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Abstract. In this paper we consider the following nonlinear parabolic equation

ur—a®)(ur + Fu ) +F(r,u) =f(r,t), 0<r<1,0<t<T,

lim r72u(r,t) | < +o0, ur(1,t) +h(t) (UL t) -To ) =0,

I’—>0+

u(r,0) = uo(r),

()

wherey > 0, T are given constants, a(t), h(t), F(r,u), f(r,t) are given functions. In section
I11, we use the Galerkin and compactness method in appropriate Sobolev spaces with weight to
prove the existence of a unique weak solution of the problem (*) on (O, T), for every T > 0. In
section 1V, we prove that if the initial condition is bounded, then so is the solution. In section
V, we study asymptotic behavior of the solution ast — +. In section VI we give numerical

results.

Keywords. Nonlinear parabolic equation, Galerkin method, Sobolev spaces with weight,
Asymptotic behavior of the solution.
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. INTRODUCTION

In this paper we will consider the following initial and boundary value problem

(1.1) ur—at) (U + Fu ) +F(r,u) = f(r,t),0<r<1,0<t<T,

lim r72u,(r,1t)

r-0,

(1.2)

<+, Ur(1,t) + h(t) (u(1,t) - To ) =0,

(1.3) u(r,0) = uo(r),

wherey > 0, Tp are given constants, a(t), h(t), F(r,u), f(r,t), are given functions satisfying
conditions specified later.
The equation (1.1) can be rewritten in the form

(1.4) a2 0 (pr &) 4 F(ru) = f(r),0<r<1,0<t<T.

For y = 1 with F = 0, the problem describes the radial axisymmetric heat flow in a
cylinder.

With y = 2 and aways F = 0, the problem (1.2)-(1.4) represents in polar coordinatesin R3 the
mass fraction of aliquid fuel droplet in the case of his evaporation inside an infinite vessel, the
boundary condition (1.2) being associated to the Rankine-Hugoniot condition on the surface of
the droplet after a changing of the scale [8].

In [6], Minagan studied a special case of the problem (1.1), (1.2) associated with the following
T-periodic condition

(1.5) u(r,0) = u(r,T),
with
(1.6) y =1,F(r,u) = 0,To = 0.

and the functions a(t), h(t), f(r,t) are T-periodic in time t. The physical interpretation of the
problem (1.1), (1.2), (1.5), (1.6) isthat of a periodic heat flow in an infinite cylinder with the
assumption that the cylinder is subjected to convective heat transfer (periodic in time) at the
boundary surface (r = 1) at zero temperature. Inside the cylinder, there are circular symmetric
sources of heat that change periodically. Minasjan[6] gave for this problem a classical solution
using Fourier transforms. This method leads to an infinite pseudoregular system of linear
algebraic equations. However, the solvability of this system is not proved in detail in [6].

In [3] Lauerova has proved that with T-periodic data, the problem (1.1), (1.2), (1.5), (1.6) hasa
T-periodic weak solution int.

In the case of



(1.7) y=1To=0,f=0F=F(),F e C}R),F(u) > —¢,

(¢ > 0 small enough), we have proved [4] that the problem (1.1), (1.2), (1.5) has a T-periodic
unigue weak solution in appropriate Sobolev spaces with weight. Furthermore, the solution
also depends continuously on the functions a(t) and h(t).

The paper consists of three sections. In section 111, under appropriate conditions of a(t),
h(t), F(r,u), f(r,t) we prove the existence of a unique solution on (0, T), for every T > 0.
Theses results generalize relatively the onesin [3, 4, 6].

In section 1V, we shall show that if the initial condition is bounded, then so is the solution u.
More precisely if up € L*((0,1)) then the solutionu € L*((0,1) x (0, T)). Thislast result
generalizesto the nonlinear case the same result obtained in the linear case [8]. In section V,
we study asymptotic behavior of the solution ast tends to infinity: assuming some asymptotic
exponential decay on the data, we show that u(t) convergesast — -+ to the solution u,, of the
corresponding steady state equation, with an exponentia decay to 0 of the difference u(t) — U...

The aim of this paper is mainly to get some integral inequalities via various assumptions
on the nonlinear term F(r,u) in order to have some a priori estimates for u(t), tu(t) and his
respectives derivatives in appropriate Sobolev spaces with weight. The hypotheses on F(r,u)
are sufficiently large to include a class enough great of nonlinear problems. For instance if we
consider y = 2 (radial Laplace in polar coordinatesin R3) al the functions F of the kind
F(u) = sgn(u)ul*, a € (0,2). In section VI we give numerical results.

II. PRELIMINARY RESULTS, NOTATIONS, FUNCTION SPACES

We omit the definitions of the usual function spaces C™([0, 1]), LP(0,1), H™(0,1),
W™P(0,1). For any function v € C°([0,1]) we define ||v||, as

1 172
(2.1) IVl = lIvllg, = ( | r7V2(r)0|r>
0

and define the space Vo as completion of the space C°([0, 1]) with respect to the norm ||+ || ,.
Similarly, for any functionv € C*([0,1]) we define v/, as

1/2
(2.2) VIl = Ivlly, = CIvIG+ V1)

and define the space V1 as completion of the space C*([0, 1]) with respect to the norm |- ,.
Note that the norms ||+ ||, and ||+ || ,can be defined, respectively, from the inner products

1
vy = [rrurv(rdr and

(2.3) 0

1
(u,v) + (U’ V) = j rrfu(r)v(r) + u’(rv/(r)]dr.
0

It isthen easy to prove that Vo and V1 are Hilbert spaces, with V; continuously and densely
embedded into Vo. Identifying Vo with its dual V}, we have V1 — Vo = Vi, — V4. On the other
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hand, the notation (-, -) is used for the pairing between V; and V’l.
We then have the following lemmas, the proofs of which can be found in [5].

Lemma 1. For everyv € C1([0,1]),7 > 0,¢ > 0,andr < [0,1] we have

(2.4) IVIZ < L V12 +v3(D),

(2.5) V()| < Ka V][,

(2.6) rr2v(n)| < Ka|lv]l,,

(2.7) V2(1) < e|[V/[|2 + CelvII3,
where

(2.8) Ki=Jr+2, K= [r+3,Cc=1+y+1k.

Lemma 2. The embedding V1 — Vy is compact.

Remark 1. The result of (2.4), (2.5) provesthat (v2(1) + |V/[|2) Y2 and ||V , aetwo
equivalent norms on V; and

(2.9) LI < V@ + IV < (r+ D) VIIE, for all ve Vi,
We also note that
(2.10) lim r72v(r) = 0, for al v e Vi.

r-04
(See[1], Lemma5.40, p.128).
On the other hand, by H1(g,1) < C%[g,1]),0 < ¢ < 1, and

(2.11) e[Vl jippy < VI, foral veV;,0<e <1,
It follows that
(2.12) V] € CO([e,1]), forall g,0 < ¢ < 1.

From (2.10), (2.12) we deduce that
(2.13) r2y e C9([0,1)), foral v e V;.
We denote by | -]/, the norm in the Banach space X. We call X’ the dual space of X. We denote

by LP(0,T; X), 1 < p < « for the Banach space of thereal functionsu : (0,T) - X
measurable, such that

T Up
Iull oo = <j [lu(t) |§<dt> < +oo, for 1 < p < oo,
0

and



IUll =0 7:x) =€SSSUp [[u(t) ||y, forp = co.
O<t<T

Let u(t), u'(t) = ur(t), ur(t) = vu(t), ux (t) denote u(r,t), 2 (r,t), SL(r,1), if‘; (r,1),
respectively.

1. THE EXISTENCE AND UNIQUENESS THEOREM

We form the following assumptions

(H1) Uo € Vo, Tp € R;
(H>2) a, h e W(0,T), a(t) > ap > 0;
(Hs) f e L2(0,T; Vo);
F: (0,1 xR > R satisfiesthe Caratheodory condition, i.e.,

(F1) F(-,u) ismeasurableon (0,1) for every u € R,

and F(r,-) iscontinuousonR forae,r € (0,1).
(F2) There exist positive constants C1, C, C2 andp, 1 < p < 2+ 2/y

such that

(i)  uF(r,u) > Cyjul’ - Ci,
@) Wl < Ca(l+ uPh).

The weak formulation of the initial and boundary value problem (1.1)-(1.3) can be makein the
following manner:

Find u(t) defined in the open set (0, T) such that u(t) satisfies the following variational
problem
%{u(t),v} + a(t)(ur(t), vy + a(t)h(t)u(l, t)v(1) + (F(r,u(t)),v)

(3.1)
= (f(t),v) + Toa(t)h(t)v(1), foral v e Vy,

and theinitial condition
(3.2) u(0) = uo.
We then have the following theorem.

Theorem 1. Let T > Oand (H1) — (H3), (F1), (F2) hold. Then, there exists a solution u of
problem (3.1)- (3.2) such that

ue L2(0,T;V1) NL*(0,T; Vo), r’Pue LP(Qr),

(3.3)
tu e L*(0,T; V1), tur € L?(0,T; Vo).



Furthermore, if F satisfies the following condition, in addition,

(F3) (F(r,u) — F(r,v))(u—v) > —lu—vJ?, for all u,v e R,
fora.e.,r € (0,1), withe > O sufficiently small,

then the solution is unique.

Proof. The proof consists of several steps.

Sepl. The Galerkin method. Denote by {w;}, j = 1,2,...an orthonormal basisin the separable
Hilbert space V1. We find un(t) of the form

(3.4) Um(t) = D Cm(wj,
=1

where ¢y satisfy the following system of nonlinear differential equations

(uﬁn(t),wp + a(t) (Unme (1), wjr) + a)h(t)um(L, t)w; (1) + (F(r, um(t)), w;)

(3.5) .
= (f(t), w)) + Toa(t)h(Hw;(1),1 < j < m,
(3- 6) Um(o) = Uom,
where
(3.7) Uom — Uo strongly in Vo.

It isclear that for each mthere exists a solution um(t) in form (3.4) which satisfies (3.5)
and (3.6) amost everywhereon 0 <t < Tr, for some Tn, 0 < Ty < T. The following estimates
allow onetotake T, = T for al m.

Sep 2. A priori estimates.
a) Thefirst estimate. Multiplying the j™ equation of the system (3.5) by cr (t) and summing up
with respect to j, we have

L um(®) I3 + 2aCt) | U (1) |5 + 2uZ,(L,t) + 2(F(r, um(t)), Um())
(3.8) = 2(1 - a(®h(t))ui(L,t) + 2(f(1), um(t))
+2Uoa(t)h()um(L, t).

By the assumptions (H2), (F2,i), and the inequalities (2.5), (2.7), (2.9), it follows from (3.8),
that



1
L um® 15 + 2Cslum(®) |15 + 2C1 [ 17 |um(r,t)[Pdr
0

2C;
(3.9 = 7+i + 2%1|U0|2K§ ||ah||E°°(o,T) + [If(t) ||S

+2e1(2+ [lah]l o ) lum® 112

+ (1 + 2Cgl(l + ”ah” Lw(O,T))> ”Um(t) || (2)1

for al 1 > 0. Choosing €1 > 0 such that

(3.10) 2e1(2+ ”ah”LOO(o,T)) < # min{1,ao} = Cas.
Hence, from (3.9), (3.10) we obtain

1
S lum® 115+ Callum® 13 +2C1 | r7|um(r,t)[Pdr

0
(3.11)

2c/ 2 2 2
e 5 [To|"KE [Iah || e orry + 1T 115

+(1+2C, 1+ [[ah] Lgry)) Tum® 115,
Integrating (3.11) and by means of (3.7), we have

t t 1
lum(®) 12+ Cs | llum(s) |5ds+2Cy [ ds [ r7|um(r,s)|Pdr

(3.12) 0 °o 0

t
<MP +MP [ [lum(s)lIZds,
0

where M$Y, M{P are the constants depending only on T, with

MP = 1+2C,,(1+ 1ahll ),

]
2 2 2C} 2 2
M = uonlI3 + (255 + 5 [oPKE ahl1Z. o) ) T+ [ (911305,

0

for al m.

By the Gronwall’ s lemma, we obtain from (3.12), that



t t 1
lum(® 12+ Cs | [lum(s) |2ds+2Cy [ ds [ r7|um(r,s)|Pdr
(3.13) 0 0o o0

< MP exp(tM{”) < My,

foralm,foralt,0<t<Th<T,ie, Tmn=T.

b) The second estimate. Multiplying the j'" equation of the system (3.5) by tzcﬁnj (t) and
summing up with respect to j, we have

2| tum) || (2) + L (a(t) [ tum (1) |3 + ah()t2ud(L,1))

1
+24 <t2 | R, um(r, t))dr)

0
(3.14) = [lum () 152 [t2a(t)] + uA(L L [t2a(t)h(t)]

1
+4t | PR, Um(r, ©)dr + 20 (1), tuln(t))
0
+ 2005 [t2a(hh(H)um(1,1)] — 2Uoum(L,t)-& [t2a(t)h(D)],

where

A
(3.15) F(r,2) = [ F(r,s)ds.
0

Integrating (3.14) with respect to time variable from 0 to t, we shall have, after some
rearrangements

t
3.16) 2] || sul(s) || sds+ a(t)l|tum (1) ]13 + 2UZ(L,H)
0



= [1-a®h®tPudLt) + [ [sfas)) |um(s)ll3ds
0

t
+ | [sPa(s9)h(9)]/u(1,9)ds
0

t 1 1
+4 [ sds | rE(r, um(r, 9))dr — 2t2 | R, Um(r, ) dr
0 0 0

+2 [ (sf(9), sum(s))ds + 2Uot2a(t)h(t)um(1, )

0
t

—2Uo | [SPa(s9)h(s)]'um(,S)ds.
0

By means of the assumption (H2) and the inequality (2.9), we have

(3.17)

at) || tume () [|5 + t2u(1,t) > Csltum(®) |2

forall t € [0,T], for al m, where Cs is constant defined by (3.10).

Using the inequalities (2.5), (2.7), and with &1 > 0 asin (3.10), we estimate without difficulty
the following termsin the right-hand side of (3.16) as follows

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

[1-amh®]t2ud(Lt < (1+ [ah] - o) (salltum®) | ] + C..t2M1),

t t
| [s2a(9)) [ (9) 1 2ds+] [s%a(s)h(s)]/uZ(1,s)ds
0 0
< (11028 [l . o, + KEIN (2@ [ . .7, ) (M/C),
Uo | [sPa(9)h(9)])'um(1,9)ds
0

2
2[uot?a)h()um(L, )] < zalltum®) |12 + & (KaUotl|ah| .o )

2 < 20| (t%ah)[| . o -, K1 T (MT/C3) Y2,

t
2|[ (sf(s), sum(s))ds

0

t t
< [ lsi9) 1 2ds+] ||sum(s) || ds
0

0

On the other hand, from the assumptions (F1), (F2), we have

(3.23)

Ao ~ A
-mo =~ [ [F(r,9)ds<F(r,2) = [ F(r,9ds
2o 0
< Co(2] + 0, foral 1 e R,



10

where 2o = (Cy/C,)™

Using the inequalities (2.6), (3.13), (3.23), we obtain

t 1 1
4 [ sds | R, um(r, 9))dr — 2t2 | YR, Um(r, 1)dr
0 0 0
(3.29 < Ly j | Sum() [ s

— (MT/2C1)+ 2210; :
Hence, we deduce from (3.16) - (3.22), and (3.24) that

t
[ || suin() || ds+ £ Cslltum() 12

(3.25) 0

t t
3 4CoK 4 2
< MY + 22 [ Isum(®) [l ,ds < MY +[ [[sum(s) |1 3ds,
0 0

where MY, M{¥ are the constants depending only on T.
By the Gronwall’ s lemma, we obtain from (3.25), that

t
3260 | [|sun(9)||ds+ LCslltum® |12 < MY exp(t) < M.
0

On the other hand, by using (3.13), and assumption (F2) we have

t 1
[ds] |r7/p’F(r,um(r,s))|p/dr

(3.27) ° 0

1
szp’lc2’< a5 ] Pluntr. s>|dr>s M,

0 0

where M is a constant depending only on T.

Sep 3. The limiting process.

By (3.13), (3.26), (3.27) we deduce that, there exists a subsequence of {um}, still denoted
by {um} such that
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(3.28) Um = U in L*(0,T;Vo) weak*,
(3.29) Un — U in L2(0,T;V1) weak,
(3.30) r"™um - rPuin LP(Qr) weak,
(3.31) tum — tu in L*(0,T;V1) weak*,
(3.32) (tum)’ — (tu)  in L2(0,T;Vo)  wesak.

Using a compactness lemma ( [2], Lions, p.57) applied to (3.31), (3.32), we can extract from
the sequence {un} asubsequence still denotes by {unm}, such that

(3.33) tum - tu  strongly in L2(0, T; Vo).

By the Riesz- Fischer theorem, we can extract from {um} a subsequence still denoted by {unm},
such that

(3.34) Um(r,t) - u(r,t) ae. (r,t) inQt = (0,1) x (O,T).
Because F is continuous, then
(3.35) F(r,um(r,t)) - F(r,u(r,t)) ae (r,t) inQr.

We shall now require the following lemma, the proof of which can be found in [2].
Lemma 3. Let Q be a bounded open set of RN and G, G € L9(Q), 1 < g < oo, such that,

IGmll Laq) < C, where Cisa constant independent of m

and
Gm - G a.e (r,t) in Q.

Then Gy, - G inL9Q) weakly.

Applying Lemma3withN = 2, g = p/, Gm = r"PF(r,um), G = r"? F(r,u), we deduce
from (3.27), (3.35) that in

(3.36) rPE(r,um) - 1P F(r,u) in LY (Qr) weakly.

Passing to the limit in (3.5), (3.6) by (3.7), (3.28), (3.29), (3.36) we have satisfying the
equation
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< (U, V) + a()ur (1), vr) + aOhOUL, HV(D) +(F(r, u®),v)

(3.37)
= ((t),V) + Toa(th(h)v(L), foral v e Vi,

(3.38) u(0) = uo.
Sep 4. Uniqueness of the solutions.

First, we shall need the following Lemma.
Lemma 4. Let w be the weak solution of the following problem

(3.39) we —a(t) (W + ~w;) = T(r,1),0<r<1,0<t<T,

lim r72w,(r,t)

r-0;4
(3.41) w(r,0) = 0,
w e L?(0,T; V1) NL=(0,T; Vo), rPw e LP(Qr),
tw e L*(0,T; V1), tw; € L?(0,T; Vo).

(3.40) < 4o, Wr(1,t) + h(t)w(1,t) = 0O,

(3.42)

Then

t
LIwd 5+ [ a®llwe(s) 13 +h(swA(L,s)]ds
(3.43) 0
— [(T(9),Ww(s))ds =0, a.ete (O,T).

0

Thelemma4 isasdlight improvement of alemmaused in [8] ( see dso Lions s book [2]).

Now, we will prove the uniqueness of the solutions. Let u and v be two weak solutions of
(2.1)- (1.3). Thenw = u—visaweak solution of the following problem (3.39)- (3.42) with the
right hand side function replaced by T(r,t) = —F(u) + F(v). Using Lemma 4 we have equality

LIw® 15+ [ a®liwe (s[5 + h(sw?(1,s)]ds
(3.44) °
- f (F(r,u) — F(r,v),w(s))ds.

0

Using the monotonicity of F(r,u) + eu, we obtain
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t t
(3.45) [ (F(r,u) = F(r,v),w(s))ds > —¢ | [lw(s)|3ds.
0 0

It follows from (3.44), (3.45) and Gronwall’s Lemmathat w = 0.
Therefore, Theorem 1 is proved.ll

V. THE BOUNDEDNESS OF THE SOLUTION
Now we make the following assumptions
(HY) Uo € L*(0,1), Tp € R, max{|uo(r)|, [To[} <M a.e re(01).

(Hb) a, h e W(0,00), a(t) > ag > 0, h(t) > ho > 0;
(H5) fe L2(0,T;Vo), f(r,t)<0ae (It e Qr

(FD) UF(r,u) > 0 Yu e R, Ju| = [[Uoll ~q4, forae,r e (0,1).

We then have the following theorem.

Theorem 2. Let (H}) — (H5%), (F1) — (F3), (F}) hold. Then the unique weak solution of the
initial and boundary value problem (3.1) - (3.2), as given by theorem 1, belongs to

L=(Qr).

Remark 3. Assumption (H}) is both physically and mathematically natural in the study of
partial differential equation of the kind of (1.1)-(1.3), by means of the maximum principle.

Proof of Theorem 2. Firgt, let us assume that ug(r) < M and Tp. Then z = u— M satisfies the
initial and boundary value

(4.1) z—alt)(zr + +z)+F(r,z+ M) = f(r,t),0<r<1,0<t<T,
lim r72z.(r,t)| < +o,
4.2) r-0,
z(1,t) + h(t) (z(1,t) + M —Tp) = 0,
(4.3) Z(r,0) = up(r) — M.

Multiplying equation (4.1) by r?v, for v € V; integrating by parts with respect to variable
r and taking into account boundary condition (4.2), one has after some rearrangements
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1 1
[ rrzovdr + a(t) [ rrzovedr + a(h(t)z(1, tv(l)
0 . 0
(4.4) + [ r7F(r,z+ M)vdr
0
1

— [ rrivdr + (To - M)a(hh(HV(1), for all v e Vi,
0

Noticing from assumption (H’l) we deduce that the solution of the initial and boundary
value problem (3.1) - (3.2) belongsto L?(0,T; V1) N L*(0,T; Vo), so that we are allowed to
takev = z* = % (|z| + 2) in (4.4). Thus, it follows that

1 1
14 [rrjztPdr + at) | rr|(z).dr + ah(z (1, 1))
0 0

1
(4.5) + [ r7F(r,z" + M)ztdr

0
1

= [ rrfzedr + ("o — M)a(hh(t)z*(1,t) < 0,
0

since
1 1 1
[rrzzzdr = [ rr@)yztdr= 12 [ 1|zt 2dr
0 0,20 0,20

1

2

= 14 [rrzpdr = 2 4z,
0

and onthedomainz > Owehavez® = zand z, = (Z);.
On the other hand, by the assumption (H’2) and the inequality (2.9), we obtain

1
a(t) [ r7|(z)e[Pdr + ah(t)z- (1,1)]°
(4.6) 0

> 22 min{1,ho} [ ' (1) 1 = Collz"(®) 13-

Using the monotonicity of F(r,u) + su and (F}) we obtain
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1 1 1
[ r7E(r,z- + Myz'dr = [ r7[F(r,z" + M) = F(r,M)]z*dr + [ r7F(r,M)z"dr
0

0 0
(4.7) 1 1
> —¢ [ 7|z Pdr + [ r/F(r,M)ztdr > —¢l|zF (1) ]| 2.

0 0

Hence, it follows from (4.5)-(4.7) that
(4.8) Lz 12+ 2Collz ()12 < 2¢z (@) 1|2

Integrating (4.8), we get

(4.9) IZ®1IE < I1Z2 0I5 +2¢ [ I1Z°(9) lIds.
0

Sincez*(0) = (u(r,0) = M)* = (uo(r) — M)* = 0, hence, using Gronwall’s Lemma, we obtain
lz"(®)]|2 = 0. Thusz* = Oand u(r,t) < M for a.e. (r,t) € Qr.

The case —-M < up(r) and —M < Ty can be dealt with, in the same manner as above, by
consideringz = u+Mandz = £ (|z| - 2), we aso obtain z = 0 and hence
u(r,t) > -M for a.e. (r,t) € Qr.
From all above, one obtains u(r,t)| < M a.e. (r,t) € Qt and this ends the proof of Theorem
2l

V.ASYMPTOTIC BEHAVIOR OF THE SOLUTION ASt - +o.

Inthispart, let T > O, (H1) — (H3), and (F1) — (F3) hold. Then, there exists a unique
solution u of problem (3.1) - (3.2) such that

ue L2(0,T; V1) NL=(0,T;: Vo), rPu e LP(Qr),
tu e L=(0,T; V1), tu' € L2(0,T; Vo).

We shall study asymptotic behavior of the solution u(t) ast —» +oo.
We make the following supplementary assumptions on the functions a, h, f.

(H4 f e L*(0,0; Vo);

There exist the positive constants Ca, Ch, Ct, Ya, ¥h, 7f, &, Nw

(Ha) .
and afunction f,, € Vg such that
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(i) [a(t) — ax| < Cqe7d, Vit > 0,
(i) In(t) — he| < Che 7, WVt > 0,
(iii) [f(t) — foll, < Cre??, Vt > 0.

First, we consider the following stationary problem

(5.1) —a, (U (1) + FUls(r)) + F(r,us(r)) = f(r), 0 <1 < 1,

lim r72ul,(r) | < 40, Uks(1) + heolw(1) = heTo.

rﬂ0+

(5.2)

The weak solution of problem (5.1)-(5.2) is obtained from the following variational problem.

Find u, € V1 such that

Ao (UL, V) + 8N U (DV(D) + (F(r, Uso), V)
(5.3)
= (f»,V) + Toah,Vv(1), for al v e Vi.

We then have the following theorem.

Theorem 3. Let (F1), (F2), (Hs) hold. Then there exists a solution u,, of the variational
problem (5.3) such that

Uo € V1 and r"Pu,, € LP(0,1).

Furthermore, if F satisfies the following condition, in addition,

F(r,u) + eu isnondecreasing with respect to variable u,

(Fa) : 4 .
with0 < ¢ < % min{1,h,}.

Then the solution is unique.

Proof. Denote by {w;}, ] = 1,2,...an orthonormal basisin the separable Hilbert space V. Put

m
(5.4) Ym =2 AmWj,
j=1

where dyy; satisfy the following nonlinear equation system:
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e (Y, W) + 8o oYm(L)W; (L) + (F(F, Yim), W)
5.5
&9 = (foo,Wj) + ToashoeW;(1), 1 < j <M.

By the Brouwer’slemma( see Lions[2], Lemma 4.3, p.53), it follows from the hypotheses
(F1), (F2), (H4) that system (5.4), (5.5) has a solution ym.
Multiplying the j™ equation of system (5.5) by dn, then summing up with respect to j, we have

Lo |y | 2 + @hey(D) + (F(, Vi), yim)
= (fos, Ym) + ToshNooYm(1).

(5.6)

By using the inequalities (2.5), (2.9) and by the hypotheses (F1), (H4), we obtain
1
Collyml|2 + Ca | r7]ym(r)|Pdr
(5.7) 0
< (Ifll g + ol Ka) ymll + —5

aoo .
where Co = 2% min{1,h.}.
Hence, we deduce from (5.7) that

(5.8) [ymll; < C,

1

(5.9) [ r7lym(r)[Pdr < C,
0

C isaconstant independent of m.

By means of (5.8), (5.9) and Lemma 2, the sequence {ym} has a subsequence still denoted by
{Ym} such that

(5.10) Ym = U, inV7 weakly,
(5.11) Ym = Uo INVo strongly and a.e. in (0,1),
(5.12) r"Pym - r’Pu, inLP(0,1) weakly.

On the other hand, by (5.11) and the hypothesis (F1), (F2) we have
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(5.13) F(r,ym) - F(r,us) ae.in (0,1),
We also deduce from the hypothesis (F2) and from (5.9) that
1 1
(5.14) J P F (e ym() P dr < 291CE L 4] 17lym(r)Pei] < C,
0 0

where C is a constant independing of m.

Applying Lemma3withN = 1, q = p/, Gm = r"®F(r,ym), G = r"PF(r, u.,), we deduce
from (5.13), (5.14) that

(5.15) rPE(r,ym) > 1P F(r,u.) inLP'(0,1) weakly.

Passing to the limit in Eq.(5.5), we find without difficulty from (5.10), (5.15) that u., satisfies
the equation

(5.16) aw(uﬁo,vvb + AoNooUss (D)W (1) + (F(r, Us), Wj) = (oo, Wj) + Toawhow; (1).
Equation (5.16) holdsfor every j = 1,2,..., i.e., (5.3) holds.
The solution of the problem (5.3) is unique; that can be showed using the same arguments asin
the proof of Theorem 1.1
Remark 4. The result of Theorem 3issimilar toonein[7].

Now we consider asymptotic behavior of the solution u(t) ast — +oo.

We then have the following theorem.

Theorem 4. Let (F1), (F2), (F4), (H1), (H), (H%), (H4) hold. Then we have

2 2 62 _ 2y ot
_ < — Y0 >
Ju(t) — Us g < (||uo U o+ 55,55 )e , Vt >0,

where
Co = 1(C2C2 + CZ + K§([Uo| + CK1)2(Callhll , + Cha)?),

§ = (22 min{1,ho} - ),

4 y+1
yo isa constant depending only on the constants y1 = min{ya, yn, s and
Ci = 22 min{l,ho} —&.

T ol

Proof. Put Zm(t) = um(t) — ym. Let us subtract (3.5) with (5.5) to obtain
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-
(Zm(®), i) + 8(Zonr (1), Wir) + (&) — 80 ) (Yo, Wir)

+ a(t)h(t)Zm(1,)w; (1) + (at)h(t) — axhe )ym(1)wi(1)
(5.17) < HF(r, um(t)) — F(r,ym), W)

= (f(t) — o, Wj) + To(a(t)h(t) — axh)wj(1), 1 < j < m,

Zm(O) = UOm - ym.
.

By multiplying (5.17) by cmj(t) — dny and summing up in j, we obtain

L4 Zu® 15+ a®) 1 Z (V) 15 + (At) — @) (Yirr, Zee (1))
+a(th(t)ZZ4(1,1) + (at)h(t) — axhe)ym(1)Zm(1,1)
(5.18)
+(F(r,um(t)) —F(r,ym),Zm)

= (f(t) — fe, Zm) + To(a(t)h(t) — axhe)Zm(1).
From the assumption (H’z) and the inequality (2.9), it follows that

(5.19) a(t) | Zur (1) |5 + AN ZR(L 1) = CollZm(®) I3,

where Co = % min{1,ho}.

By (F4), we get
(5.20) (F(r,um(®) —F(r,Ym), Zm) = =&l Zm(t) || 2.

It follows from (5.18)-(5.20), and (2.5), that

LN Zn(®) 112 + 2Col| Zm(®) 12 < 2ja(t) — || Yrre ll o1 Zew (D) 11
(5.21) + 2lat)h(t) — o [K2 ]| Ym | 1 Zm(t) | + 26]|Zm(t) |12
+ 2[If() = f [l o Zm() I o + 2[TollA(DN() — Ahs [K 1| Zm(E) |1 .-

Notethat ||yml|l, < C, we obtain from (5.21) that
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L) Zn(®) 112 + 2Co || Zm(D) II?
(5.22) < 2Cja(t) — & || Zm®) |, + 26l Zm®) |2 + 2[[f(t) — oo | o | Zm(®) ||
+2K 1 ([To| + CK1)[a(t)h(t) — ashu || Zm(®) Il ;-

Choose § > 0 such that 35 < Co — & = C1, then we have from (5.22)

L Zn® 113 + C1llZm(®) |12
(5.23) < IC?a(t) —a | + 1 f(t) — fo 5

+ 1 K3([to| + CK1)2at)h(t) — ashs |*.
Put y1 = min{ya,vn,vi;, we deduce from (5.23) and (H4) that

LN Zn@® 112+ Cell Zm(®) |12
(5.24) < 2(C2CZ + C7 + Ki([to| + CK1)*(Callh| ,, + Cha,)?)e 2t

= C,e 2, foralt>0.

Putyo = = min{y1,C1}. Hence, we obtain from (5.24) that

t
IZn() |15 < €| Zom |5 + Coe2ot | e20ir03ds
0

(5.25) = e 20t||Zon, ||i + ﬁe—zm(l — g 2170l

2 C _
S (”ZOm”l + m)e 270t.

Letting m - +o0 in (5.25) we obtain

lu(®) = ux 15 <liminf um(t) - ymll3

(5.26) M-t

< (lluo - usl3+ 522 Je, for all t=0.

This completes the proof of Theorem 4.1
VI.NUMERICAL RESULTS

First, we present some results of numerical comparison of the approximated representation
of the solution of anonlinear problem of the type (1.1)-(1.3) and the corresponding exact
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solution of this problem.

Let the problem
(6.1) ue— (U + 2ur) + F(u) =0,
(6.2) ur(1,1) + u(L,t) = 0, ur(0,t) = 0,
(6.3) u(r,0) = 0,
where

f(r,t) = e (1+ ar)cost + a2e sint(3— ar) + e 2% (1 + ar)¥2sgn(sint),
F(u) = |ul¥*sgn(u);

~ 25 andthedomainD = {(r,t) : 0< 1 <1,0<t< 1},

The exact solution of the problem (6.1)-(6.3) isv(r,t) = e* (1 + ar)sint.
To solve numerically the problem (6.1)-(6.3), we consider the nonlinear differentia
system for the unknowns uk(t) = u(rg,t), re = kh, h = 1/N.

% = h—12<l— %)Uk_1+ h—i(% —1>U|<+ % — F(uy) + f(rg, t),
(6.4) Up = Uo, Un = 7o,

u0) =0, k=1,2,...,N- 1.

To solve the nonlinear differential (6.4) at the timet, we use the following linear recursive
scheme generated by the nonlinear term F(uy):

(6 5) % = h_12<1 - %)Uk—l,n + h—i(% - 1>Uk,n + ul;:zl'n - F(Uk,n) + f(l’k,t),
' Un(0) = 0,k =1,2,...,N— 1.

The linear differential system (6.5) is solved by searching the associated eigenvalues and
eigenfunctions. With aspatial step h = 1—10 ontheinterval [0,1] and for t € [0, 2], we have
drawn the corresponding approximate surface solution (t,t) — u(r,t) infigure 1, obtained by
successive re-initializations in t with atime step At = 5—10 For comparison in figure 2, we have
also drawn the exact surface solution (t,t) — v(r,1).

Now consider the following problem

(6.6) ur— Cur + 2ur) + u[*?sgn(u) = 0,
(6.7) u (1,t) +u(L,t) = 0, u,(0,t) = 0,
(6.8) u(r,0) = 4.

Using the same method as previously we have drawn in figure 3 the approximate surface
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solution (t,t) — u(r,t) which decreases exponentially to 0 ast tends to infinity, O being the
unique solution ot the corresponding steady state problem

(6.9) Urr + 2Ur — Ju[¥?sgn(u) = 0,

(6.10) ur(1) + u(l) = 0, ur(0) = 0.

Notice, since the function F(u) = |u|*?sgn(u) has a derivative positive the solution of the
problem (6.6)-(6.8) is bounded and unique according section V.

CH TR P TR T T

Figure 1. Approximate solution
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Figure 2. Exact solution

OB el il

Figure 3. Asymptotic behavior
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