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A LARGE DEVIATION APPROACH TO SOME TRANSPORTATION
COST INEQUALITIES

NATHAEL GOZLAN AND CHRISTIAN LEONARD

ABSTRACT. New transportation cost inequalities are derived by means of elementary
large deviation reasonings. Their dual characterization is proved; this provides an exten-
sion of a well-known result of S. Bobkov and F. Gotze. Their tensorization properties are
investigated. Sufficient conditions (and necessary conditions too) for these inequalities
are stated in terms of the integrability of the reference measure. Applying these results
leads to new deviation results: concentration of measure and deviations of empirical
processes.

1. INTRODUCTION

In the whole paper, X is a Polish space equipped with its Borel o-field. We denote P(X)
the set of all probability measures on X.

1.1. Transportation cost inequalities and concentration of measure. Let us first
recall what transportation cost inequalites are and their well known consequences in terms
of concentration of measure.

Transportation cost. Let ¢ : X x X — [0, 00) be a measurable function on the product
space X x X. For any couple of probability measures p and v on X, the transportation
cost (associated with the cost function ¢) of p on v is

T(p,v) = inf/X Xc(a:,y) 7(dzdy) € [0, o0]

™

where the inf is taken over all probability measures m on X x X with first marginal
m(dx x X') = p(dx) and second marginal (X x dy) = v(dy).
T,-inequalities. Popular cost functions are ¢(z,y) = d(z,y)? where d is a metric on X

and p > 1. It is known that for some p € P(X) and p > 1 one can prove the following
transportation cost inequality

T (p, )P < \2CH(v | ), Vv € P(X) (1.1)

for some positive constant C, where H(v | ) is the relative entropy of v with respect to

1 defined by
dv
H(v :/ lo (—) dv
v w e 4,

if v is absolutely continuous with respect to g and H(v | u) = oo otherwise. In presence
of the family of inequalities ([[.I]), one says that u satifies T,,(C').
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For instance, Csiszar-Kullback-Pinsker’s inequality, see (B.9), is 77 (1) with the Hamming’s
metric d(z,y) = 1,4, Csiszar-Kullback-Pinsker’s inequality is often called Pinsker’s in-
equality, it will be refered later as CKP inequality. It holds for any p € P(X). On the
other hand, T,-inequalities are much more difficult to obtain. It is shown in the articles
by F. Otto and C. Villani [[[d] and by S. Bobkov, I. Gentil and M. Ledoux []], that if x
satisfies the logarithmic Sobolev inequality, then it also satisfies T5. A standard example of
probability measure p that satisfies 75 is the normal law. In [[§, M. Talagrand has given
a proof of T5(C') for the standard normal law not relying on any log-Sobolev inequality,
for the sharp constant C' = 1.

Concentration of measure. As a consequence of T7(C), K. Marton [[3, [4 has
obtained the following concentration inequality for u :

p({z;d(x, A) > r}) <exp [— (\/%_C’ — +/log 2) ] (1.2)

for all measurable subset A such that pu(A) > 1/2 and all r > /2Clog2. Marton’s
concentration argument easily extends to more general situations. This is of considerable
importance and justifies the search for Ti-inequalities.

Product of measures. Suppose that py, ..., u, satisfy respectively T,(Cy), ..., T,(Cy).
By means of a coupling argument which is also due to K. Marton [I4] (the so-called
Marton’s coupling argument), one can check that when p = 1, the product measure
1 ® -+ @ p, satisfies T1(Cy + -+ + C),), while when p = 2, u; ® -+ ® p,, satisfies
Ty(max(Cy,...,C,)). In particular, if p satisfies T7(C') then p®" satisfies T7(nC'). This
inequality deteriorates as n grows. On the other hand, if p satisfies T5(C') then p®™ also
satisfies T5(C') and this still holds for the infinite product .

By Jensen’s inequality, we have (73)? < 72 so that T5(C') implies T;(C). As the standard
normal law 7 satisfies T(1), it is also shown in [[[§] that the standard normal law on R™ :
~™, satisfies T5(1) and therefore T;(1) and the concentration inequality

7"({w;d(x, A) > r}) < exp [— (% —/log 2) ]

for all measurable subset A such that u(A) > 1/2 and all r > /2log2 where d is the
Euclidean distance on R". This concentration result holds for all n and is very close
to the optimal concentration result obtained by means of isoperimetric arguments (see
M. Ledoux’s monograph [[I], Corollary 2.6) which is: " ({z;d(x, A) > r}) < e /2, for
all » > 0.

In view of ([[.7) and of this optimal concentration inequality, it now appears that with
X =R" T1(C) implies that ;1 concentrates at least as a normal law with variance C. One
may say that p performs a Gaussian concentration when ([[.3) holds for some C.

Criteria for 7. It has recently been proved by H. Djellout, A. Guillin and L. Wu in [§]
that p satisfies T (C') for some C' if and only if

/X e ed@o®)” | (dx) < oo (1.3)
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for some a, > 0 and some (and therefore all) z, in X. It follows that ([I.3) is a charac-
terization of the Gaussian concentration. The proof of this result in [§ relies on a dual
characterization of 77 which has been obtained by S. Bobkov and F. Gotze in []. This
characterization is the following: 77(C') holds if and only if

log/ e*e=lem) 4y < Cs? /2, (1.4)
x

for all s > 0 and all bounded Lipschitz function ¢ with ||¢||Lp < 1.

The criterion ([[.J) has been recovered very recently by F. Bolley and C. Villani in [f]] where
the relation between C' and a, is improved. This new proof relies on a strengthening of
CKP inequality where weights are allowed in the total variation norm. For a statement
of this strengthened CKP inequality, see Corollary B.24 below.

1.2. Presentation of the results. In this article, a larger class of transportation cost
inequalities is investigated. It appears that the transportation cost inequalities 7}, de-
fined by ([[1]) enter the following larger class of inequalities, which will also be called
transportation cost inequalities (TCIs):

a(T(p,v)) < H(v [ p), Vv e P(X) (1.5)

where « : [0,00) — [0, 00) is an increasing® function which vanishes at 0. The inequality
(L)) corresponds ¢ = dP with a(t) = t*/7/(2C), t > 0. Of course, one should rigorously
restrict ([L.J) to those v € P(X) such that 7.(u,v) is well-defined.

The aim of this paper is threefold.

(i) One proves TCIs by means of large deviation reasonings. The authors hope that
this should provide a guideline for other functional inequalities.
(ii) One obtains deviation results by means of TCls.
(iii) One extends already existing results, especially in the area of Ti-inequalities.

One says that we have a Ti-inequality if
a(Ta(p,v)) < H(w | p), Vv € Pa(X). (Th)

where d is a metric and P4(X) is the set of all probability measures which integrate
d(z,, ).

As regards item (i), it is no surprise that, because of the relative entropy entering TClIs,
Sanov theorem plays a crucial role in our approach. Let

1 n
Ln:ﬁ;d&

be the empirical measure of an n-iid sample (X;) of the law p € P(X). Sanov theorem
states that the sequence {L,},>1 obeys the large deviation principle with rate function
v +— H(v | p). The main idea is to control the deviations of the nonnegative random
variables 7.(u, L,,) as n tends to infinity. An easy heuristic description of this program is
displayed at Section .. We obtain the

'In the whole paper, by an increasing function it is meant a nondecreasing function which may be
constant on some intervals.
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Recipe 1.6. Any increasing function « such that a(0) = 0 and

1
limsup —log P(Zc(p, Ln) > t) < —a(?)

n—oo n

for all ¢ > 0, satisfies the TCI ().

Rigorously, one will have to require that « is a left continuous function. This result will be
proved at Theorem [7.]] and a weak version of it (with a convex) is proved at Proposition

Not only TCIs can be derived with this recipe but also another class of functional in-
equalities which we call Norm-Entropy Inequalities (NEIs), see (B-§) for their definition.
Let us only emphasize in this introductory section that Ti-inequalities are NEIs.

As regards item (ii), concentration inequalities for general measures and deviation
inequalities for empirical processes are derived by means of T-inequalities at Section
(]

O

As regards item (iii), the main technical (easy) result is Theorem B.7 which is an extension
of Bobkov and Gotze’s characterization of T7(C') stated at ([.4). It gives a dual charac-
terization of all conver TClIs: those TCIs with o convex and increasing. Note that, up
to the knowledge of the authors, all known TCIs are convex. As a consequence among
others, one recovers the results of [f]] about weighted CKP inequalities at Corollary B.24.

Tensorization of convex TClIs is also handled. The main result on this topic is Theorem
B.2. Tt states that if (7, (1, 1)) < H(vy | pp) for all vy and an(7Ze, (p2, 1)) < H(vo | o)
for all vy, then ayOas(Ze ae, (11 @ o, v)) < H(v | g1 ® po) for all v probability measure
on the product space, where aql]as is the inf-convolution of oy and as.

Integral criteria are investigated in Section [ It emerges from our analysis via large
deviations, that integral criteria only control the behavior of a(t) in ([L.F]) for ¢ away from
zero. As a consequence, complete results are only derived for Ti-inequalities. It is also
proved that the function «(t) of a Tj-inequality has a quadratic behavior for ¢ near zero.
The integral criterion for 7; is stated at Theorem [p.19. It is the following:

Let d be a lower semicontinuous metric. Suppose that a > 0 satisfies fx o) 1 (dr)
for some x, € X and that y is an increasing convex function which satisfies v(0) = 0
[ €@ u(dr) < B < oo for some x1 € X, then

<2
and

a(t) = max ((\/at T1-1)%29(t/2) - 2log B), t>0

satisfies (T1).

Note that (vat +1 —1)* = a®t?/4 + 0,_¢(t?) is efficient for ¢ near zero, while 2y(t/2) —
2log B is efficient for ¢ away from zero.

This theorem extends the integral criterion ([.J) of [§] and [H].

The last Section [] is devoted to abstract results. In particular, the extended version
Recipe P.§ of Recipe [[.§ is proved at Theorem []. The authors hope that the set of
abstract results stated in this section could be the starting point of the derivations of new
functional inequalities.
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2. DERIVING 7 -INEQUALITIES BY MEANS OF LARGE DEVIATIONS. HEURISTICS

The dual equality associated with the primal minimization problem leading to 7.(u, v) is

- (e [}

where @, is the set of all couples (¢, ¢) of Borel measurable bounded functions on X’ such
that ¥ (z) + ¢(y) < c(z,y) for all 2,y € X. This result is known as Kantorovich duality
theorem and it holds true provided that c¢ is lower semicontinuous. It still holds if &, is
replaced by C, N ®. which is the subset of all couples (¢, ¢) € ®, of continuous bounded
functions. In the special case where ¢ = d is a lower semicontinuous metric, the above
dual equality also holds with @, the set of all couples (1, ¢) of measurable (or continuous
as well) bounded functions such that ¢» = —p and ¢ is a d-Lipschitz function with a
Lipschitz constant less than 1. In other words,

Tal, v) — sup{ [ et =i € B el < 1} = v—uli  (22)
X

where the space of all Borel measurable bounded functions on X is denoted B(X') and
l¢llLip = SUP,, % is the usual Lipschitz seminorm. This result, known as Kantorovich-
Rubinstein’s theorem, identifies the transportation cost Zy(p,v) with the dual norm

v = plltsp-

2.1. A larger class of transportation cost inequalities: 7-inequalities. After these
considerations, it appears that the transportation cost inequality ([[]]) enters the following
larger class of inequalities, which we call 7-inequalities:

a(T(w)<HW|p, WwenN (2.3)

where « : [0,00) — [0, 00) is an increasing function which vanishes at 0, A is a subset of
P(X) and 7 is defined by

T o v o) 24
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where @ is a class of couples of functions (1, p) with v integrable with respect to p and
¢ integrable with respect to v. Note that (B.3) is a family of inequalities where the value
+o0 is allowed with the convention that a(400) = lim;_, a(?).

We are going to consider two cases which corresponds to what will be called Transportation
Cost Inequalities and Norm-Entropy Inequalities.

Transportation Cost Inequalities. We assume that c is a nonnegative lower semicon-
tinuous cost function. The space of all continous bounded functions on X is denoted
Cp(X). In the situation where ® is equal to

D, = {(¥,0) € Co(X) x Cop(X);h @ p < c}

the family of inequalities (-3) is called a Transportation Cost Inequality (TCI). Indeed,
the Kantorovich dual equality (P-)) states that

T(v) =1T(p,v) € [0, 0],
for all v € N C P(X). In this situation, inequality (B-J) is
a(T(pv)) <Hv | p), YWweN (2.5)

Suppose that there exists a nonnegative measurable function x on X such that c(z,y) <
x(z)+x(y) forall z,y € X and [, x dp < co. A natural set NV is the set of all probability
measures v such that [, x dv < oo.

Norm-Entropy Inequalities. Let U be a set of measurable functions on X such that
U = —U. Let us take & = &y with

Oy = {(—p,0);p €U}

This gives

T) =sup [ pdw =) i= v =l < 0.53]

pelU

In this case, inequality (2-3) is
allv = ply) < H(v | p), Vv ePy (2.6)

where Py is the set of all v € P(X) such that [, |¢|dv < oo for all ¢ € U. The family of
inequalities (P.4) is called a Norm-Entropy Inequality (NEI).

As a typical example, let (F| - ||) be a seminormed space of measurable functions on X
and U := {p € F, ||| <1} its unit ball. Then, ||v — ul|}; is the dual norm of | - ||.

In the case where the cost function of a TCI is a lower semicontinuous metric d, the
Kantorovich-Rubinstein theorem (see (B.9)) states that

Zap,v) = [lv = il

for all u, v € P(X), where ®y is built with F the space all bounded d-Lipschitz functions
on X endowed with the seminorm || - ||Lip. In this special important case, TCI and NEI
match.
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2.2. Large deviations enter the game. At Sections B and [], 7-inequalities will be
proved by means of a large deviation approach. The integral functional H(- | ) will be
interpreted as the rate function of the large deviation principle (LDP) of the sequence of

the empirical measures
1 n
L, =— Ox,

of an iid sample (X;) of the law p (J, stands for the Dirac measure at z). Indeed, by
Sanov’s theorem {L,} obeys the LDP in P(&X’) with the rate function

I(v):==H(v|u), veN.
Roughly speaking, the sequence of random variables {L,} obeys the LDP in N with the

rate function [ if one has the following collection of estimates
P(L, € A) < exp[—n inij](u)]
ve

as n tends to infinity, for any A “good” subset of M. Let us introduce the nonnegative
random variables

T,=7(L,), n>1.
Suppose that 7 is regular enough for the sets A; = {v € N,T(v) > t}, t > 0, to be
“oood” sets. This means that for all £ > 0,

P(T, > t) =P(L, € A;) < exp[—ni(t)]
with i(t) = inf{I(v),v € N,T(v) > t} € [0,00]. Suppose that « is a deviation function

for the sequence {7},} in the sense that it is an increasing nonnegative function on [0, co)
such that for all t > 0

1
limsup —logP(T,, > t) < —a(t). (2.7)
n

n—oo

We obtain «(t) < i(t) for all ¢ and in particular with ¢ = 7 (), we obtain for all v € N,
a(T(v)) <i(7(v)) < I(v). This is precisely the desired inequality (E-3).
The recipe is:

Recipe 2.8. Any deviation function a of {7, } satisfies the 7 -inequality (£3).

Because of the sup entering the definition of 7}, = supg({p, L) + (¥, i) ), one may expect
to get into troubles when trying to prove a full LDP for {7},}. Fortunately, only the
subclass of “deviation sets” A; = {v € N, T (v) > t}, t > 0, will be really useful.

This line of reasoning will be put on a solid ground at Theorem B.7, Proposition p.5 and
Theorem [7.].

2.3. An example: CKP inequality. As a simple illustration, we propose to prove CKP
inequality by searching a deviation function « in the sense of (R.7). This is not intended
to be the shortest proof, but only an illustration of the proposed method. Recall that
CKP inequality is

1
Sl = plrv < H(v | p), Yv € P(X) (2.9)

where ||£]|Tv is the total variation of the signed bounded measure £. As

l€|lrv = sup {/ @ d€, ;  measurable such that ||¢]| := sup |p(z)| < 1} :
X zeX
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(RB.9) is the NEI with F' = B(X) the space of bounded measurable functions furnished
with the uniform norm ||| := sup,cy [o(2)], N = P(X) and a(t) = t*/2.

Consider an iid sample (X;) of the law p and its associated sequence of empirical measures
L, =2%" 0x,. Forall n and all p € U = {¢ € B(X);|¢| < 1}, define the random
variable

1 n
Ty = (p, Ly — p) = 523/30
=1

where ;¥ = p(X;) —Ep(X;). Cramér’s theorem states that {77} obeys the LDP in R with
rate function A7, : the convex conjugate of the log-Laplace transform A,(s) = log EesY”,
s € R. Recall that the convex conjugate of f is defined by f*(t) = sup,cp{st — f(s)} €
(—o0,00], t € R.

Sanov’s theorem holds in P(X’) with the weak topology o(P(X), B(X)). As, v € P(X) —
(p,v—p) is o(P(X), B(X))-continuous for all ¢ € B(X), one can apply the contraction

principle. It gives us for all ¢
N () = nf{H (v | g)iv € P(X) - (g0 — o) = 1},
which in turn implies that for all ¢ € B(X),
A (v — ) < H(v | p), Yv € P(X).
As V¥ takes its values in [EY¥ — 1, EY? + 1], by Hoeffding’s inequality we have
A (s) < %/2 (2.10)

for all real s. It follows that A%(t) > supcp{st — s?/2} = */2 for all real t. Hence, we
have proved that for all p € U,

a((p, v —p)) < H(v | p), Vv € P(X)

with a(t) = t?/2. It follows that a(sup,cy (@, v — p)) < H(v | p) for all v € P(X), which
is CKP inequality (2.9).

Some comments. In this proof, something interesting occured. Let us denote T, :=
sup, 1¢, B(t) = —limsup,_., = logP(T;, > t) and J,(t) = —limsup,, .., + logP(T? > t)
the deviation functions of 7;, and T)Y. As T,, > T'¥ for all ¢, we have § < inf, J,. This
means that a priori inf,, J, could be too large to be the « of the NEI. On the other hand,
by (BI0): sup, Ay(s) < A(s) := s*/2 for all s > 0, so that t*/2 = A*(t) < inf, J,(t).
Nevertheless, we have shown that A* is a convenient function « for our NEI.

It will shown in a more general setting, at Theorem [.7, that the convex lower semicon-
tinuous envelope of inf, J,, is the best increasing conver function a for this NEI.

3. CONVEX 7-INEQUALITIES. A DUAL CHARACTERIZATION

In the rest of the paper (except Section []) our attention is restricted to those 7 -inequalities
(B3)) where the function « is increasing and convex. In this case, (P3) is said to be a
convex 7 -inequality.
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3.1. Sanov’s theorem. This theorem will be central for the proof of the main result of
this section which is stated at Theorem B.7.

Let the probability measure p on & be given. We consider a sequence of independent X-
valued random variables (X;);>; identically distributed with law u. For any n the empirical
measure of this sample is

1 n
L,=— Ox, X).
- ; x, € P(X)
We introduce the function space

Fexp(pt) = {gp : X — R; ¢ measurable, /

exp(alp|) du < oo for all a > 0} (3.1)
X
of all the functions which admit exponential moments of all orders with respect to the

measure 4. We denote

Noxp (1) = {1/ € P(X);/ lp| dv < oo for all ¢ € fexp(u)}
x

the set of all probability measures which integrate every function of Fexp,(pt).
The set P(X) is furnished with the cylinder o-field generated by the functions v — (p, v),

¢ € Fexppt).

Theorem 3.2 (A version of Sanov’s theorem). The effective domain of H(- | p) is included
in Nexp(1) and the sequence {L,} obeys the large deviation principle with rate function
H(- | ) in Negp (1) equipped with the weak topology o(Nexp(1t), Fexp(tt))-

This means that for all measurable subset A of Nexp(11), we have

liminfllogIP’(LnEA) > — inf H(w|up) and

n—oo M veint A
1
: 1 < _
llgls;}p - logP(L, € A) < VézgllfAH(l/ | 1)

where int A and cl A are the interior and closure of A.

Proof. The proof is a variation of the classical proof of Sanov’s theorem based on projective
limits of LD systems (see [[d], Thm 6.2.10). For two distinct detailed proofs of the present
theorem, see ([d], Theorem 1.7) or ([[J], Corollary 3.3). O

3.2. The class of functions C. The functions « to be considered are assumed to be
convex. Since « is also left continuous and increasing, we consider the following class of
functions.

Definition 3.3 (of C). The class C consists of all the functions «a on [0,00) which are
convez increasing, left continuous with a/(0) = 0.

For any « belonging to the class C, denoting ¢, = sup{t > 0; «(t) < oo}, a is continuous
on [0,t,) and limyy, at) = a(ty).

The convex conjugate of a function o € C is replaced by the monotone conjugate a®
defined by

a®(s) = Stlig{St —a(t)},s>0
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where the supremum in taken on ¢ > 0 instead of ¢t € R. In fact, if a is extended by a(t) =

a(t) ift>0 a®(s) ifs>0
{0 ift<o0 +oo  ifs<0
As a is convex and lower semicontinuous, we have a** = «. From this, it is not hard to
deduce the following result.

then the usual convex conjugate of & is a*(s) =

Proposition 3.4. For any function a on [0,00), we have

(a) aeCea®elC
(b) a € C = a®® = q.

3.3. A convex criterion. Theorem B.7 below is a criterion for a convex 7 -inequality to
hold. It extends two well-known results of S. Bobkov and F. Gétze ([, Theorem 1.3 and
statement (1.7)).

Let F be a vector space of measurable functions ¢ on X such that

/ e?du < oo, VpelF. (3.5)
x

Let Pz be the set of all probability measures which integrate F :

Pf:{VEP(X);/\<p\dV<oo, Vgoef}.
X

Clearly, if the class ® entering the definition of 7 (v) satisfies
(0,0)€ ® C F x F, (3.6)

the function 7 is a well defined [0, co]-valued function on Pr.
Let Ay(s) be the log-Laplace transform of ¢(X) + E(X) where X admits p as its law.
We have for all real s,

Ag(s) = log /X expls(o(z) + (6, u)] p(d)

Theorem 3.7. We assume (5.4) and (3.4). Let us consider the following statements
where o is any function in C :

o(T ())<H(V|u) Vv € Pr.

a)
(b) Ag(s) < a®(s), Vs>0,Vpe d.
(©) ()<A*()w>ov¢eq>.
(d) limsup,_ +10gP({¢, L) + (b, ) > t) < —a(t), Vi>0,V(¢,p) € P.
() ¥n =1, L 1ogP((¢p, Ln) + (¢, 1) 2 1) < —alt), VE>0,V(s, ) € P.

Then, we have (a) < (b) < (¢) and (e) = (d) = (a).
If it is assumed in addition that for all (¢, ¢) € ®,

/X (o(x) + () pu(d) < 0 (3.8)

then, we have (a) & (b) < (¢) < (d) < (e).
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The most useful statement of this theorem is the criterion (b) = (a).
Clearly, the requirement (B.§) holds for all NEIs. It also holds for TCIs under the as-
sumption that c satisfies

c(x,x) =0, Vo € X. (3.9)

When working with TCIs, this will be assumed in the sequel.

Proof. Possibly considering the vector space F' spanned by F U Cy(X') instead of F, one
can assume that F separates Px. Indeed, the assumptions (B-5)) and (B-9) still hold with F’
instead of F and we clearly have Pr = Pr. Hence, we assume without loss of generality
that F separates Pz. As a consequence, the weak topology o(Px, F) is Hausdorff: this is
necessary to derive LDPs away from compactness troubles.

Note that the assumption (B.9) is equivalent to F C Feyp(p). It follows that under this
assumption, Sanov’s Theorem B.2 implies that {L, } obeys the LDP in Pz equipped with
o(Px,F) with H(- | 1) as its rate function.

Consider, for any (¢, p) :=¢ € ® and n > 1,

n

T = (o, L)+ (1) = = D (p(X) + E0(X)) (3.10)

i=1
so that T, := T (Ly) = supgeqg T, Cramér’s theorem states that {T)7} obeys the LDP in
R with

Ay(t) = sg}g{st —Ay(s)}, teR

as its rate function. In particular, for all real ¢

1
—inf A% (u) < liminf = logP(T} > t)

u>t n—oo 1
1
< i = ¢ >t) < —inf A} :
< hfln_)solip " logP(T? > t) < 11}5 Ay (u) (3.11)

Because of assumption (B.Q), the mapping f, : v € Pr — (p,v)+ (¢, u) € R is continuous
for every (1, ) € ®. As T? = f4(L,,), one can apply the contraction principle which gives
us for all real ¢

N5(t) = inf{H(v | );v € Pr: (0,0) + (1) = 1}, (3.12)
[(a) & (0]
@ £ a (sl + <¢,u>)) < H(v | ), v € Pr

(o) + (1) < H(v | p), Vv € PrVo € @

& at) < H(|p),VteR VYo e dVvePr:{pv)+ (,u) =t

& at)<inf{H(v|p);vePr:{pv)+ {,u) =t} Vt e R Vo €

@ oa<a

< (o)

The equivalence (i) follows from the definition (-4) of 7, (ii) holds true because « is
increasing and left continuous while (iii) follows from (B.13).
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[(b) & (¢)]. In order to work with usual convex conjugates instead of monotone conju-
gates, let us take a*(s) = 400 for all s < 0. It follows that « is extended by «(t) = 0, for
all t <0 and a®(s) = a*(s) for all s > 0.

Let us prove (¢) = (b). With the above convention, statement (c) is equivalent to

aft) < A4(t), vt € R,Vo € . (3.13)

As, Ay is convex and lower semicontinuous, we have: A%" = Ay4. Hence, taking the convex
conjugates on both sides of (B-IJ) one obtains that A, < o* which entails (b).

Let us prove (b) = (c). As ais in C, its extension (still denoted by «) is convex and lower
semicontinuous, so that o™ = «. Therefore, taking the conjugate of (b) leads to a < A
which is (c).

The convexity of o has been used to obtain (b) = (¢) and it won’t be used anywhere else.

[((e) = (d) = (a)]. As (e) = (d) is obvious and (a) < (c), all we have to show is
(d) = ().

Let m = EY = (¢ + ¢, ). For all t < m, we have inf,-; Aj(u) = inf,>; Aj(u) = 0. As
A} is convex, it is continuous on (t_,t;) the interior of its effective domain. Therefore,
we have for all t # ¢, inf,»; A% (u) = inf,>; A% (u). Together with (B.I1]), this gives for all
t 7& t-l—a

0, ift<m

_A®
AS(t), ift>m — el

n—oo N u>t u>t

— lim 1 log P(T > t) = inf Aj(u) = inf A} (u) = {

Consequently, considering I'(t) = Ag‘)(t) if t £¢, and I'(t;) = +oo (if £, < 00), we have

(d) = alt) < AS(t), Vi #1,
= a<T
= lsa<lsT
= aSAg‘)

where Is a and Is I' are the lower semicontinuous envelopes of o and I', and the last
implication holds since « is lower semicontinuous and Is I' = AS?. As A? < A}, we have
the desired result.

[(a) & (b) & (¢) & (d) & (e)]. Let us assume (B.§). To obtain the stated series of
equivalences, it remains to prove (¢) = (e).

By BI0), T¢ = = >, Vi with V; = ¢(X;) + E¢(X;). The standard proof of the upper
bound of Cramér’s theorem is based on an optimization of a collection of exponential
Markov inequalities, as follows. For all real ¢, all n and all s > 0,

1 n n
P (5 > Yiz t) < P <exp[lei-] > e"“)
i=1 i=1

< e Eexpls ) Y]
i=1

= exp[n(Ays(s) — st)]
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Optimizing on s > 0, one obtains that
1
- log P(T7 > t) < —AJ(t), Vt € R,V € ®,Vn > 1.

But, assumption (B3) implies that m < 0 so that AZ(t) = Aj(t) for all £ > 0. It follows
immediately that (¢) = (e). This completes the proof of the theorem. O

3.4. Convex Transportation Cost Inequalities. In the special case of TClIs, we have
b =&, = {(V,0);0,0 € Cp(X) : Y ®p < c}. Optimal transportation theory (see
[[9]) indicates that ®. may be replaced with the smaller sets {(—¢, Q°p); ¢ € Cy(X)} or
{(—=p, Q°p); ¢ lower semicontinuous and bounded on X'} where

Q%(y) = nf{p(x) +c(z,y)}, y € X

without any change in the value of 7. One easily proves that if (B.9) is satisfied: ¢(z,z) =0
for all x € X, then sup |Q%p| < sup|y|. If ¢ is continuous, then Q¢ is measurable as an
upper semicontinuous function. If ¢ is only assumed to be lower semicontinuous, Q¢ is
still measurable if ¢ is lower semicontinuous and bounded (but the proof of this result
is technical). Anyway, Q° € B(X) (is a bounded measurable function) as soon as ¢ is
lower semicontinuous and bounded. In particular, assumptions (B.J) and (B.g) hold with
F = B(X).

Now, as a corollary of Theorem B.7, we have the following result.

Corollary 3.14. Whenever a € C, the transportation cost inequality (B-J) holds in N =
P(X) if and only if
log/ eS[Q°e(y)—(p.m)] w(dy) < a®(s)
X

for all s > 0 and all ¢ € Cyp(X).
If in addition c is continuous, the same result holds when ¢ € Cy(X) is replaced with
p € B(X) : the set of all measurable bounded functions on X .

3.5. Convex Norm-Entropy inequalities. In the special case of NEIs, we have & =
{(=¢,¢); p € U} and Theorem B.7 specializes as follows.

Theorem 3.15. Suppose that U satisfies
/ el dy < 00,V € U,Ya > 0.
X

Let v be in C. Then, the norm-entropy inequality (2.4)
a(lv—ply) <H( | p), VvePy
holds if and only if

Au(s) = log /X e @] y(d) < a®(s) (3.16)

for all s > 0 and all p € U.

Specializing Theorem B.1J by taking U to be the set of all 1-Lipschitz measurable bounded
functions with respect some measurable metric d, one obtains the following characteriza-
tion of convex Tj-inequalities.
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Theorem 3.17 (T-inequality). Let d be a lower semicontinuous metric on X such that

/ e®d@o®) |y (dr) < oo,
X
for some a, > 0 and some (and therefore all) x, € X. Let « be in C. Then,

(Ta(p,v)) < H(v | p),
for all v € P(X) such that [, d(x,, ) v(dz) < oo if and only if

Au(s) = log / e @0 () < 0®(s) (3.18)
x
for all s > 0 and all measurable bounded Lipschitz function ¢ such that ||¢||Lip < 1.

The following simple result asserts that the functions « of NEIs cannot grow faster than
at? for t near zero.

Proposition 3.19. Assuming that F' contains functions which are not p-a.e. constant,
the function a of a convexr norm-entropy inequality (2.4) satisfies

0<a) <at®>,VO<t<t (3.20)
for some a > 0 and t; > 0.

Proof. Let ¢, be a non constant function in U. Then, 02 := [, (¢(z) — (¢, 1))* dp > 0 and
for any 0 < of < o2 there exists s; > 0 such that A, (s) = 02s*/2 4 o(s?) > 07s%/2, for
all 0 < s < s;. Let 6;(s) match with 02s*/2 on [0, s;] and be extended on [s;,00) by the
tangent affine function of s — o7s?/2 at s = s1. As A, is convex, we have 0;(s) < A, (s)
for all s > 0.

Together with (B-I), we obtain ¢; < «®. Taking the monotone conjugates on both sides
of this inequality provides us with

a) <070 = {
from which the desired result follows. O

To explore some consequences of Theorem (see Corollaries and below) one
needs the notion of Orlicz space associated with the exponential function. It appears that
the space Feyp(t) introduced at (B.)) is the Orlicz space

t2/(20%), if 0 <t < s10%
+00, if t > s10%

{go : X — R; measurable, /

plap) du < oo for all a > O}
x

where p-almost equal functions are not identified and p is the Young function
pls)=efl—1, seR.
Its Orlicz norm is defined by

lell, = it {o>0: [ p(£) aus1f .21)
X
= inf{b>0;/e|“”|/bd,u§2}
X
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and considering the usual dual bracket (n,¢) = [ 2 M@ du, its topological dual space is
isomorphic to

Ly(p) = {n : X — R; measurable, /

p*(an) du < oo for some a > 0}
X

= {n : X — R; measurable, / In|log |n| du < oo}
x

where p* is the convex conjugate of p :

ey = [ [t logltl = [t + 1, if ¢ > 1
p(t>_{0, if |t < 1

and p-almost equal functions are identified. Note that the effective domain of H(- | p)
is included in the set of all probability measures v which are absolutely continuous with
respect to p and such that Z—Z € L,-(p).

Let us state a useful technical lemma, which will play a role that is similar to the role
that Hoeffding’s inequality (R.10) played during the proof of CKP inequality.

Lemma 3.22 (A Bernstein type inequality). For any measurable function ¢ such that
[y e*?ldp < oo for some a, > 0, we have |¢|, < oo and

el s*
Ay(s) < T,
’ L—1lellps

It follows that, if U is a uniformfy || - || ,-bounded set of functions: sup,cr [|¢ll, < M < oo,
then

VO <s<1/[el,.

M?s?
1—Ms’

Proof. By the definition of 3 := |||, we have 1 > [, p(¢/B8) dp =", (l¢l*, 1)/ (K!5).
Therefore, for all k > 1, {|o|*, 1) < k!B*. It follows that for all s > 0,

Ay(s) < VO<s<1/MVpeU.

Ay(s) = log (1 + stk,m/m) — s{, 1)

k>1

> Mot ) /K

k>2

> s (el ) /K

k>2
> (Bs)"
k>2

_f (Bs)}/(1=Ps), f0<Bs< 1
| oo, if Bs>1

IA

IN

IN

The last statement holds since 3 +— Y7, .,(0s)" is an increasing function, for all s > 0. [

We are now ready to prove some corollaries of Theorem B.7.
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For any measurable function f in L, (), let

£l = sup{/ [ du; ¢ : measurable, |||, < 1}
x

= sup {/ fodu; ¢ : measurable, / el dy < 2}
X X

be the dual norm of || - ||,

Corollary 3.23. For any probability measure v which is absolutely continuous with respect
to p and such that % o € Ly (1), we have
o

|1 -1| <evERT+ 010,

Note that this is the NEI: a1(||§—Z —1|5) < H(v | p), with ay(t) = (VE+1—1)%

dv

Proof. Here U is the unit ball of Fey, (1) and thanks to Lemma B.22 applied with M = 1,
(B10) holds as follows: A,(s) < af(s) := s?/(1 — s). Taking the monotone conjugate, we
obtain oy (t) = (vt + 1 — 1)?, which is the desired result. O

The following corollary has already been obtained by F. Bolley and C. Villani in [{] with
other constants.

Corollary 3.24 (Weighted CKP inequalities). Let x be a nonnegative function such that
[y e*Xdp < oo for some a, > 0. Then, ||x||, < co and for any probability measure v
which is absolutely continuous with respect to p and such that o€ Ly (1), |x - (v—p)||Tv
s well defined, finite and we have

- v = m)llav < lxlly (2VH@ ) + Hv | 1))

Note that this is the NEI: a(||x - (v — p)||rv) < H(v | p), with a(t) = (\/t/]|x|l, + 1—1)%

Proof. Here U = {x¥;sup|¢| < 1}. As x may not be in Feyp(pe) (if there exists a; > 0
such that fx e™X dy, = 00), one must be careful. It happens that

Ix - (v—p)|lrv = sup {/qu/; d(v — p);1 : measurable, sup || < 1}

= sup {/ ed(v — p); ¢ : measurable, || < x,sup |p| < oo}.
x

To show this, decompose v — pu into its positive and negative parts, approximate from
below X\w|1supp ((v—p)+) AN X[V | Lsupp((w—p)_) by pointwise converging sequences of bounded
functions, and conclude with the dommated convergence theorem.

Therefore, U can be replaced with U = {p;|p] < x,sup|e| < oo} C Fexp(p). As
superr [|2ll, < llxll,, thanks to Lemma applied with M = ||x||,, (B:-16) holds as
follows: A,(s) < a$(s) := (Ms)?/(1 — Ms). Taking the monotone conjugate, we obtain

ay(t) = (y/t/M + 1 —1)2 which is the desired result. O
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Remark 3.25. It follows from Corollaries B.23 and B.24), that
||V_MHTV_1 (2\/ (v|p —i—HV\,u)

which of course is worse than CKP inequality (£:9) but has the same order of growth vH
for vanishing entropies.

Let d be a metric on X. The associated dual Lipschitz norm of any signed bounded
measure ¢ with zero mass is defined by

1€IIE;p = sup {/ @ d&; ¢ : measurable, ||¢||Lip < 1,sup|p| < oo}
X

where [|¢||Lip = sup,, % is the usual Lipschitz seminorm.

Corollary 3.26. Suppose that there exist a, > 0 and x, € X such that [, e®d@o®) y(dx) <
oco. Then, ||d||, s> = inf{b > 0; [, , e?@9/ y(dr)u(dy) < 2} < oo and

v = pillisy < Idllppe (2VHW ) + Hw | 1)), ¥ € P),

Note that this is the NEL: a(||v — plli;,) < H(v | p), with a(t) = (v/t/ ]| e +1 = 1)%

Proof. This is a corollary of Theorem B.17. Here U = {¢ : ||¢|lLip < 1,sup|p| < oo} C
Fexp(1t). Let us show that

sup [l — (@, 1)lp < [|dll o2 (3.27)
pelU

By Jensen’s inequality, for any 1-Lipschitz function ¢ and all s > 0,

exp {s (w(ﬁ)— /X @(y)u(dy))] < /X exp[s(p(z) — ¢(y))] n(dy)
< [ explsda, ) n(a).

Hence, integrating with respect to u(dx), one obtains (B.27).
Thanks to Lemma B.23 applied with M = ||d||, e2, (B-I§) holds as follows: A,(s) <

a¥(s) := (Ms)?/(1—Ms). Taking the monotone conjugate, we obtain ay(t) = (\/t/M + 1—
1)%, which is the desired result. D

4. TENSORIZATION OF CONVEX TClIs

In this section only convex TCIs are considered. It is assumed that the appearing state
spaces are Polish and the appearing cost functions are nonnegative continuous and satisfy

B9
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4.1. Statement of the main result. Let py, ps be two probability measures on two
Polish spaces X7, Xs, respectively. The cost functions ¢1(x1,y1) and co(z2, y2) on Xy x A}
and Xy x X give rise to the optimal transportation cost functions 7, (1, v1), v1 € P(X1)
and 7;2(/L2, 1/2), Uy € P(XQ)
On the product space X; x X,, we now consider the product measure p; ® po and the cost
function

1D 02(($1ay1)7 ($2ay2)) = ci(x1, Y1) + a2, 12), 1,41 € X1, 20,2 € A

which give rise to the so-called tensorized optimal transportation cost function
Toioes (i1 @ g, v), v E P(X X Xy).
Recall that the inf-convolution of two functions a; and ay on [0, 00) is defined by
agOas(t) = inf{ay(t1) + as(ta);tr,ta >0ty +ta =1}, ¢t>0.

Lemma 4.1. Let ay and as belong to the class C. Then,

(a) ay0as € C and
(b) (0an)® = af + a

Proof. This simple exercice is left to the reader. O
The main result of this section is the following theorem.

Theorem 4.2 (Tensorization). Let ¢; and ¢y be two continuous nonnegative cost functions
which satisfy ([3-9). Suppose that the convex TCls

ar(Ze,(p, ) < H(v | ), Vin € P(X)
a(7e, (p2,12)) < H(vg | p2), Yo € P(X)
hold with oy, as € C. Then, on the product space Xy X Xy, we have the convex TCI
100z (Teyee, (11 @ pi2,v)) S HW | 1 @ po), Vv € P(X) x )

Its proof is postponed to Section [[.3. We prefer beginning with a presentation at the next
section of an incomplete derivation of this result which, to our opinion, seems to be more
intuitively appealing.

4.2. An incomplete direct proof of Theorem .2 By means of Marton’s coupling
argument [[[4], one can expect to prove the next Proposition .. We are interested in
transportation costs from X to Vi, from X5 to )» and from X} x &5 to Vi X Vs.

For any probability measure v on the product space )V = Y; X Y, let us write the
desintegration of v (conditional expectation) as follows: v(dyidys) = v1(dy1)vy" (dys).

Proposition 4.3. For all v € P(Y1 X )s),
T © 12,0) < T ) + || Tl () (14)
1
Recall that the relative entropy satisfies for all v € P() x V»),
Hv | m®@p2)=H [ )+ [ H@S | p2) vi(dy) (4.5)

Yi

which looks like (f[.4]).
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Admitting Proposition for a while, one can easily derive Theorem .3 as follows. Take
yl = Xl and yg = XQ. For all v € P(Xl X Xg),

alDa?(ZﬁBQ (:U’l @ 2, V))

(a)

< oqUog <721(,u1,1/1)+/ Tcz(,uz,’/gl)Vl(dyl))
V1

(b) "

< on(Te (pa, 1)) + o T, (p2, v3') vi(dyr)
V1

()

< T + [ aa(T s t) i)

V1
(d) Y1
< H( )+ | H(vy' | ) vi(dyr)
V1
= H(v|m ® pa).

Inequality (a) holds thanks to Proposition [[.3 since a;0ay is increasing, (b) follows from
the very definition of the inf-convolution, (c) follows from Jensen’s inequality since s
is convex, (d) follows from the assumptions ay(71(r1)) < H(vy | 1) for all v, and
az(T2(1s)) < H (v | ) for all vy (with obvious notations) and the last equality is ({.3).
To complete the proof of Theorem f.9, it remains to prove Proposition f.J. This won’t
be achieved completely: a difficult measurability statement will only be conjectured.

Incomplete proof of Proposition [[.3. One first faces a nightmare of notations. It might be
helpful to introduce random variables and see m € P(X x)) = P(X) x Xy x Y1 X Vo) as the
law of (X1, X5,Y7,Y3). One denotes m; = L(X1,Y7), mo "' L(Xo, Y2 | X1 = 21,Y1 = 1),
7T§(12’y1 =L(Xy | X5 = 21,1 =), W;;’yl =LY: | X1 =21,Y1 =) mx = L(X4, X3),
my = L(Y7,Y3) and so on.

Let us denote P(u,v) the set of all # € P(X x )) such that mx = p and 7y = v, P(u1,v4)
the set of all n € P(A&X; x Yp) such that ny, = p1 and ny, = 11 and Ps(u2, v5) the set of
all n € P(Xy x Vs) such that nx, = o and ny, = vs.

We only consider couplings 7 such that under the law m

[ ,C(Xl,XQ) = W,

« L(Y1,Y)) = v,

e Y and X, are independent conditionally on X; and
e X and Y5 are independent conditionally on Y.

Optimizing over this collection of couplings leads us to

T.(p,v) < inf@/a D co(w1, Y1, T2, Y2) mi(dxrdyr ) w5 (dadys)

T,

where the infimum is taken over all m; € Py(u1, 1) and all 75 = (m5"Y" ;21 € Xy, 1 € Vi)
such that w5 € P(uY,,vy,) for m-almost every (z1,y1). As p is a tensor product:

p= 1 @ fig, we have py, = pip, m-a.e. so that 5" € Py(pg,vy,) for m-almost every

(w1, 1)
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Not being careful, one may write
Ze(p, v)

inf /01 ® co(21, Y1, T2, y2) T (dxydyr ) w5 (dwadys)

T,

= inf / ¢y dm +/ (inf/ 02(932>y2)7T§1’y1(d172dy2)) Wl(difldyl)]
LS X x X1 x1 ™3 RO N

@ inf / ¢ dm +/ (/ Co dﬁ;l’yl) wl(dxldyl)]
™ LA < Xy X1 Ao x Vo

inf / ¢y dm +/ T, (ug, 1/%2) Wl(dxldyl)}
LJ X1 X1 X1 X

™

IN

= 1Ilf{ C1 dﬂ'l} +/ 7;2(M2,V§J/;)V1(dy1)
X1 X1 Y1

1

— T () + / Too iz ) 1 (i)
%1

which is the desired result.

On the right-hand side of equality (a), 75"
subject to the constraint 75" € Py(u2,14; ). The general theory of optimal transportation
insures that such a minimizer exists for each (z1,%;). And it might seem that the work is
done.

But this is not true since one still has to prove that there exists a measurable mapping
(x1,y1) — 7oY. We now face a difficult problem that may possibly be solved by means
of a measurable selection theorem, taking advantage of the pleasant property of tightness
of any probability measure on a Polish space.

We withdraw this promising direct approach. O

is a minimizer of 73" — [ Ay, C2dmy" !

4.3. A complete indirect proof of Theorem [.3. It is based upon an indirect dual
approach, making use of the characterization of Corollary and follows the line of
proof of ([[LT], Proposition 1.19).

Proof of Theorem [[.3. Recall that, provided that ¢ is continuous nonnegative and satisfy
(B9)., Q°(z) = infyex{p(y) + c(y,x)} is in B(X) whenever p € B(X). We denote
Q1= Q% Q= Q% and Q = Q9=

By Corollary B.14, the convex TCIs “ay(77) < Hy” and “ay(73) < Hy” which are supp-
posed to hold are equivalent to

/ ey = exp(af(s) + s, 1)), Vs>0,V0, € B(X)) (4.6)
Xy

/ e L2 qu, = exp(as(s) + s, 12)), Vs >0,V0, € B(X,) (4.7)
X

As by Lemma (1] (a;0cp)® = of + of, thanks to Corollary again, all we have to
prove is

/ 9P d(py @pg) = exp(aP+ad(s)+slp, 1 ®@us)), Vs> 0,Yp € Cp(Xy xXy) (4.8)
X1><X2
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Let us take ¢ € Cy(X; X Xy). For all (21, 29) € X} X As,

Qplr,22) = _Inf  {o(yn,y2) + ey, z1) + caye, 22)}
= yligﬁ {y;g@{@(yl, Y2) + c2(ya, 22) } + c1 (v, Il)}
= b {0, (1) + aly, 21)}
= Q10,(11)
where
02,(y1) = Qapy, (2) = yig£2{¢(y1a y2) + c2(y2, 72)} (4.9)

with ¢, (v2) == ©(y1, y2). Hence, for all s > 0,

[ evamem @[ ( / eswﬂvz%l(dm) ()
X1 x Xo X Xy

/ 00T (3)+5(0y 1) 2 (dzs)
Xa

—~
N

INS

—~
o
~

®
e™

(S)/X exp (S . szyl(l’z)ﬂl(d%)) pi2(da2)

Equality (a) is justified since ¢ being bounded, (z1,x2) — Qu(z1,x3) = Q10,,(x1) is
jointly measurable.

Let us now prove the inequality (b). As ¢ and ¢ are continuous, (x2,y1) — 0.,(y1) is
jointly upper semicontinuous as the infimum of a collection of continuous functions. Since
Ou, (Y1) = Qapy, (x2) by (IL9), we have sup,, ,, [0z, (y1)] < sup,, sup |y, | = sup || < oco.
Therefore, (z2,y1) — 0,,(y1) is an upper semicontinuous bounded function. Consequently,
one is allowed to invoke (fLd) to obtain [, 510 (@) 1y (day) < o5 (9501 for all .
Also note that xg +— (0,,, 1) is measurable since (z2,41) — 6,,(y1) is jointly measurable
and bounded.

The last equality (c) is simply (E.9).

Remark 4.10. If ¢, is only assumed to be lower semicontinuous, the joint measurability
of (z2,y1) — 0.,(y1) which has been used to prove inequality (b) is far from being clear.
This is the reason why the cost functions are supposed to be continuous.

But for all x,,

Y2€Y>

Qapy, (v2) pa(dyr) = /X inf {p(y1,y2) + ca(ya, x2) } p11(dy1)

Xy

< inf {/Xl e(y1,y2) pa (dys) +Cz(y2,952)}

Y2€Y2

= Q2p(72)



22 NATHAEL GOZLAN AND CHRISTIAN LEONARD

where yo — B(y2) = [ x, P(W1,92) pr1(dyr) is a continuous bounded function. Gathering
our partial results leads us, for all s > 0, to the inequality (a) below
a) _
/ ey @ ps) < e / "% dyuy
X1 X Xo X

b
Y P ()0 (5)+s@an)

—~

— o0 (8)+a5 () s (e ®p2)

Inequality (b) is a consequence of (7). This is (f-§) and concludes the proof of the
theorem. 0J

4.4. Product of n spaces. The extension of Theorem [£.9 to the product of n spaces is
as follows. Let A71,..., &, be n Polish spaces and pq, ..., i, be probability measures on
each of these spaces. On each space & let ¢; be a cost function. The cost function on the
product space A7 X --- x A, is

- @Cn((xb s axn)a (yla s >yn)) = Cl(xl>yl) + - +Cn($n>yn)

Corollary 4.11. Let us assume that the cost functions ¢; are nonnegative continuous and
satisfy (5.9). Suppose that the convex transportation cost inequalities

al(zz(ulﬁyl)) < H(VZ | /”LZ)? \V/Vi € P(Xz)a L= ]-7 sy

hold with o, ..., a, € C. Then, on the product space X} X --- x X,,, we have the convex
transportation cost inequality

a0 Oan (Toygede, (11 © @ pp,v)) SHW [ 1 @ -+ @ p1,), YW € P(Xy X -+ X Xy)
where

a0 -Oay,(t) = inf{aq(t1) + -+ an(tn);ty, ..t >0t 4+ -+ t, =t} t >0
18 the inf-convolution of aq, ..., ay,.

Proof. Tt is a direct consequence of Theorem [£.4 which is proved by induction, noting that
a0 Oay = (0 - - Oy 1)Oayy, for all n. O

In the special situation where the n TClIs are copies of a unique TCI on a Polish space X
we have the following important result.

Theorem 4.12. Let us assume that the cost function c is nonnegative continuous and
satisfy ([5-9). Suppose that the convex transportation cost inequality

a(T(p,v)) < H(v | p), Vv € P(X)

holds with o € C. Then, on the product space X™, we have the following convex trans-
portation cost inequality

o (%M) < H(C | u®m), V¢ € P(AM

where C®n((xl> s >$n)> (yla s >yn)) = C(xl>yl) +oet C(l’n, yn)
Proof. This is a direct application of Corollary [ETT], noting that o™ (t) = na(t/n). O
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About dimension-free tensorized convex TCIs. Let us say that a convex trans-
portation cost inequality

o (T, v)) < H(v | ), W € P(X) (4.13)
has the dimension-free tensorization property, if the inequality
o (Tion (1", Q) < H(C | p7), V€ PX")
holds for all n € N*.

Clearly, according to Theorem [.I3, if o € C is of the form «a(t) = at with a > 0, then
(E13) has the dimension-free tensorization property.

Remark 4.14. Thanks to the same theorem, a seemingly weaker sufficient condition on «
for (L13) to be dimension-free is a(t) < inf,>y na(t/n), t > 0. As o is in C, a(t)/t is an
increasing function so that o/(0) := limy o «(¢)/t exists. It follows that lim,_,. na(t/n) =
a/(0)t for all ¢ > 0. Therefore, the condition «(t) < inf, > na(t/n), t > 0 is equivalent
to a(t) < o/(0)t, t > 0. But since « is convex, the converse inequality also holds, that is
a(t) > a/(0)t, t > 0. Consequently « is of the form «(t) = at with a > 0.

Dimension free tensorization is a phenomenon that can only happen when dealing with
non-metric cost functions. Indeed, we show in the following proposition, that convex
Ti-inequalities having this property are all trivial.

Proposition 4.15. Let (X, d) be a Polish space and pu € P(X). The convex transportation
cost inequality

a(Ta(p,v)) < H(v | p), Vv e P(X), (4.16)

with a € C has the dimension free tensorization property if, and only if « =0 or u is a
Dirac mass.

Proof. If a = 0, it is clear that (f.16) has the dimension free tensorization property. If p
is a Dirac mass, it is easy to see that ([.1() holds for every « € C. Noting that a tensor
product of Dirac measures is again a Dirac measure, the dimension-free tensorization
property is established in this special case.

Now, suppose that ([.16) has the dimension-free tensorization property, with o # 0 and
let us prove that p is a Dirac mass. According to Theorem B.17], the following inequality

log/ eslp@)ttolen)=nlomw) @n (g dr,) < a®(s), Vs>0

holds for all bounded 1-Lipschitz ¢ and all n > 1. As a consequence, denoting by A,
the Log-Laplace of ¢(X) — (¢, p), X of law 1, one has A, < %Oz®, for all n > 1, and so
A, < 0 on dom a® (the effective domain of a®). But by Jensen inequality, one obtains
immediately A, > 0. Thus A, = 0 on dom a®. As a # 0, [0,a[C dom a®, for some
a > 0. Considering —¢ instead of ¢ in the above reasoning yields that A, =0 on | —a,al.
This easily implies that pi, (the image of ¢ under the application ) is a Dirac mass. Now,
let us take a point z in the support of u and consider the bounded 1-Lipschitz function
wo(z) =d(x,x0) N1, . € X. As zg is in the support of p, p,,([0,€]) = p(po < €) > 0 for
all € > 0. As p,, is a Dirac mass, one thus has p(po < €) =1 for all ¢ > 0. This easily
implies that p = d,,. O
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5. INTEGRAL CRITERIA

Our aim in this section is to give integral criteria for a convex 7 -inequality to hold.

Let us first note that when two 7-inequalities ag(7 (v)) < H(v | p), Vv € N and
a1(T(v)) < H(v | 1), Vv € N hold, then we have the resulting new inequality o(7 (v)) <
H(v | p), Vv e N with

a = max(ag, aq). (5.1)
This allows us to separate our investigation into two parts: obtaining «g and «; which

control respectively the small (neighbourhood of ¢ = 0) and large values of ¢ (the other
ones). Let us go on with some vocabulary.

5.1. Transportation functions and deviation functions. We introduce the following
definitions. Recall that 7 is defined at (2-9).

Definition 5.2 (Transportation function). A left continuous increasing function « :
[0, 00) — [0, 0] is called a transportation function for T in N if

a(T(v) <H(|p, YvenN.
This means that the 7-inequality (2.3) holds with a.

Definition 5.3 (Deviation function). A left continuous increasing function « : [0, 00) —
0, 00] is called a deviation function for T if

1
limsup —logP(7 (L,) > t) < —a(t), Vt>0.

n—~0o0 n

These functions will be shortly called later transportation and deviation functions, without
any reference to 7 and N.

Remark 5.4. For T(L,) to be measurable, it is assumed that ® is a set of couples of
continuous functions. Indeed,

{XGX";T(%ZH:%> St} =N {XGX";%iw(xi)Jr(@b,u) St}

ped i=1

is a closed set.

Note that an increasing function is left continuous if and only if it is lower semicontinuous.
Clearly, the best transportation function is the left continuous version of the increasing
function

t—inf{H|p);veN,T()>t}t>0.
Similarly, the best deviation function is the left continuous version of the increasing func-
tion

1
t — —limsup - logP(7(L,) >t) € [0,00],t > 0.

n—~0o0

Proposition 5.5. Under the assumptions of Theorem [3.7, any deviation function o in
the class C is a transportation function.
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Proof. Let a € C be a deviation function. Since 7(L,) > T for all ¢ € ®, we clearly
have P(7(L,) > t) > P(T¢ > t) for all t > 0 and n. Therefore, for all ¢,n and t,
limsup,,_,, 2logP(T}¢ > t) < limsup,_,., = logP(7(L,) > t) < —a(t). This implies the
statement (d) of Theorem B.7, which in turn is equivalent to the statement (a) of Theorem
B, which is the desired result. O

5.2. Controlling the large values of ¢. In this subsection, it is assumed that the
deviation and transportation functions are in C.

Proposition 5.6. The first statement is concerned with convexr TCIs and the second one
with convex T -inequalities.

(a) If B € C satisfies [, exp[B( [y c(z,y) p(dy))] p(dz) < A < oo then
a(t) = max(0, 5(t) —log A)), t>0

s a transportation function.
(b) Let us suppose that « is a transportation function, then for all (¢, ) € @

Amwmww+wmmwwsﬁﬁ<w V0 <6< L.

Remarks.

e In (a), because of Jensen’s inequality, one can take A > [, exp B(c(z, y)) p(dx)pu(dy)
e About (a), if c = d < D < oo is a lower semicontinuous bounded metric, one
0, ift<D

recovers that a(t) = { Yoo iftSD

is a transportation function, which is

obvious.

e About (b) in the case of a TCI, let us note that sup, ,cs,(2() + (¥, 1)) <
Sy supg(o(z) +¥(y)) p(dy) < [, c(z,y) p(dy) for all x. It follows that
Jovexp 160 (@) + (b, ))] plde) < [yexp [oa ([ e, y) aldy))] u(da) for all
(1, p) € ®. It would be pleasant to obtain the finiteness of an integral in terms of

c. In the case where ¢(z,y) = d(x,y)P, this will be performed below at Corollary
b. 14,

Proof. Let us prove (a). As the product measure p(dz)L,(dy) has the right marginal
measures, we get: To(u, L) = T, < [Loc(z,y)pu(dz) L, (dy) = (c, > with ¢, (y) =
[y c(z, y) p(dz). It follows that for all ¢ > 0,

P(T, > t)

IA

P((cu, Ln) = 1)
P(5((cu Ln)) 2 B(2))

P((B 0y, Ln) = B(2))
P(eXi=1Aoeu(Xa) > oni®))

—~
S
Nl

INS

—
2]
~

—
SH
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B Yy Bocu(X:)
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where equality (a) follows from the monotony of (3, (b) from the convexity of § and
Jensen’s inequality, (c) from the monotony of the exponential, (d) from Markov’s inequal-
ity and (e) from the fact that (X;) is an iid sequence. Finally,

1
limsup —logP(T}, > t) < —f((t) + log/ e dy, Yt >0
n X

n—oo

which with Proposition [(.J leads to the desired result.

Let us prove (b). As a € C is a transportation function, by Theorem B.7 (keeping the
notations of Theorem B.7) we have for all

aft) < Ay(t), Vo € @,Vt > 0.
By Lemma p.7] below, as A} is the Cramér transform of ¢(X) + (¢, u) we get

E exp [SA3(p(X) + ()] < 10 W0 <5 < 1%

Extending o with a(t) = 0 for all ¢ < 0, we obtain a < A} for all ¢, a < Aj. Consequently
we obtain

1+0

/X exp [Fap(e) + (6, )] puldr) < 15,90 < 8 < 1,99

As €% is increasing, the desired result follows by monotone convergence. 0

During the above proof, the following lemma has been used.

Lemma 5.7. Let Z be a real random variable such that Ee*?l < oo for some A, > 0.
Let h be its Cramér transform. Then for all0 < § < 1, Eexp[dh(Z)] < (1 +9)/(1 —9).

Proof. This result with the upper bound 2/(1 —4) instead of (1+4)/(1—4) can be found
in ([[f], Lemma 5.1.14). For a proof of the improvement with (14 0)/(1 —0) see [I0]. O

Corollary 5.8. In this statement d is a lower semicontinuous semimetric and c is a lower
semicontinuous cost function such that c(x,z) =0 for all x € X.

(a) Suppose that there exists a nonnegative measurable function x such that
c<xDYx.
Let v € C be such that [, exply o x(z)] p(dz) < B < oo, then for any z, € X
t — 2max(0,2y(t/4) —yo x(z,) —logB), t>0

s a transportation function for c.
(b) Suppose that there exists 0 € C such that

0(d) < c.
If a € C is a transportation function for c, then
/ explu a o 0(d(x,,x)/2)] p(dr) < oo
X

forall x, € X and all 0 < u < 2.
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Proof. We begin with the case where ¢ = d, x(x) = d(x,, z) and 6(d) = d.

The case ¢ = d. To prove (a) with x(x) = d(x,, z), we apply statement (a) of Proposition
b.6. Let 3 be in the class C. We have for all z, € X

[ew [3( [ dwpnan)|nin) < [ exolpate o) ndona)

< /X xp [ﬁ(%(%’x)gw(%’y))] p(dz) p(dy)

< [ elataiten 0)/2+ 52w )2 pldn)ndy)

_ ( /X oxp {5(261(;60,%))} M(d@)Q

= A
Taking, ~v(t) = 5(2t)/2, one gets A = B? and
t — max(0, B(t) — log A) = max(0,2v(t/2) — 2log B) (5.9)

is a transportation function for ¢ = d.

Now, let us prove (b). Thanks to Kantorovich-Rubinstein equality (B.4) one can take
D = {(—¢,9); |¢llup < 1,¢ bounded}. Because of Proposition p.6-(b), we have for all
bounded ¢ with |||, < 1:

/XeXp[CSOé(SD(l“) — (o) pldr) < (146)/(1=0),v0 <6 < 1.

The function ¢(x) = d(z,,x) is 1-Lipschitz but it is not bounded in general. Let us
introduce an approximation procedure. For all k& > 0, with m := [, d(2,,y) pu(dy), we
have

/Xexp[éoz((d(:co,x) ANk)—m]|p(de) < /Xexp [5&((d(mo, z) N k) — /X[d(xo, y) ANk u(dy)| p(dx)

< (146)/(1=9).

By monotone convergence, one concludes that for all 0 <4 < 1,

/Xexp[éa(d(xo,a:) —m| p(dr) < (1+6)/(1—9).

280(d(1,,2)/2) = 200 <W + %)
< Slald(z,, x) —m) 4 a(m)),
one sees that

/X expl20a(d(z,, 2)/2)] p(dz) < e /X expldald(za, 2)—m] pu(dz) < M (145)/(1—6)

which leads to
/Xexp[%oz(d(:co, x)/2)] p(dzr) < oo (5.10)
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The general case. Let us prove (a). It is clear that c¢(z,y) < d,(z,y) where d, is the
semimetric defined by

(7, y) = Lazy (X (7) + X(9))- (5.11)

Remark 5.12. If x admits two or more zeros, d, is a semimetric. Otherwise it is a
metric. In the often studied case where ¢ = dP with d a metric and p > 1, one takes
x(z) = 2P71d(x,, z)? (see the proof of Corollary @ below) and d,, is a metric.

Of course, for all v € N' =P, = {v € P(X); [, x(z) v(dz) < oo}, we have
T.(v) < Tg (v )-

Therefore, any transportation function for d, is a transportation function for c. This easy
but powerful trick is borrowed from the monograph by C. Villani (L], Proposition 7.10).
It has been proved at (5.9) that if [, exp[8(dy (2, )] u(dz) < C < oo for some function
B € C, then max(0,203(t/2) — 2log C') is a transportation function for d,.

Taking ((t) = 2v(t/2), with convexity we have

Bldy (o, ) < v 0 x(2,) + 70 x(x) (5.13)
so that [, exp[B(dy(z,, )] p(dz) < e°X=)B = C. This leads us to max(0,203(t/2) —
2log C) = 2max(0,2y(t/4) — v o x(z,) — log B) which is the desired result.

Let us prove (b). Because of Jensen’s inequality, it is easy to show that 0(7;) < 7.. As «
is a transportation function for ¢, it follows that a o @ is a transportation function for 7.
Applying the already proved result (5.I0) with o o # instead of o completes the proof of
the corollary. 0

Now, we consider an important special case of convex TCI.

Corollary 5.14 (¢ = dP). In this statement ¢ = dP where d is a lower semicontinuous
metric and p > 1.

(a) Let v € C be such that [, exp[y(dP(z,,y))] pu(dy) < B < oo for some x, € X, then
t — max(0,27(27%t) —2log B), t>0

s a transportation function.
(b) If o € C is a transportation function, then

[ el a2 e )] i) < 0
X
forall x, € X and all 0 < u < 2.

Proof. This is Corollary p.§ with x(z) = 2°7'dP(z,,z), 6(d) = dP and the following
improvement in the treatment of the inequality (5:I3). One can write 3(dy(x,,x)) <
v o x(x,) +vox(x) =70 x(z) since v o x(z,) = 0 in this situation. As a consequence
max(0,2v(27Pt) — 2log B) is a transportation function, which is a little better than its
counterpart in Corollary p.§. O

Remark 5.15. It is known that the standard Gaussian measure p on R satisfies 75 which
is the TCI with c¢(z,y) = (z — y)? and the transportation function «(t) = t/2 (see [[§).
As a consequence of Corollary p.I14-b, for all p > 2, there is no function a in C except
« = 0 which is a transportation function for the standard Gaussian measure and the cost
function |z — y|P.
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5.3. Controlling the small values of ¢t. We are going to prove a general result for the
behaviour of a transportation function in the neighbourhood of zero. By a general result,
it is meant that pu is not specified. As a consequence, it will only be shown that under the
assumption that ¢ < y @ x where [ X e®X du < oo for some d, > 0, there are tranportation
functions which are larger than some quadratic function around zero. Obtaining better
results in this direction is difficult and requires more stringent restrictions on the reference
probability measure pu.

Proposition 5.16. Let ¢ be a cost function satisfying (5.9) and ¢ < x @ x for some
nonnegative measurable function x satisfying fX e®Xdy < oo for some §, > 0. Then,

x|, is finite and
2
ao<t>=( t/llxllp+1—1) =0

s a transportation function for ¢ and p.
In particular, for all a > 0 such that [, eXdu < 2, t — (Vat +1—1)% is a transportation
function.

Note that (vat +1—1)2 = a®1?/4 + 0,_o(t?) = at — 2v/at + 2 + 0, (1).
The Orlicz norm ||x||, is defined at (B.21)).

Proof. Because of our assumptions, we have 7, < 7, see (p.11). Hence, it is enough to
show that «, is a transportation function for d,. But this follows from Lemma p.17 below
and Corollary B.24.

The last statement follows from a simple manipulation on the definition of the Orlicz
norm [ x| O

The following lemma has been used in the previous proof.
Lemma 5.17. For all pn and v in Py := {v € P(X); [, xdv < oo}, we have
Ta, (s v) = lIx - (p = v)[lrv-

Proof. By Kantorovich-Rubinstein’s equality (2:2), we have 7g (u,v) = sup{ [, ¢ d(v —
w);p € B(X), |l¢llip < 1} where ||¢||Lip < 1is equivalent to |p(x)—¢(y)| < dy(z,y) for all
x,y. One can prove without trouble (see [[0]) that this is equivalent to |¢(z)—a| < x(x), V&
for some real a. Therefore,

To (n,v) = sup{/xwd(v—u);weff(?f)rMSX}

= supsup{/x(x/\k)ﬁd(u—,u);ﬁeB(X) 0] < 1}

E>1
= |Ix-(u—v)|rv
which is the desired result. O

5.4. An application: Ti-inequalities. A Tij-inequality is a TCI with ¢ = d. Let us
denote Py(X) = {v € P(X); [, d(x.,x) v(dzx) < oo for some (and therefore all) z, € X'}
Suppose that p is in Py(X). The function « is said to satisfy the T}-inequality for d and
wif

a(Ty(p,v)) < H(v | p), Yv e Py(X). (5.18)
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Theorem 5.19 (7i-inequalities). Let d be a lower semicontinuous metric. Suppose
that a > 0 satisfies [, e*™@) p(dz) < 2 for some z, € X and that v € C satisfies
[ €4@r®) y(dz) < B < oo for some x1 € X, then

a(t) = max ((\/at T1-1)%29(t/2) — 2log B), t>0
satisfies (D.18).

Conversely, if a function « in the class C satisfies ([0.18), then

/X explu a(d(z., 2)/2)] p(dx) < 0o

forallz, € X and all 0 < u < 2.

Proof. Gathering Corollary B.14-a, Proposition p.1q and the trick (B.1]) gives us the first
statement. The second statement is a particular instance of Corollary p.14-b. O

Note that by Proposition we know that it is impossible that o escapes from a qua-
dratic growth at the origin.

Theorem p.19 extends the integral criteria for the usual T3 (C)-inequality in [§] and [H].
Nevertheless, the control of the constant C' is handled more carefully in these cited papers.
In a forthcoming paper (see the PhD manuscript [[0]), one of the author has obtained

I

the following result which is very much in the spirit of [§] and [{].

Theorem 5.20. Suppose that c(z,y) = dP(x,y), that o satisfies (B-24) for some a > 0
and that o® is unbounded on its effective domain. Then, the following statements are
equivalent :

. Ther’e em’sts by >0 such that o (b1Tge (v, 1)) < H(v|p) for all v € P(X) such that

[y @ (0, ) p(dz) <
e There emsts bz >0 such that [ [, e @) )y (dx)p(dy) < +oo.

Further details concerning the relation between b; and by can be found in [[L{].

6. SOME APPLICATIONS: CONCENTRATION OF MEASURE AND DEVIATIONS OF
EMPIRICAL PROCESSES

In this section, we give some applications of Ti-inequalities. The first application, The-
orem p.J is an easy extension of a well known result of K. Marton. The second one,
Theorem is more original and concerns the deviations of empirical processes.

In the whole section, d is a metric on X which turns (X, d) into a Polish space.

6.1. A basic lemma. Theorem [.3 and Theorem both rely on the following elemen-
tary lemma.

Lemma 6.1. Let p € P(X) be such that [, d(z,,x) p(dx) < +oo, for all zg € X, and
suppose that the T} - inequality

a(Ty(p,v)) < H(v | p), Vv eP(X),
holds. Then, for all 1-Lipschitz function ¢, one has
(e > (o, p) +1) <e @@ vt>0. (6.2)
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Proof. Let ¢ a 1-Lipschitz function. For every m > 1, let us consider ¢, = @ Vn A —n.
According to point b. of Theorem B.17, one has

A, (s) = log/ esten=len) 4y, < a®(s), Vs > 0.
x

By dominating convergence, (@, i) — (p, ). Thus by Fatou’s lemma, one has

Ay(s) = log/ ese=lem) gy < a®(s), Vs> 0.
X
Now, thanks to Chebychev argument, one has for all t > 0 :

p(p > (p,p) +t) < inf / e =@ gy < inf e ()75 = 7o),
520 |y s>0

O

6.2. Ti-inequalities and concentration of measure. Let us recall that for a given
probability measure p on a Polish space X, the concentration function of y is defined by

6,(r) = sup{1 — u(A") : A borel set such that p(A) > 1/2}, Vr >0,
where
A" ={rx e X :d(z,A) <r}.
One says that 6 is a concentration function for p, if there is rg > 0 such that
0.(r) <0(r), Vr>rg,
or equivalently
wA") >1-0(r), Vr>ry, VA Borelset.

Roughly speaking, the following theorem states that if « is a Tj-transportation function
for 1 then e™® is a concentration function for g. This link between transportation cost
inequality and concentration inequality was first noticed by K. Marton, see [[J]. Her
result extends as follows.

Theorem 6.3. Let € P(X) be such that [, d(z,,x) p(dz) < 400 for all zo € X, and
suppose that the T -inequality

a(To(p,v)) < H(v | p), YveP(X),

holds with an unbounded o € C. Then for all measurable A with u(A) > 0, one has the
following concentration of measure inequality :

(AT > 1 —e =) e >y (6.4)
where 14 = a~ ' (—log u(A)).

The following proof is different from Marton’s original argument. Our proof is based on
deviation arguments while Marton’s one is based on transportation. For a proof using
Marton’s concentration arguments see Proposition VI.81 in [[{].
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Proof. The function z +— d(z, A) is 1-Lipschitz. Thus, according to Lemma [6.]],
p(d(-, A) > t+ (d(-, A), ) < e @, vt >0.

In order to derive (B.4), the only thing to do is to show that (d(-, A), u) < a~(—log u(A4)).
Let v € P(X) be such that v(A) = 1. According to the Tj-inequality satisfied by u, one
has

/X d(-, A) dyi = /X A, A) du /X A, A)dv < Ta(p,v) < o (H(v | 1).

Thus,
(d(-,A), ) < a7 (inf {H(v | p) : v(A) = 1}).
Let ps € P(X) be defined by dua = %d,u ; clearly pa(A) =1, so
inf {H (v | p) : v(A) =1} < H(pa | p). (6.5)
An easy computation yields H(ua | p) = —log u(A). O
Note that d(-, A) is unbounded so that the inequality [, d(-,A)du — [,d(-,A)dv <

T4(,v) needs to be justified. Let m be a probability on X? with marginals p and v,

then [, d(-,A)dp— [, d(-, A)dv = [[,.d(z, A)—d(y, A) 7(dzdy) < [[,. d(x,y) w(dzdy).
Optimizing in 7 leads to the desired result.

Some comments. In Marton’s approach, the probability measure p4 plays also a great
role. Thanks to our approach, this role can be further explained. The choice of iy is
optimal in the sense that (B.3) holds with equality:

inf {H(v | 1) : v(A) = 1} = H(jua | p) (6.6)
In other words, p4 is Csiszér’s I-projection of p on {v € P(X) : v(A) =1}, see [{, [
If v is such that v(A) = 1, one has

d
H(u\u)zH(umH/mgﬂdu
x dp

ZH(V\MAH/ log 14 dv —log ju(A)
X

= H(v | pa) + H(pa | p),
where the last equality follows from [, log1lsdr =0 and H(ua | p) = —log ju(A). This

proves (b.0).

6.3. Ti-inequalities and deviations bounds for empirical processes. Lemma [.]|
together with the tensorization property of Theorem (.17 immediately implies the follow-
ing

Lemma 6.7. Let pn € P(X) be such that [, d(z,,x) p(dx) < +oo, for all zo € X, and
suppose that the T\ -inequality
o (T, v)) < H(v | ), o € P(X),

holds. Then for all function Z : X™ — R which is 1/n-Lipschitz with respect to the metric
d®", one has
P (Z >, Z) +t) < e v >0 (6.8)
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Let us consider a class G of 1-Lipschitz functions on X, and X; an iid sample of law pu.

Let Z¢ be defined by
= su d . 6.9
@elg){ Zs@ /X o dp } (6.9)

As 0 < Z9 =supyeg {| [y pdL, — fxapdu}} < Ty(Ly, ), one has Z9 € [0, +oo[. Further,
as a supremum of 1/n-Lipschitz functions, the function

Z@xz —/Xsodu

is 1/n-Lipschitz too. This implies in particular that Z9 is measurable. The random
variable Z9 is called an empirical process. Applying Lemma [.7, one immediately obtains
the following theorem.

Theorem 6.10. Let jp € P(X) be such that [, d(z,,x) p(dzx) < 400, for all xg € X, and
suppose that the T -inequality

a(To(p,v)) < H(v | p), YveP(X),

holds. If G is a class of 1-Lipschitz functions on X then the empirical process Z9 defined
by (6.9) satisfies the following inequality

P(ZI>E[Z] +t) <e @, vt>o0. (6.11)

(X1, ..., Ty) Hsup{

peg

The literature about the deviations of empirical processes is huge. For a good overview
of this subject, one can read P. Massart’s Saint-Flour lecture notes [[5].

Now, if (X, - ||) is a Banach space, and p € P(X) such that [, ||z|dp < 400 then
taking G = {¢ € X* : ||{||x» = 1}, where X* is the topological dual space of X, one

obtains
1 n
2> X [ wdal,
[ &

where [,z p(dz) is well defined in the Bochner sense. In this special case, we have the
following result.

Theorem 6.12. Let pn € P(X) be such that [, ||z|| p(dz) < 400, and suppose that the
T1-inequality

a (7). (u,v) < H(v | p),Yv € P(X),

holds. If X; is an iid sequence of law p, then letting Z, = |1 30, X; — [,
has

, one

P(Z, >E[Z,)+1t) <em™® vt >0, (6.13)

Remark 6.14. In order to obtain precise deviations results for Z9 (resp. Z,), one must
be able to estimate the term E [Z9] (resp. E[Z,)).

Let us give some examples.

Example 1. Quantitative versions of Sanov theorem. Suppose that G is the set of
all bounded 1-Lipschitz functions on X, then Z9 = T;(L,, ), see (2.2).
The following theorem is Theorem 10.2.1 of [ (volume II).
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Theorem 6.15. Let 1 be a probability measure on R? (equipped with its usual euclidean
norm || - ||2) such that

c:= / )47 dp < +oc. (6.16)
Then, there is D > 0 depending only on ¢ and q, such that

E [Ty, (Ly, )] < Dn”a+4, (6.17)
where dy is the metric associated to || - ||o.

Thanks to this result, one obtains the following quantitative version of Sanov theorem :
Corollary 6.18. Let j1 be a probability on R?, satisfying ([0.16) and the T} -inequality
a(Tg,(p,v) < H(w | p), Vv e PR,

where dy is the usual euclidean metric on RY. Then, the following inequality holds :

D D q+4
IP’(Td2(Ln,,u)2t)§exp(—noz(t— 1)), vt >0, Vn2<7) ,

nat4

where D is the constant of ([0.17).

In [f], F. Bolley, A. Guillin and C. Villani have also obtained a quantitative version of
Sanov theorem with alternative arguments.

Example 2. Deviations bounds for empirical means. Let X be a Banach space

and consider
n

%ZXZ-—/Xxdu

where X; is an iid sequence of law p. In order to control the term E[Z,], a classical
assumption is to require that X is of type p > 1, ie there is b > 0 such that for every
sequence (Y;); of centered random variables with E [||Y;||?] < 400, one has

: (6.19)

E[IYi 4+ Yal"] S O[E[IV[T + - - + E[[Ya]"]]. (6.20)

If X is of type p and E[|| X;||’] < 400, then one can deduce immediately from (p.20) the
following control:

1
E[Z,] < ——; GE[| X2 — EX]|")"”. (6.21)
Controls like (p-2]]) can be used in Theorem to derive precise deviations bounds for

empirical means. Let us conclude this section with a concrete example.

Theorem 6.22. Let p be a probability measure on a Banach space (X,|| - ||) such that
fx el=l y(dx) < 400, for some & > 0. Then, for all sequence X; of iid random variables
with law p, one has

P(Z, > E[Z)+1) < e "WV ) v s o, (6.23)

where Z,, is defined by (6.19) and M := inf {b >0 [[, T p(dr) p(dy) < 2} :




A LARGE DEVIATION APPROACH TO SOME TRANSPORTATION COST INEQUALITIES 35

Proof. According to Corollary B.24, p satisfy the T}-inequality
a (T (u,v) <HW | p), YveP(X),

2
with «a(t) = (w [1+ 17 — 1) . Thus, applying Theorem (.13, the result follows immedi-
ately. 0

Inequality (p-23) is very close to a well known inequality by Yurinskii ([B0], Theorem
2.1). Under the same assumptions on u, one can easily derive from Yurinskii’s result the
following bound :

2

P(Z, > E[Z,] +1) < exp (—— nt

1
——— ), Wt>0 6.24
82M2 + tMO) ’ ’ (6.24)

where My = f{b >0: fX 5 p(dr) < 2}. To compare (.23) and (p.24) first note that

2 u?
1 — 1) > — 2
<\/ +u Z 5ot Yu > 0, (6.25)
(this is left to the reader). Next, let us show that
M < 2Mp. (6.26)

This follows from the following inequality :

lz—yl (i) lz] 2 (i) Izl (iii)
/ / L (dn)uldy) < / Hh pu(de)) < / () < 2,
X2 X X

where (i) comes from the triangle inequality, (ii) from Jensen inequality and (iii) from the
definition of Mjy. Thanks to (f.25) and (6.2G), one obtains

2
Jie L 1) s v > r > r
M = 2(2M2 +tM) ~ 8(2M2 + tMy/2) = 8(2MZ + tMy)

Thus, (6-23) is a little bit stronger than (p-29).
Yurinskii’s proof relies on martingale arguments, while our proof is a direct consequence
of the tensorization mechanism.

7. LARGE DEVIATIONS AND 7 -INEQUALITIES. ABSTRACT RESULTS

The framework is the same as in Section [ See in particular Remark p.4.

7.1. A deviation function is a transportation function. In this section, we give a
rigorous proof at Theorem [7.]] of the Recipe P.§ for an increasing deviation function which
may possibly be not convex. This extends Proposition p.5.

Theorem 7.1. Let us assume ([3.3) and (5.4).

(a) Any deviation function is a transportation function.
(b) If in addition T is continuous on Pz, then the converse also holds: any trans-
portation function is a deviation function.
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Proof. (a) As 7T is lower semicontinuous, for all ¢ > 0 the set {v € Pr;7(v) > t} is
open. It follows with the LD lower bound that

Cinf{H(v | p);v € Pr, T(v) > t} < limin % log B(T (L) > t)

Let o be any deviation function: for all ¢ > 0, limsup,,_,, = logP(7 (L,) > t) < —a(t).
Hence we obtain a(t) < inf{H (v | p);v € Px, 7 (v) > t} so that a(t —0) < H(v | p) for
all v € Pz and 0 > 0 such that 7 (v) >t — 0. Taking ¢t = 7 (v) leads us to a(7 (v) — ) <
H(v | p) for all v € Pr and § > 0. As « is increasing and § > 0 is arbitrary, we have
a(T(v)") < H(v | ). The desired result follows from the assumed left continuity of «.

(b) As 7 is continuous, because of the contraction principle, {7 (L,)} obeys the LDP
with rate function i(¢) = inf{H(v | p);v € Pz, T (v) = t},t > 0. In particular, the LD
upper bound: limsup,, ., = logP(T(L,) > ¢) < —inf{i(s); s > t}, is satisfied.

Let a be a transportation function. It clearly satisfies a(t) < inf{H (v | p);v € Px, 7T (v) =
t} for all t. That is: « <. Finally, for all ¢ > 0,

1
lim sup - logP(7T(L,) >t) < —infi(s)

n—00 s>t

< —infa(y

= —alt)

where the last equality holds because « is increasing. This means that « is a deviation
function. n

Remarks.

e Note that we didn’t use the specific form (£.4) of 7, but only its lower semiconti-
nuity.

e Similarly, we didn’t use the specific properties of the relative entropy, but only
that it is a LDP rate function for {L,}.

e Statement (b) will not be used later, but it is satisfactory to know that a trans-
portation function is not far from being a deviation function. A natural situa-
tion where 7 is continuous appears with ¢ = dP since the Wasserstein’s metric
7;;,/ P metrizes o(Pr, F) with F the space of all continuous functions ¢ such that
lo(x)] < e(1 4 d(z,, x)P), Vo for some constant ¢, see ([[9], Chapter 7).

7.2. The transportation function Js. With Theorem in hand, it is enough to
compute a deviation function « to obtain the TCI

a(T(v)) <H(v|up), YvePr (7.2)

But these functions may be rather hard to compute because of the sup in the definition

(B.4) of

T, = T(LN) = (¢Su)2¢{<90> Ln> + <¢, ,U>}

However, it is shown at Theorem [[.7 below, that more can be said about transportation
functions.

Assumptions (A). The following requirements are assumed to hold.
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(i) We assume (3.4):

e’ du < oo,Vp € F.
X

(ii) We assume (B.4):
(0,0) e ® C F x F,

(iii) For all (v,¢) € @, ¥+ ¢ < 0.

Requirement (iii) always holds in the norm case: ® = &, and it holds in the transporta-
tion case ® = &, if ¢(z,x) =0,Vz € X.
Let us define

Ap) = log/ e? dpu.

x
Proposition 7.3. Under the assumption (3.3)
(a) {L,} obeys the LDP in Px with the rate function

H(v|p)=A(v)= Zgg{«o, v) —Ap)}, v EPr (7.4)

(b) and for all (v, p) € ®, {T¥¥},>1 obeys the LDP in R with the rate function
Jyp(t) = su}g{st — A(sp) — s, )}, t €R.
se

Proof. Statement (a) is Theorem B.9.
The function Jy, is the convex conjugate of

Nools) = Alsg) + 56, 1), s € R.
Since Ay, is a steep function under assumptions (ii) and (iii), (b) is a direct consequence
of Gartner-Ellis theorem. O
We know that Jy , is convex with a minimum value 0 attained at Aj, ,(0). Under assump-
tion (iii), we have A}, ,(0) = (p + %, u) < 0. Therefore, Jy , is an increasing nonnegative

function on [0, 00) and so are Jp and Jp given by
Jo(t) = Jo(t7),t>0 where (7.5)

Jo(t) = inf t t >
Ja(t) ook, Jye(t) € [0,00],t >0

with Jp(0) = 0. This last equality follows from assumption (ii). As Aj, (0) < 0, it also

holds that for all t > 0, Jy ,(t) = Afl'?,w(t) 1= SUP,>o{5t — Ay, (5)} where the sup is taken
over s > ( rather than s € R. It follows that one can equivalently define Jg as follows.

Definition 7.6 (of the functions Jg and J). .
e J3 is the left continuous version of the increasing function

t €[0,00) — inf sup{st — A(sp) — s(x, )} € [0, oq].
(W.9)EP s>0

e J is the best transportation function. Clearly, it is the left continuous function of
the increasing function

te€0,00) —inf{H(v | p);vePr:T(v) >t} el0,00].
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Although the best transportation function J might be out of reach in many situations,
we have the following reassuring result.

Theorem 7.7. Suppose that Assumptions (A) hold. Then, Jg is a transportation function
and the best transportation function in the class C is the convex lower semicontinuous
reqularization of Jg.

Proof. This statement is a collection of the statements of Theorem [(.8§a and Corollary
[[-IT}a,b which will be proved below. O

Theorem 7.8. Suppose that Assumptions (A) hold.
(a) Then, Jp is a transportation function for T and {L,}. This can be equivalently
rewritten as the following TCI
Jo(T(v) < H(v | ), ¥v € Pr.

(b) If in addition T is continuous on Pz, then Jg is the best transportation function.
It is also the best deviation function: This means that Jo = J.

Proof. (a) As v — (p,v)+ (¢, p) is continuous, it follows from the contraction principle
that Jy ,(t) = inf{H (v | p);v € Pr, (¢, v) + (¢, u) =t} for all t > 0. Hence, Jy ,({p, V) +
(Y, p)) < H(v | p) for all v € Px and a fortiori

Jo((,v) + (Y1) < H(v | p),

as soon as (g, ) + (¢, 1) > 0. As Jo is increasing, by the definition (24) of 7 (v), one
obtains: Jg(7 (v)”) < H(v | u) which is the desired result. Note that 7 (rv) > 0 since
(0,0) € ® (assumption (A.ii)).

(b) Because of part (b) of Theorem [(.T], it is enough to prove that Je = J. Because
of part (a) of the present theorem, Jg is a transportation function, and by part (b) of
Theorem [(]], it is also a deviation function. Therefore, Jp < J and it remains to prove
that J S Jq>.

By the LD lower bound for {7}, for all ¢ > 0,

—inf Jy ,(r) < liminf 1 log P(TV* > t)

r>t n—oo N

1
< limsup —logP | sup 7Y% >t
n—oo T (¥,p)e®

< —J(1).
Since Jy, is increasing, we have: J(t) <inf,o; Jy (1) = Jy ,(tT), so that for all ¢ > 0
J(#) < mf{Jyo(t7), (¢, ) € €}
= 12f ngg Jp(u)
= }LI;E 11;f Jp(1)
= Jo(tF).

As J and Jp are increasing and J is left continuous, this gives J(t) < Jg(t7) for all t > 0
which is the desired result. O]
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7.3. Connections with Theorem B.7. Let us first give an alternative proof of criterion
(b) = (a) of Theorem B.1.

We keep the Assumptions (A) of Section [/.4. Note that because of Assumptions (A.ii)
and (A.iii), the function

Aa(s) == sup Ayy(s) = sup {A(sp) +s(, p)}, s >0 (7.9)
(Prp)e® (,p)EP

is in the class C. It follows that its monotone conjugate
AZ(t) = sup{st — Aa(s)},t >0
s>0

is also in C. Thanks to formula ([[.3), for all ¢ > 0, we have

520 ()@

= sup inf {st—Ay.,(s
821([)) (w,q:)ecb{ %W( )}

< inf sup{st — A s
< i 5213{ vip(8)}

= Ja(t)

But AZ(t) is left continuous, hence

AZ(t) < sup{st— sup AWD(S)}

AS < Jp. (7.10)
As Jp is a transportation function (Theorem [7:§), so is AS.
The criterion (b) = (a) of Theorem B.7 follows from the above considerations. Indeed, (b)
states that Ag < a®. Therefore, with ([10): a < AY < Jp. Hence, « is a transportation
function.
An easy consequence of Theorem B.7 is the following

Corollary 7.11. Suppose that Assumptions (A) hold.

(a) The best transportation function in the class C is Ay. This means that o € C is a

transportation function if and only if « < AY.

(b) Moreover, AY is the convex lower semicontinuous reqularization of Jg (in restric-

tion to t € [0,00)).

(¢) If T is continuous, then AY is also the best deviation function in the class C.
Proof. The best function a® € C satisfying (b) of Theorem B.7 is a® = Ag, see ([.9).
Because of the equivalence (a) < (b) of Theorem B.7, its monotone conjugate A§ is the
best transportation function in C. This is (a).

Let us prove (b). In order to work with usual convex conjugates, let us state J,(t) = 400
for all t < 0 and ¢ € . We have

(inf )" (s) = sup{st — inf Ju(1)
= Stuf{st—Jas(t)}
= sgpsutlp{st— Js(t)}

= supJ;(s).
$ ¢
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Hence, the convex lower semicontinuous regularization of Jg := inf, J, is (infy, J,)* =
(sup, J3)* = (sup, Aj7)* But, the convex lower semicontinuous regularization of sup, Ag
is supy A", Therefore, J3* = (supy A})* = (supy Ay)* = Ag. But it is already seen that
in restriction to ¢t € [0,00), Ag is in C, so that Ay (t) = AS(¢) for all ¢ > 0.

Finally, (c) is a direct consequence of (b) and Theorem [I.§-(b). O
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