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Abstract

A thin ‘rope’ of viscous fluid falling from a sufficient height coils as it approaches a rigid surface.
Here we perform a linear stability analysis of steady coiling, with particular attention to the ‘inertio-
gravitational’ regime in which multiple states with different frequencies exist at a fixed fall height.
The basic states analyzed are numerical solutions of asymptotic ‘thin-rope’ equations that describe
steady coiling. To analyze their stability, we first derive in detail a set of more general equations
for the arbitrary time-dependent motion of a thin viscous rope. Linearization of these equations
about the steady coiling solutions yields a boundary-eigenvalue problem of order twenty-one which
we solve numerically to determine the complex growth rate. The multivalued portion of the curve
of steady coiling frequency vs. height comprises alternating stable and unstable segments whose
distribution agrees closely with high-resolution laboratory experiments. The dominant balance of
(perturbation) forces in the instability is between gravity and the viscous resistance to bending of

the rope; inertia is not essential, although it significantly influences the growth rate.

PACS numbers:



I. INTRODUCTION

The coiling of a thin ‘rope’ of viscous fluid falling from a sufficient height onto a surface is
a common fluid dynamical instability that occurs in situations ranging from food processing
to lava flows. The history of its investigation spans nearly fifty years, and includes labora-
tory experiments' ™, linear stability theory for incipient coiling!!:!2, finite-amplitude scaling
analysis for high-frequency coiling'®, and direct numerical simulation'®!*. Fig. 1 shows the
configuration considered in most of these studies, in which fluid with constant density p,
viscosity v and surface tension coefficient v is injected at a volumetric rate () from a hole
of diameter d = 2a¢ and then falls a distance H onto a solid surface.

The present study is motivated by our recent numerical and experimental results?1%:14,
which are summarized in Figs. 2 and 3. Fig. 2a shows a schematic view of the experimental
apparatus, in which a thin rope of silicone oil is extruded downward from a syringe pump
driven by a stepper motor. In a typical experiment, the fluid was injected continuously at a
constant rate () while the fall height H was varied over a range of discrete values, sufficient
time being allowed at each height to measure the coiling frequency. Anticipating the possi-
bility of hysteresis, we made measurements both with height increasing and decreasing, and
in a few cases we varied the height randomly. For fall heights within a certain range, we
observed two or three different steady coiling states with different frequencies, each of which
persisted for a time before changing spontaneously into one of the others. Fig. 2b and ¢
show the low- and high-frequency coiling states observed for v = 5000 cm? s™%, d = 0.15 cm,
Q = 0.0066 cm?® s7!, and H = 20 cm. The coexistence of two states at the same fall height
reflects the multivalued character of the curve of frequency vs. height, which is illustrated
in more detail in Fig. 3. The symbols show coiling frequencies measured in an experiment
performed using viscous silicone oil (p = 0.97 g cm™3, v = 1000 cm? s™!, v = 21.5 dyne
em™ 1) with d = 0.068 cm and @ = 0.00215 cm?® s™!, and the solid line shows the curve of
frequency vs. height predicted numerically for the same parameters using the method of
Ribe!t. As the fall height H increases, the coiling traverses four distinct dynamical regimes.
For small heights H < 0.7 cm, both gravity and inertia are negligible in the rope, and coiling

occurs in a viscous (V) regime with a frequency!

Q
~ Ha2 = QVv (1)
1

where a; is the radius of the ‘coil’ portion of the rope (Fig. 1). The frequency decreases
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strongly with height, and is independent of viscosity because the fluid velocity is determined
kinematically by the injection speed. For 1 em< H < 5 cm, coiling occurs in a gravitational
(G) regime in which the viscous forces that resist bending in the coil are balanced by gravity.
The corresponding coiling frequency is'*

0~ (1) 2o, o

vag

For 7 ecm < H < 15 cm, a complex inertio-gravitational regime (IG) is observed in which
viscous, gravitational, and inertial forces are all significant. The curve of frequency vs.
height is now multivalued, with up to seven different frequencies at a given height. The
(rightward- and downward-facing) peaks in the curve correspond to resonant oscillations of
the ‘tail” portion of the rope with frequencies equal to the eigenfrequencies of a whirling

viscous string!?. The scaling law for all these frequencies is

0~ (%>1/2 = Qe (3)

with constants of proportionality that depend weakly on the dimensionless parameter
gd>H? /vQ'. As the height increases further, the amplitude of the oscillations in Q(H)
gradually decreases until the curve becomes smooth again at H ~ 18 cm. Viscous forces in

the coil are now balanced almost entirely by inertia, giving rise to inertial (I) coiling with a

0~ () o, “

vag

frequency®?

The existence of the four regimes just described has now been confirmed experimentally by
Mahadevan et al.® for the inertial regime, by Maleki et al.® for the viscous, gravitational, and
inertial regimes, and by Ribe et al.!’ for the inertio-gravitational regime. The experimental
observations in the IG regime are of particular interest. As shown in Fig. 3, the observed
frequencies in this regime are concentrated along the roughly horizontal ‘steps’ of the Q(H)
curve, leaving the steeper portions with negative slope ( ‘switchbacks’) empty. The absence
of observed steady coiling states along the switchbacks suggests that such states may be
unstable to small perturbations. Here we investigate this question by means of a formal

linear stability analysis.



II. GOVERNING EQUATIONS FOR AN UNSTEADY ROPE

The starting point of our analysis is a set of equations governing the unsteady motion of
a thin viscous rope, i.e.., one whose ’slenderness’ € = ag/L < 1, where aq is a characteristic
value of the rope radius and L is the characteristic length scale for the variations of the
flow variables along the rope. Equations for a thin viscous rope have been derived by Entov
and Yarin'®, who described the geometry of the rope’s axis using the standard triad of
basis vectors from differential geometry (the unit tangent, the principal normal, and the
binormal). However, such a description can lead to numerical instability when the total
axial curvature is small, as it is over most of the length of a coiling liquid rope. Here we
present an alternative formulation in which the basis vectors normal to the rope’s axis are
material vectors that are convected with the fluid. Because our goal is to perform a linear
stability analysis of steady coiling, we write the equations in a reference frame that rotates
with angular velocity (les relative to a fixed laboratory frame. The Einstein summation
convention over repeated indices or subscript/superscript pairs is assumed. Greek indices
range over the values 1 and 2 only. Latin indices range over the values 1, 2, and 3 except
for the Euler parameters ¢;, in which case ¢ = 0, 1, 2, and 3. The quantity ¢;;; is the usual
alternating tensor. Finally, derivatives with respect to arclength along the rope axis are

denoted by primes.

A. Geometry

Fig. 4 shows the geometry of an element of a thin viscous rope. Let x(s,t) be the
Cartesian coordinates of a point on the rope’s axis, where s is the arc length along it and
t is time, and let d;(s,t) be a triad of orthogonal unit vectors defined at each point on the
axis. The tangent vector to the axis is ds, and d; and dy = d3 x d; are material vectors
normal to the axis that follow the rotation of the fluid. The rope’s cross-section is assumed

to be circular, with radius a(s,t), area A = ma?, and moment of inertia

7'('(14

1= (5)

The rate of change of the axial coordinates x as a function of arclength is

:13’ = d3. (6)



The rates of change of the local basis vectors d; are in turn given by the generalized Frenet

relations

d; =R X di7 (7)

where kK = k;d; is the generalized curvature vector. The components k; are related to the

total curvature x and the torsion 7 of the axis by

: 2)1/2 , T =Kzt K2 (Kiky — Kak)) - (8)

k= (K] + K3

To avoid the polar singularities associated with the traditional Eulerian angles, it is
convenient to describe the orientation of the basis d; using four ‘Euler parameters’ ¢; (i =

0,1,2,3), which are related to the direction cosines d;;(s) = d;(s)-e; by
dij -

G- —G+a 200+ wp)  2(09 — q6)
2 —q93) @6+ @G —ai — 4 2(qes+on) | (9)
2(q193 + q0g2) 2(q2q3 — Qo01) GG — G — G
The Euler parameters satisfy identically the relation ¢ + ¢ + g5 + ¢5 = 1, so only three
of them are independent. The inverse Frenet relations for the curvatures x; in terms of the

Euler parameters and their derivatives are

k1= 2(qody + 435 — 4295 — 01 p) (10a)
k2 = 2(—q3¢) + Qe + @145 — 42qp) (10b)
k3 = 2(g2dy — Q195 + Gogs — G34p) (10c)

We now turn from the geometry of the axis to that of the rope as a whole. Given the
basis vectors d;, the Cartesian coordinates X of an arbitrary point within the rope can be

written

X (y1,92, 93, t) = x(ys,t) + y1di1(ys, t) + yoda(ys, t)
=x+vy, (11)

where y; and gy are coordinates normal to the rope axis and y3 = s is an alternate notation
for the arclength along the axis. In the following derivation, we shall make frequent use of

the notation 0; = 0/0y; (i = 1,2,3).



The variable transformation (11) defines a set of (covariant) basis vectors g, = 9;X:
g, = d17 gs = d27

gs = hds — k3(y2di — y1ds) (12)
where
h=(g1 X g2)-gs =1 — Kay1 + K1Ya. (13)

Note that away from the rope axis, the vectors g, are not orthogonal if k3 # 0. It is
therefore necessary also to use a set of contravariant (reciprocal) base vectors g’ which

satisfy g’-g; = 0}, whence
1_ -1 2 _ -1
g =di+h7r3yeds, g°=dy— h7 K3pds,

g’ =h"'ds. (14)

The covariant and contravariant components of the metric tensor for the rope are then
9 =995 9" =4g"¢g (15)

Note that there is no distinction between covariant and contravariant basis vectors on the
rope axis itself, because g; = g' = d; = d’ when y; = 5, = 0.
In what follows it will sometimes be useful to replace the coordinates y; and ys by the

polar coordinates

r= (yf + yg)l/Q , 0 = tan* (%) . (16)

U1
The covariant and contravariant base vectors for these coordinates are

g, =g = cosfd; + sin0ds,

gy = r(cos0dy — sin6d,), 9’ =r7%g, — rsg®. (17)

A final geometric parameter of interest is the mean curvature H of the rope’s surface,

which determines the pressure associated with surface tension. In the limit ¢’ < 1, ad” < 1,

1
2H ~ —— + kg cos — Ky sin . (18)
a



B. Kinematics

Because the axis y; = yo = 0 of the rope is defined geometrically, it is not precisely a
material line. Accordingly, two different velocity fields on the axis must be distinguished.
The first is simply the true fluid velocity u evaluated on the axis, viz. w(0,0,ys,t) = U(ys, t).
A second velocity field is

V(ys,t) = Dy, (19)

where
D, = 0, + W, (20)
W (ys,t) = W(0,1) + /0% Als,t) ds, (21)

A(ys,t) is the (yet to be determined) stretching rate of a material element that is aligned
with the axis at time ¢, and W(0,t) is the velocity at which the rope is injected at y3 = 0.
The convective derivative D, is the rate of change measured by an observer traveling at a
speed (W) equal to the sum of the injection speed and an additional velocity increment
due to distributed stretching of the rope along its length!”. Unlike the usual convective
derivative, D, applies only to field variables defined on the rope axis.

Although U # V in principle, V — U ~ €2U in the slender rope limit ¢ — 0'8. Accord-
ingly, we shall ignore the distinction between V and U from now on, and use the symbol
U for both. The near-equality of U and V implies that the axis of the rope is very nearly
a material line. The velocity W defined by (21) can therefore be regarded (with negligible
error) as the rate of change of the arclength coordinate y; of a material point.

Expressions for the stretching rate A and the convective rate of change of d3 are obtained
by differentiating (19) with respect to y3 and using the generalized Frenet relations. We
thereby obtain

A =Uj — koU; + KUy, (22)
Dids = wody — wids, (23)
where
wy = —Uy — k3U; + k1 Us, (24a)
wy = U] — k3Us + KoUs. (24Db)

Now because the lateral unit vectors d, are material, their angular velocity about the rope

axis is just the rate of rotation ws of the fluid (note that ws is a primitive variable, unlike
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wy and wy which are defined in terms of the velocity and geometry of the rope axis.) In
certain situations, moreover, one must allow the unit vectors d; and ds at the end y3 = 0 of
the rope to rotate relative to the fluid with an additional spin wy. For steady coiling with
angular frequency €, for example, wy = —(1 is the additional spin required to make the base
vectors d;(s) independent of time along the whole length of the rope (see Ribe'® for further

discussion.) The generalization of (23) is therefore
Dtdi = (w + wo) X di, w = widi, Wy = (.Uodg. (25)

As noted in § IT A, the orientation of the basis vectors d; can be described by the Euler

parameters ¢;. The evolution equations for these parameters that correspond to (25) are

Do = 5 [~nas — nt — (5 + w0 (262)
D1 = % [wigo — w2gs + (w3 + wo) o] (26b)
Digs = % [Wigs + waqo — (w3 + wo)q1] (26¢)

Digs = % [—wig2 + w2q1 + (w3 + wo)qo] (26d)

The final kinematic equation needed describes the evolution of the rope’s thickness. Con-
sider a material element of the rope with (infinitesimal) length [(¢), and let the arclength
coordinate of its center be s(t). The incompressibility of the fluid requires that the volume

V = A(s(t),t)l(t) of this element be constant. Setting dV/dt = 0, we find
(8, A+ 50,A) 1 + Al = 0, (27)

where dots denote total time derivatives. Now § = W and [ Jl = A, where W is the rate of

change of the arclength (21) and A is the stretching rate (22). Eqn. (27) then becomes
DA = —AA. (28)

The convective rate of thinning of the rope is proportional to the rate of stretching of a

material line that lies along the axis.



C. Local dynamical equations

We turn now to the equations of conservation of mass and momentum satisfied at each

point in the rope. The strain rate tensor relative to general nonorthogonal coordinates is

1
€ij = 5 (gi-ﬁju + gj-ﬁiu) . (29)

Incompressibility of the fluid requires g”e;; = 0, or
8a (hua) + 63163 + K3 (y201U3 — y182U3) =0. (30)

Turning now to the momentum equations, we note first that the stress tensor relative to

the local basis vectors g, and per unit local surface area is
T = —pg” + 2ug" g" en, (31)

where p is the pressure. However, it is more convenient to work with the modified (nonsym-
metric) stress tensor

o =0y = hrkg,-d’, (32)
which represents the stresses relative to the axial basis vectors d; and per unit area of a
reference surface at the axis. Note that 0¥ = oi; because d' = d;. Unlike 7%, 0;; can
meaningfully be integrated over cross-sections, because the basis vectors and the surface to
which it is referred do not vary across the rope. The equations of equilibrium in terms of

0;; are (Green and Zerna'®, p. 150)
phX =0, (0yd;) + phy, (33)

where X is the acceleration of a fluid particle and ¢;d; = g is the gravitational accelera-
tion. Although the standard notation for gravity is similar to that for the covariant and
contravariant basis vectors in § IT A, the different numbers of subscripts and superscripts

used in the two cases prevents confusion. For later use, we define the stress vector
g;, = Uijdj- (34)

that acts on a surface whose normal is parallel to d;.
We now calculate explicitly the acceleration X. To first order in the lateral coordinates

y1 and y9, the velocity field within the rope as measured in the rotating reference frame is

1
u:U—EyA+wxy, (35)
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where y = y1d; + yody. The total velocity w is the sum of the axial velocity U, a radial
inflow associated with stretching at a rate A, and a velocity w X y associated with bending
in two mutually perpendicular planes (at rates w; and ws) and twisting (at a rate ws). The

acceleration corresponding to (35), measured now relative to the fixed laboratory frame, is
X=Qx[Qx(x+y)]+2Qxu+DU

+ (y2Dpwr — y1Dyws) ds + Dyws(ds X y) + (w-y)(wsds — wo)
+H(w X y)-ds](w x d3) — A(w X y)

1 A?

The first two terms on the right side of (36) are the additional centrifugal and Coriolis
accelerations associated with the angular velocity 2 of the rotating frame relative to the
fixed laboratory frame. Note that the vectors u, U and w that appear in (36) are measured

relative to the rotating frame.

D. Global force and torque balance

The equations of global force balance are obtained by integrating the momentum equa-

tions (33) together with (36) over a cross-section S of the rope with area A, yielding

pAJ =N'+P (37)
where
N :/03 das, (38)
is the stress resultant vector, ’
J=Qx (Q2xx)+20xU+ DU, (39)

is the acceleration averaged over the cross-section,

P = pAg —1—7{ [(g,-dy)oo — d'o3]dl, (40)
c

is the applied load vector, and C' is the (circular) contour around the cross-section.
The equations of global torque balance are obtained by applying the operator yx to (33)

and then integrating over the cross-section. This yields
pIK =M'+d; x N+ M, (41)
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where I is the moment of inertia (5) of the cross-section,
M:/yxagds, (42)
S
is the bending/twisting moment vector,
Ko = Diwq + ko (DiUs + €343w5U,)

+0? (—kKadspxs + €apsdpsdss)
—f—Q [Qd/gg (Eaﬂgwg, —f— E/g73liaU7) — dagﬁ]
—WaA + €qp3ws(ws — wp), (43a)

and

K3 = 2Dyws — kDU,
+Q%dpkats
+2Q {€eap3 [das(wp + kaUs) + dsgkaUs) — dssA}
—2w3 A + €4p3ka [(W3 + wo)Us — wpls] , (43b)

are the components of the average moment of the acceleration, and
M =pl (g x d3)k — (K x g)d;]

+]{Cy X [(g,+dy)os — d'o3]dl (44)

is the applied moment vector.

E. Applied loads and moments

We now determine simplified expressions for the applied load and moment vectors (40)
and (44), assuming that the outer surface r = a of the rope is acted upon by surface tension

but is otherwise stress-free. Accordingly, the stress vector there is
TN:9;|r—a = 27HN (45)
where H is the mean curvature (18),
_ i |2 /2 —1/2 /
n=ng"'=|h:+a (heg, — d'd3) (46)

12



is the unit vector normal to the surface and
he = hly—a = 1+ a(ky sin @ — ko cosb). (47)

By projecting (45) onto the base vector dj, and rewriting the result in terms of o;; using
(32), we obtain
[(g,°do)os —dos],_, = 2vH(h.g,-d; — 0;3a")d,;. (48)
Eqn. (48) together with (17), (18), and (47) permits evaluation of the line integrals in (40)
and (44), which yields
P = pAg + 2ny(ak x d3 + d'd3), (49)

My = plkags + YAk,  Ms = —plkaga. (50)

F. Constitutive relations

The dynamical equations are completed by constitutive relations for the stress resul-
tant N3, the bending moments M; and M, and the twisting moment Mj3. These can be
derived by asymptotic expansion of the governing equations in powers of the slenderness
€ = ag/L < 1, following a procedure similar to that of Ribe!®. To facilitate the derivation,
define dimensionless variables 4, = ya/a0, @ = a/ag, J3 = y3/L, and k; = Lk;, and the
dimensionless derivative 05 = 0/0ys.

To determine the constitutive relation for the axial stress resultant N3, we consider slow
(inertia-free) deformations dominated by stretching. Suppose for definiteness that gravity
is the primary force responsible for the deformation of the rope, as is the case e.g. for a
vertical liquid rope stretching under its own weight. The scales for the velocity and pressure

within the rope are then

pgL?
u~ = p~ pyL. (51)
We also suppose that the magnitude of the surface tension coefficient v is such that
T pe
Eng2 ( )7 ( )

where B is a modified inverse Bond number.
The scales (51) suggest that the velocity and pressure fields can be represented by asymp-
totic expansions of the form

ng S5 S dgranul™ (), (53a)

7=0 m=0 n=0
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p=pgL > > D iU (is), (53b)

j=0 m=0 n=0

(jmn)

where the coefficients u, and pU™") are dimensionless functions of the arclength ¢s. To

simplify the notation, let
A(ijk) _ 53 (igk) + Ry u(wk) I%ngijk)7 (54>

We now substitute the expansions (53) into the continuity equation (30), the momentum
equations (33) with the inertial term on the left-hand side neglected, and the boundary
condition (45), and then require terms proportional to the same powers of €, 1, and g, in
each equation to vanish separately. This yields a set of coupled linear algebraic equations

for the coefficients ugj mn)

and p™" that can be solved sequentially. A Mathematica® script
that implements this solution procedure is available upon request from the first author. The
leading-order expression for the (dimensional) stress resultant Nj is

N3
pgLA —

_p(000) | 9 A (000) (55)
and the sequential solution procedure described above gives
p000) — _ A(000) | -1 (56)
Substituting (56) into (55) and redimensionalizing using A =~ pgLA®%) /11, we find
N3 = 3uAA — mva. (57)

To determine the constitutive relations for My, My and Mj3, we consider slow deformations

dominated by bending and twisting. The velocity and pressure then scale as

pgL? pgL
€2’ P (58)

~J

and the appropriate asymptotic expansions are

4 = ng =Y S i ), (592)

7=0 m=0 n=0

p =L S S S i ). (50D)

7=0 m=0 n=0

Let

W = —95ulT (P g R, (60a)
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% (ijk) _ § uglj ) _ & (wk) + Al (U’f) (60b)

The leading-order expressions for the (dimensional) moments M; can then be written

M
—L = OO L 90Dy opq, (MO (61a)
pyl
M.
2 p(010) i 2A(110) + 212&?#;101)7 (61b)
pgl
M.
M3 _w§110) _ w§101) i I%lwéom) _ 1%2@000)' (61c)

pgl
The sequential solution procedure described previously yields

A(lOl) _ é3w§000) + I%ngno)

Y

A110) _ (9 w(000) s (110)

uéno) _ _wgooo)’ ug101) _ w§000),
w§110) _ _glw(ooo) 83 (110) ’

(10D _ /%gw§000> B égugllo)

2 - 9

p(om) 8 u)(000 R3w§ooo) B /%wgno)’
p(om) _ égwéooo) n /%iwgooo) B glugno)' (62)

Substituting (62) into (61) and redimensionalizing using the relations

L
(s w3} = & {wéooo)’uéno)} : (63)
p
we obtain
My = 3ul (w] + Kows — Kaws) (64a)
M2 = ?)M] (W; + K3wi — Iilu)?,) (64b)
M3z = 2ul(wy + Kiws — Kowi). (64c)

G. Summary

The unsteady flow of a liquid rope is described by the twenty-one variables A, x1, xo,
3, qo, q1, G2, q3, U1, Us, Uz, W, wy, wo, w3, N1, No, N3, My, Ms, and Ms. The twenty-one
differential equations they satisfy are (6), (21) in the form W’ = A, (24), (26), (28), (37),
(41), (57), and (64). The auxiliary definitions required to close the system are (9), (22),
(39), (43), (49), and (50).

15



III. LINEARIZED EQUATIONS FOR STABILITY OF STEADY COILING
A. Basic state

The basic states whose stability we shall analyze are numerical solutions for the steady
coiling of a viscous rope, obtained using the continuation method described in Ribe!*. The
equations governing steady coiling are obtained from the full unsteady equations in § II by
setting 0, = Uy = Uy =0, U3 =W = U, and w, = kU, where U(s) is the velocity parallel
to the axis of the rope. The result is a seventeenth order two-point boundary-value problem
for the variables Zi, Za, T3, Go, G, G2, G3, U, K1, Ra, @3, N1, No, N3, My, M,, and Ms,
where the overbars have been added to distinguish the variables of the basic state from the
perturbation variables to be introduced in a moment. Because the flow is steady, each barred
variable is a function of the arclength s only. Examples of the geometry of steady coiling

are shown in Figs. 1 and 2, and the mathematical structure of the solutions is discussed in

more detail in Ribe!.

B. Perturbation expansion

The next step is to write each of the twenty-one unsteady dependent variables as the
sum of a steady (barred) value and an exponentially growing perturbation. Denoting the

spatially varying parts of the perturbation variables by hats, we have
A=Q/U+AE, x=%+&E, ¢ =q+qE,

Uy=UE, Uy=U+UE, W=U+WE,

wa:/?caU+d)aE, W3:@3+@3E,
N;=N;+ N,E, M; =M, + ME, (65)

where E = exp(ot) and o is the growth rate. By substituting (65) into the equations derived
in § IT and linearizing in the usual way, we obtain a set of twenty-one coupled linear ODEs
for the perturbation variables A= 2maa, T1, Ta, T3, o, 91, 42, 43, Ul, Ug, Ug, W, Wy, Wa, W3,

Nl, NQ, N3, Ml, MQ, and M;. These equations are given explicitly in the Appendix.
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C. Boundary conditions

The boundary conditions satisfied by the dependent variables are most conveniently ob-
tained by working in a fixed laboratory reference frame. The velocity and angular velocity

vectors in the laboratory frame are related to those in the corotating frame by
Vi =V +Qe;s x x, Wiap = w + Qes. (66)

Consider first the boundary conditions at the injection point s = 0. The cross-sectional
area of the rope, the Cartesian coordinates of its axis, and the advection velocity W are all

fixed there, requiring

where Ay = ma2 and Uy = Q/Ap. With no loss of generality, we stipulate that the local basis

vectors d;(0) at the injection point are constant in the rotating frame, which implies

7@1(0)*> = @2(0)*  2G:(0)g2(0) 0
dij(0) = | 260(0)3(0) @(0)*—a@(0)* 0 |, (68)
0 0 —1

where ¢;(0) and ¢»(0) are the Euler parameters for the steady coiling solution. The fluid

velocity at s = 0 is equal to the imposed injection velocity, or

V(0) = —Upes. (69)
The vanishing of the angular velocity in the laboratory frame requires

w(0) + Qe3 = 0. (70)

Turning now to the contact point s = £, we note that the vertical coordinate of the rope’s
axis there is just (minus) the total fall height less a small correction for the finite radius of
the rope, or

w3(0) = —H + a(0). (71)

Because fluid typically piles up beneath the coiling rope in laboratory experiments (Fig. 2),
the fall height H appearing in (71) should be interpreted as an effective value, i.e., the total
fall height less the height of the fluid pile. The mobility of the contact point requires that
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the rope’s axis there must be horizontal and have zero curvature about a horizontal axis

normal to the rope, or

das(€) = dy(£) = 0. (72)

The no-slip condition requires the velocity of the rope axis at the contact point to be zero in
the laboratory frame, except for a small vertical velocity proportional to the rate of change

of the rope’s radius. Thus

V(0)+ Qes x x() = e;;%a(é), (73)

Finally, the vanishing of the angular velocity vector in the laboratory frame requires
w(l) 4+ Qes = 0. (74)

All the above boundary conditions are valid for an arbitrary time-dependent motion of
the rope. To determine the boundary conditions satisfied by the perturbation (hatted)

variables, we begin by recalling the boundary conditions for steady coiling, which are'

0= A(0) — Ag = 71(0) = 22(0) = Z3(0)

= @1(0) = @2(0) = w3(0) — 2 (75)

=7,(0) = QU ) = Zo(0) = z5(0) + H — a({)

=0(0) =q(0) = p(0) =272 = g(0) + 2717

=w1(0) = wo(l) — Q = d3(0). (76)

at the contact point s = ¢, where U(s) = Q/A(s). The boundary conditions satisfied by
the perturbation (hatted) variables are obtained by linearizing the boundary conditions (67)
through (74) about the steady boundary conditions (75) and (76). At the injection point,

the resulting conditions are



= W(O) = w1 (0) = w2(0) = w3(0). (77)

The derivation of the boundary conditions at the contact point s = ¢ is somewhat more
complicated, because both the rope length ¢ = ¢+/ and the base vectors d;(¢) = d;(£)+d;(¢)
change with time. To first order in the perturbation quantities, therefore, the expansion of

a generic scalar or vector variable ¢(¢) at the contact point is

(0) = G(0) + 16 (0) + o(0). (78)

Linearizing the boundary conditions (71) through (74) about the steady conditions (76) with
the help of (78), we obtain the following boundary conditions for the perturbation variables

at s = /:

3pl(£)
M) s
= CUQ(E) +€3Mi(_) - 23(€)
o MO s
= (D) + 17 - Qs (0). (79)

In (79) and henceforth, d;;(s) are the perturbations of the direction cosines (9), e.g. diy =
2(q1G2 + GG + Gods + @3Go). The constitutive relations (64) have been used to eliminate @} (/)
from the boundary conditions on @;(¢) in (79).

In summary, (77) and (79) are the twenty-two boundary conditions required to constrain

the twenty-one perturbation variables and the unknown perturbation ? of the rope length.

IV. NUMERICAL STABILITY ANALYSIS

The equations (A.1) together with the boundary conditions (77) and (79) constitute a
linear two-point boundary-value problem of order 21 that has nontrivial solutions only for

particular values of the growth rate o. We solve this eigenvalue problem numerically using
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a continuation method implemented by the software package AUTO 972122 (freely available
at http://indy.cs.concordia.ca/auto/). The basic idea (e.g., Keller?®, p. 235) is to introduce
into the boundary conditions three new adjustable real parameters (; (i = 1,2, 3) which are
then varied gradually to refine an initial guess for the (possibly complex) eigenvalue ¢. In

particular, we introduce a new boundary condition

MI(Z> = B + i, (80)

and modify the boundary condition on w;(¢) from (79) to

R AG
w0 =-5"T0)

+ Qdyy (0) + Bs. (81)

The problem is initialized by setting #; = #; = f3 = 0 and making an initial guess for the
growth rate o. The solution procedure then comprises two steps. First, we 'pull’ #3 away
from 0 to some finite value (e.g., 1) with o fixed, letting 5, and (3, float freely. Then (3 is
‘pushed’ gradually back to 0 with 5, and (3, fixed, leaving the real and imaginary parts of
o free to float. At the end of this process, one has both an eigenvalue ¢ and the full set of
associated complex eigenfunctions for the twenty-one perturbation variables. High accuracy
is ensured by solving the equations for the steady basic state simultaneously in the same
program, on the same numerical grid as the perturbation equations. The resulting system
is of order 59 (17 steady variables plus the real and imaginary parts of 21 perturbation
variables).

Here we present the results of stability analyses for three of the laboratory experiments
reported by Ribe et al.!?, in each of which the coiling frequency € is measured as the fall
height H is varied for fixed values of the hole diameter d, the flow rate ), and the fluid
properties p, v, and v. Each experiment is therefore defined by particular values of the

dimensionless groups

o 1/5 vQ 1/4 ’}/d2
I, = | — I, = | — II5 = ) 2
1 (gQ3) ) 2 <gd4> ) 3 pr (8 )

To carry out the stability analysis for a given experiment, we first calculate numerically the

dimensionless frequency Q(r/¢%)'/? = Q of steady coiling as a function of the dimensionless
height H(g/v?)'/* = H. This yields a curve similar to that shown (in dimensional form)
in Fig. 3. Next, we choose a trial value of H, and use the "pull/push’ procedure described

above to search for unstable modes having (o) > 0. We then continue any such modes
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in both directions along the curve Q(H), monitoring o to identify the fall heights at which
R(o) becomes zero, i.e. at which the mode in question becomes stable. By repeating this
procedure for different trial values of H along the curve Q(f[ ), we determine the portions of
the curve that represent unstable steady states.

The results of this procedure are shown in Figs. 5 - 7 for the parameters (I1;, I1, II3) cor-
responding to the three laboratory experiments referred to above. In each figure, the symbols
indicate experimental measurements obtained in series with H increasing (squares), decreas-
ing (circles), and varied randomly (triangles.) The continuous curve in each figure shows
the numerically calculated curve Q(lﬁ] ) for steady coiling, and its solid and dashed portions
indicate stable and unstable steady states, respectively. Overall, the agreement between
the numerical calculations and the experiments is very close: the observed steady states are
concentrated along the stable portions of the calculated curves, leaving the unstable portions
almost entirely ‘unpopulated’. The only significant exceptions are the three measurements
with the highest frequencies in Fig. 5, which lie close to an unstable segment of the cal-
culated curve. However, the growth rate of the instability along this portion of the curve
is very small (o ~ 0.02Q2), implying that the coiling rope executes €2/2mwo ~ 8 revolutions
during the time required for a perturbation to grow by a factor e. This may explain why
apparently steady states such as those in Fig. 5 are observed despite their instability sensu

stricto.

V. DISCUSSION

A more detailed examination of our numerical solutions helps to understand the mech-
anism by which steady coiling becomes unstable. As an illustration, we consider the case
I, = 3690, II, = 2.19, II; = 0, and H = 0.894, for which the steady coiling frequency is
Q = 1.401 (solid black circle in Fig. 6). Setting II3 = 0 eliminates the uninteresting effect
of surface tension, which increases the steady coiling frequency by only 5%.

Fig. 8 shows the lateral displacement Z;(s) of the rope’s axis (in the plane containing
the injection point and the contact point with the plate), the bending moment M(s), and

the viscous, gravitational, and inertial forces per unit rope length in the ds-direction. These

forces are defined (using an obvious notation) as
{fVafG?fI} - {N/)pAga_pAJ} 'd27 (83>
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where J is given by (39). Because v = 0 for our illustrative example, (37) implies that
fv+fa+fi=0

The steady coiling solution comprises an interior region in which bending is negligible
(M; ~ 0), and two boundary layers near the injection and contact points where significant
bending is concentrated (Fig. 8b). In the interior, the rope behaves essentially as a ‘whirling
viscous string’!%: the lateral deflection increases smoothly downward (Fig. 8a), and the
gravitational force is balanced about equally by the viscous force associated with axial
stretching and by (centrifugal) inertia (Fig. 8c). In the lower (and more dynamically
significant) boundary layer, the gravitational force is balanced almost entirely by the viscous
force associated with bending, with inertia playing a subsidiary role.

The most unstable eigenmode of the steady solution shown in Fig. 8 has a real eigenvalue
o = 0.6252, where €) is the steady coiling frequency. The structure of this eigenmode is
shown in Fig. 9, using the same variables (lateral deflection, bending moment, and forces
per unit length) as for the steady solution. The perturbation forces fv, fg, and f] are given
respectively by the viscous, gravitational, and inertial terms of (A.11) with v = 0 and a = 2,
and satisfy fv+ fG+ f 1 = 0. The structural features of the eigenmode are concentrated in the
lower boundary layer, where the gravitational force is balanced primarily by viscous forces
(Fig. 9c). The mechanism of the instability therefore involves a balance between gravity
and the viscous resistance of the rope to bending, with inertia playing a secondary role. This
conclusion can be verified by ‘turning oftf’ all the inertial terms in the perturbation equations
(A.1) while holding constant all the other parameters in the numerical code. The instability
still occurs; but the growth rate ¢ = 1.42() is now more than double the 'true’ growth
rate 0 = 0.625(2 predicted by the full numerical model with all inertial terms retained.
This demonstrates that inertia is not essential to the instability, but that it nevertheless
significantly influences the growth rate.

A comparison of Figs. 5-7 raises a further question: how does the number N, of stable
segments of the curve (H) depend on the experimental parameters? The stable segments
are confined for the most part to the roughly horizontal portions (‘steps’) of the Q(H) curve.
Ribe et al.'® showed that the total number N of (stable and unstable) steps in the curve
scales as N ~ H?/ 2 in the limit when II; — oo and gravitational stretching of the rope is
strong (a1 < ag). Figs. 5-7 suggest that N also increases with IIy: Ny = 2 for IT; = 1220,
and Ny = 3 for II; = 3690 and 10050. Moreover, the fourth step in Fig. 7 is only slightly
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unstable (o ~ 0.00412), suggesting that II; = 10050 may be just below the value above
which Ny = 4. Unfortunately, numerical convergence becomes difficult to achieve when II;
and/or € is too large, and we were therefore not able to determine a scaling law for N,. For
now, we can only speculate that it scales in the same way as the total number of steps, viz.,
N, ~ I/,

In conclusion, our linear stability analysis shows that steady coiling in the multivalued
‘inertio-gravitational’ (IG) regime is stable only along discrete segments of the frequency
vs. height curve, the distribution of which agrees very well with high-resolution laboratory
measurements. The stability analysis further shows that coiling is stable at all heights
in the three remaining regimes (viscous, gravitational, and inertial), in agreement with
the experiments of Maleki et al.”. Analytical theory, numerical analysis, and laboratory
experiments thus come together to offer a consistent portrait of steady coiling over the

whole range of fall heights and frequencies at which the phenomenon occurs.
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APPENDIX: PERTURBATION EQUATIONS

The twenty-one first-order ODEs satisfied by the perturbation variables are given below.
Here (P) = P is an alternate notation for the perturbation of the enclosed quantity, and

P, Q| = PQ — QP. In addition, N = N3 + mva.

— Ng CZWH
U/\/ — _—~h H 7__
a oa+ —6MAU ;

& = ds, (A.1b)

(A.la)

2UG) = —20Gy — Q11 — o2 — G303

23



+ullgn, W + Rallge, W1l + &sllgs, W)
204, = —20G1 + Golor — @32 + Pots
—R1|lqo, W || + Ra|lgs, W|| — Rs|lge, W]
2U ¢, = —20Gs + Gsin + Goa — Gui3
—Fallas, Wl — Rallgo, Wl + Rsllqr, W]
203y = —20Gs — Qo1 + Q12 + Qo3
|| go, W[ = Rallgr, W1 — Rsllgo, W)

A

U(; = Eaﬁg <(;}ﬁ — Ul%g — RﬁUg + RgUg)

A AN 4
%:ﬂ@jﬂ+@m—m%,
e 14N
A2’
I, M, A - 5
(IJ/O[ = H?:IU—IQH + eaij"_ii (U/ij - Wj) - 604@'39’%@'7
I, M. -
oy = AL (Ths =),

3 2Mj2
Nz/ = Eijk<leik> + P<AJ2> + pg<Adi3>
—ry (A,5i3 + 27T€ij3 <a/€]>)

M(; = €ajk<Mj’fk:> + Eaj?)Nj + /0<]K04>
+pg(Ikadss) — v(Akaa'),

M} = €aps(Makig) + p(IK3) — pg(Irsdss).

(A1)

(A.1m)
(A.1n)

The perturbation curvatures k; are eliminated from the above equations using the auxil-

iary relations

Uk = — /_ﬁW"’ 20 (|lqu, qol| + llq2, asl|) »
Uky = 0y — /_ﬁzw + 20 (g2, qol| + llas, a1]) »

Uky = &3 — RaW + 20 (|la, aoll + lla, @l

(A.2a)
(A.2b)
(A.2c)

which are themselves obtained by combining the perturbation forms of (10) and (26).
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FIG. 1: Steady coiling of viscous corn syrup (photograph by N. Ribe.) Fluid with density p,
viscosity v and surface tension coefficient v is injected at volumetric rate ) through a hole of
diameter d = 2ag and falls a distance H onto a solid surface. The angular coiling frequency is €2,
the radius of the ‘coil’ portion of the rope is R, and the radius of the rope at the base of the coil

is ai.

FIG. 2: (a) Schematic diagram of the experimental apparatus used for the coiling experiments.
Silicone oil is pumped from a syringe using a stepper motor, and falls onto a table of adjustable
height. Observations are recorded using a CCD camera operating at 25 frames s™1. (b) and (c):
Coiling of silicone oil with viscosity ¥ = 5000 cm? s~!, injected from a hole of diameter d = 0.15
cm at a rate Q = 0.0066 cm? s~! and falling a distance H = 20 cm. The low-frequency and

high-frequency states observed for these parameters are shown in panels (b) and (c), respectively.

FIG. 4: Geometry of a thin viscous rope. The Cartesian coordinates of the rope’s axis relative to an
arbitrary origin O are x(s, t), where s is the arclength along the axis and ¢ is time. The rope’s radius
is a(s,t). The unit tangent vector to the axis is d3(s,t) = @', and dy(s,t) and da(s,t) = ds x dy
are material unit vectors in the plane of the rope’s cross-section. The Cartesian unit vectors e; are
fixed in the reference frame rotating with an angular velocity equal to the angular frequency €2 of

steady coiling.

FIG. 3: Regimes of liquid rope coiling. The symbols show experimental observations of the coiling
frequency €2 as a function of the fall height H for an experiment performed using viscous silicone
oil (p =0.97 g cm™3, v = 1000 cm? s~ !, v = 21.5 dyne cm™!) with d = 0.068 cm and Q = 0.00215

3 5710, The solid line is the numerically predicted curve of frequency vs. height for the same

cm
parameters. Portions of the curve representing the different coiling regimes are labeled: viscous

(V), gravitational (G), inertio-gravitational (IG), and inertial (I).
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FIG. 5: Stability of steady coiling with II; = 1220, II, = 2.09, and IIs = 0.019. The continuous
curve shows the numerically calculated frequency of steady coiling as a function of height. The
solid and dashed portions of the curve indicate stable and unstable steady states, respectively, as
predicted using the numerical stability analysis described in the text. Symbols indicate experimen-
tal measurements'? obtained in series with H increasing (squares), decreasing (circles), and varied

randomly (triangles.)

FIG. 6: Same as Fig. 5, but for II; = 3690, IIs = 2.19, and IIs = 0.044. The black dot indicates
the coiling frequency at H(g/v?)'/3 = 0.894 with the same values of II; and II, but with surface

tension neglected (II3 = 0).

FIG. 7: Same as Fig. 5, but for II; = 10050, IIs = 3.18, and II3 = 0.048. The parameters for this

experiment are identical to those used in Fig. 3.

FIG. 8: Structure of the steady coiling solution for the case II; = 3690, Ils = 2.19, II3 = 0, and
H = 0.894 (Fig. 6). In this figure and in Fig. 9, the arclength s increases along the rope from the
injection point s = 0 to the contact point s = ¢. (a) Lateral displacement Z;. (b) Bending moment
M;. (c) Forces per unit rope length in the do-direction: viscous (heavy dashed line), gravitational

(heavy solid line), and inertial (light solid line). The vertical light dashed line indicates f = 0.

Ay = 7'(‘(1(2) and Iy = Waé /4 are the area and moment of inertia, respectively, of the injection hole.

FIG. 9: Structure of the most unstable eigenmode of the steady coiling solution shown in Fig.
8. The variables displayed in each panel are the perturbations of the steady variables in the

corresponding panels of Fig. 8, and are all normalized to unit amplitude.
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