigh-
boring facesproject to differentplanes,but theseopenings
arecompletelyboundedby ourapproach.

The secondexampleis shown in Fig. 18. The sceneis a
billboard forest arounda centeringsegmentviewcell. The
left part depictsthe 2D representationto which we applied
the VD-BBC approach.The upper left quadrantshows a
quarterof thesceneandits geometriccomplexity. Thelower
left quadrantshows thatour methodsuccessfullysimpli�es
distantgeometry. Theredsegmentsshow theorientationof
the createdbillboardsand all shown greensegmentshave
beensimpli�ed on these.The �gure shows only thosebill-
boardsrepresentingmore than 100 trees.Finally the right
half shows anexampleof this simpli�cation. All greentrees
simplify to the samebillboard whoseorientationis shown
in red.In particularyou might noticethat thesimpli�ed ge-
ometryformsa star. This resultsfrom thesegmentviewcell,
which is alignedhorizontally. The parallaxeffectsarethus
lesspronouncedalongthisdirection.All in all werealizethat
evenexactboundsstill allow for aggressivesimpli�cation in
higherpolygoncountscenes.Only < 2:3% of the original
complexity remained.On theonehandthis doesnot have a
realsigni�cation becausewe couldsimply addmoregeom-
etry to further improve thesestatistics.On theotherhandit
givesa goodideaof thequalityof theapproximation.

7. Futur eWork

Lots of interestingavenuesarisefrom this work. We solved
validity in 3D for the special case of hyperplanesand
point validity in a numerically stableway. An analytical
closedform expression,astheonewe presentedfor the2D
case,would beaninterestingresult.Treatingarbitrary(non-
polytope)viewcellsalsoremainsa challenge.

c
 TheEurographicsAssociationandBlackwell Publishing2006.



E. Eisemann& X. Décoret / OnExactError Boundsfor View-DependentSimpli�cation

view dep. BBC

original

quarter  of original scene

> 100 faces per 
billboard

faces on a 
single billboard

viewcell

Figure 18: The left two quadrants of the left part of the �gure showthe original scenecomplexity (top) and a selectionof
billboardscontainingmore than100trees(theredsegmentsindicatethebillboards,thegreenelementsthesimpli�ed trees).In
this scenetheviewcell is a centeredsegment.Its shapein�uencesthevalidity regionsand leadsto a star like setof treesthat
are simpli�ed on thesameplane. Seenfromtheviewcell theoriginal andthebillboard cloudrepresentationlook verysimilar,
eventhoughlessthan2:3%(comparedto theoriginal) of thegeometryis involved.

At themomentvisibility is not involvedin thecalculation
of the validity region. For two-dimensionalscenes,several
algorithmsexist to calculatethe visible part of the view-
cell (e.g. [Hal02]). This informationcould be used,but al-
gorithmsaregenerallycomputationallyexpensiveandmight
have numericalissues.

Perceptionstartsplayingan importantrole in simpli�ca-
tion [WLC� 03,LT00] andwe would like to incorporatethis
kind of informationin our approach.In particularwe want
to investigatewhatvisualerrorsarisefrom a representation.
Due to the way rasterizationworks on currentcards,bill-
boardscanhave a differentappearancefor grazingangles.

Wewould like to furtherexploreotherapplicationsof our
work, in thespirit of Cornishet al. [CRL01]. Oneparticular
ideaconsistsin consideringa light sourceasanobserver to
createsimplerbut moreor lessequivalentshadow casters.

Acknowledgments Thanks go to S. Lefebvre for his
helpwith pBuffersand3DSLib andthereviewers,P. Barla,
S.Camerer, M. Eisemann,S.Grabli,S.Hornus,S.Paris,E.
TurquinandH. deAlmeidaBezerrafor their comments.

References

[AHL � 06] ATTY L., HOLZSCHUCH N., LAPIERRE M.,
HASENFRATZ J.-M., HANSEN C., SILL ION F.: Soft
shadow maps:Ef�cient samplingof light sourcevisibil-
ity. ComputerGraphicsForum(2006). (to appear).

[Cla76] CLARK J.: Hierarchicalgeometricmodelsfor vis-
ible surfacealgorithms. In Communicationsof theACM
19(10)(1976).

[COM98] COHEN J., OLANO M., MANOCHA D.:

Appearance-preservingsimpli�cation. In Proc of SIG-
GRAPH(1998),ACM Press.

[CRL01] CORNISH D., ROWAN A., LUEBKE D.: View-
dependentparticlesfor interactive non-photorealisticren-
dering. In Proc.of GraphicsInterface(2001).

[CVM � 96] COHEN J., VARSHNEY A., MANOCHA D.,
TURK G., WEBER H., AGARWAL P., BROOKS F.,
WRIGHT W.: Simpli�cation envelopes.In Proc.of Com-
puter graphicsand interactive techniques(1996),ACM
Press.

[DDSD03] DÉCORET X., DURAND F., SILL ION F.,
DORSEY J.: Billboard cloudsfor extrememodelsimpli-
�cation. In Proc.of SIGGRAPH(2003),ACM Press.

[DSSD99] DÉCORET X., SILL ION F., SCHAUFLER G.,
DORSEY J.: Multi-layeredimpostorsfor acceleratedren-
dering.Proc.of Eurographics18, 3 (1999).

[Eis04] EISEMANN, ELMAR: View-DependentObject
Simpli�cationandits Applicationin theCaseof Billboard
Clouds. Dea,UJF/INPG/ENSIMAG,2004.

[ESSS01] EL -SANA J., SOKOLOVSKY N., SILVA C. T.:
Integratingocclusioncullingwith view-dependentrender-
ing. In Proc. of the conferenceon Visualization(2001),
IEEE ComputerSociety.

[ESV99] EL -SANA J., VARSHNEY A.: Generalizedview-
dependentsimpli�cation. In ComputerGraphicsForum
(1999).

[Fre00] FREY P. J.: About surfaceremeshing.In Proc.of
9th InternationalMeshingRoundtable(2000).

[Hal02] HALL -HOLT, OLAF: Kinetic visibility. Ph. D.

c
 TheEurographicsAssociationandBlackwellPublishing2006.



E. Eisemann& X. Décoret / On ExactError Boundsfor View-DependentSimpli�cation

thesis,Departmentof ComputerScience, Stanford Uni-
versity (2002).

[Hop96] HOPPE H.: Progressive meshes. Computer
Graphics30, AnnualConferenceSeries(1996).

[Hop97] HOPPE H.: View-dependentre�nement of pro-
gressive meshes.In Proc.of SIGGRAPH(1997).

[Hou62] HOUGH P.: Methodandmeansfor recognizing
complex patterns.USPatent3,069,654(1962).

[JW02] JESCHKE S., WIMMER M.: Textured depth
meshesfor real-time renderingof arbitrary scenes. In
Proc. of EuroGraphicsWorkshopon Rendering(2002),
EurographicsAssociation.

[JWS02] JESCHKE S., WIMMER M., SCHUMAN H.: Lay-
eredEnvironment-MapImpostorsfor Arbitrary Scenes.
In Proc.GraphicsInterface(2002).

[LE97] LUEBKE D., ERIKSON C.: View-dependentsim-
pli�cation of arbitrarypolygonalenvironments. In Proc.
of SIGGRAPH(1997).

[LKR � 96] L INDSTROM P., KOLLER D., RIBARSKY W.,
HODGES L., FAUST N., TURNER G.: Real-timecontin-
uouslevel of detailrenderingof height�elds. In Proc.of
SIGGRAPH(1996).

[LT00] L INDSTROM P., TURK G.: Image-drivensimpli�-
cation.ACM TransactionsonGraphics19, 3 (2000).

[MS95] MACIEL P. W. C., SHIRLEY P.: Visualnavigation
of largeenvironmentsusingtexturedclusters.In Proc.of
Symp.on Interactive3D graphics(1995),ACM Press.

[SDB97] SILL ION F., DRETTAKIS G., BODELET B.: Ef-
�cient impostormanipulationfor real-timevisualization
of urbanscenery. In Proc.of Eurographics(1997).

[WLC � 03] WILL IAMS N., LUEBKE D., COHEN J. D.,
KELLEY M., SCHUBERT B.: Perceptuallyguidedsim-
pli�cation of lit, texturedmeshes.In Proc.of Symposium
on Interactive3D Graphics(2003).

[WM03] WILSON A., MANOCHA D.: Simplifying
complex environmentsusing incrementaltextureddepth
meshes.In Proc.of SIGGRAPH(2003),ACM Press.

[XV96] X IA J. C., VARSHNEY A.: Dynamic view-
dependentsimpli�cation for polygonalmodels. In Proc.
of theconf. on Visualization(1996),IEEE-CSPress.

Appendix A: Vmax classi�cation

Q

Q Q Q

M
d

viewcell

 

Figure 19: If the angleof theprojectiondirectionand line
viewcell lies in [p � Q;p + Q], there is no meaningfulmax
viewpointfor this sideof thebicircle.

Workingwith two circlesinsteadof thebicirclemightlead

to anintersectionwith thepart thatlies in theinterior of the
bicircle. It canbeshown thatno meaningfulmaxviewpoint
occursif the anglebetween~d andthe line viewcell lies in
[p � Q;p+ Q]. Thecasep� Q leadsto nointersectionatall.
For this "side" of the bicircle, the validity region extent is
unbounded(�g. 19). Evenwithout this test,falsedetections
will be unproblematic(in the worst case,oneunnecessary
evaluationis performed).

Appendix B: Clipping faces
Facesintersectedby theextensionof a segmentviewcell to
aline, shouldbesplit becauseeq.(7) assumesthepointM to
lie in theupperhalf space.Of course,it is possibleto deduce
asimilarequationfor thelowerone,but splittingandculling
for polygonalviewcells implies that lessgeometryneedsto
beconsidered.Thecorrectnessis provensimilar to theproof
thatmaxviewpointslie on theboundary.

Appendix C: Tangentsfor FaceValidity
If one supposesthat the function can be simpli�ed to ca
(with c 6= 0) by division,weobtaina(sin(Q+ g) � ccos(Q+
g)) + mcosg(cosQ + csinQ) = 0 as cosg 6= 0. Assuming
m 6= 0, the constantpart implies c = � cotQ. Leading to
sin(Q+ g) + tanQcos(Q+ g) = 0, andthuscosg= 0. This
casehad beenexcluded,as the facewould be vertical. If
m = 0, VRf ace simpli�es to tan(Q + g)a. A linear function,
except if cos(Q + g) = 0, then the ray becomesparallel
to the projectiondirection(0;1)> (validity extentsareun-
bounded).
Thecasesin(Q+ g) = 0 leadsto a realhyperbolaandboth
branchesaremonotonic.Therecannotbeatangentwith nor-
mal (0;1)> at a hyperbola.Oneexceptionoccursif thenu-
meratoris completelyzero(thereforem = 0), herewe have
a linearfunction,thex-axis.(�g. 20).
Thecasecos(Q+ g) = 0 leadsto a parabola(�g. 20) except
for m = 0, whenthe function is alwaysunde�ned(see�rst
case).In theparabolacasetheextremumis at

a parabola = �
msinQcosg
2sin(Q+ g)

cotQ (12)

For a quadraticnumerator, a lineardenominatorthatcan-
notbesimpli�ed by division theextremaare:

a1;2 =
mcosg

cos(Q+ g)
(sinQ�

s
cosgsinQ
sin(Q+ g)

) (13)
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Figure20: SpecialCases:Left: line, Right: Parabola(right
coneis anexamplefor thefalseintersections
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