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The dynamics of discrete mechanical systems
with perfect unilateral constraints

PATRICK BALLARD

Abstract

The dynamics of discrete mechanical systems with perfect unilateral constra-
ints is formulated in a very general setting. The well-posedness of the resulting
evolution problem is studied. It is proved that existence and uniqueness of a maxi-
mal solution is ensured provided strong assumptions on the regularity of the data:
they are supposed to be analytic. Simple examples show that this regularity as-
sumption may not be relaxed. Sufficient conditions to ensure that the maximal
solution 1s defined for all time are supplied. The continuous dependence of the
solution on initial conditions is also studied and the numerical computation of the
solution is evocated.

1. Introduction

The aim of the Dynamics of Discrete Mechanical Systems (sometimes called
Rational Mechanics or, after Lagrange, Analytical Mechanics) is the prediction
of the motion of collections of bodies supposed to be perfectly indeformable. The
theory classically distinguishes two types of interactions between the bodies them-
selves and between the bodies and the rest of the universe: the efforts and the con-
straints. The constraints are kinematical specifications of the motion with which
some efforts are associated. A constraint is said perfect or ideal if the associated ef-
forts do not dissipate energy. A constraint is said bilateral (respectively unilateral)
if the kinematical specification gives rise to equalities (respectively inequalities).
A typical occurrence of unilateral constraints is the handling of non-penetration
conditions.

When all the constraints are bilateral and perfect, the motion is classically gov-
erned by a second-order ordinary differential equation on a finite dimensionnal rie-
mannian manifold. When the data are smooth enough, Cauchy-Lipschitz theorem
guarantees that a unique motion is associated with any given initial state of the
system.
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When dealing with the dynamics of discrete mechanical systems with uni-
lateral constraints, there is no such a theorem, although many steps towards this
direction have been made during the past twenty years. To my knowledge, the
first investigation of this question using modern mathematical tools (i.e. intro-
ducing motions whose acceleration is a measure with respect to time) is that of
Schatzman [18]. She studied the particular case where the configuration space is
R? equipped with its canonical euclidean structure and the admissible configura-
tion set is convex. Her setting was also limited to the elastic impact constitutive
equation. Using Yosida type regularization and compactness arguments, she was
able to prove the existence of solutions under very weak regularity assumptions.
She also discussed uniqueness but proved it only in a very specific case. Further
investigation on uniqueness was performed by Percivale in [14] and [15]. He is
the first to introduce analyticity hypothesis in this respect. But, his results apply
also only to very specific cases. The formulation of the problem with completely
inelastic impacts has been extensively studied by Moreau [12]. An existence result
was proved by Monteiro-Marques [10] in the particular case in which the configu-
ration space is euclidean R? and the unilateral constraints are described by a single
smooth function. Very recently, Schatzman [19] studied the general one degree-of-
freedom problem with arbitrary impact constitutive law. In this case, she proved
uniqueness under analyticity assumption on the data.

None of these results has the generality required by Mechanics. The existence
and uniqueness results are proved under assumptions which are obviously not ful-
filled in most of discrete mechanical systems which may generally be encountered,
except the last result of Schatzman, but it is limited to the one degree-of-freedom
problem.

In this paper, the dynamics of discrete mechanical systems with perfect unilat-
eral constraints is formulated in a very general setting. To reach full generality, the
configuration space is supposed to be an arbitrary riemannian manifold instead of
an euclidean space. However, only the most elementary level of differential geom-
etry is needed. The resulting general evolution problem is studied. The existence
and uniqueness of a solution associated with given initial condition is proved pro-
vided the data are analytic.

In section 2, we give a precise mathematical definition of what we call discrete
mechanical system and system of bilateral constraints. We also recall some basic
results connected to these definitions that we shall use subsequently.

In section 3, a formulation of the equations of the dynamics of discrete me-
chanical systems with perfect unilateral constraints is presented. The content of
this section follows very closely the work of Moreau [12]. It is included since
Moreau restricts himself to completely inelastic impacts. More generality, includ-
ing the case of elastic impacts, is obtained here with no supplementary difficulty.

In section 4, we prove a local existence and uniqueness result concerning the
general problem of the dynamics of discrete mechanical systems with perfect uni-
lateral constraints, under the single assumption that the data are analytic. Existence
and uniqueness of a maximal solution follows immediately. A sufficient condition
to ensure that this maximal solution is defined for all time is also presented.
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In section 35, three examples are discussed. One is due to Moreau and another
one to Schatzman. They are included for sake of completeness. The aim of these
examples is to show that the regularity assumptions made in the previous section
are, in some sense, minimal.

In section 6, we illustrate the generality of the theorems of section 3 in applying
them to simple examples issuing from Mechanics.

In section 7, the continuous dependence of the solution on initial conditions is
discussed. Dependence on initial conditions is seen to be not continuous in general.
However, a restrictive case where continuity holds is exhibited.

In section 8, the numerical computation of the solution is discussed. Problems
arise in connection with non-continuous dependence on initial conditions. How-
ever, we recall an algorithm, which was first described by Moreau, and prove its
convergence in some restrictive cases.

The main results in this paper were announced in Ballard [3].

2. Discrete mechanical systems and perfect bilateral constraints

The aim of this section is to give a precise definition of what we call a discrete
mechanical system, to introduce notations and to recall some basic results that
we shall use later on. For a comprehensive presentation, the reader is referred to
Arnold [2] and Abraham & Marsden [1].

2.1. Discrete mechanical systems

Definition 1 A discrete mechanical system is:

— A Hausdorff, smooth (of class C? with 2 < p < 00) connected manifold () of
dimension d whose topology has a countable basis.
Q is called the configuration space of the discrete mechanical system. d is
its number of degrees of freedom. The tangent bundle T'(Q) of Q) is called the
phase space or the state space. A point q of () is a configuration of the system
and a point of T'Q) a state of the system. T () denotes the cotangent bundle,
g : TQ — Qand I, : T*Q — Q the natural projections. T, () is, as usual,
the tangent space at q and, to designate an element v of T'Q), we shall often
use the redundant notation (q,v) where ¢ = Ilg(v) and v € T,Q. A curve
on Q) (i.e. a continuous mapping from a real interval I to QQ) is also called a
motion of the system. If a motion q : I — () admits a tangent vector at t, it will
be denoted by (q(t), ¢(t)). This notation is an abuse consecrated by tradition.
The dot will also be used in general to denote a derivative with respect to time.
A local chart on Q) is also called a local parametrization of the system.

— A riemannian metric on () denoted by (-, -),. The mapping

K{TQ — RT o
(q,v) = 2(v,0)g = 5 |[v]|2

is the kinetic energy of the system.
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— A real interval I and a smooth (of class CP" with 1 < p' < p) mapping
f:TQ x I —T*Q such that:

V(g,v) € TQ, Vtel, 115 (f(gq, vit) = 1lg(q,v) = g

The mapping f is called virtual power of internal, external and inertial efforts
acting on the system or, in short, the efforts mapping. We will denote by (-, -) ,
the local duality product on T;;Q X T,Q and b (and § = b~" its inverse) the
isomorphism of vector bundles from T'(Q) onto T () canonically associated with
the riemannian metric on Q).

The Fundamental Principle of Dynamics asserts that any motion of the system
is of class C and has to satisfy:

veer, 2N _ sow.qin) )

where % denotes the operator of covariant derivation along ¢(¢) canonically asso-
ciated with the riemannian metric of ().

In the sequel, for (U, ) a local chart on @, (e1(q),e2(q), -+, eq(q)) and
(e'(q),€*(q),---,e%(q)) will denote the dual basis of T,Q and T;Q naturally
associated with the considered chart. ¢)(q), that we shall abusively continue to de-
note by ¢, is an element (ql, g, -, qd) of RY. If ¢(t) is a smooth motion on Q,
(¢*(),¢%(t), -+, %)) will be the components of its tangent vector (also said
velocity) in the local basis:

q(t) = q' (t)ei(q(t)),

where Einstein’s summation convention applies. It will always apply unless ex-
plicitly stated. No confusion induced by this notation should be expected since:

VZ€{1727"'7d}7 Q(t)ZEQ(t)

In general, we shall use the same notation to denote a function and its representa-
tive in a chart. As usual, g;;(¢) will denote the covariant components of the metric
in the considered chart and g%/ (¢) its contravariant components. I'7, (¢) will be the
associated Christoffel symbols:

: 1 .5 Ognk 9g;jn 0Gjk

7.’ — — v - _— — . 3

jk(@) = 59 (a) ( o DT g @)~ (@) (3)
Proposition 2 (Lagrange) Let (U, 1)) be a local chart and q(t) a C? motion on

Q. One has:

DU (4 o Ka@:400) = K a(0.d(0) ) ¢ a(0),




The dynamics of discrete mechanical systems with perfect unilateral constraints 5

Proof. It is straightforward since:

Dq d .
il (dt o F’glqkql> ’
d Ogni  Ognk Ogri \ .\
= ;. 2J — ¢
Ggij (dt + 29 (aq + 6ql aqh qq |e,

d . n{O09n  OGnk  OGri\ 1.\
gij_qj—l‘ 5 <6k+8ql g )99

d . 89--,, 10gik ... -
— R I T R 157 A= LP [ A K
= (g”dtq quq q 5 9qi qq e,

d 0 (1. o (1. -
et . -k T, -k 1

O

Coming back to the equation of motion (2), suppose we are given in supple-
ment an element ¢ of I, said initial instant, and an element (qg, vg) of T'Q, said
initial state. Then, we obtain the following Cauchy problem C on Q:

Dq
C = [ (q(t),4(t); 1)

(( 0):4(to)) = (g0, v0) -

Cauchy-Lipschitz theorem guarantees existence and uniqueness of a maximal C?
solution (J,,, ¢, ) Where J,,, is an open subinterval of [ including ¢g and ¢, a C?
motion defined on J,,,. This expresses the fact that any other solution (.J, ¢) of C is
necessarily a restriction of ¢,,,:

JCJn and  qp; =q

This result allows us to associate with any discrete mechanical system a dynamical
system, that is a two real parameters collection F ; of mappings from 7'() into 1'Q)
such that:

Ft3,t2 O th,tl = th,tl and Ft,t = Id

To illustrate these basic definitions and results, we give a simple example that
we shall reuse later on in a slightly different context. Consider a plane system
of two homogeneous rigid bars 1 and 2. The bar 1, of length /; and mass m; is
connected to a fixed support by means of a perfect ball-and-socket joint equipped
with a spiral spring of stiffness k1. The bar 2, of length /5 and mass m» is connected
to the free extremity of the bar 1 by means of another ball-and-socket joint also
equipped with a spiral spring of stiffness ko. A force acts on the free extremity of
the bar 2. This force remains parallel to the direction of the bar 2 and is of constant
magnitude A > 0 (see figure 2.1). With this system is associated the following
discrete mechanical system:
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Fig. 1. Geometry of the double pendulum.

— The configuration space is R? equipped with its canonical structure of C'>°
manifold (it is not the 2-torus since the spiral springs impose to be able to
count the ‘number of turns’). This manifold may be represented by a single
chart; in other terms, there exists a global parametrization of the system. In the
sequel, we shall only use the chart (¢', ¢?) defined by the angular measures
associated with each of the joints.

— The kinetic energy is:

_1 llml 2 /.1\2
K—§ i —lls (q) ds

1 l2m2 2 7.1\2 2 /.2\2 1 2\ 1.2
‘|‘§ . E(ll(q) + s (CZ) —|—2l18COS(q _Q)QQ)ds

1
<§mllf (¢")" +mal? (¢)°

1
+ §m213 (4®)° + malyly cos (¢" — ¢°) qlq'2> :

This kinetic energy defines a riemannian structure on the configuration space.
The expression of the metric tensor in the considered chart is:

g11 (q17q2) = (m +m2) l%a

3
1
912 (¢ ¢%) = 5mahils cos (¢' = ¢*) =921 (¢". ¢°) ,
1
g22 (qlan) = §m2l§-

— The efforts mapping has for expression in the considered chart:

flg.¢;t) = [Muisin (¢" — ¢°) — (k1 + k2) ¢* + k2¢”] €' (q)



The dynamics of discrete mechanical systems with perfect unilateral constraints 7

+ [k2q" — k2g?] €2(q).

Proposition 2 allows us to form easily the equation of motion in the considered
chart:

( (% + mg) l%(jl + %m2l1l2 cos (q1 — q2) G2 + %mglllg sin (ql — q2) (42)2
= My sin (¢" — ¢°) — (k1 + k2) ¢ + kag?

%mglllg cOS (ql — q2) Gt + %mzlgqg — %mglllg sin (ql — q2) ((jl)2

S k2 (ql - q2)

4)
The deterministic conclusion of Cauchy-Lipshitz theorem on the dynamic evo-
lution of the system is illusive. Indeed, if we add to the differential system (4) the
initial condition:
¢'(0) = ¢*(0) = ¢*(0) = ¢°(0) = 0,
it is easily seen that the maximal solution is the identically vanishing function on
the real line. But, Poincaré-Lyapunov theory shows that this solution is unstable for
some value of \ and the real motion will differ in this case from this trivial solution.
The correct analysis of the motion should in this case refer to some investigation of
topological nature on the dynamical system generated by the equation of motion.
In any case, one has to abandon the objective of predicting exactly the motion of
the system. One has to accept to obtain only partial information on this motion:
this is a consequence of the over-idealization made during the modelling process.
However, Cauchy-Lipschitz theorem is at the basis of any further analysis which
has to be performed on the equation of motion. This fact will be discussed with
more details in section 7 in the context of the dynamics of discrete mechanical
systems with perfect unilateral constraints.

2.2. Bilateral constraints

One may introduce on discrete mechanical system another type of efforts, not
taken into account by the efforts mapping f. Indeed, one may specify some efforts
by their kinematical effects: one speaks of constraint. A constraint induces a re-
striction on the admissible motions of the system which is expressed by means of
a finite number n of smooth real functions defined on Q):

The word constraint in the singular will be used indifferently to speak either of
a constraint specifically associated with a single function ¢; or of the constraint
associated with all the functions ¢;. In this terminology, a set of constraints is still
a constraint. In formula (5), the constraint is said holonomic (because it applies on
the configuration and not on the state), scleronomic (because it does not depend
explicitly on time) and bilateral (because it is expressed only by equalities and not
inequalities). We denote by S the following subset of Q:

S:{qu;Vi€{1727"'7n}7 902(Q):O}7
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and we add the assumption that the functions ¢; are functionally independent:
for all ¢ in S, the dp;(q) (i € {1,2,---,n}) are linearly independent in 7*@Q.
As a consequence, S is a submanifold of () of dimension d — n. The realization
of kinematical specifications (5) necessarily involves a virtual power of reaction
efforts mapping R taking values in 7™ Q). It is a priori unknown.

Now, consider an initial instant ¢( in I and an initial state (qo,vg) compatible
with the constraint (i.e. (qo,vq) € T'S C T'Q). The evolution problem associated
with the discrete mechanical system with bilateral constraint is: find 7" > tg, q €
C? ([to, T[; Q) and R € C° ([to, T[; T*Q) such that:

DI _ patey.dteyn) + RO

vt e lto, T,  q(t) € S,

(q(to),4(to)) = (qo,v0)-

These equations fail to determine the motion of the system: one has to precise
the mapping R by means of a phenomenological assumption on the way the con-
straint acts. A constraint will be said perfect if the associated reaction efforts do
not produce work in any virtual velocity compatible with the constraint:

YVoe{veT,M;Vie{l,2,---,n}, (dpi(q),v)q =0} ~TS, (R,v),=0.

Vt € [to, T[,

As a result:

)

I(Mi)i1a.m ER"  R=) Nidpi(q)

Therefore, if the bilateral constraint is perfect, the evolution problem may be writ-
ten as: find T > to, ¢ € C2 ([to, T[; Q) and (X;);_ 5 ..., € (C° ([to, T[; T*Q))"
such that:

)

7

vtelto Tl 52290 _ ru) at):t) + > hiBdeila(t),

dt
Lo\ vtelto. Tl qlt) €S,

L (q(t0), 4(t0)) = (qo,v0),

where % is the operator of covariant derivation on Q).

Let ¢ be a point of (), v a vector of T,,(), and E a subspace of T,(). The orthog-
onal projection of v on E for the scalar product of 7T'() induced by the riemannian
structure of ) will be denoted by Proj, [v; E] Similarly, Proj; [v*; E*] will de-
note the orthogonal projection of the 1-form v* on the subspace £* of T/ Q). Then,
consider the evolution problem Es: find T' > tg and ¢ € C? ([to, T'[; S) such that:

e lto. 0250 — projr ) [(atr). ar): 0 Ty 8]

(q(t0),4(to)) = (g0, v0),
where TS is considered as a subspace of 7;/() and D 2 1s the operator of covariant

derivation on S equipped with the riemannian structure inherited from that of Q).
We have:

Es
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Proposition 3 Problems £q and Es are equivalent: any solution of g generates
a solution of £g and reciprocally. Moreover, if () and the functions @; are of class
C? (p > 2), and f of class CP~! then the unique maximal solution of Eg and Eg
is of class CP. If Q), f and the @; are analytic functions then so is the maximal
solution of Eg and Es.

Proof. First, let us identify 7,5 and T7'S to subspaces of T;,() and 7,/Q. One
has TS = b (T,S). TS and @;_, R dy;(q) are complementary orthogonal sub-
spaces of T () and (Chavel [7], p. 54):

Dsq . | Dqg
7 :Prq]q [77qu .

Now, let ¢ be a solution of £q:

Proj,, [b—Qq;Tq S] = Proj, [f(q,q;t) +) Nidei(q); Ty S

dt :
=1
But,
Proj, [f(% ¢;t) + Z Nidpi(q); T, S| = Proj, [£(g,4;t); TS,
i=1
and,
| DQd o . [Dqd Dsi
Proj,, [bW’Tq S] = bProj,, [W’qu — b77

which show that ¢ is a solution of £g.
Reciprocally, let ¢ be a solution of £g. From:

Dsq Dod <
:b ’Ld 1 3
— dt +;a vi(q)

Proj; [f(q,4;1); Ty S] = flg, ;1) + Y Bidei(q),
i=1
we deduce the existence of n functions \; : [tg, T[— R such that:

D . . n
bd—iq = f(@: @)+ Y Xidpi(q)
1=1

It follows that:

—1

= | @andesan, || (2 i), deita)

q
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where the Gram matrix is invertible because of the assumption on the functions
;. This shows that the function \; are uniquely determined and that they are
continuous. Therefore, ¢ generates a solution of £g.

The second part of Proposition 3 follows from standart results on ordinary
differential equations (see for example Coddington & Levinson [8]).

The moral of Proposition 3 is that adding a perfect bilateral constraint to a
discrete mechanical system generates another discrete mechanical system with
smaller number of degrees of freedom.

3. Discrete mechanical system with perfect unilateral constraints

This section deals with the formulation of the equation of motion of a discrete
mechanical system when some perfect unilateral constraints are added. All the
basic 1deas of this section are due to Moreau [12]. It is included since Moreau re-
stricts himself to the special case of completely inelastic impacts and also because
Moreau does not consider the general case of an arbitrary configuration manifold
equipped with an arbitrary riemannian structure.

3.1. Kinematical setting

Consider a discrete mechanical system according to section 2.1 and suppose
that a finite number n of unilateral constraints are taken into account:

Vie{l,2,---,n}, @ig) <0, (6)
where the ¢; : Q — R are C'? functions. The closed subset A of ) defined by:
A={qeQ;Vie{l,2,---,n}, pi(q) <0}
1s called the admissible configuration set. We define the mapping .J by:
J{Q—>P({1,2,---,n})
q = J(g)={ief{l,2,---,n}; wilg) = 0}

where P ({1,2,---,n}) denotes the set of all subsets of {1,2,---,n}. The set
J(q) is called the set of all active constraints in the configuration ¢. As in the case
of bilateral constraints, a functionally independence assumption is made on the
functions ¢;:

Vge A, (dvi(q));cs(, Islinear independent in T Q) (7)

As an easy consequence of the regularity assumptions made on the functions ¢;,
(@]
the boundary 0 A and the interior A of A in () are such that:

A c Ui, ;' ({0}), (8)
A= J7L ({0 )
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Consider a motion in A (i.e. a continuous mapping from a real interval I to A)
and assume that a right velocity ¢* (t) € Ty1)@ exists for all instant ¢ of 1. We
necessarily have:

Vie {1,2,n}, Vel gila(t) =0 = (dpi(a(®)),dt(B) g <0
or, equivalently,
Vie{l2nh, Vel @ila(®) = 0= (Teila) gt (1), <0
where V,;(q) is the gradient of ¢; at ¢ defined by:
Vei(q) = 1(dei(q))-

Thus, if the system has configuration ¢, then the right velocity ¢ is necessarily in
the closed convex cone V' (q) of T;,() defined by:

Vig) ={veT,Q; Vie J(q), (dpi(q),v)q <0}.

V(q) is called the cone of admissible right velocities at the configuration ¢. In
particular,

g A (e J(g) =0) = V(g) = T,Q.

Similarly, if a left velocity ¢~ € T () exists, then,

¢ €-V(g)

3.2. Equation of motion

As for bilateral constraints, the realization of the constraints induces some re-
action effort R. The following hypothesis are made:

— ‘H1: the unilateral constraints are of type contact without adhesion:
Yo eV(g), (R,v)q>0
— ‘H2: the unilateral constraints are perfect:
Yoe{veT,M;Vie J(q), (dpi(q),v)q =0}, (R,v)q=0.

There results from hypothesis 1 and ‘H2 and Farkas’ lemma (see e.g. Rockafellar
[16], p. 200) that:

I(Ai)i1am ER® R=) Nidepi(q),
1=1

i€ J(q) =
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Thus, the reaction effort R € T () must be such that:

—R€N(q) def{Z&dsoxq);ww(q), A >0, Vid J(q) )\10}.
=1

(10)
N*(q) is a closed convex cone of 7,/Q) and it is the polar cone of V(g) in the
duality (TqQ, T;Q). We will also have to consider the polar cone N (q) of V' (q)
for the euclidean structure of 77,Q):

N(q) = {ZAN%'(Q) ; Vie J(g), N >0, VigJ(q), \= 0}-

(¢]
Now, consider a motion ¢(t) starting at gg €A at time to with velocity vy.
Assumed to be continuous, ¢(t) remains in A on a right neighbourhood of ¢y. By

formula (10), the reaction effort R vanishes as long as ¢(t) is in ;1 and the motion
is governed by the ordinary differential equation:
Dq

(a(t0), q(to)) = (qo,v0)-

Suppose that the solution of this Cauchy problem meets 0 A at some instant greater
than ty. Denote by 7' the smallest of these instants. The motion admits a left veloc-
ity vector vz at time 7". Of course, there may happen: v & V (¢(7')). In this case,
no differentiable prolongation of the motion can exist in A for ¢ greater than 7.
The requirement of differentiability has to be dropped. An instant such 7' is called
an instant of impact. However, we are going to still require the existence of a right
velocity vector ¢*(t) € V(q(t)) at every instant ¢. The right velocity need not to
be a continuous function of time and the equation of motion
Dqgt

— '+.t
— f(g,4";t) + R,

should be understood in sense of Schwartz’s distribution. Actually, we require R
to be a vector valued measure rather than a general distribution. We denote by
MM A(I; Q) (motions with measure acceleration) the set of all absolutely contin-
uous motions ¢(t) from a real interval I to ) admitting a right velocity ¢* (¢) at
every instant ¢ of I and such that the function ¢ (¢) has locally bounded variation
over . Naturally, bounded variation is classically defined only for functions tak-
ing values in a normed vector space. However, for any absolutely continuous curve
¢(t) on a riemannian manifold, parallel translation along ¢(¢) classically provides
intrinsic identification of the tangent spaces at different points of the curve and so,
the definitions can easily be carried over to this case. The precise mathematical
setting is postponed to the appendix. The reader will notice from the appendix that
with any motion ¢ € M M A(I; Q) is intrinsically associated the covariant Stieljes
measure D¢ of its right velocity ¢*. The equation of motion takes the form:

»Dg" = f(g,¢";t)dt + R,
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where dt denotes the Lebesgue measure. We have to give a precise meaning to
condition (10) with R being a vector valued measure. By convention, we shall
write:

Re—-N"(q(t))

to mean: if 0 € L (I,q,|R|;T*Q) is the density of measure R with respect to

loc
its modulus measure | R| defined by proposition 25 of the appendix, then, one has:

0(t) e —N*(q(t)) for |R|-a.a.t e I. (11)

This requirement is easily seen to be equivalent to the requirement of the existence
of n nonpositive real measures \; such that:

R=3"", Nidpi(q(t)),

(12)
Vie{1,2,---,n}, SuppA; C {t;¢;i(q(t)) =0}.
Using this convention, the final form of the equation of motion is:
R=5Dq" — f(q(t),q" (t);t) dt € —N"(q(t)) (13)

3.3. The impact constitutive equation

We begin this section by an example. Consider the one degree-of-freedom me-
chanical system whose configuration space is R equipped with its canonical eu-
clidean structure. The efforts mapping f vanishes identically and the unilateral
constraint is represented by the single function ¢1(q) = ¢ so that the admissi-
ble configuration set A is R™. At initial time ¢, = 0, we consider an initial state
(qo, vo) such that gg < 0 and vy > 0. It is readily seen from the equation of mo-
tion (13) that an impact necessarily occurs at time t = —qq/vp. At this time, the
left velocity is vg. But, the right velocity can take any negative value and whatever
it is, it is compatible with the equation of motion.

The reason for this indetermination lies in the phenomenological nature of the
interaction of the system with the obstacle. Thus, we are led to make the general
following hypothesis:

— H3: the interaction of the system with the obstacle at time ¢ is completely de-
termined by the present configuration ¢(¢) and the present left velocity ¢~ (¢).
In other terms, we postulate the existence of a mapping F : T'QQ — T'Q de-
scribing the interaction of the system with the obstacle during an impact:

Vi, qT(t) = F (qt), 47 (t)) (14)

To ensure compatibility with the equation of motion (13), the mapping F should
satisfy:

Flg,v7) € Vi),
F(qg,v™)—v~ € =N(q).

First, consider the particular case of a motion with no more than one active
constraint at any time (V¢, Card.J(q(¢)) < 1). The normal cone N (q(t)) is either

Vge A, Yo~ € =V (q), (15)
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{0} or a half-line and hypothesis H3 is equivalent to postulate the existence of an
impact function ¢ : T'() — R such that:

vt,  qT(t) =q () = [L+ ¢ (a(t),d™ ()] Projyqy [¢(1); N(a(t)] . (16)

Equation (16) admits the equivalent form:

" (t) = Projy) [0 (1); V(a(t)] — ¢ (a(t), 4 (1)) Projy [d7 (8); N(a(t))] -
(17)
For the general case where more than one constraint may be active at a time,
we recall the following (Moreau [11]):

Lemma 4 (Moreau) Let V and N be two closed convex polar cones of a real
Hilbert space H. Then,

Ve e H, x =Projlx;V]+ Projlx; N| and (Proj[z;V],Projlz; N]); =0

As a consequence, the ‘impact constitutive equations’ (16) and (17) still make
sense and are still equivalent when more than one constraint may be active at a
time. Therefore, it is natural to retain only the particular forms (16) and (17) of the
general impact constitutive equation (14). As a result of this further hypothesis,
the phenomenology of the interation of the system with the obstacle during an
impact is described by the single impact function ¢ : T'QQ — R. The impact
function is also often called ‘restitution coefficient’. Naturally, the impact function
¢ cannot be arbitrary and has to satisfy some consistency conditions. For example,
the normality condition in (15) requires:

VQ7q_7 ¢(Q7q_> Z —1.

But, this is not enough, we have to impose supplementary conditions on ¢ in order
to ensure:
¢~ € -V(g) = q" € V(q). (18)

With respect to this, we have:

Proposition S Let V and N be two closed convex polar cones of a real Hilbert
space H. Consider v~ € —V such that Projjv™; N] # 0 and ¢ € R. Then,

[vF =07 — (1 + ¢)Proj[v"; N] € V] < [¢ > 0]

Proof. For the ‘if” part, suppose ¢ > 0. By lemma 4, one gets:
Projlv™; N| = v~ — Projjv—;V] € —V.

But,
v" = Proj[v™; V] + ¢ (—Proj[v; N]),

and therefore, vt € V, since V is a convex cone.
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For the ‘only if” part, we have by hypothesis,
Proj[v™; V] — ¢Projlv™; N| € V.
Evaluating the scalar product with Proj[v™; N| and using lemma 4, one gets:
— 2
— HPI‘O][U ;N]HH <0,
and therefore the desired conclusion ¢ > 0. O

There results from proposition 5, that we have to require that the impact func-
tion ¢ should be nonnegative. This consistency assumption ensures that condi-
tions (15) and (18) will automatically be fulfilled.

At this stage, it should be underlined that hypothesis 3 implies the general
forms (16) or (17) for the impact constitutive equation only in the restrictive case
where only at most one constraint is active at a time. In case of multiple impacts,
the choice we made is only motivated by aesthetic considerations and also to fix
ideas, since the concept of restitution coefficient is so firmly anchored in minds.
We shall discuss more completely the relevance of that choice in section 6.4.

Now, let us examine another example. Consider the one degree of freedom
discrete mechanical system whose configuration space is R equipped with its
canonical structure of riemannian manifold. The efforts mapping is supposed to
be constant: f(q, ¢;t) = 2. To this discrete mechanical system, we add the unilat-
eral constraint described by the single function ¢ (q) = ¢. Thus, A = R™. The
impact constitutive equation is given by formula (16) where the impact function
is supposed to be the constant 1/2: ¢ = 1/2. This mechanical system is a for-
mal description of the physical occurence of a single particle subjected to gravity
and bouncing on the floor. Consider the initial instant ¢y = 0 and the initial state
(qo,v0) = (—1,0). It is readily seen that the function ¢ : RT™ — R~ defined by:

vt € [0,1], q(t) =t* — 1,

vt € [1,2], q(t) = 1% — 3t + 2,

Vie [3— 53— o], qt)=t*+(—6+2)t+(3— 5) (B3 — %),
Vt € [3, +o0], q(t) =0

(n € N) belongs to M M A(R™; R™), satisfies the equation of motion (13) and also
the impact constitutive equation (16). Note, by the way, that this motion exhibits
an infinite number of impacts on a compact time subinterval. It could easily be
proved that no motion, defined on [0, co[, with finite number of impact on every
compact interval can exist. Now, we are going to analyse what happens when the
flow of time is reversed. Let define ¢’ by:

[ 0,4] = R™
! {t g4 —1)

Considering the initial state (qo,v9) = (0,0) at to = 0, it is easily seen that ¢’
satisfies both the equation of motion and the impact constitutive equation as soon
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as the impact function is replaced by ¢’ = 2. But, ¢ = 0 is also seen to satisfy the
same initial condition, the equation of motion and the impact constitutive equation.
To eliminate this pathology of non-uniqueness, we are led to add the following
hypothesis:

— H4: the kinetic energy of the system can not increase during an impact:

1 -+ 2

Ly 2
low < 5 1Ol (19)

Taking into account the impact constitutive equation (16), condition (19) can be
rewritten as:

Proj, [¢7; V]” + ¢?Proj, [¢~; N]” < Proj, [¢7;V]” + Proj, [¢7; N,

which implies ¢ < 1 as soon as Proj, [¢7; N] # 0.
The final form of the impact constitutive equation is therefore:

Vt, ¢ (t)=q () = [1+ ¢ (q(t),d(t)] Proj,ey [d7(1); N(q(t))]

where the impact function ¢ is an arbitrary function from 7'Q) to [0, 1]. The two
extreme cases ¢ = 0 and ¢ = 1 are called respectively the completely inelastic
and the elastic impact function.

3.4. Formulation of the evolution problem

In this subsection, the results of the previous subsections are brought together
in order to formulate the resulting evolution problem which will be studied in the
subsequent sections. We add an assumption on the regularity of the data: they are
supposed to be real-analytic. This assumption will be motivated by the counterex-
amples of section 5. The precise mathematical setting is:

— () is an analytic riemannian manifold of dimension d.
- w; 1 =1,2,---,n) are n real analytic functions defined on (). One defines:

J(Q):{ie{lvzf"an};@i()>0}
A={qeQ;Vie{l,2,---,n}, pi(qg) <0}
Vig) ={v e T,Q; Vi€ J(q), (dpi(q),v)q <
TAT ={(q,v) €TQ; g€ A and v € V(q)}
TA™ ={(q,v) €eTQ; g€ A and v € -V (q)}

= {Xn: Aidpi(q) s Yie J(q), \i >0, Yid&J(q), \i= 0}
i=1

0}

= {Zn: AiVpi(q) ; Vi€ J(q), A >0, VigJ(g), A= 0}
=1

The functions ¢; are assumed to be functionally independent in the sense that:

Vge A, (dei(q));cs(, Islinearly independent in T7Q (20)
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— The impact function ¢ is an arbitrary function from 7'A~ into [0, 1]. No regu-
larity assumption is made on ¢.

— I is areal interval and O an open neighbourhood of TA™ in T'Q) and the efforts
mapping is supposed to be an analytic mapping from O x I into T () such that:

V(g,v) €O, Vtel, I (f(qv;t) = Ilg(g,v) =q.

— We are given an initial time ¢( in [ such that I contains a right neighboorhood
of ¢y and an initial state (gg,vg) in TA™.

According to the previous subsections, the evolution problem associated with
the dynamics of discrete mechanical systems with perfect unilateral constraints
can be formulated as:

Problem P: find T € T U {+oo}, T > tgand q € MM A([ty, T[; Q) such that:

e (q(to),4™ (to)) = (q0,v0) 21)
oVt e [to, T (q(t),¢"(t)) e TAT (22)
e R=0D¢" — f(q,4";t) dt € —N*(q) for |R|-a.a.t€ [to,T[ (23)
oVt €lto, T, ¢" =4 — [1+¢(g,47)] Proj, [¢7; N(q)] (24)

where equation (23) is to be understood in the sense of convention (11).
The existence and uniqueness of solutions for problem P will be studied in
section 4. Before studying this question, let us state two almost obvious results.

Proposition 6 Any solution (T, q) of problem P satisfies:
— Supp R C {t € [to, T[;q(t) € 0A}
— For all open subinterval J of [to, T such that q(J) C ;1, q|s is analytic and:

PO _ pgeyatern.  vie

Proof.

— Let J be an open subinterval of [to, 7 such that ¢(J) C A By equality (9), one
has:

vteJ, N*(q(t) = {0}).

As a consequence of relation (23) and convention (11), we get:

Vo e O (Jay:TQ), /J (1), dR) ) = O,

which is R|; = 0 or Supp R C [to,T[\J. The first item of proposition 6
follows.
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— We have:
»Dqfly; = fla.4"st) dt,

which is,
Dy =to flg.4%;1)dt.

There results from proposition 28 that q'ﬁ] is locally absolutely continuous,
and, therefore,

Veed,  qT(t) =q () =d),
by proposition 32. We get
_, D
dt dt

again by proposition 28. The conclusion follows by use of classical results on
ordinary differential equations. [

b = f(q,q;t), fordt-a.a.te J,

Proposition 7 (Energy inequality) Any solution (T, q) of problem P satisfies:

Vti,te € [to, T, t1 <ta, K (q(t2),d" (t2)) — K (q(t1), 4" (1)) =

% la* ()|l % lat @7, < / U (), 0 (35) 6 (5))g(eyds

Proof. We have the following equality between real measures:

GCE q_(t)’Dq+)q<t) _

.+ .- .+ [
¢ (t)+4q(t) . ¢ () + 4 (t)
< 9 ) f <Q(t)7 q+ (t)7 t>>q(t) dt + < 2 ) R>q(t)
Integrating over |t1, t2] and using propositions 30 and 32, one gets:
L. 2 L. 2
3 Hq+(t2)Hq(t2) 35 Hqu(h)Hq(tl) = (25)
.+ - .+ .«
g (t)+q (t . q" +4q
[ O it o+ [ (S ),
Jt1,t2] 2 Jt1,t2] 2

Consider

2

D 1is (at most) countable and therefore Lebesgue-negligible. There results:

-/ (OTTO ), 4 (0);0) ooy de = 0

2
— Similarly:
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— Let us denote by 6y the density of measure R with respect to its modulus
measure | R| provided by proposition 26. Since:

¢ (t) + 4 (1)
2

Vt €]t1, 1] \ D, = ¢ (t) =4 (t),

we get:

qr(t)+q (t .
/ (T 5 ( )adR>q(t) :/ (" (), 0r(t) g d|R|
]t1,t2]\D ]tl,tg]\D

— [ ©.0e0)0 IR C6)
Jt1,t2]\D

But:
Or(t) € —N*(q(t)) for |R|-a.a.t €]ty,t2]\ D,

and therefore the second integral in equation (26) is nonnegative whereas the
third is nonpositive since V' (q(t) and N*(q(t)) are polar cones. As a conse-

quence:
Jt1,t2]\D 2

— The following integral:

/D<q+(t) ) 4y / (‘?+(t) ! q_(t),Dq+>q(t)

_ %Z (@120 — i~ @I ,)

teD

1s nonpositive by virtue of hypothesis H4.

The proposition results from equation (25) and from the estimation of these four
integrals. O

4. Existence and uniqueness of solutions for problem P

This section is devoted to prove existence and uniqueness of a maximal so-
lution for problem ‘P. Sufficient conditions to ensure that this maximal solution
is defined for all time are also given. More precisely, we are going to prove the
following results.

Theorem 8 There is local existence and uniqueness of solution of problem P in
the sense that:

— there exists a solution (T, q) of problem P. Actually, there exists T > ty and
an analytic function q : [to, T[— Q which is a solution of problem P.
— if (11, q1) and (Ts, q2) are two solutions of problem P, then:

r, to < T < min{Ty,T>}, Q1[to, T[ = 92|[to,T]



20 Patrick BALLARD

Then, a standart argument yields:

Corollary 9 Problem P admits a unique maximal solution (T, ) (to < Ty <
+00) in the sense that if (T, q) denotes an arbitrary solution of problem P, then:

T<Tn and q=qu|t,1]-

Moreover, for each t € [tg, Ty, |, there exists a right neighbourhood [t,t + ] of t
such that the restriction of qp, to [t,t + n| is analytic.

We shall say that the maximal solution of problem P is global if it is defined on
IN[ty,+o0l.

Theorem 10 Assume that the configuration space () is a complete riemannian
manifold and that the efforts mapping f admits the estimate:

Y(q,v) € TAT, fordt-a.a.t € 1IN [ty,+oo],
(g v58)ll, < 1(8) (1 + dla,q0) + Iloll, )

where (t) is a (necessarily nonnegative) function of L, (R;R). Then, the maxi-
mal solution of problem P is global.

Let us say a word of how the proof of these results is going to be structured.
First, we construct 7, > t¢ and an analytic function g, : [to, To[— @ such that
(T4, qq) is a solution of problem 7P: this is the object of section 4.1. In section 4.2,
we prove that if ¢ € MM A([tg, T[; Q) is any other solution, then ¢ and ¢, coin-
cide identically on a right neighbourhood of ¢(. This is the most difficult part to
prove but it is also the crucial one. For the proof of theorem 10, we first notice that
forq € MM A([to, T[; Q) (T finite) satisfying the equation of motion (23), bound-
edness of ¢* implies finiteness of Var (¢T; [to, T'[): this is the object of proposi-
tion 18 of section 4.3. Note that the impact constitutive equation (24) plays no role
in this property. Then, theorem 10 is deduced from the energy inequality (propo-
sition 7) and Gronwall-Bellman lemma.

In the proof of these results, we shall use the following notations. If .J is any
subset of {1,2,---,n}, Gram(J) will be the Gram matrix:

Gram(J) = | -+ (Vei(qo), .V@j(qo))qo .

i,j€J
If 2 is an arbitrary element of R’ whose components are x; with ¢ € J, then
(7;);c; will denote the columm matrix:

(xi)iej = L 9

icJ
and ”(z;),.; the associated row matrix:

T<x’i)jej — ( T ”'>i€J’
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4.1. Proof of local existence

Local existence is rather easy to prove in the setting of analytic data. The proof
is a little bit lengthy but involves no specific difficulty. We begin by technical
lemmas.

Let X (¢) be a C'* vector field along a C*° curve ¢(t) on ). The covariant
derivative D ZX(t) of X along g defines a C"*° vector field along g. So one may

consider 1ts covariant derivative along q which will be denoted by 2 dt? X(t). By
- X (t) (i € N*). One has:

Lemma 11 Let X be a C™ vector field on Q and ¢*, ¢'* two C> curves on Q.
m being a nonnegative integer, one assumes.:

q'(to) = ¢'"(to), d"(to) = d""(to),

induction, we get the definition of £

dt?

and.: ,
Dt . D*
Vie {1,2,--- to) = —q' 1 (t
(S { 3y 4y 7m}7 dtl ( 0) dt ( 0)
Then,
Vie (L2, m1},  X(e () = 2 X (0 (b))

Proof. Consider a local chart at g7 (ty) = ¢’ (to). If q(t) is either ¢’ (¢) or ¢’ (¢):
i) =  (Dea(r),
X(q(t)) = X*(q(t))eilq(t)),
D X(a) = [(VX (@), d(0) )+ Tiula) X7 @(0)d(0)] exla(r)).
Then,

2 X(a0) = [(BVX(0).4(0) ) + (VX (a0). Bil0)
(V]”k(q(t)) i) Xat)it )
+ iylat) (VX9 (1)
+ I ()X (g0 ((D
 Ilalo) (2512) (0] extato)

which gives the desired conclusion for the case m = 1. For arbitrary m, an easy
induction based on the same type of computation in a local chart shows the exis-
tence of functions h; : (TQ)"~ " — T'Q independent on the considered curve g(t)
and such that:

% — (Q(t), q(t), sz) s D;ﬁf”) |
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Exactly the same technique applies to prove

Lemma 12 Let X : TQ) x I — T'Q) a C*> mapping such that: I1g (X (q,v;t)) =
I15(q,v) = g, where I denotes a real interval containing to. Let m be an arbitrary
nonnegative integer and q*, ¢'1 two C> curves on Q such that:

q'(to) = ¢''(to), d'(to) = d""(to),

and: , .
D D
V' ]. 2 s — 1 t —_ 0 ;L1 t
ZE{ ) 7m}7 dtzq (O) dtzq (0)
Then,
] D’ v . _ z II -IT .
Vie {1727 7m}7 dth( ( )7q (tO)atO) - dtZX (q (tO)aq (tO)vtO)

Lemma 13 Consider (qy,vo) € TA" and J C J(qo) an arbitrary subset of:

{i € J(q0); (dpi(q0),vo)g = 0} .

We denote by q,, and q. some local solutions of problems:
Dg., :

= wy Quit

e f(qus Gus t)

(qu(to); Gu(to)) = (qo,vo)

ch

= f(Qm Ge; t + Z >\ d@z(Qc)
' lGJ((]o)

Vie J(gp)\J N(t)=0

( (ge(t0) Ge(to)) = (g0, v0)
furnished respectively by Cauchy-Lipschitz theorem and proposition 3. Then:

Gram(.J (qo)) (Xi(t0))ies(q) = (%%‘(qc(to)) - %soi(qu(to)» o

Morover, if:
EImEN*, Vi:O,l,---,m—l, v] S J(qO)’ @A](t()) :0’
then:
dm
Gram(J(qo)) (dt—m)\ (t0)> —
i€J(qo0)

( m-+2 m—+42
" oilaelto)) - goz<qu<to>>)
dt +2 dt +2 iEJ(qo)
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Proof. First, from:

(QU(tO)?Qu(tO)) - (QC(tO)aqc(tO)) - (CIO,UO),

it follows: D D
) e 1\Yu t - 7 1\Yc t )
vie (@) - Veilauto)) = = Veilge(to))
on one hand, and:
D . D
EQu(t 0) — dtqc(to — ) Nilto)Veilq),

i€J(qo)

on the other hand. Therefore:
) d? d?
Vi € J(qo), ﬁ%(%(to)) — ﬁ%(%(to))

— (iV@l(qc(to)) )qo - (VSOi(qC(tO))v %qc(to))

(dt V@z(qu(tO)) )qo
= > Ai(to) (Vei(a), Vi),

J€J(qo0)

q0

- (Vo). Gt

q0

which is the announced result.
Second, assume:

di

VjEJ(qo), Vi=0,1,---,m—1, %Aj(to):o.

An easy induction based on lemmas 11 and 12 gives:
D! D?
Vi=1,2,--- u(l e(t
[ ) Y 7m7 dth ( 0) dth ( O)
Dm—l—l . Dm—|—1 . dm
Tt dulto) = — ey de(to) — > i (t0) Ve (d0),
J€J(qo)

and,

Therefore:

. m—+2 dm—|—2
Vi€ J(q) s eileeto)) - S vilau(t))

— Z C;lt—n;)\j(to) (V%(QO)aVSOj(QO))qO-

J€J(qo)
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Proposition 14 Considering the data of problem P, we denote by P’ the following
evolution problem.

Problem P': find T € I (T > tg), an analytic curve q : [to, T|— @Q and n analytic
functions \; : [to, T[— R such that:

viefto Tl bR = Fale)d(0:0) + 3 Adila(t)

e St A0S0 @) S0 Mwila) =0

L (q(t0),4(t0)) = (qo,v0)

Then, problem P’ admits a solution (T, q, A1, - - -, \,) unique in the sense that any
other solution is either a restriction or an analytic extension of (T, q, A1, -+, A\n)-

Proof. First, let us precise once for all that the meaning of an analytic function on
a non necessarily open set S is that there is an analytic extension to an open set O
containing S.
Step 1. Construction of some functions q and \;.

Define:

Jo={i€{1,2,---,n}; pi(go) = 0 and (dypi(qo0),vo)q, = 0},
and Iy = Ky = (). We denote by ¢(!) a solution of the cauchy problem:

o [P saten i,

(q(to), (t0)) = (o vo)-
Define:
Ch = {(\}) eR% s Vie Jo, \j <0 and Vi€ Ko, A} =0} =(R)”
CW = {(uf) eR%; Viely, pf =0 and Vi€ Jy, pf <0} = (R™)™

Let (Agl)) p e C'™M) be the solution of the variational inequality:
1€Jo

v (A7)

1€Jo

€ C(l), T(/\Z(.l)) Gram(Jp) ()\f — /\2(1))
i€Jy i€Jo

d2
> (9% (D) « (1)
= ( dtQ@l(q (tO))) ()‘z )‘z )iEJo

1€Jo

furnished by Lions-Stampacchia theorem (see [9]). Let (ugl)) p e CW' be
i€

defined by: ’

(1) =oramo) (A7) + (i t0) @)

b Jiedo v e dt?

1€Jo
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and I, J1, K1 by:
Il_IOU{zeJO,)\()<O and M”_o}
le{zeJo,)\()—O and M()—O}

K = KOU{zEJO,)\()—O and ,u(><0},

Now suppose q<”), ()\gn)>, (,ugn)), 1,,, J, and K,, are constructed. Then,

¢t is defined to be a local solution of the Cauchy problem:

Dq(t) i t—to
et | gy =T+ 3 ZA“ O]
]GJO =1
(q(to), 4(to)) = (g0, v0)-
CtD = {(Ar) eR ; Vie J,, A <0, and Vi€ K,, A} =0},
COHD = L(ur) eR% ; Vi€ D, pf=0, and Vi€ J,, uf<0}.

<)\§n+1)) p e C(+1) is defined to be the solution of the variational inequality:
ieJo
V()\;‘k)iejo S C(n-l-l), T(A§n+1)) o Gram(JO) (,\;“ - )\Z(nJrl))
1€Jo
T dn+2 (nt1)
2 <_ din+2 QOZ(q (tO))>

(u§n+1)) e (1) s defined by:
1€Jo

1€Jo

1€Jo

1€Jo

(n+1)> _ ()\(n+1)) (o) (4
(’ul i€Jo Gram(JO) ¢ i€y i dtnt2 @Z(q ( O))

and In—}—la Jn—{—la Kn+1 by
Iyt =1, U {z € Jn; N <0 and p"Y = o},

Toi1 = {z € Jn; A Z 0 and p"tY = o}

(]

Koy = K, U {7, e gy MY 20 and Y < o},

Thus, the sequences ¢(™, (Agn)) , (ugm) , I, J, and K,, are defined
1€ Jo 1€Jo

by induction for n € N* and for all n in N*, [,,, J,, K, is a partition of Jy.
Moreover, one has:
In - In—|—17

Vn € N, Jnt1 C Jn,
K, C Kn+1-
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Define: - - -
I=JL., J=()J K=]Kn.
n=0 n=0 n=0

It is readily seen that I, J, K form a partition of .Jy. We denote by (g, (\;)icr) a
local solution of the evolution problem:

[ Dq(t)
h——— o flq(t +Z)\ Ydpi(q

el

CyVviel, ¢ilq(t)

| (¢(t0),4(t0)) = (90, v0),

furnished by proposition 3. The functions ¢ and \; are analytic. For any ¢ in
{1,2,---,n}\ I, the functions \; are defined to be the identically vanishing func-
tion:

0,

Vie{l,2,---,n}\I, X\ =0.
Step 2. We have:

. . d' (i+1)
VjeJy, VieN, ﬁg()_% :

, , d*? i
Viedo, VieN,  Zemoialte) =gt

Indeed, applying lemma 13 to Cauchy problems C(") and C yields, thanks to equa-
tion (27),

<M§1) 5—52901' (q(to))> _ = Gram(Jp) ()\5,1) _ )\j(to))

j€Jo

But, by definition of 7,
I CcICJy \ Ky,

and, so,
Vjel, ,u§1) dt2 Py (Q(tO)) =0,
Vje o\, A = ) (to) = 0.
Therefore,
T( (1) (1) _
Qj—meﬁh&mquj—Mwﬁﬁh_u

and the conclusion follows for ¢ = 0, since the Gram matrix is positive definite.
For + > 1, we only have to apply successively lemma 13 to Cauchy problems
CU+1) and C.

Step 3. The functions q and \; define a solution of problem P’.

(4)

Indeed, by construction of the real numbers )\(‘7 ) and p;”’ and by step 2, we have:

T n

Viel, dn; € N, M)\@(to) <0 and Vn < n,, dt_nAZ(tO) =0,
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and,

T mn

Vie K, dn; > 2, W%(q(to)) <0 and Vn < n;, dt—ngoi(q(to)) =0,

n

d
Vie Jo\ K, Vn€N, dt—n%(Q(to)) = 0.

Each function \;(¢) and ;(q(t)) being real-analytic, there results:
Ja >0, Vté€[to,to+al, VieJy, Ai(t) <0, and ¢;(q(t)) <O.
Actually, o > 0 is assumed to be sufficiently small to ensure:
Vie{1,2,---,n}\ Jo, Vt€to,to+ ], vi(q(t)) <0,

which is possible simply by continuity.

Now, it is easily seen that (to + a, q, ()\Z')Z'e{l,g’...’n}) defines a solution of
problem P’.
Step 4. Uniqueness part of the proposition.
By Cauchy-Lipshitz theorem, ¢ is uniquely determined by the functions \; (j =
1,2,---,n). Being analytic, these functions \; are uniquely determined by the
collection of real numbers %, (¢t € N,j € {1,2,---,n}). Therefore, to
prove uniqueness, one has only to show that these real numbers are determined by
the data of the evolution problem.

Consider an arbitrary analytic solution (7', ¢, A1, -, \,) of problem P’. A
repeated use of lemma 13, similar to the one of step 2 yields:

. . d’ i+1
Viedo, VieN,  —Ai(to) =AY,
Moreover,

-\ (to) =0,

Vie{l,2,---,n}\ Jo, VieN, o

and the conclusion follows. O
Proof of the local existence part of theorem 8.

Let (T, qa, AL, -+, A\") be an analytic solution of problem P’. It is readily
seen that (7, q,) is a local solution of problem P. O

4.2. Proof of local uniqueness

Local uniqueness is the most difficult part of theorem 8. First, we recall a
standart result:
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Lemma 15 (Gronwall-Bellman) Consider two functions my € BV ([0,T];R)
and my € L1(0,T;R) such that:

fora.a.t €)0,T[, ma(t) > 0.

Let ¢ € BV (]0,T];R) such that:

VtG[O,T], ¢t <m1 / m2

Then,

t
Vi € [0,T], o(t) <mi(t) —I—/ ml(s)mg(s)efst mz(0) do g
0

We have the following corollary of Gronwall-Bellman lemma :

Lemma 16 Let m be a nonnegative integer, and v : [0, T] — R an integrable
function. If ¢ : [0, T] — R is any absolutely continuous function such that ¢(t) =
o(t™ 1) when t tends towards 0 and such that there exists a nonnegative real
constant C such that:

for dt-a.a. t €)0,T], t%qb(t) < (14 m+CHot) + "2 (0),

then, .
Vi e [0,T], o) < tm“eCt/ Y(s)e “4ds.
0

Proof. This is almost obvious. Dividing each member of the inequality by ¢ 12,

we obtain:
for dt-a.a. t €]0, T, % (;i(?l) < Cti(?l + (t).

After integration, Gronwall-Bellman lemma yields:

t t s
tq:n(fr)l S/0 ¥(s) d3+/0 Cec(t_s)/o Y(o)dods.

Then, an integration by part gives the desired conclusion. [

vt €]0, T,

Proof of the local uniqueness part of theorem 8.

Consider, on one hand, the analytic solution (7}, g4, AL, - - -, A?) of problem P
supplied by proposition 14, and on the other hand, an arbltrary solution (7', q) of
problem P. We have to prove that ¢ and ¢, identically coincide on a right neigh-
bourhood of ;.

Step 1. Parametrization of the problem and notations.

Consider a local chart ¢ : U C Q — R on Q) centered at gy such that the

cardJ(qo) first components of ¥(q) are (¢i(q));c (,,)- Recall that such a chart
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exists since (d@i(qo))ieJ(qo) is linearly independent in T ). We choose o > 0,
sufficiently small to have:

oVt € [tog,to+ o, qu(t) €U, q(t)eU,

o Vi J(qy), VtE€ [ty to+ o, %@i(Qa(t)) = (dpi(qa(t)): 4a(t))guty <0

o Vic {17 27 e 7n} \ J(QO)a vt € [t07 to + Oé], QOz(QLL(t)) < 07 <Pz<CJ(t)) <0.
(28)
Such a choice for « is possible because:

— the functions ¢, (t) and ©;(q,(t)) are real analytic,
— the functions ¢(t) and ;(q(t)) are continuous.

We denote by f; the components of f in the natural basis (e) associated with the
chart under consideration. Since ¢, is an analytic local solution of problem P, we
have:

Vie{1,2,---,d}, Vs€ [to,to+ al,

{033 a0) (@ + T{(aa)dbd) = Fildardois) | = Nils), (29)
after appropriate renumbering of the functions A¢. In the sequel, dg will stand for
cardJ(qo). There results from these choices that:

Vi>dy, A =0.

We denote by |.| the standart euclidean norm on R¢. Confusing (abusively) ¢ and
¥(q), we shall write:

d
a* =" (¢")",
=1
and:
2 d -\ 2
Q=) (@)
=1

Step 2. There exists some positive real constants C'y and Cy such that the following
estimate:

weliotorol [ (la-al o)+ |t~ () ds <

to
1 t S dO ) )

—— [ C2lt=9) / D Ni(o)iti(o)dods. (30)
C1 Jtg to j=1

holds.
To prove this assertion, we first write the equation of motion (23) in the chart
under consideration using proposition 29:

Vi € {1,2,"',d}, Vt € [to,t0+0é],

do
9:3(a) (dg™ + T (q) "4 'dt) = fil, "3t dt+ Y oy,
j=1
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where the y1; are nonpositive real measures. But, by propositions 29 and 30,
1 o 1 .1 . ] .« q
d (5 (¢ =) 9i5(q) (¢ — qzi)) =
g+t
(T - qa) 9ij(q) < i — ) dt + Flgl( )g " (q qa) dt) :

Therefore,

d G (@ = da) 9ij(a) (@7 q’i)) —~
(%" —da) fila, "5 t)dt — (67 — d2) 9i(a) (éjf; + F;f;(Q)q*’“qé) dt
But,
Vie{1,2,---,do}, i€ J(q), Vte to,to+al,

() = Loulaa0) <0,

by formulae (28), and,

7 +q" i +q"
> =5,

2
which is a nonpositive real measure by proposition 7. Therefore,
15 = i) o) (17— ) ) <
((c}” —qa) fila.q"5t) = (¢ = da) 935 (a) (Q'Z; + (g )q+""q¢§>) dt,

in the sense of ordering of real measures. Integrating over |to, t| (t € [to, o + @),
we get:

(q - Qa) 9ij(q) ( qa) <

/t ((cﬁi —q.) fila,q%ss) — (67" —d) 9i5(q) (q-g +TY(q )q+k‘qg)) ds.

to

DO | —

The term within the integral sign is an analytic function of the three variables ¢,
¢" and s. Therefore, it is also an analytic function of the three variables ¢ — ¢q,
¢T — ¢, and s. It is written under the form:

(67" = o) Fi(q — ¢, 4 — a3 5)-
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But, each function F; can be decomposed under the form:

Fi(q = qa: 4" — da; ) = Fi(0,0;8) + Gi(q — ¢ar ¢ — da3 8),

where the G; are analytic and G;(0, 0; s) = 0. Hence, there exists d positive con-
stants M; such that:

Wt € [to,to + o, [Gila(s) — qals). 47 (s) — da(s);5)| <
M 1a(5) = 4a () + [3+() = da(s)]?

Defining M to be the maximum of the constants M, we have proved:

Vi€ [to,to+al, 5 (1 —dl) gij(@) (¢ — ) <

/ = ) (Ao i) — guan) (i + Tl

to

N | —

. . 2 . <12
+Md‘q+_Qa‘\/|q_Qa‘ +‘q+_Qa‘ }dS
Moreover, by a compactness argument:

1C7 > 0, Vt € [to,to + a],

1 . . . .
— (G =) gij(@) (67 — @) > Ci gt — dal”,
2

and therefore:

Vt € [to,t0+04], ‘q+(t)_Qa(t)‘2

Cil /tt (¢ —d.) <fi(QaaQa§ s) = 9ij(¢a) (qa T Figl(q‘t)qdq“» s

Md [t . . .
+7/ |q+—qa|\/Iq—qa\2+|q+—qa\2ds-
1 to

Moreover, by use of Cauchy-Schwartz inequality:

Vi€ tosto + o, la(t) — aa(t) <a/ () — dals)]” ds.

We obtain:

Vt € [toto +al, g —qal® (8) + |dT — da (£) <

(]g_ld * O‘) /tt (’q — qal® () + |0* — dal” (s)) ds

0
t do

Z A (s) (67 —g) ds, (31)

to j—1
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where formulae (29) have been used. We define:

Md
Cy = —
2 c; + .

Notice that, actually:
Vi€{1727"'7d0}7 )\éqéE ’
and, so, by the analyticity of functions ¢’ and \%:

Vi€{1727"'7d0}7 AZQZLE

—Cst

Multiplying both terms of inequality (31) by e and integrating, we get:

t
Yt € [to, to + a, / (\q—qa|2(s)—|—‘c_}+—qa’2(s)) ds <

to
1 S dO
eC2(t=5) / M (o o) do ds,
C]_ tO ;

which is nothing but estimate (30).
Step 3. Estimate (30) implies that the function t +— Zfil A (t)G T (t) vanishes
identically on a right neighbourhood of t

Indeed, by estimate (30):

s do
Vt € [to, to + a, / _028/ Z)\Z ¢ (o) dods <0,

to j—1

which is, after integration by part:

YVt € [to,to + Oé]
t s do )
/ —Cys Z)\l s)ds < / 6_025/ Zqi(a))\g(a) do ds. (32)
to to ;=1
But, since,

Vi {1,2,---,do}, Vs€][to,to+al, N(s)<0 and ¢'(s) <0,

the two members of inequality (32) are nonnegative and, therefore, the inequality
is preserved when taking the absolute value of each member. We get:

YVt € [to,t() + Oé]

/ —Czszx d3</ —028/ Z\q

<[ [ CQ“qu

‘ do ds,

‘ do ds.
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We define: ‘
Q’L(S) — _6—02(S+to)qi<8 +t0),

Li(s) = — (s + to).

With these notations, we obtain:

vt € [0, o, /Otf:Li(s) ds<//3§:

where the L’ are nonnegative real-analytic functions and the () are nonnegative
continuous functions which all vanish at ¢ = 0 and which are differentiable at the
origin. We are going to prove that inequality (33) implies that:

L2 s)dods, (33)

3B €]0,a], Vte[0,a], Vi€ {1,2,---,do}, L'(t)Q'(t) = 0.
The functions L* being nonnegative real-analytic, there exists nonnegative integers
ny <mng < -+ < Ny, apartition Iy, Iy, - -+, I, of {1,2,-- -, dp}, and nonnegative
real-analytic functions G* such that:

Vk e {1,2,---,m}, Vi€ I, L'(s) = s"*G'(s),

with either G*(0) > 0 or G* = 0. Inequality (33) may be rewritten as:

vt € [0, a, ZZJ”’“G’ )Q (o) do <
0 k=1:i€1;
t & m . .
/ / Z Z no™ G o)Q (o) do ds
0 Y0 k=1ier,
t s m
+/ / NS o Gi(a)‘ Qi(0) do ds.
070 p—1ier,
But, by the analyticity of the functions G*:
B>0, IN>0, Vi), Yol |GUo)| < NG(o).
Therefore,
Vt € | / Z Z o™ G (0)Q" (o) do <
k=1l
t & m . .
/ / Z Z no™ G o)Q (o) do ds
0 Y0 k=1ier,

+Nt/0t/0 > Y o™ TG 0)Q (o) do ds.

k=1i€ly
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Integrating by part the left member of the inequality, we obtain:

Vi€ | / Z Y o™ TG 0)Q (o) do <

0 k=1icl,

/ot /S i > (e +1)o™ G (0)Q (o) do ds

0 k=1icI,
t s m
—i—Nt/ ZZU"’“_lGi(a)Qi(a)dOds. (34)
0 JO0 k—1icr,

Since each function G*(0)Q*(0) /o is bounded over [0, 3], there exists a nonneg-
ative real constant H such that:

Vk e {1,2,---,m}, Vte|0,p],
/ / Z o™ G (0)Q (o) dods < Ht™ 2,
1€l
Inequality (34) gives:
vt e [0 / > oG (0)Q (o) do <

el
(14 n1 + Nt) // Y o™ TIGH0)Q (o) do ds + Hyt"
el

where [ is a non negative real constant. As a consequence of lemma 16, we

obtain:
/ / Y MG (0)Q (o) dods = O(t™ ).

i€l
Coming back to inequality (34), we get:

Vi e | / Z Y o™ G 0)Q (o) do <

0 k=1icIy
t s 2
(1 +ng + Nt) / > o™ TG 0)Q (o) do ds + Hat"s 2,
0 k—1icly

Applying once more lemma 16, we obtain:

/ot /8 22: Y o™ TG (0)Q (o) dods = O(t™F?).

0 k=1icIy
Proceeding inductively, we obtain:

Sm—l

/Ot/o Y D o™ IGH0)Q (o) dods = Ot ).

k=1 1€l
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But, by inequality (34),

Vi€ | / Z Y ™G 0)Q (o) do <

0 k=1iely
(14 n, + Nt) /t S i Z o™ G 0)Q" (o) do ds.
0 70 p—t1ier,
Using a last time lemma 16, we get:
vt € [0, 5], /t /Sf:ZO"’“_lGi(U)Qi(J)dads=O,
0 /0 k=1ier,
which implies:
Vie{1,2,---,do}, Vtelo,s], G'(0)Q" (o) =0,

which is nothing but:

Vie {1,2,---,do}y, VtE€ [tg,to+ S, Mo (0)q' (o) = 0.
But, the analyticity of the functions \! implies:

Vie {1,2,---,do}, Vte€[to,to+ B, M ()¢ (o) = 0,

and the assertion of step 3 is proved.
Step 4. Conclusion of the proof of local uniqueness.
Bringing together the results of steps 2 and 3, we get:

t
dtelnto+sl [ (lo-al )+ it -l ©)ds <o

to

which gives the desired conclusion:

vt e [t07t0 + B]’ Q(t) = Qa(t)'

4.3. Global solutions: proof of theorem 10

First, we recall a classical lemma whose proof may be found for example in
[5], p. 157.

Lemma 17 Let m be in L*(0, T;R) such that m(t) > 0 for almost all t in 10, T
and a be a real nonnegative constant. Consider ¢ € BV ([0,T]; R) such that:

vt € (0,717, —(b (t) < a —|—/ m(s)o(s)

then: ,
Vi € [0,T), Wmﬁaﬁ/m®%
0
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Proposition 18 The riemannian manifold Q) is assumed to be complete. Let (T, q)
be a solution of problem P such that:

- T E} (and ,in particular, T # +00),
- ||q+(t)Hq(t) is bounded.:

AV, WVt € [to, T, Hq+(t)Hq(t) < Vi,

then ¢+ has bounded variation over [to, T

Var (q+; [tO,T[) < 0.

Proof. We denote by d the distance function associated with the metric space ().
Since,

- V81752 S [t07T[7 s1 < S, d(Q(Sl)aQ(SQ)) < / Hq'_'_(O-)Hq(U) d0_7

S1
- Vo €lto, T, a7l yo) < Vins
— (@ is complete,

we deduce that lim,;_, - ¢(t) exists in Q. It is denoted by:

gr = lim q(t).
t—T—

Let (U,4) a local chart at gr on @ such that the cardJ(gr) first components of
¥(q) in R are (;(q))ics(qqp)- Consider a compact neighbourhood K of ¢r in Q
such that:

- KcU,
-Vge K, J(q) C J(qr).

One defines:
to = min {t € [to,T[; Vs € [t,T[, q(s) € K}.
Since [tg, t;,] is compact, one has:
Var (43 [to, th]) < o0,
therefore, it remains only to prove:
Var (¢7; 1t6,T[) < oo.

A™MAX (resp. \™i%) will denote the maximum (resp. the minimum) of the greatest
(resp. least) eigenvalue of the matrix (g;;(q)) .4 When ¢ wanders in K.
With these notations, one obtains immediately:

|9i5(a(@)q™ ()| < VAPV,

ivj:172a"

Vi e {1727 T 7d}7 vt € [té)?T[a (35)

3

gt ()| <

A /)\min )
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We denote by B, (0, V;;,) the closed ball of T;,() with radius V;,, and centered at
the origin. Considering the following compact subset K’ of T'Q):

- U BQ(Ovvm))

geK

we define the following nonnegative real constant:

F= ma ma (q,v: )],
i€{1’2">'<"d} (qw;t)GK’};[té,T]‘fl(q )|

and:

G = max ma

091] q)
Z7J7k€{1a2a’d} QGK

Writing inclusion (23) in the local chart (U, 1)), we obtain:
Vi€{1727"'7d}7 gl]()<dq+3+f‘]() i +l ):fl(Q?q+7t)dt+>\Z7

where the \; are d nonpositive real measures on |t(; T'[. Expressing the Christoffel
symbols in terms of the metric, one has:

Vie{1,2,---,d}, (36)
i, 09i(q) ;. 1 0gri(q) .
i (q)dg ™ + “ZL g TR — g tR g A = f; t)dt + N
9i(Q)dq™ + o 44 > og ¢ filg, a5 t) dt + N,
or, equivalently,
Vie{1,2,---,d}, (37)
1 dgri(q)

A(9:5(0)q7) = 5 =544 dt+ fil. 47 0) db 4 A
One deduces:

Vi € {1,2,"' ,d}, Vs1, 89 € [té,T[, S1 < 89,

/] | (—)\z‘) = gz‘j(q(sl))q'Jrj(sl) — gij(q(82))q+j(82)
+/82 (fz-(q,q*;t) +3 a’fs )q—i—kq—i—l) gt

—— d*GV}?
S 2 )\maXVm + (F + m) (82 - 81). (38)

2)\m1n

There results that the \; are d bounded measures on |t{,, T[. Thanks to equa-
tion (36), it is readily seen that the measures dg** are also bounded measures
on |ty, T|. Therefore, the d functions ¢ :]t;,T[— R have bounded variation
over the interval |¢{,, T'[. By proposition 29, there results that ¢* has also bounded
variation over |t(,, T[. O
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Proof of theorem 10. We assume that the maximal solution g of problem P is

(@]
defined on [tg, T[ with T in J and try to obtain contradiction. By proposition 7,
this maximal solution satisfies:

veelto Tl g a0 5 Il < [ (s ()80 (Do

Thus,

Vit € [to, T[,

1 Oy < ol + [ 15Gate, 519 4 91 5

By lemma 17, we obtain:

t
vt € [to, T1, H(f(t)Hq(t)SHUquo-i‘/t [£(a(s), " (s): 8)][ o) ds:

which gives, using the hypothesis of the theorem:

Vt € [to, T,
6 0l < ol + [ 1) (14 dtats) a0) + ¥ 9], ) s

But,
t
wteln Tl datha) < [ [dt G, ds
to

therefore,

YVt € [to,T[, d(Q(t)v qO) + "q+(t)“q(t) S

fonlly,+ [ s s+ [ (14 10) (dlals)oan) + ]} ()] ) s

to

By Gronwall-Bellman lemma (lemma 15), one gets:

Vt € [to, T[,

t t
d(q(t), a0) + [|g* (1)]] ) < <H’vqu0 +/0 l(s)ds) S () ds

which shows that the function ¢ — ||¢7(¢)]| 4(+) is bounded over [to, T'[. By the
completeness of (), we deduce, on one hand that

qr = lim q(t)

t—T—

exists in () and, on the other hand, that

Var (¢7; [to, T[) < oo,
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thanks to proposition 18. Thus,

(gr,vp) = lim (q(t),4" () exists in TQ.

Define:
vr = vy — [1 4 ¢(gr, vy )] Proj,, [vy; N(gr)] .

Then, theorem 8 furnishes 7”7 € I with 77 > T and a prolongation of ¢ on [T', T"|
such that g € MM A ([to, T’[; Q) is a solution of problem P. But, this contradicts
the definition of 7'. O

5. Three counterexamples

The existence and uniqueness of solution for problem P has been proved under
the assumption of functional independence for the constraint and of analyticity for
the data. The three examples which are developed in this section aim at showing
that these assumptions cannot be weakened very much. In example 1, we show
that, in case that the functional independence of the constraints does not hold, the
existence of solution may be lost. For the question of the regularity assumptions on
the data, the existence of solution can be proved with much weaker assumptions.
However, the uniqueness of solutions is generally lost in such a case as seen in
examples 2 and 3. In these examples, the data are supposed to have only regularity
(C"*° and two different solutions can be exhibited.

Example 1 is extracted from Moreau [12] and example 2 is due to Schatzman
[18], but an earlier counterexample in the same spirit is also to be found in Bressan

[4].

5.1. Example 1

Consider a discrete mechanical system whose configuration space is euclidean
R3. The unilateral contraints are kinematically described by the three following
functions (n = 3):

w2(q) = q' — ¢*.¢°,
p3(q) = —¢° — ¢°,

where ¢ = (¢!, ¢%, ¢®) € R3. The initial instant is supposed to be ¢y = 0 and the
initial state is given by go = (0,0,0) and vy = (0,2, —1). It follows that:

‘](qo) = {17273}7
Vi(go) = {v = (01,02,1)3) eR?; v! =0 and v? +0® > O}.

It is readily seen that v belongs to V' (qo).
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Let now a > 0 be an arbitrary positive real number. Any motion ¢(t¢) in
MM A([0, af; R3) compatible with this initial data may be written as:

q'(t) = o(t)
¢ (t) = 2t + o(t)
¢*(t) = —t + o(t)

Therefore:
p1(q(t)) + @2(q(t)) = 2t + o(t?),

which can not be compatible with:

vie[0,af  wi(q(t) + pa2(q(t)) < 0.

We deduce that no motion in M M A([0, a[; R?) can be compatible with this initial
data whatever a > 0 is.

Note that in this particular case: dy1(qo) = —dga2(qo) and the unilateral con-
straints are not functionally independent.

5.2. Example 2

Consider a discrete mechanical system whose configuration space is R equip-
ped with its canonical structure of riemannian manifold. This is the configuration
space of a particle with unit mass constrained to move along a line. A fixed obsta-
cle at the origin is taken into consideration. It gives rise to a unilateral constraint
kinematically described by the single function (n = 1):

v1(q) = q

Therefore, the admissible configuration set is A = R™. It is assumed that the
impact constitutive equation is the elastic one: ¢ (¢,¢~) = 1 and that the efforts
mapping f does not depend on the state but only on time. It will be denoted by
f(t). The initial instant is £y = 0 and the initial state is (o, vo) = (0, 0). Denoting
by RCLBV (I;R) the space of right continuous functions with locally bounded
variation from a real interval [ to R, problem P admits here the equivalent formu-
lation:

find T > 0andv € RCLBV ([0, T[;R) such that:

e v(0) =0,
o q(t) = /0 v(s)ds €R7, vVt € 0,17,

e R =dv— f(t)dt isanonpositive real measure such that:
Supp R C {t € [0, T'[; q(¢) = 0}
qt) 0= v(t) =v (t
oVt €]0,T1, () () Q
q(t) = 0= v(t) = —v~ ()
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We investigate uniqueness under the assumption that f is of class C'*°. Sup-
pose, in addition, that f is nonnegative:

vVt e RT,  f(t) >0.

It is readily seen that the null function v = 0 on R™ is a solution of problem P
whatever is the nonnegative C'*° function f. Now, we are going to construct an
explicit example of such a function f in such a way that the associated problem P
admits another solution, different from the identically vanishing one.

First, let define a function p by:

(R — R
) 0 if x€]—00,0]U[l,+o0|
p 1
X ez(xz—1) .
TR if = €]0,1]
L Jo €7GD dx
We have:
p € C®(R;R™)
Suppp = [0, 1]
d" dm 39)
- — — (1) =
Vn € N, e (0) e (1)=0

I
—

2/01(1 _ $)p(s) ds

The last assertion comes from the fact that:

/ spls) ds = / (1= s)p(s) ds,

/Olsp(s)ds=%/01p(s)ds=%

Consider also the real convergent serie:

[ (n+5)? ]
(n+1)(n+2)(n+3)(n+4)],cn

SO,

We define:

N (n+5)°
I= nZ:O (n+1)(n+2)(n+3)(n+4)

B (i +5)2
n = Z G+ 1)G+2)(i+3)(+4)

=N

>0

o}
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Clearly, ag = T and the sequence (ay ),y decreases strictly and converges to-
wards 0 when 7 tends toward infinity. Actually,

Ay ~ — when n — +00 (40)
n

by a very classical and elementary argument. We denote by (0,),,cn> (frn)nen
(Un),en the real sequences defined by:

On = nt o (i.e. 0 —n+3(a —py1) < Ay — Apy1)
n—(n+1)(n+2)(n+4) n—n+5 n n+1 n n+1 )»
1
fn - e
n!

1

Un = —7 v
(n 4+ 3)!

and by f(t), v(t) the functions from [0, 7] to R defined by:

f(0)=0

0 if t € [ant1,nr1 + On] (41)
ft) = &p Rl I T [@nt1 + On, an|
2 an—an+1—5n
and:
v(0) =0
Un+1 if t € [an—i—la an+1 + 671[
t
— n S—Qn4+1—0n .
v(t) Upt1 + f— 0 <#> ds if t € [apy1 + On,an|
2 an+1—|—§n an_an+1_6n

(42)
First, we claim that the function f belongs to C*> ([0, T[; R).
Proof. The only thing which is not obvious is that f is C'"*° at 0. Since:

W€ lansan]  IFO] < 2 max o)),

then, lim;_,o+ f(¢) = 0 and f is continuous at 0. Now, we are going to prove:

1d"
Vr € N lim -
t—0+ t dt”

f(t)=0 (43)

which will imply by an easy induction that f € C'*° ([0, T[; R) and:
d?"

I N, —f(0)=0.
r e Y dtr f( )
Let fix an arbitrary r in N, we have:
1d fo  (n+5) d"p(s)
RS n+1,%n|, " 14 S T — (1
[n 1, an] |tdt’"f( )| 20541 2" (ay, — Gpa1) sren[%,}i] dtr (*)
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Therefore, to prove (43), it suffices to verify:

. fn(n+5)"
lim =
n—=00 p41 (an - an—l—l)

but, by estimate (40), one has:

fn (n + 5)7" ,n37’—|—1

ana1 (Gp — Gpy1)” n!

O
Second, we claim that:

— v € RCLBV([0, T[;R)

— dv — f(t) dt is a real nonpositive measure on [0, T whose support is {0} U
{an;n € N*}

— v is continuous on [0, T[\ {an;n € N*}and: Yn € N*  v(a,)=—v"(a,)

Proof. It is clear that v is continuous on each interval |a,, 11, a,,[ and right contin-
uous on [0, T'[. Moreover:

2 An+1+0n Qp — QGp4+1 —
f’n
= Up41 + o (an — any1 — 0n)
B 1 1 n—+95
T Tt At )2 (nt3)(nra)
B 1
~ (n+3)!
= —v(an)

Since v is nondecresing on each interval [a,, 11, a,[:
oo

Var [0 T Z an+1 -0 (Cln+1 ‘ + ‘ an+1) -V (an)})

o0

Z 3fUn—I—l — Un)

oo oo

1 1
=3 —_— — <
nz:% (n+4)] +n§ 13l =7
Denoting ¢, the dirac measure located at ¢, one has:

dv— f(t)dt = —22 n+3

which is a (bounded) nonpositive measure whose support is {0} U {a,,; n € N*}.
O
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Third, we claim that: if q is defined by:

Vi e [0,T] q(t) :/0 v(s) ds,
then:

vee [0, T q(t) <0,
{t S [OaT[; Q(t) - 0} - {0} U {anQn € N*}

Proof. An easy calculation using last assertion of formulae (39) shows:

/ v(s)ds =0
an41
t

Vt €lant1,an] / v(s)ds <0
An 41
U

We deduce, that making the choice described by relations (41) for the function
f, then the function v defined by relations (42) is a solution of the corresponding
problem P whereas the identically vanishing function is also a solution. Therefore,
the uniqueness of solution does not hold in general if f and the functions (; are
supposed to be of class C'*° only.

5.3. Example 3

In example 2, we considered a particle at rest at the initial instant and in con-
tact with the obstacle. Then, a force acts on the particle, constantly pushing it
against the obstacle (f > 0). For the particular choice of the function f we made,
immobility is a possible motion whereas a bouncing motion is also possible. It
is intuitively clear that the assumed elastic impact constitutive equation plays a
central role in such a phenomenon. The question arises to know whether such a
pathology is possible with the completely inelastic impact constitutive equation
¢(q,47) =0.

Sticking to notations of example 2, the evolution problem takes in this case the
form:
find T > 0 and v € RCLBV([0,T[; R) such that:

ev(0) =0
°q(t) :/0 v(s)ds €R” Vt € [0, T

e R =dv— f(t)dt isanonpositive real measure such that:
Supp R C {t € [0, T'[; q(t) = 0}

vt 0.7, {Q(t) # 0= v(t)

=0 (1)
q(t) =0=v(t) =0
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If we still assume in this case that f is nonnegative, then it is easy to see that

the only possible motion is immobility.
Indeed, if, 3t2, g(t2) < 0, define t; = inf {t € R™;Vs €]t,ta] ¢(s) < 0}. Then,
by continuity of ¢: t; < t5 and ¢(¢;) = 0. By the completely inelastic impact
constitutive equation, one gets: v(t1) = 0, and, so: ¢(t2) ft s)dsdt > 0,
which is absurd.

Nevertheless, we are going to construct an example similar to example 2,
which shows that even in case of the completely inelastic impact constitutive equa-
tion and f of class C'>°, we can obtain multiple solutions for the corresponding
problem P. Of course, f should not be of constant sign.

The function f is searched under the form:

f(0)=0
t— L1
_fl,np <51—n+1> if tc [n—lH’ n+1 + 51 ”[
n (44)
1(t) = o e L e
f2,np <#) if te [% o 627n7%[

where n € N*, (flv")neN*’ (fg’n)neN*, (51,n)n€N* and (62,n)n€N* are positive
real sequences which are to be determined. We demand:

1/1 1 1 /1 1
6n<_ - d 5n<_ - —
b= (n n+1> . 2= (n n—l—l)

These sequences are to be determined in such a way that the corresponding prob-
lem P admits two distinct solutions v! and v'?. We demand that v, v!! and the
corresponding functions ¢’, ¢! are such that :

~
~
~

q¢' () =0 () ==t

if n 1s even,
V(L)=0 T (d)=u,
Iy = _q, II (1) _
7 () ! " () if n is odd,
V(L) =v, v (2) =0

where (¢5),,cn- and (vy,),, o+ are positive real sequences which are to be deter-
mined.

Consider the time interval [?, —] for some n > 2. Under the action of f on

[n+-1’ T T 91,n), the posmon of a particle which is at ¢ = —¢,, 41 with velocity

v = Up41 at time ¢ = —~ should increase from —g,, 1 to 0. This is written as:

+

—gn+1 + Un—{—ldl,n - §f1,n5%7n —



46 Patrick BALLARD

where 4 ,, has to be the smallest root of this second degree equation:

2
Un+1 — \/Un—|—1 - 2f1,nQn+1

01, = (45)

" f 1,n
We have also to express that, under the action of f on [n T —] a particle at rest
with position ¢ = 0 at time ¢t = +1 should have position ¢ = —g,, and velocity

v =, attime t = % That is:

Un = _fl,n(sl,n + f2,n52,n7
~Gn = —5.1007 5, = f1.n010 (m - 51,n) +3f2.n03 0,
which is:

Un = _fl,n(sl,n + f2,n52,n7

(46)
—Qn = %fl,né‘in - fl,nél,nﬁ + %fl,nfsl,néé,n + %Un62,n-
Now, let us try to make the following choice:
1 1 n3
N N* n — ) n = 5. n = o, 47
neN,  gu=-—po =g fin=g; 47)

There results from formula (45) that, for sufficiently great n:

1 4n3

which gives the estimate:

1
O01m ~ — when n — oo (49)
n

Equations (46) allow us to determine s ,, and f2 ,:

352 2

52 _ n+1 n
" ]. + n351 n ’
51 ,n
fun = fun gt
which provide the estimates:

2
52,n ~ 3

n

5 when n — o0 (50)
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From estimates (49) and (50), one gets:

0< 51’n < m
dng, n>0 = 1
0< 52’n < m
We define 7' = —. In exactly the same way as for example 2, it is readily seen

from estimate (50) that: f € C>°([0, T[;R). Define:

ul(0) =0, u!1(0)=0, andforn > ng:

t 1
ST+t . 1 1
U,I(t): Un-l-l_fl,n/l p( s ) dS 1ft€ [n_~|—17n_—|—1+517n[

1,n

n+1

0 lfte[%ﬂ+51,n7%[
t o 1
n—+1
Jm/ﬁp( . )ds t €[ g + 01l
’U,II(t) — —fl,n(SLn t e [n—ll—l + 01 TL?H _5271[
t 1
s—;—l—é n
—fin01m + fz,n/1 p (—z)ds te[E— 8y, L
5—52771 2,n

and:

vI(t) = ull(t)
vI(t) = ul(¢)
Proceeding as in example 2, it is readily seen that the two functions vl and v!!

belong to RCLBV ([0, T[;R) and furnish two distinct solutions of the problem P
associated with the C'*° function f defined by equations (44).

6. Illustrative examples and comments

6.1. Punctual particle subjected to gravity and bouncing on the floor.
Accumulation of impacts.

Let us come back to the example of section 3.3. The configuration space is R
equipped with its canonical structure of riemannian manifold, the unilateral con-
straint is described by the single function ¢4 (¢) = ¢ (which gives A = R™). The
efforts mapping is supposed to be constant: f(q, ¢;t) = 2 and the impact function
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(restitution coefficient) is the constant 1/2: ¢ = 1/2. Considering the initial in-
stant o = 0 and the initial state (go,v0) = (—1,0), we have seen in section 3.3
that the function ¢ : R™ — R~ defined by:

vt € [0, 1], q(t) =t* — 1,

vt € [1,2], q(t) = t* — 3t + 2,

Vie B— 53— 5], qt) =2+ (—6+52)t+(3— 53=1) B3 — 5),
Vt € [3, +oo], q(t) =0

(Vn € N) belongs to MM A(R*T;R™) and is readily seen to be the maximal solu-
tion, according to corollary 9, of the corresponding problem P. The solution ¢(t)
is represented on figure 6.1. It is seen that infinitely many impacts accumulate in
any left neighbourhood of instant ¢ = 3.

q(t)

v é ’t

Fig. 2. Motion of a punctual particle subjected to gravity and bouncing on the floor.

However, as predicted by corollary 9, for each instant ¢ € R™, there exists
a right neighbourhood [t,¢ + n[ of ¢, such that the restriction of ¢ to [¢,t 4 n[ is
analytic. A straightforward and general consequence of this is the following.

Proposition 19 Let q be the maximal solution of problem ‘P furnished by corol-
lary 9. Although infinitely many impacts can accumulate at the left of a given in-
stant, this phenomenon can never occur at the right of any instant. Morover, in the
particular case where the impact constitutive equation is the elastic one (¢ = 1),
the instants of impact are isolated and therefore in finite number in any compact
interval of time.

Proof. Since for each instant ¢ € [to, T'[, there exists a right neighbourhood [t, t+7]
of ¢, such that the restriction of ¢ to [t,¢ + 7| is analytic, we get the first part of
the proposition. For the second part, let 7 be an arbitrary instant in |¢o, 7| and
consider the problem P associated with the initial condition (¢(7), —¢~ (7)), the
elastic constitutive impact equation and the effort mapping g(q, v;t) defined by:

g(q,v;t) = f(q,—v;T —t)
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which is analytic. By theorem 8, there exists an analytic function ¢, : [0,7,[—
(2 which is a solution of this problem P. Another solution of problem P co-
incides with ¢, on a right neighbourhood of ¢ = 0. Actually, as seen in the
proof of local uniqueness (section 4.2), a little bit more is proved: any function
g € MMA([0,T[;Q) satisfying the initial condition (21), the unilateral con-
straint (22), the equation of motion (23) and the energy inequality (proposition 7)
has to coincide with g, on a right neighbourhood of ¢ = 0. But, it is readily seen
that the function
qt)=q(t—t), tel0,7—t

fulfill these requirements. Thus, ¢’ can not have right accumulation of impacts at
t = 7 and, therefore, ¢ can not have left accumulation of impacts at ¢ = 7 and the
instants of impact are isolated. Of course, if ¢ is the maximal solution defined on
[to, T'[, impacts can still accumulate at the left of 7', as seen on simple examples.
QED.

The fact that infinitely many impacts can accumulate at the left of a given in-
stant but not at the right is a specific feature of the analytical setting that is lost
in the C'*° setting as seen in counterexamples 2 and 3. Actually, these counterex-
amples show that pathologies of nonuniqueness in the C'*° setting are intimately
connected to the possibility of right accumulations of impacts. The fact that the
analytical setting prevents from such right accumulations is the thorough reason
why we could prove uniqueness in this case.

6.2. The double pendulum

In this section, we come back to the double pendulum described in section 2.1
but we add to the system a rigid obstacle on the vertical coordinate axis as repre-
sented on figure 6.2. This obstacle may be represented by two analytic functions
whose expressions in the global chart of () described in section 2.1 is:

¢1(q",¢%) = —lising' <0,
<P2(q1,q2) = -l Sinq1 — s simq2 <0.

It is readily seen that, except in the particular case where [; = [, these con-
straints are functionally independent:

Vg € A, (dwi(q))iej(q) is linear independent in T,/ Q)

These unilateral constraints are assumed to be perfect and we consider an impact
function ¢ supposed to be constant on T'A~:

V(g,v=) e TA™, ¢(qg,v7)=¢€|0,1].

The constant ¢ is often called restitution coefficient (of normal velocities). We
recall that the particular cases ¢ = 0 and ¢ = 1 describe the completely inelastic
and the elastic impact constitutive equations.

An initial state (qo,vo) € T AT is given at time ¢y = 0. This initial state is rep-
resented in the considered chart by four real numbers (g}, ¢3; v}, v3). According
to section 3, the motion of the system is governed by the evolution problem:
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Fig. 3. Double pendulum with obstacle.

find T' €]0, +o0] and ¢ € MM A([0,T[; @) such that:

* (¢(0),¢"(0)) = (q0,vo),

oVt [0, T (qt),q"(t)) € TAY,

e R=>bDqt — f(q(t),q"(t);t) dt,€ —N*(q(t)) for |R|-a.a.t € [0,T],
et El0. Tl GH(t) = (t) — (14 &) Proj, i (1) N(a(t))],

where the riemannian structure on () and the mapping f are those described in
section 2.1. Corollary 9 ensures existence and uniqueness of a maximal solution.
Now, we are going to check that assuptions of theorem 10 are satisfied so that the
maximal solution is defined all over R™.

First, () is a complete riemannian manifold since the quotient topology on the
torus 72 derives from a riemannian structure and 7' is compact and therefore
complete. Second, we have the estimate:

V(g,v) €TQ, |lvll, > al(vi,v2)], (51)
where,
gmmalRl3 + {5313
=1/ 2 my 2
gmzlz —|— (T —l- mg) ll
Indeed,

min 2
loll7 = X™™(q) | (v",v?)]
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where A™(g) is the least eigenvalue of the matrix (g;;(g)), j=1.2- But:

min 1 1 m
AP (g) = 5 <§m2lg + (? + m2) l%)
4 (smimol213 + %m%l%l% — 3m3l3i3 cos(qt — ¢?))

9
(Lol + (2 4+ my) 12)°

X [1—

Using
Vzel0,1, 1-vI—z> g
we get:
: 4 (L 1212 & 127272 _ 1,,272/2 1_ .2
AT () > 1 (9m1m2 1l + 3malily — gmalils cos(q — g ) > a2,

4 %mglg + (% + mg) l%

which achieves the proof of estimate (51). Now, let g7, qr; be two points of ()
represented by their components in the considered chart (¢7, ¢7) and (g1, ¢%;). Q
being complete, there is a geodesic g : [s1, S2] — @ of minimal length between
them. One has:

52

darann) = [ 10 s> [ it s

S1 S1

2 2
> ayf(a} — aby) + (@ — ¢3)

Moreover, recalling:

f1(q', q2) = Ny sin(¢t — ¢2) — (k1 + k2)q" + kag?,
f2(q1,q2) — kqu _ k2 27

one has:
2 1 2
q < . , .
1 (@)l N () (f1, f2)]
Therefore,
1
1f (@, < o |(f1, f2)],
1
< > P\ll + (k1 + k2) \q1| + ko \q1| + 2ko ‘Q2H ;
1
< — [N+ 4k + k2) [(g0, 40)| + 4(k1 + k2) |(a" — a0, 4" — a0)]]
1 4(k1 + k
< LD a4 k) g )+ Tt g ), e @

By virtue of theorem 10, the motion of the system is defined for all ¢t € R™T.
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6.3. Boltzmann’s gas

Consider a collection of N rigid homogeneous balls of mass m and radius
R in a rigid rectangular box. The balls cannot interpenetrate. The balls are free
of internal or external forces except for the reaction efforts induced by the uni-
lateral constraints. The impact constitutive equation is supposed to be the elastic
one. Such a system was introduced by Boltzmann to model the interactions be-
tween molecules in a gas in order to perform a statistical analysis to connect the
microscopical and macroscopical point of view.

Let us describe the discrete mechanical system associated with this situation.
The configuration space is R3Y. Indeed, any configuration is described by the
coordinates of the center of the balls in the three-dimensional ambiant space equip-
ped with an origin. Strictly speaking, the configuration space should be R3Y x
(SO3)¥ to incorporate the possible rotations of the balls. But, in this case, it would
be readily seen that the rotation velocity of any ball in any motion of the system
keeps its value at the initial instant. Therefore, rotations play no role in the motion
of the system and we may consider only the restricted configuration space R3Y
equipped with its canonical riemannian structure. The forces mapping vanishes
identically f(q,¢";t) = 0. There are N(N + 11)/2 functions ¢;, since N(N —
1)/2 of them are necessary to express the noninterpenetration constraints:

Vige (L2 Ny i (@ —ol) 4 () + (=) 2 R
and 6N of them are necessary to express that the balls remains inside the box:

—a+R<z'<a-R,
Vi,j e {1,2,--- N}, —b+R<y" <b-—R,
—c+R<z2z'<c—R,

where 2a, 2b and 2c are the lengths of the sides of the box. The functions ; are de-
fined by arbitrary numbering. They are easily seen to be analytic and functionally
independent. Adding the elastic impact constitutive equation ¢(q, ¢~ ) = 1, and an
initial condition at time ¢y = 0, the corresponding evolution problem turns out to
belong to the class of problem P formulated at the beginning of section 4. Then,
corollary 9 and theorem 10 state that, to any initial condition compatible with the
constraints, there corresponds a unique maximal motion and it is defined all over
R*. By proposition 19, we may also state that there are at most finitely many im-
pacts on any bounded time interval. As a conclusion, the results developed in this
paper allow us to associate a dynamical system with Boltzmann’s gas.

Related to this question, let us mention Boltzmann’s famous ergodic hypoth-
esis. Roughly speaking, Boltzmann postulated that in any motion of the system,
time averages can be replaced by space averages. The modern mathematical tran-
script is: for almost every initial condition in an energy level set of the phase space,
the associated phase curve spends an amount of time in every measurable piece
of the level set proportional to the measure of that piece. The question to know
whether Boltzmann’s gas is ergodic or not is still an open question. However, a
positive answer was given in 1970 by Sinai ([20]) for a two balls gas in a plane
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rectangular box. Let us underline that this question makes sense only when we are
able to associate a dynamical system with Boltzmann’s gas.

6.4. Newton’s balls and the impact constitutive equation

In section 3.3, it has been derived from the two phenomenological assump-
tions ‘H3 and H4, that the general constitutive impact equation

i =F(¢:47) (52)
should satisfy:

Flg,v™) € V(g)
Vge A, Yo~ € -V(g), F(gv )—v~ € =N(q) (53)
[F (g, v)l, < llv~]],

In the particular case of a motion no more than one active constraint at any time
(Vt, CardJ(q(t)) < 1), it has been seen in section 3.3 that the general impact
constitutive equation (52) necessarily takes the form:

¢* = Proj, [¢7;V(q)] — & (¢,47) Proj, [¢7; N(q)], (54)

with ¢ an arbitrary function taking values in the interval [0, 1]. Actually, equa-
tion (54) makes sense even in case of multiple impacts and it is a simple example
of an impact constitutive equation satisfying requirements (53). For sake of sim-
plicity, we have adopted this particular form of the impact constitutive equation
even in the case where multiple impacts occur. However, the reader should keep in
mind the arbitraryness of this choice and we shall show that it could be irrelevant in
some cases. A simple occurrence of multiple impact is Newton’s balls experiment.

a b C

Fig. 4. Newton’s balls experiment.

The principle of Newton’s balls experiment is well-known. It is sketched on
figure 6.4a. As a result of this multiple impact experiment, we have the famil-
iar picture drawn of figure 6.4b. But, testing the simple impact constitutive equa-
tion (54) (with ¢ = 1) to predict the issue of the experiment, we get the situation
drawn on figure 6.4c.
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The question arises to known whether the results of section 4 remain true if
we abandon the simple impact constitutive equation (54) and adopt the general
impact constitutive equation (52) defined by an arbitrary function F fulfilling re-
quirements (53). Actually, a careful examination of the proofs of section 4 shows
that the impact constitutive equation is only used through the energy inequality
(proposition 7). Moreover, it is readily seen that proposition 7 still holds when
the simple impact constitutive equation (24) is replaced by a general one (equa-
tion (52)) provided requirements (53) hold true. As a result, all the results of sec-
tion 4, and in particular, theorem 8, corollary 9 and theorem 10 remain true if
we adopt an arbitrary impact constitutive equation instead of equation 24 in the
definition of problem P.

A general impact constitutive equation will be said elastic if the last require-
ment in (53) is replaced by:

Vge A, Yv~ € =V (q), H]—“ (q,v_)Hq = Hv_Hq.

It is readily seen that proposition 19 still holds with an arbitrary impact constitutive
equation. In particular, for a solution of problem P with an arbitrary elastic impact
constitutive equation, the impacts are isolated.

7. Continuous dependence on initial conditions

The theory developed in the previous sections allows us to replace the anal-
ysis of the motion of a collection of rigid bodies subjected to perfect constraints
either bilateral or unilateral by the analysis of the motion of a point in a piece
of a d-dimensional manifold bounded by analytic hypersurfaces which intersect
transversally. With appropriate regularity assumptions on the data, the motion is
completely determined by the initial condition.

The picture seems to be fairly good and the generalization of the dynamics
of discrete systems with bilateral constraints to the case of unilateral constraints
seems to be achieved. However, there remains a big difference between unilateral
and bilateral dynamics of discrete systems that we want to underline in this section.

A pleasant feature of a dynamical system generated by the flow of an ordinary
differential equation is that it is smooth. More precisely, if I} ;, is the mapping
which associates the state of the system at time ¢ with an arbitrary initial condi-
tion at time to, then the mapping F3 ;, is a local diffeomorphism. In particular,
the state of the system at a given instant ¢ depends in a differentiable way of the
state at time t(. Of course, this smooth dependence may be stiff. In such a case, a
small uncertainty on the initial state will produce a big one on the actual state and
the motion of the system may turn out to be quantitatively unpredictable on both
physical and numerical point of view for large time. In certain circumstances, the
theory of smooth dynamical systems allow us to get some qualitative information
on the motion for large time.

As we shall see, the picture is strongly different in the case of the dynamics
of discrete systems with perfect unilateral constraint. The theorems of section 4
allow us to define a mapping F; ;, similar to the flow generated by an ordinary
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differential equation. But, the mapping F} ;, 1s not smooth any more, it is not even
continuous in general. In other terms, the generated dynamical system does not
belong to the large class of topological dynamical systems.

Let us check this assertion on a simple example. Consider as a configuration
space R? supplied with its canonical structure of riemannian manifold. A configu-
ration is denoted by a pair (x, y). No forces act on the system: f = 0. Consider a
unilateral constraint associated with the two functions:

o1(x,y) =y <0
pa(z,y) =2 +y <0

and the elastic impact constitutive equation ¢ = 1. At time ¢ty = 0, we consider
the following set of initial conditions:

{(-1+¢,-1;1,1); e€]—-1,1[}

A straightworward calculation gives the state of the system for all instant in R,
In particular, for ¢ greater than 1, one gets:

Fro(-1+¢-1;1,1) =(-14+e+t,1-t1,-1) ifee]—1,0]
Fio(-1+¢,-1;1,1)=(1—t,1—e—t,—1,-1) ifee|0,1].

It is readily seen on this example that, if ¢ is greater than 1, the mapping F} o 1s
not continuous at initial condition (—1,—1,1,1) (see figure 7). Coming back to

\ Bl

LLLLLLL LS L LAY

Fig. 5. The generated dynamical system is not continuous in general.

the two examples of section 6, such a situation occurs if, during the motion of the
double pendulum, the two bars hit the obstacle at the same time. In the case of
Boltzmann’s gas, the pathology occurs when three balls hit at the same time. Let
us underline that if we consider an initial condition such as the one in the above
example, the solution of the associated problem P has no physical meaning. In
such a case, one has to abandon the will of predicting the motion of the system: this
1s a consequence of the over-idealization made in the indeformability assumption.
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However, in the particular case of the one degree-of-freedom problem, where
no multiple impacts are possible, Schatzman [19] proved that continuous depen-
dence on initial conditions hold. In the general case, her result admits the following
generalization which is proved along the same lines:

Theorem 20 Consider the problem P described in section 3.4. Assume further-
more that the impact function ¢ is constant. Considering the initial condition
(qo,vo) € TA™T at initial instant to, we denote by (T, q) the corresponding maxi-
mal solution of problem P. We make the following hypothesis:

Vt € [to, T, (dgpi(q(t)))iej(q(t)) is orthogonal in T;(t)Q,

(with the convention that the empty set is orthogonal). Let us onsider a sequence
(Gon,von ) of elements of TAY converging towards (qo,vo). For all n, we denote
by (Ty,, qrn) the maximal solution of the problem P associated with the initial con-
dition (qon, Von ) at instant to. Then,

1. iminfT,, > T,

n—-+0o00
2. @qn converges towards q uniformly on every compact subset of [to, T[:

VT € [to, T, lim  sup d(qn(t),q(t)) =0,

n—-+4oo te[to ,7_]

3. (qn(t),qF (t)) converges towards (q(t),q™ (t)) in TQ for almost all t in [ty, T.

Proof. The proof of theorem 20 is divided into five steps. Before describing these
steps, let us introduce a few notations.

We fix, once for all, an arbitrary 7 in [¢(, 7| and a compact neighbourhood K’
of the compact subset ¢([to, 7]) of Q). We define:

V=1+ i (t :
S a0,

and,
K = {(q,v) €TQiqe K and o], < 4v} .

The subset K of T'Q) is compact in T'(). We define also:

F:1+mm&§§MMWN%WﬂM
and,
do = (q’,t)erg}(nx [to,7] A 4(0),
and,

0 = min K @
- F'6V )’

Notice that we have § > 0.
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Step 1. Consider t, € [to, T[. We denote q(t1) by q1 and ¢* (t1) by v1. Consider
an element (q},v}) of TA™ such that:

d
d(Qla q/l) <

0 /
y and ||v1Hq,1 < 2V.

Then, the maximal solution ¢’ of the problem P associated with the initial condi-
tion (q}, v}) at initial instant t; is defined on an interval containing [t1, min(7, t;+
9)] and is such that:

Vt € [t1, min(7, ¢ +0)], (¢ (¢),¢T (1)) € K.

Proof of step 1. Let us denote by [t1, 77| the maximal definition interval of ¢’.
Define:

th =sup{t € [t1,T7[; Vse[ti,t], (d'(s),¢"(s)) € K}.

We have to prove:
t7 > min (7,t; + 0).

Assume the contrary is true:
t] < min (7,t1 +9).
By proposition 7 and lemma 17, we have:

t
wteltn bl 13Ol < Il + [ Fds

t
<oV F(t, — 1))
<3V

We deduce:
ty <17,
by proposition 18, and:

™ Elly ey < =)

_ 1 yat
v = 0 1" Oy <3V:

by proposition 32. Moreover,

d(q'(t1),q) < d(q'(t), q1) + d (g1, q1)

d

§3V(t’1—t1)+zo
3
<24
_4 0

By the continuity of the function ¢ — d(q¢’(t), ¢1) and the right-continuity of the
function t — ||¢'* (t) |47 (1) there results:

Ja >0, Vtelt,ti+a], (d1),d" () €eK.
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But, this contradicts the definition of #] and achieves the proof of step 1.

Step 2. For n large enough, q,, is defined on (an interval containing) the interval
[to, min (7, tg + 0)]. Moreover, there exists a subsequence of (qy,), also denoted by
(qn), such that:

— qp, converges uniformly on [ty, min(T, tg+0)| towards a function q;;,, belonging
to
MM A([to, min(7,to + 9)]; Q),

— (qn(t), G (t)) converges towards (qin(t), ¢, (t)) in TQ for almost all t in
[to, min(7,to + 9)].

Proof of step 2. For all g in K’ N A, there exists a compact neighbourhood K’ of
q which is included in the domain U,, of a local chart (U, ¢,) at ¢ such that:

- Vg €Uy J(d') C J(g),
- V¢ € Uy, thecardJ(q) first components of 1,(q") are the ¢;(¢") (i € J(q)).

Being compact, K’ N A can be covered by a finite number, say L, of K',,. We
denote by A™#* (resp. A™") the maximum (resp. the minimum) of the greatest
(resp. least) eigenvalue of the matrix (g;;(q)) ¢ When ¢ wanders in K "
and [ in {1,2,---, L}. We define:

ivj:1a2a“

09i;
G= max max J j](f) ‘ :
i ke{1,2,-,d}y 9K @ dq
l€{132a"'aL}
We pick an integer Ny, large enough to ensure:

do

d < —
Vi > N, (90, qon) < 1

[vonllq,, <2V

By step 1, there results:
T, > min (1,t9 + 6),
n Z No,
Vt € [to,min (7,t0 +0)], (qn(t),qF (1)) € K.

By a compactness argument, we have:
Ja>0, Vie{l,2,---,L}, VqedK,, 3U', B(qga)CK,,.

As a consequence, for n larger than Ny, the interval [to, min(7,tg + )] is the
disjoint union of a finite number, say /NV,,, of intervals [,,; such that:

Vie{1,2,---,N,}, 3Fe{l,2,---,L}, q¢.(In;) CK'y.
Moreover, the intervals [,,; can be constructed in such a way that:

4V
Wn> Ny, Ny <14 Y9
(8
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Furthermore, recalling:

Vn, 5DGE = f (qn.dnit) dt+ Y Anidpi(gn(t)), (55)

i=1
where the \,,; are nonpositive real measures on [tg, min(, ty+9)], and performing
the same job as in the proof of proposition 18 (estimate 38), one obtains:

Vn >Ny, Vie{l,2,---N}, Vje{l,2,--N,},

/ (—Ani) < 2\/W(4V) + (F+ %> ’

I,;

There results:
Vn > Ny, Vie{l,2,---N}, (56)
4V d?>G(4V)?
[ e 14 299) favimmar, + (4 £EOV7Y
[to,min(7,to+3)]

« 2 \min

The measures \,; are uniformly bounded with respect to n. By the equation of
motion (55), we obtain that the real numbers Var (¢, ; [to, min(7,to + §)]) are uni-
formly bounded with respect to n, for n larger than Ny. The assertion of step 2 is
now a direct consequence of proposition 34.

Step 3. The function qy;, constructed in step 2 satisfies the equation of motion:

Moreover, the real measure (Ryy, (q;“m + q'hfm))qlim IS a nonpositive measure on
the interval [to, min(7,to + ).

Proof of step 3. We denote by Mj([a,b],R) the Banach space of all bounded
real measures on an interval [a, b]. By estimate 56, we can find N bounded real
measures \;;, such that:

lim )\zn = )\ilim n Mb([to, min(T, to + 5)], R) weak*,

n—-+0o0

where another subsequence has been extracted, if necessary. Writing the equation
of motion (55) in local charts, we have:

lim dg = d(jﬁ;ﬁ in M} weak*.

n—-+00
Furthermore,
: . _ ot :
nllffoo f (qn, qn t) dt = f (an, Qi t) dt  in My weak*,

by Lebesgue’s Dominated Convergence Theorem. Therefore, we obtain easily:

PDit = f (aims Giims t) dt + Y Nitimdpi (qim),
i=1
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the weak™ topology being Hausdorff. Now, by formulae (12) we have to prove:
SuppAiiim C {t € [to, min(7,tg + 0)]; vi(qum(t)) = 0} (57)
Consider |a, b[C [tg, min(T,to + §)] such that:

Vs €la,b[, vi(qm(s)) < 0.

The interval ]a, b] is the union of the compact intervals K; = [a + 1/j,b — 1/j]
(7 € N*). Fix 7 € N*. For n large enough:

Vs € Kj, wi(qn(s)) <0,

80 Ain|x,; = 0. We deduce:

¥ € CUKGR), [ gdim =0
K.

J

Therefore, Ajiim(ja,5; = 0 and this achieves the proof of inclusion (57) and therefore
of the first assertion of step 3.
For the second assertion of step 3, we are going to prove actually:

th, ty € [to, miIl(T, to + 5)[, 11 < to, / <Rlim7 (ql‘l"m + cj“_m)>qhm < 0.

Jt1,t2]
(58)
Fix such 1, to and arbitrary € > 0. We have:

/]t . ]<Rlim7 (ql—I’_m + qli_m)>qum - qu—i’—m(tQ)Hth(tg) - qu—ikm(tl)thm(tl)

9 / U @i, it (B):) 2 it () .

t1

By the right-continuity of the function ¢ +— Hqgrm(tz)qu. ) and the results of

step 2, we can find ¢/, t;, € [to, min(7,to + 0)[ (t] < t}) and an integer Ny such
that:

<4 <
t, <t, <t;+ VE and
. . 9
vn > No, ‘Hqﬁrm(tiwzhm(ti) - Hqi(t;)Hjﬂ(t;) < ) (i=1,2)

Moreover, by Lebesgue’s Dominated Convergence Theorem, Ny may be assumed
large enough to ensure:

n Z N(),
/j {(F (qim(®), din ()3 8) s G () — (f (an(£), G5 (£)58) G (£)) } dt| < 2.
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It is easily deduced that:

n > N07

/ (Rims (6 + 6 — / (B, (G5 + 7)) | < <.
Jt1,t2] 1t ,t5]

Since ¢ is arbitrary and f] y t/]<Rm (4, 4+ ;. ))q, is nonpositive (proposition 7),
1572
the conclusion (assertion (58)) follows.

Step 4. Consider an arbitrary instant t, €|to, min(7,to + 6)[ such that:
(dgoi(qlim(tg)))iej(qlim(tg)) is orthogonal in T;zim(tg)Q'
Then, q; satisfies the impact constitutive equation at instant t 4.
qﬁLm(tg) = qli_m(tg) - (1+ (b)Proqum(tg) [q.li_m(tg); N(Qlim(tg))] .

Proof of step 4. Consider a local chart (U, 1) centered at gjim(t,) such that:

— the card.J(giim(t4)) first components of 1(q) are a;;(q) (i € J(qim(tq))),
where the a; are some fixed positive real constants.

- Vq S U7 J(q) C J(Qlim(tg))7
— the matrix (g;;(1im(t4))) is the identity matrix:

(91 (im(tg))) = 04
We have to prove:

iHi(ty) = —bdri(ty), 1 <i< CardJ(qum(ty))

i o | (59)
quani (tg) = Gim(tg), CardJ (gim(ty)) +1 <i<d
First, we are going to prove:
Ve >0, 3dNog,n>0, Yn>Ny, Vii,ta€[ty—mn,t,+n], t1<ta,
Gri(t)| < |@i(t)| + e,
(60)
and
Ve >0, dNg,n >0, Vn> Ny, Vi,ts€ [tg—n,tg+77], t1 < ta,
{Vteti,ta], ¢.(t) <0} = {|@T(t2) — ¢ i(tr)] < e}
(61)

Fix ¢ > 0 arbitrary, and pick a positive real number 7 small enough and an integer
Ny large enough to ensure:

Vte [ty —n,ty+mn, Yn>No, qm(t) €U and g,(t) € U.
Let V' be a positive real constant, large enough to majorize all the quantities

g (t)] and Var (gt [ty —n,t5 + 1)),
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when 4, t and n wander respectively in the sets {1,2,---,d}, [t; —n,t, + n] and
{n € N; n > Np}. We may assume that 7 is small enough and Nj large enough
to ensure:

_ £ g?
vVt € [tg_natg+77]a Vn > Ny, |gij(Qn(t)) - 61]' < min <4dvl’ 8dv/2> :

Multiplying the equation of motion (36) by (¢ + ¢*)/2 and integrating over
Jt1,t2], we obtain easily:

Vn > Ny, Viti,t € [ T},t —|—”I7] t1 < to,
+z —H 1 re\? 2 3 2 2 - +1
|q (t2 } |q (t1 } + 3 (5) + F+ §d GV? ) |gt'(s)| ds,
t1

which gives,

Vn > Ny, Viti,ts € [tg—ﬁ,tg+77], t1 < to,
i i € 3
|4 (t2)] < Jd* ()] + 5 + 21 <F+ 5dQGW) ,

by lemma 17 and the desired conclusion (60) for sufficiently small 7. For the sec-
ond assertion (61), suppose we have in addition:

Vt € [t1,ta], q-(t) <O.

There results that \;,, vanishes on [t1, t2] and integration of the equation of mo-
tion (37) gives:

3

|G, (t2) — G4 (t1)] < 5

+2n (F + dQGVQ)
and, therefore the desired conclusion (61) for sufficiently small 7.

Now, let us come back to the proof of assertions (59). Fix i € {1,2,---,d}.
Only the following four cases are possible:

case 1: CardJ (qim(ty)) +1<i<d

— case 2: 1 < i < CardJ(qim(ty)) and ¢ (t,) =0

— case 3: 1 <4 < CardJ(giim(tg))- thfl( g)>0 and ¢ =0
— case 4: 1 <4 < CardJ(qiim(tg)), Gum(tg) >0 and ¢ >0

We examine them successively.

— Case 1: CardJ (giim(t4)) + 1 <i < d.
Fix ¢ > 0 arbitrary. By assertion (61), we can pick a positive real number 7
small enough and an integer Ny large enough to ensure:

Vn > Ny, Vi, ta € [tg—ntg+n), t1<ts, |gt(t2) — ¢ (t1)] <e,

since .
Vte [ty —n,ty+n], VYn> Ny, q,(t) <0,
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by the choice of the chart we made. Actually, n can be assumed small enough
to ensure:

AS [tg o 777t9[7 ‘qhm o qh_nri(tg)‘ <eg,
Vt €]ty ty + 1), ]qhm — qf;fl(t )‘ <e,

by proposition 32. By step 2, we can find ¢; € [t, — 1, t,[ and o €]ty, t, + 1]
such that:

lim ;" (te) = Gifm(te) (b =1,2)

n——+0oo
and, therefore, Ny can be assumed large enough to ensure:

Vn > No, |7 (tk) — Gin(te)| < (k=1,2).

Then, we have:

‘qhm qllm g)‘ < ’qhm qll_nzl tg)‘ + ‘qﬂ_r;(tQ - CJEZ(@)’
+ |g; tz)—qn (t)] + @5 (t1) — G (t1)]
+ ‘qlim t1) — qlim(tg)‘
< He.

Since ¢ is arbitrary, we get the desired conclusion:
Gim (tg) = diim ()

Case 2: 1 <4 < CardJ(qim(t,)) and g '(t,) = 0.
Fix € > 0 arbitrary. By assertion (60), we can pick a positive real number 7
small enough and an integer /N large enough to ensure:

Vn > No, Vit € [tg—n,te+n), t1 <to, [ (t2)] < |gt' (t)]+e.
Exactly as in case 1, n is assumed sufficiently small to ensure:
Vit € [ty —m, g, ‘th ‘ < ¢,
Vi €ltg, ty + 1), ‘qhm - qﬁrni(tg)’ < ¢,
and Ny large enough to have:
Vn > No, ’qnz(tk — qhm(tk)’ <e (k=1,2),

for some ¢, € [t, — 7, t,[ and some ¢, E]tg,t + 77]. We get:

‘qhm ‘ < }qhm ) qhm t2 ‘ + ’qhm tz ‘ + ‘q-H t2 ’
S ’qxz(tl | + 36)
< %,

which gives the desired conclusion
qﬂ:ﬁ (tg) =0,

since € is arbitrary.



64

Patrick BALLARD

— Case3:1 < i < CardJ(qim(ty)), d.(t,) >0 and ¢ = 0.

Fix ¢ arbitrary in ]0, ;" (t,)/16]. We pick 1 and Ny such that both asser-
tions (60) and (61) hold. Actually, 7 is assumed small enough to ensure:

A (1) ‘

Gy ( ) <e,
t— 1,4 '_“n
Vi€ [ty —n, 4], |qhm t) — qlim<t9)‘ <e,

vt E]t97t9 + 77]7 ‘qhm ) - q]_li_nll(tg)‘ <,

Vt e[ty —n,t4],

and, by step 2, Ny is assumed large enough to get:

¥n > Ny, Vte [t — 1t + 1, |Qf;(t) — Qim ()] < 7e,
vn Z NO’ |q qhm(tl)‘
Vn > No, |4 (¢ —qﬁm<tz>\ <e

for some fixed ¢; € [t, — n/2,t, —n/4] and t2 € [t, + 3n/4,t, + n]. From
these inequalities, it is easily deduced:

17y ; 157 .,
16 2qhm<t ) < qim(t1) < 16 4qhm( 9)>

and therefore,

10 ; 2
Vn > No, 1677qhm(t ) < qp(th) < — 1677qhm(t ). (62)
Furthermore,
CI;LF (t1) > qd_m<t1) — 2 > Eqnm(tg)- (63)

Then, by estimates (62) and (63) and assertion (61), it is readily seen that:
Vn > Ng, 3t, €)t1,t1 +n[, q¢.(t.) =0.
But, since ¢ = 0, we have:
Vn > Ny, ¢ (t,) =0,

and, therefore,
Vn > Ny, |Gt (t2)] <e,

by assertion (60). We deduce:

’qhm ‘ < 367

and the desired conclusion qhm(t ) = 0, since arbitrarily small £ can be chosen.
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— Case4: 1 < i < CardJ(qim(ty)), Gm(ty) >0 and ¢ > 0.
Fix ¢ arbitrary in ]0, ¢g;. - (t,)/16]. We pick 1, No, t; and t5 exactly in the
same way as for case 3. As in step 3, we have:

Vn > No, I, €t t1+0], ¢,(tn) =0,

but, here, it is readily seen that ¢,, is the unique instant in [t1, ¢, + 7] such that
¢’ (tn) = 0. Now, we obtain:

}qhm + quhm( | < ‘qhm ) - qn t2 } + ‘q—H t2 - q;”LH t }_'_
qb’q; n)_q tl ‘—I—gb’q _qhm(t )‘
< Ge,

by use of assertion (60). Since ¢ can be arbitrarily small, we have the desired
conclusion:

qhm ( ) - ¢th ( ) ‘
This achieves the proof of step 4.

Step S. Conclusion of the proof of theorem 20
First, we are going to prove:

Vt € [to, min(7,tg + 0)],  qum(t) = q(t). (64)
Define:

t1 = sup{t € [to, min(7,ty + 9)]; Vs € [to,t], qum(s) = q(s)}.

Notice that the set in the above definition is non empty, since it contains ty. By
continuity, we have:

Vt € [to,t1],  qum(t) = q(t).

Now , assume:
t1 < min(7,tg + 6).

By the assumption made on ¢ in the theorem and by step 4, the function gy, 1S
readily seen to satisfy the impact constitutive equation at instant ¢;. Therefore,

(qim(t1), dim(t1)) = (q(t1),d7 (t1)) -

Furthermore, we have seen in step 3 that g, satisfies the equation of motion and
that (Rjim, (QﬁLm + q'li_m) >qlim is a nonpositive real measure. But, the proof of local
uniqueness (theorem 8) uses nothing more than that. We deduce that there exists a
right-neighbourhood of ¢; on which the functions ¢, and ¢ coincide identically.
But, this contradicts the definition of ¢; and achieves the proof of assertion (64).
As a result, the function gy, 1s uniquely determined and the conclusions of step 2
are valid not only for a subsequence but for the whole sequence (g, ).
Now, if tg + 0 < 7, we pick ¢}, € [to + /2, to + J] such that:
lim (g (t0), dn (to)) = (a(t), 4" (t0)) -

n—-+0o00
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Performing the same job for instant ¢{, instead of ¢y, we extend the conclusion to
interval [to, min(7, tg + 30/2)]. Processing so inductively a large enough number
of times, we obtain the desired conclusion. O

Remark. A straightforward modification of the proof of step 4 shows that the
conclusions of theorem 20 hold if we only assume that ¢ is continuous and constant
on each fiber:

vqa vvl)UQ S TqQ, ¢(Q7vl) = ¢(Q7 UQ)'

The conclusions of theorem 20 also hold if ¢ is only assumed continuous and if,
moreover, we have:

Vt € [to, T[, CardJ(q(t)) <1.

8. Indications on the numerical computation of the solutions

Consider the problem P described in section 3.4. Assume furthermore, for
sake of simplicity, that the impact function ¢ is constant. The maximal solution
associated with the initial condition (gg, v ) at time ¢y = 0, is denoted by (7}, q).
We consider a local chart (U, 1) at g and a positive real number 7" such that:

vVt e [0,T], q(t)eU.
By assumption 20, we may assume:
Vge U, (di(q));cs Iislinear independent in 77 Q,

taking a smaller U if necessary. We consider a sequence of approximants, defining
for every n > 1:

e h, =27"T,

o t,r=kh,=k2""T (k=0,1,2,---,2"),

® (qn,0,vn,0) = (40, v0),

® Gni=0qnk—1+hnvnr—1 (k=1,2---,2"),

1 _aQ
® UVnk=Unk-1

+ gaﬁ(Qn,k’)fﬁ (Qn,k’avn,k‘—l;tn,k) - ng(Qn,k)US,k_leL,k_l] hn
(k: 1’27”.’277,’ o = 1727"'7d)7
® Vpg =Vnk—(1+¢)Proj, , [Vnk N(gnr) (k=1,2,---,27),

Upk, 1€ [tn,kz7tn,k+1[ with k =0,1,---2" — 1,
o vp(t) =

Unp,2m, ift=1T = tn,Q”?

e ¢,(t) =qo+ fot v, (8) ds.
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Actually, there may happen that the function ¢,, cannot be defined on [0, 7] if
there exists an integer k,, such that g,, 1., +1 & U. In such a case, the function g,, is
defined only on [0, ¢, &, ]

This type of algorithm was introduced by Moreau and used without further
justifications. It should be stressed that one cannot hope that the sequence of ap-
proximants (g, ) converges in general towards the solution g, since continuous de-
pendence on initial condition does not hold in general. Actually, it is easy to build
an explicit example, in the spirit of the example of section 7, where the sequence
(gn) does not converge pointwisely towards any function at all. However, in the
special case where all the multiple impacts are orthogonal, things behave nicely
and we have:

Theorem 21 Suppose that the solution q is such that all multiple impacts are or-
thogonal:

vt € [0,T], (dspi(q(t)))iej(q(t)) is orthogonal in T;(t)Q,

(with the convention that the empty set is orthogonal). Then, there exists an integer
Ny such that the function qy, is well-defined on [0,T] for n > Ny. Moreover, the
sequence (q,, ) converges uniformly on [0, T| towards q (or more precisely towards

Y(q)).

Theorem 21 can be proved along the same steps as those of the proof of theo-
rem 20. The necessary adaptation of the details is left to the reader.

Appendix: the class of motion M M A([; Q)

In this section, we are going to define the concept of vector field with bounded
variation along a locally absolutely continuous curve on a riemannian manifold.
The definition and basic properties of absolutely continuous functions and func-
tions with bounded variation from a real interval to a finite-dimensional normed
vector space are supposed to be known. The reader is refered to Rudin [17] and
Moreau [13]. These concepts are intimately connected with measure theory. Two
expositions of measure theory compete: the set-theoretic approach (see for exam-
ple Rudin [17]) and the duality approach (see for example Bourbaki [6]). Both ap-
proach are connected by Riesz’s representation theorem. In this paper, we stick to
the duality approach. If [ is a real interval and F a real finite-dimensional normed
vector space, C0(I; E') will denote the space of continuous functions from I to E
with compact support. A measure on / with values in E (resp. E*) will be any
linear form 1 on CY(I; E*) (resp. C2(I; E)) satisfying the following continuity
property:

Va,be I, a<b IM,, >0, Ve with Suppy C [a,b],
< .
()] < Moy mae (0]

When the constant M, ; can be found independent on a and b, the measure p
is said bounded. For all what concerns measure theory, the reader is refered to
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Bourbaki [6] where he will note the definition of the support Supp i of a measure
 (Bourbaki [6], p. 64).

The following list of definitions and propositions aims at carrying these con-
cepts over riemannian manifolds. The cornerstone is, of course, the identification
of tangent spaces at different points of a curve by means of parallel translation.

This appendix is also an occasion to state precisely the classical theorems
which are used in this paper.

Definition 22 Let I be a real interval and q : I — Q) a curve on Q). q is said lo-

cally absolutely continuous if, for all t in I, there exists a compact neighbourhood
J oftin I and a chart (U, 1)) such that:

-q(J) U,
— 9 oq:J— R is absolutely continuous.

Since () can be covered by a countable collection of chart domains, there re-
sults from Lebesgue’s theorem that ¢(#) admits a tangent vector ¢(t) € T, ;)@ for
dt-almost all ¢ in I where dt denotes the Lebesgue measure on the real line (and
also its restriction on 7). The riemannian structure on () and the Cauchy-Lipschitz-
Caratheodory theorem allow us to define classically a parallel translation operator
along q, 7y s : Ty(5)@ — Ty @ (see, for example, Chavel [7], p. 7). 74, is defined
for all (s,t) € I2.

Definition 23 Let q be a locally absolutely continuous curve from I to (). One
calls vector (resp. 1-form) field on q(t) any mapping X (resp. X*) from I to T'Q
(resp. T*(Q)) such that:

Vtel, Mg (X(t) = qlt) (resp. T (X*()) = q(t)).

A vector field X on q(t) (resp. a I-form field X* on q(t)) will be said locally ab-
solutely continuous (resp. absolutely continuous, resp. locally with bounded vari-
ation, resp. with bounded variation) if there exists ty in I such that the mapping:

I — Tq(to)Q . I — T;(to)Q
0, resp. 0 ,
S > Try,s(X(5)) s bhory, s(foX*(s))
is locally absolutely continuous (resp. absolutely continuous, resp. locally with

bounded variation, resp. with bounded variation). If X has bounded variation on
1L, its variation over I is by definition:

Var(X (s); 1) = Var(t, (X (s)); I). (65)
From the identity:

Vsy,89,t1,t2 € 1,
H7-t1,81 (X(sl)) — Tty,89 (X(SQ))”q(tl) = ||Tt2781 (X(Sl)) — Tta,s2 (X(SQ))||q(t2) )

it is easily deduced that the above definition is independent on a particular choice
of to and so is the real number Var(X (s); I).
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The covariant derivative of a locally absolutely continuous vector field X along
q can be defined for dt-almost all ¢ in I by:

DX(t) d
dt( ) _ T (rs(X(9))l,_, fordt-aatel.

Definition 24 Let (I, q) be a continuous curve on Q. We denote by C°(I,q; TQ)
(resp. C2(I,q;T*Q)) the space of continuous functions o from I to TQ (resp.
T*Q) with compact support and such that:

viel, g (p(t))=aq(t) (resp. I (p(t)) = q(t)).
One calls measure on the curve (I, q) taking values in T'Q (resp. T*Q) any linear
form p on CO(I,q; T*Q) (resp. C2(1,q; TQ)) enjoying the following continuity
property:

Va,be I, a<b IMyp >0, Vo withSuppe C [a,b],

(@)l < Map max o)y -

The real number pi(p) will also be denoted by [, (p(t), dis) q(t)-

Proposition 25 Let (I, q) a continuous curve on () and p a measure on q taking
values in T*Q. For any nonnegative function f of C°(I;R), one defines:

/Ig(t) du‘,

where the supremum is finite thanks to the continuity properties included in the
definition of measures. For arbitrary f in C2(I;R), one defines:

el (F) =1l (CHT) = [ul ((H7)

where (x)* = max{xxz, 0} are the classical positive and negative parts.
Then, the functional |u| is a real measure called the modulus measure of .

| (f) = sup
geC?(1,q;TQ)
19y <)

+

The proof is omitted since it is completely identical to the proof of the similar
statement for complex measures (see Bourbaki [6], p. 54).

The support Supp i of a measure . on ¢(t) taking values in 7*() is, by defini-
tion, the support Supp |u| of its modulus measure.
We define L{ (I,q,|u|;T*Q) by the space of functions 6 defined for |u|-
almost all ¢ in I, taking values in 7*() and such that:

- 1I5(0(t)) = q(t) for [u|-almost all ¢ € I,
- Vo e CIL, ¢ TQ),  tr{0(t),0(t))q) € L (I |ul;R).

Proposition 26 Let ;1 be a measure on q(t) taking values in T*(Q). Then, there
exists a unique (class of) function l,, € Li. (I, q,d|pu|; T*Q) such that:

loc

— 1I5(1,(t)) = q(t) for d|p|-almost all t € I,



70 Patrick BALLARD

- Vo e CUL,q;TQ), [ (o), du)ewy = [1{pt), () qetyd |1l-

This fact will be denoted by: dy = 1,,d |p|. We shall say that 1, is the density of
measure (L with respect to measure |[i|.

Proof. For measure taking values in a finite-dimensional vector space, the above
statement is a classical direct consequence of Lebesgue-Radon-Nikodym theorem
(see Rudin [17]). It is readily carried over manifolds by means of a locally finite
partition of unity modelled on chart domains.

Definition 27 Let X be a vector field with locally bounded variation on an ab-
solutely continuous curve (I,q) and to an arbitrary element of 1. We denote by
di, X the Stieljes measure (see Moreau [13]) associated to the mapping with lo-
cally bounded variation:

I — Tq(to)Q
0, .
s = Tyy.5(X(8))

ForY € C2(I1,q; TQ) and Y* € CU(I,q; T*Q), the linear forms:

Y'_>/I(Tto,S(Y(S))7dtoX)q(tO) and Y" '_>/I(Tto,S(ﬁOY*(S))adtoX)q(tO)

turns out to be independent on a particular choice of ty and define measures on
q taking respectively values in T*(Q) and T'Q). They are denoted by bDX and DX
and called the covariant and contravariant representative of the covariant Stieljes
measure associated with X.

Proposition 28 If X is a locally absolutely continuous vector field on a locally
absolutely continuous curve from I to Q) then:

DX DX
DX =——dt and bHDX =b——dt (66)
dt dt
Reciprocally, if X is locally with bounded variation and such that its covariant
Stieljes measure DX admits a density with respect to the Lebesgue measure, then

X is locally absolutely continuous and relations (66) hold.

Proof. This is an immediate consequence of definition 27 and of the similar state-
ment for functions taking values in a finite-dimensional normed vector space.

Proposition 28 ensures the consistency of our notations. Let us now turn to
practical calculations in charts.

Proposition 29 Ler (U, 1) be a chart on Q, (I, q) an absolutely continuous curve
on Q such that q(I) C U and X avector field on (I, q). The components (X*) (i =
1,2,---d) of X in the natural chart of T'Q) associated with 1) are real functions
defined on I. The vector field X is locally absolutely continuous (resp. absolutely
continuous, resp. locally with bounded variation, resp. with bounded variation)
if and only if every function X" is locally absolutely continuous (resp. absolutely
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continuous, resp. locally with bounded variation, resp. with bounded variation).
Moreover, in such a case, we have:

DX = (dX + Iy (a(t) X ()3 (1) dt ) eala(?)),
»DX = gij (a(t)) (dX7 + Iy (a()) X (1) (1) dt) e (q(1)).

Proof. This is an immediate consequence of definition 27.

Proposition 30 Let X be a vector field with locally bounded variation of an abso-
lutely continuous curve (1, q). Then, for any tq in I, the two limits lim, ,,— X ()

and lim,_,,+ X (t) exist in T'Q) and are such that: ’
I1g ( lim X(t)) = Il <lim X(t)) = q(to).
t—ty t—ty

These limits are denoted by X ~ (to) and X T (to) and can be different only on an
at most countable subset of 1. The mapping:

{I — Rt
2
t = 51X,

has locally bounded variation and:

d <% HX(t)Hza,)) = (X_(t) ;X+(t),px> a(t)

Proof. It is a direct consequence of the similar statement for functions taking val-
ues in euclidean R? (see Moreau [13]) and of definition 27.

Definition 31 We denote by MM A(I; Q) (motions with measure acceleration)
the set of all locally absolutely continuous motions q(t) from I to Q) such that
the right velocity ¢ (t) exists for all t in I and defines a vector field with locally
bounded variation on q(t).

Proposition 32 Let g be in MM A(I; Q). Then, ¢t : I — TQ is right continu-
ous:
veel,  (qt()" =gt ().

Moreover, q(t) admits a left velocity vector at each instant of I and:

viel, ¢ (t)=(¢"(¢))

Proof. Use the Mean Value Inequality in a local chart.
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Proposition 33 Let g € MM A(I; Q) with q(I) C U domain of a chart. Then,

10yt = (2K _ DG D) )y,

Proof. Reproduce the proof of proposition 2 with the help of proposition 29.

Proposition 34 Let (q,),,cy @ sequence of elements of MMA([0,T]; Q) such
that:

— there exists a compact subset K of T'QQ such that:
VneN, Vvtel0,T], (g.(t),4y (1) € K,
- 3M >0, VYneN, Var(¢h;[0,T]) < M.

Then, there exists a subsequence of (qy,) also denoted by (qy,) such that:

neN’ neN’

— (Gn)pen converges uniformly on [0,T) for the riemannian metric towards a
function q, belonging to MM A([0,T]; Q),

— The sequence (gn(t), 4,5 (t)) converges towards (qum(t), ¢\, (t)) in TQ for al-
most all t in ]0,T7.

Proof. This is a generalization of Helly’s theorem to the case of a riemannian
manifold. The set K’ = IIo(K) being compact, there exists € > 0 such that (cf
Chavel [7], p. 23):

— for all ¢ in K, B(q,¢) (= {¢' € K';d(q,q') < ¢}) is the domain of a chart

Vgs
— for all ¢ in K’, the distance defined by |14(q1) — 14(¢2)| and the riemannian

distance d are equivalent on B(q, ).

First, we extract a subsequence of (g, ), also denoted by (g, ), such that:

lim (¢.(0), 4, (0)) = (q0,v0) inTQ,

n—-+oo

and there exists /Ny € N large enough to have:

VTLZ NO, d(QO)Qn(O)) <

Y

DO ™

Now, by:

vte (0,7 vrneN, |gf@), o < ldt ), o + Var(@r0,77),
(67)
there exists ag (0 < ag < T') small enough to have:

VtO € [OvT]a vt € [to,mil’l(T, tO + Oé())], vn S N7 d(Qn(t)7 QH(tO)) < g

Then, it is easily checked that the functions vq, (¢n (%)) 19,0, (7 = No) satisfy
the hypothesis of Helly’s theorem and therefore the conclusion of the proposition
holds on [0, ).
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Now, choose t1 € [ap/2, ap] such that:

lirf (an(t1), 4 (t1)) = (qim(t1), 4 (t1))  in TQ,

n—-1+0oo

and N; large enough to have:

£
Vn > Ni,  d(qim(t1),gn(t1)) < 5
Performing the same job as above on the chart of domain B(qiim (1), €), one ob-
tains that the conclusion of the proposition holds on [0, min(7, 3cg/2)]. Process-
ing so inductively a large enough number of times, we obtain the desired conclu-
sion. O

Remark. If the riemannian manifold () is assumed to be complete, the first hy-
pothesis in proposition 34 can be weakened and replaced by:

— there exists a compact subset K of T'Q) such that:
VneN, (g.(0),¢(0)) € Ko,
Indeed, this hypothesis allows us to extract a subsequence of (g,,) such that:

lim (¢.(0), 4, (0)) = (qo,v0) inTQ.

n—-4oo

By estimate 67, we get:
AD >0, vte[0,T], YneN, g @), o <D, andd(g,qm(t) < D.

The riemannian manifold ¢ being complete, by Hopf-Rinow theorem (cf Chavel
[71, p. 26), the functions (q,, ¢;" (t)) take values in a compact subset K of T'Q.
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