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RATE OF CONVERGENCE OF SPACE TIME APPROXIMATIONS
FOR STOCHASTIC EVOLUTION EQUATIONS

ISTVAN GYONGY AND ANNIE MILLET

ABSTRACT. Stochastic evolution equations in Banach spaces with unbounded
nonlinear drift and diffusion operators driven by a finite dimensional Brownian
motion are considered. Under some regularity condition assumed for the solution,
the rates of convergence of various numerical approximations are estimated under
strong monotonicity and Lipschitz conditions. The abstract setting involves gen-
eral consistency conditions and is then applied to a class of quasilinear stochastic
PDEs of parabolic type.

1. INTRODUCTION

Let V. — H <— V* be a normal triple of spaces with dense and continuous
embeddings, where V' is a separable and reflexive Banach space, H is a Hilbert
space, identified with its dual by means of the inner product in H, and V* is the
dual of V.

Let W = {W(t) : t > 0} be a d;-dimensional Brownian motion carried by a
stochastic basis (2, F, (F;)i>0, P). Consider the stochastic evolution equation

u(t) = uo —i—/o A(s,u(s))ds + Z/o Bi(s,u(s))dW¥(s), tel0,T] (1.1)

in the triple V — H — V* with a given H-valued Fy-measurable random variable
ug, and given operators A and B = (By), mapping [0,00) X © x V into V* and
H% .= H x --- x H, respectively. Let P denote the o-algebra of the predictable
subsets of [0,00) x Q, and let B(V'), B(H) and B(V*) be the Borel g-algebras of
V, H and V*, respectively. Assume that A and By are P ® B(V')-measurable with
respect to the o-algebras B(V*) and B(H), respectively.

It is well-known that for any 7" > 0 equation (1.1) admits a unique solution w if
A is hemicontinuous in v € V., and (A, B) satisfies a monotonicity, coercivity and
a linear growth condition (see [10], [13] and [16]). In [7] it is shown that under
these conditions the solutions of various implicit and explicit schemes converge to .
In [8] the rate of convergence of implicit Euler approximations is estimated under
more restrictive hypotheses: A and B satisfy a strong monotonicity condition, A is
Lipschitz continuous in v € V', and the solution u satisfies some regularity conditions.
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2 I. GYONGY AND A. MILLET

Then Theorem 3.4 from [8] in the case of time independent operators A and B reads
as follows. For the implicit Euler approximation u”, corresponding to the mesh size
7 =T /m of the partition of [0, 7], one has

Emax|u(ir) —u” (i) |5 +7E > " lulir) —w (in)|f5 < O,
=m i<m

where C' is a constant, independent of 7, and v €]0, %] is a constant from the
regularity condition imposed on u.

In this paper, we study space and space-time approximations schemes for equa-
tion (1.1) in a general framework. In order to obtain rate of convergence estimates
we need to require more regularity from the solution u of equation (1.1) than what
we can express in terms of the spaces V and H. Therefore in our setup we intro-
duce additional Hilbert spaces V and H such that V — H — V| where — denotes
continuous embeddings. In examples these are Sobolev spaces such that ‘H and V
satisfy stronger differentiability conditions than V' and ‘H, respectively. Our regu-
larity conditions on the solution u are introduced in section 2 and labeled as (R1)
and (R2). In connection with these, we introduce also condition (R3), requiring
more regularity from A and B. Furthermore, condition (R4) on Hélder continuity
in time of A and B is needed for schemes involving time discretization. We collect
these conditions in Assumption 2.3 and call them regqularity conditions.

In order to formulate ‘space discretizations’, we consider for any integer n > 1 a

normal triple
Vi — H, — V7, (1.2)
the ‘discrete’ counterpart of V <— H — V* and a bounded linear operator

I, :V —-V,,

connecting V to V,,. We have in mind discrete Sobolev spaces, wavelets and finite
elements spaces, as examples for V,.

The space discretization scheme for equation (1.1) is a stochastic evolutional equa-
tion in the triple (1.2). We define it by replacing the operators A, B and the initial
value v in equation (1.1) by some P ® B(V,,)-measurable operators

A" ]0,00[xQ x V,, = V¥, B":[0,00[xQ x V,, — H"

and by an H,-valued Fy-measurable random variable v, respectively, such that
A™ and B" satisfy in the triple (1.2) the strong monotonicity condition, the linear
growth condition, A" is hemicontinuous and B"™ is Lipschitz continuous in v € V,,.
These are the conditions (S1)—(S4) in Assumption 3.1, which imply, in particular,
the existence and uniqueness of a solution u™ to our scheme. We relate A, and B,
to A and B via a consistency condition, (Cn) below. Then assuming (S1)-(S4),
under the regularity and consistency conditions (R1), (R3) and (Cn) we have

T

E sup |ILu(t)—u™(t)7, + E/ IL,u(t) —u™ ()|}, dt < CE|,ug—uflf, + Cer,
0<t<T 0

where C'is a constant, independent of n, and £, > 0 is a constant from (Cn). This

is Theorem 3.1 below, our main result on the accuracy of approximations by space

discretizations.
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For an integer m > 1 we consider the grid {¢; =i7 : 0 < i < m} with mesh-size
7 =T /m. We define on this grid the space time implicit and the space-time explicit
approximations, {u;" } "o and {u?,;}i%,, respectively, by

ZL-i-Tl = i TAzn—f—Tl z+1 +ZB i (tl+1)_Wk(tl))7
Uiy = ug i+ TA (u Ur +ZBZ: :—Lz *(tip1) — Wit ))

fort=20,...,m — 1 with some Vn-valued Fo-measurable random variables u," and
ug -, and with some F;, ® B(V)-measurable operators

AT QX V, =V Bl i Qx V, — Hi

such that A7", B)"] satisfy strong monotonicity and linear growth conditions and
A" is Lipschitz continuous in v € V,,. These conditions, listed as (ST1)-(ST3) in
Assumption 4.1 below, are similar to conditions (S1)—(S3), except that instead of
the hemicontinuity, the much stronger assumption of Lipschitz continuity is assumed
on A7". The operators A" and B’} are related to A and B by a consistency
condition (Cnr) stated below. Then if sup,, ,, Flug"|3, < oo and equation (1.1)
satisfies the regularity conditions (R1)—(R4) from Assumption 2.3, we have the
estimate

E sup |Muu(t;) —ui"[f, +E Y [Meults) =7},

Osism 0<i<m

< CEMyug —uy ™5, + C(T* +€2),

with a constant C, independent of n and 7, where v €]0, 5] is the Holder exponent
from condition (R4) on the regularity of the operators A and B in time, and ¢, is
from (Cnr). This is Theorem 4.4, our main result on implicit space-time approxi-
mations. In our main result, Theorem 5.2, on the explicit space-time approximations
we have the same estimate for u]; in place of u;"" if, in addition to the conditions
of Theorem 4.4, as in [7], a stability relation between the time mesh 7 and a space
approximation parameter is satisfied.

Finally, we present as examples a class of quasi-linear stochastic partial differ-
ential equations (SPDEs) and linear SPDEs of parabolic type. We show that they
satisfy the conditions of the abstract results, Theorems 3.1, 4.4 and 5.2, when we use
wavelets, or finite differences. In particular, we obtain rate of convergence results
for space and space-time approximations of linear parabolic SPDEs, among them
for the Zakai equation of nonlinear filtering. We would like to mention that as far
as we know, discrete Sobolev spaces are applied first in [18] to space discretizations
and explicit space-time discretizations of linear SPDEs, and it inspired our approach
to finite difference schemes. Our abstract results can also be applied to finite ele-
ments approximations. To keep down the size of the paper we will consider such
applications elsewhere.

We denote by K, L, M and r some fixed constant, and by C' some constants which,
as usual, can change from line to line. For given constants a € R* the notation C'(a)
means that the constant depends on a. Finally, when (X, |-|x) and (Y, |- |y) denote
two Banach spaces such that X is continuously embedded in Y, given y € Y the
inequality |y|x < 400 means that y € X.
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2. CONDITIONS ON EQUATION (1.1) AND ON THE APPROXIMATION SPACES

2.1. Conditions on equation (1.1). Let (2, F, (F)t>0, P) be a stochastic basis,
satisfying the usual conditions, i.e., (F;):>0 is an increasing right-continuous family of
sub-o-algebras of F such that F; contains every P-null set. Let W = {W (t) : ¢t > 0}
be a d;-dimensional Wiener martingale with respect to (F;)i>o, i.e., W is an Fi-
adapted Wiener process with values in R™ such that W (t) — W (s) is independent
of F, for all 0 < s < t. We use the notation P for the sigma-algebra of predictable
subsets of [0,00) x Q. If V is a Banach space then B(V') denotes the sigma-algebra
generated by the (closed) balls in V.

Let V' be a separable reflexive Banach space embedded densely and continuously
into a Hilbert space H, which is identified with its dual H* by means of the inner
product (-, ) in H. Thus we have a normal triple

Ve H<—V"

where H — V* is the adjoint of the embedding V' — H. Thus (v,h) = (v,h) for
allv € V and h € H* = H, where (v,v*) = (v*,v) denotes the duality product of
v eV, v* € V* and (hy, hy) denotes the inner product of hy, hy € H. We assume,
without loss of generality, that |v|g < ||v||g for all v € V| where |- |5 and || - ||v
denote the norms in H and V', respectively. For elements u from a normed space U
the notation |u|y means the norm of v in U.

Let A and B = (B;)% | be P ® B(V)-measurable mappings from [0, 00) x Q x V/
into V* and H%, respectively. Given an H-valued Fy-measurable random variable
up consider the initial value problem

du(t) = A(t,u(t)) dt + > Bu(t,u(t)) dW(t),  u(0) = ug (2.1)

on a fixed time interval [0, 7).

Assumption 2.1. The operators A and B satisfy the following conditions.
(1) (Monotonicity of (A, B)) Almost surely for allt € [0,T] and u,v € V,

2<u - v, A(tau) - A(ta U)> + Z |Bk(ta u) - Bk(ta U)ﬁ{ < K|U - Uﬁ{a
k
(ii) (Coercivity of (A, B)) Almost surely for all t € [0,T] and u,v € V,

2(u, A(t,u)) + ) |Bilt,u)lfy + pllullyy < Klulgy + f(1), (2.2)

(iii) (Growth conditions on A and B)  Almost surely for allt € [0, T] andu € V,

Ve S I Jullf + £, D IBe(tw)fy < Keflullp + f(2),
k

A, u)

(iv) (Hemicontinuity of A)  Almost surely for all t € [0,T] and u,v,w € V,

lim(w, A(t,u + ev)) = (w, A(t, u)), (2.3)

e—0
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where > 0, K >0, K1 > 0 and Ky > 0 are some constants, and f is a nonnegative
(Fi)-adapted stochastic process such that

T
E/ f(t)dt < 0. (2.4)
0
The following definition of solution is classical.

Definition 2.1. An H-valued adapted continuous process u = {u(t) : t € [0,T]}
is a solution to equation (1.1) on [0,T] if almost surely u(t) € V' for almost every
t €10,7],

T
| Ty e <o,
0

and
(u(t),v) = (ug,v) +/0 (A(s,u(s)),v)ds+ Z/o (B (s, u(s)),v) dW"(s)

holds for allt € [0,T] and v € V. We say that the solution to (2.1) on [0,T] is
unique if for any solutions u and v to (2.1) on [0,T] we have

P( sup [u(t) — v(t)|y > o) —0.

te[0,7)
The following result is well known, see [10], [13], [16].

Theorem 2.2. Let Assumption 2.1 hold. Then (2.1) has a unique solution w. More-
over, if Elug|% < oo, then

T
EmmW®%+E/HMﬂ@%
0

te[0,7
T
< CElugll, + CE/ (F(8) + g(t)) dt < oo, (2.5)
0

where C is a constant depending only on the constants A\, K and K.

If Assumption 2.1 is satisfied then one can also show the convergence of approxi-
mations, obtained by various discretization schemes, to the solution u (see [7]). To
estimate the rate of convergence of implicit time discretization schemes the following
stronger assumption on A and B are used in [§]

Assumption 2.2. The operators A, B satisfy the following conditions almost surely.
(1) (Strong monotonicity) For allt € [0,T], u,v € V,

2(u—v, A(t,u) — A(t,v)) + Y |Bi(t,u) — Bi(t, )]}

< —Alu = |y + Lju — vl
(2) (Growth conditions on A and B) For allt € [0,T], u € V,

AW < Kallully + (1), D 1Bt w)lfy < Kallulls +9(t). (2.6)
k

(3) (Lipschitz condition on A)  For allt € [0,T], u,v € V,
Altu) = At 0 < Lillu— ol 27)
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where A > 0, K >0, K1 > 0, Ky > 0 are constants, and f and g are non-negative
adapted processes satisfying (2.4)

Remark 2.3. [t is easy to see that due to (1)—(2), the coercivity condition (2.2)
holds with = X\/2 and a constant K = K(\, L, K5).

Remark 2.4. [t is easy to show that (1) and (3) imply that B = (By,) is Lipschitz
continuous in u € V, i.e., almost surely

> IBi(t,u) = Bi(t,v)|} < Lollu— |}, for allu,v €V, t €[0,T] (2.8)
k

where Ly 1s a constant depending on \, L and L.

In order to prove rate of convergence estimates for the approximation schemes pre-
sented in this paper, we need to impose additional reqularity conditions on equation
(2.1) and on the solution u. Therefore we assume that there exist some separable
Hilbert spaces V and H such that

V—osH<—=V,

where — means continuous embedding, and introduce the following conditions.
Let K, M denote some constants, fixed throughout the paper.

Assumption 2.3. (Regularity conditions)
(R1) There is a unique solution u of (2.1), it takes values in V' for dt x P-almost
every (t,w) € [0,T] x Q, ug € V and

T
Elluoll} < o0, E/O lu(t)|3 dt =: 1 < oo. (2.9)

(R2) There is a unique solution u of (2.1), it has an H-valued stochastic modi-
fication, denoted also by u, such that

sup Elu(t)|3, =:ra < o0.

t€[0,T]
(R3) Almost surely A(t,v) € V, B(t,u) € V and
A 0IF < Koy +£(0), Y I1Br(t,u)lff < Klulz, +n(t) (2.10)
k

forallt € [0,T) v €V and u € H, where § and n are non-negative processes such
that for some constant M

T
E/ E(t)dt < M, sup En(t) < M.
0

te[0,7)

(R4) (Time regularity of A, B) There exists a constant v €]0,1] and a non-
negative random variable n such that En < M, and almost surely

(i)
(#)

1A(s, v) = At )l < (K vl +n) [t = s forv eV, (2.11)

S 1Bu(s,u) — Belt w2 < (K Juf} +n) |t = s forueV,
k
forall0 <s<t<T.
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Remark 2.5. Assume conditions (R1) and (R3) from Assumption 2.3. Then the
following statements hold.
(i) w has a V-valued continuous stochastic modification, denoted also by wu, such
that
E up [u()|]> < 3E|uolly + C(ry + M);

tel0,T
(i1) If condition (R2) from Assumption 2.3 also holds, then for s,t € [0,T],
Ellu(t) — u(s)ly < Clt = s|(r1 + 2+ M), (2.12)

where C'is a constant depending only on T and on the constant K from (2.10).

Proof. Define
Flt) = /0 A(s,u(s)ds and  G(t) =Y /0 Ba(s, u(s)) AW (s).
Notice that

T T T
E/o ||A(s,u(s))||2ds§KE/0 |u(s)|%ds+E/0 E(s)ds =1 M; < oo,
T T T

;/0 E|| Bi(s,u(s))|3 ds < KE/O |u(s)|${ds+E/0 n(s)ds =: My < oo.

Hence F' and G are V-valued continuous processes, and by Jensen’s and Doob’s
inequalities

T
Esup |F(t)lly <M,  EsupllG@)y < 423/ 1B (s, u(s))[} ds < 4Mo.
t< t< k 0

Consequently, the process ug+ F(t) + G(t) is a V-valued continuous modification of
u, and statement (i) holds. Moreover, if (R2) also holds, then

sup ZEHBk(s,u(s))H%/ < K sup Elu(t)|3, + sup En(t) := Mz < +oo,
1% te[0,7

telo, T te[0,7
and
E|IF(t) — F(s)[[} <[t — s|M,
t
E|G(t) - G(s)lly = Z/ E||By(r, u((r))[[3 dr < |t — s| M
k‘ S
for any 0 < s <t < T, which proves (ii). O

2.2. Approximation spaces and operators II,,. Let V,, — H, — V* be a nor-
mal triple and II,, : V' — V,, be a bounded linear operator for each integer n > 0
such that for allv € H and n > 0

vy, < plvly (2.13)

with some constant p independent of v € V' and n. Note that we do not require that
the maps II,, be orthogonal projections on the Hilbert space H.

We denote by (v, w),, the duality between v € V,, and w € V' and similarly by
(h, k), the inner product of h,k € H,. To lighten the notation, let ||v| := ||v|v
denote the norm of v in V, ||v||, := ||v|v, the norm of v in V,, |u| := |u|y the
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norm of w in H, |u|, = |u|y, the norm of v in H,, and finally |wl|, := |w|y+ and
|Y[n+ := |y|v+ the norm of w € V* in V* and the norm of y in V,*, respectively.
For r > 0 let H" = WJ(R?) denote the closure of C5°(R?) in the norm defined by

ol =3 [ 1076 de
yl<r 7B
In particular, H = Ly(R?).

The following basic examples will be used in the sequel. It describes spaces V,,, H,
and V¥ and operators I, such that condition (2.13) is satisfied.

Example 2.6. Wavelet approximation. Let ¢ : R — R be an orthonormal
scaling function, i.e., a real-valued, compactly supported function, such that:

(i) there exists a sequence (hy)rez € (*(Z) for which ¢(z) = >, hep(2z — k) in
L*(R)

(i) [ o(x — k)p(xz —l)dz = &y, for any k,l € Z.

We assume that the scaling function ¢ belongs to the Sobolev space H*(R) := W3 (R)
for sufficiently large integer s > 0.

Ford > 1,2 = (z1, -+ ,2q) € RY set ¢(z) = ¢(z1) - ¢(zq) and for j > 0 and
ke Z4, set ¢jp(z) = 2% ¢(2x — k) € H® := W5(R%). For any integer j > 0, let
H; denote the closure in L*(R?) of the vector space generated by (¢, k € Z¢) and
define the operator II; by

ij = Z (f, ¢j,k)¢j,ka f € LQ(Rd)v
kezd

(, ) denotes the scalar product in L*(R?).

Thus we have a sequence H; C H; of closed subspaces of L?(R?) and orthogonal
projections I1; : L*(R?) — H; for j > 0. Assume, moreover that U2 Hj is dense in
L*(RY) and that ¢ is sufficiently regular, such that the inequalities

(Direct) If =i fller <C2795 || fllgs, VfEH,  (2.14)
(Converse) ITL; fll s < C 2| fllgr, Vf€H (2.15)

holds for fixed integers 0 < r < s. The proof of these inequalities and more infor-
mation on wavelets can be found, e.g., in [2].

Fix r > 0, set H := L*(RY), V := H" = W}(R?), and identify H with its dual
H* by the help of the inner product in H. Then V — H* — V* is a normal triple,
where H = H* — V™ is the adjoint of the embedding V' — H. We define V,, as the
normed space we get by taking the H” norm on H,,. Since the H" and H° norms are
equivalent on H,,, the space V,, is complete, and obviously V,, — H, = H} — V' is
a normal triple, where H,, is identified with H} via the inner product (,), = (,) in
H,. Note that due to (2.15) we have (2.13) assuming that ¢ is sufficiently smooth.

Example 2.7. Finite differences — Discrete Sobolev spaces. Consider for
fixed h € (0,1) the grid

G = hZ® = {(kih, koh, ... kqh) 1 k = (ki ko, ..., kq) € Z},
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where Z denotes the set of integers. Use the notation {e, es, ..., e4} for the standard
basis in R?. For any integer m > 0, let W7y be the set of real valued functions v on

G with
2 27d
[l = D D 1050(=)Ph < 0,
|a|<m z€G
where 49, is the identity and 6¢ = 63152 ... %% for multi-indices o = (v, az . .., aq) €

{0,1,2,...}¢ of length |a] := a; + -+ + a4 > 1 is defined for by

010(2) := £ (v(z £ he;) — v(2)).
We write also 0% and 4; in place of 6§ and d4,, respectively. Then W, with the
norm |- |, is a separable Hilbert space. It is the discrete counterpart of the Sobolev
space Wi (RY). Set W,y = (W)},)*, the adjoint of W) ,, with its norm denoted by
|+ |n,—1. It is easy to see that Wj, — W,T{l is a dense and continuous embedding,

|v|h,m—1 < |U|h,m>
K
[V]pm < ﬁ‘v|h,m717 (2.16)

for all v € W, m > 0 and h € (0,1), where & is a constant depending only on d.
Notice that for m > 1
(v,u) = Z Zéavéau < Clolpm-1|ulnmr  for all v,u € Wy
|a|<m z€G
extends to a duality product between W,TQ*I and W,’:L; ! which makes it possible to
identify W%t with (W;5)*.

Assume that m > 4. Then by Sobolev’s theorem on embedding W3" := W3"(R)
into C(R?), there is a bounded linear operator I : Wi*(R?) — C(R?), such that
Iu = u almost everywhere on RY. Thus, identifying v with v, we can define the
operator Ry, : W3(R?) — W}, by restricting the functions v € W3" onto G C R?.
Moreover, due to Sobolev’s theorem,

sup [u(z)[* A < p?luffyp,
z2eG z€1(2)
where Z(2) == {r € R4 : 2, <, < 2+ h, k= 1,2...d} and p is a constant
depending only on m and d. Hence obviously
|Rpuljy < p|u|124,2m for all u € WJ". (2.17)

Moreover, for every integer [ > 0

| Rpuln, < p|u|W2m+z for all u € Wi, (2.18)
with a constant p depending only on m, [ and d. Thus setting

R m+l . m~+l— * m+l—
V’I’L P WhﬂE’ H’I’L P Whn:"é 1, Vn == Whn:g 27
Hn = Rhn

for any sequence {h,}>>, C (0,1) and any integers m > %l, [ > 0 we get examples
of approximation spaces.

When approximating differential operators by finite differences we need to esti-
mate D;u — d4;u in discrete Sobolev norms. For d = 1 we can estimate this as
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follows. Let [ > 0 be an integer and set z, := kh for k € Z. By the mean value
theorem there exist 2, and z} in [zk, 2z + 1h] such that 6'Du(z,) = D" lu(z},) and
§'ou(zr,) = D u(z]), where D := -~ Hence

61(Du(zy) — (=) = (D u(z}) — Dl / D*2u(y) dy|

Zk+lh
< [ D )Py

2k

for u € C3°(R). Consequently,
| Du — 0ulng < Uhful e g, (2.19)
for u € C3°(R), and hence for all u € W.T(R). For d > 1 by similar calculation
combined with Sobolev’s embedding, we get that for m > [ + 2 + &1
|Diu — dx5ulpng < Chlulwy (2.20)
for all w € W3 h € (0,1), where C' is a constant depending on [, m and d.

3. SPACE DISCRETIZATION
3.1. Description of the scheme. Consider for each integer n > 1 the problem
du(t) = A"(tu"(t) dt + Y B (t,u"(t)) dWE(E), u"(0) =ug,  (3.1)
k
in a normal triple V,, — H,, — V*, satisfying the conditions of section 2.2, where

ug is an H,-valued Fy-measurable random variable, and A" and B" = (B}) are
P ® B(V,,)-measurable mappings from [0, 00) x  x V}, into V.* and H®', respectively.

Assumption 3.1. The operators A™ and B™ satisfy the following conditions.
(S1) (Strong monotonicity) There exist constants X > 0 and L such that for all
n > 1 almost surely

2(u — v, A"(t,u) — A™(t,v) +Z|Bk (t,u) — BR(t,v)|5, + Allu—olf,

< L\u —vlf, forallt €[0,T), u,v € V.
(S2) (Growth condition) Almost surely
(A"t 0)y, < KullllY, + 70, 1B (o), < Ka|lvllf, +9"()

forallt € [0,T], v eV, and n > 1, where Ky, Ky are constants, independent of n,
and f" and g" are non-negative stochastic processes such that

T T
supE/ fr(t)dt =: My < o0, supE/ g"(t)dt =1 My < 0.
n 0 n 0

(S3) (Hemicontinuity of A™) For everyn > 1, the operators A™ are hemicontinuous
n v € Vy,, i.e., almost surely

Hm(A™(t,v + eu) ,w), = (A"(t,v) ,w),

e—0

for allt € 0,T), v,u,w € V,.
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(S4) (Lipschitz condition on B™) Almost surely
> Bt w) = BE(t o), < Lp lu—vllf,
i
for allt € [0,T] and u,v € V,,.

The solution to (3.1) is understood in the sense of Definition 2.1. Notice that
(S1) - (S2) imply the coercivity condition

200, A(t,0))n + ) 1Bt 0) [, + 310lly, < C (Jof, + /(D) + 9" (1))
k

with a constant C' depending on A, L and K.
Thus by Theorem 2.2 the conditions (S1)—(S3) ensure the existence of a unique
solution u™ to (3.1), and if

sup Elug|3; < oo, (3.2)

then

T
Esmww@mh+E/ la" (1)1, dt
0

0<t<T

T
< C sup <E|ug|§{n + E/ (f*) + 9" (1)) dt) < 00, (3.3)
n 0
where C' is a constant depending only on A, L and K.

3.2. Rate of convergence of the scheme. We want to approximate I1,,u by v". In
order to estimate the accuracy of this approximation we need to relate the operators
A and B to A™ and B", respectively. Therefore we assume the regularity condition
(R3) from Assumption 2.3 and make the following consistency assumption.

Condition (Cn) (Consistency) There exist a sequence (€,)n,>1 of positive numbers
and a sequence (§")n,>1 of non-negative adapted processes such that

T
supE/ €(t)dt < M < o0,
n 0

and almost surely (t,w) € (0,7 x Q
I, At v) — A" (¢, TLw) [} + > [T, By(t,v) — By (£, 1L,0) |3,
k

< en(lvly +€"(1)
for allt €0, T] and v € V.

Theorem 3.1. Let Assumption 3.1, the reqularity conditions (R1) and (R3) from
Assumption 2.3, and the consistency condition (Cn) hold. Assume furthermore
sup, Eluf|f;, < +oo. Then for e™(t) := IL,u(t) — u"(t),

T
B sw [0, + F [ @i < CECO, +Coln+ M) (34)
0

0<t<T

holds for all n > 1, where Cy = C1(\, L, T) and Cy = Cy(\, L, Lp,T) are constants.
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Proof. From equation (1.1) we deduce that for every n > 1,
t t
IT,u(t) = I, ug +/ L, A(s, u(s)) ds + Z/ IL, By, (s, u(s))dW*(s).
0 w Jo

Using 1t6’s formula

e ()17 = 1e"(O)]7 + D Llt), (3.5)

1<3

where

L(t) = 2/0 (e"(s) , IL,A(s,u(s)) — A™(s,u"(s)))nds,
L(t) = 22/ (e"(s), 11, By (s, u(s)) — Bg(s,u”(s)))ndwk(s),
— Jo

I3(t) = Z/o ‘Han(s,u(s))—B,?(s,u"(s))}ids.

We first prove

T
sup Bl (02 +E [ [e"(0)[Edt < GO + Calry + M), (36)
0

0<t<T

where C7 = C1(\, L, T) and Cy = Cy(\, L, L, T) are constants. The strong mono-
tonicity condition (S1) from Assumption 3.1 implies

L(8) + Iy(t) < —A / e (s)]2 ds + L / )2ds+ Y R, (37)

i=1,2

where

Ri(t) = /02(6”(5),HnA(s,u(s))—A"(S,Hnu(s))>nds,
Ralt) = 3 [ [IMButs,u(s) = Bl (o)

B (s, Tyu(s)) — By (s, u"(s)) 2] ds.

n

Schwarz’s inequality and the consistency condition (Cn) imply that for every n > 1
and t € [0,77,

[Bi(t)] < %/0 ||e"(s)||ids+§/0 [, A(s, u(s)) = A" (s, Tlyu(s)) [, ds

t
0

<3 (1o i [ (a0 o) i 9

Schwarz’s inequality, the consistency condition (Cn), and the Lipschitz condition
(S4) from Assumption 3.1 yield that for every a > 0,

Ry (t)| = Z/O [\Han(s,u(s)) — B (s, Iuu(s)) 2



ACCURACY OF SPACE-TIME APPROXIMATIONS 13

N Q(Han(s,u@)) — B (s () B (s () = B (s.0(s))) | ds
(141 /Z\H By(s, uls)) — By (s, Lyu(s)) [*ds
+0z/ Z }B,? (s, yu(s)) — Bg(s,u"(s))’ids
0 %
<(1+ é)éi/o (lu(s)5 +€"(s)) d5+04LB/O le™ ()17 ds. (3.9)

Thus, for aLp < 3, taking expectations in (3.5) and (3.7)-(3.9) and using (S1)
again, we deduce that

t t
Bl O +3E [ ") ds < LE [ |e(o)ds + B (O) + Clri + M)22,
0 0

where C' = C(\, Lp) is a constant. Since by (2.5) and (3.3)
sup Ele"(t)|?

|2 < 400,
0<t<T

Gronwall’s lemma gives

sup E|e"(t)|i < T (C(T1 + M)Ei + E|6"(O)|i) ,

0<t<T

which in turn yields (3.6). We now prove (3.4). From (3.6)—(3.9) we deduce

T T
E sup (L(t) + (1)) gLE/\e"(s)\idst%E/He"(s)”idstCQ(rlJrM) 22
0 0

0<t<T

(Notice that by taking the supremum in both sides of (3.7) we cannot make use
of the term with coefficient —\ in the right-hand side of (3.7). This is why 2\/3
appears here as the sum of A\/3 from (3.8) and aLp < A/3 from (3.9).) By Davies’
inequality, (2.5), the Lipschitz condition (S4) on B™, the consistency condition (Cn)
and by the strong monotonicity condition (S1),

) 2

2
E sup |L(t)| < 6E / Z‘ 1L, By (u B,?(u"))

0<t<T

§6E{ sup |e"(t / Z|H By (u ( ")|id$)%}

0<t<T

1
< <E sup |e"(t)];
2 o<i<r

T
1368y / (10, Bi (1) = B (M) 2+ By (Wu) = By (u") 2] ds
k 0

T
< 1E sup |e"(t)|i+36L3E/ le™(s)]|2ds + 36(ry + M)e2, (3.11)
0
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where the argument s is omitted from most integrands. Thus, relations (3.5), (3.10),
(3.11) and (3.6) yield

1

SE sup [e"(t)[7 < CLE[e"(0)[ + Co(ry + M)ey,

2 o<i<r
with some constants Cy = C1(L,T) and Cy = Cy(\, L, L, T'), which completes the
proof of (3.4). O

3.3. Example. Consider the normal triples
V—eH" <=V V,—H —V~
with the orthogonal projection I, : H = L*(RY) — H, from Example 2.6, where
V = W3 (R%) with r > 0. Set H = W; ”(R%) and V = Wit (R?) for some [ > p > 0.
Let A and B = (By) be P ® B(V')-measurable mappings from [0, co[x x V into

V* and H%, respectively, satisfying Assumptions 2.2 and 2.3. For (¢,w) € [0,T] x Q2
let A"(t,w,): V" — V* and B"(t,w,-): V" — H®% be defined by

(A" (t,u,w) ,v), = (A(t,u,w) ,v) and By (t,w,u) = 11, Br(t,w, u) (3.12)
for all u,v € V,,, where (, ), denotes the duality between V,, and V,*. Then it is easy
to see that due to conditions (1), (2) and (3) in Assumption 2.2, the operators A”
and B" satisfy (S1), (S2) and (S3) in Assumption 3.1, respectively. Furthermore,
taking into account Remark 2.4 it is obvious that (S4) holds. Assume the regularity
condition (R3) from Assumption 2.3. Then by virtue of the definition of II,,, A™

and B"™, due to Lipschitz conditions (3) in Assumption 2.2 and (2.8) in Remark 2.4,
we have, recalling the direct inequality (2.14),

T, At u) — A (6, TT,u) 3. + Y [T Be(t, u) — By (t, u) |3,
k

< JA(tw) = AL L), + 37 Bultow) — Bi(t )%
k

< O(Ly + L) 277" [ufy
almost surely for all ¢ € [0,7] and v € V, which yields (Cn) with {" := 0 and

en = C(L1 + Ly)27". In the last section we will give examples of operators such
that Assumption 2.3 holds.

4. IMPLICIT SPACE-TIME DISCRETIZATIONS

4.1. Description of the scheme. For a fixed integer m > 1 set 7 := T'/m and
ti =it fori=0,---,m. Let V,, — H, — V* satisfy the conditions in section 2.2.
Given a V,-valued Fy-measurable random variable ug" and F;, @ B(V},)-measurable
mappings

APTQx V, =V oand Bl i QxV, — Hy, for k=1,---,d,

j=1,...,mandi=0,...m — 1, consider for each n the system of equations

wity =+ AY (u) + Z Bl (w ™) (W(tiza) = W (L)), (4.1)
i

i=0,...,m—1, for V,-valued F;,-measurable random variables u;"", i =1,...,m.
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Assumption 4.1. For almost all w € ) the operators A;” and B,’:; satisfy the

following conditions for all j=1,...,m,1=0,...,m—1,
(ST1) (Strong monotom’cz’ty) There exist constants A > 0 and L > 0 such that
n T n T TLT n,T 2
2(u —v, AP (u) = AP"(v)), +Z |Bij () = B ()],
< Aol Lhm ol (42

for allu,v e V,, m>1,n>0.
(ST2) (Growth condition on A" and B;"") There is a constant K such that

ATy, < Kllullf, + £77, > Bl (), < Klullf, + g8
k

forallueV,, m>1,n2>0, where f;"" and g;"" are non-negative random variables,
such that

supZTEfi"’T < M < 400, supmax Eg"" < M < +o0.
n,m j nm v

(ST3) (Lipschitz condition on A}" ) There exists a constants Ly such that
n,T n,T 2
}Aj (u) — Aj (v)

for allu,v e V,, m>1,n>0.

. < Liflu—vlf?, (43)

Remark 4.1. Clearly, conditions (ST1) and (ST3) imply the Lipschitz continuity
of BZZT inv €V,, i.e., there is a constant Ly = Lo(L, A\, Ly) such that almost surely

n,T n,T 2
> O IBET(w) = By ), < Laflu—olf?, (4.4)
k

forallu,veV,,n>1, m>0andj=1,---,m.
Remark 4.2. Conditions (ST1)—(ST2) imply that almost surely

2(u, A7 (u +Z|B w)lh, < =3 lull¥, + Llulf, + O +g77)

forallueV,,n>0, m>1andj=1,...,m, where C = C(\, K) is a constant.
The Lipschitz condition (ST3) obviously implies that A]"" is hemicontinuous.

Proposition 4.3. Let Assumption 4.1 hold. Assume E|lug”||}, < oo for allm >0
and m > 1. Then for 7 < 1/L equation (4.1) has a unique V,-valued solution
(u;"")y, such that u}™ is Fy -measurable and E||ul"|[3, is finite for each j, n

(Here 1/L := o0 if L =10.)

Proof. Equation (4.1) can be rewritten as
Diwa(uify) = wi™ + ) Byl (u ™) (WH(ti) — WH(H), (4.5)
k

where D; : V,, — V* is defined by D;(v) = v — 7A""(v) for each i = 1,2,---m
Due to Assumption 4.1 and Remark 4.2 the operator D; satisfies the assumptions
(monotonicity, coercivity, linear growth and hemicontinuity) of Proposition 3.4 in [7]
with p = 2. By virtue of this proposition, for 7 < 1/L, equation (4.5) has a unique



16 I. GYONGY AND A. MILLET

V,-valued Fy,, -measurable solution u.}; for every given V-valued F-measurable
random variable u"", and

2
Blufillf, < CE(1+ £+ 00 +| X By ) (W (ki) = W) )
k
< C(1+EBfT+Bg + Y rE|BE (i ))
k

< C(1+Ef" +Eqg"" + KTE|u]"|]}, + 7 Eg;""),
where C' = C'(\, 7) is a constant. Hence induction on ¢ concludes the proof. O

4.2. Rate of convergence of the implicit scheme. Let Assumption 2.3 on the
regularity of equation 2.1 and its solution u hold. We relate the operators A(t;, .)
and A;"" as well as the operators By(t;,.) and B;’] by the following consistency
assumption. 7

Condition (Cnr) (Consistency) There exist constants v €]0,1], ¢ > 0, a sequence
of numbers e, — 0, such that almost surely

T, A(ty, u) — AP ()3 < e(fulyy +&7) (7% +€2),
> [ Bi(ti,u) = Byl ()|, < eful} + n) (7 + &2)
k

forallj=1,...m,1=0,--- ,m—1andu €V, where f;” and n,"" are non-negative
random variables such that
supZTEfnT<M supZTEn"T<M

n,m

Theorem 4.4. Let Assumptions 2.3 and 4.1 as well as condition (Cnr) hold. As-
sume
sup Bllug™ |, < M. (4.6)

n,m

Set e =T u(t;) —u;". Then for T <1/L andn >0
E max [}, + Y TEl|e]73,

0<i<m
1<i<m
< CiBley [T, + Co(m™ +e3)(r1 + 12 + M), (4.7)
where Cp = C1 (N, L, T) and Cy = Co(\, L, K, T, p, ¢, L1, Ly) are constants.
Proof. We fix n, 7, and to ease notation we write e;, A; and By ; in place of /"7, A™"
and B,’:; , respectively. Similarly, we often use u; in place of w;"" for i = 1,2,--- ,m.
Then for any ¢ =0,--- ,m — 1,

tiv1
el — el = 2 / (eir1, M A(s,u(s)) — Aigr(uir)), ds
t;

tit1
+QZ/ (€1, Fr(s)), dW*(s)
kUt

t1+1

[ A — A s 32 [ ) aws)|

. n
3
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tit1
=2 / (€1, 1L, A(s, u(s)) — Ai+1(ui+1)>n ds

+]Z/M (5) dW*(s)|

where for k = 1, -+ ,dy one sets
Fy(s) = W, Bi(s,u(s)) — Byi(u;""), s €ty tipa], i=0,1,---,m— 1.

Summing up for 2 =0,---, [ — 1, we obtain

tit1

led]? < |eo|? +2 Z / (eiv1, I, A(s,u(s)) — Aix1(uinr))n ds+ Q(t) + 1(t;), (4.8)

0<i<l

First we show

sup Ele|> + F Z Tlleill2 < CLEleg|? + Co(t* +2)(ry + 1o + M),  (4.9)

0<i<m 1<i<m

where C; = C1(\, L, T) and Cy = Co(\, L, K, T, p,c, L1, Ly) are constants. To this
end we take expectation in both sides of (4.8) and use the strong monotonicity
condition (ST1) from Assumption 4.1 to get

Elel, < Eleoly, +2E Z T(eirn, A (Tyu(ting)) — A (uin)),,

0<i<l
+E Z ZT’Bk,i+1(Hnu(ti+l)) By (tig1)| Z S;
0<i<l-1 k 1<5<3
< Eleoy =AY 7E|lell + LY TEleli+ Y S, (4.10)
1<i<l 1<i<l 1<5<3
forl=1,---,m, where
Si = 2) E / (e, T, A(s, u(s)) — Ai(ILu(t;))n ds,
1<i<l i
tit1
5, = % Z / [1Fu()[2 — [ Bua(yu(ts)) — Bya(us)|2] ds,
ko1<i<l ti
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For any ¢ > 0
Sy <e Z TE”ei”i + éR,
1<i<l
where
R =308 [ MAGa() - A ds <3 30 By (@
1<i<l : 1<j<3
o2t / T A, u(s)) = T Al u(s))le ds

1<i<l tie

Ry=> E / L, At u(s)) — Ay (Iu(s))|?. ds,

1<i<i ti—
Ry=3" E/ | Ay(Tu(s)) — Ay(TLyu(t)) 2. ds.
ti—1

Due to condition (2.11) on the time regularity of A in Assumption 2.3, (2.13), (Cnr),
the Lipschitz condition (4.3) in Assumption 4.1 and inequality (2.12) from Remark
2.5, we deduce

T
R < TZVpQE/ (K|u(s)|]2;+77)ds, (4.12)
0
T
R, < 0(72V+5,2;)(E / [u(s)ds + > TEg;lvT), (4.13)
0 1<i<m
Ry < Lip® ) EHu s) — u(t;)||? ds < TLip* M, . (4.14)
1<i< ¥ i1

with My := C(r; + 79 + M). By (2.13), the regularity condition (R3) on B from
Assumption 2.3, the growth condition (ST2) on B, from Assumption 4.1, and by
condition (4.6) on the initial values we have

S0 < 23 [ BLBu(s,u(s)fds +2 3 rE|Buo(uf )l
g 70 k
< 2mp*(K suwp Bllu()li} + sup En(t))
t€[0,7 t€[0,T7]

+27‘(KsupE||u0’ ||n+supEgg’T>. (4.15)

Using the simple inequality b2 — |a|2 < elal2 4 (1 + 1)[b — a2 with
a = By ;(IL,u(t;)) — Bii(w;), b:= Fg(s),
for any ¢ > 0 we have Sy <eP; + (1 + %)PZ with

P=P; = ) EZT\BM (Iyu(ti)) — Bri(ui)y:

1<i<1

P=Py = 3 /ZHZ\H Bi(s,u(s)) — Byy(ILuu(t)2 ds.  (4.16)

1<i<l ti
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By Remark 4.1 on the Lipschitz continuity of By; we get P < LyE' )7, 7les]|?.
Clearly, P, < 3(Q1 + Q2 + @Q3) with

P /MZ‘H Bi(s, u(s)) — I, By(ti, u(s))|? ds,

1<i<l ti
i+1
o- > D2 LBt ) = BT ) s
1<i<l ti
i+1
Q= Y& / D BuslTLs) = Bt s
1<i<l g

Due to (R4) (ii) in Assumption 2.3 on the time regularity of B, consistency (Cnr),
the Lipschitz continuity of By ; proved in Remark 4.1, (2.12) proved in Remark 2.5
and (2.13),

T
& < 2”2(KE/ u(s)3ds + TEn).

T

Qy < (™ +E2) (E/ lu(s)[}, ds + sup Z TEn;”>,
0 M 0<i<l

Qs < Lop®T sup Elju(t) — u(s)||* < 7Lop®T M.

[t—s|<T

Hence

1
Sy < eloFE A2+ C(1+ =) (7% 4 &2
2 < LB Y Tleln+ C(L+ ) +e7)

1<i<i
/ lu(s |Vds+TEn+supZTE77"T+M1) (4.17)

where C' = C(p, K, Lo, ¢). Choosing ¢ > 0 sufficiently small, from (4.10) and (4.12)—
(4.17) we obtain for [ =1,---  m,

Elef;+3E Y rllel;

1<i<l

< Eleoly + LY mEleil2 + C(r* +€})(r1 + r2 + M), (4.18)
1<i<l
where C' = C(K,\,p,T,c, Ly, Ly) is a constant. Since sup,, Y .-, 7 = T < o0,
if LT < 1 a discrete version of Gronwall’s lemma yields the existence of constants
Cy = Ci(L,\,T) and Cy = Co(L, K, A\, p, T, ¢, L1, Ly) such that for sufficiently large
m

max Ele)|? < C1E|eo)? + Co(ry + 19 + M) (7% + €2)

holds for all n. This together with (4.18) concludes the proof of (4.9). To prove
(4.7) notice that from (4.8) by the same calculations as above, but taking first max
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in [ and then expectation, we get

E max les]2 < Eleol2 + E Z |lesl|2 + L Z TE|ei|?

1<i<

1<i<m 1<i<l
+R(T) + Ry + Eo%iﬁ I(t;) + EQ(T). (4.19)
where R(T') = R(t,,) is defined by (4.11)_a;d
Ry = Py, + 2Py, + Ss. (4.20)

The terms R(T'), Py, and Ps,, have already been estimated above by the right-hand
side of (4.18) and S5 has been estimated by (4.15). Notice that

T
0

and by Davis’ inequality

1/2
A 2
Eorélizgsll(tz) < 6E{/ Z| )nl ds}
< 1 |2 2
< 3B o led + 18E/0 zk: |Fu(s)[2 ds.
Thus from (4.19) we obtain (4.7). O

Remark 4.5. One can show, like it is observed in [8], that if instead of the Lips-
chitz condition (4.3) we assume that A}"" are hemicontinuous and By satisfy the
Lipschitz condition (4.4), then the order of the speed of convergence is divided by
two.

4.3. Examples. (i) Consider from Example 3.3 the normal triples
V—eH" V" V,—H <V~

with the orthogonal projection II,, : H = L*(R?) — H, and auxiliary spaces H =
Wy P(R%) and V = W3 (R?) for some [ > p > 0.

Let A and B = (By) be P ® B(V)-measurable mappings from [0, co[xQ x V into
V* and H%, respectively, satisfying Assumptions 2.2 and 2.3 such that f and g in
(2.6) satisfies

sup f(t) < M, sup g(t) < M.
te[0,7) te[0,7

Forwe Q j=1,...,mand i = 0,...,m — 1 let AP (w,-) : V" — V7 and
Byl (w,-) : V" — H, be defined by

<A;-L’T(w, u),v), = (A(tj,w,u,),v) and B;L”Z.T(w, w) = I, B (t;, w, u) (4.21)

for all u,v € V,,, where (, ), denotes the duality between V,, and V,*. Then it is easy
to see, like in Example 3.3, that due to (1), (2) and (3) in Assumption 2.2, (ST1),
(ST2) and (ST3) in Assumption 4.1 hold respectively. In the same way as (Cn)
is verified in Example 3.3, one can also easily show that the consistency assumption
(Cnr) holds.



ACCURACY OF SPACE-TIME APPROXIMATIONS 21

(ii) Another choice for A}™ and B} can be defined by

1 (Y
A7) o=+ [ (Als ) ohds, wo € Vi
T Jt;_,
1[4
By (w) =11, Bk (0,w), Byj(u) = ;/t IL, By (s,u)ds, u € V,, (4.22)
j—1

instead of (4.21). One can show by a similar computation as before, combined with
the use of Jensen’s inequality, that Assumption 2.2 and (R3)-(R4) in Assumption
2.3 imply Assumption 4.1 and condition (Cnr).

(iii) Finally, let V,, =V, H,, = H and let II,, be the identity operator for every n.
Let Assumptions 2.2 and 2.3 hold. Then one recovers the conclusions of Theorems
3.2 and 3.4 in [8] concerning the rate of convergence of the implicit time discretization
scheme with ¢,, = 0.

5. EXPLICIT SPACE-TIME DISCRETIZATION SCHEME

5.1. Description of the scheme. Let V,, H, and V* be a normal triple and II,,
be continuous linear operators which satisfy the condition (2.13). Assume moreover
that for each n > 0 as sets
Vo=H,=V,

and there is a constant J(n) such that

ully, < 9(n) ulf, . Yu € H,. (5.1)
Then by duality we also have

[ulfy, < 9(n) lu

%/;, Vue V).

Consider for each n and ¢ = 0,1,--- ,;m — 1 the equations
Wi = w7 AP (ul) + ) O BET () (WHt) - WHE). (5.2)
k

for V,-valued F;,-measurable random variables u}; for i = 1,--- ,m, where u”, is a
given V,,-valued Fy-measurable random variable, and

APT QO xV, = V" and B]Z:Z‘T:QXVn_)Hn
are given J;. ® B(V,,)-measurable mappings such that Assumption 4.1 holds.

Proposition 5.1. Let Assumption 4.1 hold. Then for any V -valued Fo-measurable
random variable ul} such that Ellul |3, < oo, the system of equations (5.2) has a
unique solution (u};)i%, such that u}; is Fy,-measurable and Ellul |5, < oo for all
1, m and n.

Proof. By (5.1) we have |[u?, ,[|7 < 9(n)|u};,,|%, and by (5.2)
Elu};pln < BB |7+ 3rEIAN (ur )5 + 37 Y BIBI (I3
k
<3(9(n) + I (n)TK + 7K) E||ul,||2 4 37(9(n) + 1) M.

Hence we get the proposition by induction on . O
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5.2. Rate of convergence of the scheme. The following theorem gives the rate
of convergence of 7, := I, u(t;) — ul

T

Theorem 5.2. Let Assumption 2.3, Assumption 4.1 with index j =1=20,....,m—1
in its formulation, and the consistency condition (Cnr) hold. Let n and T satisfy

Lim9(n) 4+ 2v/ L1 Latd(n) < q (5.3)

for some constant g < X, where Ly and Ly are the Lipschitz constants in (4.3) and
(4.4), respectively. Then
E max [er[5, + Y TE||el ]I, < CiElelo[h, +Co(r™ +0)(r1 +ra+ M), (5.4)

0<i<m -
0<i<m

where C; = C1(A\, q, L, T) and Cy = Cy(N\,q, L, K, T, p,c, L1, Ly) are constants.

Proof. Note that when we refer to any condition in Assumption 4.1 then we mean
it with the index j replaced in its formulation with ¢ running through 0, --- ,m — 1.
To ease notation we omit the indices n and 7 from e?,;, u?;, A" and B;"" when this

does not cause ambiguity. For any ¢ =0, ---, m —1

tit1
leinl? — le? = 2 / (e, TLA(s, u(s)) — Ay(ur)))n ds
t;

k k n
tir1 2
+| / [T, A(s, u(s)) — Ai(u:)] ds
t n
tir1 tit1
23 ( / [T, A(s, u(s)) — Aq(u;)] ds, / Fi(s) dW*(s)) |
B t; t; n
where
Fk<8) IHan<S,U<S)) —Bk,i(ui), S E]ti,tiJrl], = 0,1,"' ,m — 1.
Hence for [ =1,--- ,m and every § > 0,

s < o2 30 [ e TG uls) = i) ds-+ 21(0) + Q)

1+ 1)S(H) + 5Q(h), (5.5)

where

I(t) = /Ol(e(s)  E(s)) dWH(s), e(s):=e; fors €]ty tiy], i >0,

2

)
n

sty = 3 ‘ /t““ [TL, A(s, u(s)) — A;(u;)] ds

o<i<l Yt

Q) = 3>

0<i<l k

2

/ " Fuls) aw(s)

n
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First we prove

max Ele|; + > TE|el2 < CiEleols + Co(r + €2) (11 + 12+ M), (5.6)
0<i<m

with some constants C; = C1(\,q, L,T) and Cy = Cy(N\,q, L, K, T, p,c, Ly, Ly). To
this end we take expectation in both sides of (5.5) and use the strong monotonicity
condition (4.2) in Assumption 4.1, to get

Elel? < Eleol2 +2E > 7ler, Ai(Myu(t;)) — Ai(u;))n

0<i<l

+E Y 7|Briu(t) — Bra(u)2 + Y Si+ (1+ HES(h) + 6EQ(t)

0<i<l! 1=1,2
<Bleo2 = AE Y rlled2 + LE Y rlei2 + 308+ (1+ HES(h) + 0EQ(t),
0<i<l 0<i<l i=1,2

for any ¢ > 0, where

tit1
S =23 B / (ev TlaA(s, u(s)) — (Tt s,
0<i<l ti
tz+1
k 0<i<l ti

As in the proof of Theorem 4.4 we get for any € > 0,
Si < > TE|elll+ 100 + o+ M) (T +€2),
0<i<l

Sy < Lye Y TE|e|r 4 1C(r + 12+ M) (7™ + <))

0<i<l
with a constant C' = C(K,p, T, Ly, La, ¢). Notice that for any € > 0,
ES(t) <r9(n)J(t;),
tit1
() Z / T, A(s, u(s)) — A;(u)[2. ds < (1+)Ro+ (1 + DR, (5.7)

where

Po= ) EZ|B,“ nti(t;)) = Bri(w) |37 < LeE Y 7llei]l?

0<i<l 0<i<l
tz+1
po= Y F / Z\H Be(s, u(s)) — Bus(Tyu(t:)[? ds,
0<i<l ti
Ry = E Y  7lA(Mu(ty)) — Ai(w)2. < LE Y 7lled?,
0<i<l 0<i<l
7+1
R = / T, As, u(s)) — Ai(TLu(t) 2. ds,
t;

0<i<l
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forany [ = 1,2,--- ,m. In the same way as in the proof of Theorem 4.4 we obtain
R< O + ) (ry +ry+ M), (5.9)
and that
P2 SC/(72V+€3L)(T1+T‘2+M), (510)

where C' = C(K,p,c,L1,T) and C" = C'(K, p, ¢, Ly, T') are constants. Consequently,

Blal, < Elel+u—-NE Y tllel2+LE Y 7leil?

0<i<l 0<i<l
+(1+79(n))(1+ 5+ HOE +e2)(r + 12+ M) (5.11)
for any § > 0 and € > 0, where
p=1+e)[(1+57I(n)Ly + 6Ls] + (1 + Lo),
and C'= C(K,p,c,T, Ly, Ly) is a constant. It is easy to see that due to (5.3)
('151>11;(1 + 1) 79(n)Ly + 6Ly = 70(n) Ly + 2y/79(n)L1 Ly < g.

Therefore we can take § > 0 and € > 0 such that p < (¢ + \)/2. Thus from (5.11)
we can get

Elal2 < Eleo2 =10 =E Y 7lleil2 + LE S 7leil?

0<i<l 0<i<l

+C (T +2)(r +ry + M),

with a constant C' = C(K, \,q,p,c, T, Ly, Ly). Hence by a discrete version of Gron-
wall’s lemma we obtain (5.6). To prove (5.4) note that (5.5) yields

E max led]? < leo|? + Eg;lfneini +2BS(T) + 28 max I(t) + 2BQ(T), (5.12)
where by (5.7)-(5.9) ES(T) < 19(n)J(T), and
J(T) < 2LE Y 7llel2 +20(7™ + k) (r1 + ra + M).
0<i<m
By (5.8), (5.9) and (5.10)
EQ(T) <2Ly > rlleill2 + 20 (7™ +2)(r1 + 12 + M).
0<i<m

Finally, in the same way as equation (4.21) is obtained, we get

1/2
Elrgzg(nl <6E{/ Z| |ds}

T
< 1E max |e? +18E/ F2(s)ds < 1 Eomax lei|2 + 18EQ(T).
0 =

1
2 0<i<m

Consequently, from (5.12) we obtain (5.4) by (5.6). O
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5.3. Example. Consider again the spaces
VCHCV—-H<=V*" V,—H,— V"

from Examples 3.3 and 4.3. Notice that V,,, H, and V" are identified as sets and
that due to the converse inequality (2.15) we have (5.1) with J(n) = C2"".

Let A and B satisfy the same conditions as in Example 4.3. Define A}"" and B/
for j =i=0,...,m—1by (4.21) or define A;"" by (4.21) for j = 0 and A}"", B;"[ by
(4.22)forj=1,...,m—1andi=0,...,m—1. Then, as shown in section 4.3, A}""
and B’/ satisfy the conditions in Assumption 4.1 as well as (Cn7). Hence, if the
solution u satisfies (R1)-(R2) in Assumption 2.3, and Ly 79,,+2v/ Ly Lo79, < ¢ < A,
then the conditions of Theorem 5.2 hold.

6. EXAMPLES OF APPROXIMATIONS OF STOCHASTIC PDES

In this section we present some examples of stochastic PDEs for which the pre-
vious theorems provide rates of convergence for the above space and space-time
discretization schemes. We refer to section 5 in [8] for more details. In this section
for integers [ the notation |u|; = |u|y: means the norm of u in H' = WY{(RY).

6.1. Quasilinear equations. Let us consider the stochastic partial differential
equation

du(t, z) =(Lu(t) + F(t,z, Vu(t,z), u(t,z)) dt
+ ) (Myult, ) + gilt, x)) dWH(t), te(0,T], z € R, (6.1)
k

with initial condition

u(0,2) = ug(z), = €R? (6.2)
where I and g, are Borel functions of (w,t,z,p,7) € Q x [0,00) x R x R x R and
of (w,t,7) € Q x [0,00) x RY, respectively, and L, M, are differential operators of
the form

Lto(z) = Y D*a*(t,z)Dv(x)), My(t)o(z) = > by(t,z)Dv(x),

la]<1,/B|<1 jaf<1

with functions a®® and b¢ of (w,t,z) € Q x [0,00) x R?, for all multi-indices o =
(aq,...,0q), B = (01, ..., Ba) of length |o| = >, oy <1, |F| < 1. Here, and later on D*
denotes D{*...DJ? for any multi-indices o = (g, ..., q) € {0, 1,2, ...}¢, where D; =
a%i and DY is the identity operator. We use the notation V,, := (9/dp, ..., 0/0pa).

Let K and M denote some non-negative numbers. Fix an integer [ > 0 and
suppose that the following conditions hold:

Assumption (A1) (Stochastic parabolicity). There exists a constant A > 0 such

that
Z <aaﬁ<t7 .T}) - %Z (bgbf) (t,l’)) z¢ Z’G Z A Z ‘za|2

|la=1,|8]=1 k laf=1
forallw e Q, t €10,T], x € R and z = (2%, ..., 2%) € R, where 2% := 2{"25%...234
for z € RY and multi-indices o = (ay, as, ..., ag).
Assumption (A2) (Smoothness of the initial condition). Let uy be Wj2-valued
Fo-measurable random variable such that Elug|? < M.



26 I. GYONGY AND A. MILLET

Assumption (A3) (Smoothness of the linear term). The derivatives of a®® and b2
up to order | are P @ B(R?) -measurable real functions such that almost surely

|D7a*?(t,2)| + | Db (t, 2)| < K, forall o] <1, |8 <1, k=1,---,di,
t€[0,7], z € RY and multi-indices v with || < 2.
Assumption (A4) (Smoothness of the nonlinear term). The function F' and their
first order partial derivatives in p, v andr are P@B(R?) @ B(R?) @ B(R)-measurable
functions. The function g, and its derivatives in x are P @ B(RY)-measurable func-

tions for every k = 1,..,dy. There exists a constant K and a P ® B-measurable
function £ of (w,t,z) such that almost surely

Vo F(t, 2, p,r)| 4+ | & F(t,z,p,r) < K,
|F(’700|0+Z|gk |2<77>

Vo F(t, 2, p,7)] S L(lpl + |r) + &t 2), €05 <n
for allt,z,p,r, where n is a random variable such that En < M.
Set H = L*(RY) = WP, V =W}, H =W and V = W3 and suppose that the
assumptions (A1)—(A4) hold with [ = 2. Then the operators

and ug satisfy the conditions of Theorem 2.2. Hence (6.1)—(6.2) has a unique solution
w on [0, T]. Furthermore, u has a W#-valued continuous modification such that

T
E sup |u(t)|§+E/ lu(t)|3dt < oo.
0<t<T 0

Consequently the regularity conditions (R1) and (R2) in Assumption 2.3 hold. It
is easy to check that A and By verify condition (R3).

Assumption (A5) (Time regularity of A and B) Almost surely
(1)
D ID(BR(E,x) — b (s, @) [P < Kt — s,
k

Zlgk t) <nlt—s|.
(i1)

DY (@, x) — a™(s,2))* < K|t — s,

|E'(t, z,p, ) F(s,z,p,r)]* < Kt — s (|pI” + [r[),
r)
r)

IVoF(t,z,p.r) = Vo F(s,z,p,r)* < K|t —s|(Ip]* + [r]*),
Vo E(t, 2, p, 1) — VypF(s,z,p,r)]? < K|t — s,
Ia%F(t,x,p,r) SF(s,z,pr)P <Kt —s|.

forallla| < 1,168 <1, |y| <1, s,t € [0,T] and x € R, where K is a constant and
1 1 a random variable such that En < M.

Clearly, Assumptions (i) and (ii) of (A5) imply conditions (i) and (ii) of (R4) in
Assumption 2.3, respectively with v = 1/2.
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Let H,, V,, and II, be defined as in Example 2.6 and let A"(t,u) and B} (t,u) be
defined by (3.12). Let ug € W3 = 'H and u} = II,uo. Recall Example 3.3 and notice
that we can apply Theorem 3.1, and by making use of (2.14) we get the estimate

T

B sup [u'(t) — u(®)2 +E/ m(t) — u(t)2dt < 02,
0<t<T 0

with a constant C' independent of n. Assume now also (A5), recall Example 4.3

and define A™7 and B™" by (4.21). Notice that we can apply Theorem 4.4. Hence

if ug” = I1,,u(0) we get the estimate

B ax |} —u(@r)j+7E Y [ul" —uin)ff < C (T n 2*2"). (6.3)
0<i<m
Finally recall Example 5.3 and define A™™ and B™7 as in Example 5.3. Then we
can apply Theorem 3.1, and if u7 := IT,u(0) and T2% /m < ~ for some constant
v < ¢, then we get estimate (6. 3) for the explicit space-time approximations u,,
in place of w;"", with some constant C'.

Let us now recall Example 2.7 and approximate (6.1)—(6.2) by finite difference
schemes. Consider first the following system of SDEs, corresponding to the space
discretization with finite differences for fixed h € (0, 1):

do(t) = (Lp(t)v(t )+Fh(t Vyo(t), v(t))) dt

+Z (Mya(t)v(t) + gran(t)) dWF(t), z€ G =hZ, (6.4)
v(0) = (UO( ))zeG) (6.5)
where g n(t) = (9x(t, 2))zec, Fr(t,p,7) = (F(t,2,p,7).ec) and
Lu(t)p =Y 0%(a*(t,)510), Vap:= (010,620, ..., 0a9), (6.6)
|| <1,|8|<1
Mia(t)p = B ()8, (6.7)
o<1

for functions ¢ defined on G. It is not difficult to see that taking the triple V,, :=
Wi Hy = Wy, Vi = (W;,)*, problem (6.4)-(6.5) can be cast into equation
(3.1), and we can easily check that Assumption 3.1 and equation (3.2) hold. Thus
(6.4)-(6.5) has a unique continuous Wy ,-valued solution v = v such that for every

h e (0,1),
T
E sup |[v"(t)]},+ E/ ["(t)|2 | dt < M < oo.
te[0,7] ’ 0 ’
Assume now that d = 1. Consider the normal triple V' — H = H* — V* with
V= Wl(R), H := WJ(R) and V* = W, '(R). Notice that Using (2.19) we can see
that there is a constant C' such that almost surely for all ¢ € [0, T]
[D*(a*?()DPp) = 82(a™ ()8} )|no < Chlplwsm),
b5 (1) D% — b () 6%l n0 Chlolwzm),

<
|Fn(t, Do, @) — Fi(t, 00, 9)[no < Clhlwzm
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for all o € W3(R) and h € (0,1). Hence the consistency condition (Cn) holds with
VY =W3(R) and ¢, = h. Set H = WZ(R). Assume (A1)-(A4) with { = 2. Then the
assumptions of Theorem 3.1 are satisfied. Thus there is a constant C' such that

T

B sup Jult) = oo+ E [ [u(t) ~ o"(0)f, de < O
te[0,7] ’ 0 ’

for all h € (0,1). Now we approximate (6.5) by the following Euler approximation

schemes:

Wiy = Wi+ (Lp(tipr)wiss + Fu(tivr, Vawier, wigr)) 7

+ 3 (M (t)wi + gen(t:)) (W (tin) = WHE)),  wo =g, (6.8)

uip1 =+ (La(ti)us + Fu(tivy, Vauien, w))T
+ Z (Mo p(ti)u; + gk,h(ti))(Wk(ti-i-l) — W), v = uo.
k

fori =0,1,2,....m —1, 7 = T/m, t; = i7. Then by Proposition 4.3 we get
the existence of a unique W ,-valued solution w; of (6.8), such that w; is -
measurable for ¢ = 1,2,... m, if 7 is sufficiently small. By Theorem 4.4 for ei-” =
(u(ti, 2) — wi(2)) e, We get

E max e [jo +7 Y Blei iy, < Cr+h7)
1<i<m
with a constant C' independent of 7 and h. Recall that J(n) = x*/h? for any
sequence h, € (0,1) by (2.16). Set e}, = (u(t;,z) — ui(2)).cc. Then applying
Theorem 5.2 we get
E max |6¢7i|12/vf(372 +7 Z E|eﬁ7i|12/l/,172 < Oh?,

0<i<m -
0<i<m

with a constant C' independent of 7 and h, provided (5.3) holds with x?/h? in place
of J(n). To obtain the corresponding results when d > 1 we need more regularity in
the space variable from the solution u of (6.1)-(6.2). Assuming more regularity on
the data, it is possible to get the required regularity of u. We do not want to prove
in this paper further results on regularity of the solutions to (6.1). Instead of that
we consider the case of linear equations, i.e., when F' does not depend on p and 7,
since in this case the necessary results on regularity of the solutions are well known
in the literature. (See e.g. [9] and [16].)

6.2. Linear stochastic PDEs. We consider again equation (6.1)-(6.2) and assume
that F' = F(t,z,p,r) does not depend on p and r. We fix and integer [ > 0. Instead
of (A4) we assume the following.

Assumption (A*4) F(t,z,p,r) = f(t,r) and gi(t,r) are P @ B(RY) -measurable
functions of (t,w, x), and their derivatives in x up to order | are PRQB(R)-measurable
functions such that

L IE+ D Lge(t, )IF <,
k

where 1 1s a random variable such that En < M.
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Instead of (A5) we make the following assumption.
Assumption (A*5) Almost surely

() 2o 1D (B () = 0 ()] < Kt = ]2, 3¢ lgn(s) — an(O)l7 <t —s.

(i) | D7 (a*?(t) — a™P(s))| < K[t — |z, [f(t) = f(s)If < nlt—s|
for all |y] <1, s,t € [0,T], v € R? and multi-indices |a| < 1 and |3| < 1, where K
1s a constant and n is a random variable such that Em < M.

Consider the space-time discretizations with finite differences. The implicit and

the explicit approximations, v and v are given by the systems of equations defined
fori=0,---,m—1by

VT (ti) = hT(tz) +T(Lh( z+1) M (tisr) + f(ti))
o"7(0,2) = u(0,2), z€G, (6.10)
and
vitiv) = vr(ti) +7(La(t ) P (t:) + f(t:))
3 (M () + glt:) (WE(tiga) — W (L)), (6.11)
k
vM0,2) = u(0,2), z€G, (6.12)

respectively, where t; = i = iT/m, v"7(t;) and v"(¢;) are functions on G, Lj,(t) and
My 1 (t) are defined by (6.6) and (6.7).

Take H,, := W,?’z and the normal triple V,, — H,, = H; — V* with V,, := W,%’z.
Then it is easy to see that

(Ln(ti)e, ¥)n < Clelvl[¥lv,,  (Min(ti)e, ¥)n < Clolv, ¢ a, (6.13)

for all v, ¢ € V,,, where (-, ), denotes the inner product in H,,, and C' is a constant
depending only on d and the constant K from Assumption (A3). Thus we can
define Lj(t;) and My (t;) as bounded linear operators from V,, into V" and H,
respectively. Due to (2.17) and (2.18), the restriction of ug, f(t;) and gk( ;) onto G
are H,-valued random variables such that

E|f(t)5, <P°EIf@);,  Elg(t)|F, <p°Elg(t:)l;,
Elug|}, < p*Elugl;,

where p is the constant from (2.17). Moreover,

2(La(t)e, @)n + Y | Migeplh, < =3lelt, + Cleliy, (6.14)
k

for all ¢ € V,,, where C' is a constant depending only on d and on the constant K
from Assumption (A2). Thus using the notation "™ = v"7(¢;), u?, = v"7(¢;) and
defining 7

Al () = L)y + f(t), By (0) = My n(ti)e + gr(t)
for ¢ € W) ,, we can cast (6.9)-(6.10) and (6.11)~(6.12) into (4.1) and into (5.2),
respectively, and we can see that Assumption 4.1 and condition (4.6) hold. Conse-
quently, by virtue of Proposition 4.3, for sufficiently small 7 (6.9)—(6.10) has a unique
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solution {v™7(t;) }i, such that v"7(t;) is a W), ,-valued Fy -measurable random vari-
able and E|v?’7|i,2 < 00. Furthermore, by virtue of Proposition 5.1, (6.11)—(6.12)
has a unique solution {v/(t;)}i%, such that v}'(t;) is a W), ,-valued Fy -measurable
random variable and E|v(t;)[} , < oc.

Let » > 0 be an integer, and assume that

d
I>r+2+ 5. (6.15)

Then Theorem 4.4 gives the following result.

Theorem 6.1. Let Assumptions (A1), (A2), (A3), (A*4) and (A*5) hold with
[ satisfying (6.15). Then for sufficiently small T

B max oM ()~ u(t) [, + B Y T ()~ u(t) ey < CH +7)
= 1<i<m
for all h € (0,1), where C = C(r,l,p, \,T, K, M,d,d;) is a constant.
Proof. Take H,, := W} ,, H := W3 *(R%), H := W}(R?) and the normal triples
Vo, - H,=H ' -V V—sH=H <V VosH=H <V
where V,, .= Wy Ve = Wish Vo= WTHRY), Vo = WT(RY), V= Wi (RY)

n

and V* = Wi ' (RY) = V. Then due to (6.15) there is a constant p such that for
Hn = Rh,
Mool < plelv,
for all ¢ € V, by virtue of (2.20). It is easy to check that (6.13)—(6.14) still hold, and
hence (6.9)—(6.10), written as equation (4.1), satisfies Assumption 4.1 and condition
(4.6) in the new triple as well. Using (2.20) it is easy to show that due to Assumption
(A3)
[L(ti)p — La(to)elve < [L(ti)e = Lu(ti)ela, < Chlelyie ga),

Z‘Mk(tz’ﬁP—Mk,h(h‘)@\Hn < Chlelwiwa
P

for all ¢ € Wit (RY), where C is a constant depending on d, [, r and on the constant
K from Assumption (A3). Hence we can see that (Cnr) holds with ¢, = h. Due
to Assumption (A*5) we have

L(t)p = L(s)ply < Clt —sl,  [£(t) = f(s)I < mlt — s,
> IMi(t)p — Mi(s)pli < Clt—sl, Y lanlt) — gu(s)ly < nlt — s,
k k

where 7 is the random variable from Assumption (A*5), and C' is a constant de-
pending on d, di, [ and on the constant K from Assumption (A*5). It is an easy
exercise to show that due to Assumptions (A3) and (A*4) condition (R3) from
Assumption 2.3 holds. From [9] it is known that under the Assumptions (A1)-(A3)
and (A*4) the problem (6.4)—(6.5) has a unique solution u on [0, 7], and that u is
a continuous W (R?)-valued (F;)-adapted stochastic process such that

T
Ewmwm%E/Nmmeg
te[0,7) 0
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CEluft+CE [ (10 + Ll
k

where C'is a constant depending on d, d; and the constants A and K from Assump-
tions (A1), (A3) and (A*4). Hence the regularity conditions (R1) and (R2) in
Assumption 2.3 clearly hold. Now we can conclude the proof by applying Theorem

4.4. O
Let us now investigate the rate of convergence of the explicit space-time ap-
proximations. Take the normal triple V,, — H, = H* — V* with V,, := W],
H, := Wy ,, and notice that due to Assumption (A3)
(L))o ) < Chlelval¥lve,  (Men(ti)e, ) < Corlelv, ¥ m, (6.16)

with some constants C; and Cy, depending only on d, r and the constant K from
Assumption (A3). Set L; = C? and Ly = Y, C%. Then Theorem 5.2 yields the
following theorem, which improves a result from [18].

Theorem 6.2. Let Assumptions (A1), (A2), (A3), (A*4) and (A*5) hold with
[ satisfying (6.15). Let h and T satisfy

L1/‘€21 + ZH(Lng)l/Q% S q (617)
for a constant ¢ < \. Then
E max |of(t;) —u(ts)li, + B Y 7i) = ult)]f 0 < C(° +7)

1<i<m -
0<i<m

for all h € (0,1), where C = C(r,l,p,\,q,T, K, M,d,dy) is a constant.

Proof. As in the proof of Theorem 6.1 we take H,, := Wy ,, H = WI2(RY), H =
WE(RY) and the normal triples

Vo—sH,=H' -V V—sH=H" V" VosH=H <V

with V,, := W,;gl, Vo= WiHRY), V = Wi (R?), we cast (6.11)-(6.12) into (5.2),
and see that Assumptions 2.3 and 4.1, conditions (Cnr) and (4.6) of Theorem 5.2
hold. Furthermore, ¥(n) = ’;—z We can easily check that by virtue of (6.16) and
(2.16), condition (6.17) yields condition (5.3). Hence applying Theorem 5.2 we finish
the proof. O

Corollary 6.3. Let k > 0 be an integer and let Assumptions (A1), (A2), (A3),
(A*4) and (A*5) hold with | satisfyingl > k+2+d. Then the following statements
are valid for all multi-indices || < k:

(i) For sufficiently small T

E max sup ‘5a<vhﬂ—<ti7 Z) - U‘<tl7 Z))‘ < C<h + \/;)
1<i<m e

holds for all h € (0,1), where C = C(l,p,\,T, K, M,d,d;) is a constant.

(ii) Assume also that T and h satisfy (6.17). Then

E max sup [6%(v"(t;, 2) —u(t;, 2))| < C(h+ /1) < C (1 + /{_1\/)\/L1) h

1Si<m e

for all h € (0,1), where C = C(r,l,p,\,q,T, K, M,d,dy) is a constant.
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Proof. By the discrete version of Sobolev’s theorem on embedding W2 (R?) into
C*(R?) one knows that if m > k + ¢, then

sup [0%p(2)| < Clplwm,
2€G ’

for all h € (0,1), ¢ € W)y and |a] < k, where C = C(d, m, k) is a constant (see
e.g. [18]). Hence the above statements follow immediately from Theorems 6.1 and
6.2. O
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