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Abstract. We show that Pitman’s theorem relating Brownian motion and the BES(3) process, as
well as the Ray-Knight theorems for Brownian local times remain valid, mutatis mutandis, under the
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1 Introduction

1.1 Let (Q =C(R4,R), (X¢t)i>0, (]:t>t20) be the canonical space with (X;) the process of coordinates
¢ Xi(w) = w(t);t > 0, (Fi)i>0 the canonical filtration associated with (X;). We write F for the
o-algebra generated by U Fi. Let Py be the Wiener measure defined on the canonical space such that
>0

Py(Xog = 0) = 1. For any A\ € R, P will denote the probability measure (in the sequel, we shall often
write the abbreviation p.m.) on 2 such that (X) is a Brownian motion with drift A and started at 0.
Namely, under Py, (X¢,t > 0) is distributed as (X; + M, ¢ > 0) under P.

In our study, to a continuous process (Z;), we associate its one-sided maximum :

SZ .= max Z,, t>0, (1.1)
‘ 0<u<t



and

R? =287 —7,, t>0, (1.2)
JZ :=minZz,, t>0. (1.3)
u>t

1.2 We first recall Pitman’s theorem ([23],[8]) about the three-dimensional Bessel process : denoting
by (R:) the natural filtration associated with (R;X), under Py, (R;¥) is a (R;) three-dimensional Bessel
process started at 0. Moreover the following projection identity holds :

Eolf(S{)|R¢) = Af(R;), for any Borel function f:R, — R, (1.4)

where A is the kernel :
1 T
M) = [ f@n rzogz0 (15)
0

In other words, conditionally on R;, and R;* = r, the variable S;¥ is uniformly distributed on [0, 7].
The identity (1.4) plays an important role in many questions relating Brownian motion and the BES(3)
process; in particular, the intertwining relation : QA = AP;, where Q;, resp. IP; denotes the semigroup
of the BES(3) process, resp. of Brownian motion, is easily deduced from (1.4). For a general discussion
of the intertwining property as well as many examples, see [6]; in relation with Pitman’s theorem, the
Pitman-Rogers paper [27] is the most appropriate; see also Ph. Biane [4] for further examples.
Pitman’s theorem has been extended (][27]) to processes (Y;) which are either Brownian motion with
drift A, or diffusion processes (Y;*) which solve :

t
Y = 6B + )\/ tanh(\Y;)ds, (1.6)
0

where (8;) denotes a one-dimensional Brownian motion starting at 0.
In fact, (Y;)) is distributed as (8; + Aet,t > 0) where € denotes a symmetric Bernoulli variable,
independent of (3, t > 0).
In these two cases, we know from [27] (see also [14]), that the process (RY,t > 0) is, in its own
filtration, a diffusion with generator :
1 d? d
——= + Acoth(A\z)—
2dz? T ( x)dx’
and there exists a projection identity which extends (1.4) (of course, (1.4) is recovered by letting
A—0):

(1.7)

ERIf(SOlo(RY ,u < )] = A F(RY), f:Ry— Ry, Borel (1.8)
with
A f(r) = W/O e f(x)dx, r>0,f>0. (1.9)
0

Moreover, it is proved in Rogers [26], that the only "nice” diffusions (Y;) such that (R)) is, in its own
filtration, a diffusion process are either Brownian motion, or more generally Brownian motion with
drift or the diffusion (Y;}) presented in (1.6).

Further extensions of Pitman’s theorem and many related discussions have been given in [31], following
33], [34], [18], [24], [32].

One goal of the present paper is to give an extension of the previous results, by defining a larger
class of continuous processes (Y;) such that RY is, in its own filtration, a diffusion process. According
to Rogers’ result, in order to be able to obtain some new extensions of Pitman’s theorem, it is now
necessary to consider non-Markovian processes (Y;). Let us reformulate the question in the setting of
the canonical space : we are looking for p.m.’s ) on (Q,]—"oo) such that



1. the two-dimensional process ((X;,S;¥), t >0) is a ((F;), Q) Markov process; we then say that
(X¢) is max-markovian,

2. (R¥)isa ((Ry),Q) diffusion.
We consider p.m.’s @ which are locally absolutely continuous with respect to P, associated with a
non-negative ((F;), Py) martingale (M), normalized by the condition My = 1. Precisely :
Q) = Eo[1r, M|, Vt>0,T, € F. (1.10)

Observe that for any non-negative functional F' we have :

Eq[F(RY, u<t)] = Eg[F(R), u<t)M] = Eg[F(R), u < t)Eo[M|R4]]. (1.11)

u Y

Obviously, (Eo[M;|R,], t > 0) is a ((R¢), Py) martingale.
We assume in the sequel, that (M;) belongs to one of the four following families of ((}"t), Po) martin-
gales .

1. CASE 1. Let M; = f(X,S%), t >0, with f : R x Ry — R, a function of class C*!. Then
(M) coincides with a Py-martingale of the type (M;) where,
MY = (S — Xi)p(S7) +1 - ®(5"), (1.12)

e} Yy
¢ : Ry — R, satisfies : / o(y)dy = 1, and @ is the function : ®(y) = / p(z)dz.
0 0

The class of Py-martingales (M;”) plays a prominent role in Azéma-Yor’s solution of Skorokhod’s
problem studied in [1] (see also [21], [20] [19] for recent developments).

We denote by Qf the p.m. associated with the martingale density (M;"):

Qf (L) = Eo[1p,M{f], Vt>0,I', € F. (1.13)

Relation (1.4) implies that :
Bo[M{|Ri] = Eo[(S* — Xo)p(Si) +1 - @(S{)[Re] = 1.

Therefore (RY) is a ((R),Qf) three dimensional Bessel process started at 0 (see Theorem 2.1
below).

Our extensions of Pitman’s theorem and Ray-Knight’s theorems on local times relative to the
canonical process under @ are stated in Section 2, respectively as Theorem 2.4 on one hand,
and Theorems 2.10, 2.11, and 2.13 on the other hand.

2. CASE 2. We choose M; = e N1/2f(X,,5X), t > 0 with A > 0 and f : R x Ry — R, of class
C?!. Tt is proved in Remark 3.6 in Section 3 that these Py-martingales belong to the family
{(M,)‘“o)} of Kennedy [11] martingales, see also, [25], p 265. These martingales were used in
[1] and play a central role in [28]. Let us briefly recall the definition of these processes : to
1 : [0, 00— [0, 00[, a Borel function satisfying :

/OO Y(z)e Mdz < 1 (1.14)
0

we associate the function ® : Ry — R :
y
P(y) =1-eM(1 —/ Y(z)e Mdz), y >0 (1.15)
0

(we have chosen Kk =1 — / Y(z)e *dz in (3.8) of [28]).
0
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Let ¢ be an a.e. (i.e. w.r.t. the Lebesgue measure) derivative of ®; then,

y
P 1= ¥(5) = () - AN (1 [ () dz), (1.16)
0
To ¢ and A > 0 we associate
(a) the positive ((F;), Py)-martingale :

sinh ()\(St — Xt))
A

MM {(1 — &(S;)) cosh (A(S; — X)) + ¢(Sh) }e—m/z, (1.17)

b) the p.m. Q)¢ on (Q, Fs) characterized by :
0

Qo7 (Ty) = Eo[1r, M%), Vt>0,T, € F. (1.18)

Therefore, assuming that (M) is equal to (Mt)"“’) for some A > 0 and ¢ as above, an easy
computation, which is made in [30], subsection 2.3, equation (23), yields to :

_SIBORE) ey

Eo[Mi|R) = =55 . >0
t

This allows us to prove (see Theorem 3.5 below for a precise formulation) that (R;X) is a
(Rye), QS’“’) diffusion distributed as the process (Y;) defined in (1.6).

Pitman and Ray-Knight’s theorems under Qé"’ are presented in Section 3, as Theorems 3.5 and
3.7 respectively.

. CASE 3. Roughly speaking, Case 3 is the version of Case 1 where the one-sided maximum is
replaced by the local time process at 0, (Lt ¢t > 0). More precisely let h : Ry +—]0,00[ be a
x

oo
Borel function satisfying / h(y)dy = 1, and H(z) = / h(y)dy, © > 0. Thanks to [10] or
0 0
[25] (Chap. VI) the process : M[' := |X;|h(LY) +1— H(LY),t > 0 is a ((F;), Py) martingale.
Note that the relationship between the (M;”)-martingale defined in (1.12) and the previous

(M}") martingales comes from Lévy’s theorem, since under Py, ((S;* — X;,5;),t > 0) and
((1X¢], L?),t > 0) have the same distribution.

Let @g be the p.m. on the canonical space :

@’g(rt) = Ey[1r, Mth], for every t > 0 and I'; € F;. (1.19)
In Section 4, we present and prove an extension of Pitman’s theorem, resp. Ray-Knight’s
theorem in Theorem 4.3, resp. in Theorems 4.4, 4.6 and 4.7.

. CASE 4. We consider more generally than in the above Case 2 , Py martingales (M;) of the
t

1
form f(Xt7Sg()exp{—§/ (RX)du}, where f : R x Ry — R, of class C>', [ : R, +— R is
bounded and continuous, f and [ being related by :

0?2 0
— > — = > 0.
922 flz,y) =12y —x)f(x,y), Yy >2xy and ayf(% y)=0, Vy>0

If I is of class C, the previous differential system in f may be solved explicitly, see Proposition
2.13 of [30]. Here, we restrict ourselves to martingales (N/") of the type

t
Nf i=exp{ — F(2S; — X;) +2F(S;") — %/ (F"? — F") (28 — X,)du}, (1.20)
0



where F is a function of class C?.

Let Q) be the p.m. on the canonical space with local Radon-Nikodym density (N/) with
respect to Py. In this general setting we prove in Theorem 5.4 that under Qf’, (R;) is in its
own filtration a Brownian motion with a drift function which we compute explicitly. In Section
5 we also investigate a converse to the previous result: see Theorem 5.12 for a more precise
formulation.

At this point, it is interesting to evoke a different extension of Pitman’s theorem given by Matsumoto
and Yor in ([13], Thm 1.6), [14] and [15]; see also [16], [17]. Let
t
Zy = exp(—X4) / e*Xads; t>0.
0

The authors proved that (Z;) is, under P}’, and with respect to its own filtration, a Markov process
with generator :
1 5 d? 1 Kiy, 1\ d
—zf— - — —+(=))— 1.21
27 gz T (G- mee K, C)a (1.21)
where K, denotes the Bessel-Mc Donald function with index «a.
Moreover the following projection relation holds :

Eg[f(Xt”Zt)] = Kuf(Zt), f R — R+7 Borel, (122)
where (Z;) denotes the natural filtration generated by (Z;), and K* is the kernel :
Kt f(z) = L/ f(x)er® e oshz/zqy. (1.23)
2K,(1/2) Jr

This result may be interpreted as an extension of Pitman’s theorem since :
e The process (Z;) is a Markov process in its own filtration,
o the loss of information (i.e. Z; C F;) shows up in (1.22),

e Pitman’s theorem and its extension to Brownian motions with drifts may be recovered from
Matsumoto-Yor’s theorem in the following limiting procedure : for any ¢ > 0, it follows from
(1.21) that under P[', the process :

t
2
cln (/ exp {fXS}ds) — X —cln(é?), t >0
0 C
is a Brownian motion with 7drift” :

b () = % ( In {Kﬂc(eiz/c)})'

Therefore, one recovers, from an elementary Laplace method argument, by letting ¢ — 0, that,
under PJ', (QStX — Xy, t > 0) is a Brownian motion with ”drift” b(*) where :

b () = H{(I)l b€ (2) = pcoth(px).

We mention that, in the present paper, we do not discuss any deeper the Matsumoto-Yor theorem
related to (1.21), but, nonetheless our computations in Section 5 may be seen as some deterministic
counterpart of some computations for exponential Brownian functionals made in [13], [14], [15].

The rest of the paper consists in the precise statement and proofs, in Section 2, 3, 4 and 5, of the
various extensions of Pitman’s theorem and the Ray-Knight theorems for Brownian local times, as
summarized in the above discussion of Cases 1,2,3 and 4 above. A tiny Section 6 concludes.

We also mention that an announcement, largely without proofs, of the main results contained in the
present paper has been made in [30], which the reader may consult for a quick overview.

Acknowledgment : The authors are grateful to the referee for indicating a number of improvements
throughout the paper.




2 Generalizations of Pitman and Ray-Knight theorems with
the help of the MY martingales

2.1 Some results about the Qf family of p.m.’s

We keep the notation given in Section 1.
Let ¢ : Ry — R satisfy

/OOO o(y)dy =1, (2.1)

Y

and denote ®(y) = / p(x)dz,y > 0.

0
In [28], we have proved that the p.m.’s Q¢ may be obtained by a penalization procedure :

v . Eo[1p,o(SY)]
Q)= B TR Tesm)]

for every u > 0, and I';, in F,,.
We recall now how the law of (X;), under @, has been described in [28].

Theorem 2.1 The probability Qf may be disintegrated as follows :

1. Under Qg SX is finite a.s., and admits ¢ as a probability density;

2. Under QF, conditionally on SX =y, the law of (X;) is equal to Q(()y), where, for any y > 0, the

p.m. Qéy) on the canonical space is defined as follows :
(a) (X4t < T,) is a Brownian motion started at 0, and considered up to T, its first hitting
time of vy,

b) the process (Xt 143t > 0) is a “three dimensional Bessel process below y”, namely :
e+
y— Xp 1¢; t>0) s a three dimensional Bessel process started at 0.
vt

(c) the processes (Xy;t < Ty) and (Xr,4¢;t > 0) are independent.

3. Consequently :

QEIISY = 1) == QW (),  for any T € Fu, (2.3)
QE() = /oo QY () ¢(y) dy. (2.4)
0

Remark 2.2 1. In [29] another description of the p.m. Qéy) has been obtained :
/0w | 2
Q4 (L) = e\ [ =By [1r, (y = X)ISY = y) + Bollr, Lsz <y ) (2.5)

¢
2. Using stochastic calculus yields to : My =1 7/ ©(SX)dX,, t >0, and :
0

t 1 t
My = E(J?)(t) == exp {/ JPdX, — 7/ (Jff)Qdu}, t>0,
0 2 0

o(Sy)
x

where J¥ = —



Consequently, (X, S;%) solves :

B ¢ ©(5)
K= B / (5X — X,)p(5X) + 1 - 5(57)

du, t>0, (2.6)

where (By) is a Qf Brownian motion, By = 0.

This implies that (X, S{X) is a ((ft),Qg) Markov process, although, under Qf, (X) is not
Markov in its own filtration.

The stochastic differential equation (2.6) leads us to look for processes (Z;) satisfying :

t 7
g(S7)
7, =B, — d t>0
te o A(sg—zng(%)ﬂ“’ =

whose laws are equal to Qf, for some .

Proposition 2.3 1. Let ¢ satisfy (2.1) and suppose for simplicity that ©(y) > 0 for any y > 0 .
Define g :

y > 0. (2.8)

Then

(a) g(y) >0 for any y > 0, and

y
/0 g(z)dz < o0, Vy>0, (2.9)

/000 g9(z)dz = 0. (2.10)

(b) There exists a Qf Brownian motion (By), with By = 0, such that :

X—B—/t 9(52) du, t>0 (2.11)
U (S =Xg(SH+1 T '

2. Conversely let g : Ry +]0,00[ be a Borel function satisfying (2.9) and (2.10). Let ¢ denote the
function :

y
o) =g exp{ - [ )z}, yzo (212)
0
(a) Then ¢ takes its values in |0,00[ and satisfies (2.1), i.e. : it is a probability density on
10, oo].
(b) Consider (Z:) a process solution of (2.11) :

t Z
g(S7)
7, = B, — d t>
LT / 67— zZogsn 10 120

where (B:) is a Brownian motion, By = 0.
Then the law of (Z;) is Q.



Proof. 1) Relation (2.11) is a direct consequence of Theorem 3.6 of [28]. Relations (2.9) and (2.10)
follow from :

/Oy g(z)dz=—In(1-®(y)), y=>0.

2) Assume that ¢ is defined by (2.12). Then
y y
/ p(z)dz=1-— exp{ — / g(z)dz}, y > 0.
0 0

y

It is clear that (2.10) implies (2.1). Since 1 — ®(y) = exp { — / g(z)dz}, Girsanov’s theorem implies
0

that the law of (Z;) is Q.

|
2.2 On Pitman’s theorem under Qf
Our first extension of Pitman’s theorem is as follows :
Theorem 2.4 1. Under QF the process (Ri) is, in its own filtration, a three dimensional Bessel
process started at 0, which is independent from SX.
2. The following projection relation holds
ES[f(S{)IR:] = A?F(RY), t=>0, for any f:R; — Ry, Borel (2.13)

where (Rt) denotes the natural filtration associated with (R;X), and A¥ is the kernel acting on
positive Borel functions :

AP (r) = 71“/0 {(r = 2)p(z) + 1= B(2)} f(2)dz, 7> 0, (2.14)

Remark 2.5 1. It is striking that although the law of ((Xt, SX), t> 0), under Q¥ , depends on the

parameter ¢, the distribution of (RtX, t> O), under QF , is independent from . The relation
(2.13) expresses how the law of (X, S{X), for fized t, depends on ¢.

2. We may recover Theorem 2.1 from Theorem 2.4, because (X;) may be expressed via (R;X) and
SX (see also Lemma 2.7 below). Recall that under QfF, SX is a finite r.v., independent from
(RX). Setting SX =y, under Q¥ we have :

277 — RY if t<
ey t <Ay 2.1
where

Ay i=sup{t > 0; R} =y} = inf{t > 0; X, > y}.

Then point 2. (a) of Theorem 2.1 follows from the version of Pitman’s theorem given in point
2. above. Points 2. (b) and (c) of Theorem 2.1 are consequences of the following property :
if (Rt) is a three dimensional Bessel process started at 0 and A\, = sup{t > 0; R, = y}, then
(R,\yH —y, t> O) is independent from o(Ripx,, t > 0) and is distributed as (Ry).

Corollary 2.6 Consider (Z;) a process solution of (2.11), where the function g satisfies (2.9) and
(2.10). Then the process (RZ) is, in its own filtration, a three dimensional Bessel process started at
0, and is independent from SZ .



Proof of Theorem 2.4 1) We have already proved that, under Qf, the process (R;X, t > 0) is, in
its own filtration, a three dimensional Bessel process started at 0.

We now prove that, under Qf, (R;X, t > 0) is independent from SZX. Let F be a non-negative
functional, and f : Ry — Ry be a Borel function. Applying (2.4) we get :

B [F(RY,s > 0)£(SX)] = / T QW FRY s > 0)] fy)ely)dy. (2.16)

Since the law of (R;X, t > 0), under Qf, does not depend on ¢, then ¢ — Ef [F(Rf,s > ())] is
constant. Consider a sequence (y,) converging to the Dirac measure at yo > 0. Replacing ¢ by ¢,
f by 1 in (2.16) and taking n — oo imply that (R;X, ¢ > 0) is distributed under Qéyo), as a three

dimensional Bessel process started at 0. In particular ngo) [F(RX,s > 0)] does not depend on yq.
Therefore (2.16) implies that, under Q¥, SX is independent from (R;*, ¢t > 0).

2) It remains to establish the projection relation (2.13).

Let t >0, 'y € Ry, and f: Ry +— Ry Borel . We have :

Eg [1r, f(S¥)] = Bo[1r, f(ST)ME] = Eo[1r, Eo{ f(Si" ) M{ IR }].
Applying (1.4), (1.5), (1.12) and S — X; = R;X — S, we obtain :

1

R
Bo[f(SOMFR] = i [ {(RE = 2)p(e) + 1= 0(:) S (2)ds = A2 (D).
t 0

At some stage of this work, J. Pitman asked us the following question : is it possible to characterize
the p.m.’s @ such that, under @, (R;) is a three dimensional Bessel process started at 0? This
led us to determine (X;) such that the law of (R) is, for instance, that of a three dimensional
Bessel process started at 0. Our approach is based on the following observation : although the path
transformation (X;) — (R;*) is not invertible, there exists a one-to-one correspondence between (X;)
and ((RYX),(5)). This result is stated in Lemma 2.7 below and the answer to Pitman’s question is
given in Proposition 2.8.

Lemma 2.7 Let 7% be the random time :
™ =inf{t > 0; X, = SX}. (2.17)
Then :
1. on {t < X}, we have Si* = JtRX and therefore
X, = 25X - RX =2JF" — RY; (2.18)
2. on {t > 7%}, we have S¥ = SX and X; = 25X — R}*.
3. Moreover :
X =inf{t > 0; JF > SX} =sup{t > 0; R < S2X}. (2.19)

Proof. We sketch the proof, the details being left to the reader.
We consider [a, b] an excursion interval of (X;) below its one-sided maximum, that is : b is finite and

X, =58% X, =8%; X, <8, for any t €]a,b].

Suppose that b < 7%, then S;X = JtRX, Yt € [a, b].

Define A\* := sup{t > 0; X;, = SX}.

Assuming that 7% < a, and b < A\¥ forces S¥ = JtRX =S5,

If the set {t > 0; X; = SX} is not empty, on the interval [A\¥, oco[, we have S = SX  and JtRX > SX.
|



Proposition 2.8 To a three dimensional Bessel process (Ry) started at 0, and a r.v. U taking its
values in [0, +00], we associate :

Zt:{ 2JF — R, ift <,

oU—R, ift>r (2.20)

where 7 = sup{t > 0; Ry < U}, and with the convention sup () = 0.
Then SZ =U and RZ = Ry, t > 0.

Remark 2.9 1. Pitman’s theorem corresponds to the case U = 400.

2. The canonical space equipped with QfF : Ry = RX and U = SX gives a particular setting for
Proposition 2.8. Note that in this case U is independent from (Ry).

2.3 A reminder about the Ray-Knight Theorems

We briefly recall the main results concerning squared Bessel processes and the Ray-Knight Theorems
for Brownian local times (see for instance [25]).

We will denote by (Lf, t>0,z € R) the local time process of (X;).

In order to simplify the writing of the expressions of infinitesimal generators below, we shall use the
notation k4, meaning k on the set A, and 0 on A°.

1. For any 6 > 0, the squared Bessel process, starting at y > 0, with dimension §, denoted in the

sequel BESQZ, is the diffusion process, valued in [0, co[, with infinitesimal generator :

2
5L (2.21)

9,4
* dz? dz

2. For §,z,y,t >0, let BES ‘;’Ly denote the §-dimensional squared Bessel bridge from z to y over
the time interval [0, t].

3. Let (Z;) and (Z}) be two independent squared Bessel processes with dimension 4, resp. ¢’ and
started resp. at y and y’. Then (Z; + Z}) is distributed as the squared (§ + ¢’)-dimensional
Bessel process started at y + 3.

4. (First Ray-Knight theorem) Let a > 0 and T, = inf{¢t > 0; X; = a}. Under Py, the process
(L“T:I; T > O) is a diffusion process with generator :

2

d d
25+ 2{0<e<at g (2.22)

where = denotes the ”time” variable, and z the ”position”.

This means :
e conditionally on LOTa7 (L‘%:I; 0<z< a) and (L%::”; T > a) are independent;
. (L“TZJJ; 0<z< a) is distributed as BESQ3.
e conditionally on L%a =1, (L;:; T > 0) is distributed as BESQY.

5. (Second Ray-Knight theorem) Let 7, = inf{t > 0; LY > [} , for any [ > 0. Then, under P,
(L‘” sx > O) and (L;Ll'; x> O) are independent and both are distributed as BESQ?.

T

6. (Third Ray-Knight-Williams theorem) Let (R;) denote the three dimensional Bessel process
started at 0. Then, (LZ (R),z > 0) is distributed as BESQZ.

10



2.4 Ray-Knight theorems under Q)

Applying directly Theorem 2.1 and with the help of the previous reminder, we obtain the following
extension of the first Ray-Knight theorem.

Theorem 2.10 Under Qf, conditionally on S =y, (ngx,m > O) is a diffusion with infinitesimal

generator :
2

d d
2205 + (dfosesy) +20e20)) 7
Next we state a second extension of the first type Ray-Knight theorem.

Theorem 2.11 Let a > 0. Under Qf, conditionally on {T, < oo}, the process (L%:f,x > O) is

distributed as the diffusion process with generator (2.22), and is therefore distributed as (L%:”:; T > 0),
under Py.

Remark 2.12 Suppose that ¢(y) = 0 for y < b, for some b > 0. Let a < b. Then Q¥ (T, < o) =
QE(SX > b) =1. As a result, we may drop {T, < oo} in Theorem 2.11.

Proof of Theorem 2.11 Let n > 0 and F be a non-negative functional. Using the definition of Qf
and the optional stopping theorem we have :

E(c)p |:F(L%a—w7x > 0)1{Ta<n}:| = EO F(L;«a_w, T > O)l{Ta<n}Mrf:|
= EO F(L%:x’ X Z 0)1{Ta<n}M§€a]
= (]_ — @(a))EO [F(Lg{m, T > 0)1{Ta<n}:|

since, from (1.12), M7 =1 —®(a).
Taking the limit n — oo, we obtain :

E§ [F (L350 2 0) Lz, <o | = (1= (@) Bo [ F (L, "52 > 0) .

The result now follows immediately, since, in particular, by taking F = 1, we find P{ (T, < oo) =

PY(SX >a)=1-®(a).

In fact, conditionally on {T, < co} under Qf, (X,;u < Ty,) is distributed as (X,;u < T,) under P.
|

We now give an extension of the second Ray-Knight theorem.

Theorem 2.13 Let | > 0. Under Qf, conditionally on 7, < oo :
1. (L“ sa > 0) and (L;la; a > 0) are independent;

T
2. (L;l“; a > O) is distributed as a BESQ?;
3. The law of (L“ ja > 0) is given as follows :

)
(a) S admits
(to(t) + 1 — ®(t))e /2

e Lie>oy
e 1 2
as density function, with ¢ = / ga(t)(; + j)e_l/ztdt;
0

(b) conditionally on SX =a, (L%;0 < z < a) is distributed as the BESQ?’_“}O.

T

11



Proof. 1) We proceed as in Theorem 2.11. Let F_, F; be two non-negative functionals and f :
R4 — R;. We have :

E§ [P (Lo 02 0)Fy (Lésa > 0) f(S5)1 (rcoey | = Bo[F- (L% a = 0) Py (Lésa > 0) f(S%) M.

I T U
Applying (1.12) yields
Mg = G(SX) (85 — X)) +1- 0(SX) = g(53),

where

g(x) =zp(x) +1— &(x), © > 0.
Note that S = inf{fa > 0; L% = 0} and recall that under Py, (L%;a > 0) and (L;%a > 0) are
independent. Therefore :

EY [F_ (L%:a > 0)Fy (L;%a > O)f(SX)l{TKOC}} - E, [F_ (L:%a > 0)} Eo [F+ (L%:a > 0)(fg)(sif)]

T T T

2) We now turn to the computation of :

Ay = Bo| Py (L4502 0)(f9)(S)]. (2.23)

Let (Y:) be a 0-dimensional squared Bessel process started at [ > 0. Define Tp to be its first hitting
l —1/2t

time of 0. Then the density function of Tj is ele{bo}. Moreover (see for instance [22] section

5.3), it is well-known that conditionally on To = ¢, (Y,,,0 < u < ¢) is distributed as BESQ?’_t)O.
As a result, with obvious notations, we get :

I [ a
Apimg [ SO0OE[F (BESQ ()0 < )]

Taking F_ = F; = 1 implies that, under Qf, conditionally on 7; < oo, the r.v. Sﬁf admits

1 g(t)e—l/Qt
> 2 1{t>0}

> _1jocdt
c:/ g(t)e l/2tt—2.
0
- Lyadt [ [ Lydt 2%
[ a-ewye G = [T ([T st =2 [ e tan,
0 0 t 0

> L2\ o
c= o) -+ - e dt.
/O ()(t l)

o

as density function, with

Since :
then :

]
3 Pitman and Ray-Knight’s theorems via the M*¥ martin-
gales

3.1 Some results about the Q(’J\’“’ family of p.m.’s

We keep the notation given in Section 1 : A > 0, 9 : R +—]0, +o0[ is a Borel function satisfying (1.14),
® is the function associated with ¢ via (1.15) and ¢ = @'.

12



In [28] we have proved that the p.m. Qé‘ '“ may be obtained by a penalization principle; let u > 0 and
any 'y, in F,, then :

Eo [1Fu¢(gt)ex(st"—xt)]

= Fyllp, M) = Q)*(T, -
Pl Bo [(SX) X5 —X0] ollr, My ¥] = Qy " (I'y) (3.1)

where (M%) is the Py-martingale defined by the relation (1.17).

Let us recall in Theorem 3.1 below the description of the law of (X;) under Qé’w which has been
determined in (28], Theorem 4.7).

Theorem 3.1 1. Under Qé"“o, the r.v. SX is finite with density function

e M (p(x) + M1 — @(z)) = e My(x).

2. Let g=sup{t >0, X, = SX}. Then Q)¥(0 < g < c0) =1 and under Q)% :

(a) (SX—Xi1g:t > 0) is a diffusion independent from (X430 <t < g), with (1.7) as generator.

(b) Conditionally on SX = x, (X4t < g) is distributed as a Brownian motion with drift X,
started at 0, and stopped when it reaches x.

Remark 3.2 1. Theorem 3.1 may be summarized by the following disintegration formula :
Q0 = [ vwe ey o, (32)
0

where QS’(y) s the unique p.m. on the canonical space such that :

o (X;0 <t <Ty) is distributed as a Brownian motion with drift A, started at 0, and stopped
at its first hitting time of vy,

o (y— Xiyr,;t > 0) is distributed as the diffusion with infinitesimal generator (1.7),started
at 0.

Note that (3.2) implies

QF = lim Qp*. (3.3)

2. The p.m. QS"P is closely related to the law PO_)‘ of Brownian motion with drift —X. More
precisely there is the absolute continuity relationship :

ASZ X
AN € oo’(/}(soo) . (=X)
A _(72A )P, (3.4)

3. (Mt)"w) being a positive Py-martingale starting at 1 at time 0, may be written as an exponential

martingale :

MM = E(JMP),, (3.5)
where :

Jt)"“’ _ _)\cp(StX) cosh (A(S{¥ — X)) + A(1 — ©(S;)) sinh (A(S* — X3)) (3.6)

A1 —@(S5)) cosh (MSF — X¢)) + ¢(S{¥) sinh (A(S¥ — X3))

13



As a result, Girsanov’s theorem implies that, under QS"“’, the process

X £ p(SX) cosh (A(SE — Xu)) + A(1 — @(SY)) sinh (A(SF — X))
( ot /0 A1 = @(5)X)) cosh (A(SX — Xu,)) + 0(SX) sinh (A(SX — X,,))

du;t20)

is a Brownian motion, started at 0.

Note that in the calculation of Laplace transforms of sojourn times of Brownian motion in some
random interval (see Theorem 2.1 in [12] for details), there appear some expressions similar to
the above one.

A result analogous to that of Proposition 2.3 may be obtained in the context of the Qé"“’ p.m.’s.

Proposition 3.3 1. Let A >0 and ¢ : Ry —]0, 00[ satisfying (1.14). Define g :

9(y) = 110((1%, y > 0. (3.7)

Then
(a) The function g satisfies :

gly) + A >0, y>0, (3.8)
Yy
/ g(z)dz < o0, Vy=>0, (3.9)
0

(b) There exists a QS"“@ Brownian motion (By) such that By =0 and :

X, _p - )\/t 9(SX) cosh (A(Sy¥ — X)) + Asinh (A(S7F — X))
0

>0, (3.10
A cosh ()\(Sff — Xo) + g(SiX) sinh ()\(Sff - Xu)) ¢ ( :

2. Conwversely, let g : Ry —]0,00[ be a Borel function satisfying (3.8) and (3.9). Let 1) denote the
function :

W(y) = (9(y) + N exp{ — /Oy g(z)dz}, y>0. (3.11)

(a) Then (y) >0 and (1.14) holds.
(b) Let (Z;) be a solution of

t Z h zZ _ Zu inh zZ Zu
Z =B, —A/ 9(5) cosh (A8 = Z,)) + Asinh (A(S, = Z))
0

du, t>0, (3.12
Acosh (A(SZ — Zu) + g(SZ) sinh (\(SZ — Z.)) ¢ (342

where (By) is a Brownian motion, By = 0; then the law of (Z;) is Q}%.

Proof. 1) It is clear that (3.10) is a direct consequence of point 3. of Remark 3.2.
The function ¥ may be expressed via g. Starting with the definition of ¢ and using (1.15), (1.16), we
obtain :

U(y)e
A= > 0. 3.13
9+ A== Toera: V2 (3.13)
Integrating this identity leads to :
y Y
1- / Y(2)e Mdz =exp { — / A+ g(2))dz}, (3.14)
0 0

14



This allows to express ¢ as a function of g :

b(y) = (gly) + Nyexp{ - / g2}, yzo. (3.15)

Consequently, (3.8) and (3.9) hold.
As for point 2. of Proposition 3.3, assume that g satisfies (3.8) and (3.9). Then

/yip(z)e*)\zdz =1—exp{— /y(/\—|—g(z))dz}7 y > 0.
0 0

This proves (1.14).

Applying Girsanov’s theorem implies that the law of (Z;) is QS‘ .
|

Remark 3.4 1. We now emphasize that the Brownian motion with drift A\ and the diffusion (Y;)
solving (1.6) may be obtained with the procedure developed in Proposition 3.3.

(a) Let ¢(y) = 0. Then v satisfies (1.14), ®(y) = 1 — e, p(y) = —XeM and g(y) = —A.
Therefore (3.10) reduces to : Xy = By + At, t > 0. This means that :

P = Q). (3.16)
(b) Let (y) = Xe ™. Then (1.14) holds, ®(y) = 1 — cosh(\y), ¢(y) = —Asinh(\y), and
finally g(y) = —Atanh(\y). Neat, it is easy to check that, under Q(’}’“’, (Xt) solves :

t
X, =B;+ )\/ tanh(A X, )du, t>0.
0

Consequently, the distribution of the diffusion (Y3), solution of (1.6), is equal to QS"“’ for
this particular function .
Note, in this case : M"% = cosh(AX;)e /2, t > 0.

2. We have already pointed out that Pitman’s theorem has been extended to the case where the
underlying process (Y3) is either a Brownian motion with drift X or a diffusion solution of (1.6).
Due to the previous point 1., these extensions are actually particular cases of our Theorem 3.1.

3. Under the additional assumption :

e(y) <A(1-2(y), y=>0. (3.17)

the drift term in either (3.10) or (3.12) may be simplified.
Since p(y) + A(1 — ®(y)) = ¥(y) > 0, (3.17) implies that there exists a unique function § such
that :
Atanh(g(y)) = g(y) = £y , y=>0. (3.18)
1= (y)

By an easy calculation, (3.10) may be simplified as follows :
t
X, =B, — )\/ tanh (A(S; — Xu) + §(Sy))du, ¢>0. (3.19)
0
Assume that §: Ry — R is given and consider g(y) = Atanh g(y). Then (3.12) reduces to :

t
Zy = By — A/ tanh (AN(S7 — Z,) + §(S7))du, t>0. (3.20)
0
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3.2 Pitman’s theorem under Q¥

Our first extension of Pitman’s theorem, under QS’“’, is the following.

Theorem 3.5 1. Under QS’“’ the process (R;Y) is, in its own filtration (’Rt) , a diffusion started
at 0 with generator (1.7), and is independent from SZX.

2. The following projection relation holds
Ey?[f(S{)IRi] = A f(RY), ¢ >0, (3.21)
where

A

AN f(r) = sinh(r) /OT {(1 — ®(z)) cosh (A(r — z2)) +¢(Z)W}

f(z)dz, (3.22)
foranyr >0 and f: Ry — R4

Proof of Theorem 3.5 1) We first prove point 1. of Theorem 3.5.
Let t > 0, F be a non-negative functional on C([0,¢]) and f : Ry — Ry a Borel function. According

to (3.4) and the fact that, under Pé_ we have SX = SX for large u, then

X

Ey¢[F(RX, s <)f(SX)] = ESV[F(RY,s <) f(55) S w(SY)]

2\

X
5o

= lim B{V[F(RY s < 0(SX) 550 (5))]
N . sy
= lim BSV[R(RY, s < 0BV A8 w50 [RA] |

The above conditional expectation can be computed via the projection relations (1.8) and (1.9) :

X RX

)\S
BV (83 G SR = gy [ Hepta)e s,

2X

Since chik)( lim R = oo) =1, we finally get :

U—00

EyP[F(RY s <t)f(SX)] = (/OO f(x)dj(r)e*”dx) ESV[F(RY s < t)]. (3.23)

Due to Pitman’s theorem under P( ») ([27],[14]), point 1. of Theorem 3.5 follows.
2) To prove point 2. of Theorem 3.5 it is more convenient to use (1.18):

Ey?[F(RY,s <t)f(SX)] = Eo[F(RY,s <t)f(S¥)M}?]

= Bo[F(RY.s < OB [f(SY)M|R,]|

Combining X; = 2S% — RYX, (1.4), (1.5) and (1.17) we can determine the previous conditional expec-

tation : ,
Bo[f(SE)M}|R,] = fHRY e 12,

where
fir) = 1 /0 {(1 — ®(2)) cosh ()\(r - z)) + w(z)w}f(z)dz

r

sinh(Ar)

= EEEI ()
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(recall that A% f(r) is defined in (3.22)).
Consequently :

AN F(RY)
Ey?[f(S{)IR] = L
o USR] = et
Integrating by parts and using (1.16), we obtain :

J e

This implies that A*?(1)(r) = 1, ending the proof of Theorem 3.5. ]

Remark 3.6 1. Using (2.15)implies that Theorem 3.1 may be obtained as a consequence of The-
orem 3.5 (see point 3. of Remark 2.5 where an analogous result has been obtained under Q).

2. ToA>0and f: R xRy — R of class C*' we associate : My := f(Xt,StX)e’)‘Qtﬁ,t >0. It is
worth pointing out that assuming (M) is a (Po, (Fi)i>0) local martingale implies that (M) is
a Kennedy martingale (see (1.17) above).
Suppose that (My) is a Py-local martingale, and My = f(0,0) = 1. Then Itd’s formula implies
that f solves :

102f A2

5@(%@ = ?f(fl%y)’ 4 <y, (3.24)
0
aijc(y, y)=0, y=0. (3.25)

Obviously (3.24) leads to :
sinh (A(y — =
f(z,y) = aly) cosh (A(y — 2)) + w(y)w-
Next, {(0,0) =0 and (3.25) imply that o' (y) = —p(y) and a(0) = 1. Then a(y) =1 — P(y) =
1 —/0 p(z)dz.

As a result (M;) is a Kennedy martingale (M*¥) of the type (1.17).

Note that since f is supposed to be of class C*, then o is continuous. Note also that (Mg""o)
ts a Py local martingale as soon as ¢ is locally bounded. Moreover it is proved in Proposition
3.3 of [28] that (M;"?) is a non-negative martingale iff © may be written as (1.16) where the
function v satisfies the inequality (1.14).

3.3 Ray-Knight theorems under QSW

Our extension of the first Ray-Knight theorem (see section 2.3 for the terminology) is the following.

Theorem 3.7 Let a be a fived positive level. Then, under Q())"‘p, conditionally on T, < oo, the process
(L7, ", 2 > 0) is a diffusion process with infinitesimal generator :

2

d d

Proof. Let F be a non-negative functional on C([0, co[). Using (3.4), we get :

1

Ep?[F (L5 "2 2 0)1ir,co)| = )

BV [F (1570 2 0)1 7, <oy (3)55 |

1 _ _
=SBV [P e 2 0) L <oy BV {w(S2)er= | 7 .
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Since, under Pé_/\), conditionally on T, < oo, (X7, 4¢,¢t > 0) is a Brownian motion with drift —A,

started at level a, then ch_)‘)(Soo >a+y)=e P y>0.
Consequently, on {T, < oo}, we have

EéfA){w(Sfo)eASi(ﬂfTa} = 2)\62“/ P(2)e M dz.

This implies that under QS"“O, conditionally on T, < oo, the process (L7, “,x > 0) is distributed as

(L7, %, > 0) under Pé_)‘).
From Proposition 5 in [9],we conclude that (3.26) holds. [ |

4 Pitman and Ray-Knight theorems under @\8

4.1 Some results about the Q! family of p.m.’s

From Lévy’s theorem, under Py, ((StX — Xy, S%),t > 0) and ((|Xt|, LY),t > O) have the same distrib-
ution. This implies that :

M} = | X (L) + 1 — H(LY), t>0, (4.1)

is a ((#,), Py) martingale, where h : Ry +—]0, oo is Borel and H(z) = / h(y)dy, = > 0.
0

In the sequel it is always supposed that A is a density function, i.e.
o0
/ h(y)dy = 1. (4.2)
0

Associated with h, let @g be the p.m. on the canonical space induced by the relations :
QR(Ty) := Eo[1r,M}], (4.3)

for every t > 0 and I'; € F;. R
Although it will not be used here, it is worth pointing out that the p.m.’s Qf} may be obtained by a
penalization procedure :

ZOUTRI)] iy >0, Ty € Fo 44
R R TATA)) (44)

The next Theorem summarizes the main properties of (X;) under Q”, obtained in [28].

Theorem 4.1 The probability @8 may be disintegrated as follows :

1. Under @8, LY is finite a.s., and admits h as its probability density;

2. Under @8 , conditionally on LS, = I, the distribution of (X;) is equal to @(()l), where, for any
>0, the p.m. @él) on the canonical space is defined as follows :

(a) (Xu,u < 1) is distributed as a Brownian motion started at 0 and stopped when its local
time at 0 first exceeds I,

(b) with probability 1/2, (X;j4u,u > 0) (resp. (—Xptu,u > 0)) is distributed as a three
dimensional Bessel process started at 0.

18



3. Consequently :

QurILY =1) = QY (), VT e Fu, (4.5)
&0 = [ aPemwa (46)
0

Remark 4.2 1. In [29], limiting laws for long Brownian bridges perturbed by their one-sided maz-
imum have been investigated. Using Lévy’s isomorphism, recalled at the beginning of this sub-
section, it is possible to obtain an analogous result relative to local time :

lim Py(T[LY = 1) = Q) (T), (4.7)
—00

AL —12/2u 2
r,) = \/ —FEo|1
o Tu)=e i 0[ T

for anyuw >0, T', € F,.

Xul|Lg = 1] + Eo[lr, 1o <py), (4.8)

2. A more general result than Theorem 4.1 has been given in [28] .

3. Although (X3) is not Markov under @’(}, the pair (Xy, LY) is Markov and satisfies (cf Theorem
3.13 in [28]) :

" sgn(X;)h(LY
0 s

where (By) is a @g-Bmwnian motion started at 0.

4.2 Pitman’s theorem under Q"

From Lévy’s theorem, it is well-known that Pitman’s theorem admits a formulation in terms of local
time : under P, (|Xt| + LYt > 0) is distributed as the three dimensional Bessel process started at 0.
Let h : Ry +]0,00[ satisfying (4.2). According to Theorem 4.1 and using analogous arguments
developed in Remark 2.5, our extension of Pitman’s theorem is the following.

Theorem 4.3 Under @g, (|Xt| + LY.t > O) is distributed as the three dimensional Bessel process
started at 0 and is independent from LY.

4.3 Ray-Knight theorems under Q"
In this subsection we state an extension of the three Ray-Knight theorems (see Section 2.3 again).
Theorem 4.4 Under @’(}, conditionally on LY, =1,

1. (L%, > 0) and (L, 2 > 0) are independent,

2. conditionally on : "Xy drifts to +00 ast — 00”,

(a) (L%, x > 0) is distributed as BESQ?.
(b) (L, x> 0) is distributed as BESQY.

Proof. From Theorem 4.1 and the second Ray-Knight theorem, conditionally on L%, =1, (L%, x> 0)

and (L;,*,x > 0) are independent, and distributed as BESQY.

Let £ denote the process : & = X, 4+, t > 0.

Recall that either & > 0, V& > 0 or & < 0, V¢ > 0, and the probability of each of the two previous

events is 1/2.

Assume that (&) remains positive. According to the third Ray-Knight theorem, (L% (£),z > 0) is

distributed as BESQ? started at 0.

The additivity property of squared Bessel processes recalled in subsection 2.3 implies Theorem 4.4.
|

19



Remark 4.5 Thanks to Theorem 4.1, it is clear that (L%, x > 0) and (L, x > 0) play symmetric
roles. In particular, conditionally on : "X, drifts to —oo as t — oo”, the process (L *,x > 0), resp.
(LZ,,x > 0), is distributed as BESQ?, resp. BESQY.

We now state an extension of the second Ray-Knight theorem whose proof makes no appeal to Theorem
4.1.

Theorem 4.6 Conditionally on L% > I, under @3, (L ,x > 0) and (L ",z > 0) are independent
and both are distributed as the BESQ? process.

Proof. Mimicking the proof of Theorem 2.11, we have

Bl [F+(L£L,x > 0)F_ (L7, x> 0)1{n<oo}} - E, [F+(L§l,x > 0)F_(L;",x > 0)M" |,
where Fy are non-negative functionals on C([0, cof).
Since M! =1 — H(l) = Q}(LS, > 1), the second Ray-Knight theorem for Brownian motion implies
Theorem 4.6.

|

Theorem 4.7 Let a > 0. Under @g, conditionally on T, < oo, (L7, “,x > 0) is an inhomogeneous
Markov process with infinitesimal generator :

9 -
LM f(2) = 227 (2) + (425 n0(@, 2) + 2) Losrca /' (2), (4.10)
where
~ 1 B B oo _ Cw VZY
- _ = ,—z/2(a-w) _ y/2(a—x) _ved < > 0.
0(z, 2) 2((1717)6 /0 (ah(y)+1—H(y))e IO(Q(a—z))dy’ 0<z<a,z>0

(4.11)

Proof. Let Fy be non-negative functionals on C([0, 0o). From the definition of Q! we easily obtain

Bl [F+(L%;”,0 <z <a)F (L' x> 0)1{Ta<m}} — Bo|Fi (L4 "0 <z <a)F_(L;" ¢ > O)M%J
— Bo|Fy(L3",0 < w < a)F_ (L% x> 0)9(L%a)]

where 0(l) = ah(l)+1—H(l), I > 0.
By the first Ray-Knight theorem, conditionally on LOTa =1, (L7, *,0 <x <a)and (L;",x > 0) are
independent and the second one is distributed as a BESQY. Thus it remains to study the law of
(Y(2):=L7 ", 0<z <a).
Recall that, under Py, the law of (Y (z),z < a) is Q3, where Q7 denotes the law of the BESQ? process.
It is clear that :

ER[Fy (Y (2),0 < & < )iz, <o0y] = Q3[F(Y(2),0 < 7 < a)6(Y (a))].
This identity implies that :
EG[f(Y()lo(Y(2),0 <z < b)Vo({Ta < 0o})] = Q*(b,¢; £)(Y (c)),
where for f: Ry — Ry, and 0<b< ¢ <a,

b, ly) = LI DY D))
0(c.y)
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and

(c,y) = Q,QJ [0(Y(a—c))], 0<c<a.
Let ¢(® (¢;y, z) denote the transition probabilities of BESQ?, then :

O(c,y) = / 0(2)¢® (a — c;y,2)dz

= — - ¢ —y/2(a— c)/ 0(2)672/2((17(;)]—0( \/RY )dZ,
(a — c) 0 2(a—c)

The function (c,y) — 6(c, y) is a space-time harmonic function (defined on [0, a] x R, ) with respect to
(Y(z)). Since the generator of (Y (z)) is given by (2.21) (with d = 2), therefore, under Q, the process
(Y(2),0 < z < a) is an inhomogeneous Markov process, with infinitesimal generator :

a2 o - d
Wy 1 (dy—=1 9) L
Vg + ( Yoy nf(z,y) + )dy,

where = denotes "time” and y the space variable.

|
5 A class of max-diffusions which enjoy Pitman’s property
Let us introduce the following functional spaces :
H= {F :]0, 00[— R, F of class Cl,/ eQF(y)dy < oo,Vzx € R+}, (5.1)
0
H>® = {F e H; / POy = o} (5.2)
We define T' the non-linear operator from H to be :
TF F e F
(JI) = — (l‘) + W, T > O, € H. (53)

Note that T(F + ¢) = T(F'), where ¢ is a constant.

The aim of this section is to give a large class of max-diffusion processes (Y;) such that (RY =
25 —Y;, t > 0) is a diffusion in its own filtration. We will prove (see Theorem 5.4 below) that
(RY, t > 0) is a diffusion with drift coefficient T'F, for some F € H associated with (Y;). This leads
us to study, in a preliminary step, diffusions (RF"(¢),¢ > 0) which are solution of :

t
Ri=r+ X, —|—/ TF(Rs)ds, t,r>0, (5.4)
0

(recall that under Py, (X}) is a standard Brownian motion started at 0).

Proposition 5.1 Let F € H, r > 0. Then :

1. the process (RE"(t),t > 0) takes its values in Ry, 0 being a not-exit boundary and R (t) goes
to +00 ast — 005

2. the r.v. Jé%F’T = inf RP"(t) is finite.

>0
(a) If F € H™>, then the density function of JégF,T is

1

S —— I A )
fo’r‘ €2F(y)dy 1[0 T]( ) (55)
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(b) If F does not belong to H™ then Py(Jy "7 < a) = h(a)/h(r) for any a €]0,r[ where :

fa 2F( y)dy

fa eQF(y)d , O<a<nr

h(a) :=

(5.6)

Remark 5.2 1. Suppose that F may be extended at 0 such that F' is right-continuous at 0. Then
TF(x) ~ 1)z as & — 0,. This means that, heuristically, (R"") and the three dimensional

Bessel process have the same local behavior in the vicinity of 0.

2. Let Fy(z) == alnz,xz > 0. Then F, € H iff a > —1/2. In this case TFy(x) =
therefore (RF ") is the Bessel process with dimension 2a + 3 > 2.
Note that if a = —1/2, then (Rf‘l/z’r) is the two dimensional Bessel process.

,x >0 and

Proof of Proposition 5.1 1) The drift coefficient of (R (¢),¢ > 0) is singular at 0. Following the
classical boundary classification of one dimensional diffusions (see for instance [5], Chap II) we claim

that 0 is a not-exit boundary.

Let m(dz) = m(z)dz be the speed measure, and s a scale function., which applying formulae given p.

17 in [5] we take as :

1
fow e2F (y) dy ’

@ 2
m(x) = 2672F(I)(/ eQF(y)dy> , x>0.
0

0 is a not-exit boundary, because :

s(z) =—

x>0,

| ([ mins@da= [ m) s - s0.)dy =<, ¥ >0

2) Since s is a scale function of the process (R (t),t > 0), then :

5(b) — s(r)
s(b) — s(a)’
where T.. is the first hitting time of level ¢ for (RF""(t),t > 0).

Since 0 is not-exit boundary, then Py(Tp < co) = 0.
Letting a — 0 and b — oo, we get :

Py(T, <Tp) = 0<a<r<hb,

Py(Ty < 00) =1, %02<“”:§23_§3

These relations imply that RF"(¢) drifts to co as t — oc.
Note that the second identity may be interpreted as follows :

Po(T, < 00) = Py(JE™" < a) = . 0<a<r

If F belongs to H>, then s(co) = 0, and therefore the previous identity reduces to :

For s(r) 1 * oF
PO(Jo]z <a)= = — / e (y)dy 0<ac<z,
(@) ~ [Ty Jy

and then proves (5.5).
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Remark 5.3 Thanks to [5], Chap II), 0 is an entrance boundary zﬁ/ (5(2) — s(a))m(a)da < oo.
0

Since s(04) = —oo, the previous condition is equivalent to / (=s(a))m(a)da < co. Relations (5.7)
0
and (5.8) imply that 0 is an entrance boundary iff :

1 T
/ e 2P (@) (/ eZF(y)dy) dx < 0. (5.9)
0 0

If the latter condition is satisfied, then 0 is an entrance and not-exit boundary. In particular :
o (RFO(t),t > 0) is well defined;

o ifr >0, (RF"(t),t > 0) never reaches level 0.

Theorem 5.4 Let F be in H, satisfying (5.9) and (Yz) be the solution of :
t
Y, = X, +/ F'(28Y — Y,)du, t>0. (5.10)
0

Then

1. (R} =28} - Y;)tzo is distributed as (RF’O(t))tzo;

2. The processes (Sty)tzo and (JtRY = igft Rz)tzo are equal;
3. the following projection identity holds :
Eo[f(SOIR]] = ATF(RY), t=0, (5.11)
where
r F(y)
F . fo f(y)62 dy
A f(r) = —fg 2Py r > 0. (5.12)

Proof. 1) In a first step we compute expectations under P,, where a > 0 and we will take the limit
a — 0 later.

Let us introduce the Girsanov density M} of the law of (Y,,,u < t) with respect to the Wiener measure
P,, restricted to F; :

t 1 t
M} =exp {/ F'(28% — X,)dX, — 5/ F?(28) — X,)du}, t>0.
0 0

Consequently :
E.[G(RY ,u<t)] = E,[G(Ry ,u < t)M[],

where G is a non-negative functional.
Using Itd’s formula (under P,) we get :

F(2SX - X,) = F(a)— /Ot F'(258% — X,)dX, + 2/(: F'(258% — X,)dSY¥ + ;/Ot F"(258X — X,)du
= —F(a) — /Ot F/(RX)dX, + 2F(S{) +;/Ot F"(RX)du.
Hence
M} = PS5 exp{—F(RX) — F(a) + % /Ot (F" — F")(Ry )du}, (5.13)
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and,
I x
E.[G(RY u<t)] = E,[G(R) ,u < t)exp{—F(R) — F(a) + 5/0 (F" — F™)(RX)du} e (50)].
This implies that :
t
E,[G(RY ,u<t)] = BEo[G(a+ Ry ,u < t)exp{—F(a+ RY)— F(a) + %/ (F" — F?)(a + RY)du)
0

XEO[eZF(aJrStX)|R%X]].

According to the projection formula (1.4),we have :

R
EO[GQF(aJrStX)‘RtX] _ LX/ e2F(a+y)dy.
Ri* Jo
Let us introduce F,(y) := F(a+y), y > 0 and :

F,(r):= e*Fa(T)/ Wy, r > 0.
0

Taking the two first derivatives we get :

El(r) = —EL(r)Eu(r) + "0, El(r) = —(FL(r) = F4(r)?) Ea(r), 1> 0. (5.14)
Finally we have :

E,[G(RY,u<t)] = Ey[G(a+ Ry ,u <t)N/[], (5.15)

where (N{7) is the non-negative ((R;*), Py) martingale :

F(RY) 1 [tEY
F _ —F,(0) faldtf a (pX
NF = ¢ Fa(0) % exp{—§/0 (R )du}.

a

The process (R;X) being a three dimensional Bessel process, there exists a Py-Brownian motion (3;)
such that :

t
1
0 U

Let H, be the function : H,(z) = F,(z)/z, = > 0. Since (N}') is a P, martingale, It6’s formula
implies that :

t s T
NE =14 e O [ X exp(—; [ 2 (R du)ds,
0 0

a

It turns out that (N/') may be written as an exponential martingale with respect to the Brownian
motion (5) :

t t
N = exp{ [ s~ [ eas).

_ Hy(RE)RY _ Hy(RY)
Fu(RY)  Ha(RY)

Using (5.14), and after some easy calculations, we obtain :

with :

&

Hy(r) _ Hy(r _ €01
H,(r) F,(r) = “RO+ 1}7}(7‘) r
= TFa(r)—;, r>0
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Let us introduce the following p.m. QF on (€2, Fo):
QF(Iy) = Eo[1r,N/], Vt>0,I; € F.
This allows us to write (5.15) in the following form :
E.[G(RY,u<t)] =Q"[G(a+ R),u<t)].

From Girsanov ’s theorem, there exists a Q" Brownian motion (3;) such that :

B = B Jr/otﬁsds.

Consequently :
¢
RY =5 +/ TF,(RY)du. (5.17)
0

Taking the limit a — 0, we obtain 1. of Theorem 5.1.
2) Point 2. follows from the fact that R¥0(¢) drifts to oo as t — oo.
3) Mimicking the approach developed in point 1) above we obtain :

E, [G(R}:,u < t)g(StY)] = Ey [G(CH—Rff,u <t) exp{—F(a—FRtX)—F(a)—F% /t (F//_FIQ)(a’+R1i()du}
0

xEolg(S{)e*HI R
where ¢ : Ry — R, is a Borel function.

The projection property (1.4) implies (5.11).

Remark 5.5 Similar computations relating Ray-Knight theorems and the Ricatti equations are devel-
oped in [7].

5.1 About the non-injectivity property of the operator T

Now, we point out that the operator T' is not one-to-one. This lack of injectivity has an important
consequence : it is possible to construct a family of processes (Y;) such that the associated processes
(RY) are Markovian, with the same infinitesimal generator (see Theorem 5.8).

Let U, (F) be the function :

Ua(F)(z) == F(z) —In (1+ a/ e2F(y)dy), x>0, (5.18)
0
where F' € H and « € R satisfy :

1
a >

2 —m; (5.19)

with the convention : 1/00 = 0.
Note that Uy is the identity operator.
The following lemma shows that the operator T is not one-to-one.

Lemma 5.6 Assume F € H.
1. Let « satisfy (5.19), then U, (F) € H.
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2. Let GeH. Then TG =TF iff G = c+ Uy(F), for some ¢ € R and « satisfying (5.19).

Proof. 1) Let AF be the function :
AF(x) = / HWdy, x> 0. (5.20)
0
It is clear that (5.19) implies :

1+ aAF(z) =1+ a/ FWay >0, z>0. (5.21)
0
From the definition of U, (F), we have :

x © AF’ AF
/ eQU"‘(F)(y)dy — / izdy — & < 00, T > 0.
0 0 (1+aAF(y)) 1+aAF(z)

This implies that U, (F) € H.
2) a) First we observe that :
T ’
TF(z) = (_ F(z)+In( / e2F<y>dy)) , x>0 (5.22)
0

Let G € H. Then TG = TF iff

G(z) —In (/ eQG(y)dy) =F(z) —1In (/ ezF(y)dy) +c, z2>0.
0 0

Multiplying both sides by 2, and exponentiating, we get

62G(CD) 62F(z)
z 7 =C 5 7, © =0, (5.23)
([ e26Wdy) (Jo e2FWdy)
with ¢y = €21 > 0.
b) Integrating (5.23) over [z, co[ we obtain :
1 - Co _ Co + 1
fox e2GW) dy B fox 6261;(y)dy f0°° e2F W) dy fooo e2G(W) dy
= W + c3.
Hence,
T T 2F
/ 20w gy = Jo Wy (5.24)
0 Cco + c3 fom eQF(y)dy
Taking derivatives of both sides, we obtain :
62G(z) 7 C262F(:r)

(62 + c3 fox e2F(y)dy>2 ,

r 1

G(z)=F(z) —In (1 + a/ e2rWay) — 511102 =Ua(F)(z) + ¢,
0

with a = ¢3/ca.

The identity (5.24) implies that the real number « satisfies (5.21)(this relation being equivalent to

(5.19)).
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¢) Conversely let G = ¢+ U, (F), with F' € H. According to part 1. of Lemma 5.6, G belongs to H,
and we have :

x x 2F T 2F(y)
/ 26 gy = ch/ e?rw) dy = 2 Jo ex Y dy .
0 0 (1+a foy 62F(z)dz)2 1+ a ) e2FWdy

Therefore :

1 6720 B
ae 2c

Jy €26 dy B [y e2Fwdy +

Taking the derivative, we obtain a relation of the type (5.23). In step a) above, we have proved that
this property is equivalent to TG = TF.

Remark 5.7 In fact, these exponential transforms have already been introduced in [14], [15], in the
discussion of these authors’ extension of Pitman’s theorem which we have recalled at the end of the
above Section 1.

Our present discussion, in subsection 5.1, is the deterministic counterpart of that in [14], [15], where
F in (5.18) was replaced by Brownian motion with drift.

Lemma 5.6 and Theorem 5.4 taken together imply the following consequence.

Theorem 5.8 Let F' be in 'H satisfying (5.9), o such that (5.19) holds, and (V%) be the solution of :

t

Y, = X, +/ Un(F) (2SY —Y,)du, t>0. (5.25)

0

Then the law of (RXQ)DO does not depend on «, and is equal to the distribution of (RF’O(t))t>O.
Example 5.9 Let F(x) =\, x > 0. Then

Us(F)(x) =X —In(1+ ae”‘x), x>0, (5.26)
and TF(z) =1/z, x > 0.
Therefore let Y be the solution of

t 2)
ae
Y, =X — d 5.27
! K /0 1+ ae?2S5Y —Y,) " (5:27)

then (Rzm)t>O is distributed as a three dimensional Bessel process started at 0.

Some elementary computation shows that Y is distributed as the maz-diffusion solution of (2.11),
with

(0%
= z>0. .
gl@) = x> 20 (5.28)

It is possible to choose o = o0 in (5.27). In this case Y™° solves :
|
Yi=Xi— | -—d 5.29
t t /0 25Y _ Y, u, ( )

and is associated with g(x) = 1/x.
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Example 5.10 Let F(x) = Az, x > 0. Then :

2 \x

Up(F)(z) = Az —In (1 + a——

—5 ) TF(@) = Acoth(Az) > 0; (5.30)

Y is the solution of

t 2)\a62/\(255—3fu)
Y, = X, +/0 (=57 e 1))du, (5.31)

and (Rz/a)tzo is distributed as the solution of

t
0

5.2 A converse to Theorem 5.4

Let us introduce some new notation :

H= {G 0, 00[— R, G of class Cl,/ e W dy < 0o,Vx > 0 and / e 26W gy = oo}, (5.33)
0

x

and

C(G)(z) = —G(z) +1n( /0 ' Way), = >0,GeN. (5.34)

To present a converse to Theorem 5.4 we establish the following preliminary lemma.
Lemma 5.11 1. Let F € H. Then C(F) € H and T(F) = C(F)'.
2. Let G € H and F € H. Then the following are equivalent :
(a) T(F) =G';
(b) there exist c € R and a > 0 such that :

F(z)=c—G(z)—In(«a +/ e 20Wdy), x>0, (5.35)

x

(c) there exist c,p € R such that F = c+ U,(Fy) where :
Fo(z) = —-G(z) — In (/ eiQG(y)dy), x> 0. (5.36)

Proof. 1) We have :

o0 2F (y) 1 1
/ 672C(F)(y)dy = / ‘ 2 dy = - oF RS Y
z = ( ny 62F(z)d2) ﬁ) e (Zl)dy f[) e2F(y) dy

< Q.

Consequently C(F) € H.
It is clear that T'(F) = C(F)".
2) Let Ge H and F € H.

Using relation (5.22) and proceeding analogously to the proof of Lemma 5.6, shows that T'(F) = G
iff :

/

621'7'(;1:)

S ————— L ) 5.37
(JFermay)? = 530
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Mimicking the approach developed in step 2) a) of the proof of Lemma 5.6, we obtain successively :

1 26w
fow €2F(y)dy Cc3 + C2L € dya (62 > 07 c3 =2 0)7

z 1
2F(Y) gy =
& - oo )
/0 v c3+ ¢ fm e2GWdy
672G(m)

(c3+c2 fmoo e—2GW) dy)2’

eQF(:c) —

o0

F(z)=c—G(z)—In(a+ / eiQG(y)dy).

This proves (a) = (b).

oo
The proof of (b) = (a) is a direct consequence of previous calculations and / e 20W dy = 0.

0
Lemma 5.6 implies that (a) < (c¢).

Theorem 5.12 Let G be a function in H and (Ry) the diffusion process taking its values in Ry
solution of :

t
0

Then :
1. Ry goes to o0 ast — oo.
2. Let JF = inf Ry and Y := 2JF — Ry, t > 0.
(a) SY =supY, = JE and R, = 2SY —Y;,t > 0;
s<t

(b) there exists a Brownian motion (By) starting at 0 such that :
t
Y, = B, +/ F}(2SY —V,)du, (5.39)
0

where Fy is the function defined by (5.36).

Proof. 1) From Lemma 5.11, there exist functions F' € H such that T(F) = G'. Consequently part
1. of Theorem 5.12 is a direct consequence of Proposition 5.1, 1.
It is clear that 1. implies 2. (a).

2) Let us define : s(z) = —/ e 2¢Wdy, x > 0. We have :
§'(z) = e 260 §(z) = —2G (2)e 2™ = —2G(2)5' (x), = > 0. (5.40)

1
Consequently 55”(3:) + G'(z)s'(z) = 0; hence s is a scale function for (R;).

It is obvious from the definition of s that s(0;) = —oo and s(oco) = 0. Therefore, applying the result
of Saisho and Tanemura ([31] or [35] theorem 12.7) : there exists a (o(Rs, s < t)),. , Brownian motion

>0
(By) started at 0 such that

s s R
=-B 2~ 2 ) (Ry)du+ 2JE.
Rt t+/0 (S 28/)(R ) U+ Jt



Using (5.40) and (5.36) give :

5’(x) s//(x) 672G(z) ) )
s@) " 2() © [P e20tmay ¢ =R (5.41)

As a result : \
Y; =2JF - R, =B, +/ F}(2SY —Y,)du.
0

6 Conclusion

In this paper, we have shown that the classical theorem of Pitman concerning his representation of
BES(3) as 25; — By, t > 0, where S; = sup Bs, extends when the Brownian motion B is replaced by
s<t

a process distributed as a limiting law of certain penalization procedures of Brownian motion.
Similar extensions are also obtained, starting with the Ray-Knight theorems for Brownian local times.
On the other hand, one will not find in this paper any new non-invertible, strictly adapted, transform
of Brownian motion, or of related processes, with a remarkable distribution, such as in Matsumoto-
Yor ([14],[15]), who deal with exponential functionals, or Bertoin [2] who discusses some variants of
Pitman’s theorem for a class of Lévy processes, or again Biane, Bougerol and O’Connell [3] who obtain
multidimensional extensions of Pitman’s theorem.
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