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Abstract

We consider the Khokhlov-Zabolotskaya-Kuznetzov (KZK) equation
(us — vty — Buasz)s — yAyu = 0, which describes for instance the propa-
gation of sound beams in nonlinear media, in Sobolev spaces of functions
periodic on x and with mean value zero. The derivation of KZK from the
non linear isentropic Navier Stokes and Euler equations and approxima-
tion their solutions (in viscous and non viscous cases), the results of the
existence, uniqueness, stability and blow-up of solution of KZK equation
(using Alinhac’s method) are obtained. We proved the existence of the
shock wave for the problem with 3 = 0 (without viscosity and dissipation
of energy). We have established the global existence in time of the beam’s
propagation in viscous media with 8 > 0 only for rather small initial data.
In the proof of the existence of KZK solution the fractional step method
have been analyzed. One justifies and gives as an example the numeri-
cal results of Thierry Le Pollés obtained by him in Laboratoire Ondes et
Acoustique, ESPCI, Paris.

1 Introduction

The KZK equation, named after Khokhlov, Zabolotskaya and Kuznetsov, was
originally derived as a tool for the description of nonlinear acoustic beams (cf
for instance [10, 39]). It is used in acoustical problems as mathematical model
that describes the pulse finite amplitude sound beam nonlinear propagation in
the thermo-viscous medium, see for example [1, 24, 8, 9, 27]. Later it has been
used in several other fields and in particular in the description of long waves in
ferromagnetic media [33].

The KZK equation, as it have been demonstrated in [8], accurately describes
the entire process of self-demodulation throughout the near field and into the
far field, both on and off the axis of the beam (in water and glycerin). The
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term “self-demodulation”, which was coined in the 1960s by Berktay, refers to
the nonlinear generation of a low-frequency signal by a pulsed, high-frequency
sound beam.

As it is known [9], the use of intense ultrasound in medical and industrial
applications has increased considerably in recent years. Both plane and focused
sources are used widely in either continuous wave or pules mode, and at in-
tensities which lead to nonlinear effects such as harmonic generation and shock
formation. Typical ultrasonic sources generate strong diffraction phenomena,
which combine with finite amplitude effects to produce waveforms that vary
from point to point within the sound beam. Nonlinear effects have become es-
pecially important at acoustic intensities employed in many current therapeutic
and surgical procedures. In addition, biological media can introduce significant
absorption of sound, which must also be considered. The KZK equation, as
a nonlinear equation with effects of diffraction and of absorption, which can
provide shock formation, is the mathematical model of these phenomena.

The non-linear phenomena found a recent application in the field of the ultra-
sonic medical imagery known under the name of “harmonic imagery”. In med-
ical imagery where the echographic bars concentrates energy in a very narrow
beam, the approach most commonly employed is the resolution of the equation
KZK which describes focused beams.

In the present section the emphasis is put on the derivation of the equa-
tion for nonlinear acoustic in view of application to time reversal problems in
nonlinear media. The KZK equation in its initial interpretation as in [10] is
mostly studied by physicists but until now there are is no mathematical analy-
sis of this problem. The KZK equation is not an integrable equation at variance
Kadomtsev-Petviashvili (KP) equation known to be integrable. Numerically
in [10] has been obtained the existence of a shock wave in the case of propagation
of the beam in nondissipative media and a quasi shock wave for the dissipative
media. The last phenomenon corresponds to the approximation of the beam’s
front to the shock wave but the solution has the tentative to be global. We
obtained the proof of the existence of the shock wave for the problem without
viscosity. We have established the global existence in time of the propagation
in viscous media only for rather small initial data. The announcement of the
results can be found in [11, 12, 13].

This part is organized in the following way. First the derivation of the
equation is borrowed from physical literature then the existence uniqueness
stability of the equation is analyzed. Eventually a blow-up result which gives
a limitation to the range of application is given as an adaptation of a result
of [2], [3] and [4]. Using obtained results one proves a large time validity of the
approximation for two cases: for non viscous thermoellastic media and viscous
thermoellastic media.

Our main purpose is to prove existence and stability of solutions described
by the KZK equation with the following properties

1. they are concentrated near the axis x1;

2. they propagate along the z; direction;



3. they are generated either by initial condition or by a forcing on the bound-
ary z1 = 0.

This corresponds to the description of the quasi one d propagation of a signal
in an homogenous but nonlinear isentropic media.
Therefore it is assumed that its variation in the direction

2 = (22,73,...,2n)

perpendicular to the z; axis is much larger that its variation along the axis x;.
For instance for the linear wave equation in R™ (n > 1):

1
C—28t2u—Au=O, (1)
the following ansatz
ue =U(t— 2L exy, Ver') 2)
c
involving a “profile”
U(r,z,y)

(with €) small leads to the formula:

02U~ LU = 0(), 3)

or for functions U (T, z,y) = A(z,y)e™T, to the equation

1
iwd, A — 0,4 =0(e). (4)

Observe that with e = 0 (3) and (4) are two variants of the classical paraxial
approximation and that equation (3) contains the linear non diffusive terms
of the KZK equation which usually has the following form for some positive
constants (8 and ~:

92.U - %aEW — BO2U — yA,U = 0.

On the other hand the isentropic evolution of a thermo-elastic non viscous
media is given by the following Euler Equation:

Op+V(pv) =0, p(Ow+v-Vv)=-=Vp(p). (5)

Any constant state (pg,vg) is a stationary solution of (5). Linearization near
this state introduces the variables

p=potep, v=1v9+ev
and the acoustic system:

op+poVo =0, podyv+p'(po)Vp =0, (6)



which is equivalent to the wave equation:

1
2

/

25— Ap=0, a5=-"g; (7)
Po

where ¢ = \/p’(po) is the sound speed of the unperturbed media.

And observe that the equation (3) which is the linearized and non viscous
part of the KZK equation can be obtained in two steps. First consider small
perturbations of a constant state for the isentropic Euler equation which are
solution of the acoustic equation and then consider a paraxial approximation of
such solutions.

The derivation of the full KZK equation follows almost the same line. It
takes into account the viscosity and the size of the nonlinear terms. One starts
from a Navier Stokes system:

Owp + V(pu) =0, p[atu +(u-V) u] = —Vp(p, S) + bAu, (8)

the pressure is given by the state law p = p(p, S), where S is entropy.

First one assumes that the temperature 7" and the entropy S have the small
increments T and S. With the hypothesis of potential motion one introduces
constant states

P = pPo, U=UQ.

Next one assumes that the fluctuation of density (around the constant state
po), of velocity (around ug, which can be taken equal to zero with galilean), are
of the same order e:

p6:p0+6ﬁ6u UE:6ﬁ€7 b:e?),

here € is a dimensionless parameter which characterizes the smallness of the per-
turbation. For instance in water with a initial power of the order of 0.3 Vt/cm?
e = 107°. Using the transport heat equation in the form

05 .
To— = kAT
Polo e K )
the approximate state equation
1 /0% op\ =
2~ 29
e € — _— —_— S
p=cep —|—2 (5/)2)36 pe + (35 ,

(where the notation (-)g means that the expression in brackets is constant on
S), can be replaced [10], thanks to the relation

~ k (0T
S=——|—=—] divue,
To <8p>s

—1)c? 1 1
p=c’ep + (’YQT)CE%S —K (— - —> V . 9)

by



The system (8) becomes an isentropic system
Ope + Vipeue) =0, plOue + (ue - V) u] = —Vp(pe) + evAu, , (10)
with the approximate state equation

(’7 — 1)02 62p~2 (11)

2~
p=p(pe) = c“epe + :
(pe) p o

and a rather small and positive viscosity coefficient:

b+ ! !
v = Kl =———=—].
C, Gy
Next one reminds the direction of propagation of the beam say along the axis
x1, and therefore considers the following profiles:

pe=1I(t— ﬂ,eajl,\/gx’), (12)
c

’ae = (ue,lyué) = (U(t - z_clvexly \/EJ?I), \/Euj(t - x_clvexh \/Exl)) . (13)

In (12) and (13) the argument of the functions will be denoted by (7,z,y)
and ¢ is taken equal to the sound speed ¢ = 1/p'(po) . Inserting the functions
Pe = po + €1, u, in the system (10) one obtains:

1 For the conservation of mass:

Ope + V(peue) = €(0-1 — p—coﬁTv) +
2 o1 1 3
+e7 | po(0,v+ V- W) — EvaTI - EI(')TU +0(e’) =0. (14)

2 For the conservation of momentum in the z; direction:

pe€(Opticn + uNVue 1) + 0z, p(pe) — €€vAuc 1 = €(poOrv — O, T) +

c2

+€? (I@TU — L2990 + 20,1 — (2;1)087[2 - 1831)) +0(e3) =0. (15)
c Po

And finally for the orthogonal (to the axis x1) component of the momentum
one has:
pe€(Dpul + ucVul) + 8 p(pe) — EvAul = €2 (podrid + AV, I) +

e (~ 200, + 10,0 + UFICT, 12— BA@) +O(E) =0.  (16)

To eliminate the terms of the first order in ¢ we need to pose:

o1 — p—coaw -0, (17)



which also implies
po0:v — cO.1 =0,

and therefore I and v should be related by the formula:

c
v=—1 18
Po ( )

and the second order terms of (14) and (15) by the formula:

po(0.v+ V- @) — 1vd T — 1190 =
= —1(10:v — 2vd.v + ?0.1 — =Deg 12 - L0%), (19)

2p0 c2 VT

which (with (18)) gives:

1
poVy - 0 + 2c0.1 — %aﬁ - QLOaEI = 0. (20)

Po cop
Eventually one uses the equation of the orthogonal moment (16) to eliminate
the term poV, - w. Assume in agreement with (16) that

006 + 2V, I =0, (21)

take the divergence with respect to y of this equation. Differentiate (20) with
respect to 7, and combine to obtain:

1 2
G Do Y g3r S ar—0, (22)
Po

02 T —
DOrz 4py T T ¢ 2

The KZK equation (22) is written for the perturbation of density, but the
same equation with only different constants can be also derived for the pressure
and the velocity. The passage between these KZK equations is possible thanks
to (11), (18) and (21). For example the equation for the pressure has the form

B oo 0 .3
~0:p° — —=0op —
2pC3 T 9m P

EAyp =0.

.p—
sz 2

The above derivation is standard in physic articles however it does not imply
that the function

Pe = PO +€I;ue = E(U,\/EIE)

is a solution of the system (10) with an error term of the order of €. In fact
one can assume (17) and that (21) with (20) take place, but not the fact that
this quantity which corresponds to the term of the order of €2 both in the
conservation of mass and momentum along the axis z; is zero. To remedy to
this fact and also to ensure an error of the order of €3 in the moment orthogonal
to the z; direction one introduces an Hilbert expansion type construction and
writes

pe=po+el, u=ev+ evy, Vew), (23)



assuming that I is solution of the KZK equation (22), while v and w are given

in term of I by (18) and (21), one obtains, modulo terms of order €, for the
right hand side of the equations (14), (15) and (16):

1
€ ( _ro -v1 + po(0v + V- w) — —8T12>,
¢ Po

-1
e poOrv1 + 0,1 — Lcarlz - L@f] .
2p0 cpo

Taking into account the KZK equation this implies for the “corrector” v; the
relation:
B "oz Lot - o (24)
v = ——5-¢C — — —0,1.
TU1 2p% T cp% T 00 z
At this point one can state a theorem with hypothesis to be specified later in
section 3 (see theorems 7,8, 10).

Theorem 1 Let I be a smooth solution of the KZK equation (22), define the
functions v, w and vy by the known I. Define the function U, = (p., ) by the
formula:

(ﬁmﬂe)(xla $/7t) = (PO + 6176(’0 + evy, \/Eu_j))(t - ﬂa €Ty, \/Z.’L'/)
C

Then there exist constants C > 0 and Ty = O(1), such that for any finite time
0<t<Tpllnl ande >0, there exists a smooth solution U = (R, U.)(x,t) of
the isentropic Navier-Stokes equation such that one has for some s > 0:

U = Ud||g= < e3eCt.

It is interesting to notice that for the non viscous case, i.e., for the isentropic
compressible Fuler system, the KZK like equation with 8 = 0 have been ob-
tained using the scaling of nonlinear diffractive geometric optic theory in [16, p.
1233] (in 2d) in the framework of nonlinear diffractive geometric optic with rec-
tification. The initial goal of the article is to construct the nonlinear symmetric
hyperbolic equation

L(u,0z)u+ F(u) =0,

and the case of the isentropic compressible Euler system is given as an example.
The basic ansatz in [16] has three scales

ue(x) = €%a (e, €x, T, M) ,
€

where
ale, X, z,0) = ao(X,z,0) + ear (X, x,0) + 2az(X, x,0).



Here z = (t,y) € R4, 8 = (1,n) € R and the profiles a;(X,z,0) are
periodic in #. The KZK like equation of the form

Oora — Ayagla + cadya = 0,

with ¢ € R determined from some identity and with T = E, holds for the
profile ap with mean value zero on 6 (for the proof see [16, pp. 1231, 1234])
which corresponds to vanishing non oscillatory part, if we have in our mind the
notation of [16, p.1181]:

if (see [16, p.1181]) a := % 027T adf, the oscillating part is denoted a* :=
a— a.

The analogue technique is used in [38] to study the short wave approximation
for general symetric hyperbolic systems as

{ L(0)u = F(u)d,u, with (z,y) € R xR, (25)

u(0) = eu®(z/e,y) € R™.

with an hyperbolic operator L(0) = 9, + Ad, + BJ, + E. Short waves stands
for short-wavelenght approximate solutions, or equivalently approximate solu-
tions with initial data whose oscillatory frequencies are large compared to the
paremeters of the system. For the variables

t
T:_szfv yaTZGt (26)
€ €
in [38] one looks for the approximate solutions in the form
u(t,z,y) = e(ug + euy + ua)(T, X, y, 7).

For the first profile ug one has the system of the form

{ (Or + cOx)ug =0,

(00x — 02 g = Ox (oD o). (27)

corresponding to the KZK equation for the function @o(X —cT, 7,9, X). The
estimate of the approximate result in [38] between the exact solution v¢ of (25)
and the solution u§ of a system of the form (27) is following

1 € €
v = eugllrn o.m/axmz ) = o1).

To analyze common points between this work and KZK-approximation we
can pass from the variables corresponding to our scaling

xT

(t - ?17 €Ty, \/E(E/)

to “variable = /e variable” in following way

(%(f— %)ME@,@')



2

and supposing now that € = €, i.e., we obtain

L
<t(t— ﬂ),efl,f'),
€ C

(p,u) = (po + €1, &0 + &0y, éw)).

This variables exactly correspond to Texier’s case [38]

and similar

X
T- = .
( C,T,y)

To the first profile eug from [38] there corresponds to (pg 4 €I,é0) for which
we have exactly the system (27) in the form of (17) and the KZK equation
without viscous therm. The profile €2 is associated to e?u; and the profile
&3y is associated to €3uy. The result of [38] is obtained for nonperiodic case
and without the vanishing mean condition important for physical reasons.
This small analysis of the abstract works shows t}ﬁt\_gur approach is simi-

lar where the variables have been switched with € “variable = /e variable” to

balance the oscillation :
1 ~ .fl X1
—(i-= (t - —) .
Ve ( c ) - c

In other words we can say that we have O(1) oscillations.
The scaling of Sanchez [33] for Landau-Lifshitz-Maxwell equations in R? is
very different. Sanchez starts by the system

8tM:fM/\H7ﬁM/\(M/\H) in R3, (28)
O(H+M)—-VAE=0 inR?, (29)
%E+VANH=0 inR?, (30)

which represents the Landau-Lifshitz-Maxwell equations and admits stable equi-
librium solutions where the magnetization is uniform and everywhere parallel
to the effective magnetic field:

(M,H,E) = (Mo, * My,0), a > 0. (31)

Then he is interesting in small perturbations of the equilibrium states whose
size is measured by a small parameter e. The perturbation is taken in the form:

M(ta z, y) = MO + GQM(& T, ~7 g)7
H(t,z,y) = a My + €H(t, 7, %, 7),
E(t,z,y) = ezﬁ(ﬂ T, Z,7),

where ¢, 7, &, § are new rescaled variables:

t=¢t, 7=¢', &=éx, §=éy. (32)

Ne



We notice here that if we take

=&t &=, =€y,

>

we exactly obtain (26) from (32):

t= T=¢ =

t _
) y Y=1Y.
€

DRSS

But the smallness of the functions’ profiles are different. The vector of pertur-
- PN
bation U(t, T, Z,y) = (a_%M, H,E) (t,7,Z,7) satisfy an equation in the form

( ~ on the variables is omitted)

WU + €20, U + A10,U + eA20,U + ¢ 2LU = B(U,U) + &T(U,U,U),
U(0,0) = Uy,

where A1, Ay, L are linear operators in R?, B is a bilinear map on R? x R?, and
T is a trilinear map on R® xR?xR?. Using then an asymptotic formal expansion
of U in the form U = Uy + €U; + €2U, + ..., Sanchez obtains that the leading
term Uy breaks down in five traveling and standing terms, Uy = 2321 u;, which
satisfy the transport equation and the Zabolotskaya-Khokhlov equation:

(8,5 + vjax)uj = 0,
02 (0ruy — D;O7u; + Bj(ug, Opuy) + Fj(uj,uz, uy)) = Ci05u;

with constant v; which is the speed of the wave in the direction k (the a-
direction). He also proves the validation of this approximation for the time of
order %
Remark 1 Several limits of the equation (37) leads to classical PDE.

o With pgc — oo it becomes the paraxial approrimation:

021 — gAyI =0, (33)

or in term of the pressure the equation

dp ¢ [T ,

The solutions of these equations have been numerically computed by Thierry
Le Pollés (in Laboratoire Ondes et Acoustique, ESPCI, Paris) using a fractional
step method. The proof of the validity of this method will be given in section
2.1.2. The figures 2 and 3 have been simulated for the three dimensional problem
for pressure p of a sound beam propagating in the water

dp ¢

L2 A pdr -
% 2/0 WA’y = (y1,92),

10



p(1,0,y) =g(1) yeQ, 7>0,
Ip
on

Here g(7) is the signal of the source situated in z =0 and

=0 for 02, 7>0.

g(1) = Pyexp[—(27/T4)*™] sin(wot). (34)

o And when I does not depend on y it is the Burgers-Hopf equation

O+Dg e VY g2roy (35)

0,1 —
‘ 4po 2¢%po

and eventually in this case with v = 0 the Burgers equation:

O+1D
£0

o, I — 12 12 =0.

In term of the pressure fluctuation, (35) is

op_ 5 B o
0z 233912 ' 2poc® 012’

(36)

The numerical simulation of the solution of (36) with the same initial and bound-
ary data as in (33) is given in the figures 4 and 5.
e The analogous 2d version of KZK equation is

y+1) U+ Dgepe
4pqg 2c2

2
co2.1— ¢ 37— %a;z = 0.

And for a “beam” (rotationally invariant around the x1 axis) in 3 space variables
1t 18:

(Py + 1) 82I2
4po 2¢2po

2
1
D21 — 37— %(83[ +20,1) = 0. (37)
The figures 6 and 7 represent the graph of the solution of the full KZK
equation, composed of the both parts of (33) and (36) with the source (34)

§ 0%p 8 op?
/ Dypdr’ + 55 203 972 2p003ﬁ' (38)

All figures 2-7 have been obtained by Thierry Le Polles in Laboratoire Ondes
et Acoustique, ESPCI, Paris, and are the illustrations of his numerical results
calculated in C++.

Remark 2 We would like also illustrate the case of “quasi-shock” using [10,
pp.78-81]. This phenomenon appears for the KZK equation with small viscosity
coefficient. According to [10] the wave is named a quasi shock wave if the breadth
of the wave front At < w/10. The figures 8 and 9 have been obtained in [10] for

11



the following problem for the density function of a beam rotationally invariant
around the x1 axis (cf. (87))

2,2 2 2 3 2
0%p N@p d3p <8 13){):07

ordz  0Or2 or3

-7

_+__

or?2  ror (39)

2 .
plizo = —€™" sinT.

Remark 3 There are mathematical works [25], [26] for KZK type equation
oz = (f(ur))r + Burrr +7ur + D,

where u, = u,(z,2,7) is the acoustic pressure, (z,7) € R* x R, d = 1,2 are
space variables and T is the retarded time. The equation is studied with the
hypothesis that the nonlinearity f has bounded derivative which allows to proof
the global existence for the case when the coefficients are rapidly oscillating
functions of z. So this problem is not related with our “acoustical” problem for
the KZK equation where as we will see later there is a blow-up result illustrating
the existence of a shock wave.

2 Mathematical Studies of the Cauchy Problem
for KZK Equation

2.1 Existence uniqueness and stability of solutions of the
KZK equation

Following the mathematical tradition in this section and in the next one the
unknown will be denoted by u, and the variables (z,y) € R, x (2 C R 1).
When Q # R™! it is assumed that the solution satisfies on its boundary the
Neumann boundary condition. Multiplying u by a positive scalar one reduces
the problem to an equation involving only two constants 5 and

(Ut — Uy — BUga)e —YAyu=0 inR,/(LZ) x Q. (40)

For sake of simplicity and because this also corresponds to practical sit-
uations [10, 39] we consider solutions which are periodic with respect to the
variable x and which are of mean value zero:

L
u(e+ Lyt = ulwgt), [ uleytido=o (41)
0

Observe that the conditions (41) are compatible with the flow and that the
second one is “natural” because we consider fluctuations.
For these functions the norm of the space H* (s € R, s > 0) is denoted by

1
+oo 2

lull e = / S (14 K2 4 )k, ) i

m_1 k=—o00

12



If we introduce the operator A = (1 — A)z as @(C) = (14 [¢]?)za(C),
then
A =1 =40)z ullas = [[A L, (42)
We define the inverse of the derivative 9, ! as an operator acting in the space
of periodic functions with mean value zero this gives the formula:

x L s
o- f:/o f(s)ds+/0 2 f(s)ds. (43)

This form of the operator 9, ! preserves the both qualities: the periodicity and
having the mean value zero.
In this situation equation (40) is equivalent to the equation

Up — Uy — BUgy — fyam_lAyu =0 inR;/(LZ)x Q. (44)

Finally when v = 0 equation (40) reduces to the Burgers-Hopf equation for
which existence smoothness and uniqueness of solution are well known. For
v = 6 =0 it reduces to the Burgers equation

2
u
agu — 8x7 = 0,

which after a finite time exhibits singularities. After this “blow-up” time the
solution can be uniquely continued into a weak solution satisfying an elementary
entropy condition (in the present case with v # 0 it seems that this construction
cannot be adapted to equation (40) with 8 =0 and v # 0).

We would like also to notice that the J. Bourgain-type method and introduc-
tion the Bourgain spaces as in [35, 29, 30] and others are not useful for the KZK
problem because of absence of the terms with an odd derivative as for example
Ugze 0 (44). The presence only of the second derivative make impossible the
main estimations and equalities of this method.

2.1.1 A priori estimates for smooth solutions

According to the standard approach we first establish a priori estimates for
smooth solutions which are in particular a consequence of the relation:

/ / A w)udxdy = / / v 4 1) Vyudrdy
Rn 1 Rn 1
= / / 071 (Vyu)9,(0; 1 (Vyu))dzdy = 0. (45)
o Jryp?

The Ly norm and the H* in (R} /(LZ)) x R;~") are denoted by |u| and by
[[ulls-

13



Proposition 1 The following estimates are valid for solutions of the integrated
KZK equation (44):

1d 9 9
—— . . . . = 4
Sl O 810l =0, (46)
n 1d 9 5 3
Fors>[J]+1  S—|ulls + Bl0zully < C(s)llull; (47)
2 2 dt
1d
and 3 %l + BO(L) [l < O(s) Jul (15)

The estimates (47), (48) are valid for s > [§]4-1 which is the necessary condition
because of application of the Sobolev theorem.

Proof. To obtain the relation (46) multiply (44) by u, and integrate by part.
It shows that for 3 = 0 we have the conservation law for the norm of u in
Loy(Ry/(LZ)) x Ry~1). If 3 > 0 we also have according to the physical phe-
nomena [10] the dissipation of energy.

For the clarity the proof of (47) is done firstly in 3 space variables, with
= R? and s an integer (i.e. in the present case s = 3) and after we give the
proof in general case. In 2d in particular when € = S the proof is even simpler.
The proof in the whole is similar except for the relation (48) which holds only
in the periodic case and not on the whole line. (In this later case the H® norm
of d,u does not control the H® norm of u).

For the proof of general case s € R one has used the representation of
the norm in H*® with the help of the operator A by (42) and the technique
demonstrated in [23] and [34] for periodic and nonperiodic cases, which allows
to deduce

1d
2dt

and this implies the necessity of our restriction for s:

[ull? + Bllosullf < ClIVayull Lo llul?,

if 5 > [g] +1 then H*'C La.

The elementary proof

The introduction of the H?® norm for n = 3 comes from the control of the
nonlinearity with the Sobolev theorem. It starts with the estimating

L
/ 93 (ud,u)O2udrdy. (49)
0o Jr2
We integrate it by parts, use the z periodicity, and finally one has:

L
|/ - 92 (udyu)Dudrdy| < C|amu|L°°(]O,L[,><R§)HuH%ﬁ(waR%)'
0 Y
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In the same way with 9, denoting the derivative with respect to any orthogonal
component one obtains:

L L L
/ 8§(u8mu)8§’udxdy :/ / u@z(ag’u)ai’udxdy —|—/ / (aiu)zazudxdy—l—
0o JRr2 0o Jr2 0 JRr2

L L
+3/ / (@u)((’?ﬁ@zu)azudmdy + 3/ aiu(ﬁyﬁxu)az’udxdy
0 Jrz 0 Jr2

and as above one has

L L
/ / uax(a;ju)aju = —1/ 8xu(8§’u)2d:cdy.
0 Jr2 2Jo Jr2

Therefore the sum of the first, second and last term of (50) are bounded by

Cloyul e=qo,cix=2) [ull7rs o, x=2)

and for the third term one can write

L 1 L
/ 02u(0y 0, u) O udxdy 3 / 0y (07u)? (00 u)dzdy
0 Jr2 0 Jr2

L
—% / /R (02u)20,(9%u)dedy = 0.(51)
o Jrs

Finally one has obtained the following estimate:

/L / (O3 (udpu)(D3u) + Y 05 (udpu) (05 u))dwdy <
0 RZ

1<i<2

< (sup |0pu(z, y, )] + [Vyule, y,t)])|ull3. (52)

T,y

The choice of the index of derivation 3 comes from the Sobolev theorem
which gives:

|8zu| + |5'yu| < C’||u||H3(]07L[XR§).

Eventually to obtain (47) write:

L
0 = / / (02 (ue — utty — Bugy — Y0, ' Ayu(s,y)ds).0u
0 Jr2

+ Z 8; (ur — uty — Pugy — 'ya;lAyu(s, y)ds).@iu]dzdy
1<i<2

and use the estimate (52). Finally to prove (48) one uses the fact that u is of
mean value 0 and therefore it is (cf: (43)) related to d,u by the formula

T L
u= 0, 0,u= / Oru(s,y)ds + / %&cu(s, y)ds, (53)
0 0
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which implies the relation

[ull 2 g0,2(xr2) < CllOzullmaqo,LixR2) -

The general proof

We apply the operator A® to equation (44) and multiply by A®u in Lo

1 d S S S S

5%”“”%5 - 6(A Uz, A u) - (A (uux)aA u) =0,
1d 2 2 s s
L+ Bl = (A (), M%) = 0

Suppose that [A®, ulv = A®(uv) — uA®v. Then
(A° (uug), A%u) = ([A%, ulug, A%u)+(udz A°u, ASu) = ([AS,u}ux,Asu)—%(uxAsu,Asu).
As soon as 2(s — 1) > n, the last term is estimated by
|(weh*u, A%u)| < ug o ullds < Clluslgerlullfe < Cllullg..
For the first term we have:

(A", u]ug, Au) < (A || o lull e < Cllullze el a2 llull e < CllullFe.

We need now the following proposition.

Proposition 2 With the above notations we have the estimate

ITA®, uluglL, < Cllulles

Ug || prs—1-

Proof.
For the periodic case, using the result of J.C. Saut and R. Temam from [34]
which consists in the following:
if u, varein H*(R"™) or in H*(R"/Z") and s e R, s > 1,7y € R, v > n/2,
then
1D*(uv) = uD*v||1, < e(y, s){[lullsllvlly + [ully4allolls-13,

what is easy to generalize for H*(R,/(LZ)) x R;~'. The estimate remains true
if we change D® on A®.

In our case v = s — 1, from where the result follows. [

To finish the proof for (48) we notice that [ul s < C||9%| #=, because of
(53). O
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2.1.2 Existence and uniqueness for smooth solutions

The following theorem is an easy consequence of the a priori estimates.
Theorem 2 For the following Cauchy problem
wp — wtly — By — 0, H(Ayu) =0, u(z,y,0) = ug (54)

considered in (Ry/(LZ)) x Ry~ i.e. in the class of x periodic functions with
mean value 0 with the operator 9,1 defined by the formula (43) and finally with
B > 0 one has the following results.

1 For s > [§]41 (s = 3 for instance in dimension 3) there exists a constant
C(s,L) such that for any initial data uy € H® the problem (54) has on an
interval [0, T] with

1
= O, Dlfuollr

a solution in C([0,T[, H*) N C*([0,T[, H*~2).
2 Let T* be the biggest time on which such solution is defined then one has

T (55)

.
/ sup(10su(z, y, )| + |Vyula, y, O)])dt = co. (56)
0

T,y
3 If B > 0 there exists a constant Cy such that

4 For two solutions w and v of KZK equation, assume that u €
Loo([0,T[; H®), v € L?([0,T[; La). Then one has the following stability unique-
ness result:

|U(, t) - U('v t)‘L2 < ejg supzyy|3mu(az,y,s)|d8|u(" O) - ’U(., O)|L2' (58)

Remark 4 The estimate (58) is of strong-weak form, as in [14] only the Lo
norm of u, is needed.

Remark 5 When there is no viscosity all the corresponding statements of the
theorem 2 remain valid for 0 >t > —C' with a convenient C'.

Remark 6 As (40) is envisaged for u(t,x,y) withx € R/(LZ), the KZK equa-
tion can be also written for u(t,z,y) = v(t, —x,y) in the equivalent form

(ve + vy — Bugs)e + 7D v = 0.

So it is important to keep invariant the sign —vVgy., B > 0, but all other signs
can be changed.
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Proof. To construct a solution one can proceed by regularization, by a
fractional step method, or by any other type of approximation. In particular
it was done for the general case with the help of Kato theory from [19, 20, 21,
22]. Since we intend to analyze the numerical methods, the fractional step is
favored and once again the only case n = 3 and s = 3 with periodic solutions
is analyzed. The idea of this kind of proof can be found in [37] and firstly
have been introduced by Marchuk and Yanenko. Furthermore as for a priori
estimates result we cite two proofs: one with the analysis of the fractional step
method for the case n = 3 and s = 3 and an other proof for general case.

The application of the fractional step method
To control the stability of the fractional step method one uses the following

Lemma 1 Let Xo,C,T be three positive numbers with
2
CvXo'

Let N be a positive integer, AT = % and for 0 < k < N let Xy be a sequence
of positive numbers which satisfy the estimate:

T <

Xk

0<E<N-1, Xpy1 < )
for0<k< kﬂ*(l—%CAT\/X_k)?

then for any 0 < k < N one has

Xo
- 1oTVXo)?

Proof. The solution of the equation:

X, <

y = Cy? ,y(0) = Xo
is given by the formula:
X
yt) = ——=29

(1= 30t/Xo)?

and is therefore positive and bounded on the interval [0, T]. Denote by gy the
value of this solution at the points kAT they satisfy the relation

Yk
1 — 3CAT\/yi)?

and therefore for any k € [0, N — 1] one has

Yk+1 =
(

0< Xk <wi

and the conclusion follows.
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The operator 9, 'A, is the generator of a unitary group in the space of
LQ(% x ) with mean value zero and this unitary group

etz 1Ay

preserves the H® norm. In the mean time the solution of the Burgers equation:
Ot — Uty — Pligy =0

on the time interval |kAT, (k+1)AT[ with u given at the time kAT may increase
(as in the proof of the a priori estimates) the H? according to the formula

lukAT)ls
(1= ST y/[ulhAT) )2

According to the tradition one defines on the interval [0, 7] the functions uy
and uy 1 by the following formula:

[u((k +DAT)|[3 <

for t €]kAT, (k + 1)AT[, uyy1(0-) = uo,
Ouny —un(un)e — B(un)ze = 0, un (KAT) = uN+%(kAT_),
Oruny 1 f'yaglAyuN_‘_% =0, uN+%(kAT) =un((k+1)AT-).

The lemma 1 implies that the functions ux and uy 41 are uniformly bounded
in

L>=(]0,T[, H?)

and by a standard argument as it is done for instance in [37] they converge in
C(lo, 7], H?)
to a function u which is solution of the KZK equation:
Ot — Uy — Blgy — fy(?;lAyu =0.

The fact that the solution v € C([0,T[, H*) N C([0,T[, H*~?) can be easily
shown as in [19].

This proof being invariant with respect to time translation shows also that
whenever u(t) € H*® is finite the solution can be extended on a non zero time
interval which is bounded below in term of ||u(t)||s. Now from the estimate (52)
one deduces the relation:

Ju(t2)|? < 2uty) et e (0-sem T ntemabis - (5)

and this proves point 2.
To prove the next point one observes that periodic solutions with mean value
0 satisfies for ¢ small enough the estimate:

Ld

5 2 llull2 + [ul2(BC(L) = C@)lull) < 0. (60)
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Therefore if for t = 0 one has

BO(L) = C(s)[[u(0,)[ls 20 e Ju(0, )]s < s

the quantity |ju(t,-)||? will decay for ¢ > 0 and therefore satisfies the same
estimate on all the interval [0, 7*[, which and therefore can be extended after
any finite value T and this proves point 3. Finally let u and v be two solutions.
For the difference one has the relation:

O(u —v) — (u—v)0pu + vy (v — u) — BOZ(u — v) — ¥, "Ay(u —v) = 0. (61)

Multiplying this equation by (u — v) integrating in = and y and performing
standard integration by parts gives:

1iu—v|2—/L/ Opu(u — v)?drdy +
th 0 R271 r

L
+/ / v(u — )0 (u — v)daxdy +
0o JRyT!

L
—))?%dzdy =
w0 [ [ @utu ey = (62

which, with the relation:

/OL/RZ1 v(u —v)0z(u — v)dady = /L / [(v—u)+ U]dedy _

-1
0 'RZ

L
:—l/ / Oz (u — v)2dady (63)
2Jo Jry—?

leads to the estimate

1d
S olu—of3, < supldu(e, )] lu—of3,, (64
x,Y

and the Gronwall lemma gives (58).

2.1.3 General proof of the existence theorem

All functions in this part are supposed to have mean value zero:

L
/ udx = 0.
0

The theory of quasilinear evolution equations necessary to our proof can be
found in [19, 20, 21, 22].
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An abstract problem associated to the KZK equation
For s > [§] + 1 we study the following problem in the Sobolev space
H*2((Ry/(LZ)) x Ry~") of zero mean valued functions

du
@ + A(u)u =0, (65)

u(0) = up,
where A(u)v = —3D?v — yKv — uD,v and K is defined by

—Ln® a(m,n), ifm#0
= i2mm 2T
Fam ={ itm#0 (66)

The definition (43) of the operator 9, ! which preserves the periodicity and
having the mean value zero of considered functions will be reformulated now in
terms of Fourier transform:

8;1.]0225(.262“1—%.
k20 7TZf

Besides, the function f(z,y) is periodic on  and of mean value zero if and only

o~

if £(0,€) =0 for all £ € R.

The local existence

By using the method of proof from [20] (see also [19]), we obtain the
existence of the KZK solution.

More precisely we obtain

Theorem 3 Let s > [%] + 1 and let ug € H*((R./(LZ)) x Ry~') (periodic
in © with mean value zero). Then there exists T > 0, which depends only on
llwollzrs, such that the problem
T L s
uy — uDyu — BD?u — 7/ Ayuds + / ZAyuds =0, (67)
0 0
ult=0 = uo
has a unique non-continuable solution

u € C([0,T), H*((Ra/(L2)) x Ry™")) N C'([0,T), La((Ra/(LZ)) x Ry™))

(periodic in x with mean value zero). Besides, if 0 < T < T, then the solu-
tion u € C([0,T), H*((R./(LZ)) x RZ‘l)) NCH[0,T), La((Rx/(LZ)) x ’RZ‘l))
depends continuously on the initial value ug, i.e., the mapping uy — u s con-

tinuous from H*((R./(LZ)) x Ry~') to C([0,T); H*((R+/(LZ)) x Ry~1)).
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Corollary 1 Giving ug € H*((R./(LZ)) x Ry~'), s > [3] + 1, there ea-
ists T > 0 and a unique function u € C([0,T), H*((R./(LZ)) x Ry~")) N
CY([0,T), La((Re/(LZ)) x Ry~1)) such that

(uy — uDyu — BD2u), — yA u =0, (68)
u‘t:() = Ug-
The solution depends continuously on the initial value ug.

Proof. It is easy to verify that the solution of (67) is a solution of (68).
On the other hand, if u € C([0,7T), H*)NC'([0,T), L) is a solution of (68),
then

(uy — uDyu — BD2u), = yAyu € C([0,T); H¥2) — C([0,T); Ly).
Hence u; — uDyu — 3D?u € H}, and

i%m}—(ut — ﬁDiu —uDyu)(m, &) = Fl(ug — 6Diu —uDyu)](m, &) =

Thus, for m # 0,

— o An? , L€
(ug)(m, €) —Hfm( T2 +7i27rm

) i(m, €) — (aDyu)(m. ) = 0,

which means that, as from definition of the operator A for A(u)u fOL uDgudr =
0,

(@)(m, &) + (A(u))(m, &) + (A(u), u)(m, €) = 0,
equality which is also valid, in a trivial way, for m = 0. Therefore u;+ A(u)u = 0,

and thus v is the solution of (67), which implies that the solution of (68) is
unique.

Remark 7 It may be seen from the equation that the solution u (periodic in x
with mean value zero) belongs to C*([0,T), H*"*((R./(LZ)) x Ry~1)).

The following theorem which can be proved in exactly the same way as
theorem 2.3 from [19, p. 573], shows that T' does not depend on s.

Theorem 4 (Regularity) If u € C([0,T], H*(Q)) N C*([0,T], L2(2)) is a so-
lution of problem (68) and ug € H® with s' > s > [2] + 1 (for periodic on x
mean value functions), then u € C([0,T], H"YnCY([0,T], H* ~2) with the same
T.

Remark 8 For nonperiodic case the local existence can be easily proved using
the estimate (47) in the form

[ull3 < C(s)lull?
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(to prove it we can use the estimation from [23]) and using the technique of [19]
with regqularization of system (65):

E‘FA( )U—O,

u(0) = up.
Here A.(u)v = —D?v — K.v — uDyv and K. is defined by
—27mé?

F(Ku)(m,§) = e+ Zm2)
L2

a(m, §).

By using the method of the proof from [19], we obtain the solution of KZK
equation passing to the limit € — 0.
This regularization have been also done in [38].

Global existence in time of the solution for rather small initial data

Now let us prove that the maximal time of existence T" = oo for rather small
initial data.

Lemma 2 For allt € [0,T),

t t
JulFy + BCA(L) [ Tulfyedr < Ca(o) [ Nulledr + uollyes  (69)
0 0

where SCy (L) and Ca(s) are positive constants. In particular, for all initial data
ug satisfying

BC1(L)
Ca(s)

the time of existence of the solution is T = +o0o and

BC1(L)

U o) Hs) S ———=.
R

l|uollrrs <

(70)

Proof. By using the regularity theorem for ug € H*™2, we have u €
C([0,T), H**?), and, thus, we apply the operator A® to the equation

o' (t) + A(u(t))u(t) =0, t€l0,T),
and take the inner product in Lo with A®u to obtain
5 s 2, eovs LE 2
5 gl (A% (). A7) (A (). Ao+ 3 (122 2 i, ) = 0.
Taking the real part of the former expression, we have

1d

2 dtHuHHS + ||U’93HHS (As(uu1>7Asu> =0.
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Using now the proof of proposition 1 we obtain (69).
We define now y(t) = ||u|| g+, such that y(0) = |lug| s+, thus we obtain the
equation

4
dt
Solving it we find that

o = ([ (L)

(%) = Ca(s)y® — BC1(L)y>.

BCL(L)  \BCUL)  luol]
from where, imposing ||ugl|gs < ﬁcc;((SL)), we obtain that T = +oo and it
follows that 50y (L)
1
t s <y(t) < vt € [0 .
utlle < v(t) < TS vt 0. +o0)

Lemma 3 Let s > [5] + 1 and suppose ug € H*((R/(LZ)) x Ry~") is such
that 0, ' Nyug = ¢o € H*™2 and |Jug| = < Bg;((SL)). Then there exists a constant
C such that

lu" )l (po,+00),1:-2) < C. (71)

Proof. For t € [0,4+00) and h > 0 sufficiently small, let z(t) = h™[u(t +
h) — u(t)]. Then, having subtracted the KZK equation for u(¢) from the KZK
equation for u(¢ + h) and having divided by h, we obtain

Z(t) — D22(t) — Kz(t) — u(t)Dy2(t) = Dyu(t + h)z(t).

Let [ = s —2 > 0. Applying the operator A’ to the above equation, taking
the inner product in Ly with A'z(t), integrating by parts, and considering only
real parts we obtain

%%IIZ@)H?N H1Dez (b3 — (A (u(t)Da2(1)), A'2(8)) = (A'£(£), AT=(8)),
where f(t) = Dyu(t+h)z(t). Thanks to [19, p.576, 577] one has the estimates
(A (uDy2), A'2)| < Cllull s | 2[1 7 V1> 0,
(A £, AT2)] < Cllu(t + k)| m |2l VI >0,

which with — || Dy2(t)|| g1 < —BCy(L)||2()] 1 give

L oo < O+ W)l + (Ol =) — AL 3 <
BOA(L) - 20N
< oS08 - O = 50D (s 1) IOl

from where, as the coeflicient %ﬁ) —1 can be, thanks to the choice of constants,
negative, as well as positive or zero, we obtain that

d
SOl <o,
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which implies using the Gronwall lemma that

2@l < 1120 e

Passing to the limit for A — 01 we find that

lw' ()l 7z < N’ (0) ] e

But
1w (0)|| st < || D30 + wo Do e + [ Kol e,
and )
472 Le?
2 _ m2 2,1 - _
1Kol = [ S0+ Trm 4 )| | de =
Rn—1 ™
L
/ZH— ?+ )| Do e
Am? i2rLm|* -

= / 2(14‘? m? +¢)' ol |ol*d€ < | doll -

Rn—1 ™

From where (71) follows. OJ
This concludes the proof in general case of theorem 2 and we can reformulate
our result by the following theorem.

Theorem 5 Let ug € H*((R./(LZ)) x Ry~1Y)), s > [§] + 1, periodic in x
with mean value zero, such that D;'/yug 6 H*72((Ry /(LZ)) x Ry~1), ie.,

there exists po € H*~ 2((R /(LZ)) x R” 1)) with Dy = Dyug, and the norm

llwollms < ﬁg;l((;;) is rather small. Then there exists a unique global solution of

the problem
(U — Ugy — WUg)y — Dyu =10,
u(0) = ug

€ C([0,+00), H*(Re/(LZ)) x R*))) with o "2° du/dt €
)

U , H3( §
Loo([0, +00), H*7*((R+/(L2)) x Ry~1))).

2.2 Blow-up and singularities
The first remark is that for v =0 (or § = 0) and for function independent of y
the KZK equation

(Ut — Wy — PUgz)e —YAyu =0 in Ry, X Ry x Q (72)

becomes Burgers equation which is known to exhibit singularities. On the other
hand the derivation and the approximation results of the following section show
that any solution of the KZK equation has in its neighborhood a solution of the
isentropic Euler equation. Once again it is known that such solution even with
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smooth initial data may exhibit singularities (cf. [14] or [36]). These observations
are reflected by the fact that for 3 = 0 and v > 0 the equation (72) may generate
singularities.

We prove the geometric blow-up result using the method of S. Alinhac,
which is based on the fact that the studied equation degenerates to the Burgers
equation. In fact Alinhac’s method is the generalized method of characteristics
for the Burgers equation adapted to the multidimensional case. As we can see
the equation (72) possess all this main properties, and gives us the reason to
apply it.

For instance one has the theorem:

Theorem 6 The equation
(ug —wty)e — YAyu =0 in Ry, X Ry x Q (73)

with Neumann boundary condition on 02 has no global in time smooth solution
if

sup O u(z,y,0)

z,y

is large enough with respect to .

Remark 9 As we can see from [10] the result of the theorem perfectly confirms
the numerical results. In practically from figures 8 and 9 one observes that for
8 — 0 the KZK equation has a quasi shock approaching to the shock wave, into
which it degenerates for § = 0.

Proof. The proof follows the ideas of S. Alinhac ([2], [3] and [4]). First the
blow-up is observed for v = 0 and related to a singularity in the projection of
an unfolded “blow-up system”. Second the properties of this unfolded blow-up
system are shown to be stable under small perturbations. One uses a Nash-
Moser theorem with tamed estimates and this is the reason why will exists a T
such that:

lim (T — t) sup Ozu(x,y,t) > 0.
t—T* z,y

Remark 10 The Nash-Moser theory and the definition of the tamed estimates
can be found in [7].

Remark 11 An equation of the type (73) is introduced by Alinhac to analyze
the blow-up of multidimensional (in R*T1) nonlinear wave equation by following
the wave cone

2 k 2
Ofu — DNyu + Z 9i;Okudi;u =0,
0<i,5,k<2

where
=t _ k _ k
ZTo =1, T = (1'171'2), gz] - gjza

26



with small smooth initial data (see [5]). In fact this corresponds to the same
scaling as the KZK equation because from this wave equation with some changes
of variable and approzimate manipulations Alinhac obtains (see [3, 5, 6])

2 + (0pu) (D7) + ediu = 0.

Moreover, the Euler system, with p = po + p and Vq(p) = %Vp(p), can be
written as

Oep+Vau+uVp+ pV.u =0,

du+q'(po)Vp + (u, V)u+q'(p)pVp = 0,

or
Op+Vau=F(uVu,pVp),
8tu + q/(po)vﬁ = G(U, V.U, p~’ Vﬁ)

If we now derive the first equation on t and take V of the last, then we take
their difference, we obtain the wave equation of Alinhac’s form :

25— ¢ (po) 5 + (VG = 0,F) (u, V., 5, V) = 0.

The similar wave equation can be also obtained for u.
This is the reason for the analogy.

More precisely for a “beam” (rotationally invariant around the x axis) in 3 space
variables the KZK equation has the form
1

Uyt — (ﬁ'az>z - '7;711,/ - 'Yﬁyy =0, (74)

Uli=0 = uo(z,y), Ula=x =0.

If we consider the KZK equation in R? with y = (y1,y2) for general case,
the term lﬂy must be omitted and d, be replaced by V,,.

Let Ag > 0 be a fixed constant and ug € C'* be a function of variables z, y
defined in the domain

{(@,y)|lz € [-Ao, K], y € [ro,m1], 70> 0}.
For the reason of technical simplification, we assume
UO(Ka y) = azuO(Kv y) =0.

Let the function 0,ug have on [—Ag, K] X [rg,71] (ro > 0) a unique positive
maximum in the point

mo = (xo,Y0), —Ao<mzo <K, such that 3J,up(mg) >0,

Ve (Botuo)(mo) = 0, V2 (9,u0)(mo) < 0. (75)
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The condition (75) is the necessary condition for geometric blow-up.
For a T > 0, which is the blow-up time and is unknown, and a function
Ap(y,t) > 0 to be specified (with Ag(y,0) = Ap), we have in the domain

D= {(Z‘,y,t”l’ € [7A0(y7t)7K}7 (/NS [7’037'1}7 To >07 te [va[} (76)
a free boundary problem.
Let in (74) @ = u,, then
1
Ugzrt — (uzuxa:)m - ’Y;uym’ — YUyyx = 0,
and so we have

1
L(u) = ugt — UgUgy — vguy — YUy, =0, (77)

ulimo = 05 'ug,  Ulpex =0, Ugly—x = 0.

The change of variables @ : (s,Y,T) — (z = ¢(s,Y,T),y =Y, t = T), where
©(8,y,t) is some unknown function such that ds¢ > 0, Y|li=o = 8, ¢|s=x = 0,
allows to construct a blow-up system if we set

w(s,y,t) = u(e(s,y,t),y,t), v(s,9,t) = uz(0(s,y,t),y,1). (78)

The method of introducing x = ¢(s,y,t) is based on the method of charac-
teristics which naturally appears for Burgers’ equation

(Or —udy)u =0, uli=o = up(x). (79)

Indeed, x = ¢(s,t) = s — tug(s), and the Cauchy problem

Ty =0, Tift=0 = —uo(s), z[i=0=35
with notation z; = ¢ = —u(p(s,t),t) = —v becomes the blow-up system
Ut = Oa UV = —Pt, §0|t:0 =S, U|t:O = Uo- (80)

Since v = u(p(s,t),t) and vs = uyps, in the case where the solutions of (80)
satisfy the conditions vs # 0, ¢ = 0 in some point, u, = vs/ps becomes infinite.
According to the terminology of Alinhac, the solution u displays geometric blow-
up, because the blow-up of u does not come from the blow-up of v, but from
the singularity of the change of variables ®.

From (78) we have

Ws = u@‘pst:a: = Uz Ps = VPsg,

A=ws —vps = 0. (81)

Lets compute the derivatives in new variables which are present in (77)

Uz :US(@S)717 Ugt :’Ut_vs(gos)il(ptv
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Uy = Wy — VPy,  Uyy = Wyy — 20y + vs(gos)_lgoi — VQyy.

So we obtain

Vg ~y
v + j (“Pt —v - ’Y‘Pj) — Y(wyy — 20ypy — VPyy) — g(wy —vpy) =0,

S

s
L(“’)(@(S7y7t)7yat) =&— + R)

Ps
where
E=—pr—v -9, (82)
vy
R = vy — Y(wyy — 2040y — Vpyy) — ;(wy — V). (83)

In this case the blow-up system is
A=0, £€=0, R=0, (84)

Vim0 = o,  Wli—o = 05 Mup, Plio =8, Wlsex = v]sex = @|s=x = 0.

From (78) it is easy to see that if we find the smooth solution of the blow-up
system (84) such that in some point ¢, = 0, then the function u,, has blow-up
in this point which corresponds to the blow-up of u, of KZK equation’s solution.

According to the change of variables we obtain that if the function Ag(y,t)
in definition of the domain D (76) is

AO(yvt) = _SD(_AOJJ,t),
then
Dy ={(s,y,t)|s € [-Ao, K], y€ro,m], 10>0, tel0,T[}

In the domain Dj the blow-up system (84) has the form

ws — vps = 0,
—pr — (v +95) =0,
vr — Y(wyy — 2050y — Vyy) — %(wy —vpy) =0, (85)

V|r=0 = uo, W|r=0 = 3§1U0, Ylr=0 = s,
w's:K == U|s:K - $0|s:K =0.

Note that for v = 0 the problem (77) becomes the Burgers equation for
u; = u, with the initial condition u|;—o = 9,0, 'ug = ug. This problem has a
unique solution of C*° in D with the blow-up time

-1
T=Ty= (sup amu0> . (86)
T,y
In this point we have
axu o 8zUO(:C07 yO) - o0,

1= Tp0yuo(wo, yo)
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The blow-up system (84) for v =0
v =0, v=—p;, ws—vps=0

has an explicit solution

2
_ Uu,
(p:S—tUO(S,y), vZUO(S,y)v wzas 1“0_ Eota

from which it follows that Os¢ has value zero “for the first time” at the time
To (86) in the unique point My = (xq, Yo, Tp). This means with notation

o = zo — Touo(zo, y0), Mo = (Z0,%0, o),

that u, has a blow-up in the point M.
We denote the blow-up system (85) by

L(p,v,w) = 0,where L =(E,R, A) (87)

which we have to solve in the domain Dy. Set the field Z = —0; — 2v¢,0,, and
the notation
Q=0 i=1u—vp.

The choice of 2 is natural and can be explained by linearization of the relation

u(®) = w which gives u(®) + v/(®)® = w from what
Z2=0(P) =w —vp.
Here the “physical” objects are u and @(®) but not w and @ which depend on
the change of variables ®. We can say that the introduction of Z cancels the
arbitrariness in the choices of w and ®. Then
A=w, —vps =0, £E=Zp—Qp—v=0,
R=—-Zv—vQp+ Quw — %(wy —vp,) =0,

and the linearized blow-up system has the form (we note Lf,, (¢, 0,w) =
L' (p, 0, b))

ENp,0,w) = f,  E(p,0,1) = —py — 0 — 2ypypy = Zp — b,
A (@, ,0) = h, A (p,0,0) = 25 + Vs — s,

or simply )
L (p,0,w) = L. (88)

30



Following the structure of [2, p.23] we find
7045 — 0.Q3 + ((Qe)ds + g%ay)z a1 Zp+anp =

:—%Rw42+@mw—w%+g%wwc (89)

Z%p — Q) Z¢ + (Quv)¢ + Q12 = (Z — Qup)€’ =R (90)

Here

ap = —0,& — gcpgvy, ay=—-Q1A—0;R, Q1 =-Q+ %ay.

The coefficients a; and «ay are small if £, R, A and their derivatives are
small. So the system (89), (90) in ¢, Z is almost decoupled. In a Nash-Moser
scheme aimed at solving £ = 0, R = 0, A = 0 we could view these terms with the
coefficients a; as “quadratic errors”. But we cannot just neglect them, because
this would correspond to solving the linearized system up to quadratic errors
divided by ¢s, which is not acceptable in the framework of smooth functions.

We need to introduce the identities (89), (90) with the help of which we will
solve our linearized blow-up system.

The idea (see for example [2]) is the following. Suppose that we can solve
exactly in D, the system (89), (90) in (2,¢) with £, R’ and A’ replaced by
given quantities f , g and h. Determine now o from & = f using the relation
&' = Z¢p — v. For the functions (¢, 0,w) thus obtained, we have then

&=f R =g (Z+az)(A —h)=0.

Taking into account the boundary conditions on (¢, v,w) (hence on (p,,)),
suppose we can ensure that A’ — h vanishes on some part I' of the boundary
of Dy; suppose also that D is under the influence of I'" for Z; then we obtain
A = h, and the linearized blow-up system is exactly solved.

But before to do it, let us to pass from the free boundary domain to a fix
one where we will solve our linearized blow-up system.

Consider the surface ¥ through {t = 0,s = K} which is characteristic for
the operator Z9; — Q@

t= 7w(53 y)7

where v is solution of the Cauchy problem

(1 +7(20) ey s + 9505 =0, (K, y) =0. (91)

Equation (91) has, for small 7, a smooth solution in the appropriate domain.
This solution is O(v) and decreases in s.
We now perform the change of variables

F=3, §=1, f=u§%&%—u+wn%x (92)
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where y € C* is 0 near 1 and 1 near 0, and 1 > 0 is small enough. The still
unknown domain

Dy ={-Ao<s <K,y €fron],—¢ <t <t}
is taken by this change into
D={-Ay<#<K,j€[ro,r1],~T = —t, <t <0}.
The change of variables (92) gives
0s = 0z +1,0;, 0y =05 +1,0;, 0 =10,

where .
ts = O(’Y)v ty = O(’Y)v tt = 71 + 0(7)

are known functions.

In the domain D the blow-up time 7' is unknown and is the part of the
problem, so we still have a free boundary problem. To handle this problem, we
introduce a parameter A close to zero and perform the change of variables

T=X, g=Y, t=UT,\)=T+XT(1-x(T)), (93)

where y; is one near zero and zero near —Tj (defined in (86)).
This implies that

Dbf:{(X,Y,T)|X6[—AO,K}, Y € [7’0,7“1], ’I”()>0, TE]—T(),O]}. (94)

The two successive changes of variables (92), (93)

(87 y? t) - (i.7 g’ t) - (X7 Y7 T)
imply that our blow-up system (87) are transformed into

L\, ¢, v,w) = 0. (95)

—_—~ —~—

The system (89), (90) is also changed to some system (89), (90), the exact
view of which we will find later.

We say that ¢ satisfies condition (H) in Dy if, for some boundary point
M = (X,Y,—Tp) € Dys

{ px 20, ex(X,Y.T) =0 (X.Y,T) = M, %6)

exr(M) <0, Vxy(px)(M)=0,VXy(px)(M)>>0.
The problem we want to solve in Dy is
1. L\, @, v,w) =0,
2. @ satisfies (H) in Dyy.

We are following the plan which is explained in details later:
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1. We are assuming that we can solve the linearized system (89), (90) and
80 Op,v,wl¥ = f in flat functions with a tame estimate.

2. Resolution of £ = 0 using the above fact by Nash-Moser iteration process
reproducing in each step ¢(™ satisfying the condition (H) (Vn) with the
help of some techniques based on the structure of (H) and the implicit
function theorem (fundamental lemma of Alinhac).

—_—~ —~—

3. We prove the point 1 for the system (89), (90).

For the start point of the Nash-Moser iteration process we choose

A0 =0 5O = 5O 40 = 5O 1O — {O),

Let us now determinate the functions denoted by @(0), 70 ),
For v = 0 and A = 0 the exact solution of blow-up system with initial
conditions
o(X,Y,0) =X, 0rp(X,Y,0) =up(X,Y)

is
1
o =X +Tuo(X,Y), To=muo(X,Y), wo=0; " up+ 5Tug,

we can also notice collecting all change of variables that

¢O(Say7T) = @0(57y7{(T7 O)) = @0(X7 Y7 T)

So for A = 0 (T = ) the approximate solution of the first step of Nash-Moser
process existing for the time 7' €] — Ty, 0] can be obtained by gluing together the
local true solution (@, v, w) of (95), which exists in a small strip {—n < T < 0}
of Dy, to (@o, Uo, o) in the following form:

P00y =x (T ) e+ (1-x (T0) ) el v,

We have then [5, 6] that for this approximate solution
£(0,59, 50, 50 = [©)

where [(°) is smooth, flat on {X = M}, zero near {T = 0}, and zero for y = 0.

Since the solution we start from has already all the good traces on {X = M}
and {T = 0}, we need only to solve the linearized system in flat functions.

The approximate solution @) satisfies, thanks to (75) and dx @ > 0 close to
{T = 0}, the condition (H) (96) in point M = (mq, —Tp), where Ty is from (86).

Solving L£L=0 by a Nash-Moser iteration process, which we start from the
point (0, 50 %) further modifications of @(® will yield functions not
satisfying (H) anymore. So we have to make sure that we can reproduce at each
step the new function ¢ satisfying the condition (H). This is realized thanks to
the “fundamental lemma” from [6].
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For the multidimensional case when n = 3 and y = (y',4?) we use [5, p.16]
to determine the final form of the fixed domain Dy where we want to solve
our blow-up system (95), and so the domain Dy is the domain bounded by the
planes X = —Ag, X = M, T = —T,, T = 0, the plane containing (d1, I;3), and
the plane containing (09, I214). These planes have normal ny = (—n, v, 1)
and are described by

o1 ={T=0Y = (g —y) = =L (X =MD}, 1 = (yo — 1 — To/v.~To).

b ={T=0.Y = (o — ) = (X = M)}, Fo = (o + 31+ To /v, ~To),
L= =y—y,T=0), Li=(yo+y1,T=0),
where yo is from (75), y1 and v are fixed such that yo —y1 < y < yo + 1,
0 < Ty < vy (for the explication of the details see [5, p.16] ). It is understood
that Ay and the small 7; are chosen such that @(©) satisfies (H) for a point M
interior to the lower boundary of Dyy.

The linearized operator of £ at the point (A, ¢,v,w) is denoted by

Al

PRERIRT ()‘a ®, 0, w) = aA‘é()‘v ¥, v, w))‘+a§0£(>‘a ¥, w)SDJravZ()\, PV, w)v+aw£()‘a ¥V, w)w
We can see that with ¢ = Oxt/0rt
ML + D, L(prq) + 0L (vrq) + 0L (wrq) = gL
Thus the linearized system
Lix oy (X @y 0,10) =1,
is equivalent to _ S ) o
L yww(@V,W)=1—-q\lr (97)
with
<i>:<,b—}\qcpT, Vz@—}\qu, W:w—}\qu, Z:W—vq'),

here £/ = (g" JRILA ) denotes the linear system obtained from the linearized
blow-up system (88) in the original variables s, y, t by the two successive
changes of variables (92), (93).

Assume now that, at some stage of the Nash-Moser iteration process aimed
at solving L = 0, the function ¢ satisfies (H). We solve first (97), neglecting
gA\Lr in the right-hand side, since it is a quadratic error. We choose then, once
gf) is known, A such that

p+¢=p+®+Agor

satisfies again condition (H) for some point on the lower boundary of the fixed
domain Dy¢. It is possible using Alinhac’s Fundamental lemma which can be
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found with the iteration scheme of following resolution of the problem in [6,
p.110-112).
Hence, to finish our proof it is enough to solve the transformed linear system

ianb.

For this we use the system (89), (90) transformed by the two changes of

—_—

variables into (89), (90) which we want to write now explicitly.
First let us introduce the following notations

7 = Or +vz90y, S =0x + vso0r.

The composition of the two changes of variables operates the following trans-
formation of operators (to avoid introducing unnecessary notation, we denote
by * known functions):

0s =0x +vs50(X, Y, T,\)0r =85, 0y =0v+~v*(X,Y,T,\)0r,

O = (147 (XY, T, N))(0rt) '0r, Z=(1+7=(X,Y,T,\ ¢ 0v,01)Z
and the transformed linearized system (89), (90) has the form

ZSZ 4+ y(SQ)NZ + 4 (Z) + o Z® + aad = fi, (98)

Here
1. N = N1 Z% 4+ 2yNy Zdy + N3d2, with Ny = —O(v), N3 = dri + O(v),

2. 11(2), l’l(Z) are linear combinations of VZ and Z, for example 1;(Z) =
(N9)SZ + 3 (Se)ov Z,

3. H is a linear combination of Z and Oy .

We can also denote v = € because of its smallness.
Also introducing o .
P=758Z+¢e(Sp)NZ,

we set Z = Zk in the linearized system (98), (99).
So we have now to solve the system

Pk‘ + €l1(2k) + a12<i> + O(Qq.) = fl;
22+ 3120 + o + ZH e + 302 Tk + el () = fo.
With the notations

A:S@a 6:T_T0a g:exp{h(x—t)},p2 :5#95 ||0: |'|L2(be)7
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we have the energy inequality (3.2.2) of [5, p.18] and the rest of the proof is
absolutely identical to [5].

Having obtained the solution A, ¢, v, w of the blow-up system in the domain
Dy we construct as it is shown in [5, p.22-23] the solution w of (77) from which
we go back to @ the KZK solution of (74) which will be periodic in z (thanks to
the theorem 2 of the existing of the unique solution) if we take the initial data
ug periodic in z, and 7, has a blow-up at the point (., y., T, ).

3 Validity of the KZK approximation

The purpose of this section is to specify the theorem 1 and to show in which
sense the KZK equation provides asymptotic solutions of the equation

Op+V.lpu) =0, p(Gu+ (u.V)u) = —Vp(p) + evAu.

The viscosity v introduces some difference in the construction. We treat sepa-
rately the cases v = 0 and v # 0.

For the case with no viscosity, v = 0, theorems of existence and of stability
for the Euler system and for the KZK equation are valid for positive and negative
but finite time.

In the viscous case we have global stability with sufficient small initial data
for the KZK equation and large time (for positive time but under a smallness
hypothesis of initial data up to infinity) existence and stability for Navier-Stokes
system in a half space with a convenient condition on p.

However we start the viscous case with linear problem to compare the errors
for the linear and non linear problems (see table 1).

3.1 Validity of the KZK approximation for non viscous
thermoellastic media

On the one hand one considers the Euler system for p.(z1, 2/, t), Gc(z1,2,1):
Bife + div(petic) = 0,  peldhite + (4. V)i = —Vp(pe), (100)
and on the other hand a non trivial solution I of the problem

1 2
o - 0D gep S A I=0, (101)
4p0 2

for some initial condition
I(T7 07 y) = IO(Ta y)

The solution I as a function of (7,z,y) is periodic in 7 of period L. One
constructs in this case for the KZK approximation a solution for (x1,t) positive
and negative using initial data compact in x for ¢ = 0.

The theorem 2 ensures for initial data I(r,0,y) € H® with s’ > 5]+ 1

the existence of a solution I(7, z,y) € C(|z| < R; H¥ (7 x y)) (for zero viscosity
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v = 0). The existence of the smooth solution U, = (pe, @c)(t,z1,2') (0 <t <T)
of Euler equation (100) is due to the theorem 5.1.1 from [14, p. 62].
With the notation

Pe = po+€pe  TUe = €U, (102)
we take )
-1
p=p(pc) = Cepe + 0,2 (103)
2po

Then one constructs according to the formulas the functions

o(T, 2,y) = pﬁl(ﬂz,y), (104)
0

2 T L
w(T, 2,y) = —% </ VyI(s,z,y)ds +/ %Vﬂ(s&,y)ds)7 (105)
0 0

2 T Log
Ul(T7zvy) = - / 8zl(s,z,y)ds+/ —aZI(S,Z,y)dS +
£o 0 o L
(v=1 C(v—l)/L 2
+ cl“(1,2,y) — ——— I7(7, z,y)dr. 106
7 = S [P ) (106)

In the above formulas the terms containing fOL correspond to the definition of
the operator 971, which implies that all these functions are L-periodic in 7 and
of mean value 0.

Next introduce the densities and velocities

P =po+ellt— ﬂ,exl,\/gac’), (107)
C
Ty = e(v+evy)(t — 2, exy, ver!), (108)
C
@, = et — L ey, Ver') (109)
C

and eventually the expression:

Ue= (ﬁe?ﬂG) = (pO + 6136(1] + €vy, \/g’lﬁ))(t - x_cl7€x17 \/EZIJI) (110)

We envisage the problem of approximation between the two systems: the
exact system (100) and the approximate system obtained from a smooth solution
of KZK equation (101):

atﬁe + vw(ﬁeﬂe) =

3 (ﬁoazm + 0. (Iv) — 10, (Tvy) + vy([w)> 19, (Tv) (111)
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ﬁe(atﬂe,l + U - v-ﬂe,l) + 81117([%) =

eS| 10,v1 — i[@rvg + %JBZUQ — 220, (vv1) + powVyv + ('YQ—;DUCQQIQ) +

| £0.v? — 119, (vvr) + TwV v + pod. (vur) — £20,03 + powvym) L (112
e[ 10.(vv1) — 510,03 + TwV vy + %‘V“)w%)
POyt + i - V.01l) + Opp(pe) = €3 <%c2vyﬂ> +
€3 povdw — L2v1 0w + p—;Vwa _ év87w> + (113)
€2 pov10,w + Tvd,w — %vl&w + %Vyw2> + €2 Tv 0w

The system (111)-(113) could be written in the form

Oipe + V.(p_ue) =R,
P (O + e - V) + Vp(p,) = Ra,

with notation Ry for the rest of (111), and Ry for the rest of (112) and of (113).

To ensure that Ry, Ry € Loo((—R,R);Ly) we need that 021 &
Lo((—R, R); L) and choose in theorem 2 s > max{4, [§] 4 1}.

The existence of the smooth “true” solution of Euler equation (100) U, =
(Besic)(t,x1,2") (0 <t < Tp) with V.U(-,t) € CO([0,Tp); H*™) for s — 1 > 2,
with the same initial data (j’e\tzo = U.|¢—o is still due to the theorem 5.1.1 from
14, p. 62].

Remark 12 As soon as the time of the existence of Euler system solution Ty
is finite, the interval [0,Ty) is mazimal (see [14, p. 62]) in the sense that

tl%r%}) sup [|V.U(-,t)|| L., = oo.

To precise the order of the blow-up time Ty we can observe it in the simplified
model of Fuler equation, particulary the Burgers equation with, as in our case,
the initial conditions of order €:

ou
Ou+u— =0, ult=g = eup.
ox
As it is well known, the first derivative
eV ug
Vo = ———————
w 1-— eVIuot
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exists for time
1

<< ——.
€|V zup|

Resulting to our problem, we will consider the solution of Euler equation for the
time t € [0, %), where T 1s a constant and € is small.

So the solution given by the KZK approximation and a true solution of Euler
system with the same data at time ¢ = 0 can be compared according to the
following theorem

Theorem 7 Suppose that there exists the solution I of the KZK equation (for
some initial data from H*®) such that

e I(7,2,y) is L-periodic with respect to T and defined for |z| < R and y €
Rnfl
e assume that

2 I(1,2,y) € O(—R,R[; H¥ (R/LZxRI)NC (| ~R, R; H* ~2(R/LZxR} ™))

for s > max{4, [§] + 1}.

(the existence of such solution is proved in theorem 2).

Let U, be the approzimate solution of the isentropic Euler equation deduced
from a solution of the KZK equation with the help of (107)-(109), (104)-(106).
Then the function U (z1,2',t) = U, (t—21, exy,\/ex') given by the formula (110)
1s defined in

R
Ri x (Q = {|z1] < = —ct} x R
€

and is smooth enough according to the above procedure.
Consider now the solution of the Euler system (100) in a cone (see the

figure 8.1)

/ R / n—1
Ct) ={0 < s <t}xQc(s) ={x = (x1,2") : |z1] < ?st, M>c, ' e R"}
with the initial data

(f)e - pe)|t=0 =0, (ﬂe - UE)‘t=0 =0.

Then (see [14, p. 62]) there exists Ty such that for the time interval 0 <t < 1o
there exists the classical solution U. = (pe,uc) of the Euler system (100) in a
cone T

C(T)={0<t <T|T <2} x Qult) (114)
with

n
||V.UE||LOO([O,%[;HS,1) <eC for s> [5] + 1.
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Figure 1: The cone C(T).

Then there exists a constant C' such that for any € small enough the solutions
U, "% (pe, peue) and U, note (Pe> Pclie), which have been determinate as above

in the cone (114) with the same initial data (133) satisfy the estimate

||U-E _1—7—6”%2“2((”) < €5eCHV.UEHLaQ<C(T))t < SeCet (115)

Remark 13 As soon as the booth solutions U. and U, are in C([0, Lof fge)

in the cone for any s > max{4,[5] + 1}, we can apply the operator A% with
s' = s — 4 and obtain the same estimate (115) but for the norm || - || g (. (1))-

Proof. We need to use here a technique due to Dafermos [14].
As it is known the isentropic Euler equation admits a convex entropy n(Us),
which is the function:
r7 |u5|2 p(pe)

n(Ue) = pehlpe) + pe—5— with '(pe) = R (116)

Having assumed U, = (pe, peue)T, we can rewrite the Euler system
0Uc +V.F(U.) =0, where F(Uc) = (pete, peu? + plpe))”

in terms of entropy (116):

omUe) +V.q(Ue) =0, where q(Uc) = uc(n(Ue) + p(pe))-

So we have two systems

{ aim(U.) + V.q(U.) =0,
)

o,U. +V.F(U.) =0,
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. p

on(U) +V.q(U,) = WLPCI R, 4 4 Ry,
U +V.F{U.) =R,

where Ry = O(e?) is the rest of the first equation of Euler system, Ry =
(O(€%),0(€2)) = O(e?) is the rest of the second equation of Euler system in two
directions z; and 2/, and R = (Ry, Ry) = O(e3). So %]ﬁ + U Ry =
O(é®).
Let us compute
o ~ _ - - _
;U =n(Ue) =1/ (U)(Ue = U)) = =V.(q(U) = a(Ue)) -
n(Ue) + p(pe)
Pe
0 (U)V(F(U) — F(U)) =1 (U)R — (0T ) 1" (Ue)(Ue — UeN117)

—RTy"(U)U -T) — Ry — 1 R +

and using the property for convex entropy n”(U)F'(U) = (F'(U))Tn"(U) the
last term is

_<atU6>T"7H(Ue)(ﬁe_Ue) = V-UZ(F/(Ue))TnH(UE)(ﬁe_UE) = V-UeTn"(Ue)F'(Ue)(ﬁe—Ue)-

Integrate (117) over the cone C(t) (cf. (114)). The use of the Green formula
gives:

/ AR AR AT AT
|z1|<E—Mt JRn-1

- /z1|<§ /R (1(U) =n(Te) =1/ (

- / (en(T) — n(T) - of @) - To)do
aC(t)

-
[0}
=
-~
|
-
(L)
=
8
N
U
8

*/ nml(Q(ij) - Q(UE) - n/(Ue)(F(ﬁe) - F(UE)))dU
ac(t)

- / VU ' (ONFU.) - F(U.) - F(U)(U. - U.))dzds —
o)

B / (U(Ue) + p(Pe)
c(b)

- Ri+ @Ry +1'(U)R — RT0"(U)(U. — U.))d£ilsR)
Pe

With the help of the facts that the entropy 7 is convex
77((75) - U(U6> - n/(UE)(ﬁe - Ue) > 04|[76 _Ue|27
and associated entropy flux g is related with 7 by relation [14, p. 52]

¢ (U) =n'(U)F'(U),
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we obtain that

Q(ﬁE)*Q(Ue) = q/(Ue)(ﬁs*UE)JFO(N}e*Ue|2) = nI(UE)F,(UE)(ﬁe*Ue)+O(|(~]€*UE|2)a
so0, using the Taylor expansion

F(Ue) - F(Ue) = F/(UE)(ﬁe - Ue) + O(|(7€ - Ue|2)>

F(ﬁe) - F(ﬁe) - F/(Ue)(ﬁe _ﬁe) S C|(7€ - Ue|2a

Q(ﬁe) - q(Ue) - n/(Ue)(F(ﬁe) - F(Ue)) S C‘ﬁe - U£|2'

At last one can always choose our cone with the help of a constant M > ¢
such that an; + Cng, > 0 and

- (any + Cny)||U. — U.|)? do < 0.
/£>C(t) t z L2(Qe(s))
Taking the same initial data U,|;—g = (75|t:0, we obtain

t
1Ue = Uell @) < CIVUellLoiccry /0 1Ue = Uelli (. (s))ds + Kte®.

Here the constants K and C do not depend on ¢.
Therefore applying the Gronwall lemma one has

t _
HUE _Uelliz(Qe(t)) < K65/ eCt=)IV-UellLoe () 4. (119)
0

_As soon as the difference of the solutions has the order U.—U. = O(e), also
V.U, = O(e), and the left side of (119) has the order O(e?), so we have that in
the cone C(T') our estimate always remains as €2

t
65/ eCet=9)ds < 2.
0

3.2 Validity of the KZK approximation for viscous ther-
moellastic media

One has seen in theorem 2 that the solution u(z,y,t) of the KZK equation with
the term of viscosity 8 > 0 or v > 0 defines globally in time ¢ > 0 for rather
small initial data. The solution I(7, z,y) of the KZK equation is the asymptotic
form of Navier-Stokes system. We note that I(7,z,y) = I(t — =, exy,/ex') is
defined for z; > 0 (as soon as z becomes the time variable according to the
KZK derivation from section 1). For this reason the approximate domain of
validity of the KZK approximation for viscous thermoellastic media is the half

space 1 >0,t >0, 2’ € R* 1.
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3.2.1 Linearized KZK equation
From the Navier-Stokes system
Op+div(pu) =0, pdwu+ (u-V)u) = —-Vp(p) + evAu (120)

which is well posed for rather small initial data in half space {z; > 0,2’ €
R" 1t > 0}, the isentropic linear Navier-Stokes system can be obtained with
the help of the choice

p=po+€ep u=¢eu, p=pp) =cep

not taking into account the terms of order O(e?) :

Op + poV.u =0, (121)
poOru + Vp(p) = evAu, (122)

which have a unique global solution.
Combining 9; and V applied to (121) and (122) we obtain two decoupled
linear equations

O2p— P Ap = epiAc?‘tp, (123)
0

O*u — AV divu = eiAatu. (124)
Po

The existence of the smooth solution u of (124) follows from the lemma.

Lemma 4 The equation (124) has unique regular global on time solution in
the half space {1y > 0,t > 0}, with regular initial ul;—9 = wo, Utlt=0 = uo
and boundary ulz,—o = up conditions (up has the same properties as the initial
condition for the KZK equation I(7,0,y), and ug as I(—%,exy, /ex')).

Proof. If u; = 0, it follows from the relation

d
— (/ |0ul*dz + 02/ |V.u|2dx> + 2/ |V.0ulds —
dt x1>0 z1>0 P0 Jz,>0

—02/ V.uludx’ — z/ V.0uludx’ =0,
z1=0 PO Jz1=0

which gives in this case

i/ (|0wul® + ¢*|V.ul?) dz < 0.
dt x1>0

If we take up # 0, then we can write that u = v + ¢, such that v|;—o, v¢|t=0
are the same as for v and zero in the boundary, and ¢ is a function of a compact
support with zero initial conditions and the same boundary condition as u. We
can construct such ¢ using the trace theorem, thanks to the regularity of up.
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Let us put u = v+ ¢ in (124)

(v + @) — AVdiv(v + @) = epiAat(v + ).
0

From where we have

02v — AV dive — eiAﬁtv =g(p).
Po

We multiply now the equation on d;v and integrate on x:

d
— </ \6‘tv|2d:c+cz/ V.v|2dx) + 2/ |V.0|%ds <
dt x1>0 x1>0 P0 Jz1>0

1 1
<5 [ @l [ jowps,
z1>0 x1>0

applying now the Gronwall lemma for the equality type v’ < a + y we obtain
the global existence in time of the solution. [J

Having the solution u of (124) with boundary condition u|,,—g = u! we can
find p from (121) according to the formula

t

plx,t) = p(x,0) — po/V.u(x, s)ds. (125)
0

This p satisfies (123) with boundary condition
Opley=0 = —poV.ulz, =0

And so we can envisage instead of the system (121), (122) the following
system

Op+ poV.u =0, (126)
02u — AV divu = epiAﬁtu. (127)
0

If we pass to the variables (7, z,y) in (121), we obtain the linear part of KZK
for p(t,x1,2") = I(t — =+, exy,\/ex')

0ip—c*Np — eiAatp = €(2c02,1 — N\, I — %83])—1—
Po pPocC
v

Poc
Suppose that [ is the smooth periodic solution of linear KZK equation

(=202 + 2-2-020,1 — ~ N,0.1) — 2820, 1.
po - Po

2021 — AT — 2 BT =0 128
COr, c Yy ,0062 T ’ ( )
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then

025 — EAG—eNOp = €2(—c202T +2—-020,1 — — N0 1) — 3 020,1. (129)
pPoc Po Po

And the equation of the same form holds for @ = (v, \/€w)

(=220 4 22920,v — v O, v) — €020, v,
afa — AVdiva — eAdyu =
€3 (21020, — v\, 0,10) — €2 v020,40,

(130)
where the functions v and w are constructed according to the formu-
las (104), (105). So for the exact system (126), (127) the approximate system
has the form

Op+ poV.u = epo(0,v + V), (131)
(=220 + 22920,v — v O, v) — €020, v,
021 — AV div i — e— Adyii = (132)
po €3 (2LD20,1F — v\, DT — €3 VD200,

In this case we easily obtain what follows

Theorem 8 Let I(7,z,y) be a solution of the linear KZK equation (128) L-
periodic and mean value zero with respect to T and defined in the half space
2>0,7 € R/LZ,y € R", decays for z — oo. Assume that

2 I(1,2,y) € C([0,00[; H (R/LZxRE))NCH([0, 00[; H 2(R/LZxRL™Y))

for s > max{6, [5] + 1}.

LetU. = (p, 1) be the smooth solution of the approzimate system (181), (132)
deduced from a solution of the KZK equation with the help of (104)-(105). Then
the function U (z1,2',t) = U (21 — ct,ex1,\/ex') given by the formula

U(z1,2',t) = (I, (v, Vew))(z1 — ct,exy, Vex)
1s defined in the half space
{1 >0, 2 ¢ R" ' t>0}

and is smooth enough according to the above procedure.
If U = (p,u) is the solution of (126), (127) in {x; > 0, 2’ € R"~1, ¢t > 0}
with the same rather small initial data and boundary condition

(4= w)|=0 = 9t — u)|t=0 = 0,
(@ —wls,=0 =0, O¢pla,=0 = —poV Uz, =0, (133)

then there exists a constant C > 0 such that the following estimates hold

/ . 10 (Tte —u)|? + |V.(Ge — u)|?dzda’ < Cet?, (134)
1>
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which remains smaller than the order €2 for the time 0 < t < 622, and
/ |Pe — p|?dzda’ < 2, (135)
x1>0

which remains smaller than the order €2 for the time 0 <t < T'ln %

The approzimation result is true for the solution U of the linearized system
(121), (122) since U = U (with 0:p|z,—0 = —poV |z, —0)-

Proof.
For the difference u — u we have

—

02 (1 — u) — A (T — u) = eAdy (T — u) + R,
where
€2(—c202v + 22920.v — v\ O,v) — V020, v,
R =
€2 (24020,F — v\, 0,1F) — €3 v020,10,
the rest of (129) bounded, under the smoothness hypotheses of the KZK solution

I, at least in Lo ([0, 00, La).
Multiplying the last equation by d;(4 — u) one obtains

d

p (\at(a—u)|2—|—62|V.(ﬂ—u)|2)dx1dx'—62/ O(u—u)-V.(u—u)dz' =
x1>0

$1:0

= 6/ at(a—u)v.at(ﬂ—u)dx’—e/
x1=0 x

In the same time

|V.8t(ﬂ—u)\2dx1dx’+62/ RO (u—u)dz dx’.

1>0 x1>0

/ 8t(ﬂ—u)v.8t(ﬂ—u)dw’+c2/ O (t—wu)-V.(u —u)dx' =0,
.’E1=O T

2120
because one can choose |y, —¢ = |z, —o(cf. (133)). From where

1
2

d

a/ (10 ()| *+c2|V.(a—u)[*)dz1dz’ < EC (/ 10T — u)|* + Z|V.(a — u)|2dx1dx'>
x1>0 x

1>0

The above estimate has the form

dWEP<ceVE = SVB<ce

and then

Nl

4 (/ |8t(u—u)|2+02|V.(u—u)|2dx1dx'> < Cé,
dt 21>0

which gives the estimate (134).
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In our construction the expression vE = O(1) because @ = O(1), u = O(1),
(@ —u) = O(1), which ensures that the estimate remains smaller the order €2
for the time 0 < t < 622

Passing now to (p — p) we have the relation

O(p—p) + poV.(u—u) = €epo(0.v + V).
We multiply the equation by (p — p) in Lo({z1 > 0})

d

G| pesbdeim [ (- pVia-wde = [ Fip- pda
x>0

z1>0 x1>0

and using the estimate (134) for the time ¢ < 5127 we obtain the estimate

||ﬁ - p||L2({w1>0}) < 6OeCta

which remains smaller the order €? for the time ¢t < T'In <. O

3.2.2 The general nonlinear case

On the one hand one considers the system:
Otpe + div(pee) =0,  pe[Opue + (ue - V)ue] = —Vp(pe) + evAu, (136)

and on the other hand a non trivial solution I of the problem
0212 — —

v+1 ?
( ) 2 o3I — 5Ay1 =0, (137)

92 T —
rs 4po 2c¢2pg "

for some initial data
I(T7 0, y) = 10(7_7 y)
The solution I as a function of (7, z,y) is periodic in 7 of period L. The theorem
2 implies for any initial data Iy RY" x Q, with small enough H*® (s > [§] +1)
norm (with respect to v) there exists a unique solution which decays for z — co.
We still envisage our problem in the half space 1 > 0, ¢ > 0 with the
assumption that u — 0, p — pg for |z| — co.
Let us construct the approximate system to the Navier-Stokes system (136).
We take as the state equation

(v — 1)02 22

2~
D =p(pe) = c7€pe + € P
(pe) p oy 7

Then one constructs according to the formulas the functions: v from (104),
w from (105) and

c? T L
Ul(T7zvy) = - / 8zl(s,z,y)ds +/ ZaZI(S,Z,y)dS +
Po 0 0

(v=1) o cy—1) /L 2 v
+ cl* — ——~ (1, z,y)dr + — 0, 1. (138
205 2Lpg  Jo (r29) cpj :
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In the above formula the terms containing fOL correspond to the definition of
the operator 97!, which implies that v; is L-periodic in 7 and of mean value 0.
To exclude the derivative on z from (138) we find from the KZK equation that

2 1 1) [* 5
*6—3;182_7:7(7—’_ )CIQ+ c(y + )/ IzdS+L2arI+C—a;2AyI,
0

Po 4p3 4p5L 2cp 2p0
and so
c? (v—1)
vi(7,2,y) = —8;2A I(7,z,y) + cI?(1,z,y) —
1(7,2,9) 20 yI(7,2,9) oy (1,2,9)
c(y—1) /L 2 3v
—_— I“(7,z,y)dr + —=0,-1(7, 2,y). 139

Next we introduce the densities and velocities (107)-(109) and construct the
function U (110).

In particular for ¢ = 0 one has functions defined for x; > 0 because I was
well defined for any z > 0

_ Z1
pe(()? L1, Z'/) =po+ GI(_?7 €Ly, \/EI/)7
_ — _ 1
Ue |t=0: (u6717 ule)(_?v €x1, \/Exl)
and for z1 = 0 one has L-periodic functions of mean value zero

p.(t,0,2") = po + €l (t,0,/ex'), (140)
Te(t,0,2) = (T 1, 7) (1,0, Ver). (141)

Since for (136) in our case on the boundary u|,,—¢ = €l¢|s, 0 is small and
80 |u|z,=0] < ¢, we have only two cases in our boundary: a subsonic inflow
boundary when the first velocity component is positive uq|,,—o > 0, and a
subsonic outflow boundary when the first component of velocity is negative
ul‘g;l:o < 0.

We also notice that, thanks to (139),

2=0

Utz =0 = (ep—i)[—i—ezG(I)) (t,0,\ex') = (ep—il+eQG(1)>

C
= L h(ty) + ) (1),

c3 (v—=1) c(y—=1) [F 3v
G(I) = —872N,1 1% — / Pdr+ —-0.1 142
o) 200 ~ " 4p3 ‘ 4Lpg  Jo T 2cpj ’ (142

so the boundary conditions for #; are defined by the initial conditions for KZK
equation and are L-periodic on ¢ and of mean value zero. Therefore, the sign of
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U1 |z =0 is the same as the sign of Iy (because the term G(Iy) has higher order
of smallness on ¢).

The function U, "Z° (Pe, @e), defined in (110) by densities and velocities
from (107)-(109), is solution of the problem

Orpe + V.(petie) =

3 (,;Oazvl +0.(Iv) — 10, (Ivy) + vy(zw)> + e, (Tv), (143)
ﬁe(atﬂe,l + (ﬂe : V)ae,l) + 8I1p(ﬁe) - el/Aae,l -
eS| 10,v; — ilaﬂﬁ + 92—0621)2 — 220, (vvr) + powV v+
—I—%c%}zﬁ + 2292 v — vAyv — C%@Em) +

(144)

et <é§zvz — 110 (vv1) + TwV v + pod. (vor) — L20 v+

+powV vy — vd?v + 27"837111 - uAyv1> +

€ <I@Z(vv1) — 10,07 + TwVyvy + 220,07 — 1/831)1)

Pe (04l + (ue - V)@l) + 0 p(pe) — evAul =

5 -1 2 2 v
€2 Aépoc VI +p—OAyI>+

[SS]

€2 | povdw — L2v10;w + %Vywz — %vafw —vAw + 27”8§Tw> + (145)
i i i 145

€3 pov10,w + Tvo,w — %vlarw + évwa — V@?’lﬂ) +

€ (Im@ﬂu)

Here to control the terms in right sides we need that 921 € Lo ([0, oo[, L2 (7 x
y)), so in theorem 2 we take s > max{6, [] + 1}. Then the rest of (143)-(145)
is bounded in L.

So we have two systems: the system (136) and

Ope+V.(peti) = €2 Ry, pelOiic+ (e V)] +Vp(p.) —evAtie = €2 Ry, (146)
where E%Rl = O(e?) is the rest of the first equation of Navier-Stokes sys-

tem (143), €2 By = (O(€%),0(e2)) = O(e2) is the rest of the second equation of
Navier-Stokes system (144), (145) in two directions z; and z’.
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Remark 14 As we have the term of viscosity ev/A\u, where € is fized rather
small parameter, v is a constant, and in our case u is of the order €, so then
the phenomenon of boundary layer is exclude.

Theorem 9 Suppose that the initial data of the KZK Cauchy problem Iy(t,y) =
Io(t, \/ex') is such that

1. it is periodic on t with the period L and of mean value zero,
2. for fized t it has the same sign for all y € R"~Y, and for t €]0, L[ change
the sign, i.e., Iy = 0, only finite number times,

3. Io(t,y) € H¥ ({t > 0} x R"1) for s > max{6, [2] + 1},

4. Iy is sufficiently small in the sense of the theorem 2 and Iy = Py, p > 0.

Then there exits a unique global in time solution I(1,z,y) of (137) for z = ex; >
0. Therefore the functions p., te = (Ge1,4,), defined by (107)-(109) in the half
space
{r1 >0, 2’ ¢ R"' t >0}, (147)
are smooth:
pe € C([0,00[, H (R/LZ x RE~1)NC ([0, 00[; H* "2(R/LZ x RI™Y)), (148)

. € C([0,00[; HY 2(R/LZ x R2™1)) N C([0,00; H*~H(R/LZ x REH).
(149)
The Navier-Stokes system (136) in the half space with the initial data (133) and
following boundary conditions

(ae - ue)|:p1:0 = 07

and when the first component of the velocity is positive ue 1|z, =0 > 0 (i.e. at
points where the fluid enters the domain) the additional boundary condition

(ﬁe - pe)|$1=0 =0.

When e 1|g,=0 < 0 there is not any boundary condition for pe.

Suppose also that uc — 0, p. — po as |x| — oo.

Then there exists a constant Ty > 0 such that for all t < EZ:‘:F there exists
a unique solution Ue = (pe,ue) of Navier-Stokes system (136) with the same
smoothness as (148), (149).

Remark 15 Since the boundary conditions for the Navier-Stokes system are
periodic and of mean value zero on t, the first component of the velocity uy |, —o
changes the sign and the inflow part of the boundary goes after the inflow one and
so on. On the variables ' we have the constant sign of 1|y, —o. This hypothesis
follows from the physical reason of works of Zabolotskaya (see [10]). In [10] one
takes as the initial conditions for the KZK equation (which correspond to the
boundary condition for uy) the expression

I(7,0,y) = —F(y)sin .
The amplitude distribution F(y) is taken two types:
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o for a Gaussian beam
2
Fly)=e",

e for a beam with a polynomial amplitude
_ (1 - y2)2a ) S 17
F(y)—{ 0, y>1
_Proof. Using the fact of the convex entropy for the isentropic Euler equation

n(U), which is the function (see (116)):

~ [ue|? 1m? . , p(pe) m
= H(p.) + ——— with h'(p.) = ; Ue = —,
(pe) PR (pe) 2 o

n(Ue) = peh(pe) =+ Pe 2

and their first and second derivatives

o[- ] [ mey-2 ]
7 (0.) = Jowr | o | Hp) =3 (150)
Pe Ue
. H// 3 _m " ﬁ __Ue
") = (p_)er CI ] _ [ H (pif v T 1 _(151)
p? Pe " pe Pe

Have assumed U, = (pes peue)T = (pe, m)T, we can rewrite the Navier-Stokes

system
OU. +V.F(U.) — ev { A(L ] =0, where F(U,) = [ p Uij-u;)(p ) ]
in terms of entropy (116):
=0, where ¢(U) = uc(n(Ue) + p(pe))-

- . 0
omm(Ue) + V.q(U.) — ev [ w }

Entropy estimate for isentropic Navier-Stokes equation on the half
space and existence result

Let us multiply the Navier-Stokes system, from the left, by 2(7? 0" (Ue)

ST (TN + 20T (T F'(TI)V.T. — w2070 (T7.) { N ] _0.
Note that
T, 1 (TT 0 o
0I | 0, | =0
and that
~e)ﬁe~

Qﬁgn//(ﬁe)atﬁe = (9,5[(7?77”((75)[76] - 26381577//(
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Moreover, by virtue of n"(U)F'(U) = (F'(U))Tn"(U),

20Uy (UNF (U)V.U. = V.[U ' (U)F' (U)U] — 207V [y (U)F' (U)]U..

Integrating by [0,t] x {z1 > 0} (2’ € R"~!) we have

t t
/ / OO (0T dads + / V0T (0. F (0.0 Jdwds—
0 x1>0 0 x1>0

t t
—2/ / Urom"(U.)U.dxds — 2/ / UIN.[n"(U)F'(U.)|Ucdzds = 0.
0 x1>0 0 x1>0

One integrates now by parts

t
-2 / / Urom" (U)Ucdxds = —2 / Uy (U)U dz+2 / Uy (U)U.|s—odz+
0 z1>0 z1>0 x

1>0
t ~ ~ ~
+4/ / Uy (U)U. dxds,
0 x1>0
t . - . . t . - -
—2// UETV.[n”(Ue)F’(UE)]Udeds:—2// Uy (U)F' (U )Ucda' ds+
0 x1>0 0 Jz,1=0

t
+4 / VUL " (U)F (U)]U.dzds,
0 x1>0

noticing that
t _ o t _ _ o
4 / / Uy (U )U.dxds + / V.U (U)F (U)|Ucdzds = 0,
0 x1>0 0 x1>0
we result in

t
/ UeTn”(UE)Uedx—/ UETn”(UE)U€|t=0dx—/ / U'y"(U)F'(U)U,|4,—od2’ds = 0.
z1>0 x1>0 0 Rn—1

Recall that n”(Ue) is positive definite, so that
ﬁgn//(ﬁe)ﬁe > 5|ﬁ6‘23

for some § > 0.
Therefore, we obtain for the initial data

po + €l
Uy =

€(po+e€l) (piol—i— vy, \/Ew>

x

] <__17 €Ty, \/Exl>
c

and for the first component of velocity the relation

t
/ Odexf/ OUgdxf/O /R UL " (U,e)F' (Uv,e) ULl oy —oda’ds < 0.
1> 1> n—1
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Let us now consider the integral on the boundary. With notation u; = uq .
for the first component of velocity, we see that

+p'(pe)

Pe E

~ ~ -~ H" (p. T 0
Uliljen//(Ul,e)F/(Ul,e)Ul,e = (pe, peur) ( o 1)n+ 2 e ) ( —u?

rO |§w

= plu <H”(pe) + ) —ur ((—u? +9'(pe)) pe + 2peu) +

1 u?
+peur (—u? + ((—uZ +1'(pe)) pe + 2pw?)> = u1pe (p’(pe) + peg) —uipe,

€

as soon as H' (p) = @.

Let us consider the initial condition Iy(t,y) for the KZK equation of the
type of the remark 15 and we suppose without loss of generality that Iy = 0 for
t €]0, L[ only once in the point é, precisely we suppose that the sign of wu; is
changing in the following way:

e u <O0forte[0+(k—1)L L+ (k-1)L] (k=1,2.3,..)
e anduy >0 forte (L + (k—1)L,kL) (k=1,2,3,...).

If t € [0, £] (for k = 1) the first component of velocity is negative
c
Ut g, —0 = 6%1()(t7y) +eG(Io)(ty) <0,

where G(Iy) is L-periodic and of mean value zero from (142) (u1]y,—0 = 0 for
t=0,%), then

2

since we have the negative term of order €2 and the positive term —u3p, of order
€3. Therefore, for t € [0, £]

/ ﬁfdm < / ﬁgdaz.
x>0 x1>0

If t € (£, L) the first component of velocity is positive uy[,—o > 0, then we
also impose p|,—0 = po + €lo(t,y) where Iy(t,y) is the initial condition for the
KZK equation.Then we have that u$p. has the good sign, for the term

2
ue
U1pPe <p/(Pe) +Pe_) - U?Pe <0

/ U2
U1 e (p (pe) + p57€> >0

we see that on the boundary it has the form

Po 0

—1)c?
€ <p£fo + €vl|z—0) (po + €lo) <02€ + u621'0 + (po + €lp) <<6p£fo + 2v1]2=0
0

+ew?].=0)) < € Col,
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for some constant Cy = ¢ + § and so

t u2 3
/ (ume (p’(pe) + pege) - ulpe) ds =
0
L
— 2 / u_g _ 3 d ! / u_g _ 3 d <
= u1pe | P'(pe) + pe 5 uipe | ds+ [ - wipe | p (pe) + pe 5 uipe | ds <
0 5
% u2
/0 <ulpe (p’(pe) +pe§> - Ui’pe> ds

< —

L 'LL2 L

+/ U1 pe <p’(pe) + pe§> ds—/ ufpedt <
L L
2 2

L L
S 6200/ I()dt = 62+pC0/ jodt = 62+pK,
L

L

2 2

where K = O(1) is a positive constant non depending on time and p > 0 is
the order of “the sufficient small” initial data Io.
Since Uy = O(1) we obtain for all t < L+ £ (for t € [L, L + £] uy|p,—0 < 0

L

and ff_'_ 2 (U1Pe (pl(Pe) + peu;) — u?pe) ds < 0) the estimate

/ ﬁfdaz < / ﬁgdx + HPK.
x1>0 x1>0

But for t < 2L + % we have, thanks to the periodicity of I,

/ ﬁfdm < / ﬁgdx + 2e2HP .
x1>0 x1>0

Then we conclude that for ¢ < 7L + %
02de < / 02de + 7P,
x>0 x>0

To keep the sense of the bounded a priori estimate we need to impose that

rePK = 0(1), or T< T
€<TP

So for t < L( L_ 4 %) =T, or shortly t < €2T—£p with a constant T =

[~(€2+p
O(1), we obtain that U, € Leo(]0, T[, La({z1 > 0} x R"1)).
If Iy = 0 for ¢t €]0, L] finite number times, m times, beginning for example

by negative sign, then we have the a priori estimate for t < LT = T, where
< ——To = [m_Jrl]
(K1+..+K,)e2tr’ 2 I

To prove now that Ue € Lo (0, T, H ~2({z1 > 0} x R"~1)) with s’ from the
condition of the theorem and where s" — 1 corresponds to the regularity of the
initial condition Uy, we use the result of [18, p. 352] for incompletely parabolic
problems. We also obtain that 8,U, € Lo (0, T[, H¥ ~*({z1 > 0} x R""1)).
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Using the standard Faedo-Galerkin method with the theorem about a se-
quential compactness of the unit ball in the Hilbert space we obtain the
existence of the unique solution of Navier-Stokes system. More precisely
pe € C([0,T[, H* ({z1 > 0} x R*))NnCY ([0, T[, H  ~2({x; > 0} x R*"1)) and
uc € C([0,T[, H 2({z1 > 0} x R* 1)) N C([0,T[, H* ~*({z1 > 0} x R*1)).
O

Theorem 10 Suppose the assumptions of the theorem 9. Then there ex-
ists a unique global in time solution U. = (pe,uc) of the approvimate sys-
tem (143)-(145) deduced from a solution of the KZK equation with the help
of (104), (105), (139). The function U (z1,2",t) = Uc(z1 — ct,exy, /ex'),
given by the formula (110), is defined in the half space

{z1 >0, 2/ € R", t >0}

Moreover, according to its definition, we have (148), (149).

Then there exists a constant C' such that for all rather small € the solu-
tions (pe,uc) of (136) and (p.,uc) of (143)-(145) satisfy the following stability
esttmate

||p6 - pe”Lz + Hpeue _ﬁEUEHLQ < €§€C|‘V'UEHL°°t < ege(kt' (152)

which remains any finite time
T 1
0<t<—In-
€ €

smaller than the order € (here T is a positive constant and T = O(1)).

Proof. The approximation result.
So we have two systems

U AU

an(T) + V.q(T) — ev [ 0 } 0,

- . 0
0,0, +V.F(T.) —ey[ N ] _

T T 0 | _ 3 (n@ote(z) i
onT) + VT~ | o Lo | =t (WL ),

QU +V.F(U,) —ev [ —¢3R,

0
A,

where B = (Ry, Ry) is the rest from (146). Since we suppose that U, =
(Pe, petic)T is bounded we can denote again

I CRERIEV

Pe
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Let us compute

O 0(T) 0T~ C(D, - T.)).

The first we find from initial systems that

5 00T =~V @-a@ev | | p, o |-eER 159

Then we notice that

ot ot
where
- ((’ﬁf)T "C0-T) = (-vr@a+ | LR, |+ e%ﬁ)Tw@ (0.~
and
(T (ag . a;) = /(U (-VF()+VFT)) -

Using the property for convex entropy n”(U)F'(U) = (F'(U)Tn"(U) we
find that

(V-F(Ue))Tn//(Ue)(ﬁe_Ue) = V'UZ(F/(Ue))TnN(UE)(ﬁe_Ue) =VU " (U)F' U)Ue~TUe).

So we obtain that

|
=)
=
S

|
3

|

<

(T~ OO =T = ~V-a@) ~a@) + v | p o

T
VT (UIF TN, - T.) — [ Eyza ] n'(U,) ((1 - UE) — e Ry (U (176 - UE) +

0
Ue — N

-/ (U.) (—V.F((NJC) + V.F(Ué)) — ' (Ud)ev { A } +e2y/(UR,

where, thanks to (150), (151) (and £ = s+ 1),
T N R _
0 "TT T 77 _’_:Auf Pe = Pe _
N [ ev A\, ] " (Ue) (U6 - Ue) - { %DATLG pU — Pelle |

Pe __ Pe (u€_a€)7

= —evAl, (—1e, 1) [ u(s +i) _a, ] = —ev At (uc—Uc)—ev A,

€
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_ 0 ~ B
—n'(Ue)ev [ A, — A } = —evi(Due — Aty)

Integrate (117) over the half space. The use of the integration by parts gives
with notation ¢;, F; for first components of vectors ¢ and F":

9 (0 (@)~ T~ Teyde =
x1>0

- [ @)~ a@) = O (F (T - H T -

_ VU ' (UNFU.) - FU.) — F (U, - U.))dz +

x1>0

u o
e Ueg - — ez~ | de’ — 6”/ Vo> — |V.a.|*) do +
/m_o ( Oy axl) | (Vad = [val)
_eg / (R — n’(UE)ﬁ) dr — 6% / R'Tn//(UE) ([76 — Ue) dr +
1>0 x1>0
( 5, Olue —ud) _ Ouc

- —
€ 8x1 8151

+ev PN (ue — e )dx + eu/ (ue — ue)) dr’ +

x1>0 Pe x1=0
tev / (Ve - V(e — ) + V.tie - V.(ue — 1)) da. (155)
x1>0
It is easy to see that
Ooue _ Ot _ O(ue — @) Ou. _
€ — Ue d ! —Ue——F7  — — e — Ue d "=
€v /m_o (u P U 6x1> x + ev /11_0 < i O P (ue — u )) :c

- L O(ue — @), ,
_6”/ml=o(u€ ) 2 (156)

and
—eu/ (Voael? - V.2 ) da:—l—eu/ (Ve - V(g — ) + Ve - V(e — 7)) dar =
x1>0 x1>0

= —ey/ |V(u€ — ’U,e)|2d1}.
x1>0

Let us envisage now the boundary condition

- / (@0~ 0@~ O (F@) - BT =
= (@) — T — o T (Fu(T) — Fy(T))loro. (157)
Explicitly (157) has the form:

(@1(U)=a1(T) =0 (U )" (Fy(U) = F1(U))ar =0 = ua (n(Ue)+p(pe)) ~ta (n(Te)+p(pe)) -
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H/(ﬁe) — ﬂ— Pell — ﬁeal
- 2 2 ~ o -
U peug + p(pe) — petic — p(pe)

Choosing always u1 |z, =0 = @1 |z, =0 we obtain with the help of the facts that
the entropy 7 is convex

$1:O

n(Ue) — U(UE) - n/(Ue)( e~ Ue) 2 a|ﬁe —U€|2,

(158)

(@0~ 0T~ o T (FT) - FiT)lermo = (1T (T + plo) ~ pl7e) -
_u1(pe - ﬁe) (H/(pe) o % — U [peuf - ﬁeﬂg +p(p€) _p<ﬁ€>] |w1:0 -
—u (@) = @)~ CF @~ V0)|

and so this boundary condition take the same sign as the first component of
velocity |y, =0 since

nU) —=nUe) —n'(
is always positive.
So for the boundary conditions we take |z, =0 = @Ue|z;—0 and if w3 > 0

we also Suppose Pelzy=0 = Pelzy=0. Then the first boundary condition (156) is
always zero:

S
=
=
\
S
vV
=
\
S
e
V
jen)

O(ue — Te)
8x1

O(ue — U _
61// (ue — ae)de’ = —ev(ue — TUe) loy=0 = 0.
361:0

For the second boundary condition (158), if w¢|.,=0 < 0 then we have in the
left-hand side of the estimate a positive quantity on the boundary and it can be

omitted.
If we|z,—0 > 0 then we have for pelz,—0 = Pelz,=0

2

Ue - T - 1= u; 2, - -2
u1 H(pe) + pe? - H(pe) - pe? - (pe - pe) H (pe) - ? — Pelle + Peli

= s (B = HG) ~ (o= G 4. (% - %))
— i (H(p0) ~ H(p) ~ (pe — I (3) len—o = 0.

We use the Taylor expansion

F(U)—FU) =F(U)U.-U.)+0(U. —U.?),
and we have

F(U)—-FU.)—-FU)U.-U,)<C|U—-U.
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Taking the same initial data

Ue|t:0 = [76|t:07
we obtain
d o _ ~
A G T de < C|VT |1 / T, — U2z + Ke°.
dt Jz,>0 €1>0

Here the constants K and C do not depend on .
Therefore applying the Gronwall lemma since V.U, = O(€) one has

1Ue = UellZ, (g s0p) < Ke®e. (159)

As soon as the difference of the solutions has the order U, — U, = O(e) and
the left side of (159) has the order O(€?), so we would like to have the inequality

t
65/ eCet=9)ds < 2.
0

From e3e““* < 1 we obtain that the estimate (152) is smaller than the order
e? for time t <T1Inl. O

It is possible to extend the previous results to the case where (75 is only an
admissible solution satisfying the boundary conditions.

Definition 1 The pair of functions (p,u) is called an admissible weak solution
of Navier-Stokes system (136) satisfying the boundary conditions in the half
space if it satisfies the following properties:

1. it is a weak solution of (136),

2. it satisfies in the sense of distributions (see [14, p.52])

0
atn(Ue) + VQ(UG) — €&V |: Ueﬁué :| S O,

or equivalently for all nonnegative twice differentiable test function v with
compact support in the half space
vV Le

r 0
|/ B (atwnwe) V(U — ev [ Vou? } vre|

+ [ vt o+ [ ' [ v (e - [ W ])

8. it satisfies the equality

2

V.¢> dzdt +

$1=0

2 t
_/ U_de+/ / (V.UEF(UE)—FEV{ o })dxds—f—/ U2(x)dz +
210 2 0 Jz,>0 |V.u| 21>0

de'dt = 0.

 fo v reo=e[ g, ])
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Theorem 11 To have the estimate (152) it is sufficient to have an admissible
weak solution of the Navier-Stokes system (136) satisfying the boundary condi-
tions in the half space

0
(’9,5U +VF _6V|:Au€:|
0

such that [28, 31] p. € Loo((0,T), Lg) NC([0,T],Ly) for 1 <p <2, p. >0 a.e.,
Ve € LQ((O T) L2) p€|u€|2 ( ; )7L ); Ue € L2((0 T) HO) Pelle 6
C([0,T],Ls —w), here by C([0, T] L4 — w) is denoted the space of continuous
functions wzth values in a closed ball of L4 endowed with the weak topology.

3.3 Conclusion

The approximation result for nonlinear KZK equation
||U€ - Ue”%@ < et

is valid in the viscous and non viscous cases. The obtained estimate guarantees
that the difference U, — U, stays of order O(e) during the time of the order
il
‘ Leet us for the conclusion make a comparative table for the approximation
results (see table 1).

One use the notation: A(u —v) = [9:(u —v)|? + |V.(u — v)|%
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Figure 2: The effects of diffraction (33) in 3d for the pressure with a square
source 3cm X 3cm. The parameters of simulation for propagation in water:
Ay = Ays = 3.75 x 1074m, Az = 6 x 1074 m, AT = 6.6667 x 1075, pg =
1000kg/m3, ¢ = 1500 m/s.
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Figure 3: The effects of diffraction (33) along the retarded axis 7 in the two
different places of the propagation axis z with a square source 3 cm x 3cm. The
dotted line corresponds to the signal source z = 0 and the solid line to the
pressure at the distance z = 30 cm. The parameters of simulation are the same
as in figure 2.
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Figure 4: The effects of absorption and nomnlinear effects (36) in 3d for the
pressure with a square source 3cm X 3cm. The parameters of simulation for
propagation in water: Ay; = Ayp = 3.75 x 1074m, Az =5 x 1073 m, A7 =
6.6667 x 107%s, 3 =15, 5 = 4.1 x 107 Np/m, po = 1000 kg/m?3, ¢ = 1500 m/s.
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Figure 5: The effects of absorption and nonlinear effects (36) along the retarded
axis 7 in the two different places of the propagation axis z with a square source
3cm x 3em. The dotted line corresponds to the signal source z = 0 and the
solid line to the pressure at the distance z = 1 m. The parameters of simulation

are the same as in figure 4.
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&

</
Figure 6: Representation of the solution of KZK equation (38) for the pressure

in 3d with a square source 3cm x 3cm. The parameters of simulation for
propagation in water: Ay; = Ays = 3.75 x 1074m, Az =1 x 103 m, AT =
6.6667 x 107%s, 8 =5, § = 4.1 x 107 Np/m, po = 1000kg/m?3, ¢ = 1500 m/s.
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Figure 7: Representation of the solution of KZK equation (38) along the re-
tarded axis 7 in the two different places of the propagation axis z with a square
source 3cm X 3cm. The dotted line corresponds to the signal source z = 0 and
the solid line to the pressure at the distance z = 31.2cm. The parameters of

simulation are the same as in figure 6.
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Figure 8: Profiles of the solution of KZK equation (39) for the density along the
axis 7 with different values of z. The values of z on the curves 1-4 respectively

are 0.15, 0.3, 0.7, 1.2; N = 3.25, § = 0.1 (see [10, p.80]).
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Figure 9: Wave profiles of the solution of KZK equation (39) corresponding to
different 6; N =5 (see [10, p.81]).
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