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Convergence analysis of a mixed finite volume scheme for an
elliptic-parabolic system modeling miscible fluid flows in porous
media

Claire Chainais-Hillairet ', Jérome Droniou 2.

11/04/2006

Abstract We study a Finite Volume discretization of a strongly coupled elliptic-parabolic PDE system
describing miscible displacement in a porous medium. We discretize each equation by a finite volume
scheme whose properties are to handle a wide variety of unstructured grids (in any space dimension)
and to give strong enough convergence to handle the nonlinear coupling of the equations. We prove the
convergence of the scheme as the time and space steps go to 0. Finally, we provide numerical results
which show that, from a practical point of view, the scheme behaves very well.

Mathematics Subject Classification: 65M12, 65M30, 656N12, 65N30, 76505, 76R99.
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1 Introduction

1.1 Miscible displacement in porous media

The mathematical model for the single-phase miscible displacement of one fluid by another in a porous
medium, in the case where the fluids are considered incompressible, is an elliptic-parabolic coupled system
[2, 4]. Let Q be a bounded domain of R? (d = 2 or 3) representing the reservoir and |0, T[ be the time
interval. The unknowns of the problem are p the pressure in the mixture, U its Darcy velocity and c the
concentration of the invading fluid.

We denote by ®(x) and K(z) the porosity and the absolute permeability tensor of the porous medium,
u(c) the viscosity of the fluid mixture, ¢ the injected concentration, g™ and ¢~ the injection and the
production source terms. If we neglect gravity, the model writes:

div(U) = ¢t — ¢~ in]0,T[xQ,

K(z) : (1.1)
0 Vp in ]0,T[x9,

®(1)0sc — div(D(z, U)Ve —cU) +q c=q"¢  in]0,T[xQ (1.2)

U=—

where D is the diffusion-dispersion tensor including molecular diffusion and mechanical dispersion. It is
given by

D(z,U) = &(z) (dmI +|U| (dlE(U) +dy(T - E(U)))), (1.3)

where I is the identity matrix, d,, is the molecular diffusion, d; and d; are the longitudinal and transverse

dispersion coefficients and E(U) = (IljU[‘]z] )
1<i,j<d

dinal dispersivity d; is much greater than the transverse dispersivity d; and that the diffusion coefficient
is very small by comparison.

. Laboratory experiments have found that the longitu-
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In reservoir simulation, the boundary 0f2 is typically impermeable. Therefore, if n denotes the exterior
normal to 02, the system (1.1)—(1.2) is supplemented with no flow boundary conditions:

Un=0 on ]0, T[x09, (1.4)
D(z,U)Ve-n=0 on]0,T[x00. '
An initial condition is also added:
c(z,0) = co(x). (1.5)

Because of the homogeneous Neumann boundary conditions on U, the injection and production source
terms have to satisfy the compatibility condition [, ¢*(.,z) dz = [, ¢ (.,x) dz in |0, T, and since the
pressure is defined only up to an arbitrary constant, we normalize p by the following condition:

/p(.,x) dx =0o0n]0,T].
Q

The viscosity p is usually determined by the following mixing rule:

—4

1(e) = p(0) (1 + (M1/4 - 1)0) on [0, 1], (1.6)

where M = % is the mobility ratio (we extend p to R by letting u = 1(0) on | — o0, 0] and g = p(1) on
]1,00[). The porosity ® and the permeability K are in general assumed to be bounded from above and

from below by positive constants (or positive multiples of I for the tensor K).

In [15], Feng proved the existence of a weak solution to the problem (1.1)—(1.6), in the two-dimensional
case and with d; > d; > 0 and d,,, > 0. This result has been generalized by Chen and Ewing in [3] to the
three-dimensional case and with gravity effects and various boundary conditions. At high flow velocities
the effects of mechanical dispersion are much greater than those of molecular diffusion. Therefore, Amirat
and Ziani studied in [1] the asymptotic behaviour of the weak solution as d,, goes to 0 and they proved
existence of a weak solution in the case where d,,, = 0.

From a numerical point of view, different kind of methods have already been developed for this problem.
The key point is that the equation (1.2) on ¢ is a convection-dominated equation, which is not well adapted
to the discretization by finite difference or finite element methods. Different ways of discretization of
this equation were studied; in general the pressure equation is discretized by a finite element method.
Douglas, Ewing and Wheeler [6] used a mixed finite element method for the pressure equation and a
Galerkin finite element method for the concentration equation. In [19], Russell introduced a modified
method of characteristic for the resolution of (1.2), while (1.1) is solved by a finite element method. Then,
Ewing, Russell and Wheeler [10] combined mixed finite element method for (1.1) and modified method
of characteristic for (1.2). In [20, 21], the authors still used a mixed finite element method for (1.1) but
developed a Euler Lagrangian Localized Adjoint Method for (1.2).

Convergence of numerical schemes to (1.1)—(1.6) (or connected problems) has already been studied (see
[5], [6], [11], [12], [17]...). But, to our best knowledge, these proofs of convergence are based on a priori
error estimates, which need regularity assumptions on the solution (p, U, c) to the continuous problem.
Such regularity does not seem provable in general, all the more if we take a discontinuous permeability
tensor (which is expected in field applications, see [20]).

Finite volume methods are well adapted to the discretization of conservation laws: see for instance the
book by Eymard, Gallouét, Herbin, [13]. They provide numerical schemes as well for elliptic equations as
for convection-dominated parabolic equations. But, because of the anisotropic diffusion in (1.1) (due to
K(z)) and of the dispersion terms in (1.2)—(1.3), the standard four point finite volume schemes cannot
be used here. Besides, as said above, (1.2) is convection-dominated and, therefore, a good approximation
of U must be used in the discretization of (1.2) if one wants to obtain admissible numerical results.
In [9], Droniou and Eymard recently proposed a mixed finite volume scheme which handles anisotropic
heterogeneous diffusion problems on any grid and precisely provides, for equations such as (1.1), good



approximations of U; this scheme is therefore a natural candidate to discretize such coupled problems as
(1.1)—(1.6), all the more as it has been shown to behave well from a numerical point of view.

In this paper, we extend the mixed finite volume scheme of [9] to a system, presented in Section 1.2,
which generalizes (1.1)—(1.6). Section 2 is devoted to the definition of the scheme and the statement of
the main results: existence and uniqueness of an approximate solution and its convergence to the solution
of the continuous problem as the time and space steps tend to 0. A priori estimates on the approximate
solution are established in Section 3 and, in Section 4, we prove the existence and uniqueness of the
solution to our scheme and present an efficient method to compute it. The proof of convergence of the
scheme is made in Section 5, under no regularity assumption on the solution to the continuous problem.
Section 6 is devoted to numerical experiments, which show that the scheme behaves very well in practical
situations. Section 7 is an appendix containing a few technical results.

1.2 Formulation of the problem and assumptions

Let us now rewrite the problem (1.1)—(1.6) under the following synthetized and more general form
(notice that, from now on, we use a bar to denote the exact solutions, and we keep the letters without
bar to denote approximate solutions):

div(U) =qt —¢~ in]0,T[x9,
U=-A(,e)Vp in 0, T'[x €,

1.7
p(-,x)dx =0 on 0, T, (1.7)
Q
U-n=0 on )0, T[x09,
®9;¢ — div(D(-, U)Ve) + div(eU) + ¢ e =q¢"¢  in 0, T[xQ,
¢(0,-) = co on {2, (1.8)

D(,U)Vé-n=0 on 10, T[x 0.

In the sequel, we assume that € is a convex polygonal bounded open subset of R? and that 7' > 0. The
assumptions on the data are the following:

(q*,q7) € L®(0,T; L?(2)) are nonnegative functions s.t.

(-, z)de = “(-,2)dx a.e. on (1.9)
| attaydn = [ 4 (oa)do ne. on .71

A: QxR — My(R) is a Caratheodory matrix-valued function satisfying:
Jays > 0s.t. Az, 8)E-€ > ayléf? forae. €, all s €R and all £ € RY, (1.10)
JA4 > 0st. |[A(z,s)| < Aa forae. 2 € Qand all s € R,

D : Q x R? — My(R) is a Caratheodory matrix-valued function satisfying:
Jap > 0s.t. D(z, W)E-&€ > ap(l+ [W))|EJ? for ae. € Q, all W € R? and all ¢ € RY, (1.11)
JAp > 0s.t. [D(x, W)| < Ap(1+ |[W]) for a.e. x € Q and all W € R?,

® € L°°(2) and there exists ®, > 0 such that &, < ® < & ! a.e. in Q, (1.12)
c e L>(]0,T[x0Q) satisfies: 0 <€ <1 a.e. in |0, T[xQ, (1.13)
cop € L™(Q) satisfies: 0 < ¢y <1 a.e. in . (1.14)

Remark 1.1 Since E(U) = (Uin/\U|2)1<ij<d is the orthogonal projector on RU, it is clear that the

preceding assumptions are satisfied by the model presented in Section 1.1, provided that d,, > 0, d; > 0
and d; > 0.



As @ does not depend on ¢, the following definition (similar to the one in [15]) of weak solution to
(1.7)—(1.8) makes sense.

Definition 1.1 Under assumptions (1.9)—(1.14), a weak solution to (1.7)—(1.8) is (p, U, &) such that
peLe0,T;HY(Q), UeL®(0,T;L%Q)?, ceL®(0,T;L%(9)NL*0,T; H (),

/ p(t,) =0 for ae. t€]0,T], U= —-A(,&)VP a.e. on]0,T[xQ,
Q

Vo € C([0,T] x Q), //U Vo = //
Vo € C([0, T[x9Q), //@caﬂp—k/ /D U)Ve- Ve — //CU Vg0+/ /q cp
/@0090 //q cp.

2 Scheme and main results
Let us first define the notion of admissible discretization of €2, and some notations associated with.

Definition 2.1 Let Q be a convex polygonal bounded open subset of RY. An admissible discretization of
0 is given by D = (M, E), where:

e M is a finite family of non empty convex polygonal open disjoint subsets of X (the “control volumes”)
such that Q = Ugem K.

e & is a finite family of disjoint subsets of Q (the “edges” of the mesh), such that, for all ¢ € &, there
exists an affine hyperplane E of RY and K € M wverifying: o C 0K N E and o is a non empty
open convex subset of E. We assume that, for all K € M, there exists a subset Ex of £ such
that 0K = Uyee,.0. We also assume that, for all o € &, either o C 0Q or ¢ = K N L for some
(K,L) e M x M.

The d-dimensional measure of a control volume K is written m(K), and the (d — 1)-dimensional measure
of an edge 0 is m(0); in the integral signs, v denotes the measure on the edges. If 0 € £k, then nk , is the
unit normal to o outward to K. In the case where o € & is such that @ = KN L for (K,L) € M x M, we
denote 0 = K|L (K and L are then called “neighboring control volumes”). We define the set of interior
(resp. boundary) edges as &y, = {0 € &; 0 ¢ 9N} (resp. Eext = {0 € &; 0 C IN}). For all K € M and
all 0 € £, xg and x,, are the respective barycenters of K and o.

The size of a discretization D is size(D) = sup g ¢ p( diam(K). To study the convergence of our scheme as
the size tends to 0, we need that the following quantity (measuring the regularity of the discretization)
stays bounded:

dlam(

regul(D) = sup {max (

where, for K € M, pg is the supremum of the radius of the balls contained in K. One notices that, with
such a definition of regul(D), we have, for all K € M,

) Card(SK)> K e M}

PK

diam(K)? < regul(D)p% < m(K), (2.1)

where wy is the volume of the unit ball in R%.



Remark 2.1 We ask for very few geometrical properties on the discretization of Q). This is particularly
important since, in real world problems, meshes used in basin and reservoir simulations can be quite
irreqular and not admissible in the usual finite element or finite volume senses (see [14]).

Our scheme is based on the mixed finite volume scheme introduced in [9] or [8], whose main interests are
to handle a wide variety of grids for heterogeneous and anisotropic operators and to nevertheless give
strong convergence of approximate gradients. Moreover, this scheme is, as it is natural for finite volume
schemes, “fluxes-oriented” and therefore provides natural fluxes for the approximation of U, which can
then be used in the discretization of the convective term div(¢U) in the parabolic equation.

The idea is to consider, besides unknowns which approximate the functions (p,c), unknowns which
approximate the gradients of these functions, as well as unknowns which stand for the fluxes associated
with the differential operators. Thus, if D is an admissible discretisation of €2 and k£ > 0 is a time step
(we always choose time steps such that N = T'/k is an integer), we consider, for all n = 1,..., N} and
all K € M, unknowns (p%, vi) which stand for approximate values of (p, Vp) on [(n — 1)k, nk[x K and
numbers F . (for o € £x) which stand for approximate values of — [ U - ng s dy on [(n — 1)k, nkl.
Similarly, the unknowns (cf, Wi ) approximate (¢, Veé) on [(n — 1)k, nk[x K and the numbers G% , (for
o € &) approximate [ D(-, U)Vé - ng o dy on [(n — 1)k, nk|.

The quantities ¢ ™, ¢ and ¢ denote the mean values of ¢*, ¢~ and ¢ on [(n — 1)k, nk[x K and ®,
%, Ak (s) and Dg(€) are the mean values of ®, ¢y, A(+,s) and D(-,£) on K. We also take positive
numbers (Vi) gem. The equation (1.7) is then discretized by the following way:

Vic - (Xo = X)) VY - (Xp = Xo) + vgm(K)F , —vim(L)FE = pi — pic

Vo = K|L € Emi, ¥n=1,..., Ny, (22)
Fp +Fp, =0, Yo=K|L€&n, Vn=1,...,Ny, (2.3)
UYL = —Ag (v, VKeM,Vn=1,...,Ng, (2.4)
m(K)Uk == Y Fp,(x,—xg), VKeM,Vn=1,... N, (2.5)
oelk
= Y Fio=m(E)gf" —m(K)q" . VK€M, ¥n=1... N, (2.6)
c€lk
> mE)pk =0, Vn=1,... Ny, 27)
KeM
Fp,=0, VK€M, Vo€ ExNEexs, Yn=1,...,Ny. (2.8)

Denoting (—F% )" and (=Fg )~ the positive and negative parts of —F% ., we discretize (1.8) in a
similar fashion, using a time-implicit scheme (it is classical for parabolic equations):

Wi (Xe = xXK) + W - (xp — Xo) + vgm(K) G , —vim(L)G] , = ¢} — ¢k,

Vo =K|L € &y, Vn=1,..., Ng, (2.9)
G, +Gp =0, Yo=K|L€&w, In=1,. N, (2.10)
m(K)DK(UnK)W?(: Z G}L(,G'(XO'_XK)a erM? V'I’L:l,...,Nk, (211)
c€lK
n n—1
Ck — € n n n no\— .n
m(K)‘I’KKTK - Z Gkt Z (—FR o) ek — (=Fg ) ct] 919
ocelk o=K|LEEKNEint ( : )
+m(K)q "y = m(K)q}’"’c\’;{ , VKeM,V¥n=1,...,Ng,
G?{’a:o, VK e M, Vo eExNEext, Vn=1,..., Ng. (213)

Let us explain why each equation of this scheme is quite natural:



o If we take v = 0, (2.2) and (2.9) state that v}, (= Vp) and w} (= V¢) are “discrete gradients”
of p% (~ p) and ¢ (= ¢); these are the discrete counterpart of h(xr) — h(xg) = h(xr) — h(x,) +
h(xy,)—h(xK) = Vh(xL) (XL —Xs )+ Vh(xk) - (xo —Xf) if h is a regular function. The penalization
using the fluxes (i.e. with vx > 0) is added to ensure the stability of the scheme.

e (2.3) and (2.10) state the conservativity of the fluxes, and are natural (because ng , +nz , = 0 if
0 = K|L € &py) if one recalls that Fj , ~ — [, U ng,dy and G, = [, D(-,U)Ve-ng, dy.
)

e (2.8) and (2.13) translate the no flow boundary conditions.

e (2.6) and (2.12) come from the integration on a control volume and on a time step of the PDEs
n (1.7) and (1.8). Notice that, as it is usual, we have chosen an upwind discretization for the
convective term: —Fg  is the flux outward K associated with U, and we see that (—Fg )" cj —

(—Fk ) ¢l = —Fi ¢k if —=F , > 0 and (=Fg ) ¢ — (=Fk ;)¢ = —Fg ,cf if —=Fg , <0.
e (2.4) and (2.7) are straightforward expressions of the fact that U = —A(-,¢)Vp and [, p(t,-) = 0.

e Lemma 7.1 in the appendix gives a formula that reconstructs a vector from its fluxes through the
edges of a mesh. Since Fy  and G , are approximations of the fluxes of —U and D(-,U)VEg, the
formula in Lemma 7.1 justifies (2.5) and (2.11).

Remark 2.2 As explained in Section 4, the systems (2.2)—(2.8) and (2.9)—(2.13) are decoupled at
each time step, which makes the computation of their solutions quite easy.

In the following, if a = (a%%)n=1....N,, Kem is a family of numbers (or vectors), we identify a with
the function on [0,7[x€ which is constant equal to a% on each [(n — 1)k, nk[xK. Similarly, for n
fixed, a" = (a%)kem is identified with the function on Q which is constant equal to a% on each
control volume K. Hence, for example, p denotes both the family (p)n=1..n,, kem and the cor-
responding function on [0, T[x2. We also denote F' and G the families (F}(L',g)n:l,m,Nk  KeM, oegy and
(G o)n=1,...N\, KEM, oeEic-

Our main results are the following theorems.

Theorem 2.1 Let Q be a convex polygonal bounded open subset of R and T > 0. Assume (1.9)—(1.14).
Let D be an admissible discretization of Q and k > 0 such that T/k is an integer. Then there exists a
unique solution (p,v,U, F,c,w,G) to (2.2)—(2.13).

Theorem 2.2 Let Q be a convex polygonal bounded open subset of R and T > 0. Assume (1.9)—(1.14).
Let vy > 0 and § €]2 — 2d,4 — 2d[. Let (Dy,)m>1 be a sequence of admissible discretizations of @ such
that size(D,,) — 0 as m — oo and (regul(Dy,))m>1 is bounded; we assume that there exists Cy such that,
forallm>1,

V(K, L) € My, x M,, neighboring control volumes, diam(K)*~#~¢ < Cydiam(L)4~2. (2.14)

For all K € M,,, we take v = vodiam(K)?. Let k,, > 0 be such that Ny, = T/kn is an integer
and ky, — 0 as m — oo, and denote (p™,v™, U™ F™ ™ w™ G™) the solution to (2.2)—(2.13) with
D =7D,, and k = k,,. Then, up to a subsequence, as m — oo,

p" — D weakly-+ in L>(0,T; L2(Q)) and strongly in LP(0,T; L4()) for all p < oo and all ¢ < 2,
v — Vp  weakly-+ in L>(0,T; L2(Q))¢ and strongly in L*(]0, T[ x4
U™ — U weakly-+ in L°(0,T; L*(Q))? and strongly in L*(]0, T[xQ)4,
™ —é weakly-+ in L>(0,T; L%(Q)) and strongly in LP(0,T; L4(2)) for all p < oo and all ¢ < 2,
w™ — Ve weakly in L]0, T[xQ)4,

where (p, U, ¢) is a weak solution to (1.7)—(1.8).



Remark 2.3 As usual in finite volume schemes, we do not assume the existence of a solution to the
continuous problem; this existence is obtained as a by-product of the proof of convergence. In particular,
this means that, on the contrary to [5] or [11], the convergence of the mized finite volume scheme is
proved here under no reqularity assumption on the solution to (1.7)—(1.8).

Remark 2.4 Note that, since 4 — 3 —2d > 0, if
diam(K) < Cyodiam(L) for all neighboring control volumes K and L of a discretization D,  (2.15)

then D also satisfies (2.14) with Cy = C$~2diam(Q)*~7=2 if d > 2 and C; = Cydiam(Q)>~F if d = 1.
But (2.14) allows more freedom on the meshes:

e if d = 1, choosing for example 8 = 1, (2.14) only demands diam(L) < Cy, which is always true
with Cp = diam(Q).

o ifd =2, (2.14) demands diam(K)~? < Cy, which is always satisfied with C; = diam(Q)™? since
B < 0 in this situation.

_1 -
e if d > 3, choosing for example = 3 — 2d, (2.14) reduces to diam(K) < Cld_ldiam(L)%, which
permits, on the contrary to (2.15), local refinement procedures (since % <1).

3 A priori estimates

Proposition 3.1 Let Q be a convex polygonal bounded open subset of R and T > 0. Assume (1.9)—
(1.10). Let D be an admissible discretization of 0 such that regul(D) < 6 for some 6 > 0, and k > 0
be such that Ny = T/k is an integer. Let (Vi)kem be a family of positive numbers such that, for some
vo >0 and 3 > 2 —2d, v < vodiam(K)? for all K € M. Then there exists C3 only depending on d,
Q, 0, B, vy, an and Aa such that, for any numbers (c}_l)n:17___7Nk . KeM, any solution (p,v,U,F) to
(2.2)—(2.8) satisfies

1Pl[Zo 0,722 + VI 0.2y + N0 izayye + Sup D > vem(K)[FR |
n=L1,....Nk g o€fK

< Gillg* = ¢ 12~ (002(0))-

Proof of Proposition 3.1
Let n € [1,Ni]. Multiply (2.6) by p%, sum on the control volumes and gather by edges using (2.3).
Thanks to (2.8), the terms involving boundary edges disappear and this leads to

S Lo = S mK) @R - gr Pk = / (™" — ™"
o=K|LEEin; KeM Q2

where g7 () — q7"(:) = % (Zlil)k qt(t,) — q (t,-)dt. Applying now (2.2) and gathering by control

volumes (still using (2.3) and (2.8)), we deduce

/ (@ — gt =S R (Vi (ke — k) V- (k0 — %))
Q o=K|LEE;nt

+ Z F}é,a (VKm(K)FITéJ - VLm(L)FEJ)
o=K|LEEn:

Soovie N FR e —xi)+ Y Y vkm(K)|FEL 2 (3.1)

KeM o€lk KeMoelk



Thanks to (2.5), (2.4) and hypothesis (1.10) (which implies that A ()€€ > a4|)? for all K € M, all
s € R and all £ € R?), we find

la™" = ¢ "lee@llp"le@ = aa Y, mE)VEP+ > Y vkm(K)|FE,|?
KeM KeMoelk
> aallV'[Fape + Y, Y vem(K)[FE (3:2)
KeMoelk

We notice that (2.2) is exactly (7.1) for (p™,v™, F™). Hence, since p™ satisfies (2.7), we can apply the
discrete Poincaré-Wirtinger inequality given in Lemma 7.2 and we have

1
2

P[22 () < Ca | [V"[[L2(0)e + ( Y. D diam(K)*rim(K )IF;?,(;Q)

KeMoelk

where Cy only depends on d, 2 and 6. By choice of v, we have diam(K )24~ 2vy < ypdiam(K)?4-2+5;
but 2d — 2 + 3 > 0, and thus diam(K )2~ 2vg < ypdiam(Q)24-2+7. Hence

Nl

1P llz2() < Cs | [IV"[[L2(@) + < > D vkm(K FKU|2> (3.3)

KeMocék

where C5 only depends on d, 2, 6, 8 and vy. Using this in (3.2), we obtain

aallv"® ||L2(Q)d+ Z Z vem(K)|Fg . |*

KeMoelk

< Csllg™" -

1
2
@[V 2@ya + Csllg™"™ = 47" || L2 (o ( > vkm(K IFKUI2> :

KeMoelk

Using Young’s inequality, this gives the desired bound on v and F' and, coming back to (3.3), the bound
on p. The bound on U derives from the one on v, since A is bounded (see (1.10)). B

Proposition 3.2 Let Q be a convex polygonal bounded open subset of RY and T > 0. Assume (1.9) and
(1.11)—(1.14). Let D be an admissible discretization of Q, and k > 0 be such that N, = T/k is an
integer. Let (vi)kem be a family of positive numbers. Assume that F' = (F )n=1,..N,, KeM, oeéx
are numbers which satisfy (2.8), (2.6) and (2.8), and take U = (U )n=1,.. N, , kem o family of vectors
in RY. Then there exists Cg only depending on d, Q, T, ap and ®. such that any solution (c,w,G) to
(2.9)—(2.13) satisfies

Ni

el o (0,7512(0) + ||W|\2L2(]0,T[x9)d + ][O |wl 17200, 1x0) + Z k Z Z vem(K)|G . |?
n=1 KeMoecfk

< Cslleoll72(q) + Colla™ 7~ 0.1:22 ()
Proof of Proposition 3.2
Multiply (2.12) by ¢ and sum on the control volumes. We have

(a —b)a=a*>—ab= %(a2 —b?) + %(a —0)? > ~(a® - b?) (3.4)

DN | =



1(e%)? — (1), Hence, using (2.10) to gather by edges (dropping the

and therefore (¢ — ¢ ')cy > 4
(2.13)), and since & > 0, we obtain

boundary edges thanks to

or 2 M) (G~ () + Y Gl — k)

KeM o=K|L€Ent

+Y, Y [FRT — (FR,) e i+ Y m ck)?
KeM U*K‘Lngﬂginf KeM

< Y m(K)|gr"ek| ek |- (3.5)
KeM

Let us handle the third term of this inequality. We have, gathering by edges and using (2.3) (which
implies (—Fg )" = (=Ff )~ whenever 0 = K|L € &n),

—Fg )¢ —(=Fg,) cl| ck
KeM U:K‘LGE}(QS;M
= > [(FR)T (k) = (=Fg ) cick + (=F7 )" (c})” = (=FF.,) " cikcl]
O'=K|L68int
= > [FR)T () = cied) + (—F7 )T ((€])? = ciek)] -

U:KILegint

Recalling (3.4), we continue with

> S [(=Fro) e — (-Fr ) cp] ck

KeM U:K‘LGSKﬂgjnt

> [(—Fi ) (€502 = (€)) + (<Fr)* ((e)? = (c)?)]
o=K|LEEint

> 2 [(—Fp )" = (=Fp )] (€)= ()
o=K|LEE;nt

> 2 Fie o ()7 — (c})?)
oc=K|LEEint

which gives, gathering by control volumes and using (2.3), (2.8) and (2.6),
mn n mn - _n n 1 n mn
D S i LR PO eh v
KeMo=K|LeExkNEing KeM o€k
1
> 5 > m(K)
eM

v

() (ax™ = ax™)-

K
Since
—,n —n/ n 1 ,n —,n n
s m o™ =™+ Y mE)g" ()P =5 D mE) ek + i) (k) 20
KeM KeM KeM

(because ¢ and ¢~ are nonnegative), we deduce from (3.5) that

or O M) (G~ () + Y Gl -k < 3 mBlaE eIk (3:6)

KeM 0=K|LEEm: KeM



We now handle the second term of this equation. Thanks to (2.9), (2.10), (2.13) and (2.11), we have

Z kolcl —ck) = Z Gko(Wk - (X¢ —XK) + W[ - (X — X5))
o=K|LEE;nt o=K|LEE;nt
+ Z G”IL(',U(VKm(K)GTIL(,O' - I/LH](L) 7[7:,0)
o=K|LEE;nt

= > Wk Y Gh,(xe—xk)+ > Y vem(K)|GR |
KeM c€EK KeMo€elk

= Y m(K)Dg(Up)wi -wi+ Y > vgm(K)|Gk,[>. (3.7)
KeM KeMoelk

We then use (1.11) and inject the corresponding lower bound in (3.6), which we multiply by & and sum
onn=1,...,N (for some N € [1, Ni]); since |¢] < 1, this leads to

N
% > m(E)Px ((c})’ = (k)*) +ap Y _k > m(E)(1+[Ugk|)|wk|
KeMm n=1 KeM

N T
PR Y S Gk < [ [l

n=1 KeMo€elk

A

IN

Tllg* |~ or:z2@pllellneorz2)-  (3:8)

This gives in particular, by (1.12) and the definition of (¢% ) ke,

. N2 o B 2 2 4 Py 12
> Z m(K)(cg)” < T||CO||L2(Q) + (EHQ [ Ze0,7:02(0)) + THCHLOQ(O,T;LQ(Q))
KeM
Since ||c||2Lm(O7T;L2(Q)) = Sup,—1. Ny 2oxem M(K)(ck)?, this inequality, valid for all N = 1,..., Ng,

gives the estimate on |[c|| (0, 7:22(q))- Used back in (3.8), this estimate gives the desired bounds on w,
|UIY? |w| and G. m

4 Existence, uniqueness and computation of the solution to the
scheme

4.1 Proof of Theorem 2.1

Note first that, solving the equations one time step after the other, (2.2)—(2.8) and (2.9)—(2.13) are
decoupled: at time step n, the knowledge of c?(_l (from the definition of ¢% if n = 1, or the preceding time
step if n > 2) shows that (2.2)—(2.8) is a linear system on (p”, v™, U™, (FE ) kem,ocey ) alone; once this
system is solved, U™ is known and (2.9)—(2.13) becomes a linear system on (", w", (G o) KeMoesy)
alone. Hence, to prove Theorem 2.1 we only need to show that, at each time step, there exists one and
only one solution to each of these linear systems.

Let us first consider the system on (c",w", (G% ,)kem,ocex). By (2.10) and (2.13), we can consider
that there is only one flux by interior edge and this system therefore has (d + 1)Card(M) + Card(Eint)
unknowns, with as many remaining equations ((2.11) gives dCard(M) equations, (2.12) another Card(M)
equations and (2.9) the last Card(&iy) equations). Hence, this first system is square. Assume that
(c",w", (G ,)Kem,oeer ) 1s a solution with a null right-hand side, i.e. with "1 =" = 0; then (3.6)
and (3.7) show that this solution is null, and therefore that this system is invertible.

Without (2.7), and since we can eliminate U™ by (2.4), the system on (p", v",U", (Fg ;) keM,oee,) also
has (d+1)Card(M)+Card(&int) unknowns and the same number of equations. However, it is not invertible

10



since its kernel clearly contains (C,0,0,0) (where C' = (C)gem is any constant vector); in fact, the
estimates in the preceding section show that these vectors fully describe the kernel of ((2.2)—(2.6),(2.8)):
if (p",v", U, (Fg ,)Kem,ocex) Delongs to this kernel, then (p" — C,v", U™, (Fg ;) ke M ocex ), Where
C is a constant vector such that (2.7) holds with p™ — C, satisfies (2.2)—(2.8) with ¢™" —¢=" =0, and
is therefore null by the estimate in Proposition 3.1, which shows that (p”,v", U", (Fg¢ ,)kemocex) =
(C,0,0,0).
Summing (2.6) on K and using (2.3) and (2.8), we see that a necessary condition for ((2.2)—(2.6),(2.8))
to have a solution is
S m(K)qt - m(K)gy = 0. (4.1)
KeM
Since the kernel of this square system ((2.2)—(2.6),(2.8)) has dimension 1 (and thus the range of the
corresponding matrix has codimension 1), this condition is also sufficient, and is clearly satisfied by the
data we consider thanks to (1.9). We can therefore always find a solution to ((2.2)—(2.6),(2.8)) and, in
view of the kernel of this system, (2.7) then selects one and only one solution.

4.2 Hybridation

As said above, at each time step the scheme (2.2)—(2.13) can be decoupled in two successive linear
systems, (2.2)—(2.8) and then (2.9)—(2.13), each one with size (d + 1)Card(M) + Card(&;yt). However,
it is possible to proceed to an algebraic elimination which leads to smaller sparse linear systems, following
[18] for the mixed finite element method and [9] for the mixed finite volume method for anisotropic
diffusion problems.

Let us consider the time step n: ¢"~! is known (either from the preceding time step, or from the definition
of (%) kenm) and we present how to compute (p™, v, U™, F™, ¢", w" G"). We let drop the superscript
n, except for ¢! which corresponds to the “initial condition” of the time step.

Computation of (p,v,U, F)

We introduce the auxiliary vector (p,)sce.,, defined by:

vk - (X0 —XK) + vkm(K)Fk o = po — Pr, Vo € Ex NEn, VK € M.
Using (2.4), (2.5) and (2.8), we get:

1 RN
m(K) > (Ak( ) (% — xK) - (X0 — XK) Fr o0 + vkm(K) Fi o = po — Pk,
o' €ExNEing

Vo € Ex N Eing, VK € M.

This means that, for all K € M, (Fk ¢)ocexné,, is the solution to a linear system By (Fik ¢ )oecscngm =
(Po — PK)ocsrng,,,» Where By is a symmetric positive definite matrix (if A is symmetric, which we can
assume for physical problems — notice that the hybridation we present here is also valid in the case

where A is not symmetric). The resolution of this small local linear system leads to:

FK o = Z (szl)o'o" (po" - pK)) VO- S EK N 5int7 VK € M (42)

o’ €€k NEint

We set bk, = ZJGSKI’W&M (Bl}l)dd’ and bg = EJ’GSKﬁ&m bi,or = B;{l(1>a€5kﬁgim ’ (1)U€5Kﬂ5int > 0.
Reporting (4.2) in (2.6), we get:

pr = (m<K><q; i Y bK,g,pa,) (4.3)

b
K o’ €ExNEint

11



We can then report (4.3) in (4.2) and write the conservativity equation (2.3). It yields:

b /b b /b
—1 K,0'VK,o —1 L,0’'%L,c —
Z (BK )00’ - b )pa/ + Z <(BL )UU/ - b )pff’ -

o' €EK NEint 0'€ELNEint

bi o _ brs _
U@ = ai) + 2 m(L)(af — ), Yo = KIL € &

(4.4)

This is a symmetric linear system, whose unknowns are (py)seg,,, . Its matrix M is positive but is not
invertible because we have not used, up to this point, the relation (2.7). Thanks to (4.3), this relation

writes: . ()
K,o' m _
>y e = Y B n(E)6 - ai). (45)
KeMo'€€xnEme K Kem K

It is clear that, with (4.3) and (4.2), the linear system (4.4)—(4.5) on (ps)seg,,, 18 equivalent to the linear
system (2.2)—(2.8) on (p,v, U, F'); therefore (4.4)—(4.5) always admits a unique solution, from which
we can compute p, F, U and v (using (4.3), (4.2), (2.5) and (2.4)). The computation of (p,v, U, F) thus
reduces to the resolution of a linear system with Card (&) unknowns.

Computation of (¢,w,G)
We apply the same method for the computation of (¢, w,G). First, we introduce the auxiliary vector
(¢o)ocs,,, defined by:

Wi - (Xo —Xg) +vkm(K)Gg o =co —cx, Vo € ExNEn, VK € M.

Using (2.11) and (2.13), we see that, for all K € M, (Gk,)oceine,,. 18 solution to a linear system
Sk(GK.o)occxntm = (Co — CK)oegxnem:, Where Sk is a symmetric positive definite matrix (if D is
symmetric). The resolution of this small local linear system leads to:

Gro= Y. (Sgoo(cor—cK), Vo €EkNEm, VK €M (4.6)
o' €ExNEing
and then
Y Gro= < > SK,G’CU’> — SKCK,
o €EKNEint o' €EKNEint

with sk o = Zoegngim(Sz_(l)ao’ and sk = ice, e, SK.o'- Reporting this in (2.12), we get

s

C —
m(K)Ox =" +sxex+ Y. [(~Fro) er = (~Fro)"er] + m(K)qgex =
o= & Eint
Cnil KILE KN (47)
m(K)CDK IZ + m(K)q};EK + Z SK,o'Co’ VK € M.
o’'€EKNEint

Injecting (4.6) in the conservativity relation (2.10), we have:

> (S eo(cor —cx)+ D (Spowr(cor —cL) =0, Vo=K|L€E&Ew.  (4.8)

o' €EK NEint o'€ELNEint

Finally, (4.7)—(4.8) gives us an invertible (because it is equivalent to (2.9)—(2.13)) linear system on
((cx)Kem; (Co)octn, ), With size Card(M) + Card(Eint). The knowledge of ((cx)rem, (Co)oes,,,) allows
to find G as a consequence of (4.6) and w as a consequence of (2.11).

Remark 4.1 The size of the linear system cannot be reduced to Card(Eing) because of the implicit dis-
cretization of the convective term div(cU). If we use an explicit discretization for this term, then (4.7)
permits to immediately write cx as a combination of the (¢or)orcerwne,, (and of known quantities), which
can be used in (4.8) and reduces the whole procedure to a system on (cy)orce,, Of size Card(Eint).

int
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5 Proof of the convergence of the scheme

In this section, we prove Theorem 2.2. To simplify the notations, we drop the index m and we thus prove
the desired convergence as size(D) — 0 and k — 0, with regul(D) bounded and (2.14) uniformly satisfied
for all considered discretizations. Under these assumptions, Propositions 3.1 and 3.2 give estimates which
are uniform with respect to the discretizations and time steps.

5.1 Compactness of the concentration

Lemma 5.1 Under the assumptions of Theorem 2.2, c is relatively compact in L'(0,T; LL ().

Proof of Lemma 5.1

The proof is made in two steps. First we construct an affine interpolant ¢ of ¢ and we prove, thanks
to Aubin’s theorem, the relative compactness of this interpolant in a weak space. We then deduce the
compactness of ¢ in L'(0,T; L{ ().

Step 1: an affine interpolant of c.
We define ¢ : [0, T[x2 — R as the function continuous in time and affine on each time interval [k, (I4+1)k][,
which is equal to ¢! at t = [k. Hence, for all n = 1,..., Ny and all t € [(n — 1)k, nk],
t—(n—1)k k—t
%crf{—i—n ’ gyt on K.
As Cis, at each time, a mean value of values of ¢ and of ¢® = (¢% ) ke, the estimates of Proposition 3.2
and the definition of (c%) ke show that we have a bound on [[¢]| (0 7;22(0))-

n n—1
For all n =1,...,N; and all ¢t € [(n — 1)k, nk[, we have 0;¢(t,-) = % on K. Hence, denoting ®p
the function on € equal to ®x on K and taking ¢ € C%(Q), we deduce from (2.12) that, if ¢ is the
mean value of ¢ on K,

/ Op(x)0rc(t, ) p(x) d
Q

E(t, ) =

n—1
A —c

= Z m(K)(I)KKTKSDK

KeM
= Y > Ghovex— Y, > [FR)Tek —(-FR,) et ek

KeMo€elk KEMG’:KlLEE}(ﬁgim

- > m(K)q"ckox + > m(K)g "ok (5.1)

KeM KeM

Let us denote Ty, T, T3 and T4 the four terms of the right-hand side of this equality. In the following,
C; denote constants which do not depend on k, D, n, K or ¢; we induce C2?(Q) with the norm ||¢|| =

sup,cq (|0(x)| + [Vo(a)| + [D?*p(2)]).

Since xg is the barycenter of K and ¢ is regular, for all o € £ we have

poe) o = 7 ] (#0t0) = @) e
B 7 / Xo =) da
+M /K 0 b (1‘ +t(x‘7 B x))(XU - $) : (Xo — 13) dxdt
1

= m(K)/KVga(xK) - (x¢ —x)dz + Ri »

= Vp(xk): (%6 —XK) + Rk o

13



with |Rx | < Crl|¢||diam(K)?. Hence,
oL —pr = Ve(xk) (X —XK) + Vo(x1) - (X —%5) + Rx,o — R0 (5.2)

)

By (2.10), (2.13) and (2.11), we therefore write

-y = Z Gk (L — ¥K)

o=K|LEEnt

= > Gy (Vo(xk) - (X0 — XK) + Vio(xL) - (XL — X,))
o=K|LEEns
+ Z G?{)o‘ (RK,O' - RL,O’)

o=K|LEEn:

= Z V(p(XK) : Z GTIL(,U(XU _XK)+ Z Z GTIL(,GRK,U
KeM oc€lk KeMoelk

= Y m(K)Ve(xk) Dx(Up)wi + > Y Gi ,Rro (5.3)
KeM KeMo€elk

On one hand, thanks to (1.11) and to the estimate on U in L>(0,T; L2(2))¢ (which gives in particular
an estimate in L°°(0,T; L*(Q))?), we have

> m(K)Ve(xk)  De(Uk)wi| < Cslloll > m(K)(1+ [Uk]) [wi|
KeM KeM
< Collell ( > mE)(L+ |U?’<|)|W?<|2> : (5.4)
KeM

On the other hand,

Z Z G?(aURK’O-

KeM o€e€k
< Crllell Y. D diam(K)?|Gy |
KeMoelk
n ? diam(K)* :
< C7|90||<Z > me<K>|GK,U2) (Z Y (RS m((K))>
KeM o€k KeMoceyx K
< Cuollell < >N VKm(K)G’%,,;IQ) (Z diam(K)4_2d_ﬁm(K)> (5.5)
KeMoefx KeM

because (2.1) and the definition of v imply

M:m(K)7<i

diam(K)*# 1 (regul(D)
vgm(K) vom(K)2 T 1

2
) m(K)diam(K)*~24-5, (5.6)
wq

But 4 —2d — 3 > 0 and thus diam(K)*~29=8 < diam(Q)*~2?=5. Using this in (5.5) and injecting the
result along with (5.4) in (5.3), we deduce the final estimate on T7:

T1] < Cullel| ( > m(E)(1+ IU%I)IW}?F) + Cullel] < > > VKm(K)IG’z?,gF) - (57

KeM KeMoe€k
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For 0 = K|L, we let bf, , = (—Fg )" — (—F )~ c} and, by (2.3), we have b}, , = —b} ,. Hence, by
(5.2),

T, = Y bkoler — k)
oc=K|LEE;nt
= Y bk, (Voxk) - (xo —xK) + Vo(xL) - (xL —=%o)) + > Vi, (Rko— Rio)
0=K|L€EEns 0=K|LEEint
= D Velxn)s Y i +2 D bioBe
KeM 0€EKNEint KeMoeExkNEint
But b , = —Fg ¢k + (=Fg )~ (ck — c}) and thus, by (2.8) and (2.5),
Ty=— > ckVexk) Y Fi,(xo—xx)+Ts= Y m(K)ckVo(xg) Uk +T;
KeM o€€K KeM
with
Ts= ) Velxx): Y (Fi) (hk—cl)xo—xx)+ Y >  bi,Rro
KeM o=K|LEE K NEint KEM 0EEKNEint

Let us first estimate T5. The corresponding calculus will be later useful in the proof of the convergence
of the concentration. We have:

IT5) < llell Yo ERIlek - cpldiam(K) + Crllell D Y I ldiam(K)% (5.8)
KeMo=K|LEEKNEint KeMo€eExNEint
But (2.9) entails
¢k — ci| < [Wi|diam(K) + [wi |diam(L) + vgm(K)|G | +vem(L)|GE |
and thus, using |Fg | = [F} | whenever o = K|L,
Vol < FR k| + [FR o [Wi|diam(K) + [F | [w]|diam(L) + vgm(K)[Fg | |G |

+vim(L)[FE | [GF ol

Injecting these two estimates in (5.8) and bounding diam(K) either by diam({2) or by size(D) leads to
5l < Cullell Do > 1FR | (Wil + |ek]) diam(K)*

KeMoelk

+Cuallell Y S IFE,|lwh|diam(K)diam(L)
KeM o=K|LEEKNEint

+Callpllsize(D) Y Y vem(K)|Fi .| 1G% |

KeMoeclk

+C1allpl[size(D) > vim(D)|FL .| |G 5. (5.9)

KeM 0'=K|L€5Kﬂgim

We successively apply Cauchy-Schwarz inequality, the fact that regul(D) is bounded, the inequality (5.6)
and the estimates on F' from Proposition 3.1. It yields:

Yo D 1FR | (IWk| + |cf|) diam(K)?

KeMoelk
< (Z > vem(K)|Fg | ) (Z m(K)diam(K)42d6(|W?<|+|C’}(|)2>
KeMoelk KeM
. 4-2d—8 n n 2
< Cuysize(D) 2 <Z m(K)(|wk| + cK|)2> . (5.10)

KeM
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Then, we note that (thanks to (2.8))
> Yo vm@IFLLIGE = Y Y vem(K)IFR | |G, (5.11)
KeMo=K|LEEKNEint KeMoelk

and, using the estimates on F' from Proposition 3.1, we get

Y D> vem(E)|Fg,| |Gk gscas(Z 3 uKm(K)G;ggF) . (5.12)

KeMoelk KeMoelx

N

Using the fact that vx = vpdiam(K)? and inequalities (2.1) and (2.14), we get

> > |Fit o W |diam (K )diam (L)

KeM o=K|LEEKNEint

% 2
diam(K)?diam(L)?,
< | 2 2 vemENELP) | D D Wil
vrm(K)
KeMo€elk KEMU:K‘LEgKﬂfint
3 3
< (Z > vkm(K |FKU|2> > wi? > diam(K)?*~#~4diam(L)?
KeMoelk LeM U:L'KGSLﬁgint
<

(Z > vkm(K)|Fg | > (Z m(L)IWﬁ|2> : (5.13)

KeMoe€k LeM
Finally, gathering (5.9), (5.10), (5.11), (5.12) and (5.13), it yields

Ty m<K)c;;w<xK)-U?<\
KeM

|75

. 4-2d—p n n ?
< Cusllel[size(D) > (Z m(K)(IWK|+IcKI)2>

KeM

Nl

+Cisllel| ( ) vkm(K ) <Z m(K)|W%|2>
KeMoelk KeM
+C1s|| | |size(D) ( >N uKm(K)|G;;U|2> . (5.14)
KeMoelk

Thanks to the L>(0,7T; L?(R2)) estimates on ¢ and U, we also have

[l < > m(K)Ic}?IQ> (Z m(K)IU%F)

KeM KeM
Crollel|

and, using the bound on the fluxes g , from Proposition 3.1, the final estimate on T3 reads

> m(K)ckVe(xk) - Uk

KeM

IN

IN

Ta| < Caollell + Caollel| ( > m(K)(IW"K|+IC?<|)2>

KeM

+Caol ¢l ( > > VKm(K)IG%,(fIQ) : (5.15)

KeMoelgk
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The estimates on T3 and T} are straightforward, thanks to the bound on ¢ in L>(0, T; L?(92)); injecting
(5.7) and (5.15) in (5.1), we obtain, for all n = 1,..., N; and all ¢ € [(n — 1)k, nk|,

/ Op(x)0e(t, z)p(x) dz
Q

< Callell ( > m(K)(lJrIU%)IW%IQ) + Callel| < > > VKm(K)G’z?,c,I?)

KeM KeMoelk

+Cnllell + Carllell ( > wm(E)(lwk|+ Ic}’<|)2> :

KeMm

Since this inequality is satisfied for all ¢ € C?(Q), and since ®p does not depend on t, this gives an
estimate on [|0;(®pc)(Z, -)||(c2(q)) which, squared, leads to

10:(@p0)(t,)[fcz )y < Coo > mE)1+ Uk ) wi|* + Ca Y > vem(K)|GR |
KeM KeMoe€yk
+C + Ca Z m(K)(|wi| + |cf)?
KeM

forallm =1,..., Ny and all t € [(n—1)k, nk[. Integrating this last inequality on ¢ € [(n— 1)k, nk[ (which,
as far as the right-hand side is concerned, comes down to multiplying by k since it does not depend on

t) and summing on n = 1,..., Ny, we prove, thanks to the estimates of Proposition 3.2, that 0;(®pc) is
bounded in L?(0, T; (C2(Q))’).

Noting that ®pc is bounded in L°°(0,T; L?(2)) (because ¢ is bounded in this space and ®p is bounded
in L>°(9)), and since L?(2) is continuously embedded in (C2(Q2))" (via the natural embedding f — (g —
Jo f9)), this shows that ®p¢ is bounded in H'(0,T;(CZ())'). But CZ(Q) is compactly and densely
embedded in Cp(R2), and, by duality, (Co(€2))" (the space of bounded measures on ) is compactly
embedded in (C2())’. Since L?(Q) is continuously embedded in (Cy(Q2))" (via an embedding which is
compatible with the preceding one), the embedding of L?(£2) in (C%(£2))’ is in fact compact. Hence, by
Aubin’s compactness theorem we deduce that ®pc is relatively compact in C([0,T]; (C2(£2))").

Step 2: conclusion.

For all n = 1,..., Ny and t € [(n — 1)k, nk[, we have ®pc(t, ) = Ppc(nk,-) on Q (these functions are
both equal to ® g on each K € M). We also know, see e.g. [7], that H* (0,77 (C2(£2))’) is continuously
embedded in C'/%([0,T]; (C2(2))) (the space of 1/2-hdlder continuous functions [0,T] — (C2(R2))).
Hence, ®p¢ is also bounded in C'/2([0, T]; (C2(2))") and there exists Cp3 not depending on k or D such
that, for alln =1,..., Ny and all t € [(n — 1)k, nk],

||<I>Dc(t, ) — (I)DE(t, )H(C?(Q))’ = ||@DE(71]€7 ) — (I)Dg(t, )H(Cf(ﬂ))’ < 023\/E.

This means that, as k — 0, ®pc — ®pc — 0 in L=(0,T; (C3(Q))’); since ®pe is relatively compact in
this space, we deduce that ®pc is also relatively compact in this same space, and thus in particular in
LY(0, T (C2()").

Let n =1,...,Ny and t € [(n — 1)k, nk[. By (2.9), Lemma 7.3 gives, for all w relatively compact in Q
and all |¢] < dist(w, RN\Q),

lle(t, - +€) = elt, Moy < Caalé] D m(K)|[wWi|+Caalé] > > diam(K)* 'wgem(K)| G , |-
KeM KeMoelk

Integrating on ¢t € [(n — 1)k, nk[ and summing on n = 1,..., N, this implies

lle(, -+ &) = ellrgo,rxw)
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< cmazk S m |wK|+024|5|2k S Y diam(K)* vem(K)| G|
n=1 KeM n=1 KeMoelk
< 024|§|||WHL1(]0,T[xQ)d
Ny, 7 /N, 3
+Chy€| (Zk >y diam(K)2d—2uKm(K)> (Zk >y uKm(K)G?(A?)
n=1 KeMoefk n=1 KeMoelk
Ny %
< O[] + Oas¢] (Zk Z diam(K)zderﬁm(K))
n=1 KeM

thanks to the estimates of Proposition 3.2. But 2d—2+3 > 0 and thus diam(K)2?~2+8 < diam()24-2+5,
Hence, we see that

lle(, -4+ &) = cllprgo,rxw) — 0 as & — 0, independently of k or D. (5.16)
Since ®p is bounded in L>() and ¢ is bounded in L>(0,T; L*(2)), we have

[[(@pc)(+, - + &) — Pocl[Ligo,7[xw)

| (- +&)(c(s -+ &) — ) + (Pp(- + &) — Pp)ellLrgo,7xw)

Caellc(, - + &) — cllzrqo,rixw) T 1|2D( 4+ &) — PollL2(w) llellLr(0,1;02(w))
Coglle(-,- +&) = cllLrqo,rixw) + Corl|Pp(- + &) — Ppl|12(w)

IAIA

where Cag and Ca7 do not depend on D nor k. But it is classical that ®p — ® in L?(2) as size(D) — 0
(®), and thus ||®p(- + &) — Ppl|12(w) — 0 as £ — 0, independently of D. Thanks to (5.16), we therefore
obtain ||[®pc(-,- + &) — Ppcl[L1qo,rxw) — 0 as & — 0, independently of k or D. Since ®pc is relatively
compact in L'(0,T; (C%(9))'), Lemma 7.5 then shows that ®pc is relatively compact in L'(0,T; Li ().
Up to a subsequence as k — 0 and size(D) — 0, we have ®pc — f in L'(0,T; L{ .(Q)). Using again
the fact that ®p — ® in L?(£2) we also have, up to another subsequence, ®p — ® a.e. on (2; moreover,

dp > &, > 0 and thus é stays bounded on €2 (independently of D) and converges a.e. to %. The
dominated convergence theorem then shows that ¢ = i@pc — = fin L'(0,T; L], .()), which concludes

loc
the proof. m

Remark 5.1 The usual way to obtain compactness on the solution to a Finite Volume discretization of a
parabolic equation is to estimate the norm in L?(]0, T[xQ) of translations in time of the solution; basically,
such estimates are possible because there is an estimate in L*(0,T; HX(Q)") on the time derivative of the
continuous solution. However, as it can easily be seen on (1.8), the expected estimate on 0:C is in
L2(0,T; Wh4(Q)') (because U € L=(0,T; L*(Q))? and [U|V/2Ve € L2(J0,T[xQ)?). Hence, we have
little hope mimicking, in our situation, the technique that allows to pass from the continuous estimate
on the time derivative in L*(0,T; H*(2)) to the discrete translation estimate in L?(]0,T[xQ); in other
words, if we search for a translation estimate, it must be in weaker spaces than L*(J0, T[xQ) (for ezample
L1(]0, T[xQ) ), which requires manipulations that do not seem feasible in the discrete setting.

In the following, we extract a sequence such that ¢ converges in L'(0,T; LL .(2)) to some ¢.

loc

5.2 Convergence of the pressure

We now turn to the convergence of (p,v,U). By Proposition 3.1, we can assume, up to a subsequence,
that p — p weakly-+ in L>°(0,T; L*(Q2)) (which is the dual space of L'(0,T; L?*(2))) and that v — v
weakly-+ in L°°(0,T; L*(2))%. Since [, p(t,-) = 0 for all t €]0, T, it is quite clear that [, p(t,-) = 0 for

3 Approximate ® in L?(2) by functions in C1(Q2) and reason as for the estimate on (7.8) in the proof of Lemma 7.6.
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a.e. t €]0,T[ (*). By choice of vk and thanks to the estimate on F in Proposition 3.1 and the fact that
2d — 24 3 > 0, we have

Z’f S diam(K) ugm(K) | Fy |

n=1 KeMoecfk

(f;kz Zm(K))é(fij S diam(K) -2 m(K >FKU|)%

<
n=1 KeMoek n=1 KeMoefk
3
< Cag sup Z Z diam(K)?? 2P pim(K) ’
n=L,.. ’NkKGMGES
K
< Chsize(D) 57 =0 as size(D) — 0. (5.17)

Hence, Lemma 7.4 shows that p € L?(0,T; H'(Q)) and that Vp = v (which implies that, in fact,
p € L>(0,T; H (Q)).

Let Ap : Q@ x R — My(R) be the function defined by Ap(z,s) = Ax(s) whenever s € R and z belongs to
K e M. We also deﬁneé 10, T[xQ — R by ¢ =c " on [(n— 1)k, nk[xK (n=1,...,N;, and K € M);
noticing that ¢ = ¢} € [0, 1] n [0,k[xK (K € M) and that ¢ = ¢(- — k,-) on [k,T[xQ, it is clear
that ¢ — ¢ in Ll(O T; L (Q)) as k — 0 and size(D) — 0. We have U = —AD( ¢)v and thus, for all
Z € L*()0, T[x Q)4 fo JoZ-U = fo Jo —Ap(-,&)'Z -v. Applying Lemma 7.6 (with —A” instead of A,
u™ = ¢ and Zm constant equal to Z), and since v converges to Vp weakly in L2(]0, T[x)%, we see that
fo JoZ U — fo Jo —A(-,©)"Z - Vp, which proves that U — U = —A(-,&)Vp weakly in L?(]0, T[x)?
(since U is bounded in L°°(O T; L?2(Q))4, the convergence also holds weakly-* in this last space).

Let us now prove that p is the weak solution to (1.7) with ¢ fixed above. As usual, the proof consists

in multiplying the scheme by some test functions and passing to the limit. Let ¢ € C*°([0,T] x Q) and

define ¢"(z) = 1 (zk 1)k p(t,z)dt for n = 1,..., Ny. Multiply (2.6) by ¢"(xk), sum on the control

volumes and, using (2.3) and (2.8), gather by edges:
Y mE) " — g™ (xe) = Y Fro () — 9" (xk)).

KeM 0=K|LEEint
Since ¢ is regular, we have
P"(x1) = 9" (xk) = V" (1) - (Ko = X1) + V" (x0) - (X1~ Xo) + Ry — B,
with |RY | < Cypdiam(K)?, (5.18)

where C3o does not depend on n, 0 = K|L, k or D. Hence, gathering by control volumes (and still using
the conservativity of the fluxes and the boundary conditions),

> m(K)(gr" —ax M (xk) = Y Fr (Ve (xk) - (xo — xK) + V" (x1) - (XL — X))
KeM 0=K|LEEns
+ Z Fl’ré,o( nK,U - z,a')
o=K|LEE;n
= D VexK)- Y FRo(e —xx)+ Y ) FR,
KeM €€k KeMoelk
= = > mE)V"(xx) Ui+ > Y Fr Rk,  (519)
KeM KeMoelk
4 Multiply fﬂp = 0 by any function v(t) € C2°(]0,T]), integrate on ¢t €]0,T[ and pass to the limit; the equality

fo Jo 7®B(t, ) dtdr = 0 for all regular v implies the result.
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If prp and Uy p denote the functions on [0,7[x which are equal to ¢"(xx) and to V" (xx) on
[(n — D)k, nk[x K, it is clear that ¢ p — ¢ and Uy p — Ve uniformly on |0,T[xQ as k& — 0 and
size(D) — 0; multiplying (5.19) by k and summing on n = 1,..., Ni, we obtain

// —4)ekD == //\I””’ U+Zk2 > Fp Ry, (5.20)

n=1 KeMoelk

We have, by Proposition 3.1 and thanks to (5.6),

Z Z Fg . < O3 Z Z diam(K \FKU|

KeMo€elk KeMo€elk
1
diam (K 2
< en(( X 2 BV (3 5 o)
KeMoeex K KeMocEx
1
3
< Oy ( Z m(K)diam(K)“dﬁ)
KeM
4—2d—8
< Csosize(D)” 2 — 0 assize(D) — 0. (5.21)

Hence, by the weak convergence of U, we can pass to the limit in (5.20) and we find fOT Jolat —a7)e =

- fOT Jo Ve - U since this equation is satisfied for all ¢ € C>([0,T] x ), this concludes the proof that
D is the weak solution to (1.7), for the given ¢ (limit of ¢).

We now want to prove the strong convergence of v to Vp in L2(]0, 7[xQ)?. To do so, we use (2.5) and
(2.4) in (3.1), which we then multiply by k& and sum on n = 1,..., Ni; this leads to

/oT/Q(qu / /A v V+;’“K§M§K1’Km ) Fi ol (5.22)

Dropping the last term (which is nonnegative), the weak convergence of p gives, since p is a solution to

(1.7),
T T T
sy [ [acovve [ @ —ow= [ [acovevs 52
k—0, size(D)—0J0 Q 0 Q 0 Q

(the last equality is obtained using p as a test function in (1.7), which is possible since the weak formulation
of (1.7) is in fact valid with test functions in L'(0,T; H*(€2))). We now write, thanks to (1.10),

aA/OT/le—VPIQ / / &)(v = Vp) - (v — Vp)
= / / é)v - vf/ / é)v-Vp— /OT/QA(o,E)Vﬁ'v
/ / V- Vp. (5.24)

Up to a subsequence, we can assume that ¢ — ¢ a.e. on ]0,7[xQ and (1.10) then gives A(-,¢)Vp —
A(-,e)Vp and A(-,8)TVp — A(-,6)TVp strongly in L2(]0, T[xQ)%. Hence, the weak convergence of v to
Vp allows to pass to the limit in the second and third terms of the right-hand side of (5.24); the last term
of this right-hand side obviously converges and (5.23) therefore gives

IN

T
lim sup aA/ lv—Vp?* <  limsup / A(-,E)v-v — / A(-,e)Vp-Vp <0,
k—0, size(D)—0 0 Q k—0, size(D)—0 Q Q
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which concludes the proof of the strong convergence of v to V5 in L2(]0, T[x)?. The strong convergence
of U in the same space is then a consequence of Lemma 7.6, of the equality U = —Ap(+, ¢)v and of the
strong convergence of v.

We conclude by proving that, up to subsequence and as k — 0 and size(D) — 0, p(t) — p(t) in L} () for
a.e. t €]0,T[. Since p is bounded in L*(0,T; L*(Q)), and thus in L>(0, T} LlOC(Q)), this a.e. convergence
and Vitali’s theorem imply the convergence in L(0,7T; L .(2)) and, using once again the bound on p in
L>(0,T; L?(52)), we deduce the strong convergences stated in Theorem 2.2.

As v converges in L2(0,T; L%(Q))4, we can assume that, up to a subsequence, v(t) — Vp(t) in L2(Q)?
for a.e. ¢ €]0,T. Take a to for which this convergence holds, and such that [, p(to) = 0; we now prove,
by way of contradiction, that p(to) — p(to) in Li .(Q) (along the same subsequence as the one chosen
for v, which thus does not depend on tg). If this convergence does not hold then we can assume, up to a

new subsequence, that, for some 1 > 0,

d(p(to),p(to)) =1 (5.25)

where d is the distance in LL (). By (2.2), (p(to), v(to), F"(t0®)) € L, (D) (where n(ty, k) is such that
(n(to, k)— 1)k <ty < n(to, k)k) and Proposition 3.1 proves, with the help of Cauchy-Schwarz inequality as
at the end of the proof of Lemma 5.1, that M, (D, v, F*(*0:F)) (defined in Lemma 7.3) stays bounded; hence,
since p(tp) is bounded in L?*(Q) (see again Proposition 3.1), Lemma 7.3 and Kolmogorov’s compactness
theorem show that, up to a subsequence, p(ty) converges to some P strongly in L () and weakly in
L*(Q). By (2.7), it is clear that [, P = 0 (use the weak convergence in L?(2)). Applying Lemma 7.4
to the functions constant in time (u,r) = (p(to), v(to)) and to the fluxes H = F™(*) the estimates in
Proposition 3.1 allow to see that (7.5) is satisfied and thus that VP = Vp(to) (because v(tg) — Vp(to));
hence, since [, p(to) = 0, we deduce that P = p(t), and therefore that p(to) — p(to) in Li(€2). Since
the subsequence along which this convergence holds has been extracted from a sequence which satisfies
(5.25), this gives the contradiction we sought.

Remark 5.2 From the strong convergence of v and the a.e. convergence of ¢, we have fOT fQ A(, ¢)yvv —
fo Jo A E)Vp-Vp = fo Jola™ —q7)p. Hence, (5.22) implies

k—0, ignc('l))_,oz Z Z VKm ‘FK 0’|2 (526)

n=1 KeMoeclk

This will be useful in the next section.

5.3 Convergence of the concentration

Let us now turn to the convergence of (¢, w). By the estimates of Proposition 3.2, the convergence of ¢ to
¢ not only holds in L*(0,T; L ()), but also in L>(0,T; L?(£2)) weak-+ and strongly in LP(0,T; L(£2))
for all p < co and ¢ < 2. Up to a subsequence, we can assume that w — W weakly in L2(]0, T[xQ)%.

Thanks to the estimates on G from Proposition 3.2, the analog of (5.17) writes:

Zk Z Z diam(K)* vgm(K NGk 5]
k=1 KeMoelk

Nk 2
< (Zk Y diam(K)Qd2+%Km(K)|G;gJ|2>
k=1 KeMoe€k
< Cgysize(D) L0 as size(D) — 0.

Hence, by (2.9) and Lemma 7.4, we have ¢ € L*(0,T; H'(2)) and w = Ve.
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We now prove that ¢ is a solution to (1.8), with fJ the strong limit of U found in Section 5.2. Let
¢ € C([0,T[xQ) and, for n =1,..., N, ¢"(z) = + (Zk 1k e(t, ) di. We multiply (2.12) by ko™ (xk)
and sum on K € M and on n =1,..., Ny; this gives Ty + T7 + Tg + Tg = T1g. Let us study the limit of
each of these terms, as k — 0 and size(D) — 0.

5.3.1 Limit of Ty
We have, since ¢+ = V¢! = ( for k small enough (the support of ¢ does not touch t = T),

Ny, n n—1
c —c
B kY w0 e
n=1 KeM
xr) — " (x
= kY R £ =) S 08 )
n=1 KeM KeM

T
= / /‘I’CCk,D*/@DCOM,D
o Ja o

where &p = §x on K (as before), (pp = %‘W(x’() on [(n — 1)k, nk[xK and 7 p = ¢k on K

(n=1,...,N, and K € M). By regularity of ¢, it is clear that (; p — —0;¢ uniformly on [0,T] x Q and
7k, — ©(0,) uniformly on €; we also recall that ®p — P strongly in L?*(Q). The weak-* convergence
of ¢ in L>=(0,T; L*()) then implies

T
Ts — —/ /(I)éatgp —/ Deop(0, -). (5.27)
0o Ja Q

Making use of manipulations which should be, at this stage, familiar to the reader, we have, using (5.18)
and letting ¥y p be the function on [0,T[x€ equal to V" (xk) on [(n — 1)k, nk[x K,

Ny,
7 = —Zk Z ZG?(,U‘PH(XK)

n=1 KeMocfk

Ny,
D ILEED D MERCARECE)

n=1 o=K|LEEn

N N
= Y Ve Y Gl —xi) + 3k S Y G

5.3.2 Limit of T

n=1 KeM oc€EK n=1 KeMocfk
SR Y wR) DU T ) <3k Y Y G
n=1 KeM n=1 KeMoeclg

/OT/QD(.,U)w-\pk,D+§:k Y G,

n=1 KeMoelk

T Ny,
/ w- DU Up+> kY > Gi,Ri,. (5.28)
0 Q

n=1 KeMoelk

But, thanks to the estimates on G from Proposition 3.2, the analog of (5.21) writes

Z k Z Z G% < Css s1ze(D)472;7ﬁ — 0 assize(D) — 0.

n=1 KeMoecfk
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Since U — U strongly in L?(]0, T[xQ)?, hypothesis (1.11) classically implies that D(-, U) — D(:,U)
strongly in L2(]0, T[x)?*¢ (extract a subsequence of U which converges a.e. and use Vitali’s theorem).
Since ¥y, p — Vi uniformly on 0, T[x €2, we deduce that D(-, U)T ¥, p — D(-, U)TVe in L2(]0, T[xQ)?
and the weak convergence of w to V¢ allows to pass to the limit in (5.28):

T, — / / D(-,U)Ve- V. (5.29)

5.3.3 Limit of Ty

The term Ty is build writing —kT5 (see page 13) with ¢™(xk) instead of ¢x and summing on n:

Ny,
Ts=> k> S [(~Fp,)tck — (—Fp )] o (xx).

n=1 KeMo=K|LeEExkNEint

In the proof of Lemma 5.1, we obtained estimate (5.14) on T». This inequality has been proved for test
functions ¢ in C2(Q), but is also valid for test functions in C?(Q); in the same way, it is still valid if we
use, in the definition of Ty, ¢"(xx) rather than the mean value of ¢ on K (because (5.18) is similar to
(5.2) without requiring xx to be the barycenter of K). Therefore, thanks to the estimates of Proposition
3.2,

Ny,
Ts + Z k Z m(K)cx Uk - Vo' (xk)

n=1 KeM
4—2d 8 N :
S CgGSiZG Z ( Z )(IWTIL(| + |CTIL()2>
n=1 KeM
1 1
N, 2 2
+C3()Zk < Z Z I/Km FK0|2> < Z m(K)WTIL(2>
n=1 KeMoeclk KeM
N H
+036SiZG(D) Z k ( Z Z VKm(K)|G7Il(,U|2>
n=1 KeMoelk

< Cs7 | size(D) (Zk Z Z vim(K |FK0|2> + size(D)

n=1 KeMocék

and, by (5.26), this last term tends to 0 as k — 0 and size(D) — 0. With the same ¥y p as before, we

have
Nk T
Sk m(K)c"KU’}(-Vgo”(xK):/ /CU-fok,D
0 Q

n=1 KeM

and we therefore can pass to the limit (using the weak convergence of ¢ in L2(]0,T[x2), the strong
convergence of U in L2(]0, T[x)? and the uniform convergence of ¥y p on ]0, T[x2) to obtain

T
T8—>—/ /E[_I-Vgo. (5.30)
0 Q

5.3.4 Limits of Ty and T}
We have, with ¢y p equal to " (xx) on [(n — 1)k, nk[x K,

Ny T .
Ty = Zk Z m(K)qg " cg " (Xx) :/o /Qq_apkp%/o /Qq_&p. (5.31)

n=1 KeM
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It is also easy to pass to the limit in

Ny T
T =3k 3 mK)i e xn) = [ [ Gpenn

n=1 KeM

once we notice that, as for ®p, the function ¢, p equal to ¢% on [(n — 1)k, nk[x K converges to ¢ in

L3(]0,T[x). Hence,
T
T10—>/ /q'*“c}p. (5.32)
0o Jo

Gathering (5.27), (5.29), (5.30), (5.31) and (5.32) in Tg + T7 + Ty + Ty = T19, we deduce that ¢ is a weak
solution to (1.8) with the function U limit of U.

6 Numerical results

In this section, we illustrate the behavior of the mixed finite volume scheme by applying it to the system
(1.1)—(1.6), which describes the miscible displacement of one fluid by another in a porous medium. Some
of the tests cases come from the paper [20] where an ELLAM-MFEM scheme is used, and our results
compare very well to the ones in this reference.

In all the test cases, the spatial domain is Q = (0, 1000) x (0, 1000) ft? and the time period is [0, 3600] days.
The injection well is located at the upper-right corner (1000, 1000) with an injection rate ¢+ = 30 ft?/day
and an injection concentration ¢ = 1.0. The production well is located at the lower-left corner (0,0) with
a production rate ¢~ = 30 ft2/day. The viscosity of the oil is 11(0)=1.0 cp, the porosity of the medium is
specified as ®(z) = 0.1 and the initial concentration is ¢o(z) = 0.

Remark 6.1 Although this does not entirely satisfy the assumptions of our theoretical study, the wells
can be considered as dirac masses; from the point of view of numerical tests, we saw no difference between
using dirac masses for q¢* and ¢~ or approximations of such masses by functions concentrated in small
domains (which would be admissible in the theoretical study).

The mesh of the domain is made of 928 triangles of maximal edge length 50 ft. We take as time step
k = 36 days but the scheme still works with greater time steps (indeed, the discretization is implicit in
time and does not require any stability condition). In fact, if we use the same time step k& = 360 days
as in [20], we obtain numerical results close to the ones in this reference but, since the computational
times are in any case very short (less than 3 seconds per time step on a personal computer), we choose
the smaller time step & = 36 days to show more accurate results with respect to the exact solution. As
noticed in [9], the choice of v has very little impact on the numerical outcomes and any small value for
the penalization give good results; we therefore take vxm(K) = 1076 for all K.

For each test case, we present the surface plot and the contour plot of the concentration ¢, the interesting
physical quantity, at ¢ = 3 years (= 30 time steps) and t = 10 years (= 100 time steps).

Remark 6.2 Notice that our scheme preserves the discrete mass, that is to say, forn=1,..., Ng,

/qu(x)c”(a:) d:}:—f—/(:ljl)k/gq_(tw)c”(;v) dxdt:/ﬂqﬁ(:c)c"_l(x) d:Jc—I—/(::)k/Qqu(t,x)E”(w)dmdt

(this is obtained by summing (2.12) on K € M and using (2.10) and (2.13) to cancel the terms involving
G, and (2.3) to cancel the terms involving Fg: ;). We also want to point out that, in all the following
numerical tests, our method does not induce neither overshoot nor undershoot on the concentration: the
computed values for ¢ remain in [0, 1].
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Test 1. For this test case, we assume that the porous medium is homogeneous and isotropic: the
permeability tensor is diagonal and constant, K = 80I. The mobility ratio between the resident and the
injected fluids is M = 1, so that the viscosity is constant u(c) = 1.0 cp.

We assume that ®d,,, = 1.0 ft2/day, ®d; = 5.0 ft and ®d; = 0.5 ft. This means that the diffusion effects
will be considerably greater than the dispersion effects, which is in pratical unrealistic.

The surface plot and the contour plot of the concentration ¢ at t = 3 years and ¢ = 10 years are shown in
Figure 1. As expected, the Darcy velocity is radial and the contour plots are circular until the invading
fluid reaches the production well (see at t = 3 years). When the production well is reached, the invading
fluid continues to fill the whole domain until ¢ = 1.
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Figure 1: Concentration of the invading component in Test 1

Test 2. The permeability tensor is still diagonal and constant, K = 80I. The adverse mobility ratio is
M = 41 and the viscosity p(c) now really depends on c.

We assume that there is no molecular diffusion ®d,,, = 0.0 ft? /day and that ®d; = 5.0 ft and ®d; = 0.5 ft.
This means that we take into account dispersion effects, which is realistic.
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This test case is presented in [20] and permits to see the macroscopic fingering phenomenon. Indeed, the
viscosity u(c) rapidly changes across the fluid interface. It induces rapid changes of the Darcy velocity U
and the difference between the longitudinal and the transverse dispersivity coefficients implies that the
fluid flow is much faster along the diagonal direction. Such effects can be seen on the surface and contour
plots in Figure 2.

Remark 6.3 Although this test (as well as tests 3 and 4) does not satisfy our theoretical assumptions
(because d,, = 0), we present its results to show that the mized finite volume scheme is robust and
can numerically handle more general cases than the ones admitted in the theoretical study, and also to
compare it with other existing schemes for the same equations (note that there is no theoretical study of
convergence whatsoever in [20] or [21]).

The study of the continuous problem (1.1)—(1.6) when d,, = 0 demands quite evolved functional analysis
(see [1]), and the translation of these techniques to the discrete case (to prove the convergence of the
scheme in the case of no molecular diffusion) does not seem straightforward at all.
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Figure 2: Concentration of the invading component in Test 2
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Test 3. In this test case, we consider that the permeability tensor is still diagonal but discontinuous:
K = 80I on the subdomain (0,1000) x (0,500) and K = 20I on the subdomain (0,1000) x (500, 1000).
The adverse mobility ratio, the molecular diffusion, the longitudinal and the transverse dispersivities are
the same as in Test 2.

The lower half domain has a larger permeability than the upper half domain. Therefore, when the invading
fluid reaches the lower half domain, it “prefers” to pass through this domain rather than through the
domain with lower permeability. As expected, we also notice that the upper half domain is, on the overall,

less invaded than in Test 2. These effects are illustrated by the surface and contour plots of ¢ in Figure
3.
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Figure 3: Concentration of the invading component in Test 3

Test 4. In this last test case, the permeability tensor has the form K = k(z)I with x(z) = 80 except
on the four square subdomains (200,400) x (200,400), (600,800) x (200,400), (200,400) x (600,800),
(600,800) x (600,800) where «(xz) = 20. The adverse mobility ratio is M = 41, and we take ®d,, =
0.0 ft? /day, ®d; = 5.0 ft and ®d; = 0.5 ft.
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Figure 4 shows the surface plot and the contour plot of the concentration at ¢t = 3 years and ¢t = 10 years.
The subdomains where the permeability is lower can easily be seen on the figures. We note that the area
occupied by the invading fluid at ¢ = 10 years is in this case larger than in Test 2, where the permeability
was homogeneous.
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Figure 4: Concentration of the invading component in Test 4

7 Appendix

7.1 A magical lemma

The formula in the following lemma justifies equations such as (2.5) and (2.11). Its proof (a very simple
application of Stoke’s formula) can be found in [9].

Lemma 7.1 Let K be a non empty polygonal convex open set in R, For o € £k (the edges of K ), we
define x, as the center of gravity of o and ni , as the unit normal to o outward to K. Then, for all
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vector e € R? and for all point xx € R?, we have
m(K)e = Z m(o)e ng,(Xs — Xk)
c€EK

where m(K) is the d-dimensional measure of K and m(o) is the (d — 1)-dimensional measure of o.

7.2 Lemmas on discrete gradients

For D an admissible discretization of  and v = (vk ) ke a family of positive numbers, we denote L, (D)
the space of (u,r, H), with u = (ug)gem a family of numbers, r = (rx)kenm a family of vectors and
and H = (Hg o) keM, ccex & family of numbers, such that

ri - (Xo —Xx)+rL- (XL —%Xo) +tvkm(K)Hg o —vpm(L)Hp , = up —ug, Yo = K|L € &y (7.1)

(note that u and r are also identified with the corresponding functions on 2 constant on each control
volume K).

The following lemmas are the counterparts for Neumann boundary conditions of lemmas stated in [9] or
[8] in the case of Dirichlet boundary conditions.

Lemma 7.2 Let Q a convex polygonal bounded open subset of R®, D an admissible discretization of
such that regul(D) < 0 for some 0 > 0, and v = (Vk)kem o family of positive numbers. Then there
exists Csg only depending on d, Q and 0 such that, for all (u,x,H) € L, (D) satisfying [,u =0,

ullL2() < Css ([It]|L2)e + Ma(D, v, H))

with My (D, v, H) = (X et e dism(K)24-202 m(K)| Hy o|2) .

Proof of Lemma 7.2

Let w be the weak solution of —Aw = u on  with homogeneous Neumann boundary conditions on 02

(such a w exists thanks to the fact that [,u = 0) and null mean value. Since  is convex, it is well

known (see [16]) that w € H?(Q) and that there exists C3g only depending on d and ) such that
llwl|m2) < Csollul|L2(q)- (7.2)

We multiply each equation of (7.1) by fa Vw - ng s dy and sum over the interior edges and gather by
control volumes, using ng , = —ny, , whenever ¢ = K|L:

Z Z rK-(xg—xK)/Vw~nK,gd'y

KeMoeExNEint

+ Z Z VKm(K)HK’U/Vw~nK,[,d'y = — Z UK Z /Vw'nKpdV-

KeMoeExNEint KeM 0€EKNEint ¥ 7

Since fa Vw-ng , dy = 0 whenever o € £, we can add to the preceding sums all the terms corresponding
to boundary edges, which gives, by definition of w,

Z Z rK-(xo—xK)/Vw-nKJd’y

KeMoelk
+ Z Z me(K)HK,U/Vw-nKdey = — Z UK Vw - ng dy
KeMocEx o KeM oK
= — Z uK/ Aw
KeM K
= > m(K)ufe =||ullf2q)- (7.3)
KeM
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Since regul(D) < 6, [8, Lemma 8.1] gives Cyp only depending on d, Q and 6 such that

g /de " Cum(@) o
/), g ~ diam(K) H2(K):

/ Vwdy ng o

Using Cauchy-Schwarz inequality, we deduce, since Card(Ex) < regul(D) < 0 for all K € M,

Z Z rK-(xg—xK)/Vw-nKJd’y
2)%

KeMoelk
dlam
(3 3 woomar) (3 3 ot
<c4oe>%<2 (K HK2> (Z > dm}fﬁ@? )||w||H2<K)>

KeMoelk KeMo€elk
KeM KeMoelk

IA

/de'y ng,o

N|=

IN

We have, if 0 € £, m(0) < wg_1diam(K )41 (where wg_1 is the volume of the unit ball in R4~1); thus,

by (2.1), dlam(K[gm(”) < reg‘ﬂ(D)wd L and we obtain

% C4 Wy
S rk (%o —xK)/Vw-nK,gdy< — VT e L2 gyl [ 2 ) - (7.4)

/W
KeMoelk d

Cauchy-Schwarz also gives

Z Z vgm(K HKU/Vw ng o dy

KeMoe€k

N

(z S diam(K)H- 2 m(K >|HKU|>

KeMoelk

/Vw ng o dy

)

1
2
o)m(K)
< M2 D v, H < E E 1am K 2d— 1||w|H2(K)> .

KeMoelk

(X T e

KeMoelk

Since % < wg—1wy, this inequality and (7.4) injected in (7.3) lead to

ullZ2(0) < Carllrll 2@l [w] 2(@) + Car Ma(D, v, H)||[wl| a2

with Cy; only depending on d, Q and 6, and we conclude thanks to (7.2). B

Lemma 7.3 Let Q be a convex polygonal bounded open subset of R, D be an admissible discretization
of Q such that regul(D) < 0 for some 8 > 0 and v = (vk)xem be a family of positive numbers. Let
w be relatively compact in . Then there exists Cyo only depending on d, 2, w and 0 such that, for all
(u,r, H) € L,(D) and all |£] < dist(w, RH\Q),

u(- + &) — ullpr(w) < Caz (x|l ye + My(D, v, H)) [¢]

where My(D,v, H) = 3 pee pf Doveern diam(K)* 'vgm(K)|Hr o).
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Proof of Lemma 7.3

For z € R% ¢ € R? and o € &, we define x(z,0,&) = 1if o N [z,x + & # 0 and 0 otherwise. Let
x € w and ¢ as in the lemma; we then have, since [z,z + £] C Q (by choice of &), |u(zx + &) — u(x)| <
ZU:K‘LE&M x(z,0,8)|urx —ur| (in fact, this inequality only holds for a.e. x € w, the points such that x
and x 4 £ do not belong to the boundary of a control volume and [z, z + £] does not intersect the relative
boundary of an edge). Hence, by (7.1),

|u(x + 6) - u(x)| < Z |rK|diam(K)X($7 g, g) + ‘rL‘diam(L)X(x7 g, 5)

UiK‘LEgint
+ Z VKm(K)|HK70|X(l',O',£)+VLHI(L)|HL70|X(£E,J,£)
oc=K|LEEn
< > diam(K)rx] Y x(@o. )+ Y. Y vkm(E)|[Hy ol x(z,0,€).
KeM c€€K KeMoe€lk

But x(z,0,€) # 0 only if  lies in the set o — [0, 1), which measure is m(o)[€ - n,| < m(o)[¢] (n, being
a unit normal to o). Hence, integrating the preceding inequality on z € w,

/\U(IJrf)*U(x)ldl‘ < Y diam(K)[rg| Y m(o)El+ Y Y vwm(K)|[Hiq|m(o)[¢]

KeM oc€lK KeMoelk

and we conclude using the fact that m(o) < wy_idiam(K)?~! whenever o € €k, that Card(Ex) <
regul(D) < 6 and inequality (2.1). B

Lemma 7.4 Let Q be a convex polygonal bounded open subset of RY and T > 0. Let (Dr)m>1 be a
sequence of admissible discretizations of Q such that size(Dp,) — 0 as m — oo and (regul(Dy,))m>1 s
bounded. We also take, for all m > 1, ky,, > 0 such that Ny, = T/ky, is an integer and k,, — 0 as
m — 00, and Uy, = (Um k) Kem,, @ family of positive numbers.

For allm>1 and alln =1,..., Ny, , we take (™", r™") = (up", r%" )kem,, and a family H™" =
(Hi W )KeM,, , oesye such that (u™",x™" H™") € L, (Dp). We let (u™,r™) be the functions on
[0, T[xQ equal to (up", v ") on [(n — Dk,nk[xK (forn=1,...,Ng, and K € M,,).

Assume that, as m — 0o, u™ — @ weakly in L?(]0, T[x€), r™ — ¥ weakly in L?(]0, T[xQ)? and

N

Z km Z Z diam(K) vy, xkm(K ) H | — 0. (7.5)

n=1 KeM, 0€€k
Then @ € L?(0,T; HY(Q)) and Vi = .

Proof of Lemma 7.4
We first simplify the notations by dropping the index m; hence, we denote D = D,,,, k = kyn, u = u™
r=r" Hp = H;?:, and we are interested in the convergence of quantities as k — 0 and size(D) — 0.

To prove the lemma, we just need to show that Vi = T in the sense of the distributions on |0, T[x€. Let
0 € C(]0,T[xQ) and e € R%; we multiply each equation (7.1) on (u™,r™, H") by f&’il)k [, veng o, dy.

We then sum on the edges and, using ng , = —ny, , if 0 = K|L € &y, we gather by control volumes.
Thanks to the fact that f(n 1 kfa ve -ng,dy = 0if 0 € Ex, we can freely introduce the terms
corresponding to boundary edges (which are otherwise not present). Finally summing onn =1,..., N,
we obtain

Z Z ri - Z / /Sﬁe'nK,ad”Y(Xa*XK)

n=1KeM 0€EK (n=1)k Jo
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nk

N nk Ni
+Z Z Z VKm(K)HI”(_’U/ /gpe~nK,gd’y = 72 Z u'f Z /goe'nKﬁgd'y
n=l1KeMoelk (n=1)k Jo n=1KeM  oc&g’(n—DkJo
Ny nk
fz Z u' /(nl)k/KdiV(cpe)

n=1KeM

_ /0 ' /Q udiv(ve). (7.6)

By convergence of u, this right-hand side tends, as k¥ — 0 and size(D) — 0, to — fOT Jo udiv(ge). Let us
denote 777 and T35 the two terms in the left-hand side of this equality.

We have, since ¢ is bounded,

Ny,
lelloo Y > > vim(K)|HE ,[m(o)k

[T12| <
n=1KeMo€c€k
Ny
< lelloowa1 Yk > Y vem(K)|Hy ,|diam(K)*!

n=1 KeMoelk

and thus, by assumption, T2 — 0 as k — 0 and size(D) — 0. We now compare Tj; with

=3 Y K/ S m(o) (me)/Ksa) Mo (%o — X).

n=1KeM (n=1)k o€k

Since ¢ is regular, we have Cy3 only depending on ¢ such that

N,
Cussize(D) > kY |rik| > m(o)diam(K)

|T1 —Tis] <
n=1 KeM o€l
N
< C4gsize(D)wd,1Zk Z "% |Card (€ )diam (K).

n=1 KeM

Using the fact that regul(D) stays bounded, we get Cyy not depending on k nor D such that

Ny,
‘Tll - T13‘ S C44SiZ€(D) Z k Z m(K)|r}L( = C44size(D)||rHL1(]0’T[XQ)d.
n=1 KeM

Since r is bounded in L?(]0, T[xQ)¢, this shows that Ty; — Ty3 — 0 as size(D) — 0. Using Lemma 7.1
with ﬁ S #(t,-) e instead of e, we have

Ny, nk T T

T3 = rh - /goe:/ /r-goe—>/ /I_'~<pe as k — 0 and size(D) — 0.
7;1 Kg\/l K (n-1)k JK 0 Q 0 Q

Hence, the limit of (7.6) as k — 0 and size(D) — 0 gives fOT JoT-pe=— fOT Jo, udiv(ge), which concludes

the proof. m

7.3 A compactness lemma

Lemma 7.5 Let Q be a bounded open subset of R, T >0 and A C L'(0,T; LL (Q)). If A is relatively
compact in L*(0,T; (C2(2))") and if, for all w relatively compact in €2,

sup [lu(-,- + &) —ullLrqorixwy — 0 as [§] — 0,
ue

then A is relatively compact in L'(0,T; L (€2)).

loc
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Proof of Lemma 7.5

The proof is inspired by classical proofs of Kolmogorov’s or Aubin’s compactness theorems. Let w be
relatively compact in Q and take (pu)o<<dist(w,r4\0) Smoothing kernels on R such that supp(p,) is
included in the ball of center 0 and radius p. For v € A, let u, = u * p,, (the convolution being only on
the space variable), which is defined on ]0, T[xw

We first prove that, for all u, A, = {u,, u € A} is relatively compact in L'(]0, T[xw) Let (u]})n>1
be a sequence in A,. Since (u" )nZl lies in A, it is relatively compact in L'(0,T; (C?(Q2))') and we can
assume, up to a subsequence7 that it converges in this space. We then have, for all (¢t,z) €]0, T[xw, since
supp(pu(z —-)) C Q by choice of p,

(¢, @)~ (t, )| = ' /Q (W () — u™ (6 9))pu( — ) de| < [[u"(t,) =™ (1, ez 1ou (2= lezc@-

Hence, integrating on = € w and t €]0, T'[, we find C}, depending on p but not on n nor m such that ||uj, —
uZL||L1(]07T[Xw) < Cyllu™ — um”Ll(O,T;(Cg(Q))/), which shows that (UZ)nzl converges in L!(]0, T[xw) since
(u™)p>1 converges in L' (0,T; (C2(92))"). Hence, for all u €]0, dist(w, R1\Q)[, 4, is relatively compact in
L]0, T[xw).

Let us now conclude the proof. It is sufficient to show that sup,e 4 [|u — uu||L1qo,7[xw) — 0 as p — 0.
Indeed, once this is done, we have A C A, + Br1(jo,7[xw)(0,0()) with 6(u) — 0 as u — 0, which clearly
shows, since A, is precompact in L*(]0, T[xw), that A is also precompact (and thus relatively compact)
in this space.

Let u € A, t €]0,T[ and = € w; we have |u(t,x) —wu,(t, )| < fB(O’M) lu(t,z) — u(t,z — y)|pu(y) dy and
thus, integrating on z € w and ¢ €]0, T,

T
i = wll oz < / / / fu(t,2) — ult,z — )| dida p, (y) dy
B(0,u) JO w
T
< swp [ [ futto) - ulto - )| dra,
ly|[<pJo Jw

and the proof is concluded. m

7.4 A technical lemma

Lemma 7.6 Let Q be a convex polygonal bounded open subset of R*, T >0 and A : Q x R — My(R) a
Caratheodory bounded matriz-valued function. Let (Dp,)m>1 be a sequence of admissible discretizations
of Q such that size(D,,) — 0 as m — 00, and ky, > 0 be such that Ny, = T/ky, is an integer and ky, — 0
as m — 0.
Let u™ = (uf" )n=1,....Ny, , Kem be a function on ]0,T[xQ, constant on each [(n — 1)k, nk[xK (n =
Ny, K € My,). We assume that v™ — 4 in L'(0,T;LL (Q)) as m — oo. Let Z™ €
L2(]0, T[xQ)? which converges to Z in L*(]0,T[xQ) as m — oco. Define Ap, : Q x R — My(R)
by Ap,, (z,s) = ﬁ Jx Ay, s) dy whenever x belongs to K € My,

Then Ap,, (-, u™)Z™ — A(-,u)Z in L?(]0, T[xQ)?* as m — oo.
Proof of Lemma 7.6
To simplify the notations, we drop the index m and we study the convergence as k — 0 and size(D) — 0.

Let us first prove that, up to a subsequence, Ap(-,u) — A(-,u) in L'(]0, T[xQ)¥*<. We have, since
ul =u(t,y) if (¢, y) € [(n — 1)k, nk[x K,

T
/ / |Ap(z,u(t,x)) — Az, u(t,z))| dtdx
o Ja
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_ Z/ﬂ / ‘m Aly, ull) dy — Az, @t z))| dtdz

n=1 Dk KeM

< / 1) /K [A(y, ut, ) — Ale, alt,2))| didedy
< Z / o 2o T At = Ay ddady
+Z / e e [ At - Al a0 dudsay
< [ [ 1AWt - A, at vy (77)

+Z/

Up to a subsequence, we can assume that u — @ a.e. on ]0,T[x€2. Since A is bounded on 2 xR and A(y, -)
is continuous, the dominated convergence theorem shows that (7.7) tends to 0 as k — 0 and size(D) — 0.
The function A(-, %) is integrable on ]0, T[x€; for all € > 0, we can therefore find F € C}(]0, T[x§)?*4
such that ||F — A(-,@)|[1(o,r[x0)4xe < € and we then have

1 27 —
o [ 1A ) — At o) deddy. (7

KEM

1
78) < / // Ay, u(t,y)) — F(t,y)| dtdedy
(7.8) an)kKeM K)KK‘( (t,y) — F(t,y)|
+Z/ // \F(t,y) — F(t,z)| dtdady
(n—1)k KGM
N nk
—l—Z/ / / |F(t, z) — Az, u(t, x))| dtdzdy
(n—1)k KGM
< |[A(,a )—7\|L1(]0,T[xn)dxd+C4581Z€(D)+||7:—A('ﬂ)HLl(]o,T[xQ)dxd
< 2e 4 Cyssize(D)

where Cy5 only depends on F, T and 2. Hence, (7.8) tends to 0 as size(D) — 0 and we deduce that
Ap(,u) — A(-,a) in L*(J0, T[x Q)<

Up to a subsequence, we can thus assume that Ap(-,u) — A(-, @) a.e. on |0, T[x€. By strong convergence
of Z and since A is bounded, it is then easy to deduce that Ap(-,u)Z — A(-,%)Z in L?(]0, T[xQ)?. This
has only been proved up to a subsequence, but since the limit is unique, this proves that the whole
sequence converges. W
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