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This paper focuses on a new analytical solution: the one of the hydrostatic-elastic problem for a wetting fluid inside a
3D penny shaped circular crack in an elastic infinite solid loaded in tension at infinity, when the vapor pressure and the
variation of liquid mass can be neglected. With the surface tension phenomena, the liquid is near the crack tip and is

generally in tension (negative pressure).

1. Introduction and problem position

We are interested in different problems of fluid
crack interaction. We can find such problems for
example in hydraulic fracturing of rocks in the
petroleum industry, or in the spalling of concrete
at high temperature. The first works on the topic
are related to models of 1D fluid flows inside the
crack (Abe et al., 1976; Balueva and Zazovskii,
1985). If the crack is saturated with the fluid these
1D models give a singularity at the crack tip for
the pressure field. Taking into account a two-
dimensional model for the fluid flow near the crack
tip avoids the pressure singularity (Bui and Parnes,
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1982), but generally authors prefer to assume that
there is a lag between the fluid and the crack tips
(Advani et al., 1997; Garash and Detournay, 1999;
Bui, 1996). There are some physical and mechan-
ical reasons to do such an assumption if we have a
non-wetting fluid (Bui et al., 2000; Van Dam et al.,
1999). On the contrary if we have a wetting liquid
and if the crack does not propagate, the liquid is
concentrated at the crack tip (Feraille-Fresnet and
Ehrlacher, 2000). An hydrostatic-elastic solution
for a non-wetting fluid inside a crack in an elastic
material has been given in (Bui, 1996). In that
problem, with the surface tension phenomena, the
fluid is at the center of the crack, its pressure is
positive and we have no fluid near the crack tip. It
has shown that this can give a mechanical expla-
nation of Rehbinder’s effect (Rehbinder and
Lichtman, 1957; Eecklout, 1976). More recently,
Feraille-Fresnet and Ehrlacher (2000) have given
the solution for a wetting liquid when there can be



phase change between liquid and vapor. In this
case, with the surface tension phenomena, the
vapor is at the center of the crack at a positive
pressure, and the liquid is near the crack tip. The
liquid can be in tension at a negative pressure. A
review of these problems can be found in Feraille-
Fresnet et al. (2000). Taking into account the
phase change is important mainly when there is an
important variation of temperature. For a large
family of problems, we can neglect the vapor
pressure and the mass change in the liquid phase
due to vaporization.

This paper deals with a new analytical solution
for the hydrostatic-elastic problem of a wetting
fluid inside a 3D penny shaped circular crack in an
elastic infinite solid loaded in tension at infinity,
when the vapor pressure and the variation of lig-
uid mass can be neglected. With the surface ten-
sion phenomena, the liquid is near the crack tip
and is generally in tension (negative pressure). For
a given liquid mass inside the crack, if the loading
at infinity is high enough, the crack is totally
opened, but the stress intensity factor is less than it
is in the case of a dried crack for the same loading.
Increasing the tension at infinity involves an in-
crease in the opening of the crack. Thus this im-
plies an increase in the meniscus radius of the free
surface of the liquid. Due to Laplace’s law, the
tension in the liquid decreases, which phenomenon
accelerates the increase of the stress intensity fac-
tor.

For the same given liquid mass in the crack, if
the tension on the solid at infinity is not high en-
ough, the tension in the liquid near the crack tip,
due to capillary phenomena, is sufficient to close
the crack near the crack tip. Then the crack is
partially opened and the stress intensity factor is
Zero.

This paper will present the non-linear relation
between the loading tension at infinity and the
stress intensity factor.

Consider the 3D penny shaped circular crack of
radius @ in a linear elastic material with Lame’s
coefficients A and u. We denote p the distance be-
tween a current point on the crack and the crack
center and r the dimensionless radius, such that
p = ar. The incompressible fluid is wetting the
solid and has a volume V. The fluid is near the
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Fig. 1. Crack filled with a fluid. The lower figure represents a
zoom on the circled zone of the upper one, HB = w(c),
R =w(c)/siny.

crack tip and has a uniform pressure P. Fig. 1
represents the crack filled with the fluid where 0 is
the contact angle with the solid. The angle 0 is a
physical characteristic of the couple fluid—solid.
For example, in the case of a perfect wetting solid,
0 = © and do not depend on the particular circu-
lation of the contact.

The free boundary of the fluid is a curved sur-
face which is bounded to the crack lips at a di-
mensionless radius c.

In the following analysis, we neglect the line
force at the triple point (fluid, void, solid). We
suppose that there is a mechanical loading at in-
finity in traction perpendicular to the crack sur-
face. We denote ¢ the uniform uniaxial stress
normal to the crack surface at a long distance
of the crack. Then the only loading parameters are
V, the volume of the fluid inside the crack and ¢*.
The two mains unknowns are the pressure P and
the dimensionless radius c.

2. Problem equations

In the frame of linear fracture mechanics, it is
possible to determine the crack opening displace-
ment of a penny shaped crack in an infinite solid as
a function of ¢ the uniform uniaxial stress at a
long distance of the crack and the loading on the
crack lips. Here that loading is due to the pressure
P of the fluid near the crack tip for dimensionless
radius » € [c, 1]. Then, following Bui et al. (2000),



the crack opening displacement w can be given for
each dimensionless radius r as a function of P and
c.
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If we neglect the volume of fluid in the meniscus,
we can calculate V(P, ¢) the volume of the fluid as
a function of the two main unknowns (P, ¢).

i
V(P,c)= 2a2/ 2rw(r)dr

2+ 2u (1—c2)?
— 44" e + Ph
u(A+p) 3 )
(2)
with h(c) = [ [ r/(2 —r2)dtdr. As

the Volume of the fluid is known we have the first
relation between the two main unknowns (P, ¢).

V(P,c)=V (3)

To get a second relation we write the Laplace’s
law. Let us consider two fluids separated by a
curved surface. We note y, and y, the two curva-
tures of the surface, P the fluid pressure on the
convex side of the surface, P~ the fluid pressure on
the concave side of the surface and 7 the surface
tension on the interface.

Laplace’s law gives a necessary relation to have
an equilibrium:

PY =P =1(1 + 1) (4)

In our situation P is the vapor pressure which
is neglected and P~ = P. So Laplace’s law can be
written:

=P =1(y; + 1) (5)

The geometry of the free surface of the fluid is
very close to a portion of tore where the big radius
is nearly ca and the small radius very small in front
of ca, as we will see after (Eq. (8)). Thus, one of the
curvatures of the free surface of the fluid is well
approximated by y;, = 1/ca.

The contact angle with the solid 60, Fig. 1, is a
known characteristic of the contact between fluid
and solid. We note y the angle of the circular arc
of the meniscus in the plane normal to the mid-
plane of the crack, Fig. 1. We have a relation be-
tween 0, ¥ and dw/dr the angle of the radial
tangent to the crack lips, with the radial direction
in the midplane.

dw v

0=—7 +V+5 (6)

We are interested in cracks which characteris-
tical radius has a order of magnitude of the cm and
which opening under load before propagation of
the crack is very small. Thus, in the following, we
can neglect the angle dw/dr. Then  is approxi-
mated by:

v=0-3 (7)

¥ is then nearly /2.
Then the second curvature of the free surface of
the fluid is, see Fig. 1:

sin

w(c)

(®)

X2 =

where w(c) is the half opening of the crack at the
dimensionless radius ¢. The first curvature y, of
the free surface of the fluid is negligible in front of
the second curvature. Laplace’s law can then be
written:

—Pw(c) = tsiny 9)

We have have now two expressions relating
P and c¢ the two unknowns of the problem. We
will show in the next paragraph a way of solving
it.

3. Resolution of the problem

It is possible to calculate w(c) using (1). We
denote that the integral factor of P can be simply
written f dt. Thus:

w(c) = At2 a (6™

Pt VIZa+P(1-¢) (10)



Let us introduce M:

MZS%TSHN// (11)
Introducing (10) in (9), we obtain:
PX(1—¢)+Pc*VI—c2+M=0 (12)
From (2) we get:
. 3Su(A+ )V 3Ph(c)

= 4a3 (A +2u)(1 — 02)3/2 N (1— 02)3/2 (13)

Introducing (13) in (12), we obtain the follow-
ing equation:

a(c)P> +b(c)P+M =0 (14)
where

alc)=1—-c— 13}1_(60)2 (15)
and

3 wa+wV
blc) == 16
() 4 3 (A4 2u)(1 —c?) (16)
Eq. (14) has two solutions in P. From (9) we
must retain the negative one:

b(c)* — 4Ma(c)

2a(c)
Introducing (17) in (13) gives now an equation

in the unknown ¢ which can be solved for each

values of V' and o%.
The stress intensity factor can be written:

Ki(e) = 2\/z(6°° + P(c)V1 —¢?) (18)

—b(c) +

P(c) = (17)

4. Results

We will consider that the solid is concrete and
the liquid water. The following figures represent
the results obtained with the following datas
a=0.1m, 2=29x 10" Pa, u=1.9 x 10" Pa,
t=01Nm',y=n/2and V=10 m’.

First we present the relation (17) for a dimen-
sionless radius ¢ between 0.75 and 1, see Fig. 2. As
we see, the more dried the crack (for high values of
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Fig. 2. Evolution of P (in MPa) function of c.

¢), the lower the fluid pressure. This can be ex-
plained by the fact that, if for a given fluid volume
the wetted zone is smaller, the crack is more
opened and the curvature of the free boundary of
the fluid is lower; then, from Laplace’s law, the
traction in the fluid is lower.

This point is confirmed by Fig. 3 showing the
half opening of the crack as a function of c.

It is also confirmed in the relation giving
the stress intensity factor K7 as function of ¢, see
Fig. 4.

Let us have a look to the relation between the
traction in the fluid function of the loading at in-
finity (6°°). Again we see that increasing loading at
infinity opens the crack and then decreases the
traction (—P) in the fluid, see Fig. 5.

The more interesting result consists in the non-
linear relation between the stress intensity factor
and the loading at infinity which can be seen on
the Fig. 6. This result is more clear on the fol-
lowing Fig. 7 representing the ratio between the
stress intensity factor of the wetted crack and the
stress intensity factor that would have taken place
if the crack was totally dried (K; = 2+/a/nc*). As
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thoughtless. This phenomenon is more important

we can see the fluid in the crack decreases the stress
if the loading at infinity is low.

intensity factor and so increases the apparent
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5. Conclusion

In this paper we have presented a new analytical
solution for the hydrostatic-elastic problem for a
wetting fluid inside a 3D penny shaped circular
crack in an elastic infinite solid loaded in tension at
infinity, when the vapor pressure and the variation
of liquid mass can be neglected. Due to the capil-
larity, the liquid is gathered at the crack tip and is
generally in tension (negative pressure).

If the loading in traction at infinity is high en-
ough, the crack is totally opened, but the stress
intensity factor is less than it is in the case of a
dried crack for the same loading. If we increase the
loading at infinity there is an increase in the

opening of the crack which implies an increase in
the meniscus radius of the free surface of the lig-
uid. Due to the Laplace’s law, the tension in the
liquid decreases, which phenomenon accelerates
the increase of the stress intensity factor and then

the strengthening due to the presence of liquid at

the crack tip is getting lower.

The most interesting result of this paper is the
non-linear relation between the loading tension at
infinity and the stress intensity factor for a given

mass of liquid due to capillarity.
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