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Abstract

The orthogonal polynomials with recurrence relation

()\n + Hn — Z) Fn(z) = HUn+1 Fn—l—l(z) + )\n—l Fn—l(z)

and the three kinds of cubic transition rates

An = (304 1)2(3n + 2), fin = (3n — 1)(3n)?,
An = (3n+2)%(3n + 3), fin = 3n(3n +1)?,
An = (3n+1)(3n + 2)2, pn = (3n)2(3n + 1),

correspond to indeterminate Stieltjes moment problems. It follows that the polyno-
mials Fj,(z) have infinitely many orthogonality measures, whose Stieltjes transform
is obtained from their Nevanlinna matrix, a 2 x 2 matrix of entire functions. We
present the full Nevanlinna matrix for these three classes of polynomials and we
discuss its growthat infinity and the asymptotic behaviour of the spectra of the
Nevanlinna extremal measures.



1 Birth and death processes and indeterminate mo-
ment problems

Birth and death processes are special stationary Markov processes whose state space is
the non-negative integers, representing for instance some population. We are interested in
the time evolution of a such population, described by the transition probabilities P, ,,(¢)
which is the probability that the population goes from the state m at time ¢ = 0 to the
state n at time ¢t > 0. This evolution is supposed to be governed on a small time scale by

Punt1(t) = At +o(t),
Pun-1(t) = pnt + o(t),

For applications the most important problem is to find P, ,(t) for given rates A, and p,,
with suitable extra constraints to be described later on.

From the previous setting one can prove that the transition probabilities have to be a
solution of the forward Kolmogorov equations

d
%Pm,n - )\nfl 7Dm,nfl + Mnt1 7Dm,nJrl - <)\n + ,un) 7Dm,n- (1)

The Py, »(t) are assumed to be continuous for small time scales with

m Pp,n(t) = 6mn- (2)

t—0

A representation theorem for P, ,(f) proved by Karlin and MacGregor in [7] links birth
and death processes and orthogonal polynomials theory. Let us define the polynomials
F,.(z) by the three-terms recurrence relation

(A + i — ) Fo(2) = pin1 F1 (7) + A1 Fooa (), n =0, (3)

with the boundary conditions

F_i(z) =0, Fyo(x) =1,
and the useful quantities
T = 1, Wn:M, n > 1.
s - [in
If the positivity conditions
An >0, n >0, and 1o =0, iy >0, n>1 (4)

are fulfilled, then there is a positive measure 1 for which

Pt ) = — / (@) Ful(a) dih(a). (5)

Tm
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Then the boundary condition (2) is nothing but the orthogonality relation

1 Fon(2) o () () = 6.

Tm J suppyp

Such a measure has well-defined moments
cn:/ " dip(z), n=20,1,....
suppy

If supp(v) C R this is a Hamburger moment problem and if supp(¢) C [0, 00) this is a
Stieltjes moment problem. In the event that the measure ¢ is not unique we speak of
indeterminate Hamburger (or indeterminate Stieltjes) moment problems, indet H or indet
S for short. Stieltjes (see [1]) obtained the necessary and sufficient conditions for a moment
problem to be indet S

(o] o 1

Z T, < 00 and Z < Q.
>\77/7T77/

n=0 n=1

These conditions imply that it is also indet H. They will be supposed to hold in all what
follows.

1.1 Orthogonality measures for indeterminate moment problems

The description of all the orthogonality measures for an indet H problem was solved a long
time ago by Nevanlinna and M. Riesz, with a very good account in [1]. For the reader’s
convenience let us give a minimal account of this theory. More information will be found
in [3]. One first defines the Nevanlinna matrix N (z) as

A(z) C(z
=) : A(z) D(z) — B(2)C(z) =1, vz € C,
B(z) D(z)

where the four entire functions are given by

Alz) = zzo F:<1z) ; M:Wk’ Bla) =1~ zzo Fnlz) ; M:mc’
Cz)=1-2% Fz(lz), D) =23 Fuf2),

and the polynomials F,(x) are the solution of the recurrence relation (3) with A,andy,,
replaced by the shift rates A\, = \,;1 and i, = pn1. Once the Nevanlinna matrix is
known all of the orthogonality measures 1, have for Stieltjes transform

/d%(x) AR =Ck) g

z—x  B(2)¢(z) — D(2)’
where the Pick function ¢(z) has the general structure

¢(z):t+sz+/

rz+1
Tr—z

dv(z), teR, s>0,



where v is a finite positive measure supported on R.

The Nevanlinna extremal (for short N-extremal) measures v, correspond to the Pick
function ¢(z) = t. These measures are fully discrete and for them and only for them are
the polynomials {F,, n =0,1,...} dense in L*(R, dv).

The number

is quite important since the positively supported N-extremal measures (hence correspond-
ing to S moment problems) are given by ¢ € [, 0].

Among all of these positively supported measures, there is a unique one ¥y(x), which
has a mass at * = 0 and corresponds to the parameter ¢ = 0. In [7] it is called the
“minimal” measure since it gives rise to “minimal” transition probabilities as explained
page 526 of this reference.

The measure corresponding to ¢ = a has been shown by Pedersen [8] to correspond to
the Friedrichs extension of the Jacobi matrix and could be called the Friedrichs measure.
Notice also that necessary and sufficient conditions on the Pick function are known which
ensure that the corresponding measure is positively supported [9].

1.2 More restrictions on the measures

Let us now present further restrictions on the transition probabilities and see what conse-
quences and restrictions we get on the measures 1. We thought it could be useful for the
reader to have a global view of these beautiful results, the proofs of which were given in

7).

1. The first obvious restriction is that the transition probabilities are positive: as soon
as 1 is a solution of the H moment problem then one has

Pin(t, ) >0 Vm >0, VYn >0, vt > 0.

2. The semi-group property

Z Pm,l<s71/}) 7Dl,n<t7 1/}) = 7Dm,n(s + tu w)7 S Z 07 t Z 0

=0

holds iff v is N-extremal.

3. Before looking at the Markov property one could impose the weaker restrictions

0<> Punlt,v)) <1 t>0.
n=0

These will hold if ¥ is a solution of the S moment problem.

4. The Markov property !

me,n@;w):l t>0
n=0

'In the former terminology a process for which the Markov property holds was denoted as “honest”.



holds for . -
Pt ) = - / ¢ F () Fy(2) dio(2),

m

where 1)y is the “minimal” measure of Karlin and MacGregor, as defined in the previous
section.

For practical applications the Markov property is of paramount importance, and selects
among all possible N-extremal measures a unique one. From this point of view the unique-
ness of the solution of the Kolmogorov equation is restored by the Markov property and

applies only to P, »(t, Yo).
If we consider polynomial transition rates of the form

An=(n+0b)---(n+by), pn = (n+ay)---(n+ay) (1 —dn), n >0,

we have for large n

hS]

1

)\nﬂ-n

Ty = O(nA—p)’

= O(n™2), A=Y (b —a).

=1

The moment problem is indet S for 1 < A < p — 1, and this requires at least cubic
transition rates. In this class only a few cases have been worked out, mainly the quartic
example [10] with

An = (4n+dct1) (dntde+2)? (4nt-4ct-3), fhn = (4n-+4dc—1)(4n+4c)*(dnt-4ct+1)(1—6n0),

where the Nevanlinna matrix is known but leads to no explicit N-extremal measure. In
the limiting case ¢ — 0 the “minimal” measure (which enjoys the Markov property) and
the Friedrichs measure were obtained explicitly, while for ¢ = 1/4 some new explicit N-
extremal measures are given by Christiansen [5].

2 New Nevanlinna matrices

We will describe, in the sequel, some Nevanlinna matrices for some particular choices of
cubic A\, and p,. To this end we need some background material.

2.1 Background material

In order to describe the Nevanlinna matrix we will need a triplet of elementary functions
defined by

> u3n l
o1(w) :;(—1)"8717:1)!, 1=0,1,2. (6)

It is easy to check the relations
oy = oo, oy = o1, oy = —03, (7)
with the boundary conditions

a0(0) =1, 01(0) =0, 02(0) = 0.



These functions are called trigonometric functions of order 3, since they are three linearly
independent solutions of the third order differential equation

o 4+ o0, =0, 1=0,1,2.

Their explicit form is

1 3
oo(u) = 3 e "+ 2cos <§u> e”/2> ,
1 \/§ T
— | _,u 9 Ve o0 u/2
o1(u) 5| e + 2cos ( 5 U 3) ) , (8)
1 3
OQ(U):g e " —2cos <—u+g> e”/2> :

We will need also the following functions

= [ s Tn=n-a, w=em="UE

Notice that 6(t) is continuous for t € [0,1] with the bounds 0 < 6(t) < 6,.

2.2 The Nevanlinna matrices

In [6] the Nevanlinna matrix of the polynomials F),(x), with the transition rates
A= (3n+3c+1)*(3n + 3¢+ 2), tn = (3n+3c—1)(3n 4+ 3¢)*(1 — 0,0), >0

has been obtained through the computation of some generating functions. From the pre-
vious section we can check that it is an indeterminate Stieltjes moment problem since
we have A = 5/3. Important simplifications in the structure of the Nevanlinna matrix
occur for the special cases ¢ =0 and ¢ = 1/3. Similar results were also obtained for the
recurrence coefficients

M=0Bn4+3c+1DBn+3¢+2)?%  pn=Bn+30)*Bn+3c+ 1)1 —6,), c>0.

In this case simplifications do occur only for ¢ = 0, the other possibility ¢ = —1/3 is ruled
out by positivity since it leads to A\g = 0. These simplified cases will be studied in detail
since they allow further insights into the N-extremal spectra and the growth at infinity.

Let us observe that the computational techniques used in the previous reference allow
to compute A and B instead of A and B. We have the relations

We use this transformation in order in the following to give simplified formulas (for example
(10-12)).The sum defining o converges since the moment problem is indet S.
In the first case with ¢ = 0 the recurrence coefficients are

A=0Bn+1)2Bn+2),  pn=0Bn-10Bn)? n>0

5



and the corresponding Nevanlinna matrix Ny(2) is given by

~

A(2) — IM B S Ve B(2) = —o
Ao(2) / ” (1— )V du, Bo(z) = — o0(o). »
Cof) = 203 i) (- Do) = BV ().

with p = z'/3. Our results for Eo(z) are in agreement with [11], but correct the mistaken
form of Dy(z) given in this reference.
In the second case with ¢ = 1/3 the recurrence coefficients are

An = (3n +2)%(3n + 3), e =3n(3n+1)% n >0,

and the corresponding Nevanlinna matrix AN;(z) is given by

A z) = 1 Mu _u3 -1/3 u = 5) — _0’1(/)90)
Ay (z) /0 7 (1 )8 du, Bi(z) = .
C2) = g [ ool ul =) du, D) = s poulp)

! B(%,%) 0 0 ) 1 B(%,%) 2 0)-

In the third case with again ¢ = 0 the recurrence coefficients are
An = (3n +1)(3n + 2)?, tn = (3n)*(3n +1), n >0,

and the corresponding Nevanlinna matrix Ny(z) is given by

o [ olef) B o
Az(z)—/o 7 du, By(2) = —ao(pby), .
CQ(z):?’f 0 "1<pj<“>> du, DQ(Z):32—\7/T§/)02(/)90).

All the functions are seen to be entire upon use of relation (6) and the couples Band D
exhaust all possible couples made out of the four entire functions p~'ay(pfy), p*Lor41(pdo)
with [ =0, 1.

3 Some applications

As an application of the previous results, we will discuss two significant aspects of the
Nevanlinna matrices: their growth at infinity and the asymptotics of the N-extremal spec-
tra.

3.1 Growth at infinity of the Nevanlinna matrix

The growth at infinity of the entire functions is described mainly in terms of the order 7,
type o, and Phragmén-Lindel6f indicator h(€). Let us begin with

6



Proposition 1 The Nevanlinna matrices Ny, N1 and Ny have the same order n and type

o given by
1 P /1 du
= — o= — [

Proof :

As shown in [2] the order and type of all the elements of a given Nevanlinna matrix are
one and the same. Hence it will be sufficient to determine them for the simplest elements
i.e. for Dy and D; since D is proportional to D;. Using the expansions (6) we can write

Di(z) = i (- teld 2,

n=1

with - ot

LR L S R N (13)
21 (3n — 2)! B(3,3) (3n—1)!
and then we compute the order n and type o from [4]
nlnn 1 —

= lim ————r =— 1 nl?™. 14
(N T TR L .

Using Stirling’s formula one obtains the results stated above. I
Let us turn ourselves to the Phragmén-Lindelof indicator, which is defined by

hs(0) = Tim M (15)

r—00 rP
We will prove that the Nevanlinna matrices Ny, N7 and A, have the same Phragmén-

Lindelof indicator. To this end we first prove

Proposition 2 The two entire functions EO and By have the same Phragmén-Lindelof

indicator: h(0) = 6 cos(%5%), 6 € [0, 2n].

Proof :
We will use the relation

(e*C 4ol e3<> , j= e, (16)

Wl

o0(C) =

For z = re? we have ¢ = p 0y = ue/? with u = /36,
Elementary algebra gives

le¢| = e—ucos(%)’ || = eucos(HT")’ |67¢| — pucos(%5T)
For 6 € [0, 27| we have the inequalities
cos(e_ﬂ) > —cos(g), cos(e_ﬂ) zcos(9+7r), (17)
hence we get
Bloo(ue”?)| = O(y e*57), u— oo,

7



with v =1, 0 €]0,2x] and v = 2, for § = 0. This allows to compute the indicator

0—m

h(0) = 0y cos( 3

), 6 e [0,27]. (18)

The argument is similar for oy which is given by

o1(¢) = % (—e*C + 5t +jejc) .
Notice that we have also to use the obvious observation that f(z) and 2" f(z) with v € R
have the same Phragmén-Lindelo6f indicator. 1

As a check let us observe that the maximum value of the indicator agrees with the type
o = by determined above.

We conclude to

Proposition 3 The Nevanlinna matrices N, with | = 0,1,2 have the same Phragmén-
Lindeléf indicator (18).

Proof :
Using the results in [2], if 0 <7 < 00, 0 < 0 < 0o then gl, El, C; and D; have the same
Phragmén-Lindelof indicator for [ = 0,1,2. 1

3.2 Asymptotic behaviour of the N-extremal spectra

The N-extremal mass point, for a given Nevanlinna matrix, are given by the roots of
t B(x) — D(z) =0, t € RU{oo},

which is easily transformed into
t* B(z) + D(z) = 0, = _—. (19)

The positively supported measures correspond now to 0 < t* < co. The “minimal” mea-
sure ( t = 0 ) is mapped into #* = 0 and the Friedrich’s measure ( ¢t = « ) is mapped into
t* = oo. For negative t*, as observed in [3] a single mass, negatively supported, appears.
Let us prove:

Proposition 4 The asymptotic behaviour of the N-extremal mass point is independent of
tt, is the same for Ny, N1 and N3 and is given by

T = (\2/%;0)3 +o(n?), n — oo. (20)

Proof :
Let us begin with Np. The explicit form of the relation (19) is

too(u) = u? oy (u), u = /36,

8



where 7 is proportional to tf. For t = oo this relation becomes oo(u) = 0 which leads to

V3

1 t (1
cos Eu ) ez D[ 2 etz g ﬁu e |,
2 3 2 u? \ 2 2

which gives

1 2
cos(—u>:—§e3“/2 = unzin+0(1)> n— oo .

?un = (n+1/2)mr+O(1) =nm+ O(1),

and for large n this is the same behaviour as for ¢ = oco.
Let us proceed with Aj. The explicit form of the relation (19) is now

toy(u) = u® oy (u).

For t = oo this relation becomes oy (u) = 0 and leads to

which gives the required asymptotics. For 0 < t < 0o, the eigenvalue equation becomes

3 1 t (1 3
cos £u+z = et | Z e cos £u—z :
2 3 2 u? \ 2 2 3

and this leads to

?un — _g +(n+1/2)7+O1) =nr + O(1).

Let us conclude with A5. The explicit form of the relation (19) is now
too(u) = uoy(u).

For ¢ = oo this relation becomes oo(u) = 0 showing that the “minimal” spectrum of A
does coincide with the “minimal” spectrum of N3, and has therefore the same asymptotics.
For 0 <t < oo, the eigenvalue equation becomes

3 1 t(1 3
cos £u+z = —e w2 _ [ Ze2 4 cos iu ,
2 3 2 u \ 2 2

and this leads to /3
3
5 Un ™ —g + (n+1/2)mr =nm + O(1),
concluding the proof. 1
Let us point out that the law x, = O(n®) is no surprise, since this implies that the
order of the Nevanlinna matrices is always 1/3 and this we knew from Proposition 1. The

significant result is the determination of the coefficient in front of n3.

9
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