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91405 Orsay cedex, France

Marek Banaszkiewicz

Space Research Centre, Bartycka 18A

00-716 Warsaw, Poland

Abstract

We report about the first detailed uncertainty analysis concerning the kinetics pa-

rameters of the ion-molecule reactions included in a Titan’s ionospheric chemistry

model. Uncertainty propagation has been performed by Monte Carlo sampling. Dif-

ferent possible descriptions of the uncertainties on the rate constants are discussed

and compared on the basis of our state of knowledge about ion-molecule reaction

rates laboratory measurements. We propose also a new method for the treatment of
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branching ratios correlated uncertainties. We show that the uncertainty on branch-

ing ratios contribute significantly to the uncertainty on ion densities predicted by

the chemistry model. Simulation of a mass spectrum for ionic species in Titan

ionosphere at 1200 km of altitude and night-time chemistry has been performed

and compared to the INMS mass-spectrum available on the website of the NASA

(NASA/JPL/University of Michigan, 2005), corresponding to Cassini’s T5 flyby.
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1 Introduction

Titan dense and complex atmosphere is essentially made of nitrogen and methane but also

of traces of numerous hydrocarbons (Broadfoot et al., 1981; Hanel et al., 1981; Samuelson

et al., 1997). This atmosphere is exposed to solar extreme ultraviolet radiations and to

a flux of energetic electrons from the magnetosphere of Saturn. Nitrogen and methane

ionisation initiates a complex chemistry in Titan’s ionosphere between charged and neutral

species producing big molecular ions. Ongoing flybys of Titan by the Cassini spacecraft are

providing invaluable data on the rich chemical composition of the upper atmosphere and

ionosphere. The complexity of its atmospheric chemistry makes it a challenging system for

models.1 Let us note that models are very helpful to unravel the mass spectra acquired by

the Ions and Neutrals Mass Spectrometer (INMS) instrument for neutral and ionic species

(Waite et al., 2004, 2005).

Earlier models of Titan’s ionospheric chemistry were first concerned by the major ions

identified such as HCNH+, C2H
+
5 , CH+

5 and HCN+ (Ip, 1990; Keller et al., 1992). Keller

et al. (1992) predicted the altitudes and the intensities of a peak electron density for zenith

angles of 60 and 90 degrees in good agreement with Voyager data (Bird et al., 1997). Since

Roboz and Nagy (1994) reported that Titan’s ionosphere below 1500 km was chemically

controlled, models evolved towards an increase in chemical species and reactions, in order

to build a realistic account of the chemistry. These refinements were made possible thanks

to the vast amount of laboratory data gathered over the years. Several review articles

by Anicich and collaborators (Anicich, 1993; Anicich and McEwan, 1997; Anicich, 2003)

report rate constants and product branching ratios for numerous bimolecular ion-molecule

reactions. Fox and Yelle (1997) built a model of Titan’s upper atmosphere taking into

account 38 neutral species and 35 ions, involved into more than 600 chemical and physical

processes. Keller et al. (1998) improved the model of Keller et al. (1992) by updating

1A recent bibliography of over 500 references as of 2005/01/09 is available online (Minard, 2005)
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rate constant values and by adding new ion species (51 ions in total) in order to better

describe the production of heavy hydrocarbons. In all these studies, neutral species were

considered as a fixed bath in Titan’s ionosphere. However Keller et al. (1998) tested two

different neutral atmospheres, as predicted by the neutral models of Yung et al. (1984)

and Toublanc et al. (1995), and concluded that the ion densities strongly depend on the

neutral atmosphere. This important correlation between ion and neutral reactivity has

been accounted for by both Banaszkiewicz et al. (2000) and Wilson and Atreya (2004) who

developed ion-neutral coupled models containing 33 neutrals/57 ions and 80 neutrals/33

ions, respectively.

Discrepancies between the outputs of the different models and between the outputs

and available data are difficult to assess in the absence of quantified uncertainties. In

particular, modelling the chemistry of planetary ionospheres involves numerous physical

and chemical parameters, which values are known from laboratory measurements with

non negligible uncertainty factors. These uncertainty sources should be accounted for

in the modelling. Uncertainty quantification of model outputs is not a recent issue in

atmospheric or space chemistry (Thompson and Stewart, 1991; Stewart and Thompson,

1996; Dobrijevic and Parisot, 1998; Dobrijevic et al., 2003; Vasyunin et al., 2004; Wakelam

et al., 2005, 2006) but few systematic studies have been reported for Titan atmosphere

(Hebrard et al., 2005) and none for Titan ionosphere, to our knowledge. A sensitivity

test by Keller et al. (1992) revealed that a 30% variability of ionisation cross-sections,

ion-molecule reaction rates, and neutral densities produced a similar perturbation of the

equilibrium ion densities. Considering that the uncertainties on the input parameters are

now known to be often higher than 30% (Anicich and McEwan, 1997; Hebrard et al., 2005)

and that the uncertainties on the branching ratios of the ion-molecule reactions were not

accounted for, the balance should certainly be worse. We focus in the present article on

ion-molecule reactivity related uncertainties, in the case of the model of Banaszkiewicz
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et al. (2000). Uncertainty propagation is done by a Monte Carlo method.

Monte Carlo uncertainty propagation has been systematically used in recent studies

(Dobrijevic et al., 2003; Vasyunin et al., 2004; Hebrard et al., 2005; Wakelam et al., 2005,

2006). This approach requires the definition of a probability density function (pdf) for the

input parameters, from which one draws samples of input parameters. The probability

distribution should be as representative as possible of the state of knowledge about ex-

perimental results. The 1993 and 1997 reviews by Anicich (Anicich (1993); Anicich and

McEwan (1997)), on which is based the model of Banaszkiewicz et al. (2000), provide pre-

ferred values k0 for the rate constants, usually reported with their relative uncertainty x,

and preferred values for the corresponding branching ratios, without uncertainty.

A first point which requires a closer examination is the absence of reported uncertain-

ties for branching ratios. Moreover, as clearly stated by Zádor et al. (2005a), it seems

that the correct treatment of branching ratios as correlated parameters for more than two

channels has not yet been properly addressed in the literature about uncertainty propa-

gation in complex chemical systems. At best, the different reactive pathways of a given

reaction have been treated as uncorrelated. However it is known that neglecting correla-

tions between input parameters is a source of spurious output uncertainty (Hanson and

Hemez, 2003). Hence this point is an important issue for every chemical system containing

multiple channels with poorly known branching ratios. We address this issue here by using

an adapted Dirichlet distribution.

The representation of rate constant uncertainty with log-normal distributions seems to

be the present paradigm, regardless of the nature of the uncertainty. We would like to

stress out that the appropriate type of uncertainty distribution might depend strongly on

the experimental technique used or on the combination of results performed by a reviewer.

Indeed, the initial and most delicate task in probabilistic uncertainty propagation is to de-

sign the probability density function in input parameters space (Helton and Davis, 2000).
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This process, called elicitation (Garthwaite et al., 2005; Jenkinson, 2005), consists in build-

ing a pdf representative of one’s state of knowledge about the parameters and taking into

account all pertinent information.

The present paper addresses the following questions related to uncertainty propagation:

• which type of probability density function is best adapted to represent one’s state of

knowledge on rate constants of ion-molecule reactions?

• how do different choices of input pdf affect uncertainty propagation results?

• how does the uncertainty propagation on the branching ratios affect the uncertainties

on the outputs in such a complex chemical scheme?

Uncertainty propagation of the ion-molecule chemistry performed on the model of Ba-

naszkiewicz et al. (2000) is applied to the estimation of ion densities. The recent publi-

cation of ion mass spectra measured by the INMS instrument on Cassini during T5 flyby

(Cravens et al., 2006) motivated the extension of our results to the uncertainty propagation

for ion mass spectra.

2 Representation of uncertainty in chemistry model

inputs

Uncertainty in input parameters θ is represented with a joint probability density function

(pdf) p(θ|I). As it represents a state of knowledge about the possible values of the pa-

rameters, this pdf is conditional to an ensemble of a priori information and hypotheses,

noted I. Uncertainty propagation consists in calculating the transformation of the inputs

pdf through the model y = f(θ), resulting in a pdf for the outputs p(y|I). The formal
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equation for this process is (d’Agostini, 2003)

p(y|I) =

∫

dθ δ(y − f(θ)) p(θ|I) (1)

This multidimensional integral can be evaluated by collocation methods (e.g. polynomial

chaos; Isukapalli and Georgopoulos, 2001) or by Monte Carlo methods. When the number

of parameters increases, collocation methods are doomed by the “curse of dimensionality”.

As we deal here with more than 500 parameters, we did not retain such methods.

The standard uncertainty propagation Monte Carlo algorithm consists in drawing a rep-

resentative sample from the inputs pdf p(θ|I), and to evaluate the value of the output(s) for

every element of this sample (Helton and Davis, 2000; Helton, 2005). Statistical summaries

and approximations of the output pdf are then built from the output sample. Analysis of

output uncertainty provides a basis for uncertainty analysis, i.e. identification of the con-

tribution of each parameter (or group of parameters) to the total uncertainty, and for sen-

sitivity analysis, i.e. identification of those parameters which are important/unimportant

to the model (Saltelli et al., 2005).

2.1 Assignment of probability distributions to uncertain input

parameters

When physical measurements are considered, the available information for assigning a

probability distribution to an uncertain parameter is often limited to a published value

and an associated uncertainty factor, or a set of those. The corresponding pdf is almost

never specified, and has thus to be elicited. Standard procedures or good practice rules have

been published for the reporting of uncertainties, as for instance in the NIST guide (Taylor

and Kuyatt, 1994), but scientists rarely acknowledge their conforming to such standards.

Two classes are commonly considered to qualify uncertainties (Taylor and Kuyatt, 1994):
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* statistical or “type A” uncertainties, resulting from the analysis of repeated mea-

surements by statistical methods, and for which are reported typically a preferred value

(location parameter) and an uncertainty factor (dispersion parameter);

* epistemic or “type B” uncertainties, which integrate the relevant information. There

is no standard reporting scheme in this case, but a recommended approach is to report

lower and upper limits.

The main rules for uncertainty reporting do also differ between scientific communities,

and the elicitator has to take this global context into account. In most favorable cases, it is

possible to interview experts in the field of interest to explicit the meaning of the reported

uncertainties.

Once the nature of the available data has been clarified, one has to build a probability

distribution from this sparse information (e.g. preferred value and standard uncertainty).

An infinity of pdf’s are consistent with such information, and some additional criterion

is required to select a unique solution. The Maximum Entropy principle can be used to

obtain the least biased solution (Levine and Tribus, 1979). Symmetry principles and central

limit theorems are also often invoked in this process. For instance, the product or ratio

of a few positive independent random variables takes a log-normal distribution (Limpert

et al., 2001; Smith, 2003) which is representative of many physical laws, and which has

been extensively used in the context of chemical models (Stewart and Thompson, 1996;

Fröhner, 2000; Turányi et al., 2002; Dobrijevic et al., 2003; Vasyunin et al., 2004; Wakelam

et al., 2005, 2006). When the only available information is a pair of limit values, symmetry

and maximum entropy principles converge towards uniform distributions, which represent

indifference about any particular value of the parameter within the imposed limits.

The particular cases of ion-molecule reaction rate constants and branching ratios are

considered in the next sections.
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2.2 Rate constants of ion-molecule reactions

Reference values for ion-molecule reaction rates (k0) and their relative uncertainties (x),

as reported by Anicich and McEwan (1997), often result from the integration of several

experimental values covering a variety of experimental methods, with different uncertainty

schemes. A consistent representation of uncertainty by probability distributions should

consider that all reported preferred values and uncertainties do not necessarily represent the

same state of knowledge. The different experimental techniques involved in ion-molecule

rate constant measurements are:

• Flow Tubes: Flowing After Glow, Selected Ion Flow Tube (SIFT), Drift Tube (Adams

and Smith, 1988),

• Ion Cyclotron Resonance mass spectrometry (ICR) (Kemper and Bowers, 1988),

• Guided-Ion Beams (Gerlich, 1992).

Flow Tubes and ICR determine rate constants through kinetics measurements whereas

Guided-Ion Beams is used to measure reaction cross sections. In the following, we briefly

review these methods with a focus on the corresponding uncertainty sources.

Flow Tubes. With the Flow Tubes techniques, ions pass through a flow-tube in a con-

stant flow of helium buffer gas. The neutral reactant is added downstream and the reaction

occurs into the flow tube. SIFT and Drift Tube are an improvement of the more general

Flowing After Glow techniques. They make it possible to select single ionic species from

the ion source and to inject them at low energy into the buffer gas flow. No measurement

bias is reported for this method, and the reported uncertainties can be considered as of

statistical origin. They are evaluated to about 20% by Adams and Smith (1976) for SIFT

measurements and to about 30% by Bohme et al. (1969) for Flowing After Glow.
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For studying ion-molecule reaction kinetics at very low temperatures (T<200K), specific

Flow Tubes techniques have been developed. The CRESU and the Free Jet Flow Reactor

are described in details in Rowe and Parent (1995). Among the different instruments,

Rowe and Parent (1995) give a particular attention to the CRESU technique (Cinétiques

de Réactions en Ecoulements Supersoniques Uniformes) in which the carrier gas is cooled

down by a supersonic expansion. The Free Jet Flow Reactor (Hawley et al., 1990) also

uses a supersonic expansion as the cooling system. The experimental uncertainty range is

evaluated to about 30% (Rowe et al., 1984).

ICR. In the case of ICR, the decrease of the parent ion intensity, due to its reaction

with the neutral gas, is measured as a function of reactant gas pressure or as a function

of time. According to various authors (Huntress and Pinizzoto, 1973; Anicich and Bowers,

1973), the main source of (systematic) uncertainty is the accuracy of the neutral density

measurement, which is estimated to about 5-10% (Anicich and Bowers, 1973; Huntress and

Pinizzoto, 1973; Kim et al., 1977). The statistical reproducibility of the rate determination

has also been studied by Anicich and Bowers (1973) and is evaluated to a minimum of

20%.

GIB. With the GIB technique, rate constants are calculated through the determination

of the reaction cross section, and of the relative velocity of the collisional pair. When

all the tests for proper ion collection, transmission and detection are carefully performed,

typical statistical uncertainties for the total cross section are expected to be less than

5% (Teloy and Gerlich, 1974). Nevertheless, a remaining systematic error is estimated to

15-20% (Teloy and Gerlich, 1974; Ervin and Armentrout, 1985; Nicolas et al., 2002). A

difference of 25% between SIFT and GIB results for the N+ +CO → CO+ +N reaction has

been reported (Gerlich, 1986). Main uncertainty sources involve the measurement of the

absolute pressure, the evaluation of the reactant ions path length, the influence of elastic
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collisions and of secondary reactions, and the differences in the collection and detection

probabilities for reactant and for product ions (Teloy and Gerlich, 1974). The existence

of an unknown bias in the determination of rate constants with the GIB technique means

that the reported value k0 is not specifically a preferred value. Indeed, any other value

within an interval specified using error bars could be accepted.

2.2.1 Elicitation

In the reviews of Anicich (1993) and Anicich and McEwan (1997), multiple determinations

with GIB, SIFT and ICR techniques are reported for almost all reactions taken into account

in the model of Banaszkiewicz et al. (2000). In order to illustrate the elicitation process

developed in this paper, we consider two examples of well-studied reactions particularly

important for Titan ionosphere chemistry: N+ + CH4 and N+
2 + CH4.

[Table 1 about here.]

The references and the preferred values considered by Anicich (1993) are reported in

Table 1. There is a notable dispersion of the values obtained by different methods, but

also for different measurements with similar techniques (e.g. 0.94±0.20, 1.1 and 1.38 with

SIFT). In the absence of a documented procedure, we infer that the evaluation of the

preferred value may have been performed according to the following criteria:

1. exclusion of the experimental results obtained at low temperature;

2. the preferred value seems to correspond to the mean value between the lowest and

the highest reported values;

3. the confidence interval of 15% reported in both cases is a lower estimation of the

interval defined by the lowest and the highest values.
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The reported “preferred” values (k0) and their associated relative uncertainty cover

thus both systematic and statistical uncertainties and would correspond to a ”type B”

case. Moreover, interpretation of relative uncertainties (x) is not univocal, particularly

with regard to their coverage factor. x is generally chosen subjectively to encompass some

systematic uncertainties, in the sense that it defines a high confidence interval for k. Thus,

it includes a subjective security factor, such that there is only a tiny probability for the

parameter to be outside of the interval [k0(1 − x), k0(1 + x)].

The shape of the distributions has yet to be defined. In the following, we consider two

working scenarios: (1) the preferred value defines a maximum of the probability distribution

(not necessarily the maximum itself, see below); and (2) there is a total indifference about

any particular value within the confidence interval.

(1) k0 defines a maximum of the probability distribution. In absence of any

other information, and conforming with NIST recommendations (Taylor and Kuyatt, 1994)

we should consider that “k0 ± x %” defines a normal distribution centered on k0 with a

confidence interval such that

P
(

K ∈
[

k0(1 − x), k0 × (1 + x)
])

≃ 0.95 (2)

This interval is symmetrical about k0. We note that this specification of uncertainties

for reaction rates is in contrast with the common practice in ”neutral” chemistry, where

the positivity constraint on the rate constants is acknowledged by using a multiplicative

uncertainty factor (see e.g. Atkinson et al., 2004). In this case, a confidence interval is

defined by

P (K ∈ [Med(k)/F, Med(k) × F ]) ≃ 0.95 (3)
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which preserves the positivity of k, independently on the value of F .2 Note that this

interval is asymmetric around the median value Med(k).

The log-normal pdf

p(k|Med(k), F ) =

√

2/π

k ln F
exp

(

−2

(

ln(k/Med(k))

ln F

)2
)

(4)

is generally considered as appropriate for uncertainty analysis of chemical reactions (Stew-

art and Thompson, 1996; Fröhner, 2000; Turányi et al., 2002; Dobrijevic et al., 2003;

Vasyunin et al., 2004; Wakelam et al., 2005, 2006) although nothing about this is explicitly

stated by the experts defining the reference values and uncertainties (Stewart and Thomp-

son, 1996; Atkinson et al., 2004). This choice is often justified on statistical grounds from

the positivity of the rate constants (violated by the normal distribution) and from the cen-

tral limit theorem for multiplicative errors (formulae relating rate constants to sources of

uncertainty involve mainly multiplications and divisions) (Smith and Futrell, 1974; Smith,

1992; Fröhner, 2000; Limpert et al., 2001).

In order to use a log-normal pdf, the information {k0, x%} has to be recast in the form

{Med(k), F}. However, it is not possible to match simultaneously a location parameter

(mean or median) and the 95% confidence interval limits. In the present case, it is rea-

sonable to assume that the reference value is more carefully evaluated than the confidence

interval and has to be preserved in the transformation. Assigning k0 to the median value

of the log-normal is generally chosen for the sake of convenience (Stewart and Thompson,

1996). Considering the properties of the log-normal distribution, this enables to separate

both parameters, i.e. changing the value of F would not affect the value of the media

Med(k) = k0, whereas it would affect the mean value (Mean(k) = k0 exp(ln2 F/8)). We

2The definition of F varies from author to author (Turányi et al., 2002; Dobrijevic et al., 2003; Atkinson
et al., 2004) with lnF representing from 1σ to 3σ intervals. In this work, we follow the explicit recommen-
dation by Atkinson et al. (2004) that [K0/F, K0F ] represents a 95 percent confidence interval, i.e. lnF
represents a 2σ error bar on lnK.
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checked that those two options do not lead to significant differences in the uncertainty prop-

agation, and retained the usual assignment of k0 to the median. Matching the lower and

upper limits of the 95% interval, leads to two possible values for F , namely F = 1/(1− x)

and F = 1 + x. In order to guarantee the coverage of the interval, we choose the larger of

both values, i.e. F = 1/(1 − x). It is to be noted that this might contribute somewhat to

an over-weighting of large k values. Preliminary tests showed that for the values of x of

interest, rarely above 0.5, this effect is not qualitatively remarkable.

A foreseeable inconvenience of the log-normal pdf is the absence of an upper limit. Some

authors truncate the log-normal distribution within a given confidence interval (Zádor et al.,

2005b). For ion molecule reactions, excepted for charge transfer reactions, an upper limit

would indeed be provided by the Langevin rate (Armentrout, 2003).

(2) total indifference about a specific value. Another approach is to consider only

limit values {kmin, kmax} and to use a distribution reflecting the absence of a preferred

value (all values within the interval are considered equally plausible). Considering that

for large uncertainties such an interval is expected to cover a few orders of magnitude, we

furthermore require that the distribution is uniform for the logarithm of the parameter,

ensuring that the distribution is not biased towards large values of the parameter. This is

verified by the log-uniform distribution

p(k|kmin, kmax) =
1

k ln(kmax/kmin)
(5)

If one considers, as stated above, that“security factors”are incorporated in the value chosen

for x, the limits are defined by kmin = k0 × (1 − x) and kmax = k0 × (1 + x).

As an illustration, we display on Figs. 1 and 2 representative examples for a major

(N+
2 + CH4 → CH+

2 + NH2) and a minor (H+ + H2 → H+
2 + H) reaction. In the first case,

we have a typical reaction with a low uncertainty factor (x = 0.2). We observe that the
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range covered by our elicitation of a log-uniform distribution is somewhat more contracted

than for the log-normal, and that the shapes of both distributions are quite different. In

the case of the second reaction, only an upper value for the reaction rate is known. A

lower limit was defined as the sensibility threshold of the experimental technique. When

the uncertainty factor is large, as in this case, both distributions become quite similar in

shape, if not in range.

[Figure 1 about here.]

[Figure 2 about here.]

2.3 Uncertainties on the branching ratios

2.3.1 Experimental considerations

Uncertainties on branching ratios are not reported by Anicich (1993) or Anicich and McE-

wan (1997). In a paper by McEwan et al. (1998), they are estimated to 5%. In order to

evaluate more generally these uncertainties, we compared the values reported by different

experts (and for different experimental techniques) for the same reactions as in Section

2.2.1.

Four pathways have been reported for the reaction N+ + CH4:

N+ + CH4 → CH+
3 + NH (and/or N + H) (b1)

→ CH+
4 + N (b2) (6)

→ H2CN+ + H2 (b3)

→ HCN+ + NH (b4)
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and three pathways for the reaction N+
2 + CH4:

N+
2 + CH4 → CH+

2 + N + H2 (b1)

→ CH+
3 + N + H (b2) (7)

→ N2H
+ + CH3 (b3)

Values of the branching ratios measured by different groups are reported in Table 2 along

with the relative discrepancies between these measurements and with the values reported

in the review of Anicich (1993). The various studies on N+ + CH4 are in rather good

agreement. Discrepancies vary between 15% and 36%. On the other hand, even for a well-

studied reaction such as N+
2 + CH4, uncertainty on branching ratios can be much larger.

The experimental determination of branching ratios can be subject to large errors due to

the many perturbations that can blur the experimental results. Internal or kinetic energy

of reactant ions are important parameters that can greatly affect branching ratio measure-

ments. For instance, Alcaraz et al. (2004) showed that branching ratios for the reaction

N+ + CH4 change a lot when N+ reactant ions are in the 1D metastable state or when they

have some kinetic energy due to their formation from the N+
2 or N++

2 dissociation. Tem-

perature can also affect reaction branching ratios. In the case of the N+
2 + CH4 reaction,

Randeniya and Smith (1991) measured at 30 K branching ratios, which differ by 10% from

the room temperature ones. It can be much more important for very slightly endothermic

reactions such as the formation of C2H
+
3 in the C2H

+
2 + H2 reaction (see the discussion in

the review paper from Armentrout and Baer, 1996). Another aspect is the possible mass

overlaps and, therefore, the use of appropriate methods to decipher the various product ion

assignments. For example, Alcaraz et al. (2004) had to use deuterated and 15N isotopes in

their measurements, in order to clearly ascribe reaction products. Last but not least, even

for reactions exhibiting apparently small reaction rates, some reaction products may lead
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to secondary reactions, which are not easy to trace out. Experimentalists have therefore

often to find a compromise between the precision on their determination of the total reac-

tion rates by increasing the pressure, and the risk to pollute the branching ratios by the

presence of secondary reactions.

Moreover in the case of the reaction N+
2 + CH4, the ion product N2H

+ has only been

observed in the studies of McEwan et al. (1998) and Nicolas et al. (2003). Therefore the

branching ratios are defined for three pathways in these two studies and for two pathways

in the others. As a result, the branching ratios have a different meaning between both cases

and cannot be directly compared. This underlines a recurrent difficulty for the treatment

of the branching ratios, which vary with the detection of new products.

[Table 2 about here.]

We expect that the uncertainties observed for these well-studied branching ratios is

indeed a lower limit for the uncertainty on the branching ratios of less studied reactions.

In the absence of additional information, we assigned a common relative uncertainty to

all branching ratios reported in the reviews (Anicich, 1993; Anicich and McEwan, 1997).

Levels of 25%, 50% and 75% are considered in the numerical applications. Note that it may

seem awkward to assign the same relative uncertainty to all branching ratios of a given

reaction. One would expect a better accuracy for major products. This issue is addressed

in the next section.

In the case of unknown branching ratios for experimentally detected products (for

instance for reactions C+ + HCN, CH+
2 + N, or CN+ + H2), it is reasonable to assume a

uniform distribution of products with a large relative uncertainty. This would correspond

to a situation where a very low detection sensitivity requires that all detected products are

above a reasonably high density level, and consequently that they occur in approximately
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similar proportions. A 90% relative uncertainty, which excludes extreme ratios, is used for

such reactions.

2.3.2 Elicitation

For a reaction with n product pathways, the partial reaction rates are expressed as ki =

k ∗ bi, where k is the global reaction rate, and bi are branching ratios characterizing the

proportion between the different product pathways. The bi’s are positive and normalized

(
∑n

i=1 bi = 1), which means that they are correlated. The Dirichlet distribution represents

the fluctuations of quantities independent of each other, under the condition that their

sum remains fixed (Evans et al., 2000). As shown in the Appendix, this multivariate

distribution can be uniquely parameterized from the estimated branching ratios (bi) and a

relative uncertainty (x):

(b1, . . . , bn) ∼ Dirichlet
(

γ̂ ×
(

b1, . . . , bn

))

(8)

where γ̂ is a precision factor defined by a least squares equation

γ̂ =
4

x2





∑

i bi(1 − bi)
∑

i bi

√

bi(1 − bi)





2

− 1 (9)

An additional constraint

γ̂ ≥
{

min
(

max
(

b1, 1 − b1

)

, . . . , max
(

bn, 1 − bn

))}

−1
(10)

is used to ensure the unimodality of the Dirichlet distribution. This distribution respects

the average values, i.e. < bi >= bi, but it cannot reproduce a uniform relative uncertainty
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for all channels. The relative uncertainty for channel i

x̂i = 2

√

(1/bi − 1)

γ̂ + 1
(11)

has however the desirable property to be inversely related to the abundance of the product.

As was underlined earlier, the uniform relative uncertainty (x) which is generally assigned

to all branching ratios should be understood as an average uncertainty. The Dirichlet distri-

bution contributes thus to distribute this uncertainty among channels in a more consistent

manner.

Another interesting feature of the Dirichlet distribution is that, in the absence of any

information on the branching ratios, it is possible to define a uniform distribution over

the (n − 1) simplex by taking γ̂b1 = . . . = γ̂bn = 1 in Eq. 8. A foreseeable use of this

property is the introduction in the reaction scheme of still unobserved, but theoretically

plausible pathways (for instance on the basis of their calculated exothermicity). Note that

we differentiate this case from the case discussed previously of observed but non quantified

products (b1 = . . . = bn = 1/n, x = 0.9).

Example. Let us consider the set of the four branching ratios (0.5, 0.05, 0.1, 0.36) relative

to the reaction N+ + CH4. For a 25% relative uncertainty we estimate γ̂ = 112 (Eq. 9).

The corresponding ”optimal” relative uncertainties x̂i are shown in Table 3. For the same

data with 75% relative uncertainty, the accuracy factor decreases to γ̂ = 11.6. In the

latter case, we see that high relative uncertainties (up to 250%) are produced for the minor

channels, whereas the accuracy of the major channels is well preserved. Considering that

standard errors on branching ratios are rather gross estimates, this is quite acceptable for

the present purpose.

[Table 3 about here.]
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3 Results and discussion

3.1 The model

In a coupled model of Titan’s atmosphere and ionosphere, the stationary densities for ions

are calculated by solving iteratively (i) the ion equations with current neutral densities;

and (ii) the neutral equations with the production and loss terms estimated at step (i)

(Banaszkiewicz et al., 2000). In the present paper, we focus on step (i) involving ion-neutral

reactions in absence of transport. The production terms of ions are due to ionization of

neutral species by either solar photons or magnetospheric and secondary electrons, and

to bimolecular and termolecular reactions. Losses are due to recombination and chemical

reactions.

Uncertainty sources in such chemical models are numerous and not necessarily very well

quantified. We restrict the present study to parameters involved in bimolecular reactions,

namely rate constants and branching ratios. The original model of Banaszkiewicz et al.

(2000) involves 33 neutral and 57 ionic species, including two pseudo-ions representing

heavy hydrocarbons (those CxH
+
y with x ≥ 3 that are not explicitly included in the model)

and heavy nitriles (those CxHyN
+
z with x ≥ 3 that are not explicitly included in the model).

In order to simulate mass spectra in the 1-100 amu mass scale, as measured by the INMS

apparatus on Cassini (Waite et al., 2004, 2005), we relaxed the definition of the pseudo-ions

in order to explicitly estimate the density of ions with relevant masses (no new reactions are

introduced). Therefore 42 additional product-ions, with the same recombination rate as

the pseudo-ions, were explicitly accounted for: C2H
+
7 , CHN+, CH3N

+, CH4N
+, C+

3 , C3H
+
8 ,

C3H
+
9 , C2HN+, C2H2N

+, C2H3N
+, C2H4N

+, C2H5N
+, C4H

+, C4H
+
4 , C4H

+
6 , C4H

+
8 , C4H

+
9 ,

C2HN+
2 , C3H6N

+, C5H
+, C5H

+
2 , C5H

+
3 , C5H

+
4 , C5H

+
7 , C5H

+
9 , C4N

+, C4HN+, C4H2N
+,

C4H4N
+, C4H5N

+, C4H6N
+, C6H

+
2 , C6H

+
3 , C4N

+
2 , C4HN+

2 , C5H2N
+, C5H3N

+, C5H4N
+,

C5H5N
+, C7H

+
5 , C5HN+

2 and C6H2N
+.
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Only reactions with rates available in the literature have been retained, on the basis of

the comprehensive survey compiled by Anicich and McEwan (1997). The reaction scheme

comprises 584 reactions, with 738 kinetic parameters (315 rate constants and 423 branching

ratios). The distribution of those reactions with respect to the number of product pathways

is the following: (1) 161, (2) 84, (3) 45, (4) 11, (5) 9, (6) 4 and (7) 1. Thus, about 50%

of the 315 global reactions have multiple pathways, which points out the necessity of a

consistent treatment of branching ratios uncertainty.

The densities of major ions, calculated for the nominal values of the parameters, are

displayed in Fig. 3, for altitudes between 800 and 1400 km above Titan’s surface, and are

compared with the density profiles calculated by Banaszkiewicz et al. (2000). Specification

of the pseudo-ions reveals two major ions which will be of relevance for construction of

simulated mass-spectra: C5H
+
7 and C5H5N

+. Significant concentrations of HCNH+, C2H
+
5 ,

C3H
+
5 , C5H

+
5 and C4H

+
3 are predicted by this model. This is in good agreement with the

significant contributions predicted by Keller et al. (1998): HCNH+ for the mass 28 amu,

C3H
+
5 for the mass 41 amu, C4H

+
3 for the mass 51, C5H

+
5 for the mass 65 amu, C5H

+
7 for

the mass 67 amu, and C5H5N
+ for the mass 79 amu.

[Figure 3 about here.]

3.2 Simulation

The sampling for uncertainty propagation of the kinetic parameters has been performed

by Monte Carlo simulation.

Inputs. Random numbers are generated by standard algorithms from the Ranlib library

(Brown and Lovano, 1991). A sample of inputs is generated by a program independent of

the chemical simulation code and stored in a file. This program reads the reference reac-

tions database, containing all relevant parameters (stored as preferred values and relative
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uncertainties), and enables to select different elicitation schemes by keywords.

In order to preserve the intrinsic correlation of the Dirichlet distribution, partial reaction

rates for a reaction with n pathways are produced following three steps:

1. a global rate k is sampled from a log-uniform or log-normal distribution;

2. the branching ratios are sampled from the Dirichlet distribution (Eq.8), by generating

n independent Gamma deviates with shape parameters b1γ̂, . . . , bnγ̂ (Gelman et al.,

1995);

3. the partial rate constants are products of two random numbers (ki = kbi)
n
1 .

The distributions are parameterized from the preferred values and the uncertainties re-

ported in the review of Anicich and McEwan (1997). If an uncertainty value is not given,

the preferred value is considered as being inaccurate, with a relative error of 60%. As

uncertainty is not quantified for branching ratios in this review, three uncertainty classes

(25, 50 and 75%) have been tested. For a few reactions, branching ratios are not reported.

In such cases the pathways are considered as equiprobable with an uncertainty of 90%.

As an example of input sample, we consider the three pathways of reaction (7). Fig.

4 represents samples for two limit cases, where either the branching ratios or the rate

constant have been fixed to their nominal values (green and blue dots respectively). When

the branching ratios are fixed, the sample lies on a straight line, whereas it lies in an

hyperplane (simplex) when the rate constant is fixed. These are two extreme correlation

patterns. When both items are let to fluctuate, the sample is more relaxed (red dots), it’s

actual shape depending on their respective uncertainties.

[Figure 4 about here.]
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Outputs. Monte Carlo uncertainty propagation needs very few modifications in the

chemistry models. The chemistry code is slightly modified in order to implement a loop over

the inputs sample and the storage of the outputs sample (ions densities at various altitudes)

in a file. Output samples are treated by a series of independent codes to generate statisti-

cal summaries (mean, variance, quantiles...), probability density estimates (histograms or

kernel estimation) and derived observables, such as mass spectra. The convergence of the

outputs has been tested with 103, 104 and 105 samples. Cumulative density functions used

for this test were satisfyingly converged for 104 samples. Such runs need about one hour

cpu time on a current tabletop computer.

3.3 Uncertainty propagation

3.3.1 Uncertainty propagation on rate constants

The usual way to elicit rate constants uncertainty is through log-normal distributions. Nev-

ertheless we pointed out earlier that a better adapted distribution to elicit ion-molecule

rate constants is the log-uniform distribution, mainly because systematic errors are in-

volved in most of the experimental measurements, and also because preferred values and

uncertainties issued from a reviewing process pertain to a ”type B”uncertainty. One of the

main goals of this work is to evaluate the sensitivity of the calculated ion densities to the

choice of the input distribution. Uncertainty propagations were performed for log-normal

and log-uniform distributions. Examples corresponding to the ions C3H
+
5 and N+

2 at 1200

km are given in Fig. 5. These ions have been chosen for their different position in the

reaction scheme:

• N+
2 is a primary species, directly produced by electron impact and photo ionisation,

and essentially consumed by one major reaction, N+
2 + CH4;

• C3H
+
5 is a late product in the reaction scheme, essentially coming from C2H

+
5 +C2H4
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(Nagy and Cravens, 1998), with C2H
+
5 itself resulting from two successive reactions.

The shape of the outputs distributions can be strongly dependent on the choice of inputs

distribution. With log-normal inputs, the outputs are likewise systematically log-normally

distributed. With log-uniform inputs, the shape of the outputs distribution depends on

the ion. At 1200 km, C3H
+
5 density is well represented by a gaussian distribution whereas

N+
2 density is akin to a log-uniform function. This difference is linked with the number of

major reactions in which each ion is involved. Indeed, the central limit theorem forecasts

that a sum of independent parameters (with any distribution) converges to a gaussian dis-

tribution, and by the same way, that a product of independent parameters converges to a

log-normal distribution (Cowan, 1998). Thus N+
2 being a primary species with one major

decay pathway, its pdf is very similar to the log-uniform distribution of the corresponding

reaction rate k(N+
2 + CH4). In contrast, C3H

+
5 being a ”late” ion, it’s density has a proba-

bility density function that is nearly independent of the shape of individual reaction rates

distribution.

Apart from this qualitative effect, both elicitation schemes provide essentially the same

results for output uncertainty quantification. Moreover there is no computational issue in

choosing between log-uniform and log-normal pdf’s. As already stated, the log-uniform dis-

tribution is more consistent than the log-normal with the epistemic uncertainties affecting

ion-molecule rate constants.

[Figure 5 about here.]

3.3.2 Uncertainty propagation on branching ratios

To quantify the effect of the uncertainties on the branching ratios, in addition to the

uncertainty on the rate constants (modelled from now-on by log-uniform distributions),

four cases were compared: no uncertainty, 25%, 50% and 75% relative uncertainty for all
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reactions, with a Dirichlet distribution. The distributions obtained in the case of two major

ions HCNH+ and C5H
+
5 are plotted on Fig. 6 and the corresponding relative uncertainties

2σ/[ion] are given in Table 4.

[Table 4 about here.]

A progressive broadening of the output distribution with the increasing uncertainty

on the branching ratios can be observed for [HCNH+]. The Dirichlet distribution being

asymmetric, an evolution of the pdf shape is also noticeable, giving some more weight to

smaller concentrations for this ion. The pattern is different in the case of C5H
+
5 . The

standard deviation on [C5H
+
5 ] strongly increases between the cases of no uncertainty and

25% uncertainty, then more progressively until 75%. The reason for this specificity is the

presence of a poorly known reaction in the production scheme of C5H
+
5 . Indeed the reaction

C3H
+
3 + C2H4 has two pathways, producing C5H

+
5 and C5H

+
7 . The branching ratios of this

reaction are unknown and have consequently been assigned a 0.5/0.5 value, with 90%

relative uncertainty (see 2.3.1). A large part of the uncertainty on [C5H
+
5 ] is consequently

due to the large variability of these branching ratios.

[Figure 6 about here.]

In order to appreciate the effect of the branching ratios uncertainties, we computed

histograms and sample cumulative density functions from the relative uncertainties of all

ions densities, in the absence of branching ratios uncertainty, and in the case of a global 50%

uncertainty, which we consider as the most realistic estimation (see Section 2.3.1). These

are reported on Fig. 8 for night-time chemistry at 1000 km of altitude, on a logarithmic

scale. Both distributions are peaked between 10% and 100%, but whereas uncertainties

are all inferior to 100% when the branching ratios are fixed to their nominal value, about

50% of the ion densities have a relative uncertainty superior to 100% in the second case.
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Branching ratios appear thus to be a major source of uncertainty, and the estimated 30%

of uncertainty on ion densities reported by Keller et al. (1992) appears quite optimistic for

a large number of species.

We did not find a correlation between densities and relative uncertainties, indicating

that the larger uncertainties cannot be assigned uniquely to minor ions. Nevertheless some

tendencies related to the ion family can be seen on Figure 7. Thus the explicitly developed

pseudo-ions have all (both hydrocarbons and nitriles) large uncertainties, above 30%. The

original nitriles treated in Banaszkiewicz et al. (2000) show a slight tendency of increasing

accuracy with the ion density: the most abundant ion HCNH+ being also the most accurate

one. Finally, the original hydrocarbons treated in Banaszkiewicz et al. (2000) are in general

abundant, with a density often superior to 0.01cm−3 , but their uncertainty shows a very

large dispersion. It must be pointed out that many relatively abundant hydrocarbons

present an uncertainty higher than 50%.

[Figure 7 about here.]

We calculated the uncertainty on the ten most abundant ions (see Table 5) for 1000, 1200

and 1400 km of altitude and night-time chemistry:

• On the one hand the major component is common to the three altitudes: HCNH+,

which is also one of the most accurate compounds in the model, with a relative

uncertainty of about 10%. The model is thus relatively well constrained for the most

abundant ion in Titan ionosphere.

• On the other hand, numerous heavy species (and in particular some specified ex-

pseudo-ions) with poorly known chemistry are among the most abundant ions at 1000

and 1200km. Therefore their densities present large uncertainties. This highlights the

necessity to improve the knowledge about the reactivity of these heavy compounds.
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[Table 5 about here.]

[Figure 8 about here.]

3.4 Mass spectra

Mass spectra are calculated with unit mass resolution from the ion densities estimated by

the model, using the relative isotopic abundances found in Titan atmosphere: D/H=9 10−5

(Mousis et al., 2002), N14/N15 = 1943 and C12/C13 = 95.6 (Waite et al., 2005).

A mass spectrum was generated at the altitude 1200 km for night time conditions,

in the ram side of Titan with a subram angle of 60, in order to perform a qualitative

comparison to the first INMS Cassini mass spectrum published on the website of the

NASA (NASA/JPL/University of Michigan, 2005). As this was not the main purpose of

this study, we did not attempt here to simulate further the specific conditions of the T5

flyby during which the INMS spectra were obtained.

Uncertainty bars on the simulated mass spectra presented on Fig. 9 have been calcu-

lated by uncertainty propagation with the following conditions: log-uniform distributions

for the rate constants and Dirichlet distribution for the branching ratios, with an uncer-

tainty of 50% for the documented values, and 90% for the unknown values. Calibration

uncertainties have been added on the measured mass spectrum : 20% at low mass numbers

and 50% at m/z of 50 or higher (Cravens et al., 2006).

In spite of the different conditions, the overall adequacy between simulated and mea-

sured spectra is quite satisfying for the lower masses (C1, C2, C3 and C4 ions).

Considering the estimated uncertainties, there is a good agreement for a number of

mass peaks. However, large discrepancies can be observed, especially in the case of the

3Taken as the middle of the estimation interval 172 < N14/N15 < 215 (Waite et al., 2005) The fraction
of the higher isotope is accordingly bracketed 0.0036 < N15/(N14 + N15) < 0.0058. Considering that the
number of nitrogen atoms in the nitriles of the model is small (1 or 2), this uncertainty source can be
considered as irrelevant to the present work.
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C5 ions which are overestimated. This difference will certainly not be corrected by taking

additional uncertainty sources into account. On the basis of the rather good agreement for

lower masses, we expect that the chemistry model will have to be updated and completed

for these compounds, which are presently treated for most of them as terminal species. This

will be a preliminary step to any meaningful quantitative comparison and it will require

further laboratory experiments. For lower masses, a striking pattern is the systematic

under-prediction of densities at masses 18, 30, 42 and 54. The recovery of these densities

is also beyond the uncertainties in the chemical parameters. Here again, it is likely that

species, or even processes such as fragmentation of large ions (Cravens et al., 2006), are

still lacking in the reaction scheme.

[Figure 9 about here.]

4 Conclusion

The results of uncertainty propagation of kinetics parameters on ion densities outputs have

been reported for the model developed by Banaszkiewicz et al. (2000) for ion-molecule

reactivity in the ionosphere of Titan. In comparison with the initial model, 42 pseudo-ions

CxH
+
y and CxHyN

+
z have been explicited in order to simulate mass-spectra in the 1-100

amu mass scale as measured by the INMS instrument of Cassini spacecraft.

Uncertainty propagations were performed by Monte Carlo sampling with probability

distributions for the rate constants and branching ratios carefully adapted to the chemical

data considered in the model. It was shown that a consistent way to describe the uncer-

tainties on the rate constants for ion-molecule reactions reported in the review of Anicich

and McEwan (1997) is through a log-uniform distribution. This choice has a qualitative

impact on the probability distributions of the model outputs for primary species. As ex-

pected from the central limit theorem, the uncertainty distribution for the densities of
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species that occur after a series of reactions is rather insensitive to the specific choice of

distribution for the individual reaction rates.

We propose a practical method to treat consistently uncertainties on branching ratios.

To our knowledge, we provide here the first study of uncertainty propagation for such

correlated parameters in the field of the modelling of complex chemical systems. In the

case of our model of Titan’s ionospheric chemistry, including the uncertainties on the

branching ratios was shown to have a strong impact on the global uncertainty of the

predicted ion densities. This study underlines the necessity of a database of evaluated

branching ratio uncertainties. Meanwhile, the proposed method opens also the opportunity

to treat reactions with totally unknown branching ratios, for instance on the basis of a list of

pathways selected for their exothermicity. This subject will be developed in a forthcoming

paper (Carrasco and Pernot, 2006).

As an illustration, we compared a simulated mass spectrum for night-time chemistry

at 1200 km of altitude with an experimental mass spectrum measured by Cassini’s INMS,

available on the website of the NASA (NASA/JPL/University of Michigan, 2005). The

shapes and orders of magnitude are globally in good agreement, which is very encouraging.

However the uncertainty bars do not overlap for a number of masses, especially in the C5

field. In this article, the trajectory conditions of the T5 Cassini flyby were not precisely

simulated. Nevertheless a good agreement was found for the C1, C2, C3 and C4 ions. The

overestimation of the C5 region of the mass spectra will thus certainly not be solved by

a better simulation of the physical flyby parameters, nor by an adjustment of chemical

parameters within their present uncertainty limits, but only by an improvement of the

chemical scheme involving the production and loss of C5 ions, and similarly of other heavy

ions. New laboratory measurements of rate constants and branching ratios for these species

are a necessity, along with recombination rates, most of which are presently estimated

(Keller et al., 1992).
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We propose here the preliminary steps for a more complete assessment of uncertainties

in the simulation of Titan ionospheric chemistry. Other uncertainty sources will have to

be quantified, such as the influence of considering rate constants values determined at

300 K (instead of 150 K in the ionosphere of Titan). Another source of expected major

importance lies in the uncertainties on the simulated densities of neutral species (Hebrard

et al., 2005). The list comprises also recombination rates, electron impact ionisation and

photo-ionisation rates...

Once the different uncertainty sources for the present model will have been identified

and quantified, the residual inadequacy between simulated and measured spectra will be

decreased by further improvements to the chemical scheme. We plan in the near future to

consider the sensitivity of the model predictions to presently ignored processes, such as the

reactivity of excited states (in particular N+(1D) (Nicolas et al., 2002)), or the reactivity of

doubly charged ions N++
2 , predicted recently to be present in Titan’s ionosphere (Lilensten

et al., 2005).

Although the complexity of Titan’s ionospheric chemistry precludes any hope of estab-

lishing a fully detailed chemistry model, and considering that the INMS instrument will

continue to produce invaluable data for many years, we foresee that considerable efforts,

including new laboratory experiments, will be put into achieving a complete description of

the processes involving ions with masses up to 100 amu.

More generally, we feel that the tools we developed in this study, and notably for the

treatment of uncertain or unknown branching ratios, will be very helpful to modelers of

complex chemical systems.
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Appendix

The Dirichlet distribution

Although it has been only parsimoniously used in chemistry, the Dirichlet distribution is

well known to represent the fluctuations of quantities independent of each other, under the

condition that their sum remains fixed. In environmental modeling, it has been used to

represent uncertainty in chemical composition (mole fractions) (Isukapalli, 1999; Isukapalli

and Georgopoulos, 2001), or the partitioning of chemicals between different physical phases

(Bates et al., 2003). Justifications for using this distribution can be, as above, its occurrence

through ratios of Gamma or χ2 distributions (Isukapalli, 1999; Isukapalli and Georgopoulos,

2001). It has recently been also derived with a random theory of dilution (Vlad et al., 2002),

justifying its use for describing the distribution of chemicals after an infinite number of

dilutions (geochemistry, nucleotide statistics...).

Properties

The Dirichlet distribution for a set of n numbers {bi}
n
i=1 summing to 1, with parameters

{γi}
n
i=1,

(b1, . . . , bn) ∼ Dirichlet(γ1, . . . , γn) (12)
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has for probability density function

p ({bi}
n
i=1 | {γi}

n
i=1) =

Γ(γ)
∏n

i=1 Γ(γi)

n
∏

i=1

bγi−1
i (13)

where γ =
∑n

i=1 γi. The mean values, variances and covariances are

E(bi) = bi =
γi

γ
(14)

Var(bi) = bi(1 − bi)/ (γ + 1) (15)

Cov(bi, bj) = −bibj/ (γ + 1) (i 6= j) (16)

It can be seen that the Dirichlet distribution can only represent negative covariances which

are the direct consequence of the normalization constraint. The marginals of the Dirichlet

are Beta distributions

bi ∼ Beta(γi, γ − γi). (17)

Elicitation

One way to estimate the parameters of the Dirichlet distribution is to select those that

provide a good match between the marginal mean values and variances and the target

data, i.e. (bi, σi)
n
i=1. This results in the following set of equations, for all i = 1, . . . , n:

E(bi) =
γi

γ
= bi (18)

var(bi) = γi(γ − γi)/
(

γ2(γ + 1)
)

(19)

= bi(1 − bi)/(γ + 1) (20)

= σ2
i (21)
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The constraint on the mean is directly satisfied by taking γi = biγ, which leaves γ as the

only parameter to be identified from the n marginal variances

γ =
bi(1 − bi)

σ2
i

− 1, for i = 1, . . . , n (22)

In general, γ cannot satisfy to this set of equations, which underlines that the Dirichlet

distribution is too rigid to represent any set of experimental uncertainties (Aitchison, 1986).

We propose here that a satisfactory solution can nevertheless be obtained by a least-squares

procedure and we define the optimal γ value as

γ̂ = argminγ

∑

i

(

σi −

(

bi(1 − bi)

γ + 1

)1/2
)2

(23)

=





∑

i bi(1 − bi)
∑

i σi

√

bi(1 − bi)





2

− 1 (24)

By taking σi = xbi/2, one obtains an equation relating γ̂ to the relative uncertainty x

(see Eq. 9). For large uncertainties, γ̂ can become very small (γ̂ ≪ 1), which is in

agreement with the fact that the Dirichlet distribution becomes non-informative when

all it’s parameters become vanishingly small (Gelman et al., 1995). However, in such

conditions, the Dirichlet and its Beta marginal distributions might become multimodal,

with a concentration of probability mass at the borders/corners of the (n − 1)-simplex.

This behavior is not appropriate here, and we avoid it by defining a lower limit for γ̂. The

Beta distribution being bimodal when both it’s parameters are smaller than 1, we require

that γ̂bi ≥ 1 or γ̂(1 − bi) ≥ 1 for all i. The lower limit is thus

γmin =
{

min
(

max
(

b1, 1 − b1

)

, . . . , max
(

bn, 1 − bn

))}

−1
(25)
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and the optimal uncertainty factor is defined simultaneously by Eq. 23 and the condition

γ̂ > γmin. The distribution for the branching ratios is accordingly approximated by

(b1, . . . , bn) ∼ Dirichlet
(

γ̂ ×
(

b1, . . . , bn

))

(26)

The present parametrization of the Dirichlet distribution relies thus on n position param-

eters, provided by the reported values of the branching ratios
(

b1, . . . , bn

)

, and on a single

shape parameter γ̂.
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Figure 1: Elicitation of the probability density function for the rate constant of the reaction
N+

2 + CH4 → CH+
2 + NH2 (b1 = 0.7), with preferred value for the global rate k0 = 1.5 10−9

and relative uncertainty x = 0.2. Comparison of probability densities for: (upper panel) a
log-normal distribution (k0 = 1.5 10−9, F = 1.25); (lower panel) a log-uniform distribution
(kmin = 1.2 10−9, kmax = 1.8 10−9). In both cases, the rate constant is multiplied by the
(fixed) branching ratio (k1 = kb1). The histograms are built from 105 samples.
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Figure 2: Elicitation of probability density function for the rate constant of the reaction
H+ + H2 → H+

2 + H. Comparison of probability densities for: (upper panel) a log-normal
distribution (k0 = 5 10−13, F = 435); (lower panel) a log-uniform distribution (kmin =
1.2 10−15, kmax = 1.0 10−12). The histograms are built from 105 samples.
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Figure 4: Partial rates of reaction 7. The samples have been generated according the follow-
ing scheme: (green) fixed branching ratios and log-uniform distribution for k0; (blue) fixed
k0 and Dirichlet distribution for the branching ratios; and (red) log-uniform distribution
for k0 and Dirichlet distribution for the branching ratios.
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Figure 5: C3H
+
5 and N+

2 density distributions at 1200 km obtained by uncertainty propaga-
tion with log-uniform (thick line) and log-normal (dotted line) rate constant uncertainties.
Horizontal boxplots depict the 5/25/50/75/95 quantiles.

50



475 500 525 550 575 600 625 650 675

HCNH
+
 density  (cm

-3
)

0

0.2

0.4

0.6

0.8

1

P
ro

b
ab

il
it

y
 (

ar
b

. 
u

n
it

s)

20 30 40 50 60

C
5
H

5

+
 density (cm

-3
)

0

0.2

0.4

0.6

0.8

1

P
ro

b
ab

il
it

y
 (

ar
b

. 
u

n
it

s)

Figure 6: HCNH+ and C5H
+
5 density distributions at 1200 km for night-time chemistry:

with no (dashed line) / 25% (thin line) / 50% (normal line) / 75% (thick line) relative un-
certainty on the branching ratios. Horizontal boxplots depict the 5/25/50/75/95 quantiles.
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chemistry.
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Figure 8: Distribution of the uncertainties for all ions densities. The full line represents
the sample cumulative density function. The simulations were performed by night-time
chemistry at 1000 km of altitude for two cases of uncertainty on the branching ratios:
(above) no uncertainty ; (below) 50% relative uncertainty.
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Reference Method k ∆k

N+ + CH4

Rowe et al. (1985) CRESU (T=8K) 0.82 0.25
Dheandhanoo et al. (1984) DT 0.94 0.09

Adams et al. (1980) SIFT 1.38 -
Tichy et al. (1979) SIFT 1.1 -
Smith et al. (1978) SIFT 0.94 0.20

Anicich et al. (1977) ICR 1.35 0.13
Huntress (1977) ICR 1.35 0.15
Anicich (1993) 1.15±15%

N+
2 + CH4

Randeniya and Smith (1991) (T=8-15K) 1.9 0.9
Rowe et al. (1989) CRESU (T=70K) 1.2 0.4
Smith et al. (1978) SIFT 1.0 -
Smith et al. (1978) ICR 0.98 -
Tichy et al. (1979) ICR 1.3 -

Anicich (1993) 1.14±15%

Table 1: Original and reviewed (bold) reaction rates for two well studied ion-molecule
reactions. Rate constants are in 10−9 cm3.s−1.
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N+ + CH4

Reference b1 b2 b3 b4

Anicich et al. (2004) 0.38 0.03 0.15 0.44
McEwan et al. (1998) 0.53 0.05 0.10 0.32

Dheandhanoo et al. (1984) 0.52 0.06 0.09 0.33
Adams et al. (1980) 0.51 0.03 0.06 0.40
Tichy et al. (1979) 0.42 0.06 0.14 0.38

Anicich et al. (1977) 0.53 0.04 0.10 0.32
∆bi/(2b̄i) 15 % 34 % 36 % 16%

Anicich (1993) 0.50 0.05 0.10 0.36

N+
2 + CH4

Reference b1 b2 b3

Nicolas et al. (2003) 0.07 0.88 0.05
McEwan et al. (1998) 0.05 0.80 0.15

∆bi/(2b̄i) 17 % 5 % 50%
Anicich et al. (2004) 0.12 0.88 -

Randeniya and Smith (1991) (30K) 0.20 0.80 -
Tichy et al. (1979) 0.11 0.89 -
Smith et al. (1978) 0.07 0.93 -

∆bi/(2b̄i) 52 % 8% -
Anicich (1993) 0.09 0.91 -

Table 2: Comparison between branching ratios (bi) determinations for the N+ + CH4 and
the N+

2 + CH4 reactions. The relative dispersion of the measurements and preferred values
are in bold type.

57



bi x̂i

x = 0.25 x = 0.75
0.5 0.19 0.56
0.05 0.82 2.46
0.1 0.56 1.69
0.36 0.25 0.75

Table 3: Partial relative uncertainties resulting from a Dirichlet distribution elicited from
two different global relative uncertainties.
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Uncertainty on bi

Ion none 25% 50% 75%
HCNH+ 10% 12% 12% 14%
C5H

+
5 26% 34% 34% 38%

Table 4: Relative uncertainties for HCNH+ and C5H
+
5 as a function of the postulated

uncertainty about branching ratios.
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1000km 1200km 1400km
Ions 2σ

[Ion]
Ions 2σ

[Ion]
Ions 2σ

[Ion]

HCNH+ 12% HCNH+ 7% HCNH+ 14%
C5H5N

+ 32% C3H
+
5 18% C2H

+
5 16%

C7H
+
7 34% C2H

+
5 19% CH+

5 33%
C5H

+
5 35% C5H

+
5 22% C3H

+
5 17%

C4H
+
3 29% CH+

5 43% CH+
3 24%

C5H
+
7 56% C5H

+
7 52% N+

2 16%
C3H

+
5 20% C3H

+
3 60% C2H

+
3 32%

C6H
+
7 66% C4H

+
5 125% CH+

4 16%
C4H6N

+ 73% CH+
3 23% C3H

+
3 47%

C2H
+
5 24% C4H

+
3 26% C2H

+
4 174%

Table 5: Uncertainty on the ten most abundant ions by night-time chemistry in Titan
ionosphere at 1000, 1200 and 1400km.
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