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A penalized bandit algorithm *

DAMIEN LAMBERTON T GILLES PAGEs *

Abstract

We study a two armed-bandit algorithm with penalty. We show the convergence of
the algorithm and establish the rate of convergence. For some choices of the parame-
ters, we obtain a central limit theorem in which the limit distribution is characterized
as the unique stationary distribution of a discontinuous Markov process.

Key words: Two-armed bandit algorithm, penalization, stochastic approximation, conver-
gence rate, learning automata, asset allocation.

2001 AMS classification: 62120, secondary 93C40, 91E40, 683T05, 91B32 .

Introduction

In a recent joint work with P. Tarres (see [12]), we studied the convergence of the so-called
two armed bandit algorithm. The purpose of the present paper is to investigate a modified
version of this algorithm, in which a penalization is introduced. In the terminology of
learning theory (see [14, 15]), the algorithm studied in [12] was a Linear Reward-Inaction
(LRI) scheme, whereas the one we want to introduce is a Linear Reward-Penalty (LRP)
procedure.

In our previous paper, the algorithm was introduced in a financial context as a pro-
cedure for the optimal allocation of a fund between two traders who manage it. Imagine
that the owner of a fund can share his wealth between two traders, say A and B, and that,
every day, he can evaluate the results of one of the traders and, subsequently, modify the
percentage of the fund managed by both traders. Denote by X,, the percentage managed
by trader A at time n (X, € [0,1]). We assume that the owner selects the trader to be
evaluated at random, in such a way that the probability that A is evaluated at time n is
X, in order to select preferably the trader in charge of the greater part of the fund. In
the LRI scheme, if the evaluated trader performs well, its share is increased by a fraction

*This work has benefitted from the stay of both authors at the Isaac Newton Institute (Cambridge
University) on the program Developments in Quantitative Finance.

TLaboratoire d’analyse et de mathématiques appliquées, UMR 8050, Univ. Marne-la-Vallée,
Cité Descartes, 5, Bld Descartes, Champs-sur-Marne, F-77454 Marne-la-Vallée Cedex 2, France.
damien.lamberton@univ-mlv.fr

fLaboratoire de probabilités et modeles aléatoires, UMR 7599, Univ. Paris 6, case 188, 4, pl. Jussieu,
F-75252 Paris Cedex 5. gpa@ccr. jussieu.fr



Yn € (0,1) of the share of the other trader, and nothing happens if the evaluated trader
performs badly. Therefore, the dynamics of the sequence (X,,)n>0 can be modelled as
follows:

Xnt1 = Xp + nt1 (1{Un+1gxn}mAn+1(1 — Xn) — 1{Un+1>Xn}mBn+1Xn) , Xo==z€(0,1],

where (U,),>1 is an iid sequence of uniform random variables on the interval [0,1], A,
(resp. B,) is the event “trader A (resp. trader B) performs well at time n”. We assume
P(A,) =p,, P(By) = py, for n > 1, with p,,p, € (0,1), and independence between these
events and the sequence (Up)n>1. The point is that the owner of the fund does not know
the parameters p,, p;.

This recursive learning procedure has been designed in order to assign asymptotically
the whole fund to the best trader. This means that, if say p, > p,, X, converges to 1
with probability 1 provided Xo€ (0,1) (if p, < pg, the limit is 0 with symmetric results).
However this “infallibility” property needs some very stringent assumptions on the reward
parameter -, (see [12]). Furthermore, the rate of convergence of the procedure either
toward its “target” 1 or its “trap” 0 is not ruled by a CLT with rate /7, like standard
stochastic approximation algorithms (see [10]). It is shown in [11] that this rate is quite
non-standard, strongly depends on the (unknown) values p, and p, and becomes very
poor as these probabilities get close to each other.

In order to improve the efficiency of the algorithm, one may imagine to introduce a
penalty when an evaluated trader has unsatisfactory performances. More precisely, if the
evaluated trader at time n performs badly, its share is decreased by a penalty factor p,v,.
This leads to the following LRP — or “penalized two-armed bandit — procedure

Xn+1 = XTL + Yn+1 (l{Un+1SXn}ﬂAn+1(1 - XTL) - l{Un+1>Xn}ﬂBn+1Xn)

—Yn4+1Pn+1 (an{UanXn}mAgH - (1= Xn)l{Un+1>Xn}mB;+1) , neN,

where the notation A€ is used for the complement of an event A. The precise assumptions
on the reward rate 7, and the penalty rate v,p, will be given in the following sections.
The paper is organized as follows. In Section 1, we discuss the convergence of the
sequence (X, )n>0. First we show that, if p,, is a positive constant p, the sequence converges
with probability one to a limit z7, € (0,1) satisfying Ty, > % if and only if p, > p,, so that,
although the algorithm manages to distinguish which trader is better, it does not assign
the whole fund to the best trader. To get rid of this limitation, we consider a sequence
(pn)n>1 which goes to zero so that the penalty rate becomes negligible with respect to the
reward rate (Vnpn = 0(7,)). This framework seems new in the learning theory literature.
Then, we are able to show that the algorithm is infallible i.e., if p, > p,, then nh_)ngo X,=1

almost surely, under very light conditions on the reward rate 7, (and p,,). From a stochastic
approximation viewpoint, this modification of the original procedure has the same mean
function and time scale (hence the same target and trap, see (5)) but it always keeps the
algorithm away from the trap without adding noise at these equilibria. In fact, it was
necessary not to add noise at these points in order to remain inside the domain [0, 1].



The other two sections are devoted to the rate of convergence. In Section 2, we show
that under some conditions (including Jim /pn = 0) the sequence Y,, = (1 — X,,)/pn

converges in probability to (1—p, )/m, where 7 = p, —p, > 0. With additional assumptions,
we prove that this convergence occurs with probability 1. In Section 3, we show that if the
ratio vy /pn goes to a positive limit as n goes to infinity, then (Y},),>1 converges in a weak
sense to a probability distribution v. This distribution is identified as the unique stationary
distribution of a discontinuous Markov process. This result is obtained by using weak
functional methods applied to a re-scaling of the algorithm. This approach can be seen as
an extension of the SDFE method used to prove the CLT in a more standard framework of
stochastic approximation (see [10]). Furthermore, we show that v is absolutely continuous
with continuous, possibly non-smooth, piecewise C*° density. An interesting consequence
of these results for practical applications is that, by choosing p, and ~, proportional to
n~1/2, one can achieve convergence at the rate 1/y/n, without any a priori knowledge about
the values of p, and p,. This is in contrast with the case of the LRI procedure, where
the rate of convergence depends heavily on these parameters (see [11]) and becomes quite
poor when they get close to each other.

NOTATION. Let (an)n>0 and (by)n>0 be two sequences of positive real numbers. The
symbol a,, ~ b, means a,, = b, + o(by,).

1 Convergence of the LRP algorithm

1.1 Some classical background on stochastic approximation

We will rely on the ODFE lemma recalled below for a stochastic procedure (Z,,) taking its
values in a given compact interval I.

Theorem 1 (a) KUSHNER & CLARK'S ODFE LEMMA (SEE [9]): Let g : I — R such that
Id+ g leaves I stable (*). Then, consider the recursively defined stochastic approzimation
procedure defined on I by

L1 = Zn + 'Vn—l—l(g(Zn) + ARn+1)7 n>0, Zyel,
where (Y )n>1 15 a sequence of [0, 1]-valued real numbers satisfying v, — 0 and Y on>1Tn =

+oo. Set N(t) :=min{n : v1 + -+ + 41 > t}. If, for every T > 0,

max ARl — 0 P-a.s. as t — 4o0. 1
N()<n<N(t+T) k:Nz(t:)Jrl% k (1)

Let z* be an attracting zero of g in I and G(z*) its attracting interval. Then, on the event

{Z,, visits infinitely often a compact subset of G(z*)} Ty 255 %,

Ythen for every y€ [0,1], Id +~vg = v(Id + g) + (1 — v)Id still takes values in the convex set I



(b) THE HOEFFDING CONDITION (SEE [1]): If (ARy)n>0 is a sequence of L*°-bounded
9

martingale increments, if (7,) is nonincreasing and Z e m < 400 for every ¥ > 0, then
n>1
Assumption (1) is satisfied.

Remark. The monotonous assumption on the sequence v can be relaxed into v, — 0

and sup Intk < 400

n,k>1 Tn

1.2 Basic properties of the LRP algorithm

We first recall the definition of the algorithm. We are interested in the asymptotic behavior
of the sequence (X, )nen, where Xy = z, with z € (0,1), and

Xn+1 = XTL + Ynt1 (l{Un+1SXn}ﬂAn+1(1 - XTL) - 1{Un+1>Xn}ﬂBn+1XTL)
—Yn41Pn+1 (an{Un+1§Xn}ﬂAfL+1 - (1- Xn)l{Un+1>Xn}mB;H) , neN

Throughout the paper, we assume that (y,),>1 is a non-increasing sequence of positive

o
numbers satisfying v, < 1, Z Yn = +00 and

n=1
_9
Vi > 0, Ze n < 00,
n
and that (p,)n>1 is a sequence of positive numbers satisfying vn,pon < 1; (Up)n>1 is a

sequence of independent random variables which are uniformly distributed on the interval
[0, 1], the events A,, B, satisfy

P(A,) =p,, P(B,) =p,, neN,

where 0 < p, < p, < 1, and the sequences (Uy)p>1 and (14,,1p,)n>1 are independent.
The natural filtration of the sequence (Up, 14,, 15, )n>1 is denoted by (F;,)n>0 and we set

T =D, — Py
With this notation, we have, for n > 0,
X1 = Xo + Y1 (Th(Xy) + po16(Xn)) + Y1 AMpq1, (2)
where the functions h and x are defined by
h(z)=x(1—2), k(x)=-1-p)e?+1—-p,)1—-2)? 0<z<l,

AMy+1 = Myy1 — My, and the sequence (M,,),>0 is the martingale defined by My = 0
and

AMN‘H = 1{Un+1§Xn}ﬂAn+1(1 - Xn) - 1{Un+1>Xn}ﬂBn+1Xn - Fh(Xn)
—Pn+1 (an{UnHsxn}nA;+1 - (1= Xo) L, > x008e,, T+ H(Xn)) - (3)

Observe that the increments AM,, 1 are bounded.



1.3 Constant penalty rate

In this subsection, we assume
Vn>1, pn=p,

with 0 < p < 1. We then have
Xn+1 = Xn + Tn+1 (hp(Xn) + AMn—i—l) 5

where
ho(x) = 7h(z) + pr(z), 0<ax <1

Note that h,(0) = p(1 —p;) > 0 and h,(1) = —p(1 —p,) < 0, and that there exists a
unique z, € (0,1) such that h,(z;) = 0. By a straightforward computation, we have

_ _ p) 71— -
x;'; _ T 2p(1 pB)+\2/:(1ti/;(1 pp)(1 —pa) if T#20and p#1

- (L= p,) if =0 or p=1.

(1_pA) + (1 —pg)

In particular, 2, = 1/2 if 7 = 0 regardless of the value of p. We also have h,(1/2) =
m(1+ p)/4 >0, so that

r,>1/2 if >0 (4)
Now, let = be a solution of the ODE dx/dt = h,(x). If 2(0) € [0, 2], = is non-decreasing

and tlim x(t) = x,. If 2(0) € [z}, 1], z is non-increasing and tlim z(t) = x,. It follows

that the interval [0,1] is a domain of attraction for 7y, Consequently, using Kushner and
Clark’s ODE Lemma (see Theorem 1), one reaches the following conclusion.

Proposition 1 Assume that p, = p€ (0, 1], then

a.s.
X, —>:L'; as n — oo.

The natural interpretation, given the above inequalities on z7, is that this algorithm never
fails in pointing the best trader thanks to Inequality (4), but it never assigns the whole
fund to this trader as the original LRI procedure did.

1.4 Convergence when the penalty rate goes to zero

Proposition 2 Assume nlingo pn = 0. The sequence (X, )nen is almost surely convergent
and its limit Xoo satisfies Xoo € {0, 1} with probability 1.

PRrROOF: We first write the algorithm in its canonical form

Xnt+1 = Xn + Ynr1(mh(Xy) + ARy 41) with AR, = AM, + ppr(Xn-1). (5)

It is straightforward to check that the ODE & = h(z) has two equilibrium points, 0 and
1, 1 being attractive with (0, 1] as an attracting interval and 0 is unstable.



Since the martingale increments AM,, are bounded, it follows from the assumptions
on the sequence (7yy,),>1 and the Hoeffding condition (see Theorem 1(b)) that

n
| Z ’ykAMk]Pif'O as t — +00

max
N()<n<N(t+T) k=N )41

for every T > 0. On the other hand the function x being bounded on [0,1] and p,
converging to 0, we have, for every T > 0,

n
X)) < |k T 0 t .
N(t)grr?gaﬁ(t—i-T) |k:NZ(t)+l ’716/016/{( k 1)| = H H[O,l]( +/7N(t+T)) kz%%f}){—ifl)k - as t — +00

Finally, the sequence (AR,,),>1 satisfies Assumption (1). Consequently, either X, visits
infinitely often an interval [e, 1] for some £ > 0 and X, converges toward 1, or X,, converges
toward 0. o

Remark 1 If 7 =0, i.e. p, = p,, the algorithm reduces to

Xn+1 - Xn + ’Yn-i—lpn-i-l(l - pA)(l - 2Xn) + ’Yn-i—lAMn—i-l'

The number 1/2 is the unique equilibrium of the ODE & = (1—p,)(1—2z), and the interval
[0,1] is a domain of attraction. Assuming > 02, ppyn = 400, and that the sequence
("Yn/pn)n>1 is non-increasing and satisfies

Y > 0, Z exp (—19:—") < +o0,
n=1 n

it can be proved, using the Kushner-Clark ODE Lemma (Theorem 1), that nhngo X, =1/2

almost surely. As concerns the asymptotics of the algorithm when 7 = 0 and v, = g p,
(for which the above condition is not satisfied), we refer to the final remark of the paper.

From now on, we will assume that p, > p,. The next proposition shows that the
penalized algorithm is infallible under very light assumptions on -, and p,.

Proposition 3 (Infallibility) Assume nhrgo pn = 0. If the sequence (Vn/pn)n>1 is bounded
and Y, Ynpn = 00, and if 1 > 0, we have lim X, =1 almost surely.
n—oo

PROOF: We have from (2), since h > 0 on the interval [0, 1],

n n
Xn > Xo+ Y vipir(Xj-1) + Y vAM;, n>1.
s =1

Since the jumps AM; are bounded, we have
2

> 1AM,

n n
< CY v < Csup(i/ps) Y5y
j=1 j=1 jeN

j=1

L2

[«



for some positive constant C'. Therefore, since ), ynpn = 00,

N AM, n AM:
L% lim % =0 sothat limsup % >0 a.s..
n—oo 34 Yip; no 2 j=17iP
Now, on the set {X,, = 0}, we have

n
> vipir(Xj1)
Tim = = 1(0) > 0.
> e
j=1

Hence, it follows that, still on the set { X, = 0},

> 0.

lim sup —;
n—oo
> e
j=1

Therefore, we must have P(Xo =0) =0.

The following Proposition will give a control on the conditional variance process of
the martingale (M,,),en which will be crucial to elucidate the rate of convergence of the
algorithm.

Proposition 4 We have, for n > 0,
E(AMZ | F) < pa(l = X0) + o (1= 1)

ProOF: We have

A]\4714-1 = Vn+1 - E(Vn—i-l ‘ fn) + Wn+1 - E(Wn-l—l ’ fn):
with

Vo1 = L, o <xynann (1= Xn) = Ly, > X, 0B Xn
and

Whi1 = —pnt1 (an{UanXn}ﬂA;H - (1- XN)l{Un+1>Xn}ﬂB;+1) '
Note that V,11Wy 1 = 0, so that
E(AMZ, | F) = B2 | F) +EWLy | Fo) = (E(Vags + Wi | Fo))?
< IE‘E(Vn%i-l ‘ fn) ""E(Wr%-i-l ’ fn)-

Now, using p, <p, and X,, <1,
E (Vn2+1 ‘ fn) = pXn(l— Xn)2 + (1 — Xn)Xr%

< p(1—-Xn)
and EWZ | Fa) = pher (X300 = p) + (1 - X)*(1 - py))
= Pi+1(1 — D)

This proves the Proposition.



2 The rate of convergence: pointwise convergence

2.1 Convergence in probability

Theorem 2 Assume

lim p, =0, lm = =0, Y pu¥n =00 pn—pn-1=0(PuTn). (6)
n

n—oo p'ﬂ
Then, the sequence ((1 — X,,)/pn)n>1 converges to (1 —p,)/m in probability.

Note that the assumptions of Theorem 2 are satisfied if v, = C'/n® and p,, = C’/n", with
C,0">0,0<r<aanda+r < 1. In fact, we will see that for this choice of parameters,
convergence holds with probability one (see Theorem 3).

Before proving Theorem 2, we introduce the notation

1-X
Y, = ”
Pn
We have, from (2)

1-Xp1 = 1-X,— 'Vn—l—l'n—Xn(l - Xn) - pn—l—l'yn—l—l’f(Xn) — Ynt1AMp 11
1-X 1-X

ool 2o Iy (- X)) — A s(Xn) — ZELAM, .

Pn+1 Pn+1 Pn+1 Pn+1

Hence

1 1 Yn+1

Yn+1 = Yn + (1 - Xn) ( ﬂ—Xn) B 7n+1’€(Xn) - Tntl A]wn-i-l

Pnt+l  Pn Pn+l Pn+1
1
Yn—l—l =Y, (1 + Yn+1En — 7Tn’7n+1Xn) - 'Vn—l—l’{(Xn) - Zn+1 AMn—l—la
n+
where
(L) o
En = —— ) and m, = .
Tn+1 \Pn+1  Pn Pn+1

It follows from the assumption p, — pn—1 = 0(pnyn) that nlingo en, =0 and nlirgo T, = T.

Lemma 1 Consider two positive numbers = and 7+ with 0 < 7~ <7 <7t < 1. Given
leN, let
T inf{n > 1|71, X, —ep>7" or 1y Xy, —€p <7}

We have

o llim P! =o0) =1,

o forn =1, if 05 =Tz (1 = 7 y) and 6, =TT (1= 7" %),

Yn 5 nAvt nAvt
9_—Al <Y - ) ’Y_E/Q(Xk—l)_ > ’Yg_AMk (7)
AVt k=1+1 "k k=11 Pk



and

Yn y nAvt nAvt Vi
9+A >y, — Z 0+ R Xpo1) = Y 9+AMk (8)
nAvl k=Il+1 k=141 Pk

Moreover, with the notation ||k||cc = SUPgcpet |K(T)],
[1%||o
< LA
iu>[l)E (Y 1{ul—oo}) <EY + —

Remark 2 Note that, as the proof will show, Lemma 1 remains valid if the condition
nh_)ngo Yn/pn = 0 in (6) is replaced by the boundedness of the sequence (v,/pn)n>1. In

particular, the last statement, which implies the tightness of the sequence (Y},)n>1, will
be used in Section 3.

PRrOOF: Since lim (7, X, —¢,) = 7 a.s., we clearly have llim P! = o0) = 1.
n—oo —00
On the other hand, for | < n < !, we have

Yo < Yn(l - 7”-1—177_) - ’7n+1'%(Xn) - Zn-i_i AMy41
n+

and

Yoi1 2> Yo(1— 7n+17r+) — Ynp1K(Xn) — Zn—f AMyqq,
n+

so that, with the notation 6,7 = [Ti_;, (1 — 77y) and 6, = [Ti— 1 (1 — 7 %),

Y, Y,
TH < _ﬁ - IVT_L—H K(Xn) - LAMn—H
en-‘rl On Hn—i-l Ion+19n+l

and v v
n+1 > in 7n+1 (Xn)_ Yn4+1 AMn+1

9:[+1 T O 9:{+1 Pn+19:{+1
By summing up these inequalities, we get (7) and (8).
By taking expectations in (7), we get

Yn/\,,l nAvt
EXd o By kE Y 2
en/\ul k= l+10
k=Tt 9_ 0
HkHoo
< _—
< Evi+ T O
We then have
nAv! n/\ul
E(Yalgi o)) =0 E(e 11{,,l_oo}> < G
nAv nAv
< o (Ex s 1 1)
™ On
< By s Mo
—_— ﬂ'_ N



¢

Lemma 2 Let (0,),en be a sequence of positz’ve numbers such that 0, = [1)_1(1 — pyk)
for some p € (0,1). The sequence (9 )y kak AMk) ey Comverges to 0 in probability.

PRrROOF: It suffices to show convergence to 0 in probability for the associated conditional
variances T, defined by

_ p2 & _1% 2
T, =602 5 E (AME | Fia).

We know from Proposition 4 that
E(AME|Fer) < py(l—Xio1)+ (1 py)
= Puph-1Yi-1 + pr(1 — py).-

Therefore, T;, < pATf(Ll) +(1- pB)TT(LZ), where

no 2
TN =023 oz—kgpk—lyk—l
=1 YkPk

and 0 o
Z &
7k
k=1 05
We first prove that lim 77 (2) — 0. Note that, since py, <1,
n—oo
L 2p%—P"% o
— — = > p—=. 9
2, 72 rge ©)

Therefore,

and lim T\ = 0 follows from Cesaro’s lemma.

We now deal with T, ,Sl). First note that the assumption p, — pp—1 = 0(pnyn) implies
lim p,/pn—1 = 1, so that, the sequence (7V,),>1 being non-increasing with limit 0, we
n—oo -

only need to prove that nlirrolo T ,gl) = 0 in probability, where
n
Z 7
2)
—1 kP
Now, with the notation of Lemma 1, we have, for n > 1 > 1 and € > 0,
_ n ’72
P (T,(L” > 5) < P <o)+ P <93 > 02—"65/,61{”1:00} > 5)

< P <o)+ - 92 7kﬂzy,dyl:m .
9 { }

10



Using Lemma 1, lim_ Yn/pn = 0 and (9), we have
2 i i ( )
lim 9n —= K Ykl vi—=co = 0.
LN A

We also know that lim P(+! < co) = 0. Hence,

[—o0

lim P (ngl) > 6) =0. o

n—~o0

PROOF OF THEOREM 2: First note that if 6,, = [[;_; (1 — pyx), with 0 < p < 1, we have

Hence, using nhrgo X, =1and k(1) = —(1 —p,),

n 1 _
lim 6, Z En(Xk_l) — =P
iz Or

n—oo p

Going back to (7) and (8) and using Lemma 2 with p = 71 and 7~, and the fact that

lim P(yl = oo0) = 1, we have, for all ¢ > 0, lim P(Y, > — P +¢e) = lim P(Y, <
l—>OO n—oo - n—oo
1=
+pA —¢) =0, and since 71 and 7~ can be made arbitrarily close to 7, the Theorem is
™
proved. &

2.2 Almost sure convergence

Theorem 3 In addition to (6), we assume that for all 5 € [0, 1],

P = Yn1pl_1 = o(v2pB), (10)

and that, for some n > 0, we have

1+n
VC >0, Y exp (-O”" ) < 0. (11)

Tn

Then, with probability 1,
. 1-X, 1—-p,
lim = .

n— o0 Pn s

Note that the assumptions of Theorem 3 are satisfied if v, = Cn~% and p, = C'n~", with
C,C'">0,0<r<aanda+r<1.
The proof of Theorem 3 is based on the following lemma, which will be proved later.

11



Lemma 3 Under the assumptions of Theorem 3, let a € [0,1] and let (0n)ne>1 be a
sequence of positive numbers such that 0,, = [[;—1(1 — pyk), for some p € (0,1). On the
set {sup,,(p%Y,) < oo}, we have

a=n_1 M
lim 6,pn° ! Z %AM}f =0 a.s.,
k

n—oo
k=1
where n satisfies (11).
PROOF OF THEOREM 3: We start from the following form of (2):
1- Xn-i-l = (1 - Xn)(l - 7n+17TXn) - pn—l—l'yn—l—l’{(Xn) - ’7n+1AMn+1-

We know that lim X, = 1 a.s.. Therefore, given 77 and 7, with 0 < 7~ <7 < 7" < 1,
n—oo
there exists [ € N such that, for n > [,

1-X,41 < (1 - Xn)(l - '7n+177_) - pn+1’7n+1/{(Xn) - 'Vn—l—lAMn—l-l

and
- X412 (1-X,)(1 - '7n+177+) — Prnr1Yntr16(Xn) — Ynp1AMy 1,

so that, with the notation 6,7 = [Ti_;, (1 — 77y) and 6, = [Ti—; 1 (1 — 7 %),

1-X 1-X
ntl n _ Pnt1¥ntl K(Xn) — WiHAMnH

01 On 0r1 1

and

1-X 1-X
: n+1 > - no_ pn-i—_li_’Yn—i-l /Q(Xn) _ @AMn—l—l-
en—l—l 9” 9n+1 en—l—l
By summing up these inequalities, we get, for n > 1+ 1,

n

1-X, "
<-x)- 3 Plexe - Y Eawm,

On k=l+1 O, k=Il+1 0y
and
1 Xn n n
9+ 2 (1 — Xl) — %H(Xk_l) — Z ;—_]T_AMk
n k=l+1 "k k=Il4+1 "k
Hence
0, 0, <« 0, <&
Yo <2 (1-X)——+ %R(Xk—l) -2y g_EAMk (12)
Pn nok=i+1 k n =11 Yk
and + + +
0, Ot <« Ot <
Yoz (1= X) - 3 POk(Xp) - Y0 JEAM:. (13)
Pn nop=i+1 Uk n =11 7k

We have, with probability 1, lim x(X,) = k(1) = —(1—p,), and, since > 02| ppyn = +00,
n—oo

n
PEVE PEVE
k=l+1 "k k=l+1 "k

12



On the other hand,

poe _Loss <__L>
w1 O [ 0, 01
1 ¢ 1 Pn Pl
= — Ph—1 — Pr)— + — — —
T ( :Z+ 0,4 On 0 )
1 pn
e (15)

where we have used the condition py—pr—1=o0(pryx). We deduce from (14) and (15) that

0, <& 1-—
lim > Z —pkjk/-i(Xk_l) = _pA
n—oo p, = ek T
— +
and, also, that lim —* = 0. By a similar argument, we get lim - = 0 and
= p, n=cc pp
0 1=
n—oo p, = k T+

It follows from Lemma 3, that given a.€ [0, 1], we have, on the set E,, := {sup,(poY,,) <oo},

lim pni Z lﬂ: =
n—oo : k
Together with (12) and (13) this implies

o lim Yn—(l—pA)/was if 251 <0,

a—n
o lim Y,p,> =0as., if 51 > 0.
n—oo

We obviously have IP’( o) = 1 for « = 1. We deduce from the previous argument that
if P(Ea) = 1 and %57 > 0, then P(Ey) = 1, with o/ = 51 — 1. Set o9 = 1 and
Qpy1 = <1, we have nlLH;OYn =(1—p,)/mas. on E,. If ag >, let j
be the largest integer such that a; > 7 (note that j exists because klingo ag < 0). We have

P(Eq,,) =1, and, on E,,_,, Jim Y, = (1 —p,)/m as., because 2L < 0. o

We now turn to the proof of Lemma 3 which is based on the following classical martin-
gale inequality (see [13], remark 1, p.14 for a proof in the case of i.i.d. random variables:
the extension to bounded martingale increments is straightforward).

Lemma 4 (Bernstein’s inequality for bounded martingale increments) Let (Z;)1<i<n be a
finite sequence of square integrable random variables, adapted to the filtration (F;)i1<i<n,
such that

13



1. E(ZZ ’ﬂ_l)zo,i:L...,n,
2. B(Z2 | Fim)) <02 i=1,...,n,
3. ’ZilﬁAn,Z‘Zl,...,n

where 0’%, R 0%, A, are deterministic positive constants.

Then, the following inequality holds:
)\2
> )\> < 2exp <—ﬁ) )
2(02 +24)

We will also need the following technical result.

n

>z

i=1

YA >0, IP’(

; 2 _ n 2
with by, = > i 07.

Lemma 5 Let (0,)n>1 be a sequence of positive numbers such that 6, = [];_1(1 — pyk),
for some p € (0,1) and let (§,)n>1 be a sequence of non-negative numbers satisfying

'Vngn - 'Vn—lgn—l = 0(77%5”)
We have

ek Ynbn
z:: 9— 2p02%°

ProoF: First observe that the condition v,&, — Yh—1&n—1 = 0(7,21571) implies y,&, ~
Yn—1&n—1 and that, given € > 0, we have, for n large enough,

’Vngn_’yn—lgn—l > _57721£n
> _57n—17n£n7

where we have used the fact that the sequence (7,) is non-increasing. Since v,&, ~
Yn—1&n—1, we have, for n large enough, say n > ny,

'Vngn > 'Vn—lgn—l(l - 2€7n—1)-

Therefore, for n > ng,
n

Ynén Z Yrobno H (1 - 25’7k—1)-
k=no+1

From this, we easily deduce that nh_)ngo Ynén/0n = co and that 3, 72¢,/02 =

Now, from
11 2mp—pp’
A o
we deduce (recall that nlingo Yn = 0)

7;3& Y€k 1
9,% 2p 92 0,%_1 ’

14




and7 since Zn 7%671/9721 = 00,

n 9 n
Vikk oL L

k=1 "k k=1

= (fygg" + > (-1 — 7k£k)%>
n k—1

where, for the first equality, we have assumed &, = 0, and, for the last one, we have used
agajn 7n£n _'7n—1£n—l ::0(7%£n)' &

PROOF OF LEMMA 3: Given p > 0, let
v, =inf{n >0 ppY, > u}.

Note that {sup,, p,Yn < 0o} = U,>0{vu = o0}
On the set {v,, = oo}, we have

n

= Vi Yk
ST EAME =Y 1, 1AM
iz Ok oo

We now apply Lemma 4 with Z; = gfl{igyu}AMi. We have, using Proposition 4,

2
E(Z} | Fic1) = %1{1'31/#}E(AM¢2 | Fic1)

2

Vi
S prlisw (PapimtYimt + 071 = )

2
Y; _
< 2 (papi=tu+p2(1=1y))
i
where we have used the fact that, on {i < v,}, pfY;—1 < p. Since nhnolo pn = 0 and
lim p,/pp—1 =1 (which follows from p,, — pn—1 = o(Vnpn)), we have
n—oo

E(Z? | Fio1) < o,

2
. 2 _ ’y
with o = C,—*

11—«
2

fo
2
61’

, for some C,, > 0, depending only on x. Using Lemma 5, we have

n

l1—a
2 TnPrp

> 0i~Cy 7
i=1 2ptn

On the other hand, we have, because the jumps AM; are bounded,

i
Z;)| < C—
| Z|— 07:’

15



/0 .
for some C' > 0. Note that %:Y’I%:il = 7k71(71k—mk)’ and, since vy —yx—1 = o(77) (take 8 =0
in (10)), we have, for k large enough, vx — vk—1 > —pYkVk—1, so that vk /vk—1 > 1 — pyi,

and the sequence (7, /6,) is non-increasing for n large enough. Therefore, we have

sup |Z;| < Ay,
1<i<n

_a=n
with A, =C"%, /0, for some C'>0. Now, applying Lemma 4 with )\:)\op; 2 /0, we get

n _a-n )\2 2—a+n
]P)<9n Z%]—{kguu}AMk > AOP&L ? ) < 2exp | — 0Pn 1_o=n
k=1 "k 20202 + 2Xo0,pn  ° G2
C 2—a+n
é ZGXP (_ lpn l_an)
C2’an}L_a + C3’ann 2
<

1+n
2exp | —Cy—2 ,
Yn

where the positive constants C, Co, C3 and C4 depend on Ag and p, but not on n.
Using (11) and the Borel-Cantelli lemma, we conclude that, on {r, = oo}, we have, for n
large enough,

n —
0 EAMk < )\opi_T, a.s.,
O
k=1
and, since \g is arbitrary, this completes the proof of the Lemma. o

3 Weak convergence of the normalized algorithm

Throughout this section, we assume (in addition to the initial conditions on the sequence
(’Yn)nEN) 5
o= Y1 =0(0n) and =gt oly), (16)

n

where g is a positive constant. Note that a possible choice is 7, = ag/y/n and p, = a/\/n,
with a > 0.

Under these conditions, we have p, — p,—1 = 0(72), and we can write, as in the
beginning of Section 2,

Yn+1 =Y, (1 + Vnr1€n — 7Tn’7n+1Xn) - ’7n+1’f(Xn) - Zn—i—i AMn-l—ly (17)
n+

where lim &, =0 and lim m, = 7w. As observed in Remark 2, we know that, under the
n—oo n—oo

assumptions (16), the sequence (Y,),>1 is tight. We will prove that it is convergent in
distribution.

16



Theorem 4 Under conditions (16), the sequence (Y, = (1—X,)/pn)nen converges weakly
to the unique stationary distribution of the Markov process on [0,400) with generator L

defined by
fly+g) — fly)
g

Lf(y) = ppy + (1 —p, =2 f' (W), y>0, (18)

for f continuously differentiable and compactly supported in [0, +00).

The method for proving Theorem 4 is based on the classical functional approach to central
limit theorems for stochastic algorithms (see Bouton [2], Kushner [10], Duflo [6]). The
long time behavior of the sequence (Y},) will be elucidated through the study of a sequence

of continuous-time processes Y (") = (ﬁ("))tzo, which will be proved to converge weakly
to the Markov process with generator L. We will show that v has a unique stationary
distribution, and that this is the weak limit of the sequence (Y}, )nen-

The sequence Y™ is defined as follows. Given n € N, and ¢ > 0, set

th(n) = YN(n,t)y (19)

where

m
N(n,t):min{m2n| Zykﬂ >t},

k=n
so that N(n,0) = n, for t € [0,v,+1), and, for m > n+ 1, N(n,t) = m if and only if
Zzn:n-i-l Yk <t < Zzl:—i_nl.ﬂ V-

Theorem 5 Under the assumptions of Theorem 4, the sequence of continuous time pro-
cesses (Y (M), cn converges weakly (in the sense of Skorokhod) to a Markov process with
generator L.

The proof of Theorem 5 is done in two steps: in section 3.1, we prove tightness, in
section 3.2, we characterize the limit by a martingale problem.

3.1 Tightness

It follows from (17) that the process Y™ admits the following decomposition:

v = Yo+ B + M, (20)
with
N(n,t)
B =~ 3 i [k(Xpo1) + (meo1 X1 — ep—1)Yi1]
k=n+1
and
N(n,t)
k=n+1 Pk

17



The process (Mt(n))tzo is a square integrable martingale with respect to the filtration
(ft(n))tzo, with .E") = FN(n,z), and we have

N(n,t) - 9
<M(n)>t: Z (—) E(AM]? ‘ fk—l)'
k=n-+1 Pk

We already know (see Remark 2) that the sequence (Y},),en is tight. Recall that in order
for the sequence (M ™) to be tight, it is sufficient that the sequence (<M (™>) is C-tight
(see [7], Theorem 4.13, p. 358, chapter VI). Therefore, the tightness of the sequence (Y (")
in the sense of Skorokhod will follow from the following result.

Proposition 5 Under the assumptions (16), the sequences (B™) and (< M™ >) are
C'-tight.

For the proof of this proposition,we will need the following lemma.

Lemma 6 Define v' as in Lemma 1, for | € N. There exists a positive constant C' such
that, for all I,n, N € N with | <n < N, we have

(1+EY) (E]kvzn-i-l 'Vk)

VA > 1, P(sup |Yj—Yn|2)\>§P(l/l<oo)+C 5

n<j<N

PrOOF: The function x being bounded on [0,1], it follows from (17) that there exist
positive, deterministic constants a and b such that, for all n € N,

InHLNAMyy < Vst — Y < Ans(a +bYy) — PEAM,q. (21)

_’7n+1(a + an) -
Pn+1 Pn+1

We also know from Proposition 4 that
E@Midﬁﬂém%%+ﬂ—%wir (22)

From (21), we derive, for j > n,

J
Y, = Yol < D wmla+bYi1)+
k=n+1

Let Y, = Yilg<,y and AM;, = l{kgyz}AMk On the set v} = oo, we have Yj,_1 = Yj,_;
and AM, = AMj;. Hence

N
P( sup ]Y}-—YMEA) < P(Vl<oo)+P( > ’Yk(a+b§7k_1)2)\/2)+

n<j<N k=n+1
Y
P sup —AMi| > X/2].
n<GEN |12y PR

18



We have, using Markov’s inequality and Lemma 1,

N N
. 9 .
Pl Y wla+bYe)>=A/2] < B > wla+bYi1)
k=n+1 k=n+1
92 N
< —la+bsupE (Yilyi_o
< 3 (e Cme >)k§ﬂk

2 o0
< X(bEYerH ul +a) Z Vi
k=n+1

On the other hand, using Doob’s inequality,
P| sup EAMk
n<j<N

k=n-+1 k=n-+1

2

zw) < IE Z ”—S (A2E | Fin)
Pk

2

= EZ P

Pk

k=n+1

B 1<y (pAPk 11+ (1 pB)Pi) :

Using li7£n(7n/pn) =g, Pk—1 "~ Pk linLn pn = 0 and Lemma 1, we get, for some C' > 0,

~ 1+EY) (2N,
EAMk 2)\/2) SC'( ) g\%:k +1’Yk),

k=n+1

P sup
n<j<N
and, since we have assumed A > 1, the proof of the lemma is completed. o

PROOF OF PROPOSITION 5: Given s and ¢, with 0 < s < ¢, we have, using the boundedness
of k,

N(n,t)
B =B < Y wla+bYi)
k=N(n,s)+1
for some a,b > 0.
Similarly, using (22), we have
N(n,t)
‘<M(")>t —<MM> < 3T y(d +6Y)
k=N(n,s)+1

for some a’, b > 0. These inequalities express the fact that the processes B and <M (>
are strongly dominated (in the sense of [7], definition 3.34) by a linear combination of the

processes X ™ and Z(™  where X, (n) Ziv(ZL v and Zt(n) = ij:(zgl Y& Yx—1. Therefore,
we only need to prove that the sequences (X)) and (Z(™) are C-tight. This is obvious
for the sequence X, which in fact converges to the deterministic process t. We now

19



prove that AQRT C-tight. We have, for 0 < s <t < T

N(n,t)
ZM — RIS sup Y
& | n<GEN(T) 2

k=N(n,s)+1
< (t—=s+YNms)41) sup Y
n<j<N(n,T)
< (t—=s+v41) sup Y,
n<j<N(n,T)

N(n,s)+1

k=ni1 7k and the monotony of the sequence

where we have used Zk n+l e <tands <>

(n)n>1-
Therefore, for § > 0, and n large enough so that v,+1 <6,

IP’( sup IZt(n)—Zﬁ”)IZn) < IP’( sup YJ>L>

0<s<t<T t—s<§ n<j<Nn,T) = 0+ Tn+1

n
P(Yn > 45>

+P sup Y, -Y,| >
(nSjSN(n,T) | =1 )

IN

We have, from Lemma 6,

1 406 N(n,T)
P( sup ]Y}-—YME—) < Pl <o)+ —(1+EY) E Vi
n<j<N(n.T) 40 "l )

< PO < o0)+ @(1 +EY)).

We easily conclude from these estimates that, given 7' > 0, ¢ > 0 and i > 0, we have for
n large enough and ¢ small enough,

P < sup \Zt") —ZM| > 77) <e,

0<s<t<T t—s<d

which proves the C-tightness of the sequence (Z(™). o

3.2 Identification of the limit
Lemma 7 Let f be a C' function with compact support in [0, +oc). We have
E (f(Yn+1) - f(Yn) | f ) - 'Vn—l—lLf( ) + 7n+1Zna n e N)

where the operator L is defined by

Lf(y) = psyf(y i g; — /) + (1 —p,—2.f'(y), y>0, (23)

and the sequence (Zy)nen satisfies lim Z, = 0 in probability.
n—oo
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PROOF: From (17), we have

Ynj1 = Yo+ ’7n+1(_/1(1) - 71'Yvn) _ Intl A]\4n+1 + Ynt1Cn
Pn+1
Yn+1
= Yo+ vmn(l—p, —7Y,) — AMyi1 + Yngi16n
Pn+1
1
= Yn + ’Yn-i—l(l — Py — 7"'Yn) - gAMn-i—l + ’Yn-i—lCn + (g - Zn+1> AMn-ﬁ-ly (24)
n+

where ¢, = k(1)—k(X,)+ Y, (71— (7, X5 —€n)), so that (, is F,-measurable and nh_)I{)lo (=0

in probability. Going back to (3), we rewrite the martingale increment AM,, 1 as follows:

AMn+1 = _Xn (1{U7L+1>Xn}an+1 - pB(]‘ - Xn)) + pnYn (1{U7L+1 SXn}nAnJrl - pAXn)

—Pn+1 (Xn1{Un+1gxn}m,4;+1 — (1= Xn) L, > xn8e,, + H(Xn)) :

Hence, -
Yn+1 = Yn + 7n+1(1 —Ps — 7TYn + Cn) + €n+1 + AMn—i—la

where
Sn+1 = 9Xn (1{Un+1>xn}rugn+1 — (1 — Xn))

and

v Tn+1
AMn+1 = (g — n—+) AMn+1 — gpnYn (1{Un+1§Xn}ﬂAn+1 - pAXn)

Pn+1

+9pn+1 (an{UanXn}mAfLH — (1= X0)l, > x08e,, + K(Xn)) :

Note that, due to our assumptions on =, and p,, we have, for some deterministic positive
constant C,

AN | < Crpia (14 Y,), neN. (25)

Now, let 3 ) 3
Yn = Yn + 7n+1(1 —Ps — 7TYn + Cn) and Yn+1 = Yn + €n+17

so that Y41 = Y1 + AMn+1. We have
fYnr1) = f(Ya) = f(Yas1) = fF(Yas1) + fF(Vas) — f(Yn)-
We will first show that
FYas1) = f(Vas1) = F/(Ya) AMir + Y1 Tusr, where P- lim E(Ty4 | ) =0, (26)
with the notation P-lim for a limit in probability. Denote by w the modulus of continuity

of f':

w(d) = sup |f'(y) - f'(x)], >0.
lz—y|<o
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We have, for some (random) 6 € (0, 1),

FVni1) = fVng1) = ' (Yns1 + 0AM, 1) AM, 40
= f,(Yn)AMn-i-l + Vn-l—ly

where V11 = (f,(YnJ'_l + HAMnH) — f’(}}n)) AM, 1. We have

Vit < w (|6nsa] + |AN4] ) |A M1
< Cw (’&H—l’ + C’Yn-i—l(l + Yn)) ’Yn-i—l(l + Yn)v

where we have used Y, 41 = Y, + &n+1 and (25). In order to get (26), it suffices to prove
that JLH;OE(W(|5n+1| + Cys1(14+Y,)) | Fn) = 0 in probability. On the set {U,4+1 >

Xn}NBypy1, we have |§41| = gXp (1 —py (1 — X)) < g, and, on the complement, |£,11| =
9Xnpy (1 — X,,) < g(1 — X,,). Hence
E(w ([€n+1] + Comt1(1+Y5)) | Fn) < ps(1 = Xp)w (g + Cynga(1+Y5))

+(1 = py (1= X))w (Vo) ,
where Y,, = g(1 — X)) + Cypt1(1 +Y,). Observe that nlingo Y;, = 0 in probability (recall

that nh_)I{)lo X, = 1 almost surely). Therefore, we have (26).
We deduce from E(AM,, | F,) = 0 that

E (f(Yn—H) - f(Yn) | fn) = 'Vn—HE(Tn—H | ,7:”) + E (f(Yn—i-l) - f(Yn) | fn) 3

so that the proof will be completed when we have shown

IP)_ lim E <f(Yn+1) B f(Yn) _ '7n+1Lf(Yn) ’ fn) =0. (27)
n—oo TYn41
We have
E(f(Yas) | Fa) = E(f(a+&us1) | Fn)
= pB(l - Xn)f(}}n + an(l - pB(l - Xn)))
+(1 —pB(l - Xn))f(f/n - anpB(l - Xn))
= ponYnf(}}n + an(l - pB(l - Xn)))
(1 = pppnYn) f (Ve — g Xnp, (1 — X5)).
Hence B
E(f(yn—l—l) _f(Yn) |fn) = F, + Gy,
with

Fo = papnYn (F(Va+ 9Xa(1 =5y (1= Xa)) = £(V2))
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and
Gp = (1 - pBPnYn) (f(?n - anpB(l - Xn)) - f(Yn)) .

For the behavior of F), as n goes to infinity, we use
P- lim (¥, +gXa(1 - py (1= X)) = Yo — ) =0,
and lim pp/yni1 = 1/g, so that

F, — Py Y, f(Ynt+g)—f(Yn)

P- lim g =0.

For the behavior of G,,, we write, using lim p,,/v,+1 = 1/g again,
n—oo
f/n —9Xups (1 = X)) = Yo+ 91 (1 —py — 1Yo+ Co) — 9P XnpnYn
= Yo+ Yns1(1 = py — paYn) + Yns17n,

with P-lim,, . 1, = 0, so that, using the fact that f is C' with compact support and the
tightness of (Y5,),

_ _ _ /
P i G = (=24 — 2 Y0) f'(¥a)

which completes the proof of (27). o

=0,

PROOF OF THEOREM 5: As mentioned before, it follows from Proposition 5 that the
sequence of processes (Y(")) is tight in the Skorokhod sense.

On the other hand, it follows from Lemma 7 that, if f is a C' function with compact
support in [0, +00), we have

F(Y) = F(0) + D wLf (Yie1) + D W Zk-1 + M,
k=1 k=1
where (M,,) is a martingale and (Z,,) is an adapted sequence satisfying P—nli_)ngo Zy = 0.
Therefore,

N(n,t)

O = F05) = M+ 3 (Lf (Vi) + Ziea),
k=N (n,0)+1

where Mt(n) = Mpy(n,t)—Mn(n,0)- It is easy to verify that M (") ig a martingale with respect

to F),
We also have

k=n+1 k=n+1

t N(n,t) N(n,t)
/0 LEY™M)ds = 3 wLf(Ye1)+ (t— 3 fyk) F).
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Therefore

SO = 5O = [ Ly = i)+ REY,

where IP_,}LIQO Rt") = 0. It follows that any weak limit of the sequence (Y (™), oy solves the

martingale problem associated with L. From this, together with the study of the stationary
distribution of L (see Section 3.3), we will deduce Theorem 4 and Theorem 5.

3.3 The stationary distribution

Theorem 6 The Markov process (Yi)i>0, on [0,+00), with generator L has a unique
stationary probability distribution v. Moreover, v has a density on [0, 400), which vanishes

n (0,7,] (where r, = (1 —p,)/p,), and is positive and continuous on the open interval
(r,,+00). The stationary distribution v also satisfies the following property: for every
compact set K in [0,400), and every bounded continuous function f, we have

lim sup ’ /fdz/ =0. (28)

t—oo yEK

Before proving Theorem 6, we will show how Theorem 4 follows from (28).

PROOF OF THEOREM 4: Fix ¢ > 0. For n large enough, we have ~, <t < > }'_; 7, so
that there exists n € {1,...,n — 1} such that

Z ’Yk<t<Z’Yk

k=n-+1

Let t,, = > p—ny1 - We have
0<t—t, <y and Y=Y,

Since t is fixed, the condition Y }_; 1 vx < t implies hm n = oo and hm t, =t

Now, given € > 0, there is a compact set K such that for every weak limit p of the
sequence (Y,),en, p(K¢) < e. Using (28), we choose t such that

sup £, (£(10)) - [ fv] <=

yeK

Now take a weakly convergent subsequence (Y}, )ren. By another subsequence extraction,
we can assume that the sequence (Y(ﬁk)) converges weakly to a process Y (°°) which satisfies
the martingale problem associated with L. We then have, due to the quasi left continuity
of V().

lim Ef (Y1) = EfF(Y,>),

for every bounded continuous function f (keep in mind that the functional tightness of
(M™) follows from Theorem 1.13 in [7] which in turn relies on the so-called Aldous
criterion; any weak limiting process of such a sequence in the Skorokhod sense is then
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quasi-left continuous and so is Y since B is pathwise continuous). Hence klim Ef(Y,,) =
—00

Ef (Yt(oo)). Observe that the law of YO(OO) is a weak limit of the sequence Y, so that
IP’(YO(OO) € K¢ < e. Now we have

Ef(Vu,) ~ [ fdv=Ef(¥h,) - EF) + EF ) - [ fav.

so that, if y denotes the law of YO(OO),

(00)y _
hkm_)solip Ef(Yy,) /fdz/ < ’Ef(Y; ) /fdz/
= /E (Yy)du(y /fdz/
< €+2HfHoo,U(KC)
< e(1 42| f]o0)-

It follows that any weak limit of the sequence (Y, )nen is equal to v, which completes the
proof of Theorem 4. o

For the proof of Theorem 6, we first observe that the generator L depends in an affine
way on the state variable y. This affine structure suggests that the Laplace transform
Eye_pyt has the form e?»®+¥¥r(®) for some functions ¢p and 1. Affine models have been
recently extensively studied in connection with interest rate modelling (see for instance [4]
or [5]). The following proposition gives a precise description of the Laplace transform.

Proposition 6 Let (Y;)i>0 be the Markov process with generator L on [0,+00). We have,
forp>0,y€l0,+00),
Ey e """ = exp (0p(t) + yip(1)) (29)

where 1, is the unique solution, on [0,400) of the differential equation

eI —1

1/}/ = pB - pAw7 thh 1/}(0) =D,

g

and .
ol0) = (1=py) [ uls)as
Before proving the Proposition, we study the involved ordinary differential equation.

Lemma 8 Given ¢y € (—o0,0], the ordinary differential equation

— P (30)

has a unique equation on [0,400) satisfying the initial condition ¥(0) = vg. Moreover,
we have
vt >0, »(0) < p(t)e™ <O0.
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PRrROOF: Existence and uniqueness of a local solution follows from the Cauchy-Lipschitz
theorem. In order to prove non-explosion, observe that if ¢ solves (30), we have, using
the inequality (e9% —1)/g >,

W+ ) > 0.

Therefore, the function ¢ — 1 (t)e™ is non-decreasing, so that 1(0) < 1 (t)e™. Since 0 is
an equilibrium of the equation, we have ¥ (t) < 0 if ¢(0) < 0, and the inequality is strict
unless ¥(0) = 0. Hence (0) < +(t)e™ < 0 and the lemma follows easily. o

PROOF OF PROPOSITION 6: Let uy(t,y) = exp(¢p(t) + yp(t)), where ¢, and ¢, are
defined as in the statement of the Proposition. The existence of 1, follows from Lemma 8.
An easy computation shows that 8{% — Luy, =0 on [0, +00) x [0, +00), so that, for T' > 0,
the process (u,(T —t,Y;))<p<r is @ martingale, and Eu,(T,Yy) = Eu,(0,Yr), and the
Proposition follows easily. o

PRrROOF OF THEOREM 6:
e Uniqueness of the invariant distribution. We deduce from Lemma 8 that, with the

+oo
notation of Proposition 6, [1,(t)| < e™™ and tlim op(t) = (1—pA)/ Yp(s)ds. Therefore

t—o0

lim E, (e P*) = exp ((1 —py) /OOO wp(s)ds) ,

and the convergence is uniform on compact sets. This implies the uniqueness of the
stationary distribution as well as (28). We also have the Laplace transform of v:

/R+ e Pu(dy) = exp ((1 —p,) /OOO qpp(s)ds) .

ed¥r—1

Note that, since ¥, < 0 and ¢, = p, T Pap, we have 9, +p, b, < 0. Therefore,
p(t) < —pe~Pal, and

Vp > 0, /e"’yV(dy) > exp(—p(1 —p,)/py) = exp(—pr,).

This yields v([0,7,)) = 0.
e Further properties of the invariant distribution v. The stationary distribution satisfies

J Lfdv = 0 for any continuously differentiable function f with compact support in [0, +00).
This reads

vreck [(nIL I prw)ua) 0. e

where r = p, /p, and r, = (1 —p,)/p,.
We first show that v({r,}) = 0. Let ¢ be a non-negative continuously differentiable

function satisfying ¢ = 1 in a neighbourhood of the origin and ¢ = 0 outside the interval
[—1,1]. For n > 1 let

fny) =y —ry), yeR
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We have f,(y) = 0if |y —r,| > 1/n. In particular, the support of f, lies in [0, +00), for
n large enough. Applying (31) with f = f,,, we get

/ (Ty fuly + g; — fn(y)

+ (ry — y)ng (n(y — TA))>V(dy) _o.

Observe that nango fn= 1,3 so that

lim /y(fn(y +9) = fa(y))v(dy) = (ry — g)”({TA —g}) — TAV({TA}) = _TAV({TA})7

n—oo

where we have used v(—oo,7,) = 0. On the other hand, we have |(r, —y)n¢'(n(y—r,))| <
sup,er (u¢' (u)), and nli_)ngo(ngo/(n(y —r,))) =0, so that, by dominated convergence,

lim [ (ra—y)ng'(n(y —r,))v(dy) = 0.

n—oo

Hence v({r,}) = 0.

We now study the measure v on the open interval (r,,400). Denote by D the set of
all infinitely differentiable functions with compact support in (r,,+00). We deduce from
(31) that, for f € D,

L) - L [vaiw) + [vidne, - orw =0 @

Denote by v, the measure defined by /Vg(dy)f(y) = /V(dy)f(y + ¢g). We deduce

from (32) that v satisfies the following equation in the sense of distributions:

r
(= v+ (= (r/g)yv = = (v = 9)vs,
or
L—(r/9)y  _ ry—9g
Yy—Ty gy —Ty
Denote by F' the function defined by

v+ vg. (33)
Fly)=e9y—r)"" y>r,, (34)
where d = rr, /g. We have

F'(y) = —MF(Z/),

Y—Ty
so that the equation satisfied by v reads
1\ G
(f”) = 7l (35)
where the function G is defined by G(y) = -7 yy__ri .
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On the set (r,,r, + g), the measure v, vanishes, so that v = AgF for some non
negative constant \g. At this point, we know that the restriction of the measure v to the
set (0,7, + g) has a density which vanishes on (0,r,) and is given by A\oF on (r,,r, + g).

We will prove by induction that the distribution v coincides with a continuous function
on (r,,r, + ng), which is infinitely differentiable on (r, + (n — 1)g,r, + ng). The claim
has been proved for n = 1. Assume that it is true for n. On the set (r,,r, + (n+1)g), the
distributional derivative of (1/F)v coincides with the function y — (G(y)/F(y))v(y — g),
which is locally integrable on (r,,r, + ng + g), continuous on (r, + g,r, + ng + g), and
infinitely differentiable on (r, +ng,, +ng+g), due to the induction hypothesis (there may
be a discontinuity at r, +¢ if d < 1). It follows that (1/F")v is a continuous (resp. infinitely
differentiable) function, and so is v on (r,,r, + (n+1)g) (resp. (r, +ng,r, +ng+g)). We
have proved that v has a continuous density on (r,,+00), which is infinitely differentiable

on the open set U, (r, + (n — 1)g,7, + ng).

Finally, we prove that the density of v is positive on (r,,400). Note that G(y) < 0 if

/

y > g and that the density vanishes at y — ¢ if y < g. Therefore (%V) < 0, so that the
function y — v(y)/F(y) is nondecreasing. It follows that Ay cannot be zero (otherwise
v would be identically zero). Hence v(y) > 0 for y € (r,,r, + g). Now, if v(y) > 0 for
y € (r, +ng—g,r, +ng), the function v/F is strictly decreasing on (r, +ng,r, +ng+g)
and, therefore, cannot vanish. So, by induction, the density is positive on (r,,400). This
completes the proof of Theorem 6. o

Additional remarks. e The proof of Theorem 6 provides a bit more information on the
invariant distribution v. Let g > 0 and let ¢4 denote its continuous density on (r,,+00):
the function ¢4 is C* on [r,,+00) \ (r, + ¢gN) and it follows from (34) and the definitions
of r and r, (and d =7, /g, see the proof of theorem 6) that

¢9(TA) = +oo if g > g*’ ¢Q(TA)€ (0’ +OO) if g= g* and gbg(TA) =0 if g< 9*

where ¢* = & (;z_pf“) € (0, 1;514 ). As concerns the regularity of the density ¢, at points

A
y €7, +gN, one easily derives from Equation (33) that for every m, k € N,
g*
m+1’
g*

— the (m+k)t" derivative ¢§m+k) is only right and left continuous at r, +kg if g = /.

— ¢y is C™FF at r, + kg as soon as g <

e One can characterize the finite positive exponential moments of v by slightly extending
the proof of Proposition 6 (Laplace transform). For every y > 1, let 6(y) denote the unique
(strictly) positive solution of the equation

e —1 B
o Y
0 0
Note that logy < 6(y) < 2(y — 1) and that lim _0ly) =1 and lim bly) = 1. The
y—12(y — 1) y—oo logy
result is as follows
/epyu(dy) < +oo ifandonlyif p<pg:=g0(p,/ps)- (36)
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With the notations of Proposition 6, it follows from Fatou’s Lemma that
Vp >0, /epyu(dy) < litm inf |, (™). (37)

We know that 3
Ey (epyt ) — e@p () +yp(t)

with @, (t) = (1—p,) [5 ¥p(s)ds and 1, is solution on the non-negative real line (if any) of
V() = G@(1), »(0)=p with G(u)=—pu+ %(ew ~1).

The function G is convex on R and satisfies G(0) = G(p;) = 0, G((0,p})) C (—0o0,0).
Let pe (0, p;). The convexity of G implies
Gu) _ Gp)

< —= <0
u p

Vu € [0,p],

~ ~ G(p)t
It follows that v, does exist on Ry and satisfies 0 < 9),,(t) < peTp (hence it goes to 0

when ¢ goes to infinity). One derives that

Jim g0 = (1=p,) [ Gyt < (1 p) g

+o00 p2

Combining this with (37) yields

p2

/epyV(dy) <e IP)Em < 4o,
On the other hand if p = py, zﬁp(t) = py and @,(t) = (1 — p,)pyt. Consequently

vVt >0, /epgyu(dy) = /Ey(ep;n)u(dy) = e(l_pA)p;t/epgyy(dy).
Now the right hand side of this equality goes to oo as t goes to infinity since (1 —p, )p; >0
which shows that / ePs¥(dy) =00 (since it cannot be 0).

e One has, in accordance with the convergence rate result obtained for p, = o(~,), that

/yV(dy) ! ;p“‘-

To prove this claim, one first notes, using the definition (18) of the generator L, that
L(Id)(y) = 1—p, —my. Hence the above claim will follow from /L(Id) (y)v(dy) = 0. Let

¢ : Ry — R, denote a continuously differentiable function such that ¢(y) =y if y € [0, 1],
o(y) =01if y > 2 and ¢’ is bounded on R,. Set ¢,(y) = np(y/n), n > 1. One checks

29



Figure 1: Graphs of the p.d.f ¢4, p, = 2/5, g = 1; the vertical dotted line shows the mean
1_% of v. Left: p, = 1/3 (¢ > g = 1). Center: p, = 4/15 (¢* = g = 1). Right:
Py =1/6 (9" <g=1).

that L(y,) — L(Id) as n goes to infinity and |L(p,)(y)| < ay + b for some positive real
constants a, b. One derives by the dominated convergence theorem that

[ By =tim [ Lign) @iy =0

where we used that the function ¢,, has compact support on [0, +00). One shows similarly
that /L(u — u?)(y)v(dy) = 0 to derive that

/(y— 1;pA>2V(dy)=gM'

27?2

Note that, as one could expect, this variance goes to 0 as ¢ — 0. As a conclusion,
we present in figure 1 three examples of shape for ¢,. They were obtained from an exact
simulation of the Markov process (Y;);>0 (associated to the generator L) at its jump times:
we approximated the p.d.f. by a histogram method using Birkhoff’s ergodic Theorem.

Figures should be here

A final remark about the case m =0 and ~,, = g p,. In that setting (see Remark 1)
the asymptotics of the algorithm cannot be elucidated by using the ODFE approach since
it holds in a weak sense. Setting Y,, = 1 — 2X,, one checks that Y, € [—1,1] and

Vi1 = Yo (1 = 2gp2 11 (1 — p,)) — 29 pns1AMyiq

and that E((AM;11)? |[Fns1) = (1 = Y;2) + O(p2,1). Then, a similar approach as
that developed in this section (but significantly less technical since (Y;,) is bounded by 1)
shows that Y, converges in distribution to the invariant distribution p of the Brownian
diffusion with generator Lf(y) = —29(1 —p,)yf'(y) + %g2pA(1 —y?)f"(y). In that case, it
is well-known that p has a density function for which a closed form is available (see [8]),
namely

. 2ra
p(dy) =m(y)dy with  m(y) =Cy, (1—y%) 5 "1 1),
Note that when g = 2r, =2(1/p, —1) > 0, p is but the uniform distribution over [—1,1].
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