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Extreme values of symmetric power L-functions at 1

Y.-K. Lau (Hong Kong) & J. Wu (Nancy)

Abstract. We obtain an almost all result on the size of the mth symmetric power
L-functions (m =1, 2, 3, 4) for the normalized Hecke eigencuspforms at s = 1, which
extends results of Elliott and Montgomery & Vaughan on Dirichlet L-functions to higher

degree L-functions.

§ 1. Introduction

The study on the extreme values of Dirichlet L-functions at the point 1 has a long and
rich history. The research in this topic was originated with a paper of Littlewood [15] in 1928
and was pursued by many authors (cf. [1], [2], [6], [7], [8], [23], [17] and [9]). A very good
historical account can be found in [9], where Granville & Soundararajan made a very important
new progress on the distribution of the extreme values of L(1, x4) for a real primitive character
xa of modulus d.

Among the family of L-functions attached to the automorphic cuspidal representations for
GL,,(Q) where m > 1, the Dirichlet L-functions constitute only a small part corresponding
to m = 1. The GLy class consists of those L-functions associated to holomorphic cusp forms
or Maass forms. The symmetric m-th power of a GLy L-function yields, under Langlands
functoriality conjecture if m > 5, an automorphic GL,,+1 L-function which is defined as a
Euler product of degree m (and thus called a degree m L-function). The properties of these
L-functions are of great current interests and their values at 1 are recently delved. Luo [16]
investigated the case of symmetric square L-functions for Maass forms with large eigenvalue.
Royer [18, 19], Habsieger & Royer [10], Royer & Wu [20] considered the first two symmetric
power L-functions attached to holomorphic cusp forms with large squarefree level while Cogdell
& Michel [3] and Royer & Wu [21] considered all the symmetric power L-functions. Besides Lau
& Wu [14] studied similar problems in the weight aspect. In this paper we shall further study
the extreme values of symmetric power L-functions at 1.

Let us introduce our notation. For a positive even integer k, we denote by Hj (1) the set of
all normalized Hecke primitive eigencuspforms of weight k for the modular group I'(1) = SLy(Z).
It is a finite set with cardinality

(1) ) = St o).
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Here the normalization is taken in the way that the Fourier series expansion at the cusp oo,
(1.2) ZAf pth=1)/2e2minz (2 > 0),

has its first coefficient equal to one (i.e. A¢(1) = 1). Inherited from the Hecke operators, the
Fourier coefficient A¢(n) satisfies the following relation

13) Ao = 3 (%)

for all integers m > 1 and n > 1. According to Deligne [4], for any prime number p there is a
(complex) number a(p) such that

(1.4) lay(p)| =1
and
(1.5) Ar(p") = as(p)’ +ap(p)’ 2+ +as(p)™”

for all integers v > 1. Hence A¢(n) is a real multiplicative function of n.
Associated to each f € H; (1), the symmetric mth power L-function (m € N) is defined as

(1.6) L(s,sym™ f H H (1—as(p m72jp75)71
p 0<5;<m

for 0 > 1, where and in the sequel o and 7 mean tacitly the real and imaginary part of s,
i.e. s = o+ ¢r. Multiplying out the Euler product, we see that it admits a Dirichlet series

representation:
(1.7) L(s,sym™ Z Asymm f(n)n=*°

for o > 1, where Agymm f(n) is a multiplicative function. By (1.4) and (1.6), we have for n > 1,

(1.8) Asymm 7 (0)| < Tnp1 (n)-

As usual 7,,41(n) denotes the number of solutions in positive integers ni,...,nm,+1 of the
equation n = nj + -+ Nyp41. The case m = 1 in (1.8) is commonly known as Deligne’s inequality.
For m = 1,2, 3,4, the symmetric power function L(s,sym™ f) can be analytically prolonged to
C and satisfies the functional equation

Loo(s,sym™ f)L(s,sym™ f) = e(sym™ f) Loo (1 — s,sym™ f) L(1 — s, sym™ f),

where e(sym™ f) = £1 and Loo(s,sym™ f) is the corresponding gamma factor (cf. [3, Section
1.1)).

In [14], Lau & Wu proved the following results on the extreme values of L(1,sym™ f) in the
weight aspect. Let m =1,2,3,4 and 2 | k. For any f € Hj (1), under GRH for L(s,sym™f), we
have

(L9) {1+ 0(1)}(2By logy k)% < L(Lsym™ ) < {1+ o(1)} (2B} log, k)%
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as k — co. In the opposite direction, it was shown unconditionally that there are ff € Hj (1)
such that for k£ — oo,

(1.10) L(1,sym™ f£) > {1+ o(1)}(B}} logy k)4

)

3

(L11) L(1,sym™ f;,) < {1+ o(1)}(By, log, k).

Here (and in the sequel) log; denotes the j-fold iterated logarithm. The constants A* and BE
are explicitly evaluated,

Al =m+1, Bl =¢7 (m=1,2,3,4),

A =m—+1, B, =e¢(2)7! m=1,3),
i . =t =1y

A5 =1, By =¢7¢(2)

Ay =3, By =¢"By,

where ((s) is the Riemann zeta-function, v denotes the Euler constant and Bj~ is a positive
constant given by a rather complicated Euler product (cf. [14], (1.16)).

The results in (1.9), (1.10) and (1.11) determine completely, at least under GRH, the
order of magnitude of L(1,sym™f). Then it is interesting and natural to try removing the
assumption of GRH and closing up the gap coming from the factor 2. We shall prove an almost
all result towards this delicate problem, which can be regarded as analogues, in the higher degree
L-function case, of results of Elliott ([6], [7]) and Montgomery & Vaughan [17] on Dirichlet L-
functions. It leads to a consequence that the forms f satisfying (1.10) or (1.11) are rather rare
in the sense of being density zero.

In what follows we shall assume k to be any sufficiently large even integer (but the parity
will be repeatedly emphasized).

Theorem 1. Let m € {1,2,3,4}, 8; > 0 and 62 > 0 such that 1 — 26; — 6 > 0 and 05 €
(0, min{1/260; — 1, 1}] be fixed. Then for 2 | k and z > (log, k)*/%*, we have

L(1,sym™f) = {1+O( logk )}H 11 ( #)—1

p<z0<j<m

for all but except O(ke~ 2 ) forms f € Hj(1), where zo := min(z, (logk)?) and the implied
constants depend on 61,05 and 03 only.

Corollary 2. Let € > 0 be an arbitrarily small positive number, m € {1,2,3,4} and 2 | k.
Then there is a subset E} of Hj (1) such that

|Ef| < ke (losh)/*
and for each f € H}(1)\E}, we have

{1+ 0((log k)™%) } (B, logy k)~ *» < L(L,sym™ f) < {1+ O((log k)~) } (B, log, k)%
The implied constants depend on € only.

Remarks. (i) These results can be generalized (with a little extra effort) to Hj (), where
N is squarefree and Hj (N) denotes the set of all normalized Hecke primitive eigencuspforms
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of weight k for the congruence subgroup I'g(/N). Our method can also be applied to establish
similar results in the level aspect for IV squarefree and free of small prime factors.

(ii) We consider the case 1 < m < 4 because the required properties of the high symmetric
power L-functions are only known in these cases. Other higher degree case will follow along the
same line of argument when the (expected) corresponding properties are established.

Our results above are analogues of Theorem 1 of [17] (see also [7]), where the case L(1, xq)
was investigated. However their methods seem not to be directly generalized to the symmetric
power L-functions. Following their approaches, one can see that correspondingly the key point
of proof is to study the large sieve type inequality

(1.15) >

feH; (1)

Z Asymm f (P) 2

p

P<p<l2P

But then two difficulties come up due to the lack of the feature in quadratic characters. First,
Asymm £(n) is not completely multiplicative and second, the instantaneously available (almost)
orthogonality property following from the large sieve result (developed in [5] for the level case
and in [14] for the weight) is not adequate. As was indicated by Cogdell & Michel in [3, Section
1.3], the latter one seemed a bit problematic. In order to get around this difficulty, we shall
appeal to Petersson’s trace formula with the observation

Asymm £ (n) = Ag(n™)

for squarefree n. But then the harmonic weight (in the trace formula) needs further treatment

as its trivial bound is not admissible for our purpose. To this end, we make use of (see (2.6)
below)

k—l )\f(n2) _
L="ggwr 2, = HO:(k71),
n<k7/2

where wy is the harmonic weight (see (2.5) below). However, only a short initial section of the
newly introduced sum is manageable by the Petersson trace formula. The remaining part will be
handled with the idea in ([13], Lemma 3) by virtue of the large sieve result in [14]. Clearly our
result for (1.15) (see the proposition below) is of independent interest and has other applications
which will be presented elsewhere.

§ 2. A large sieve type inequality

This section is devoted to establish a large sieve type inequality, which will be our key tool
for the proof of Theorem 1. For 2 | k, f € Hi(1), m ¢ Nand 1 < P < @ < 2P, we consider the
sum

Asymm
Tsymmf(PaQ) = Z Y7f(p)

Pz P

Our aim is to prove the following result, which reveals a good control over the tail part of the
Dirichlet series representation of log L(1,sym™ f) for most forms f.
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Proposition. Let m € N be fixed. Then, we have

(2.1) > Tagmm (P, Q)Y K k(log k)™ e 1987 =7 - (1) 520/
FeH; (1)

uniformly for
(2.2) 2|k, jeN, 1<PI<iE/Om+2)  and  P<Q<2P,

where 0(m) := (m + 1)* + m + 7 and the implied constant depends on m only.

To prove it, we need a couple of preliminary lemmas.
Although the function Asymm f(n) is not completely multiplicative on N, its restriction on

the subset of squarefree integers recaptures this property and furthermore
(2.3) Asymm f(n) = Ap(n™)

for n squarefree’ which follows immediately from (1.5), (1.6) and (1.7). Thus we give an upper

estimate to |Tyymm ¢(P, Q)% in terms of sums over squarefree integers.

Lemma 1. Let j €N, 2| k,meNand1 <P < Q <2P. For any f € H;(1), we have

2j ) et 1)4 B 1 b s @5 (n1ng) 2
| Toyam 5 (P, Q)7 < (jlog Q)UmHD"  7 — > Ap (i) ===
na<QI U PI /na<ni <Q7 /na !
(n1,n2)=1
where
(2.4) a;j(n) =a;(n; P,Q) = |{(p1,...,pj) :p1---pj =n, P<p; <Q}.

The summations Zh and Zb indicate run over squarefull’ and squarefree integers, respectively.
The implied constant depends on m only.

Proof. Multiplying out the product Tyymm (P, Q)7, we obtain a summation over integers in
(P7,Q7]. As every integer n decomposes uniquely into a product of coprime integers n = nins
with nq squarefree and ns squarefull, it then follows that

- b1 » b aj(nin
Tsymmf(Pa Q)j = Z n_2 H )\symmf(p) Z /\symmf(nl)M'

) . . n
n2 <QJI pY||n2 P7/na<ni1 <Q7 /na
(nl,nz)zl

Next we remove the products of Agymm(p) over squarefull integers by the Cauchy-Schwarz
inequality and (1.8):

) b (m+ 1)29(n) i 1
2
|Tsymmf(P7Q)| ’ S Z nl/? Z 3/2

n<QJ na<Qi "2

2
b a;(nin
Z )\symmf(nl)M

. . ni
P7 [na<ni <Q7 /na
(’nl,nz)zl

T+ An integer n is squarefree (resp. squarefull) if p?> { n for all prime numbers p (resp. if
pln=p*|n).
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Here Q(n) denotes the number of prime factors of n counted with multiplicity. Consequently,
we get our result with (2.3) and the estimate below obtained by Rankin’s trick
H 1 2Q(n)
ST T (4 o 1+ 0o <o (o)

1/2
n
n<x p<lx

(see the proofs of Theorems I1.1.2 & I1.1.13 in [22] for paradigms). O

In view of Lemma 1, we invoke naturally the Petersson trace formula to prove our proposi-
tion. However the summation on the left-side of (2.1) runs over f € Hj (1) without the harmonic
weight

I'k—1 12¢(2
(2.5) wy = (k71 ) = <) 5
@m)s =t (B = 1)L(1, sym?f)

by [11, §2]. To this end, we borrow the technique in [13]. The underlying principle is built on

approximating the factor L(1,sym?f) with a finite Dirichlet series.
Lemma 2. Let 2 | k, f € Hj(1) and y > 1. For any fixed ¢ > 0, we have
L(1,sym*f) = ¢(2) Y Ap(n®)n~" + O (K (K *y /2 + k71)).
n<y

The implied constant depends on € only.
Proof. For ¢ > 1, we have
L(s,sym?f) = ((2s) Z Ap(n®)n=s.
n>1
Applying the Perron formula ([22], Corollary I1.2.1 with B(z) = 2° and « = 3), we deduce that

)\f(n2) 1 /l/log y+ik L(1+s, Smef) y* » B
o — = —ds+ O ((ky)* (k™" + )
Z n 270 )1/ 10g y—ik C(2 4+ 2s) s y E(( y)( y ))

n<y
By deplacing the segment of integration to o = —% + ¢ and using the convexity bound for
L(s,sym?f) (see [14], Proposition 3.1):

L(s, sym?f) <. (k+ |T|)% max{0,1-o}+e

it follows that

Z )\fELnQ) _ L(1,sym?f) +Og((ky)8(k:_1 +k3/4y_1/2)),

2 (@
which is equivalent to the required result. (I
Taking y = k7/2 and using the bound w; < (logk)/k (cf. [11]), Lemma 2 with (2.5) gives
k-1 As(n?) -1+
(2.6) 1= w,«; — + 0= (k7).
n<y

As mentioned in the introduction, the (short enough) initial section of the extraneous sum is
under control of the Petersson trace formula. For the remaining part, we proceed with the idea
in [13] to deduce that this part is small on average in virtue of the large sieve result developed
n [14]. Define
wi(w,y) = Z Ap(n®)n~t
z<n<y

Then we give below the analogues of Lemmas 4 and 3 in [13], where the sum Y Agyp2y(n)n™?
is used instead but it seems that our choice will lead to simpler manipulations.
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Lemma 3. Let i >1, 2| k and f € Hj(1). Then we have

(2.7) wilz,y) = Y Af(ﬁ)ci(jljf),

i <dl<y’

where ¢;(d,f) = 0 unless d = d’d* with d’ squarefree and d* squarefull such that d* | ¢ and

(d’,d*) = 1. Furthermore, we have
(2.8) |Ci(d, f)l < Ti(df)ﬁ'_l(d)

where 7;(-) is the divisor function defined as in (1.8).

Proof. We proceed by induction on i. The case of i = 1 is trivial since we have ¢;(1,£) = 1 and
c1(d,€) =0 for d > 2. Assume that (2.7) holds for ¢ as claimed. Thus by (1.3) we have

Glayt= Y Y Ci(jég) 2 Af((gniflf)

Ni+1 ) 5
z<ni41<y zi<de<y? di|(mit1)

— Z Af(g%)ciﬂ(do,fo)

dol
ritl<doly<yitl 0%0

with

ci+1(do, lo) = Z Z Z ci(d, 0).

z<ni+1<y 2t<dl<y’ d;|(€nit1)?
In;y1=dilo, do=dd;
We write uniquely dy = d%df; into a product of coprime integers with d% squarefree and dj
squarefull. We claim that

ciy1(do, o) 0 = dg | Lo,

Let d) = d'd}, with d’ || d and d, || d;." Then, (d',d;) = (d},d) = 1 as d || dd; and d) is squarefree.
Since d; | (¢,ni4+1)% and €n; 1 = d;ly, we have d; | £y (by noting d, || d;). On the other hand, by
the induction hypothesis we see that ¢;(d, ) # 0 implies d' | ¢, thus d’ | ¢y for (d',d;) = 1. This
follows ) | £y as db = d'd} is squarefree.

It remains to verify (2.8), which is an immediate consequence of the formula:

adn= 3 3 > 3 1

z<n1,...,ni <Y di|(n1,n2)? d2|(nin2/di,n3)? di—1|(n1--mi_1/d1--di_2,n4)?
db=ny--n; d=dy-dj_1
This completes the proof of Lemma 3. O

Lemma 4. For any A > 0, € > 0 and integer i > 1, we have

(2.9) > Wi y)? <aei kf
feH;(1)

T The notation d || n means that v,(d) = v,(n) for all p | d, where v,(n) is the exponent of p

in the canonical factorization of n.
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uniformly for 2 | k and k° < 2% < ' < k4.

Proof. The main ingredients of proof are Lemma 3 and the following large sieve type inequality:
Suppose a(n) <. n~1*¢ for any € > 0. Then

(2.10) > ] > a(e»f(z?)f«g (kL) (1 + K°/2L71/2)

fEH:(1) L<(<2L

holds uniformly for 2 | k and L > 1.
The inequality (2.10) is a consequence of the relation

(2.11) )‘f(€2) = Z )‘syme(d)M(n)

dn2=¢

where p(n) is the Mobius function, and the large sieve inequality in ([14], Proposition 4.1 with
m = 2): For any € > 0 we have

2
5 | S b K2 4L S

fEH; (1) (<L <L

uniformly for 2 | k, L > 1 and {bs}1<¢<r C C.
(From (2.11), we write the inner sum in (2.10) into

Do alOME) =3 Agwes(@) DD pln)a(dn?)
L<t<2L d<2L VL/d<n<\/2L/d

and apply the large sieve inequality to the right-side. Then (2.10) follows because the condition
a(n) < n=1e yields
2
S|Y e[ <z

d<2L | /T.Jd<n<+/2L]d

Now we prove (2.9). Firstly, we divide the sum in (2.7) dyadically

iz,y) = ) > Ap(%) chE) ;

j<(logy?)/log2 at/2i+1<l<yt /20

where

ci(0) == Z Ci(z’ 6).

2/ <d<2/tt
zt l<d<y"/l

Then, by the Cauchy-Schwarz inequality, we obtain

(2.12) > wia,y)* <a (logk) > >

feH(1) j<(logy®)/log2 feH} (1)

@i /20 <<yt )2

(From (2.8) and 7;(df) < 7;(d)7(¢), we have

Cj(f) < 7‘1-(6)325 Zh Tz(j:) )

dle 29 Jd<d=<2i+1/d
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By the Rankin trick again, it is easy to see that

i(d)? ;
Zh 7i(d) < (log t)‘g"(z)
= Vd

with 6o (i) := ((i +1)i/2)?, and hence
Cj(f) < Ti(f)?’r(f)Z_j/Q(log 2j)90(i).

Following from (2.12) and (2.10) with a(¢) = 27/2(log 27) %@ ¢;(¢)/¢, we infer that

. 1 21/2(log 29)~00() ¢, (0) 2
* 2% J 2
Z wi(z,y)™ <aei k° Z % Z o Z o ’ Ap(£7)
FEH(1) j<loghk = feH;(1) ' wi/2i+i<e<yi/2i
ik S 21 B (i) )
iKlog k
LA, k*
fork5§zi§yi§k‘4. O

Now we are ready to prove the proposition.

Proof of Proposition. By Lemma 1 and (2.6), we deduce that

4 g | M
(2.13) S T s (PQI < <logk><’"+”4{’“ 2 %wuﬂ}’
FeH;(1) na<Qi M2

where

S )

) ) ni
P [na<n1<Q7 /na
(nl,’n2):1

M(ng) := Z wfz )\fgl )

feHp(1)  nxy

with y = £7/2, and

(2.14) R:=Fk'"* Z“ BL/Q >

na<Qi M2 feH;(1)

P7 /na<n1<Q’ /na
(’nl,’n2):1

< j12kE Zh %/2( Z T(nm)rfl)2

na<Qi M2 Pi [na<n<Qi /ngy
<<j!2k€
by the Deligne inequality, (1.1) and the trivial estimate for (2.4)
(2.15) a;(n) < jl

The remaining task is to estimate M (n2). We square out the innermost sum in M (ng) and
explore the cancellation through the Petersson trace formula. But this approach is only effective
for small n, hence we split M (nq) into two parts

(2.16) M(nz) = Sz + Sy
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according to n < x and & < n < y respectively where 2 = k'/2. The second term S,y is handled
by Lemma 4, as follows.
(From the estimate wy < (logk)/k, the Deligne inequality and (2.15), we have

Sey < k™ (logk) Z |w3§(x,y)|(g' Z T(nm)n71)2

fen; (1) n<Qi
< ()2~ (log k)2 Wi (@, ).
J g f 'Y

feH; (1)

Applying Hoélder’s inequality and Lemma 4 with ¢ = 10, we deduce that

SZ,y < (j!)Qk—l-l-a( Z Z UJ;(.’L‘,y)QO)l/QO

feH:(1) feH; (1)
< (j!)Qk_1/2O+E.

19/20

Now we treat S, by the Petersson trace formula (see [12], Corollary 2.10)

D wids(@As(b) = 8(a,b) + O(k~/%(ab)*r3((a, b)) log(2ab))
feH; (1)

where §(a,b) is the Kronecker delta and the implied constant is absolute. Squaring out and
using (1.3) and (2.15), we obtain

<Yy XY ¥

. . 179
n<z Pj/n2<n1,n'1§QJ/n2 d|("11n/1)m

D wiAr(n)As (%) ’

feHy (1)

Let us write ny = d¢ and n} = d¢’ where d = (n1,n}). Then d, ¢ and ¢ are squarefree and

airwisely coprime for squarefree n; and n/. Therefore
1 9

CRURCEOD S S SEP= D BB S5

P7 /na<dl,dl! <Q7 /no dy|dm n<m
(€.¢)=1

Y wirr(n)As <(dgfl#) ‘

feH; (1)

The Petersson trace formula yields that the sum over f € Hj (1) equals

(d2££/)m/4n1/2

2 M ( gm 2
5(na(€£) (d /dl))JrO( d}/2k5/6

73(n?) log k:) .
Clearly for d; | d™ and squarefree integers ¢ and ¢’ with (¢,¢') = 1, we have
n? = (0Y"(d™/dr)? = 0'(d™/dy) | n

Thus after summing over n, the d-symbol contributes

1 m(gm 1 d 1
D SO(mA () A d)?) < e Y =
n<z n<z /0’ (d™/dy)

log k

<

720
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while the O-term produces a term trivially bounded by

log k Q1(m/2+2) 73(n?) < (log k)°
G n o

n<zx

in view of our choices of x, 7 and Q.
Inserting these estimates into (2.17), it follows that

S, < (112 (log k)© Z Z Z déﬂ’

PI Jny<dl,dt’ <Q /ns

<kt Y TUD(C s LY

d<Q’ /na Pi/dne<t<QJ /dns
6 TL% b m
< (1)*(log k) P2 Z 7(d™).
d<Qi /n2

Together with the estimates of Sy, and (2.17), we get an upper bound for M (ns):

. n3 b m ) _
M(TLQ) < (j|)2(10gk)6p—22j Z T(d ) + (j')Qk 1/20+s.
d<QI /n2

In view of (2.13), we need to evaluate the following sum over squarefull integers.

Z 1/2 Z dm << Q] 1ng Z n71/2

n<Qi  d<Qi/n n<Q
< Q?(log k)™ *!

as there are O(v/1) squarefull integers less than ¢ and Y a<y T(d™) < t(logt)™. Together with
(2.13) and (2.14), we conclude that

S Tgmm s (PLQ)IY < k(log k) D 47 (j1)2Q7 P23 . (j1)2)19/20+
feH; (1)

which gives our desired result, by Stirling’s formula and @ < 2P. (|

¢ 3. Proof of Theorem 1

Let m e N, 2| k and f € Hj;(1). We have

(3.1) log L(s,sym™ f) = Z ZST;:;,) (¢ >1),
n=1

where

ap(p)™ +ap(p)m2Y 4+ -+ ap(p) ™ ] logp if n=p,
(32)  Agmmp(n) = { [ ]

0 otherwise.
Apparently |Agymms(n)] < (m + 1)logn for n > 1. To prove our theorem, we shall show

alternatively that for almost all f, log L(1,sym™ f) is well approximated by a short partial sum
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over primes. Actually, log L(1,sym™ f) has a good approximation by a partial sum of moderate

length when L(s,sym™ f) has a bigger zero-free region, which is available for most f € Hj(1).
As in [14], for each n € (0, 155, we define

(3.3) Hy

where S:={s: 0 >1—mn, |7] <100k"} U {s: o > 1}, and

(3.4) Hy o (1) i= HE(DNHE o (15).

According to (1.11) of [14], we have

(L;n) = {f e Hi(1) : L(s,sym™f) #0 for s € 5},

(3.5) |H1:,symm(1;77>| <y k2,

For f € H;symm(l; 1), we have the following result.

Lemma 5. Let n € (0,155] and 6y € (0,1] be fixed and m € {1,2,3,4}. Let 2 | k and
z = exp {[(logk)/T(m + 4)]° }. Then for any f € H',:’Symm(l;n), we have

log L(1,sym™f) = > > 10g< #)ﬁo(@).

p<z 0<5<m
The implied constant depends on 6, 1 and m only.

Proof. Let f € H;(1), T > 1 and & > 1. By the Perron formula ([22], Corollary II.2.1 with
B(z) =1 and a = 1), we have

1/logxz—iT s
Z Asymif(n)zi/ logL(erl,symmf)x—derO(log(iTx)qL1).
S

2in<e logn 211 J1)10g w—iT T x
Once f € H;“Symm (1;n), we have the upper estimate
(3.6) log L(s,sym™ f) <, log k

uniformly for ¢ > 1— 15 and |7| < (log k)*/". This is a particular case of Proposition 3.5 of [14]
(with o = 1n).

Now for f € H',:Symm( i)
log L(s + 1,sym™ f) by (3.6) over the contour. We see that

log(kTz) = (logk)(logT)
T * xn/4 >

we move the line of integration to o = —%77 and estimate

(3.7) Z Asymm s (n) =log L(1,sym™f) + O<

nlogn
2<n<zx

m 1
by taking the parameters 7' = (log k)*/" and = = exp {[(log k)/7(m + 4)]% }.
On the other hand, we have

S m"™ AS mm™m v
(3.8) 3 ;bgfn -y ¥ L f(PV )

2<n<zx p<zv<(logz)/logp p Ing

_ Z Z Z af(p)m—2v

vpY
p<z0<j<mv<(logz)/logp

DY {log (1 - 7O‘f(p;m_2j)l +0<§)}.

p<z 0<j<m
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Combining (3.7) and (3.8), we get the required result. O

The size of = given in Lemma 5, even though being quite small, is still insufficient for
our purpose. Making use of the proposition to remove the “exceptional forms”, we are able to

further reduce its size in the next two lemmas.

Lemma 6. Let m € N, §; > 0 and d3 > 0 such that §; — o — 2 > 0 be fixed. Suppose that

(3.9) 2|k and (log k)51 <P<Q<2P< [ 14/15(m+4)
Then we have
1
3.10 Ty £ (P, <
( ) ‘ y f( Q)| (10gk:)52

for all but except Og, 5,.m (k' %) forms f € Hj (1), where 6y := (61 — 62 — 2)/10(m + 4)8; > 0.
Proof. Define
(3.11) EL(P,Q) = {f € Hj(1) : (3.10) fails}.

We shall use the proposition in Section 2 with the choices

_ e log k oo 1
| logP ’ " 5(m+4)
to count |EL (P, Q)|. Plainly we have

kl/(3m+12) S P] < (2P)] S k7/(6m+24)

by (3.9), whence the proposition is applicable. This follows that
(3.12) |E, (P, Q)| < k((log k)?™) 271987 =i 4 ¢27 1087 = 1/21) (log k)02
On the other hand, the lower bound for P in (3.9) yields that
—jlog P+ j(2logj + d2logy k) + 6(m) logy k
< —c'logk + ('(logk)/log P +1)(2 + 02) logy k + 6(m) log, k
—{(61 — 62— 2)/61} logk + (0(m) + 2 + 62) log, k
—%c’{(él — 30y —2)/61} logk

IN

IN

and
— o logk + j(2log j + 02 log, k)

< ——10gk—|— (c'(log k)/log P+ 1)(2 + 02) log, k
— (5 — (2+62)/61) logk + (2 + 62) log, k
—%(— —(2+62)/61) logk.

Inserting these two estimates into (3.12) and noticing 5= — /(24 62) /81 > /(61 — 62 — 2) /61, we
get the desired result. This completes the proof. (I

IN

Lemma 7. Let m € N, 3 > 0 and 64 > 0 such that 1 — 203 — §4 > 0 be fixed. Suppose that
(3.13) 21k and  (logy k)% < P <Q <2P < (clogk)'/%,

where ¢ = (1 — 263 — 04)/24(m + 4)(6(m) + 2) > 0. Then we have

(3.14) [ Tygme (P, Q)] < P~

for all but except Og, 5, m (ke=@™+2DP) forms f € H(1).
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Proof. The argument is similar to Lemma 6. Define
(3.15) E2(P,Q) = {f € Hy(1) : (3.14) fails}.

But this time we apply the proposition with another choice of parameters

P
i=|c 1, = 729(7”) +4 .
10gP 1-— 2(53 - 54

By (3.13), it is easy to verify that e¢P™* < Pi < g2e¢’ = p1/6(m+4) o [7/(6m+24)  Thys we
deduce by the proposition that

(3.16) [12,(P, @) < k((log k) (™)¢271989 P 4 (20108 =1/21) p2oi,
Now, in view of our choices of ¢ and ¢, we have
— (1= 34)jlog P+ 2jlogj + 6(m)log, k
< —(1 = 64)' P +2(c'P% [log P + 1) 3 log P + 6(m) log, k
< —d(1 =283 — 04)P% + (O(m) + 2) log, k

< —1d(1— 285 — 5,) P

A

by the lower bound for P in (3.13), and

— 5 logk + j(2log j + 04 log P)
< —&logk + (¢'P% /log P + 1) (203 + 64) log P
< —Llogk + 2¢/(283 + 64) P%

— (52 — 2¢ (265 + 64)) P

< —1d(1—285 — 6,)P%

IN

by the upper bound in (3.13). We get the required result by these two estimates with (3.16).
This completes the proof. (I

Now we finish the proof of Theorem 1.
Let n € (0, 155] and & € (0,1] be fixed and m € {1,2,3,4}. Take §; (1 <i < 4) such that

1/91 >51 >2/(1—92), 52:2(50:293, 53:91, 54:92.

It is esay to verify that §; and d3 fulfill the conditions in Lemmas 6 and 7 respectively, and
1/53 > 01. Define

z = exp {[(log k)/T(m + 4)]™ }, y1 = (logk)™, y2 == (logy k)'/%.

Then we consider the following three cases according to the size of z.

1° The case z > x
The required formula follows immediately from Lemma 5 with a better upper bound O (k3!")

for the exceptional set in view of (3.5).
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2° The case yy < z< T
Using Lemma 5 with 2 = exp{[(logk)/7(m + 4)]%}, we can write

(3.17) logL(1,sym™f) =" Y 1og< #)1 +O<(log%)®) + Ry(sym™ f)

p<z0<j<m

for any f € H symn (131), where

Ry(sym™f):=— > 3 10g<1 oy ()™ 2]).

2<p<lx 0<j<m

This case will be done if we show that Rj(sym™ f) is negligible apart from a small exceptional

set of f. Clearly,
Asymm 1
Ry(sym™f) = E {7y pf(p) + O, (p_Q)}

z<p<lz
Asymm 1
- yif(P)+O<_),
z<p<lz p #

Define

P, =271z Q;:=min{2'2,2}, E! :=H,

k,sym™

(LmU U EL (P, Q)
i<Llogx

where EL (P, Q;) is defined as in (3.11). According to Lemma 6, we have

B <B4+ Y [BL(PL Q)| < (log k)™ k=
i<logx
and for f ¢ EL |

. 1
Rl(sym f) < - Z ‘Tsymmf(ljia Qz)| + ;
i<Llogx
< L +
(log k/:)(52—50 Z.

Inserting it into (3.17), we find that for f ¢ EL |

(p)m AN 1 1
(318) 1OgL 1 Sym Z Z 1Og (1 -, +O (logk)min{6o,(52—(50} + ; )

p<z0<j<m

which will give the required result.

3° The case y2 < z < y1
We truncate the tail as in (3.17), and use the estimate in the second case. Thus it remains

Ro(sym™f):=— Y > log (1—M).

2<p<ly1 0<5<m

to evaluate

Let us take

P =271 Q= min{Qiz,yl}, E2 : H];symm (L;m) U .<<1%Jg kEgn(Pqu)
? 2
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By Lemma 7, we have

|E2,| < K317 + foe~ (0(m)+2)=" log, k < fee—0(m)="?

and
1
i<Klog, k
1
< D Gt
i<Klogq k
< 1

for all f ¢ E2,.
Finally define E} := E! UEZ2 , then we have

| < he—0m=™,

In view of (3.19) and (3.18), we derive that

(3.20) log L(1,sym™f) = > Y log (1 ar(p)™ Qj)1+o<m+z%>

p<z0<j<m

for f € Hj.(1)\Ej, where 05 := min{do, 01, 62 —do}. Obviously this is equivalent to our required
result. The proof of Theorem 1 is thus complete. (I

§ 4. Proof of Corollary 2
By Theorem 1 with the choice of

z = logk, 0L =3 —¢, 0 =03 =¢,

there is a subset Ef of H; (1) such that |E}| < ke~ (log k)22 14

L(1,sym™ f) = {1+O< (log k)7 )},,1:[20<1J1m( Tm_%)_l

for each f € H} (1)\Ej. In view of (1.4) and the prime number theorem, it follows that

L(1,sym™f) < {1 +o(m)} 11 (1 - %)<m+1>

p<z

{14+ 0 G ) e oma

for all f € Hj (1)\E;. This proves the upper bound result in Corollary 2 and one can treat the

lower bound in the same way. ([
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