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Abstract
Let T > 0 fixed. We consider the optimal control problem for ana-
m

lytic affine systems : & = fo(x) + Z u; fi(z), with a cost of the form :
i=1

T m
C(u) = / Z u?(t)dt. For this kind of systems we prove that if there
0 =1

are no minimizing abnormal extremals then the value function S is sub-
analytic. Secondly we prove that if there exists an abnormal minimizer of
corank 1 then the set of end-points of minimizers at cost fixed is tangent
to a given hyperplane. We illustrate this situation in sub-Riemannian
geometry.

Key words : optimal control, value function, abnormal minimizers, subana-
lyticity, sub-Riemannian geometry.

1 Introduction

Let M be an analytic Riemannian n-dimensional manifold and xo € M. Con-
sider the following control system :

#(t) = f(z(t),u(t)), ©(0) = o (1)

where f = M x R™ — M is an analytic function, and the set of controls {2 is
a subset of measurable mappings defined on [0, T'(u)] and taking their values in
IR™. The system is said to be affine if :

flx,u) = folz) + Zuzfz(x) (2)



where the f;’s are analytic vector fields on M.

Let T > 0 fixed. We consider the end-point mapping E : u € Q
x(T, xg,u), where x(t,zo,u) is the solution of (EI) associated to u € € and
starting from xo at ¢ = 0. We endow the set of controls defined on [0, 7] with
the L%-norm topology. A trajectory Z(t,xo,u) denoted in short 7 is said to be
singular or abnormal on [0,T] if u is a singular point of the end-point mapping,
i.e, the Fréchet derivative of F is not surjective at u ; otherwise it is said regular.
We denote by Ace(T) the set of end-points at t = T of solutions of (El), u varying
in Q. The main problem of control theory is to study E and Acc(T'). Note that
the latter is not bounded in general. In [@] one can find sufficient conditions so
that Acc(T) is compact, or has non-empty interior. Theorem @ of this article
states such a result for affine systems.

Consider now the following optimal control problem : among all trajectories
of () steering 0 to € Ace(T), find a trajectory minimizing the cost func-

T

tion : C(u) :/ FP(zu(t), u(t))dt, where f° is analytic. Such minimizers do

not necessary egist ; the main argument to prove existence theorems is the
lower semi-continuity of the cost function, see [[J or [[§]. If € Acc(T), we
set S(z) = inf{C(u) / E(u) =z}, otherwise S(z) = +oc0 ; S is called the value
function. In general f© is choosen in such a way that the value function has a
physical meaning : for instance the action in classical mechanics or in optics,
the (sub)-Riemannian distance in (sub)-Riemannian geometry. We are inter-
ested in the regularity of the value function and the structure of its level sets.
In (sub)-Riemannian geometry level sets of the distance are (sub)-Riemannian
spheres. To describe these objects we need a category of sets which are stable
under set operations and under proper analytic maps.

An important example of such a category is the one of subanalytic sets (see
[I13]). They have been utilized by several authors in order to construct an
optimal synthesis or to describe Acc(T) (see [[L1]], [RF]). Unfortunately this class
is not wide enough : in [E], the authors exhibit examples of control systems
in which neither S nor Acc(T) are subanalytic. However Agrachev shows in
M (see also [fll, [Ld]) that if there are no abnormal minimizers then the sub-
Riemannian distance is subanalytic in a pointed neighborhood of 0, and hence
sub-Riemannian spheres of small radius are subanalytic. Following his ideas, we
extend this result to affine control systems with quadratic cost (Theorem @
and corollaries).

Abnormal minimizers are responsible for a phenomenon of non-properness
(Proposition @), which geometrically implies the following property : under
certain assumptions the level sets of the value function are tangent to a given
hyperplane at the end-point of the abnormal minimizer (Theorem @) This re-
sult was first stated in [E] for sub-Riemannian systems to illustrate the Martinet
situation.

An essential reasoning we will use in the proofs of these results is the fol-
lowing (see notably Lemma [£.§). We shall consider sequences of minimizing
controls u,, associated to projectivized Lagrange multipliers (p,(T),p%), so that



we have (see section 2) :
Pu(T)dE(un) = —pluy (3)

Since (u,,) is bounded in L? we shall assume that u,, converges weakly to u. To
pass to the limit in (B) we shall prove some regularity properties of the end-
point mapping E (section 3). Contrarily to the sub-Riemannian case the strong
topology on L? is not adapted in general for affine systems, whereas the weak
topology gives nice compacity properties of the set of minimizing controls (see

Theorem [[.12).

The outline of the paper is as follows : in section 2 we recall definitions of
subanalytic sets and the Maximum Principle. In 3 we state some basic results
on the regularity of the end-point mapping. Section 4 is devoted to continuity
and subanalyticity of the value function S. Finally, in 5 the shape of the level
sets of the value function in presence of abnormal minimizers is investigated.
We illustrate this situation in sub-Riemannian geometry.

I would like to thank A. Agrachev for many advices and remarks which
helped me in this work.

2 Preliminaries

2.1 Subanalytic sets
Recall the following definitions, that can be found in [[[4], [L7].

Definition 2.1. Let M be a finite dimensional real analytic manifold. A subset
A of M is called semi-analytic iff, for every x in M, we can find a neighborhood
U of z in M and 2pgq real analytic functions g;;, hi; (1 <i<pand1<j<gq)
such that

p
ANU=|J{yeU / gij(y) =0 and hi;(y) >0 for j=1...q}

i=1
We let SEM (M) denote the family of semi-analytic subsets of M.

Unfortunately proper analytic images of semi-analytic sets are not in general
semi-analytic. Hence this class must be extended :

Definition 2.2. A subset A of M is called subanalytic iff, for every x in M,
we can find a neighborhood U of z in M and 2p pairs (¢¢, A?) (1 < i < p and
§ = 1,2), where A? € SEM (M) for some real analytic manifolds M, and
where the maps qﬁf : Mi‘s — M are proper analytic, such that

ANU = U(@1 (AD\GF (A7)

We let SUB(M) denote the family of subanalytic subsets of M.



The class of subanalytic sets is closed under union, intersection, complement,
inverse image of analytic maps, image of proper analytic maps. Moreover they
are stratifiable. Recall the following :

Definition 2.3. Let M be a differentiable manifold. A stratum in M is a
locally closed submanifold of M.

A locally-finite partition S of M is called a stratification of M if each S in
S is a stratum such that :

VI'eS TNFrS#0=TcCFrSanddimT < dim S

Endly, a map f: M — N between two manifolds is called subanalytic if its
graph is a subanalytic set of M x .

The basic property of subanalytic functions which makes them useful in
optimal control theory is the following. It can be found in @]

Proposition 2.1. Let M and N denote finite dimensional real analytic man-
ifolds, and A be a subset of N. Given subanalytic maps ¢ : N — M and
f: N — R, we define :

VeeM (z) =inf{f(y) / yeo '(x)NA}
If ¢4 1s proper, then ¢ is subanalytic.

2.2 Maximum principle and extremals

According to the weak mazximum principle [@] the minimizing trajectories are
among the singular trajectories of the end-point mapping of the extended system
in M xR :

B(t) = fl@(t)ult)) (4)
i%t) = fOa(t),u(®))

They are called extremals. If E and C are differentiable, then there exists a
Lagrange multiplier (p(T),p®) (defined up to a scalar) such that :

p(T)dE(u) = —p"dC(u) (5)
where dE(u) (resp. dC(u)) denotes the differential of E (resp. C) at u. More-
over, (z(T),p(T)) is the end-point of the solution of the following equations :

. oH . OH OH
= —

_ap’p_ or > ou (6)
where H =< p, f(z,u) > +p°f°(z,u) is the Hamiltonian, p is the adjoint vector,
<, > the inner product on M and p° is a constant. The abnormal trajectories
correspond to the case p° = 0 and their role in the optimal control problem has
to be analyzed. The extremals with p° # 0 are said normal. In this case p°
is usually normalized to —i. We will use this normalization to prove Theorem
@. To prove Theorem we will use another normalization by considering
projectivized Lagrange multipliers, i.e. (p(T),p") € P(T*M). We say that an
extremal has corank 1 if it has an unique projectivized Lagrange multiplier.



Affine systems Consider in particular analytic affine control systems on M :

#(t) = fo(z) + Zuifi(w)a z(0)=0 (7)

where the f;’s are analytic vector fields, with the problem of minimizing the

following cost :
T m
Clu) = / S w2ty (8)
0 =1

The Hamiltonian is :

i=1 =1

Parametrization of normal extremals We suppose p* = —%. Then normal
OH
controls can be computed from the equation : v 0, and we get :
U
Vi=1...m u; =<p, fi(x)> 9)

Putting in system (ﬂ), we get an analytic differential system in 7 M parametrized
by the initial condition p(0). From the general theory of ordinary differential

equations we know that solutions depend analytically on their initial condition.

Denote such a solution by (0, Pp(0))- Let upo) = (< Pp(o), [1(Tp0)) >, <

Pp(0), fm(Tp(oy) >) ; from (9) up(o) is @ normal control associated to xp). Now

we can define :

T;oM - LQ([OaT]va)

Definition 2.4. The mapping ® :
PpImg p(0) —  upo)

is analytic.

This mapping will be useful to check subanalyticity of the value function in
section 4.

3 Regularity of the end-point mapping

Let M be an analytic complete n-dimensional Riemannian manifold and x( €
M. Our point of view is local and we can assume : M = R",xzg = 0. We
only consider analytic affine control systems (ﬂ) The statements in this section
except for Proposition @ are quite standard, and we include proofs only for
convenience of the reader.

3.1 The end-point mapping

Let T'> 0 and x, be the solution, if exists, of the controlled system :



where u = (u1,...,uy,) € L*([0,T],IR™). Since we allow discontinuous controls,
the meaning of solution of the previous differential system has to be clarified.
In fact this means that the following integral equation holds :

e T )= [ foler)+ X whlear) dr

Definition 3.1. The end-point mapping is :
E:Q — R"

u — x,(T)

where Q C L%([0,T],IR™) is the domain of FE, that is the subset of controls u
such that x,, is well-defined on [0, T].

E is not defined on the whole L? because of explosion phenomena. For
example consider the system @ = x? + v ; then x, is not defined on [0, 7] for
u=1if T > 5. Anyway we have the following :

Proposition 3.1. Let T > 0 fixed. We consider the analytic control system
(). Then the domain Q of E is open in L?([0,T], R™).

Proof of the Proposition. It is enough to prove the following statement :

If the trajectory z, associated to u is well-defined on [0, T'], then the
same is true for any control in a neighborhood of u in L?([0, 7], R™).

Let V' be a bounded open subset of R" such that : V¢ € [0,T] xz,(t) € V.
Let 8 € C>*(R",[0,1]) with compact support K such that § = 1 on V. We
can assume that K = B(0,R) = {x € R"/||z|| < R}. For i =0...m we set
fi = 0f;. Then it is clear that x, is also solution of : & = fo(z) + 3 u;fi(x).

For all v € L2 let , be the solution of 7, = fo(iv) + Zviﬁ(iv), Z,(0) = 0.
i=1
We will prove that Z, = z, in a small enough neighborhood of w.
Lemma 3.2. The ﬁ are globally lipschitzian on IR™, that is :
JA>0 / Vie{0,...,m} Vy,z€ B" ||fi(y) — fi(2)|| < Ally — 2|
Proof of the Lemma. Let i € {0,...,m}. f; is C! hence is locally lipschitzian
at any point :

Vo € B(0,2R) 3ps, Ae >0 / Vy,z € Bz, ps) ||fi(y) — fi(2)]| < Azlly — 2|

From compacity, we can substract a finite number of balls which cover B(0, 2R) :
B P
Ipe N / B(0,2R) C | JB(x;, px,)
j=1

Let A = supA,, and p = 1min(£,minp,,). Let us prove that fi is A-
'3 3

lipschitzian :
Let y,z € R".



Loif fly — 2| <p

e if 4,2 € B(0,2R) then there exists j € {1,...,p} such that y,z €
B(x;, ps;), and the conclusion holds.

o if y,z ¢ B(0,R) then f;(y) = fi(z) = 0, and the inequality is still
true.

All other cases are impossible because ||y — z|| < p

2.4f [ly—zl| >p:

Let M = sup [|fiy) = f(2)]| = sup ||fi(y) = fi(2)||. Then :
y,z€K y,z€R™

. . M
Ifi(y) = ful2)l| < M < 7|Iy — 2|

and the conclusion holds if moreover A is choosen larger than %.

For all ¢ € [0,T] we have :
) - 2001 = 1 [ t<fo<:zu<f>> = o(au(r)))ar
/ Zvl Fu(r)) = filFu(r))dr
/Zvl () i@ ())dr |

/1+Z|vz DlZu(r) — 2 (7)lldr + hu (1)

where hy(t) = || / Z 0i (1) — wi (7)) fi(Zu (7))dT ||
Set M' = max sup ||f1( )||. We get from the Cauchy-Schwarz inequality :
zeR™

Vi e [0,T] ho(t) < M'NT v —ul|L
Hence for all € > 0 there exists a neighborhood U of u in L? such that :
YoeU Vtel0,T] hy(t) <e

Therefore :

Vi€ [0,T] [[Zu(t) — Zo(1)]] < A/O |(1+sz‘(7))| |Zu(7) = Zo(7)||dT + €



We get from the Gronwall Lemma :

VEE[0,T] ||Za(t) — F0(t)]| < ce? o |OFE vilm)ldr < (@ATHAKVT

which proves that (Z,) is uniformly close to &, = x,. In particular if the
neighborhood U is small enough then : V¢ € [0,T] x,(t) € V, and hence
Ty = Xy, which ends the proof. O

3.2 Continuity

If v and v,,n € IN are elements of L?([0,T]), we denote by v, — v the weak
convergence of the sequence (v,) to v in L.

Proposition 3.3. Let u = (uy,...,un) € Q and x,, be the solution of the affine
control system :

i=1

Let (up)nem be a sequence in L*([0,T], R™). If uy, L then for n large enough
Ty, s well-defined on [0,T] and moreover ,, — x,, uniformly on [0,T].

n

Proof. The outline of the proof is the same as in Proposition @ Let V be
a bounded open subset of R"™ such that : Vt € [0,T] =z,(t) € V. Let 6 €
C*>(R", [0, 1]) with compact support K such that § =1 on V. We can assume
that K = B(0,R) = {x e R™ /||z|| < R}. For i =0...m we set f; = 0f;. Then
it is clear that x, is also solution of : & = fo(z) + Zuzfz( ). Foralln € N

let &, be the solution of Zu, = fo(Fu,) + Y tnifi(Eu,), Fu, (0) = 0. We will
i=1
prove that if n is large enough then z,, = z,,, .
For all ¢t € [0,T] we have :

1800 = 20, Ol = 1 [ Gol@ulr) = foan, (1)
/ zum Jil@u(r)) = Jil@u, (1))
/ Z wni(7) = (7)) fi (@ (7)) dr |

/1+Z|um DI1Zu(7) = Fun (Dlldr + ha(2)

where h,(t) = || / Z U, i (T) — ui (7)) fi(Zu (7))d7 ||. The aim is to make h,,

uniformly small in ¢, and then to conclude we use the Gronwall inequality.



From the hypothesis : u, — u, we deduce : Vi € [0,T] h,(t) — 0.

— 400

Let us prove that h, tends uniformly to 0 as n tends to infinity. We need the
following Lemma :

Lemma 3.4. Let a,b € R and E be a normed vector space. For all n € IN let
fn i la,b] — E be uniformly a-hlderian, that is :

Jo, K >0 / Vn € N Va,y € [a,b] ||fu(z) — fu(y)ll < K|z —y[|*
If the sequence (f,) converges simply to an application f, then it tends uniformly

to f.

Proof of the Lemma. Taking the limit as n — oo, it is first clear that f is
a-hlderian.
Let e >0and a = 29 < 21 < --- < o, = b be a subdivision such that

1
Vi w41 —x; < 57 Forall 4, fu(x;) tends to f(z;), hence :

INEN / Va2 N Vie{0....pb [lfale) = fla)l < 3

Let x € [a,b]. Then there exists ¢ such that « € [x;, x;+1]. Hence :

fn(@) = @) < | fa(2) = falw)ll + [ fnli) = fl)ll + || f(2i) = f(2)]]

g
<Ko —ail® + 5 + Kl — wi]l°

N

g

Set : M’ =max sup ||fi(x)|]. We get :
v zeR™

[ (2) = hn(y)| < M’

[ lunsol + X i) s

x
Moreover we get from the Cauchy-Schwarz inequality : / lu| < [|ullpz]z — ] 7,

Furthermore the sequence (u,,) converges weakly, hence is bounded in L?. There-
fore there exists a constant K such that for all n € IN :

hn () — ho(y)| < K|z —y|*

Hence from Lemma @ we conclude that the sequence (hy,) tends uniformly to
0, that is :

Ve>03dNeN / Vn>N Vte[0,T] |ha(t) <e
And hence, if n > N

VE€[0,T] [|Zu(t) — Fu, ()] < /|1+sz W Ea(7) — Fu, (7)||dT + €



We get from the Gronwall Lemma :
VEE[0,T] [|Zu(t) — Fu, (1)]| < eeATHARYT

which proves that the sequence (Z,,, ) tends uniformly to Z, = x,,. In particular
if n is large enough then : V¢t € [0,T] a,,, (¢t) € V and hence Z,, = x,,, which
ends the proof. 0

Remark 3.1. This Proposition can be found in [@], but the author uses the
following argument : if w,, tends weakly to 0 then |u,| tends weakly to 0, which
is not true in general (take u,(t) = cosnt). That is the reason why we need
Lemma B.4. Otherwise the proof is the same as in [J].

To check differentiability in next subsection we will need the following result :

Proposition 3.5. Let u € Q and x,, be the associated trajectory. Then for any
bounded neighborhood U of u in 2 C L? there exists a constant such that for all
v,w € U and for allt € [0,T)

|z (t) — 2w (B[] < Cllv — w]|L

Proof. Writing :

Ty = fO(zv> + szfz(xv)

=1

b = fole) + f;wifi(m
we get, for all ¢ € [0, 7] : )
ot) = @] = 1 [ (S06) = 0l o) + foenls) — alals)
. S )l = e () )

< zi:/ot [vi —wil || fi(zo)||ds + /Ot [|folxy) — fo(zw)]|ds

3 [l o) = Ao s

Now, if v and w are in a bounded neighborhood U of u in L?, then according
to Proposition @, the trajectories x, and z, take their values in a compact
K that depends only on U. The vector fields fo, f1,..., fm being smooth, we
claim that there exists a constant M > 0 such that for all v,w € U and for all 4

[ fi(zo)l| < M
fi(@o) = filza)ll < Ml|zy — 20|

10



Endly without loss of generality we can assume that U is contained in a ball of
radius R centered in O € L2, so that

VweU ||lw||lrz <R

Hence plugging in the upper inequality, and using the Cauchy-Schwarz inequal-
ity, we obtain :

Ve [0,T] [lzy(t) — zw(®)|] < A/O |lzo(s) — 2w (s)l|ds + Blv — wl| L2

where A and B are non negative constants. Finally we get from the Gronwall
Lemma :
vt e [0,T] [lzo(t) — 2w (B[] < Cllo — w||L2

with C = BeT4, which ends the proof. O

3.3 Differentiability

Let v € Q and z, the corresponding solution of the affine system () We
consider the linearized system along x,, :

Yo = Auyo + Byv, 4,(0) =0, ve L? (10)

where A, (t) = dfo(xy) + Zuidfi(acu) and By(t) = (fi(xy), ..., fm(zy)). Let
i=1
M, be the n x n matrix solution of

M’ = A M, M,(0)=1Id (11)

‘We have :
s R"

. 2_ .
w s ay(T) is L*-Fréchet

Proposition 3.6. The end-point mapping E :

differentiable, and we have :
T
Vo e Q dE(u).w = / Moy (T) Mo (5)~ Bu(s)v(s)ds
0

Proof. Let u € L%([0,T],IR™). Let us prove that E is differentiable at u. Con-
sider a neighborhood U of 0 in 2, and let v € U. Without loss of generality we
can assume that there exists R > 0 such that for all v € U : ||v||f2 < R. Let
. (resp. T,i,) the solution of the affine system ([]) with the control u (resp.
with the control u + v) :

m

Typo = fO(qurv)+Z(ui+vi)fi(zu+v) (12)
S fo(zu)JrZUz‘fi(iEu) (13)

11



We get

i'u-i-v — Ty, = Z’Uifi(xu-i-v) + fO(xu-i-v) - fO(-Tu) + Zul(fl(xu-l-v) - fl(‘ru))

i=1 i=1

Moreover, for all i =0...m

fi(xu-i-v) - fO(xu) = dfi(xu)-(xu—i-v - -Tu) +

1
/ (1- t)dei(t:cu + (1 = )@yto) - (Tugv — Tu, Tugo — Ty )dt
0

Hence we obtain _
0=A,0+ B0+~

where
5(t) = Ty+v (t) — Ty (t)
and
~(t) = ’Uz(t)/o dfi(sxy + (1 = 8)@ytv) - (Tutw w)ds

1
+ / (1- t)deo(S:L'u + (1= 8)Tyto) - (Tutv — Tuy, Totv — Ty )dS
0

+

=1

(14)

m 1
Zuz(t)/ (1 —t)d? fi(s2y + (1 — 8)Tysv)-(Tuto — Ty Tuto — Ty )ds
0

Now for all v € U we have : |[v||z2 < R, thus from Proposition B.5 there exists

a compact K in R" such that
Yo eU Vs e€[0,1] szyu(s)+ (1 —s)xutu(s) € K

The f;’s being smooth, we get, using again Proposition E :

m

vt € [0,T] [l < exlfollze Y foi(®)] + eallolF2 (1 + Y ui(t)])

i=1 =1

Now solving equation ([4) we obtain

/M u(s)v(s)der/O M, ()M, (s) '~ (s)ds

Hence for t =

uso(T) — 24 (T /M ()7 Bu(s)0(s)ds|

T m
< erllolle / S (Ol + sl 2 / L+ fus()))e
0 =1 0 i=1

< esllvllZ

12



2 — R"

[ My (T)My(s) ™" By (5)0(s)ds
and continuous. Hence the end-point mapping is Fréchet differentiable at wu,
and its differential at w is this latter mapping. O

Moreover the mapping : is linear

Remark 3.2. Here it was proved that E is differentiable on L2. It can be found
also in [2J]. Usually (see [R1]) it is proved to be differentiable on L.

Remark 3.3. The control u is abnormal and of corank 1 if and only if Im dE(u)
is an hyperplane of R".

Proposition 3.7. With the same assumptions as in Proposition @, we have :

U B u = dE(u,) — dE(u) asn — +oo
Proof. For s € [0,T], set Ny (s) = My, (T)M,(s)~* .
Lemma 3.8. N, = —-N,A,,N,(T)=1d

Proof of the Lemma. The matrix N, M, is constant as ¢ varies, hence (N, M,,)" =
0. Moreover : (N,M,) = N, M, + N, A, M,, and we get the Lemma. O

Lemma 3.9. u, = u = Ny, — Ny, uniformly on [0,T].

Proof of the Lemma. For t € [0,T], we have :
Nolt) = Nur 1) = [ (Mo () (@, (9) + 3 0 (5) 0, (4))

= Nu(s) (dfolwa(s)) + Y ui()dfi(au(s))) ) ds
= [ (009 = M) i, (9)

+ Nu(s) (dfo, () = dfola(5))

+ (N, () = Nu(s)) D tni(5)dfi (2, (5))

+ Nu(s) Z “n,l(s) (dfi(xun (s)) — dfz(xu(s)))

N
Il
-

 Nu() D (tna(s) = i) df(u(s)) ) ds

From the hypothesis : u,, — u, and from Proposition @, we get that z,,, tends
uniformly to x,, and hence for all 4, df;(z,,) tends uniformly to df;(x,) on
[0, T7].

13



Secondly, set : hy,(t) :/ Z Un,i(s) — u;i(s)) Nu(s)dfi(zu(s))ds. Using the

same argument as in the proof of Proposition @ we prove that h,, tends uni-
formly to 0.
Hence we get the following inequality :

Ve>0 INEN /Vn>N Vtel0,T]
V() — / INu(s) — Nu, (3)]lds + ¢

The Gronwall inequality gives us :

vt € [0,T] ||Nu(t) = Nu, ()| < T
and the conclusion holds. O
Lemma 3.10. u, Kou= B, — B, uniformly on [0,T].

Proof of the Lemma. From Proposition @, we know that z,, tends uniformly
to x,, hence for all 4, f;(x,,) tends uniformly to f;(z,), which proves the
Lemma. O

We know that the differential of the end-point mapping has the following
form :

T
Vo € L*([0,T]) dE(u).v :/ Ny (8)By(s)v(s)ds
0
Therefore from the preceeding Lemmas we get :
Yo € L*([0,T)) dE(uy).v — dE(u).v

which ends the proof of the proposition. O

4 Properties of the value function and of its
level sets

Let T > 0 fixed. Consider the affine control system (f]) on R™ with cost (§).
We denote by Ace(T) the accessibility set in time T, that is the set of points
that can be reached from 0 in time 7.

4.1 Existence of optimal trajectories
The following result is a consequence of a general result from [B], p- 286.

Proposition 4.1. Consider the analytic affine control system in IR"™

&= fo(x Zuzfz =ux0, (1) =mx
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with cost o om
Clu) = / Sty
0 =1

where T' > 0 is fived and the class ) of admissible controllers is the subset of
m-vector functions u(t) in L*([0,T], R™) such that :

1. YueQ x, is well-defined on [0,T)].
2. dBr / Yue ) Vte [O,T] ||:L'u(t)|| < Br.

If there exists a control steering xg to x1, then there exists an optimal control
minimizing the cost steering xg to xy.

4.2 Definition of the value function
Definition 4.1. Let 2 € R". Define S : R" — R* U {400} by :
e If there is no trajectory steering 0 to x in time T, set : S(x) = +o0.
e Otherwise set : S(x) = inf{C(u) / u € E~1(x)}.
S is called the value function.
Definition 4.2. Let r,T > 0. Define the following level sets :
1. M.(T)=S"1(r).
2. M, (T) = S~([0,r]).

Combining Proposition @, arguments of Proposition @ and the fact that the
control u = 0, if admissible, is minimizing, we get :

Proposition 4.2. Suppose the control w = 0 is admissible. Then there exists
r > 0 such that any point of M<,(T) can be reached from 0 by an optimal
trajectory.

Hence if r is small enough, M, (T') (resp. M<,(T')) is the set of extremities
at time T of minimizing trajectories with cost equal to r (resp. lower or equal to
r). It is a generalization of the (sub)-Riemannian sphere in (sub)-Riemannian
geometry.

Theorem 4.3. If r small enough then the subset M<,(T) is compact.

Proof. First of all, with the same arguments as in Proposition @, it is easy
to see that M¢,(T) is bounded if r is small enough. Now in order to prove
that it is closed, consider a sequence (zp)nen of points of M, (T) converging
to x € R". For each n let u, be a minimizing control steering 0 to z,, in time
T : 2, = E(u,) (the existence follows from Proposition f.4). Then for all n,
C(u,) < r, which means that the sequence (u,) is bounded in L2([0,T], R™),

and therefore it admits a weakly converging subsequence. We can assume that
2

u, 2 u. In particular : C(u) < r. Moreover from Proposition B.d we deduce :
x = E(u). Hence u is a control steering 0 to z in time 7" with a cost lower or
equal to r. Thus : © € M, (T). This shows that the latter subset is closed. O
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Remark 4.1. M, (T) is not necessarily closed. It is due to the fact that S can
have discontinuities, see Example @

4.3 Regularity of the value function

We can now state the main theorem of this section.

Theorem 4.4. Consider the analytic affine control system (ﬁ) with cost (E’)
Suppose r and T are small enough (so that any trajectory with cost lower than
r is well-defined on [0,T]). Let K be a subanalytic compact subset of M<,(T).
Suppose there is no abnormal minimizing geodesic steering 0 to any point of K.
Then S is continuous and subanalytic on K.

Corollary 4.5. If ro and T are small enough and if there is no abnormal
minimizer steering 0 to any point of M<,,(T), then for any r lower than ro,
M, (T) and M, (T) are subanalytic subsets of IR".

This result generalizes to affine systems a result proved in [EI] for sub-
Riemannian systems (see also [ﬂ],[@]) The main argument to prove suban-
alyticity is the same as in [[l], i.e. the compactness of Lagrange multipliers
associated to minimizers, see Lemma @ below.

If Q = L2([0, 7], R™), i.e. if trajectories associated to any control u in L? are
well-defined on [0,7], then any point of Ace(T) can be joined by a minimizing
geodesic. Theorem becomes :

Theorem 4.6. If Q = L2([0,T], R™) and if there is no abnormal minimizing
geodesic, then S is continuous on IR™ ; moreover Acc(T) is open and S is
subanalytic on any subanalytic compact subset of Acc(T).

Proof of Corollary [{.3. Tf o is small enough then from Theorem [£.d Mc,,(T)
is compact. We need a Lemma :

Lemma 4.7. If r < ro then Mg, (T) is contained in the interior of Mg,,(T).

Proof of the Lemma. Let x be a point of M¢,(T). From hypothesis, x is the
extremity of a regular geodesic associated to a regular control u. Hence E is
open in a neighborhood of u in L2. Therefore there exists a neighborhood V' of
x such that any point of V' can be reached by trajectories with cost close to r ;
we can choose V' so that their cost does not exceed rg. Hence V- C M, (T),
which proves that z belongs to the interior of M« (T). O

Let now K be a subanalytic compact subset containing M, (T") and M, (T').
We conclude using Theorem Q and definition of the latter subsets. O

We only prove Theorem @ The proof of Theorem Q is similar.
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Proof of Theorem @ First of all, note that Ace(T) is open. For if z € Acc(T),
let © be a minimizing control such that x = F(u). From the assumption, u can
not be abnormal. Thus it is normal, and dE(u) is surjective. Hence from the
implicit function theorem, E is open in a neighborhood of u. Therefore there
exists a neighborhood of x contained in Acc(T'), thus the latter is open.

We first prove the continuity of S on R". Take a sequence (x,,) of points of
R" converging to x. We shall prove that S(x,) converges to S(z) by showing
that S(z) is the unique cluster point of the sequence (S(z,,)).

First case : x € Ace(T). Clearly : Ace(T) = L>JOM<T(T), and moreover :

r < 7re = Mg, (T) C Mg, (T). Hence there exists r such that z and z,, for
n great enough are points of M, (T). Now for each n there exists an optimal
control u, steering 0 to z,, with a cost C(u,) = S(z,) < r. The sequence
(un) is bounded in L2, therefore it admits a weakly converging subsequence.
We can assume that u, — u. From Proposition @, we get : © = E(u). Let a
be a cluster point of (S(z,))nen. We can suppose that S(zy) T From

the weak convergence of u,, towards u we deduce that : C(u) < a. Therefore :
S(x) < a. Let us prove that actually : S(z) = a. If not, then there exists a
minimizing control v steering 0 to x with a cost b strictly lower than a. From
hypothesis, v is normal, hence as before E is open in a (strong) neighborhood
of v in L?. It means that points near = can be attained with (not necessarily
minimizing) controls with cost close to b. This contradicts the fact that S(zy,)
is close to a if n is large enough. Hence a = S(z).

Second case : x ¢ Acc(T). Then S(x) = 4+o0. Let us prove that S(z,) —
+oo. If not, considering a subsequence, we can assume that S(x,) converges
to a. For each n let u, be a minimizing control steering 0 to x,,. Again, the
sequence (u,,) is bounded in L?, hence we can assume that u,, — u € L?. From
the continuity of E we deduce : x = E(u), which is absurd because z is not
reachable. Hence : S(z,) — +oo.
n—-+o0o

Let us now prove the subanalyticity property. Let K a compact subset of
Ace(T). Here we use the first normalization for adjoint vectors (see section 2.2),
that is we choose p’ = —% if the extremal is normal. The following Lemma
asserts that the set of end-points at time T" of the adjoint vectors associated to
minimizers steering 0 to a point of K is bounded :

Lemma 4.8. {p,(T) / E(u) = z,(T) € K,u is minimizing} is a bounded sub-
set of R™.

Proof of Lemma IE If not, there exists a sequence (x,,) of K such that the as-

sociated adjoint vector verifies : ||p,(T)|] -, T Substracting a converging

n—-+oo

subsequence we can suppose that x, A2 Now let u,, be a minimizing con-
n—-10oo

trol associated to x,, that is : 2, = E(uy,). The vector p,(T) is a Lagrange
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multiplier because u,, is minimizing, hence we have the following equality in L? :

2

L
P (T).dE(uy,) = —p°uy,
Dividing by ||p»(T)|| we obtain :

MdE(un) L ;pou (15)

[P (T (DI
Actually there exists r such that K C Mg, (T). Hence : C(u,) < r, and
the sequence (u,) is bounded in L2([0,T],IR™). Therefore it admits a weakly

convergent subsequence. We can assume that : w, — u € L?. Furthermore,

pn(T)
[lpn (TH1]
HZ;E;;H — 1 € R". Passing to the limit in (E), and using Proposition @,
we obtain :

the sequence ( ) is bounded in IR"™, hence up to a subsequence we have :

Y.dE(u) =0 where z = F(u)
It means that u is an abnormal control steering 0 to z in time 7. From the
assumption, it is not minimizing, hence : C'(u) > S(z). On the one part, since
Uy i minimizing, we get from the continuity of S that C(u,) — S(z). On
the other part, from the weak convergence of (u,) towards u we deduce that
C(u) < S(z), and we get a contradiction. O

The previous Lemma asserts that end-points of adjoint vectors associated to
minimizers reaching K are bounded. We now prove this fact for initial points
of adjoint vectors :

Lemma 4.9. {p,(0) / E(u) € K, u is minimizing} is a bounded subset of IR".

Proof of Lemma @ Let M, be defined as in (@) From the classical theory
we know that :

Pu(0) = pu(T)Mu(T)
In the same way as in Lemma @ Wwe can prove :
2
up Bou = M, (T) — M,(T) asn — +0o00

Now if the subset {p,(0) / E(u) € K, u is minimizing} were not bounded, there
would exist a sequence (uy,) such that ||p,,, (0)|| — +oo. Up to a subsequence

we have : w, = u,z, = FE(u,) — x € K, and with the same arguments

as in the previous Lemma, v is minimizing. Then it is clear that ||p,, (T)|| =

|[Pu, (0) M H(T)]| 0 +00. This contradicts Lemma [£.§. O
n—-—+oo

Let now A be a subanalytic compact subset of R™ containing the bounded
subset of Lemma @ Then, if z € K :

S(z) = inf{Cod(p) / p € (Eop)™" (x) N A}

(see Definition @ for ®). Applying Proposition @ we get the local subanalyt-
icity of S. o
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Remark 4.2. In sub-Riemannian geometry (i.e. fo = 0) the control u = 0 steers
0 to 0 with a cost equal to 0, thus is always a minimizing control. Moreover
it is abnormal because Im dFE(0) = Span {f1(0),..., fm(0)} has corank > 1.
Hence hypothesis of Corollary @ is never satisfied. That is why the origin
must be pointed out. In ], Agrachev proves that the sub-Riemannian distance
is subanalytic in a pointed neighborhood of 0, and hence that sub-Riemannian
spheres of small radius are subanalytic.

The problem of subanalyticity of the sub-Riemannian distance at 0 is not
obvious. Agrachev/Sarychev ([@]) or Jacquet () prove this fact under certain
assumptions on the distribution. In fact for certain dimensions of the state space
and codimensions of the distribution, the absence of abnormal minimizers (and
hence subanalyticity of the spheres) and non-subanalyticity of the distance at
0 are both generic properties (see [f]).

Nevertheless for affine systems with fo # 0, the control w = 0 (which is
always minimizing since C'(u) = 0) is not in general abnormal. In fact it is not
abnormal if and only if the linearized system along the trajectory of fy passing
through 0 is controllable. Such conditions are well-known. For example we have
the following :

If fo(0) = 0, set A = dfp(0),B = (f1(0),..., fm(0)). Then the
control u = 0 is regular if and only if rank(B|AB|---|A""1B) = n.

The regularity property is open, that is :

Proposition 4.10. If u is reqular then :
Ir >0/ VYo |lu—0v|lgz<r= v is regular.

Proof. If not : Vn v, / |lu—vnl|z2 < £ and v, is abnormal. Hence :

Ipn, llonll =1 / V0 prdE(v,) =0

Now the sequence (p,) is bounded in IR"™, hence up to a subsequence p,, con-
verges to ¢ € R™. On the other part, v, converges to u in L2, hence from
Proposition @ we get :

¥.dE(u) =0

which contradicts the regularity of u. O
Hence we can strengthen Corollary [.5 and state :
Corollary 4.11. Consider the affine system (ﬂ) with cost (B) If u =0 is ad-

missible on [0,T] and is regular, then for any r small enough, S is continuous
on M, (T) and is subanalytic on any subanalytic compact subset of M, (T).
Moreover if r is small enough then M, (T) and M<,(T) are subanalytic subsets

of R".
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4.4 On the continuity of the value function

In Theorem Q we proved in particular that if there is no abnormal minimizer
then S is continuous on M¢,(T"). Otherwise it is wrong, as shown in the follow-
ing example.

Example 4.1. Consider in IR? the affine system & = fo(x) + ufi () with

0 0
fof%, fli(’)_y

Fix T' > 0. It is clear that for any u € L2, z,, is well-defined on [0, 7]. We have :

Hence
Ace(T) ={(Ty) / ye R}

The value function takes finite values in Acc(T), and is infinite outside, thus is
not continuous on R"™. Note that for any control u, dE(u) is never surjective,
thus all trajectories are abnormal.

In the preceding example, S is however continuous in Acc(T). But this is
wrong in general, see the following example.

Example 4.2 (Working example). Consider in R? the affine system & =

fo + ufi with
0 0
=(1+y%)= = —
fO ( +y )axa fl 8y
Fix T = 1. The only abnormal trajectory v is associated to u = 0 : y(¢t) = (¢,0).
Let A =~(1) ; we have S(A) = 0. The accessibility set at time 1 is :

Acc(1) = AU{(z,y) € R* | = > 1}

1
Consider now the problem of minimizing the cost C(u) = / u?(t)dt. Normal
0

extremals are solutions of :

o= 1+y° Jo=py
Pz = 0 py = —2yp,

Set p, = A. The area swept by (z(1),y(1)) as \ varies is represented on fig. [l.
The level sets M..(1) of the value function S are represented on fig. E The
family (M,.(1)),>0 is a partition of Ace(1). Note that the slope of the vector u,
tends to infinity as r tends to 0.
The level sets M,.(1) ramify at A, but do not contain this point, thus they
are not closed. Now we can see that the value function S is not continuous at A,
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y \‘WAzO
A>0

X

Figure 1: A <0

Figure 2: the level sets of the value function

even inside Acc(1). Indeed on M,.(1), S is equal to 7, but at A we have S(A4) = 0.

We can give an equivalent of the value function S near A in the area (A < 0)
(see fig. [ll). Computations lead to the following :
Y

1

Note that when y # 0 is fixed, if £ — 1,z > 1, then A — —oo. This is a
phenomenon of non-properness due to the existence of an abnormal minimizer.
This fact was already encountered in sub-Riemannian geometry (see [{]). In the
next section we explain this phenomenon.

In this example A is steered from 0 by the minimizing control v = 0. We
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easily see that the set of minimizing controls steering 0 to points near A is not
(strongly) compact in L2 In fact we have the following :

Theorem 4.12. Consider the analytic affine control system (ﬂ) with cost (B’)
Suppose r and T are small enough. Then S is continuous on M, (T) if and
only if the set of minimizing controls steering 0 to points of M, (T) is compact
in L2,

Remark 4.3. In sub-Riemannian geometry the value function S is always contin-
uous, even though there may exist abnormal minimizers. This is due to the fact
that S is the square of the sub-Riemannian distance (see for instance [f]). Note
that in [[L] (see also [fl]) the set of minimizing controls joining M, (T') = B(0,r),
r small enough, is proved to be compact in L2.

Proof of Theorem . Suppose S is continuous on M, (T'), and let (tun)nen
be a sequence of minimizing controls steering O to points z,, of M, (T'). From
Theorem [£.3 we can assume that ,, converges to z € Mc,(T). Let u be a min-

1mizin COHtI‘Ol steerin, 0 to x. Since S is continuous we get : U, 2 —_—
L
n—-+o00

[lu||r2. The sequence (uy) is bounded in L2, hence up to a subsequence it con-
verges weakly to v € L? such that ||v||2 < ||u|[z2. On the other part from
Proposition B.d we get = E(v). Therefore |[v||z2 = ||u||z2 since u is minimiz-
ing. Now combining the weak convergence of u, to v and the convergence of
[|un||z2 to ||v]|12 we get the (strong) convergence of u,, to v in L?. This proves
the compacity of minimizing controls since v is minimizing.

The converse is obvious. O

5 Role of abnormal minimizers

5.1 Theorem of tangency

This analysis is based on the sub-Riemannian Martinet case (see [{]) : it was
shown that the exponential mapping is not proper and that in the generic case
the sphere is tangent to the abnormal direction. This fact is general and we
have the following results.

Lemma 5.1. Consider the affine control system (ﬂ) with cost (B’) Assume that
there exists a minimizing geodesic v on [0,T] associated to an unique abnormal
minimizing control u of corank 1, and that there exists r > 0 small enough
such that A = 4(T) € M, (T). Denote by (p1,0) the projectivized Lagrange
multiplier at A. Let o(T)o<r<1 be a curve on M, (T) such that }IL% o(t) = A.

For each T we denote by P(1) C P(T}

o(7)

M) the set of projectivized Lagrange
multipliers at (1) : P(1) = {(pu(7),0)) / E(u) = o(7),u is minimizing}.
Then :

P(r) — {(p1,0)}

that is, each Lagrange multiplier of P(7) tends to (p1,0) as 7 — 0.
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Proof. For each 7 let u, a minimizing control steering 0 to o(7). For any
7 €]0,1] let (p-(T),p2) € P(r). Let (1,¢°) be a cluster point at 7 = 0 :
there exists a sequence 7, converging to 0 such that (p;, (T),p2 ) — (¥,¢°).
The sequence of controls (u,, ) is bounded in L2, hence up to a subsequence it
converges weakly to a control v € L? such that C(v) < r. If r is small enough
then from Proposition @, v is admissible. Moreover from Proposition E we
get : F(v) = A, and the assumption of the Lemma implies v = u. Now write
the equality in L? defining the Lagrange multiplier :

pr,(T).dE(ur,) = —p7, ur,
and passing to the limit we obtain (Proposition B.7) :
Y.dE(u) = — u
Since u has corank 1, we conclude : (1,%°) = (p1,0) in P(T5M). O

Let E be the end-point mapping for the eztended system in R" x R :

& = fo(x) + Y _uifi(x)
= (16)

If P e M.(T) C R", we denote by P = (P,r) the corresponding point in
the augmented space. In the same way, we denote by M, (T), M<,(T) the
corresponding sets in the augmented space.

Theorem 5.2. Suppose the assumptions of Lemma ~are fulfilled, and set
ro = S(A). If moreover M<,(T) is Cl-stratifiable near A = (A, rg), then the
strata of J,\\I@(T) are tangent at A to the hyperplane Im dE(u) m R" x R.
If moreover A € M,,(T), m1 < r, then vy > ro and the strata of M, (T) are
tangent at A to the hyperplane Im dE(u) in R", see fig. E

Proof. Let N be a stratum of MgT(T) of maximal dimension near A. Let
(5(7))o<r<1 be a C1 curve on N such that Hn% o(t)=A,and 5(7) = (o(7), 7).

The aim is to prove that limo &'(r) € Im dE(u). From the assumption on the
T

stratum N, Im dE(u,) is the tangent space to N at (7). By definition of the
Lagrange multiplier, (p,(T),p?) is normal to this subspace. Moreover (p1,0)
is normal to the hyperplane Im dE'(u) Now from Lemma @ we deduce :
Im dE(u,) e Im dE(u). The conclusion is now clear since &(7) € Im dF (u).

The second part of the Theorem is proved similarly. O

23



R R Im dE(u) x {r1}

AL T dE(u) x {ro} " (4.n)

|

M, (T) x {r1}
N Im dE (u)
M, (T)
Joow
R Im dE(u)
sub-Riemannian case affine case

Figure 3: tangency in the augmented space

(r,@/ z (r,@/ @
. /

(a) flat case (b) generic case

Figure 4:

Example 5.1. In [E] a precise description of the SR sphere in 3-dimensional
Martinet case is given. Generically, the abnormal minimizer has corank 1. The
section of the sphere near the end-point of the abnormal minimizer with the
plane (y = 0) is represented on fig. {, (b).

In the so-called flat case, the abnormal is not strict, and the shape of the
sphere is represented on fig. E, (a). In this case, the set of Lagrange multipliers
associated to points near (—r,0) with z < 0 is bounded. That is why the slope
does not converge to 0 as z — 0,z < 0.

Hence Theorem @ gives a geometric explanation to the pinching of the
generic Martinet sphere near the abnormal direction.

Example 5.2. Consider again the affine system of Example @ We proved
that the set M, (1) is tangent at A to the hyperplane Im dFE(u) = ]Ra%.
Note that, as in the preceding example, computations show that the branch
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that ramifies at A is not subanalytic (see fig. ). In fact, it belongs to the
exp-log category (see @) More precisely this branch has the following graph
near A :

e_i%
v =1+ F(y, 7 )

where F' is a germ of analytic function at 0, and we have the following asymptotic

expansion :
2

-3

We get the following asymptotics of the value function :

1 _ar
r=1+ 4—y4 —3y%e v +o(y’e
r

1y gt 2 4
Zx—1+:c—le ' +O(x—le )

S(‘T’y) =

S is not subanalytic at A.

5.2 Interaction between abnormal and normal minimizers

Consider the affine system ([]) with cost (§), and assume there exists a mini-
mizing geodesic v on [0, 7] associated to an unique abnormal control of corank
1. Denote by A = ~(T).

Call normal point an end-point at time T' of a normal minimizing geodesic.
We make the following assumption :

(H) For any neighborhood V of A there exists at least one normal
point contained in V' N Mg, (T).

To describe the normal flow we use the first normalization of Lagrange mul-
tipliers (i.e. p” = —3 for normal extremals), which allows us to define the
mapping @, see Definition @ Now set exp = Fo® ; it is a generalization of
the (sub)-Riemannian exponential mapping. We have :

Proposition 5.3. Under the preceding assumptions the mapping exp is not
proper.

Proof. Let (A,) be a sequence of normal points of M¢,(T") converging to A.
For each A, let (pn(T),—3) be an associated Lagrange multiplier. Applying

Lemma [.] we get : @ -3 _, 0, thus in
Ve (D241 n—+oo Vpa (D12+; n—+oo

particular : ||p,(T)|| - +00. Now with the same arguments as in Lemma
n—-1+:oo
[.9 we prove : [|p,(0)]| 7, oo By definition : A,, = exp(p,(0)), hence exp
n—-r+oo
is not proper. O
Remark 5.1. Conversely if exp is not proper then with the same arguments as
in Lemma @ there exists an abnormal minimizer. This shows the interaction
between abnormal and normal minimizers. In a sense normal extremals recog-

nize abnormal extremals. This phenomenon of non-properness is characteristic
for abnormality.
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5.3 Application : description of the sub-Riemannian sphere
near an abnormal minimizer for rank 2 distributions

Let (M, A, g) be a sub-Riemannian structure of rank 2 on an analytic n-dimensional
manifold M, n > 3, with an analytic metric g on A. Our point of view
is local and we can assume that M is a neighborhood of 0 € R", and that
A = Span {f1, fo} where f1, fo are independant analytic vector fields. Up to
reparametrization, the problem of minimizing the cost (E) at time T fixed is
equivalent to the time-optimal problem with the constraint u? + u3 < 1. Let

4 be a reference abnormal trajectory on [0,r], associated to a control 4 and
an adjoint vector p. We suppose that 4 is injective, and hence without loss of
generality we can assume that §(t) = exp ¢ f1(0).

We make the following assumptions :

(H1) Let K(t) = Im dE,(a) = Span {ad”f1.fs5,k > 0} be the first Pon-
triaguine cone along 4. We assume that K (¢) has codimension 1 for any
t €]0,7] and is spanned by the n—1 first vectors ad” f1.fo5,k =0...n—2.

(Hz) ad?fs.f115 ¢ K(t) along 4.
(Hg) fllfy ¢ {adkfl.fgw, k=0... ,n— 3}

Under these assumptions 4 has corank 1. Moreover from [@] 4 is minimizing
if r is small enough, and @ is the unique minimizing abnormal control steering
0 to 4(r). Hence assumptions of Lemma are fulfilled.

Let now V be a neighborhood of $(0) such that all abnormal geodesics start-
ing from 0 with p,(0) € V satisfy also the assumptions (Hy) — (Hz2) — (Hz3).
Note that if V' is small enough, they are also injective. We have, see [@] and

]

Proposition 5.4. There exists v > 0 such that the previous abnormal geodesics
are optimal if t < r.

Corollary 5.5. The end-points of these abnormal minimizers form in the neigh-
borhood of 4(r) an analytic submanifold of dimension n—3 if n > 3, reduced to
a point if n = 3, contained in the sub-Riemannian sphere S(0,r).

Hence in the neighborhood of 4(r) the sub-Riemannian sphere S(0,r) splits
into two parts : the abnormal part and the normal part. To describe S(0,r)
near 4(r) we have to glue them together. If the hypothesis of C''-stratification
is fulfilled then the normal part ramifies tangently to the abnormal part in the
sense of Theorem E This gives us a qualitative description of the sphere near

A(r).
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