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Non injectivity of the g-deformed von Neumann algebra
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Université de Franche-Comté - Besancon
U.F.R des Sciences et Techniques
Département de Mathématiques
16 route de Gray - 25030 Besancon Cedex
nou@math.univ-fcomte.fr

Abstract. In this paper we prove that the von Neumann algebra generated by g-gaussians is
not injective as soon as the dimension of the underlying Hilbert space is greater than 1. Our
approach is based on a suitable vector valued Khintchine type inequality for Wick products.
The same proof also works for the more general setting of a Yang-Baxter deformation. Our
techniques can also be extended to the so called g-Araki-Woods von Neumann algebras recently
introduced by Hiai. In this latter case, we obtain the non injectivity under some asssumption
on the spectral set of the positive operator asociated with the deformation.
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1 Introduction

Let Hg be a real Hilbert space and H¢ its complexification. Let T' be a Yang-Baxter operator
on He ® He with ||T|| < 1. Let Fr (Hc) be the associated deformed Fock space and T'7(Hg)
the von Neumann algebra generated by the corresponding deformed gaussian random variables,
introduced by Bozejko and Speicher [[] (also see [{]). In addition, we will assume that 7T is
tracial, i.e that the vacuum expectation is a trace on I'rv(Hg) (cf [H]). Under these assumptions,
it was proved in [fl] that I'r(Hg) is not injective as soon as dim Hg > (1 )2, where ||T|| = q.
Since then the problem whether I'r(Hg) is not injective as soon as dim Hg > 2 had been left
open. We emphasize that this problem remained open even in the particular case of the q-
deformation, that is when T' = go, where o is the reflexion : 0(§ ® n) = n® £. Recall that
the free von Neumann algebra I'g(Hg) (corresponding to 7" = 0) is not injective as soon as
n = dim Hg > 2, for I'y(Hg) is isomorphic to the free group von Neumann algebra VN (F,,) (cf.
[[g). The main result of this paper solves the above problem.

To explain the idea of our proof we first recall the main ingredient of the proof of the
non injectivity theorem in [[]. It is the following vector-valued non-commutative Khintchine
inequality. Let (e;);c; be an orthonormal basis of Hg. Let K be a complex Hilbert space
and B(K) the space of all bounded operators on K. Then for any finitely supported family
(ai)ier C B(K)

Z a; @ G<€z>

iel

\/— {HZ(Z&,HBK),HZ(MG HBK)}

el i€l

1 1
max{uza:am;m,uza@-aiu;m} <

el el

where G(e) = a*(e) + a(e) is the deformed gaussian variable associated with a vector e € Hpg.
Using this Khintchine inequality and the equivalence between the injectivity and the semi-
discreteness, one easily deduces the non-injectivity of I'r(Hg) as soon as dim Hg > 1i—(;2.

The proof of our non-injectivity theorem follows the same pattern. We will first need to
extend the preceding vector-valued non-commutative Khintchine inequality to Wick products.
It is well known that for any &, a finite linear combination of elementary tensors, there is a
unique operator W (&) € I'r(Hg) such that W (£)Q = &. Instead of the previous inequality, the
main ingredient of our proof is the following. Let n > 1. Let (&)=, be an orthonormal basis
of HE" and (oy) C B(K) a finitely supported family. Then

max {|| Y " a; ® R Gl <) s @ W) < (n+1)C, maX{|’Zal®R*k£Z|’} (1)
jil=n

0<k<n = 0<k<n

where the norms in the left and right handside have to be taken in B(K) ®ui, HE"* ®;, HZ
(see Theorem 1 below for the precise statement). Inequality (1) is the vector-valued version of
Bozejko’s ultracontractivity inequality proved in [fJ] and thus it solves a problem posed in [}
Using (1) and a careful analysis on the norms of Wick products on a same level, we deduce our
non-injectivity result.

The plan of this paper is as follows. The first section is devoted to necessary definitions and
preliminaries on the deformation by a Yang-Baxter operator and the associated von Neumann
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algebra. In this section, we also include a brief discussion on the simplest case, the free case,
i.e. when T' = 0. All our results and arguments become very simple in this case, for instance,
inequality (1) above is then easy to state and prove. The proof of the non-injectivity of I'g( Hg)
can be done in just a few lines. The reason why we have decided to include such a discussion
on the free case is the fact that it already contains the main idea for the general case. In the
second section we will establish (1) and prove the non-injectivity of I'r(Hg). The last section
aims at proving the non-injectivity of the Araki-Woods factors I',(H, U;) introduced by Hiai in
[[J. Note that Hiai proved a non-injectivity result with a condition on the dimension of the
spectral sets of the positive generator of Uy, which is similar to that of [[]. The problem is left
open whether the dimension can go down to 2. Although we cannot completely solve this, our
method permits to improve in some sense the criterion for non-injectivity given in [[J].

2 Preliminaries

Recall that the free Fock space associated with Hpg is given by

Fo (He) = @HS’"

n>0

where HE" is by definition CQ2 with 2 a unit vector called the vacuum.
A Yang-Baxter operator on He ® H¢ is a self-adjoint contraction satisfying the following
braid relation :

TT(THIRT)=(THIT)(Tx®I)
FornZZandlgkgn—lwedeﬁneTkoan"by

Tk = _[Héfl RT ® IH(gfkfl

Let S, be the group of permutations on a set of n elements. A function ¢ is defined on S,, by
quasi-multiplicative extension of :

p(me) = T
where 1, = (k,k + 1) is the transposition exchanging k and k + 1, 1 < k < n — 1. The

) is the following operator defined on HZ" by :

P =" (o)

gESy

symmetrizator P;"

P%n) is a positive operator on HZ" for any Yang-Baxter operator T and is strictly positive if 7'
is strictly contractive (cf. []). In the latter case we are allowed to define a new scalar product
on HZ" (for n > 2) by :

& myr = (& Pn)

The associated norm is denoted by ||.||r. The deformed Fock space associated with T is then
defined by

Fr (Htc) = @Hgn

n>0

where HE" is now equipped with our deformed scalar product for n > 2. From now on we will
only consider a strictly contractive Yang-Baxter T" and ||T|| < ¢ < 1.
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For f € Hg, a*(f) will denote the creation operator associated with f, and a(f) its adjoint
with respect to the T-scalar product :

()@ @f)=[hHhE @ fa

For f € Hg the deformed gaussian is the following hermitian operator :
G(f) = a’(f) +a(f)

Throughout this paper we are interested in I'r(Hg) which is the von Neumann algebra
generated by all gaussians G(f) for f € Hg :

I'r(He) = {G(f): f € Hr}" C B(Fr(Hc))
Let (e;)i;er be an orthonormal basis of Hg and set
tfjr = <68 ® er, T(ei & 6j)>

Then the following deformed commutation relations hold :
alea’(ej) = ) tiia*(e)(es) =
r, s€l

Moreover if the following condition holds
(es®@ep,Te,®@e;) = (e, ®ej, Tes ® e;)
which is equivalent to the cyclic condition :

sr __ 4TJ

St

then the vacuum is cyclic and separating for I'7(Hg) and the vacuum expectation is a faithful
trace on I'r(Hg) that will be denoted by 7. If this cyclic condition holds we say that T is
tracial, and from now on we will always assume that 7" has this property.

We will denote by I'}?(Hg) the subspace I'r(Hg)2 of Fr (Hc). Since Q is separating for
Lr(Hg), for every £ € I'P(Hg) there exists a unique operator W () € I'r(Hg) such that

W) =¢

W is called Wick product.
The right creation operator, a’(f), is defined by the following formula :

a(f)i® - f)=H® & f

We will also denote by a,.(f) the right annihilation operator, which is its adjoint with respect to
the T-scalar product, by G, (f) the right gaussian operator, and by I'r,(Hg) the von Neumann
algebra generated by all right gaussians. It is easy to see that I'r,(Hr) C I'r(Hgr)'. Actually,
by Tomita’s theory, we have

FT,T(HR) = SFT(HR)S = FT(HR)/
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where S is the anti linear operator on Fr (Hc) (which is actually an anti unitary) defined by

for any fi,---, f,, € Hg. Since Q is also separating for Iy, (Hgr) we can define the right Wick
product, that will be denoted by W,.(&). For any & € I'°(Hg) we have

(W) =w(5§)  and  SW()S =W, (5¢)

Some particular cases of deformation have been studied in the literature. Let (g;;);, jer be a
hermitian matrix such that sup, ; |¢;;| < 1. Define

T@i X €; = ;€5 X e;

Then T is a strictly contractive Yang-Baxter operator, and it is tracial if and only if the ¢;; are
real. Our deformed Fock space is then a realisation of the following g;;-relations :

alei)a*(e;) — gija”(ej)ale;) = di

In the special case where all ¢;; are equal, we obtain the well known g-relations.
Let us define the following selfadjoint unitary on the free Fock space :

vfl;---uanH(Cu U(f1®®fn):fn®®fl

Since U P}") = P}")U (cf. [I3), U is also a selfadjoint unitary on each T-Fock space.
Given vectors fi,..., f, in Hg we define :

a(fi®-®@f)=a(fi)...a"(fn) and a(fi®@ - @ fu) =a(f1)...a(fn)

For 0 <k <n, let R, be the operator on Hg" given by

Rk = Z plo)

O’ESn/Sn_kXSk

where the sum runs over the representatives of the right cosets of S,,_x x Sj in S,, with minimal
number of inversions. Then

P = Ry (P M @ PY) and (|Rll < C, (2)
where C, = [](1—¢")" (cf. [B] and [[3]). It follows that
n=1
P < C,Pf M @ PP (3)

It also follows that a*, respectively a, extend linearly, respectively antilinearly, and continuously
to HZ" for every n > 1. Then for each vector £ € HZ" we have

la*(€)]l < C2lléllr and (a*(6))* = a(UE). (4)

Letn>1land 1<k <n, Hg"*k ®H§k will be the Hilbert tensor product of the Hilbert spaces
Hgk and Hg’"‘k where both Hg’k and Hg’"‘k are equipped with the T-scalar product.
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Lemma 1 There is a positive constant Dy, such that
P/J(ﬂn—k) Q P}k) S Dq,nJcP'](“n)

Consequently for everyn > 1 and 1 < k <n, HZ" and Hg’k ®Hg’"_k are algebraically the same
and their norms are equivalent.

Remark : It is still not known whether one can choose D, , ; independent of n and k.

Proof : It was shown in [f[]] that there is a positive constant w(q) such that

PP @I <wlo)™ P
Since U(PI™ Y @ NU = I ® PV we also have

1o P <w(q™ P (5)
Fix some k, 2 < k <n — 1, using (3) and (4) we get :

P}n—k+1) 2 P%k—l) CqP}n—k) 9 I® P}k—l)

<
< qu(q)_lP}n_k) ® P}k)

Thus by iteration it follows that for 0 < k < n :

PP @ P < w() (Cowla) )" By (6)
Since U(P(" " P(k WU = P(k) ® P(" " it follows from (6) that

P @ P < w(q)H(Cowlg) )Py

Combining this last inequality and (6) we finally obtain :

PP @ PP < w(g) ™ (Cowlg)ymtn O Py (™)
Then the desired result follows from (3) and (7). ]

For k > 0 let us now define on the family of finite linear combinations of elementary tensors
of length not less than & the following operator Uy:

Ui @ ® fo) =a* (A ® @ far)a(fy i @ ® )
where £ + i =& —in for all £, n € Hg.

Fix n and k with n > k. Let J : Hgk — Hgk be the cogjugationLWhich is an anti
isometry). For any fi,---, fn, J isdefined by J(f1® - ® f,) = f1® - ® f,. It is clear that
Uy extends boundedly to HZ" % @ HZ* by the formula :

Up=M(a" ®aT)
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where M is the multiplication operator from B(Fr (H¢)) ®@min B(Fr (Hc)) to B(Fr (He)) de-
fined by M(A ® B) = AB. Moreover, by (f]) we have

1]l < [M]].]|e" ® aT || < Cy

where U}, is viewed as an operator from HE" % @ HE* to B(Fr (He)).

In the following lemma we state an extension of the Wick formula (Theorem 3 in [[J]). We
deduce it as an easy consequence of the original Wick formula and of our previous discussion.

Lemma 2 Let n > 1 and & € HE", then HE™ C T'P(Hg) and we have the following Wick
formula :

W(E) =Y UsRp (&) (8)
k=0
Moreover 5
1€l < W < Cf (n+ 1)[€]l, (9)

Remark : (f) is the well known Bozejko’s inequality discussed in [P] and [[J], and which implies
the ultracontractivity of the g-Ornstein Uhlenbeck semigroup. We include an elementary and
simple proof.

Proof : The usual Wick formula is the following (cf [B] and [[3]) : Vfi,..., fn € Hc we have

Whe@f)=> >  Up0)(h® o f)

k=0 O’ESn/Sn_kXSk

Hence (f) holds for every & € A, = {linear combinations of elementary tensors of length n}.
By Lemma 1 and our previous discussion, the right handside of () is continuous from HE" to
B(Fr (Hc)). Since § is separating, it follows that HZ™ C T'F(Hg) and that (§) extends by
density from A, to HZ". Actually, our argument shows that for any £ € H®", W () belongs
to C5(Hg) which is the C*-algebra generated by the T-gaussians.

Since for any £ € HZ", W(£)Q = &, the left inequality in () holds. We have just showed
that W is bounded from HZ™ to B(Fr (Hc)). Hence, there is a constant B,,, such that for any
£ € HE™ we have |[W(&)|| < B,.|l€llg- To end the proof of (f]) we now give a precise estimate
of By,. Let £ € HE", by (B) and (3) we have

Wl < Z 1Ux B 1 (O] < Cy Z 1825 1 (] ron—rg e (10)

It remains to compute the norm of R}, , as an operator from HZ™ to HE" " @ HE*. Letn € HE"
we have, by (2) and (3)

IRy gl on-ropere = (P2 @ PRVR; i, Ry o
= (P, R o < |nllel| Rl e

On the other hand,



(PP Ry, Ry o < Cy( P @ PV RY o, Ry o
< Co(PYn, R o
< Cyllnllzll Ryl

| R, k77||T

1
Hence it follows that || Ry, ,nllr < Cgllnllr and || R;, WHHW*k@Hgk < Cyglnll3- Thus [|R;, || < CF

as an operator from HE" to HZ" *® HZ*. From ([[0) and this last estimate, follows the second
inequality in ().
[

The remainder of this section is devoted to a simple proof of the non-injectivity of the
free von Neumann algebra ['o(Hg) (dim Hg > 2). The main ingredient is the vector valued
Bozejko inequality (Lemma 3 below), which is the free Fock space analogue of the corresponding
inequality for the free groups proved by Haagerup and Pisier in [[I] and extended by Buchholz
in [ (see also [[]). Note also that the inequality (11) below was first proved in [[1] in the case
n =1 (i.e. for free gaussians) and that a similar inequality holds for products of free gaussians

(see [A)-

We will need the following notations : (e;);e; will denote an orthonormal basis of Hg, and for
amulti-index 7 of length n, i = (41,...,4,) € I", ¢; = ¢;; ®- - -®e;,. (€i)|ij=n is a real orthonormal
basis of HZ™ equipped with the free scalar product and (e;)};>0 is a real orthonormal basis of
the free Fock space.

Lemma 3 Let n > 1, K a complex Hilbert space and (oy)j—n a finitely supported family of
B(K). Then :

1 =
finite matrix, say a r X s matrix, and its norm is the operator norm in B(l§(K),l5(K)).

Proof : We write
Z%®W Z&

where

we have

Fk = ( .. IK & a*(el) . )|l‘|:n—k(al‘7l & I]:()(H(C)) \‘%tz—k [K (059 CL(@L)



that is, Fy is a product of three matrices, the first is a row indexed by j, the third a column
indexed by [. Note that

IC-a™(eg) - Dg=nilP =1 Y @ (e)@ (€)= 1 Y a(ej)aUe)]

|z\:nfk \l'|:n7k:

It is easy to see that > a*(e;)a(Ue;) is the orthogonal projection on @ H®P.

\l\:n—k p>n—k

Thus

Therefore

=k

IRl < MG T @a™(eg) - jji=nsll- (05,1 @ Lry ey 1s=nmr |- || | Tre @ aler)

|L|=F

IA

1 a™(eg) ) jlmnill 1y, ) i=n=e [ (... a*(Uer) .. )=l

ltl=k
< (e, 1) ti=n-s |

L=k

It follows that

n

1Y a@W(e)] <D IF) < (n+1) max [[(a, 1)y |

0<k<n l|=Fk
lil=n k=0 .

To prove the first inequality, fix 0 < ko < n and consider (v,)jpj—k, such that Y~ [[v,]|* < +oc.

lpl=ko
Let n= > v, ®Ue,. We have :
lpl=ko ~ B
1> as@Wenl® = D IFal® > || Fonll?
|i|=n k=0
= | Y agmeel
lil=n—Fko
ILl=kg
= > 1Y al?
lil=n—ko [l=ko
2
= (g, ) z=n—no | v
=7 ll=ko .
|Ll=ko
Then the result follows. ]

Using Lemma 3, it is now easy to prove that I'(( Hg) is not injective as soon as dim Hg > 2.
Suppose that I'g(Hg) is injective and dim Hg > 2. Choose two orthonormal vectors e; and e
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in Hg. For n > 1 we have by semi-discreteness (which is equivalent to the injectivity):

D Wle) Wiey) | <1 W(e) @ Wie|
il= lil=n

where in the above sums, the index i € {1,2}". However,

S Wle)Wie) | = D (W(e)Q W(e)Qo
= lil=n

= > el =2"
li|=n
On the other hand, by Lemma 3,

1Y Wl @We)| < (n+1) max {|(W(e;1) D)= 1}

0<k<n
li|=n

< (n+1) ZHW@ZII2
< +1)(2”(n+1) 2)3
< (n+1)%2:

Combining the preceding inequalities, we get 2" < (n + 1)?22 which yields a contradiction for
sufficiently large n. Therefore, I'o(Hg) is not injective if dim Hg > 2.

3 Generalized Haagerup-Bozejko inequality and non in-
jectivity of FT(HR)

In the following we state and prove the generalized inequality (1). It actually solves a question
of Marek Bozejko ( in [B] page 210) whether it is possible to find an operator coefficient version
of the following inequality (this is inequality () in Lemma 2):

IIZaezll<IIZaz ) < Cin+1) IIZ%GZII (12)

where («;); is a finitely supported family of complex numbers. Inequality (12) was proved in
[B] for the g-deformation, and generalized in [[3] for the Yang-Baxter deformation.

First, we need to recall some basic notions from operator space theory. We refer to [[[(] and
[[4] for more information.
Given K a complex Hilbert space, we can equip K with the column, respectively the row,
operator space structure denoted by K., respectively K,, and defined by

K,=B(C,K) and K, = B(K*C).
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Moreover, we have K = K, as operator spaces.

Given two operator spaces F and F', let us briefly recall the definition of the Haagerup
tensor product of F and F. E ® F will denote the algebraic tensor product of EF and F. For
n > 1 and x = (z; ;) belonging to M, (E ® F) we define

]| (hny = I [Y |0z, ) || 2] 2ty () }

where the infimum runs over all » > 1 and all decompositions of x of the form

T

Tij = E ik ® 2k
k=1

By Ruan’s theorem, this sequence of norms define an operator space structure on the completion

of E® F equipped with || . [[s = || . |[(n,1)- The resulting operator space, which is called the

Haagerup tensor product of £ and F' is denoted by E ®), F.

In this setting, a bilinear map u : E x F' — B(K) is said to be completely bounded, in short

c.b, if and only if the associated linear map @ : F® F — B(K) extends completely boundedly

to E ®p, F. We define ||ul|s = ||@]|e- This notion goes back to Christensen and Sinclair [J].
We will often use the following classical identities for hilbertian operator spaces :

K. @min H, = K. @y H, = ]C<ﬁ7 K>7
where K stands for the compact operators and
Kc @min Hc = Kc Qn Hc = (K ) H)c

and similarly for rows using duality.

There is another notion of complete boundedness for bilinear maps, called jointly complete
boundedness. Let E, F' be operator spaces, K a complex Hilbert space, and u : Ex F — B(K)
a bilinear map. wu is said to be jointly completely bounded (in short j.c.b) if and only if
for any C*-algebras By and Bs, u can be boundedly extended to a bilinear map (u)p, 5, :
E ®@min B1 X F @uin By = B(K) ®min B1 ®@min B taking (e ® by, f ® by) to u(e, f)® by @ by.
We put |[ul|je = sup [[(u)g,,5,||. Observe that in this definition B; and B, can be replaced by

B, B2
operator spaces.

We will need the fact that every bilinear ¢.b map is a j.c.b map with ||ul/;e < |Ju||e. Let K
be a complex Hilbert space and u: B(K) x K. — K, the bilinear map taking (¢, k) to ¢(k).
Then it is easy to see that u is a norm one bilinear cb map.

To simplify our notations, H¢ will be, most of the time, replaced by H in the rest of this
section. For the same reason we will denote by H®™ (respectively H®") the column Hilbert
space (HZ™). (respectively the row Hilbert space (HE"),).

Lemma 4 Let n > 1. The mappings a* : HZ" — B(Fr (Hc)) and a : Fi@n — B(Fr (He))
are completely bounded with cb-norms less than \/6(1.

Proof : Let us start with the proof of the statement concerning a*. Let n > 1, K a complex
Hilbert space and (a;)ij=, a finitely supported family of B(K) such that

I Z a; & 61||B(K)<§§mian < 1.

lil=n

11



Then, since the maps a*(e;) acts diagonally with respect to degrees of tensors in Fr (Hc),

1D s @ a ()| B()min B (1)) = sup 1D s @ a™(e0) | ) plares, Hrom ey

lil=n = lil=n

To compute the right term, fix & > 0 and let (§;);= be a finitely supported family of
vectors in K such that

I Z £i® 61HK®2H®k < 1.

lj|=k
By (3) we have
1
1Y~ 0i(&)) ® e ® e)llgapmene < CEIY (&) @ €; @ €l ko ronaymon-
Y Y

Let u: B(K) x K. — K, given by (¢,&) — ¢(§). Recall that ||ul|s = 1. Consequently,
|u||jer < 1. Therefore, we deduce

1) 0i(&)) ® € @ ¢jllkapmongamsr = 1) 0il§)) @ € @€l gong . gor
ij ij

= (W) ger per(D_ci®er, Y& @6yl
i j

< lulljel Z i @ €3l g0y 112 | Z §i © €5ll S
i i

< 1

By the result just proved, for any complex Hilbert space K and for any finitely supported
family (ay)jij=n of B(K') we have

I Z @; @ a*(€:)|| B @minBFr(He) < VO Z a; @ eiHB(K)@mian@”
|i|=n |i|=n
Taking adjoints on both sides we get
1Y i ® aUe)|lsu)emnsEr ey < VColl Y af @@l e, gon
|i|=n li|=n

Changing o} to o; and using the fact that U (reversing the order of tensor) is a complete
isometry on H®", we get that for any finitely supported family (o;)jj=n of B(K) we have

1>~ 01 ® @) | 5() 0B () < VCall D 00 @ @il ey, O™
Jil= jil=n
In other words,
a: H" — B(Fr(He))

is also completely bounded with norm less than \/(_jq. ]
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Corollary 1 For anyn >0, and any k € {0...n},
Uk . Hégmik ®h H?k — B(fT (H(c))

is completely bounded with cb-norm less than C|,.

Proof : Let us denote by M the multiplication map B(Fr (Hc))®n B(Fr (He)) — B(Fr (He))
given by A ® B +— AB, M is obviously completely contractive. We have the formula

Up=M(a" ®aT)

if 7 : H®" — H" is the conjugation (which is a complete isometry). By injectivity of the
Haagerup tensor product and by Lemma 4 we deduce that

la* ® aT || < Cy
Then
[Ukllew < [[M[|aplla” @ aT || < Cy

]
Recall that, by definition, I'}°(Hg) is identified with I'7(Hg) by the mapping sending £ to
W (). Thus I'P(Hg) inherits the operator space structure of I'r(Hg). In particular for all
n >0, H®" will be equipped with the operator space structure of E,, = {W (), £ € H®"}.
Theorem 1 below was first obtained via elementary, but long, computations. In the version
presented here, we have chosen to follow an approach indicated to us by Eric Ricard. This
approach is much more transparent but involves some notions of operator space theory.

Theorem 1 Let K be a complex Hilbert space. Then for alln > 0 and for all £ € B(K) Qmin
H®"™ we have

max [|(Id@ R, )€l < [(1d® W)(E)[min < Cy(n +1) max [|(Id® R, ,)(&)ll (13)

0<k<n

where Id denotes the identity mapping of B(K), and where the norm ||(Id ® R;, ,)(§)]] is that
Of B(K) min Hgnik min H§k

Proof : For the second inequality, we use the Wick formula :
W lgen =Y U Ry
k=0

Let £ € B(K) ®min H®", then by corollary [[

n

1(Zd ® W)(E)llmin < Cg ) I(Td @ Ry, 1))

k=0
which yields the majoration.

For the minoration, for z € H®"* @ H®* ¢ B(H"", H®"*), we claim that
Pn_kUk(l‘) }H@,k = l‘(Uj) (14)

13



where P,_j is the projection on tensors of rank n — k in Fr (Hc). Assuming this claim and
recalling that U and J are (anti)-isometry, we get that for any z € B(K) @min HE" % @pin HZ*

121 k)i O 12 < 1Pl Bz (o) (1 @ Ui ) (@) || )@ in B (110)

The conclusion follows applying this inequality to z = (Id ® Ry, ;)(§)

To prove ([[4), it suffices to consider an elementary tensor product with entries in any basis
of H,say x = e; ® e;. Consider ¢, € H®", a length argument gives that a(Je;).¢; is of the form
A2, with

A= <a(jel).eb Q) = (e, erl>
We deduce that
P vUi(e; ® ej).ep = (e, UT ej) e;

On the other hand, viewing = as an operator, we compute
2(JU).eg =2.(JUe) = <€i’ JUe) e;
But since U is unitary and J antiunitary,
<el, JUe;) = (e, Ujel)
This ends the proof. []
The following theorem is our main result.

Theorem 2 I'r(Hg) is not injective as soon as dim(Hg) > 2.

Proof : Let d < dim Hg. For all n > 0, (§);=» will denote a real orthonormal family of H*"

equipped with the T-scalar product of cardinal d". For example one can take & = (P(")) ze;.
Suppose that I'r(Hg) is injective. Fix n > 1. By injectivity we have,

(Y WEW(E) <Y WE) e W)l
| = |ij=n

ZW& &) =

On the other hand, applying twice (13) consecutively

It is clear that

1Y W& e WEI < (n+1)°C; mw<{H§:1%k/&<®R (&)Y

0<k,k'<n
|i|=n

. =®n—k' — ok
The norms are computed in H;@n Oumin H? Pmin HE"F @pin HEF for fixed k and k. We
can rearrange this tensor product and use the comparison with the Hilbert Schmidt norm : Let

t = lelznm X R;klk(gz)a

t||-on— — = ||t|| —on-
el gon-v g, gow - 1] o

]C/ R ]C/
®minH7« ®minH¢(:g)n k®minH;‘®k ®2 H®n7k)c®min(H® ®2H®k)r
1t || Fon—

IA

" @ H®"*k)®2(ﬁ®k/®2H®’“)



||t||ﬁ®n*kl®2ﬁ®k/®2H®n7k®2H®k

Finally, we use the estimates on R}, ,

t||—on_
[ m—

k! — < t|—on—k _ —or
®minH§) ®mian®n k®minH;‘®k - || ||H®n ®2H® ®2H®n7k®2H®k

< Gl Z f_z® gz”ﬁ”@an
|il=n

But by the choice of &; : || Z|z‘|:n€_i ® &l m = A2
Combining all inequalities above, we deduce

A

n 3 2 n/2
d" < Cy(n+1)d
which yields a contradiction when n tends to infinity as soon as d > 2. L]

Let C7.(Hg) be the C*-algebra generated by all gaussians G(f) for f € Hg. The preceding
theorem implies directly that C5.(Hg) is not nuclear as soon as dim(Hg) > 2 (cf. [§] Corollary
6.5). Actually the preceding argument can be modified to prove that C75.(Hg) does not have the
weak expectation property as soon as dim Hg > 2. Recall that a C*-algebra A has the weak
expectation property (WEP in short) if and only if the canonical inclusion A — A™* factorizes
completely contractively through B(K) for some complex Hilbert space K. By the results of
Haagerup (cf. [[4 Chapter 15) a C*-algebra A has the WEP if and only if for all finite family
Ty, Ty in A

I Z Ti @ Til| gg e = | Z Ti @ Till a7 (15)

Corollary 2 C5(Hg) does not have the WEP as soon as dim Hg > 2.

Proof : Let us use the same notations as in the preceding proof and suppose that C.(Hg) has
the WEP. Fix n > 1, by ([5]) we have

1Y W& © W&oy (rpyamacra < I D WE) @ Wl oy manmazmm (16)
|il=n |il=n

To estimate from below the left handside of ([d) observe that ® : Ci(Hg) — Ci(Hg)' taking
W) to JUW(&)JU = W,.(JUE) is a - representation. Thus

|| Z W 52 ® W( )HC (HR)®maxC (H]R) = || Z W SZ ® W (jUgi)||C%(HR)®maxC;“(HR)/
|i|=n

v

[ Z W (&)W (TUE | B ae))

> Z<JU@, (HROF
|i|=n

> Y (JUEW(TUE)Q)r
li|=n

> > IUL|E=d"
lij=n

15



Then we can finish the proof as for Theorem 2. L]
Remark : Non nuclearity of C(Hg) is equivalent to the fact that C(Hg) does not have the
completely positive approximation property as soon as dim(Hg) > 2. However it is possible
to prove that C5(Hg) has the metric approximation property, by truncation of the Ornstein-
Uhlenbeck semigroup. Arguing by duality and interpolation, it is not difficult to show that
LP (I'r(Hg)) has the metric approximation property for 1 < p < co. However, at the time of
this writing, we are not able to prove that C3.(Hg) has the completely bounded approximation

property.

4 The case of the ¢g—Araki-Woods algebras

For this last section we mainly refer to [[J] where the g—Araki-Woods algebras are defined as
a generalization of the ¢— deformed case of Bozejko and Speicher on the one hand, and the
quasi-free case of Shlyakhtenko (cf. [[LG]) on the other. More precisely, let Hg be a real Hilbert
space given with U, a strongly continuous group of orthogonal transformations on Hg. U; can
be extended to a unitary group on the complexification H¢. Let A be its positive non-singular
generator on Hc : Uy = A". A new scalar product { ., . )y is defined on H¢ by the following
relation :

<§7 77>U = <2A(1 + A)71£7 77>
We will denote by H the completion of H¢ with respect to this new scalar product.

For a fixed ¢ €] — 1,1[, we now consider the g—deformed Fock space associated with H
and we denote it by F, (H). Recall that it is the Fock space with the following Yang-Baxter
deformation T defined by :

T -HoH — H®H
§@N—qn®¢

Or equivalently, for every n > 2 and o € S,, we have
90(0) = qi(U)Ua

where i(0) denotes the number of inversions of the permutation o and U, is the unitary on

H®™ defined by
Us(1® @ fu) = forr) @+ @ fo1(n)

In this setting, the g—Araki-Woods algebra is the following von Neumann algebra
I,(Hg,U)) = {G(h),h € Hg}" C B (F,(Hc))
Let Hp ={g € H,{(g,h)y € Rfor all h € Hg} and
Ly (Hg, Up) = {G:(h),h € H}"

where G,.(h) is the right gaussian corresponding to the right creation operator.
Since Iy, (Hg,U:) C T'y(Hg,U)', Hr +1Hg = H and Hp +iH, = H (cf. [[f]), it is easy to
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deduce that Q is cyclic and separating for both I',(Hg, U;) and Iy, (Hg, U;). So Tomita’s theory
can apply : recall that the anti-linear operator S is the closure of the operator defined by :

S(xQ) =2 forallx € T'y(Hg, Uy)

Let S = JAZ be its polar decomposition. J and A are called respectively the modular conju-
gation and the modular operator. The following explicit formulas hold (cf. [[J and [[[q])

Sh1® -+ ®@hy)=h,®---®hy forall hy,..., h, € Hg

[e.e]

A is the closure of the operator @ (A~1)®" and
n=0

Jh @ @hy) =A2h,® - ® A 2h; forall hy,..., h, € Hp N domA 2

By Tomita’s theory, we have
L,(Hg,U,) = JT,(Hg, U;)J

Let h € Hg, as in [[[§] we have Jh € Hg/, then, since €2 is separating for I, ,.(Hg, U;), we obtain
that JG(h)J = G.(Jh) € T, (Hg, U;), so that

FQ(fﬁvaQ),:: qu(}ﬂkvck)

Moreover, if £ € I'j(Hg,U;)S2, then J¢ € T, (Hg,Uy)Q and since € is separating, we get
JW(E)J = W,(JE).

Recall that if U; is non trivial, the vacuum expectation ¢ is no longer tracial and is called
the g—quasi-free state. In fact in most cases (cf. [[[J] Theorem 3.3), Araki-Woods factors are
type III von Neumann algebras.

When A is bounded, it is clear that our preliminaries are still valid with minor changes.
For example we should get an extra ||A~!|*/2 = ||A||*/? in the estimation of ||U,||. Note, in
particular, that the Wick formula, as stated in Lemma 2, is still true, and that the following
analogue of Bozejko’s scalar inequality holds : (proved in [[2])

If A is bounded, (1,)uer is a family of vectors in H®"™ and (o, )yey a finitely supported family
of complex numbers then :

> aun.

uelU

n41
<:(7%|L4H 2 __1

S < Gy i
Az -1

j£:<1uvv(ﬁu)

uelU

> aun.

uelU

(17)

q q

It is also a straightforward verification that Lemma 4, still hold in this setting. Observe also
that U is a unitary on F, (H) : this follows from the fact that for every n > 1, Pq(n), A®™ and
U commute on H®". Note that J is no more an anti unitary from H®* to H®*, but since
Up(I ® S) = M(a* ® aU), we can deduce, as in the proof of Corollary 1, that Uy(I ® S) :
H®"* @, H®* — B(Fr (Hc)) is completely bounded with norm less than C,, where I stands
for the identity of H®"~*. Following the same lines as in the proof of Theorem 1 we get :

Theorem 3 Assume A is bounded. Let K be a complex Hilbert space. Then for alln > 0 and
for all £ € B(K) @umin H®™ we have

max [|(Id @ ((I @ S)R,, )€ < [[(Id ©@ W)(E)]|min (18)

0<k<n
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< Cyfn+1) max |14 @ (19 )R, )(6)]

where Id denotes the identity mapping of B(K), I the identity of H®"*, and where the norms
of the left and right handsides are taken in B(K) @mn HE"* @i, HE.

It is known (cf. [[]) that if U, has a non trivial continuous part then I',(Hg, U;) is not
injective. Using our techniques we are able to state a non-injectivity criterion similar to that
of [1Z] but independent of q.

Corollary 3 If either

or for some T > 1
dlmEA (]1,T]) H(C > 1
T2 2
where E4 is the spectral projection of A, then I'y(Hg, U,) is non injective.

Proof : We can assume that U; is almost periodic, then we can write

(Hg, Uy) = (H, Wdg,) @DHE, U)

aEA

where

(@) _ m2 @ [ cos(tln),) —sin(tlnA,)
H]R - R ) Ut - < SlIl(tln)\a) COS(tln)\a> 3 )\a > ]_

Thus the eigenvalues of the generator A(®) of Ut(a) are A\, and \ '

If dim E 4 ({1}) Hc > 2 then dim Hg > 2 and since U, is trivial on Hg, the non-injectivity
follows from Theorem 2.

For the remaining case we first suppose that dim Hg = 2, U, is not trivial and that I',(Hg, U)
is injective. For all n > 1, A®" is a positive operator on H®" equipped with the deformed
scalar product, we will denote by A and A™! the eigenvalues of A with A > 1 and by (&)ij=» an
orthonormal basis of eigenvectors of A®™ associated to the eigenvalues (\;)jij=,. Since I';(Hg, Uy)
is semidiscrete we must have for every n > 1

1Y - W(JOW(E <) We(J&) @ W& =11 Y JW (&) @ W(&)|
jil=

li|=n li|=n

It is easily seen that

1YW (JOW(E = > (W (JEW (£)Q),
|i|=

li|l=n

= Y (W& I W(E)Q),
|i|=n

- Z<A%5@ §i)q = Trace ((A‘%>®n) — (AB A
|i|=n
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On the other hand, the map from JI'j(Hg,U;)J to I'j(Hg,U;) taking JW(£)J to W(§) is a

x-isomorphism, hence

IS IW(ENT @ W (E lwin = 1| > W(E) @ W () luain
|i|=n |i|=n

Applying (I§) twice, and recalling that on H®*, S = JAz = J(A®*)~2 and that J : HZF —
H®* is completely isometric, we get

1> W& @ W () lmin < C2(n+1)° max | Z (I @) Ry (&) ®@ (I ®S)R;, (&)

0<k,k'<n
|i]=n

< Con+ 17 e 130 (10 (A%) DR, (&) © (1 (A7) A, ()]

Where the norms are computed in HE" % @, HO¥ @50 HE"F @iy HE®. For a fixed
(k, k'), let us denote by

b= (I ® (A% ) H)R; (&) ® (I © (A%) )R (&)
jil=n

As in the proof of Theorem 2, we have the following Hilbert-Schmidt estimate :

||t||H®n k:’® H®k’® H®n k:® H®k — ||t||H®n k’®2H®k Qo H®N— k®2H®k

Recall that Ry, , : H®" — H*" " @, H*" is of norm less than G, and that [(AZF)=3 || ggony =

k
A2. Hence,

||t||H®n K o HOK ©o HOR—k gy H®k < C1|q|)‘n|| Z f: ® SQHW@HGM
lil=n
< C|q|(\/§)\)n

Combining all inequalities we get
1 _1in n
(AT +A72)" < CP (n+ 1)2(V2)\)".
We now return to the general case, we fix 7' > 1 and we denote by A, ..., A, the eigenvalues

of A in |1, T] counted with multiplicities. Thus we have p = dim E4 (]1,T]) Hc. It is easy to
deduce from our first step that for any n > 1 we have

p 1 1 .
D A+ N ) < Cly(n+1)*(2p) i7"

1 1
Since for any 7 we have A\? + A, > > 2 we deduce

(2p)" < Cy(n+1)*(2p)3T"
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So we necessarily have

that is to say dim 1, T\
m fall, C

T2

1

< Z

-2
[
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