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THREE-DIMENSIONAL ANOSOV FLAG MANIFOLDS

THIERRY BARBOT

Abstract. Let Γ be a surface group of higher genus. Let ρ0 : Γ → PGL(V )
be a discrete faithful representation with image contained in the natural em-
bedding of SL(2, R) in PGL(3, R) as a group preserving a point and a disjoint
projective line in the projective plane. We prove that such a representation is
(G, Y )-Anosov (following the terminology of [16]), where Y is the frame bun-
dle. More generally, we prove that all the deformations ρ : Γ → PGL(3, R)
studied in [1] are (G, Y )-Anosov. As a corollary, we obtain all the main re-
sults of [1], and extend them to any small deformation of ρ0, not necessarily
preserving a point or a projective line in the projective space: in particular,
there is a ρ(Γ)-invariant solid torus Ω in the flag variety. The quotient space
ρ(Γ)\Ω is a flag manifold, naturally equipped with two 1-dimensional trans-
versely projective foliations arising from the projections of the flag variety on
the projective plane and its dual; if ρ is strongly irreducible, these foliations
are not minimal. More precisely, if one of these foliations is minimal, then it
is topologically conjugate to the strong stable foliation of a double covering
of a geodesic flow, and ρ preserves a point or a projective line in the projec-
tive plane. All these results hold for any (G, Y )-Anosov representation which
is not quasi-Fuchsian, i.e., does not preserve a strictly convex domain in the
projective plane.

1. Introduction

A flag is a pair (p, d) where p is the point of the projective plane, and d a pro-
jective line containing p. The group G = PGL(3, R) of projective transformations
of the projective plane acts naturally on the flag variety X , i.e., the space of flags.

Let Γ be the fundamental group of a closed surface Σ of higher genus. In [1],
we considered representations ρ : Γ → G near ”horocyclic” representations, i.e.,
obtained from a faithful discrete representation Γ → H = SL(2, R) composed with
the natural morphism identifying H with the commutator subgroup of the stabilizer
in G of a point p0 and a projective line d0 in the projective plane, with p0 /∈ d0.
Actually, in [1], we only considered some deformations of horocyclic representations
for which p0 is still a global fixed point: we called these representations hyperbolic
representations. We proved that for such a representation, there is a closed ρ(Γ)-
invariant simple closed curve Λ in X , and a open ρ(Γ)-invariant domain Ω, both
depending on ρ, such that:

– Λ is the image of a 1 to 1 continuous Γ-equivariant map from the projective
line RP 1 into X , where the action of Γ on RP 1 is the usual projective action (which
is unique up to topological conjugacy).

– The action of ρ(Γ) on Ω is free and properly discontinuous. The quotient space
of this action, called M , is a flag manifold (cf. § 2.2). The first tautological foliation
(see § 6.1) is topologically conjugate to the strong stable foliation of a double
covering of the geodesic flow on Σ. On the other hand, the second tautological
foliation is not minimal, except when ρ(Γ) also preserves a projective line.
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In the present paper, we extend all these results omitting the assumption that
ρ(Γ) admits a global fixed point. The key observation is that horocyclic represen-
tations are (G, Y )-Anosov in the terminology of [16], where Y is the frame variety,
i.e., the space of non-collinear points in the projective plane (see § 2.3).

Typical (G, Y )-Anosov representations are hyperconvex, i.e., those preserving a
strictly convex domain of the projective plane. S. Choi and W. Goldman proved
that every representation ρ : Γ → G which is quasi-Fuchsian, i.e., which can be
continuously deformed to a representation taking values in SO0(1, 2) ⊂ PGL(3, R),
preserves such a strictly convex curve ([8]). It follows easily that they are (G, Y )-
Anosov, hence, hyperconvex. F. Labourie has extended this result to the higher-
dimensional case ([16]). In [13], O. Guichard proved that conversely, any hypercon-
vex representation is quasi-Fuchsian.

Here, we consider general (G, Y )-Anosov representations, not necessarily hyper-
convex. Each preserves a limit curve Λ, which is a Hölder continuous simple closed
curve (see definition 3.4). In § 3, we establish some general results on this limit
curve. In addition, we prove that such a representation always preserves an open
domain Ω on which it acts freely and properly discontinuously (Theorem 5.1). We
insist here on the low regularity of Λ and of the boundary ∂Ω: when ρ is irreducible
and not hyperconvex, then they are not Lipschitz regular (see corollary 7.2). Let’s
mention here that a similar statement is true in the hyperconvex case: the limit
curve is in general C1 with Hölder derivatives, but if the derivatives are Lipschitz,
then ρ(Γ) preserves a conic, i.e., is conjugate in PGL(3, R) to a Fuchsian subgroup.

Our first interest is in non-hyperconvex (G, Y )-Anosov representations: we prove
that hyperbolic representations are (G, Y )-Anosov (Theorem 4.2, Lemma 4.5). We
actually suspect that non-hyperconvex (G, Y )-Anosov representations form a con-
nected space (see Question 2 in § 8). Observe that they all belong to the same
connected component of the space of representations of Γ into G: the component of
the trivial representation (corollary 6.6), whereas hyperconvex representations are
those in the Hitchin component (see § 2.6, Remark 2.5.2).

For any (G, Y )-Anosov representation ρ, the quotient M = ρ(Γ)\Ω is a natu-
ral flag manifold, which we call an Anosov flag manifold. It is therefore naturally
equipped with two transversely projective 1-dimensional foliations: the tautolog-
ical foliations (see § 6.1). When ρ is hyperconvex, M admits three connected
components, with well-understood geometrical features (see remark 3.16), and tau-
tological foliations with well-identified dynamical properties (see Remark 6.2): they
are either foliations by circles or doubly covered by the geodesic flow on Σ for any
hyperbolic metric.

The situation when ρ is not hyperconvex is completely different (cf. § 6.4):
the tautological foliations in this case are never foliations by circles or finitely
covered by Anosov flows. The correct picture is hard to capture: in some cases,
they are topologically conjugate to the horocyclic flow of some Anosov flow (see
Proposition 6.4), but this is not true in general. For example, when ρ is strongly
irreducible, the tautological foliations are not minimal, in contrast to the horocyclic
flow. The dynamical properties of these foliations are quite interesting. We suspect
that these tautological foliations never admit periodic orbits (see Question 5 in
§ 8). If our suspicion is confirmed, it would provide examples of flows with unusual
behavior. For example, recall the Seifert Conjecture, asserting that any flow on the
three-dimensional sphere admits a periodic orbit. The first smooth counterexamples
to this conjecture were found by K. Kuperberg ([14]). Observe moreover that
the tautological foliations considered here can be volume-preserving: for example,
this is the case for second tautological foliations associated to hyperbolic radial
representations for which the morphism u : Γ → R is trivial (see § 4.2). As far
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as we know, the only known examples of volume preserving flows on the 3-sphere
without periodic orbits have regularity at most C2 ([15], [11]). As a matter of fact,
volume preserving flows on 3-manifolds which are not minimal and without periodic
orbits are quite uncommon; hence, it seems to us quite interesting to answer our
Question 5.

Acknowledgements

I would like to thank F. Labourie, who made me aware of the (G, Y )-Anosov
character of horocyclic representations. G. Kuperberg has corrected some impreci-
sions in a previous version of this paper regarding counterexamples to the Seifert
conjecture.

2. Definitions

2.1. The Flag variety. – Let V be the vector space R3, and (e1, e2, e3) its canoni-
cal basis. Let V ∗ be the dual vector space, with the dual canonical basis (e∗1, e

∗
2, e

∗
3).

We denote by 〈v | v∗〉 the evaluation of an element v∗ of V ∗ on an element v of V .
– Let N(v), N(v∗) denote the norms on V , V ∗, respectively, for the Euclidean

metrics on V , V ∗ in which the canonical basis is orthonormal.
– P (V ) and P (V ∗) are the associated projective spaces. Elements of P (V ) are

denoted [v].
– The flag variety X is the closed subset of P (V ) × P (V ∗) formed by pairs

([v], [v∗]) satisfying 〈v | v∗〉 = 0.
– G is the group SL(V ) ≈ PGL(V ). The group G acts naturally on V and admits

a dual (left) action on V ∗ uniquely defined by requiring 〈u | g.v∗〉 = 〈g−1u | v∗〉 for
any u, v∗. For any g in G = SL(V ), we denote by g∗ the corresponding element of
SL(V ∗). If SL(V ) and SL(V ∗) are identified with SL(3, R) via the canonical basis,
g∗ is the inverse of the transpose of g.

– The diagonal action restricts as a natural action of G on X .

Remark 2.1. Every element of P (V ∗) defines a projective line in P (V ) (the pro-
jection to P (V ) of its kernel). Dually, every element of P (V ∗) corresponds to a
projective line in P (V ). Hence, we can consider P (V ) to be the space of projective
lines of P (V ∗) and P (V ∗) to be the space of projective lines of P (V ).

The image we have in mind is to view an element of X as a flag, i.e., a point in
the projective plane and a projective line containing this point.

In order to formalize this point of view, we introduce the following notation:
if K is a subspace of V (resp. of V ∗), we denote by K⊥ its orthogonal, i.e., the
subset of V ∗ (resp. of V ) vanishing on K. Hence, for any [v] in P (V ), [v⊥] is the
corresponding projective line in P (V ∗).

If [u], [v] are distinct elements of P (V ), we denote by [(uv)∗] the element [K⊥]
of P (V ∗), where K is the 2-dimensional space spanned by u and v. We employ
similar notation when [u], [v] belong to P (V ∗).

Remark 2.2. Let P+ (respectively P−) be the subgroup of G containing the
upper (respectively lower) triangular matrices (under the identification of G with
SL(3, R)). Let X± be the quotient spaces G/P±: the map g 7→ ([ge1], [g∗e∗3]) in-
duces the identification X+ = G/P+ ≈ X , and the map g 7→ ([ge3], [g∗e∗1]) induces
the identification X− = G/P− ≈ X . These identifications are G-equivariant.

2.2. Flag manifolds. A flag structure is a (G, X)-structure, for (G, X) as above.
We briefly present this notion here. For a more complete description of (G, X)-
structures, see [19] or [12].

A flag structure on a manifold M is an atlas on M with charts taking values in
X and coordinates changes expressed in the charts by restrictions of elements of
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G. A typical example of a flag structure is the quotient of an open domain Ω of
X by a discrete subgroup of G acting freely and properly discontinuously on Ω; in
particular, the flag variety X , itself, is an example. Less trivial examples are given
in § 2.5.5, § 6.

A flag map between flag manifolds is a map which can be locally expressed
in the flag charts by restrictions of elements of G. A flag map is always a local
homeomorphism. A flag map which is bijective is called a flag isomorphism. A flag
manifold is an isomorphism class of flag structures on the manifold.

Let p : M̃ → M be the universal covering and Γ̃ the fundamental group of M ,
viewed as the group of covering automorphisms of p. For any flag structure on

M , there is a map D : M̃ → X , called the developping map, and a representation

ρ : Γ̃ → G, called holonomy representation, such that:
– the maps p and D are flag maps,

– D is Γ̃-equivariant:

∀γ ∈ Γ̃ D ◦ γ = ρ(γ) ◦ D

2.3. The frame variety. Let Y denote the frame variety, i.e., the space of triples
([u], [v], [w]) of noncollinear elements of P (V ). This 6-dimensional space is homo-
geneous under the diagonal action of G: it can be identified with the right quotient
G/Z, where Z is the group of diagonal matrices.

The frame variety admits two natural projections π± on X , defined by (see
remark 2.1 for the notation):

π+([u], [v], [w]) = ([u], [(uv)∗]) ; π−([u], [v], [w]) = ([w], [(wv)∗ ])

These projections are both G-equivariant. Together, they define a map Π : Y →
X × X . We denote by Y the image of Π.

Lemma 2.3. The elements of Y are the pairs (([u], [u∗]), ([v], [v∗])) satisfying:
– 〈u | u∗〉 = 0,
– 〈v | v∗〉 = 0,
– 〈u | v∗〉 6= 0,
– 〈v | u∗〉 6= 0.

In other words, [u] (respectively [v]) must belong to the projective line [u∗] (resp.
[v∗]) since we are considering elements of X , but it cannot belong to the projective
line [v∗] (respectively [u∗]).

The fibers of the projections π± are the leaves of G-invariant foliations G± of
X . Let E± be the tangent bundles to these foliations. We obtain a G-invariant
decomposition TY = E+ ⊕ E− of the tangent bundle of Y .

Remark 2.4. The inclusions Z ⊂ P± defines canonical maps G/Z → X±, which,
via the identifications X± ≈ X presented in remark 2.2 and G/Z ≈ Y , are the
maps π±.

2.4. The geodesic flow as an Anosov flow. Let Σ be a closed surface with
negative Euler characteristic, and Γ the fundamental group of Σ. Select a 1 to 1
morphism ı : Γ → H with discrete image, where H denotes the group SL(2, R). This
induces a Fuchsian representation ı̄ : Γ → H , where H denotes the group PSL(2, R)
(observe that conversely, any Fuchsian representation lifts to a representation into
H , since the associated Euler class is even).

Consider the flow on H induced by the right action of the 1-parameter group
A = {at}, where:
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at =

(
et 0
0 e−t

)

This flow induces another flow on M = ı(Γ)\H , denoted by Φt. Its projection

on M = ı̄(Γ)\H ≈ T 1Σ is a flow Φ
t
.

Remark 2.5. This flow divided by 2, i.e., the flow p 7→ Φt/2(p), is the familiar
geodesic flow associated to the Riemannian surface ı̄(Γ)\H2 ≈ Σ, where H2 is the
hyperbolic plane.

Consider the following 1-parameter subgroups of H :

hs
+ =

(
1 s
0 1

)
; hs

− =

(
1 0
s 1

)

We have the identities:

hs
+at = ath

exp(−2t)s
+ ; hs

−at = ath
exp(2t)s
−(1)

Denote also by hs
± the flow on M induced by the right actions of these 1-

parameter subgroups. The flow hs
+ (resp. hs

−) is called the stable horocyclic flow
(resp. unstable horocyclic flow). The flow Φt permutes the orbits of hs

±. Moreover,
the orbits of hs

+ are exponentially contracted by Φt, whereas the orbits of hs
− are

exponentially expanded by Φt. This feature establishes precisely that Φt and Φ
t

are Anosov.

Definition 2.6. An Anosov flow on a closed manifold M equipped with a Riemann-
ian metric ‖ is a non-singular flow Φt such that the differential of Φt preserves a
decomposition TM = ∆⊕Ess ⊕Euu of the tangent bundle, satisfying the following
properties, for some positive constants a, b:

• The line bundle ∆ is tangent to the flow,
• for any vector v in Ess over a point x of M , and for any positive t:

‖DxΦt(v)‖ ≤ be−at‖v‖

• for any vector v in Euu over a point x of M , and for any negative t:

‖DxΦt(v)‖ ≤ beat‖v‖

2.4.1. Stable and unstable leaf spaces. Denote by A± the group generated by at and
hs
±. It is isomorphic to the group of volume preserving affine transformations of the

plane. The orbits on M or M of A+ are called stable leaves; the orbits of A− are
called unstable leaves. We denote by S±, S± the quotient spaces H/A±, H/A±.
The latter, S±, are both homeomorphic to the projective line RP 1, and S± are
double coverings of S±. Moreover, these identifications are H-equivariant, where
the H-action on S± is the action induced by left translation, and the H-action on
RP 1 is the usual projective action.

2.4.2. The bifoliated orbit space. The map hA 7→ (hA+, hA−) embeds the orbit
space Q = H/at into the torus S+ × S−. More precisely, for fixed H-equivariant
identifications S± ≈ RP 1, the image of this embedding is the complement in RP 1×
RP 1 of the diagonal ∆. In other words, every A+-orbit x intersects every A−-
orbit, except one, which we call α(x). Note that we have defined a continuous
Γ-equivariant map α : S+ → S−.

We denote by Q the image of Q in S+×S−; this is the complement of the graph
of α : S+ → S−.
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2.5. Anosov representations. Let ρ : Γ → G be any representation, and let
πρ : Eρ → M be the associated flat (G, Y )-bundle: Eρ is the quotient of H × Y
by the relation identifying each (h, y) with (ı(γ)h, ρ(γ).y), for every γ in Γ. The
projection (h, y) 7→ h induces a map πρ from Eρ onto M = ı(Γ)\H , which is a
G-bundle, with fiber Y .

The (trivial) foliation of H × Y having as leaves the fibers of (h, y) 7→ y induces
a foliation on M , which we denote by Fρ, and call the horizontal foliation. The
leaves of Fρ are transverse to the fibers of πρ.

The flow Φt lifts uniquely to a horizontal flow Φt
ρ in Eρ, i.e., tangent to the

horizontal foliation: just take the flow induced in the quotient by the flow on
H × Y defined by (h, y) 7→ (hat, y).

We have defined foliations G± on Y . They provide two 3-dimensional foliations
on H × Y and induce on Eρ two 3-dimensional foliations F± which are preserved
by Φt

ρ and tangent to the fibers of πρ.

We will mainly consider the tangent bundles E±
ρ of these foliations, which are

canonically induced by the bundles E± over Y .

Definition 2.7 ([16]). A (G, Y )-Anosov structure over (M, Φt) is the data of a
representation ρ : Γ → G and a continuous section s of πρ with the following
properties:

– the image S of s is Φt
ρ-invariant,

– for any norm ‖ on Eρ, there are positive constants a and b such that for any
p in S, any positive t, any vector v+ in E+

ρ over p, and any vector v− in E−
ρ over

p, we have:

‖DpΦt
ρ(v+)‖ ≤ be−at‖v+‖

‖DpΦ−t
ρ (v−)‖ ≤ be−at‖v−‖

If these conditions are fulfilled, then the representation ρ is said to be (G, Y )-
Anosov, or an Anosov flag representation.

Remark 2.8. Here, Y is the frame variety, and G the group SL(V ), but, of course,
the definition 2.7 extends to any other pair (G, Y ), and any Anosov flow can play
the role played here by the ”geodesic flow” Φt.

The section s appearing in this definition is not assumed to be differentiable,
even nor Lipschitz. The maximal regularity which can be required in general is
Hölder continuity.

The main interest of Anosov representations is their stability: it follows from
the structural stability of Anosov flows (more precisely, of hyperbolic closed sets)
that the set of (G, Y )-Anosov representations is an open domain in the space of
representations of Γ into G equipped with its natural topology (see proposition
2.1 of [16]). Observe that the perturbed (G, Y )-Anosov structure covers the same
Anosov flow (M, Φt).

Another important feature of Anosov representations is that they provide nice
Γ-invariant geometric objects, obtained as follows:

The section s of a (G, Y )-Anosov structure lifts to a continuous map f : H → Y
such that:

– f is Γ-equivariant: f ◦ ı(γ) = ρ(γ) ◦ f ,
– f is invariant by the lifted flow: f(hat) = f(h).
Therefore, f induces a continuous Γ-equivariant map from the orbit space Q =

H/A into Y .

Lemma 2.9. The restriction of π+ ◦ f (resp. π− ◦ f) to any A+-orbit (resp.
A−-orbit) is constant.
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Proof Let p, p′ be two elements of M belonging to the same stable leaf, i.e., on the
same (right) A+-orbit: for positive times t, the iterates Φt(p) and Φt(p′) remain at
a bounded distance apart inside the stable leaf. Then the exponential dilatation
along the leaves of F− implies that s(p) and s(p′) must belong to the same leaf of
F+. The lemma follows.

It follows from the lemma 2.9 that π+ ◦ f and π− ◦ f induce maps f+ : S+ → X
and f− : S− → X . Of course, f± are both Γ-equivariant: their images (which,
as we will see, are the same) are Γ-invariant (a priori only immersed) topological
circles in the flag variety.

2.5.1. Splitting the definition. Consider the flat X-bundle πX
ρ : Eρ(X) → M as-

sociated to ρ. The total space Eρ(X) is the quotient of H × X by the Γ-action
defined by (h, x) → (γh, ρ(γ)x). The map Π defines a fibered embedding Πρ : Eρ →
Eρ(X)×Eρ(X). Let Yρ be the image of Πρ. The flow Φt also lifts in a unique way
to a horizontal flow Φt

X on Eρ(X): Φt
X(h, x) = (hat, x). Obviously, Definition 2.7

is equivalent to:

Definition 2.10. A (G, Y )-Anosov structure over (M, Φt) is the data of a repre-
sentation ρ : Γ → G and two continuous section s± of πX

ρ satisfying the following
properties:

– the sections s± are preserved by the flows: Φt
X(s±(p)) = s±(Φtp),

– the image of s+ (resp. s−) is a (exponentially) repellor (resp. attractor) for
Φt

X ,
– for every p in M , the pair (s+(p), s−(p)) belongs to Yρ.

2.5.2. Quasi-Fuchsian representations. A very nice family of (G, Y )-Anosov repre-
sentations is the family of quasi-Fuchsian representations (in the terminology of
[16]), i.e, the representations ρ : Γ → G ≈ SL(3, R) which are in the Hitchin com-
ponent, i.e., which can be deformed to Fuchsian representations, in other words, to
a representation ρ0 : Γ → SO0(1, 2). Indeed, F. Labourie has proven that quasi-
Fuchsian representations are (G, Y )-Anosov.

Let’s be a bit more precise: S. Choi and B. Goldman proved in [8] that any
representation in the Hitchin component induces an action on P (V ) preserving a
strictly convex domain C. The set of flags ([u], [v∗]) where [u] is a point in ∂C
and [v∗] a support projective line of C is a ρ(Γ)-invariant curve in X ; in fact, this
topological circle is equal to the images f+(S+) and f−(S−). In order to provide
a simple hint, we just claim that the fact that this kind of representation is flag
Anosov can be inferred from the fact that the geodesic flow associated to the Finsler
Hilbert metric on ρ(Γ)\C is Anosov.

Following F. Labourie, this kind of curve is said to be hyperconvex, and a
(G, Y )-Anosov representation preserving a hyperconvex curve is said hyperconvex.
Thus, quasi-Fuchsian representations and hyperconvex representations coincide. O.
Guichard extended recently this statement for all dimensions ([13]).

2.5.3. Canonical Anosov flag representations. Here, we consider another family of
(G, Y )-Anosov representations, which are not quasi-Fuchsian. They are obtained
from an embedding ρ0 of H = SL(2, R) into a subgroup of G = SL(V ) that admits
a global fixed point in P (V ) × P (V ∗) \ X .

For the fixed point, we select here the pair (e2, e
∗
2). The embedding ρ0 is the

representation sending the matrix:

(
a b
c d

)

to the element
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a 0 b
0 1 0
c 0 d




of G ≈ SL(3, R) (in the identification arising from the canonical basis).
Recall the notation introduced in § 2.1 and 2.3. Observe that ρ0(A) is contained

in Z, and that every ρ0(hs
±) belongs to P±. The adjoint action of ρ0(at) on the Lie

algebra sl(V ) of G is diagonalizable, and our choice of ρ0 ensures that the subspace
spanned by eigenvectors with positive eigenvalues (resp. negative) for ad(at) is the
Lie algebra P+ (resp. P−) of P+ (resp. P−). Their intersection is the Lie algeba
of Z.

Theorem 2.11 (Proposition 3.1 of [16]). Let Γ̄ be any cocompact subgroup of H.
The restriction of ρ0 to Γ̄ is (G, Y )-Anosov.

Proof See Appendix A.

Remark 2.12. Of course, we will applyTheorem 2.11 to Γ̄ = ı(Γ). Actually, from
the beginning, we could have selected as Γ any discrete cocompact subgroup of
H , possibly with torsion, but this level of generality requires a little more caution
in the formulation of statements, which we considered unnecessary and slightly
uncomfortable. The reader should have no difficulty to extend the results of this
paper to this more general context.

Definition 2.13. The (G, Y )-Anosov representation ρ0 ◦ ı is a canonical Anosov
flag representation.

Remark 2.14. Henceforth, except in Proposition 6.3, we will drop the symbol ı,
considering Γ directly as a discrete subgroup of H .

2.5.4. Invariant curves for canonical Anosov representations. Consider a canonical
Anosov flag representation ρ0 : Γ → G. According to lemma 2.9, there are two
Γ-equivariant maps f± : S± → X , coming from a Γ-equivariant map f : H →
Y . Here, the map f is defined by: f(h) = ([ρ0(h)e1], [e2], [ρ0(h)e3]) (see Ap-
pendix A). Hence, we have: f+(hA+) = ([ρ0(h)e1], [ρ0(h)∗e∗3]), and f−(hA−) =
([ρ0(h)e3], [ρ0(h)∗e∗1]). These two maps have the same image Λ0, which is the set
of pairs ([u], [u∗]) where [u] belongs to the projective line [(e∗2)⊥] and [u∗] is a pro-
jective line containing [e2] (in a more symmetric formulation, [u∗] belongs to the
projective line [e⊥2 ] in P (V ∗)).

We denote by L0 the projective line [(e∗2)⊥] of P (V ), and by L∗
0 the projective

line [e⊥2 ] of P (V ∗). We can then reformulate the statement above: a point ([u], [u∗])
in X belongs to the curve Λ0 if and only if [u] belongs to L0 and [u∗] belongs to
L∗

0. Observe that for every [u] in L0 there is one and only one element [u∗] of L∗
0

containing [u]: the projective line containing [u] and [e2].
Observe also that Λ0 is the closure of the set of attractive fixed points of elements

of ρ0(Γ) in X.
Finally, the image of f is the space of triples ([u], [e2], [w]) of elements of P (V )

where [u] and [w] are distinct elements of L0.

2.5.5. Canonical Anosov flag manifolds. Consider the orbits of ρ0(H) in X : there
is one 1-dimensional orbit, the curve Λ0. There are two 2-dimensional orbits:

– the orbit A0 containing the points ([u], [u∗]) where [u] belongs to L0 and [u∗]
does not belong to L∗

0,
– the orbit A∗

0 containing the points ([u], [u∗]) where [u] does not belong to L0

and [u∗] belongs to L∗
0,

There is one open orbit: Ω0 = {([u], [u∗]) ∈ X / [u] /∈ L0, [u∗] /∈ L∗
0}.
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The closures T0, T ∗
0 of A0, A∗

0 are Klein bottles, the intersection T0 ∩ T ∗
0 is Λ0,

and Ω0 is the complement in X of T0 ∪ T ∗
0 .

The action of ρ0(H) on Ω0 is simply transitive. It provides an identification
Ω0 ≈ H . Therefore, the manifold M = Γ\H is homeomorphic to the quotient of
Ω0 by ρ0(Γ). It provides a natural flag structure on M .

Definition 2.15. The quotient ρ0(Γ)\Ω0 is a canonical Anosov flag manifold.

2.6. Existence of deformations. Consider the space Rep(Γ, G) of representa-
tions of the surface group into G, modulo inner automorphisms of G on the target.

Theorem 2.16 (Hitchin). Rep(Γ, G) has three connected components.

Let’s briefly discuss each of these 3 components:
– The Hitchin component: this is the component containing the Fuchsian rep-

resentations. Elements of this component are represented by quasi-Fuchsian repre-
sentations (see § 2.5.2).

– The trivial component: this is the component containing the trivial represen-
tation.

– Representations in the third component are characterized by the fact that they
do not lift to representations from Γ into the double covering P+GL(V ) of G.

Canonical Anosov flag representations are not quasi-Fuchsian, and they clearly
lift to representations in GL(V ): hence, they belong to the trivial component. It
follows immediately that they can be deformed to representations in G which are
not canonical! But there are much more elementary ways to prove this statement:
any canonical representation ρ0 can be deformed to a strongly irreducible represen-
tation, i.e., with image containing no finite index subgroup stabilizing a point or a
projective line in P (V ) (see e.g. Proposition 3.11 of [1]).

3. General properties of (G, Y )-Anosov representations

Let ρ : Γ → G be any (G, Y )-Anosov representation. According to Lemma 2.9,
there is a G-equivariant map f : H → Y , inducing G-equivariant maps f± : S± →
X .

Lemma 3.1. For any γ in Γ and any attractive fixed point x of γ in S±, the image
of x by f± is an attractive (resp, repulsive) fixed point of ρ(γ) in X.

Proof Quite straightforward. See proposition 3.2 of [16].

Proposition 3.2. The representation ρ is discrete and faithful. For every non-
trivial γ in Γ, the image ρ(γ) is loxodromic, i.e., admits three eigenvalues with
distinct norms.

Proof Except for the discreteness, the proposition follows immediately from Lemma 3.1,
the fact that any non-trivial element of Γ admits an attractive fixed in S+, and the
fact that loxodromic elements of SL(V ) are precisely elements admitting an attrac-
tive fixed point in X . The discreteness follows by classical arguments. See [16] for
more details.

Actually, loxodromic elements of G have one and only one attractive fixed point
in X . Since attractive fixed points of elements of γ are dense in S±, we obtain:

Corollary 3.3. The maps f± have the same image, which is the closure of the set
of attractive fixed points of elements of ρ(Γ) in X.

Definition 3.4. The common image f+(S+) = f−(S−) is denoted by Λ, and called
the limit curve.
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Recall that Φt is a double covering of the geodesic flow: there is a double covering
between the associated leaf spaces S± → S±. Let τ̄ be the Galois automorphism
of this double covering. For any non-trivial element γ of Γ and any attractive fixed
point x of γ in S±, the image τ̄ (x) is an attractive fixed point of γ. By uniqueness
of attractive fixed points in X , and according to Lemma 3.1, we have f±(x) =
f±(τ̄ (x)). By density of attractive fixed points in S±, we obtain f± = f± ◦ τ̄ .
Hence:

Corollary 3.5. The maps f± induce maps f̄± : S± → X.

According to § 2.4.2, the orbit space Q can be identified with the complement Q
in S+ × S− of the graph of a homeomorphism α : S+ → S−. The maps f̄± induce
a map F̄ : Q → X × X .

Lemma 3.6. The image of F̄ is contained in the image Y of Π.

Proof Indeed, the maps f̄± arise from a map f : H → Y .

Lemma 3.7. We have the identity: f̄+ = f̄− ◦ α.

Proof Let x in S+ and y in S− \ {α(x)}. Then (x, y) belongs to the open set
Q ⊂ S+ × S−. The image of (x, y) by F̄ belongs to Y (lemma 3.6). According to
Lemma 2.3, we have f̄−(y) 6= f̄+(x). Hence, f̄+(x) belongs to Λ \ f̄−(S− \ {α(x)}).
But Λ \ f̄−(S− \ {α(x)}) is either empty or reduced to {f̄−(α(x))}. The lemma
follows.

In the proof above, we have shown in particular that Λ \ f̄−(S− \ {α(x)}) is not
empty. Hence:

Corollary 3.8. The maps f̄+ and f̄− are injective.

The flag manifold X is a closed subset of P (V ) × P (V ∗). Let η± (resp. η∗
±) be

the composition of f̄± with the projection of X on P (V ) (resp. P (V ∗)).

Lemma 3.9. The maps η± : S± → P (V ) and the maps η∗
± : S± → P (V ∗) are

injective.

Proof We only deal with η+; the other cases are similar. Let x, x′ be two elements
of S+ with the same image by η+: if [u] = η+(x), then f̄+(x) = ([u], [u∗]), and
f̄+(x′) = ([u], [v∗]) for some [u∗], [v∗] in P (V ∗) such that 〈u | u∗〉 = 〈u | v∗〉 = 0.

Assume x 6= x′. The pair (x, y), with y = α(x′), is an element of Q ≈ Q.
Its image by F̄ is (f̄+(x), f̄−(α(x′))), which, according to Lemma 3.7, is equal to
(f̄+(x), f̄+(x′)). On one hand, this pair must belong to the image Y of Π. On
the other hand, it has the form (([u], [u∗]), ([u], [v∗])). From the description of the
image of Y ⊂ X × X (Lemma 2.3), we obtain a contradiction.

Hence, x = x′. The lemma is proved.

Definition 3.10. Let L be the image of η+: this is the image of η− too. Let L∗ be
the common image of η∗

+ and η∗
−.

According to Lemma 3.9, L and L∗ are closed simple curves.

Lemma 3.11. The limit curve Λ is the set of pairs ([v], [v∗]) where [v] belongs to
L and [v∗] belongs to L∗.

Proof One of the inclusion is obvious. Conversely, let ([v], [v∗]) be an element of
X with [v] ∈ L, [v∗] ∈ L∗. Let (x, y) be the element of S+ × S− satisfying:

η+(x) = [v], η∗
−(y) = [v∗]
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Since 〈v | v∗〉 = 0, the pair (f̄+(x), f̄−(y)) does not belong to Y. Therefore,
(x, y) cannot belong to Q. We have y = α(x).

According to Lemma 3.7, we have f̄+(x) = f̄−(y). Hence, the P (V ∗)-component
of f̄+(x) is η∗

−(y) = [v∗]. By construction, the P (V )-component of f̄+(x) is [v].

Therefore, the pair ([v], [v∗]) = f̄+(x) belongs to Λ. The lemma follows.

By Lemma 3.11 and Lemma 3.9:

Corollary 3.12. Every projective line in P (V ) belonging to L∗ (i.e., of the form
[(u∗)⊥] with [u∗] in L∗) intersects L in one and only one point.

The dual statement, with L and L∗ exchanged, is of course true. Hence, the
corollary above can be complemented by:

Corollary 3.13. For every point [u] in L, there is one and only one projective line
of P (V ) belonging to L∗ and containing [u].

Corollary 3.14. The curve L (respectively L∗) is the closure of the set of at-
tractive fixed points in P (V ) (respectively P (V ∗)) of elements of ρ(Γ) (respectively
ρ∗(Γ)).

Remark 3.15. Of course, in the canonical case, i.e., when ρ is the restriction of ρ0

to Γ ⊂ H , the curves L, L∗ are the projective lines L0, L∗
0. In this case, we defined

Klein bottles T0, T ∗
0 and an open domain Ω0 (see § 2.5.5). These constructions

extend to the general case in the following way: define T (respectively T ∗) to be
the set of flags ([u], [u∗]) with [u] ∈ L (respectively [u∗] ∈ L∗), and let Ω be the
complement in X of the union T ∪ T ∗.

According to Lemma 3.11, the limit curve Λ is the intersection T ∩ T ∗, and the
complements of Λ in T , T ∗ are denoted A, A∗.

Remark 3.16. All the results of these sections apply to any (G, Y )-Anosov rep-
resentation and, in particular, to quasi-Fuchsian representations. In this case, L is
the boundary of a ρ(Γ)-invariant convex domain C in P (V ), and L∗ is the boundary
of the dual convex C∗: elements in L∗ are projective lines in P (V ) tangent to L.
The sets T , T ∗ are (topological) tori, and A, A∗ are annuli.

The domain Ω in this case has 3 connected components:
– one component is the set of flags ([v], [v∗]) with [v] ∈ C: this component is

canonically identified with the projectivized tangent bundle of C,
– another component is the set of flags ([v], [v∗]) with [v∗] ∈ C∗: it is canonically

identified with the projectivized tangent bundle of C∗,
– Finally, there is a third component, consisting of the flags ([v], [v∗]) with [v] /∈

C, [v∗] /∈ C∗.
The last component, in some way, has a lorentzian flavor. Indeed, when ρ is

Fuchsian, i.e., when C and C∗ are ellipses, this last component is canonically iden-
tified with the projectivized bundles of timelike vectors of de Sitter space.

4. Special deformations

In this section, we fix the embedding Γ ⊂ H , i.e., the canonical morphism
ρ0 : Γ → G. The projection of Γ in H is injective; we still denote by Γ the image
of this projection. The quotient Γ\H is the surface Σ.

Definition 4.1. For any γ in Γ let r(γ) be the spectral radius of γ ∈ H.

Up to the sign, the eigenvalues of γ ∈ H are r(γ), r(γ)−1; when γ is non-trivial,
we have r(γ) > 1.

4.1. Λ-preserving deformations.
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4.1.1. A flag version of the geodesic flow. Consider1 the following 1-parameter sub-
group of G:

ϕt =




et/3 0 0
0 e−2t/3 0

0 0 et/3




It commutes with every ρ0(h). Hence, it preserves the open ρ0(H)-orbit Ω0

in X and induces a flow on the quotient manifold ρ0(Γ)\Ω0. The projection of
Ω0 on P (V ) is contained in the complement of L0, an affine plane. Consider the
coordinate system (u, v) on this plane such that the coordinates of [ue1 + e2 + ve3]
are (u, v).

Actually, the projection of Ω0 in P (V ) is the complement in this plane of the
point [e2], i.e., the complement of the origin (u, v) = (0, 0). The induced action of
ϕt on this projection is the homothety of factor et fixing [e2] = (0, 0).

On the other hand, if h is an element of H ≈ SL(2, R) of the form:

(
a b
c d

)

then f+(h) projects to [ρ0(h)e1] in P (V ), with (u, v)-coordinates (a, c). Hence,
for any t, the (u, v)-coordinates of f+(hat) are (eta, etc). Since the action of a
transformation of X is characterized by its projective action on P (V ), we see that,
via the identification Ω0 ≈ H we have selected, the action of ϕt on Ω0 coincides
with the right action of at on H. Hence, the flow on ρ0(Γ)\Ω0 induced by ϕt is
conjugate to the flow (M, Φt).

4.1.2. Linear deformations. Let u : Γ → R be any morphism. The canonical mor-
phism can be deformed to a new morphism, called the u-deformation:

ρu(γ) = ϕu(γ) ◦ ρ0(γ)

The morphism u is an element of H1(Γ, R). On this cohomology space, with
ρ0 : Γ → H fixed, we can define the stable norm (cf. [4]) as follows: for any
hyperbolic element γ of Γ, let t(γ) be the double of the logarithm of r(γ) (this is
the length of the closed geodesic associated to Γ in the quotient of the Poincaré disc
by Γ). For any element γ̂ of H1(Γ, Z), and for any positive integer n, let tn(γ̂) be

the infimum of the values t(γ)
n where γ describes all the elements of Γ representing

nγ̂. The limit of tn(γ̂) exists; it is the stable norm of γ̂ in H1(Γ, Z). This norm
is extended in a unique way on all H1(Γ, R); the dual of it is the stable norm of
H1(Γ, R). The stable norm of u in H1(Γ, R) is denoted |u|s.

Theorem 4.2. The representation ρu is (G, Y )-Anosov if and only if |u|s < 1/2.

Proof Assume that ρu is (G, Y )-Anosov. The invariant curve Λ must be the closure
of the union of attractive fixed points of ρu(Γ). In particular, it contains the closure
of the attractive fixed points of the commutator subgroup ρu([Γ, Γ]). But ρ0 and
ρu coincide on [Γ, Γ], and attractive fixed points of elements of [Γ, Γ] are dense in
S± ≈ RP 1; hence, Λ = Λ0.

But it is easy to see that if |u|s > 1/2, there is an element γ of Γ such that the
attractive fixed point of ρu(γ) in P (V ) is [e2]. This attractive fixed point does not
belong to L, which contradicts Corollary 3.14. Therefore, we must have |u|s ≤ 1/2.
Since the (G, Y )-Anosov property is open in Rep(Γ, G), the inequality is strict:
|u|s < 1/2.

1The factor 1/3 arises from the fact that this flow truely lies in PGL(V ): multiplying every
coefficient by the inverse of the middle diagonal coefficient provides a more elegant expression. . .
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The inverse statement, i.e., the fact that ρu is (G, Y )-Anosov if |u|s < 1/2, is
proved in Appendix A.

Remark 4.3. As the proof above shows, the limit curve Λ of ρu, when |u|s < 1/2,
is the limit curve Λ0 of ρ0. It does not depend on the inclusion Γ ⊂ H .

4.2. Deformations with L0 remaining constant. Consider morphisms ρ : Γ →
G of the form:

ρ(γ) =




eu(γ)/3a(γ) 0 eu(γ)/3b(γ)

µ(γ) e−2u(γ)/3 ν(γ)
eu(γ)/3c(γ) 0 eu(γ)/3d(γ)




where:

– ρλ : γ 7→

(
a(γ) b(γ)
c(γ) d(γ)

)
is a Fuchsian representation taking value in SL(2, R),

i.e., is injective, with discrete image.
– u : Γ → R is a morphism.
Such a representation is called a radial representation.
When u has stable norm (relatively to ρλ) strictly less than 1/2, ρ is called a

hyperbolic representation. In this case, [e2] is a fixed point of saddle type of every
non-trivial ρ(γ). In [1], the action of Γ on P (V ) induced by such a representation
is called a hyperbolic action.

One of the main results of [1] is:

Theorem 4.4 (Theorem A of [1]). Let ρ be a hyperbolic representation. The action
of ρ(Γ) on P (V ) preserves a continuous closed simple curve L. This curve, if
Lipschitz, is a projective line.

Actually, the first part of this Theorem is a corollary of the following:

Lemma 4.5. Hyperbolic representations are (G, Y )-Anosov.

Proof If the maps µ and ν are trivial, it follows from Theorem 4.2. Then, observe
that the composition of a hyperbolic representation by the conjugacy in G by ϕt

remains hyperbolic radial, with the same ρλ and the same u, but with coefficients µ,
ν multiplied by e−2t. Since ρu is (G, Y )-Anosov, and by stability of (G, Y )-Anosov
representations, the conjugated representation for big t is (G, Y )-Anosov. The
lemma follows since conjugacy in G does not affect the (G, Y )-Anosov property.

Remark 4.6. The invariant curve L∗ in P (V ∗) is obviously L∗
0 = [e⊥2 ].

Remark 4.7. The analog of Theorem 4.2 remains true: a radial representation is
(G, Y )-Anosov if and only if |u|s < 1/2. The proof is similar; we leave it to the
reader.

Proposition 4.8. Let ρ : Γ → G be a (G, Y )-Anosov representation. Assume
that a finite index subgroup of ρ(Γ) preserves a proper subspace of V . Then, up to
conjugacy in G, ρ or ρ∗ is a hyperbolic representation.

Proof A proper subspace of V is a line or a 2-plane: replacing ρ by ρ∗ if necessary,
we can assume that the subspace preserved by a finite index subgroup of ρ(Γ) is
a line. After conjugacy in G, we can assume moreover that this invariant line is
spanned by e2. Let Γ′ ⊂ Γ be the finite index subgroup such that ρ(Γ′) fixes [e2].
The restriction ρ′ of ρ to Γ′ is still (G, Y )-Anosov, and its limit curve Λ′ is the limit
curve Λ of ρ.

According to Proposition 3.2, ρ′ is faithful, with discrete image. It follows that
ρ′ is a radial representation, described as above by a Fuchsian representation ρ′λ :
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Γ′ → H and a morphism u′ : Γ → R. This morphism is trivial on [Γ′, Γ′]. It follows
that [e2] is a saddle fixed point of ρ′(γ) for every element γ of [Γ′, Γ′]. Hence, the
attractive fixed point of (ρ′)∗(γ) in P (V ∗) belongs to [e⊥2 ]. The argument used in
the proof of Theorem 4.2 and the identity Λ = Λ′ imply here that the invariant
curve L∗

0 is [e⊥2 ]. In particular, it follows that [e2] is a saddle fixed point of ρ(γ)
for every γ in Γ, not only in [Γ′, Γ′]. Therefore, ρ is a linear u-deformation of a
canonical representation. As in the proof of 4.2, we infer |u|s ≤ 1/2, and, finally,
|u|s < 1/2 (by stability of Anosov representations).

5. Properness of the action on Ω

Let ρ : Γ → G be a (G, Y )-Anosov representation. Recall that ρ(Γ) preserves
the open domain Ω, which is the set of flags ([u], [u∗]) with [u] /∈  L, [u∗] /∈ L∗.

Theorem 5.1. For any (G, Y )-Anosov representation ρ : Γ → G, the action of
ρ(Γ) action of Γ on the associated domain Ω is free and properly discontinuous.

Remark 5.2. This Theorem, when ρ is a linear deformation ρu, is a reformulation
of Théorème 3.4 of [17]. More generally, Theorem 5.1 is proved in [1] (Proposition
4.19 of [1]) in the case of hyperbolic representations.

Therefore, in this section, we don’t consider this particular case. By Proposi-
tion 4.8, it means that we assume that no proper subspace of V is ρ(Γ)-invariant,
i.e., that ρ is strongly irreducible.

In Appendix B, we show how the proof developed here can be adapted to the
reducible case, achieving a complete proof of Theorem 5.1.

All this section is devoted to the proof of Theorem 5.1. Let ρ be a (G, Y )-Anosov
representation. According to Lemma 3.2, every ρ(γ) is loxodromic: its fixed points
in X all have the form ([u], [u∗]) where either [u] belongs to L, or [u∗] belongs to
L∗. None of them belongs to Ω: the action of ρ(Γ) is free.

Our task is to prove that the action is proper. Since ρ(Γ) is discrete, it amounts
to proving that there is no sequence (γn)(n∈N) in Γ for which there is a sequence of
flags ([un], [u∗

n])(n∈N) in Ω satisfying:

(1) the sequence ρ(γn)(n∈N) escapes from any compact of G,
(2) the sequence ([un], [u∗

n])(n∈N) converge to a point ([ū], [ū∗]) in Ω,
(3) the sequence ρ(γn)([un], [u∗

n])(n∈N) = ([vn], [v∗n])(n∈N) converges to a flag
([v̄], [v̄∗]) in Ω.

We argue by contradiction, assuming the existence of such a sequence. We denote
gn = ρ(γn).

Remember that we equip V , V ∗ with the euclidean metrics N , N∗ for which
([e1], [e2], [e3]) and ([e∗1], [e∗2], [e∗3]) are an orthonormal basis. It induces a norm on
GL(V ): the operator norm ‖. Let A ⊂ GL(V ) be the unit sphere of this norm.

Consider the Cartan decompositions of gn, g∗n according to the canonical basis:

gn = kn




λn 0 0
0 µn 0
0 0 νn


 l−1

n

g∗n = kn




λ−1
n 0 0
0 µ−1

n 0
0 0 ν−1

n


 l−1

n

where kn, ln are isometries of N , and λn ≥ µn ≥ νn, with λnµnνn = 1.

The quotients ḡn = gn

‖gn‖ and ḡ∗n =
g∗

n

‖g∗

n‖ belong to A. By compactness of this

unit sphere, passing to a subsequence if necessary, we can assume that ḡn and ḡ∗n
converge to elements ḡ, ḡ∗, repectively, of A. Let I be the image of ḡ, I∗ the image
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of ḡ∗, K the kernel of ḡ and K∗ the kernel of ḡ∗. By convention, [I], [K], [I∗] and
[K∗] are their projections in P (V ), P (V ∗). Let I⊥, K⊥ ⊂ V ∗ and K⊥

∗ , I⊥∗ ⊂ V be
the dual subspaces, and [I⊥], [K⊥], . . . their respective projectivizations.

The gn all have determinant 1. Hence, the item (1) above implies that, after
taking a subsequence, the norms ‖gn‖ and ‖g∗n‖ tend to +∞. If ḡt denotes the
transpose matrix of ḡ, we have:

ḡt ◦ ḡ∗ = 0 = ḡ∗ ◦ ḡt

Therefore:

I∗ ⊂ I⊥, K⊥ ⊂ K∗

Since the actions of gn and ḡn on P (V ) coincide, as for the actions of g∗n and ḡ∗n
on P (V ∗), we obtain:

Lemma 5.3. The sequence (ḡn)(n∈N) converge uniformly on compact subsets of
P (V ) \ [K] to the restriction of ḡ to P (V ) \ [K]. Similarly, the sequence (ḡ∗n)(n∈N)

converge uniformly on compact subsets of P (V ∗) \ [K∗] to the restriction of ḡ.

Remark 5.4. The image of the restriction of ḡ to P (V ) \ [K] is [I], and the image
of the restriction of ḡ∗ to P (V ∗) \ [K∗] is [I∗].

Actually, since the norm of gn tends to +∞, we see that, for k̄ and l̄ denoting
the limits of k̄n and l̄n, the matrices ḡ and ḡ∗ have the expressions:

ḡ = k̄




λ̄ 0 0
0 µ̄ 0
0 0 0


 l̄−1

ḡ∗ = k̄




0 0 0
0 µ̄′ 0
0 0 ν̄


 l̄−1

where λ̄, ν̄ are positive, and µ̄, µ̄′ are non-negative.
We will also need to exchange the roles of ([ū], [ū∗]) and ([v̄], [v̄∗]); this amounts

to replacing the γn by their inverses, i.e., to replacing gn and g∗n. Let hn, h∗
n be

these inverses:

hn = ln




λ−1
n 0 0
0 µ−1

n 0
0 0 ν−1

n


 k−1

n

h∗
n = ln




λn 0 0
0 µn 0
0 0 νn


 k−1

n

Their limits for n → +∞ are:

h̄ = k̄




0 0 0
0 µ̄′ 0
0 0 ν̄′


 l̄−1

h̄∗ = k̄




λ̄ 0 0
0 µ̄ 0
0 0 0


 l̄−1

Lemma 5.5. The coefficients µ̄ and µ̄′ are both zero.
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Proof Assume that one of them, let’s say µ̄, is non-zero. Then, K is the line
spanned by l̄(e3). The inclusion K⊥ ⊂ K∗ shows that K∗ has dimension 2. Hence,
I∗ is 1-dimensional. Therefore, the inclusions are all identities:

I∗ = I⊥, K⊥ = K∗

Fact 1: [K] belongs to the invariant curve L. If not, the gn-invariant curve L is
contained in P (V )\ [K]. By Lemma 5.3, it implies that L is equal to the projective
line [I], which is therefore a ρ(Γ)-invariant projective line. This contradicts the
strong irreducibility of ρ.

Fact 1′: [I∗] belongs to L∗. Apply the argument used for the proof of Fact 1 to
the inverse sequence (h∗ = (g∗n)−1)(n∈N). We obtain that if [I∗] does not belong to
L∗, then L∗ is the projective line [K∗], contradicting once more the irreducibility
of ρ.

Fact 2: The invariant curve L is a projective line containing [K]. Indeed, ac-
cording to Fact 1′, the projective line [I] belongs to L∗. According to Corollary 3.12,
the intersection [I] ∩ L is a single point [p]. On the other hand, the fibers of the
restriction of ḡ to P (V )\ [K] are the projective lines containing [K], with the point
[K] excluded. By Lemma 5.3, since [I]∩L is a single point, L \ [K] is contained in
one and only one of these fibers. Fact 2 follows.

The lemma follows by irreducibility of ρ.

According to Lemma 5.5, [K] is a projective line, and [I] is a single point.
Similarly, [K∗] is a projective line, whereas [I∗] is a single point.

Lemma 5.6. The points [I], [I∗] belong to L, L∗, respectively.

Proof Assume that [I] does not belong to L. Then, by Lemma 5.3, L is contained
in the projective line [K], which is therefore ρ(Γ)-invariant, a contradiction. The
proof of the dual statement [I∗] ∈ L∗ is similar.

Lemma 5.7. The points [K⊥] and [K⊥
∗ ] belong respectively to L∗, L.

Proof According to Lemma 5.5, the limit in A of the h̄n (i.e., the hn divided by
their norms) is:

h̄ = l̄




0 0 0
0 0 0
0 0 ν̄


 k̄−1

Hence, the image of h̄ is spanned by l̄e3. On the other hand, the kernel K∗ of ḡ∗

is the 2-plane generated by l̄(e∗1) and l̄(e∗2). Therefore, K⊥
∗ is the line spanned by

l̄e3, i.e., the image of h̄. Applying Lemma 5.6 to h̄, we get that [K⊥
∗ ] belongs to L.

The same argument, applied to h̄∗, implies [K⊥] ∈ L∗

End of the Proof of Theorem 5.1 in the strongly irreducible case:

Since ([v̄], [v̄∗]) belongs to Ω, [v̄] does not belong to L. According to Lemma 5.6,
v̄ 6= [I]. It follows, with Lemma 5.3,that [ū] belongs to [K]. Similarly, we have
[ū∗] ∈ [K∗]. Hence:

– the projective line [K∗] in P (V ∗) contains [ū∗] and [K⊥] (since K⊥ ⊂ K∗),
– the projective line [ū⊥] in P (V ∗) contains [ū∗] (since 〈ū | ū∗〉 = 0) and [K⊥]

(since [ū] ∈ [K]) too.
But, according to Lemma 5.7, since [ū∗] does not belong to L∗, we have ū∗ 6=

[K⊥]. Hence the projective lines [K∗] and [ū⊥] share two distinct points: they are
equal. In other words, [ū] is equal to [K⊥

∗ ]: according to Lemma 5.7, it belongs to
L, a contradiction.
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Remark 5.8. Theorem 5.1 is true for any (G, Y )-Anosov representations, in parti-
cular, it applies to representations in the Hitchin component, i.e., dividing a strictly
convex domain C of P (V ). In this case, we recover the well-known properness of the
action on the projectivized tangent bundle of C. But we also obtain the properness
of the action on ”timelike directions” over the ”de Sitter-like” component P (V )\C.

Remark 5.9. We can ask how Theorem 5.1 can be extended to any other (G, Y )-
Anosov representations, for other pairs (G, Y ). For example, for the pair (G, Y ) =
(PSL(2, C), CP 1 ×CP 1 \ diag), i.e., the case of conformal quasi-Fuchsian represen-
tations, Theorem 5.1 corresponds the well-known properness of the action on the
discontinuity domain, i.e., the complement in CP 1 of the limit set.

Remark 5.10. In the wonderful paper [18], R. Schwarz considers some particu-
lar actions of PSL(2, Z) on the flag manifold X . He exhibited invariant curves L,
L∗ with properties completely similar to the invariant curves L, L∗ we have con-
sidered here2: compare our corollaries 3.12, 3.13 with Theorem 3.3 of [18]. Our
Theorem 5.1 echoes Theorem 4.2 of [18]. Hence, it seems reasonable to qualify
these representations of PSL(2, Z) as (G, Y )-Anosov representations. In fact, they
are also deformations of the representation obtained by composing ρ0 : H → G
with the inclusion SL(2, Z) ⊂ SL(2, R). But there is a crucial difference: PSL(2, Z)
is indeed a lattice of PSL(2, R), but not cocompact! It is therefore presumably
possible and interesting to extend the notion of (G, Y )-Anosov representations to
nonuniform lattices of H .

6. Anosov flag manifolds

Thanks to Theorem 5.1, the definition 2.15 can be extended:

Definition 6.1. Let ρ : Γ → G be a (G, Y )-Anosov representation. The quotient
by ρ(Γ) of the domain Ω is called an Anosov flag manifold..

6.1. Tautological foliations. The fibers of the projections X → P (V ), P (V ∗) are
leaves of foliations by circles on X . They are preserved by G; therefore, they induce
two 1-dimensional foliations on any flag manifold. The foliation corresponding
to the projection X → P (V ) is called the first tautological foliation. The other
one, corresponding to the projection X → P (V ∗), is called the second tautological
foliation. Observe that these foliations are both transversely real projective.

Remark 6.2. When ρ is hyperconvex, Ω has three connected components (see
remark 3.16):

– one is the set of flags ([v], [v∗]) with [v] ∈ [C]. We denote it by Ω1. The quotient
M1 = ρ(Γ)\Ω1 is naturally identified with the projectivized tangent bundle of the
convex real projective surface S = ρ(Γ)\[C]. The leaves of the first tautological
foliation are the fibers of the bundle map. In particular, they are compact. The
second tautological foliation is the foliation supported by the geodesic flow of the
Hilbert metric on S, quotiented by the involution sending any tangent vector to its
opposite: hence, it is topologically conjugate to the geodesic flow of any hyperbolic
metric on the surface Σ quotiented by the antipodal map in the fibers (see [1] for
more details).

– another component, Ω2, which is the set of flags ([v], [v∗]) with [v∗] ∈ [C∗]. The
quotient M2 = ρ(Γ)\Ω2 is the projectivized tangent bundle of the dual convex real
projective surface S∗ = ρ∗(Γ)\[C∗]. The leaves of the second tautological foliation
are the fibers of the bundle map, whereas the first tautological foliation is doubly
covered by the geodesic flow on Σ.

2There is a minor difference: the action on X considered in [18] contains polarities, i.e., pro-
jective transformations followed by the flip ([v], [v∗]) 7→ ([v⊥∗ ], [v⊥]).
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– the third component, Ω3, is the “de Sitter”-like component. It is the set of
pairs ([v], [v∗]), where [v] belongs to the Möbius band A, which is the complement
in P (V ) of the closure of [C], and [v∗] belongs to the Möbius band A∗, which is
the complement in P (V ∗) of the closure of [C∗]. Observe that for any [v] in A, the
intersection [v⊥] ∩ L∗ is the union of two points [v∗−], [v∗+] (note that L∗ = ∂[C∗]).
Then, [v∗±] is tangent to L = ∂[C] at a point [v±]. Let p([v]) be the intersection

of [(v∗)⊥] and the projective line [w∗] containing [v−] and [v+]; it belongs to [C].
Hence, the flag (p([v]), [w∗]) belongs to Ω1. We have thus defined a ρ(Γ)-equivariant
map from Ω3 into Ω1. It is easy to show that it is a homeomorphism, and that it
sends the first tautological foliation of Ω3 onto the second tautological foliation of
Ω1.

A similar treatment can be applied to the second tautological foliation on Ω3,
leading to the following statement: the tautological foliations of M3 = ρ(Γ)\Ω3

are both topologically conjugate to the geodesic flow of any hyperbolic metric on the
surface Σ quotiented by the antipodal map in the fibers.

6.2. Canonical Goldman flag manifolds. In [1], Anosov flag manifolds associ-
ated to linear u-deformations of canonical representations were defined and called
canonical Goldman flag manifolds.

We recall that in the case of canonical Goldman flag manifolds, the flow ϕt

induces an Anosov flow on the associated canonical flag manifold. More precisely,
this flow is a double covering of a Desarguian Anosov flow as defined in [10], [2].
The tautological foliations are then the strong stable and unstable foliations. See
[1] for more details.

For our purpose here, it is more suitable to drop the identification G = PGL(V ) ≈
SL(V ), and to consider u-deformations as morphisms λ : Γ → GL2, where GL2 is the
group of invertible 2×2 matrices, identified with the stabilizer in G of [(L∗

0)⊥] = [e2]
and L0 = [(e∗2)⊥]:

ρ(γ) =


 λ(γ)

0
0

0 0 1




The group GL2 preserves the annulus Acan = P (V ) \ (L0 ∪ [e2]) (there is also
a dual action on the annulus P (V ∗) \ (L∗

0 ∪ [e∗2]). The minimality and unique
ergodicity of horocyclic flows ([6]) imply that the λ(Γ)-action on Acan is minimal
and uniquely ergodic: up to a positive factor, there is one and only Borel measure
on Acan preserved by λ(Γ).

Proposition 6.3. Two inclusions λ1, λ2 from a surface group Γ into GL2 induce
conjugate actions on the annulus Acan if and only if λ1, λ2 are conjugate in GL2.

Proof This is a folkloric fact, but we don’t know any appropriate reference.
One of the implication is clear. Let’s prove the inverse statement: let f : Acan →

Acan be a homeomorphism conjugating the actions of Γ on Acan via λ1, λ2, respec-
tively. Clearly, f extends to a homeomorphism f : P (V ) \ L0 → P (V ) \ L0, still
Γ-equivariant. Consider ϕt as a group of projective transformations of Acan.

For any nontrivial γ in Γ, [e2] is saddle fixed point of λ1(γ) and λ2(γ), and
the λ1(γ)- or λ2(γ)-stable leaf of [e2] is the union of two orbits of ϕt, with [e2]
itself. Moreover, when γ is varying, these stable leaves form a dense subset among
the orbits of ϕt. It follows that f sends ϕt-orbits on ϕt-orbits. Hence, there is a
continuous fonction α : R × Acan → R such that:

f(ϕt([u])) = ϕα(t,[u])f([u])



THREE-DIMENSIONAL ANOSOV FLAG MANIFOLDS 19

For a fixed t, since ϕt commutes with the Γ-actions, [u] 7→ α(t, [u]) is λ1(Γ)-
invariant. Since the action of λ1(Γ) on the annulus is minimal, it follows that α
depends only on t. Since f−1 ◦ϕt ◦ f is a one-parameter subgroup of G, α : R → R

is a morphism: there is a positive constant C such that α(t) = Ct.
For some non-trivial γ in Γ, and for j = 1, 2, denote by ±eaj(γ), ±ebj(γ) the

eigenvalues 6= 1 of λj(γ), with b < 0 < a. Then, the λj(γ)-stable leaf of [e2]

is the fixed point set of λ1(γ)ϕ−b1(γ). Its image by f is the fixed point set of
λ2(γ)ϕ−Cb1(γ). It follows that b2(γ) = Cb1(γ). Similarly, a2(γ) = Ca1(γ).

Consider the projections of λj(γ)(Γ) in PSL(2, R) = H . They are Fuchsian
subgroups, corresponding to metrics g1, g2 on the surface Σ with constant curvature
−1. Then, a2(γ) = Ca1(γ) and b2(γ) = Cb1(γ) imply that the g2-length of a closed
geodesic c is C times the g1-length of the closed geodesic freely homotopic to c. This
is possible only if C = 1 (see for example [9]; on page 137, end of “Exposé 7”, it is
proved that the hypothesis (H) on page 136, i.e., the claim C 6= 1, is impossible).

Therefore, if Tr denotes the trace function on the algebra gl2 of 2 × 2 matrices:

Tr ◦ λ1 = Tr ◦ λ2(2)

It is well-known that this implies that λ1 and λ2 are conjugate in GL2. Let’s
recall the argument: since λj are irreducible representations, every element g of gl2
can be (non-uniquely) written as a sum

∑
i ηiλj(γi).

For every g in gl2, select such a decomposition g =
∑

i ηiλ1(γi). Then define
φ(g) =

∑
i ηiλ2(γi). The key point is that φ(g) does not depend on the selected

decomposition of g. Indeed, if 0 =
∑

i ηiλ1(γi), then, for every g′ =
∑

k νkλ2(γk)
in gl2, we have:

Tr((
∑

i

ηiλ2(γi))g
′) = Tr(

∑

i,k

ηiνkλ2(γi)λ2(γk))

=
∑

i,k

ηiνkTr(λ2(γiγk))

=
∑

i,k

ηiνkTr(λ1(γiγk))

= Tr((
∑

i

ηiλ1(γi))(
∑

k

νkλ1(γk))) = 0

Since this holds for every g′, and since g′ 7→ Tr(g0g
′) can be zero only if g0 = 0,

we obtain that 0 =
∑

i ηiλ2(γi). As a corollary, φ is well-defined.
This map φ is obviously an algebra automorphism of gl2; but such an auto-

morphism is known to be an inner automorphism. Moreover, φ ◦ λ1 = λ2. The
proposition follows.

6.3. Goldman manifolds. Consider a u-linear deformation ρ of a canonical Anosov
flag representation ρ0. Here, we consider that the representations Γ → GL2 asso-
ciated to ρ and ρ0 are the same, i.e., in the notation of the beginning of § 4.2,
ρ0(γ) = eu(γ)ρλ.

Proposition 6.4. The actions of ρ(Γ) and ρ0(Γ) on P (V ) are topologically conju-
gate.

Proof We reproduce the short proof in [1]: there is a (Hölder) continuous and
homogeneous degree one map δ : R2 → R such that [xe1 + ye3 + ze2] belongs to the
invariant curve L if and only if z = δ(x, y). The ρ(γ)-invariance of L implies:
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δ(ρ(γ)) = δ(γ) + τ1(γ)x + τ2(γ)y

where τ1(γ) = eu(γ)µ(γ), τ2(γ) = eu(γ)ν(γ) (for µ(γ), ν(γ) as in § 4.2). It
follows immediately that (x, y, z) 7→ (x, y, z + δ(x, y)) induces on P (V ) the required
topological conjugacy between ρ0(Γ) and ρ(Γ).

This proposition implies Theorem 5.1 of [1]: the first tautological foliations as-
sociated to ρ, ρ0 are topologically conjugate. It follows also that the action of ρ(Γ)
on P (V ) \ (L ∪ [e2]) is minimal and uniquely ergodic.

6.4. Non hyperconvex Anosov flag manifolds. Anosov flag manifolds with
hyperconvex (i.e., quasi-Fuchsian) representations are fairly well understood (see
remarks 3.16, 5.8). From now, we exclude this case.

Lemma 6.5. The complement of L in P (V ) is a topological disc.

Proof If L is a projective line, the lemma is obvious. Assume that L∗ is a projective
line, i.e., that ρ is a hyperbolic representation: consider an affine domain U ⊂ P (V )
not containing the ρ(Γ)-fixed point [(L∗)⊥]. Select a coordinate system on U ≈ R2

such that the intersection with U of projective lines in L∗ are vertical lines {∗}×R.
Then, according to corollary 3.12, L ∩ U is the graph of a continuous map from R

into R. Then, the lemma becomes obvious.
We are left with the case where L, L∗ are not projective lines, i.e., the strongly

irreducible case (cf. proposition 4.8). Let S(V ) be the N -sphere of V : the radial
projection ΠS : S(V ) → P (V ) is the double covering, with covering automorphisms
±id. The group SL(V ) acts naturally on S(V ): consider the sphere S(V ) as the
space of half-lines in V .

The limit curve L is a simple closed curve. There are two cases:
– either Π−1

S (L) is a connected simple closed curve L̂,

– or Π−1
S (L) is the union of two connected simple closed curves L̂+, L̂−.

In the first case, the lemma follows from Jordan’s Theorem, and the (−id)-

invariance of L̂. Hence, the proof of the lemma amounts to excluding the second
case, more precisely, to proving that in the second case, ρ is hyperconvex.

The antipody −id exchanges L̂+ and L̂−. For any element γ of Γ, there is one

and only one way to lift ρ(γ) to an element ρ̂(γ) of SL(V ) preserving L̂+. It provides
a representation ρ̂ : Γ → SL(V ).

For any [u∗] in L∗, according to corollary 3.12, the kernel of u∗ ∈ V ∗ intersects

L̂+ ∪ L̂− in two points, one opposite the other. Since L̂− = −L̂+, the kernel of

u∗ intersects L̂+ in one and only one point u([u∗]) of L̂+: hence, the sign of u∗ on

L̂+ \ {u([u∗])} is constant. Select u∗ ∈ S(V ∗) so that this sign is positive.
This process defines a way to simultaneously lift L and L∗ in V , V ∗ to closed

subsets L̂+, L̂∗
+ such that for any (u, v∗) in L̂+ × L̂∗

+ we have 〈u | v∗〉 ≥ 0. In
the terminology of [5], this means that Λ is a positive subset of X . According to
proposition 1.2 of [5], since ρ is strongly irreducible, ρ(Γ) preserves a strictly convex
domain of P (V ), meaning precisely that ρ is hyperconvex, a contradiction.

Corollary 6.6. Every non-hyperconvex Anosov flag representation can be contin-
uously deformed to the trivial representation.

Proof According to [13], a non-hyperconvex Anosov representation does not belong
to the Hitchin component. On the other hand, it lifts to a representation ρ̂ : Γ →
P+GL(V ). Indeed, keeping the notation used in the proof of Lemma 6.5, we can

select a connected component U+ of S(V ) \ L̂. We then define ρ̂(γ) as the unique
lift in P+GL(V ) of ρ(γ) preserving U+. It provides the required representation ρ̂.
The corollary then follows from § 2.6.
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Corollary 6.7. For every [u] in P (V ) there is an element [v∗] in L∗ “containing”
[u], i.e., such that 〈u | v∗〉 = 0.

Proof If not, there is an element u0 of V \ {0} such that L∗ is disjoint from [u⊥
0 ].

The projective line [u⊥
0 ] then lifts to a great circle in S(V ∗) avoiding L̂∗. Hence,

L̂∗ is contained in a hemisphere U . We obtain a contradiction since L̂∗ = −L̂∗ and
U ∩ (−U) = ∅.

Compare the following proposition with remark 3.16:

Proposition 6.8. T and T ∗ are topological Klein bottles, and A, A∗ are Möbius
bands. The domain Ω is connected, homeomorphic to the solid torus Ω0 ≈ S

1 ×R
2.

Proof By the Jordan-Schönflies Theorem, there is a homeomorphism f of P (V )
mapping the simple closed curve L on the projective line L0. The circle bundle
Π : X → P (V ) and pull-back bundle f∗Π have the same Euler class; hence, f lifts
to some homeomorphism F of X into itself, preserving the fibers of Π, and inducing
f on P (V ). Then, F (T ) is the Klein bottle T0. The first part of the proposition
follows. The complement W0 of T0 in P (V ) is a solid torus, and F (T ∗) ∩ W0 is an

annulus. For a better visualisation, lift to the 4-sheeted covering X̂ ⊂ S(V )×S(V ∗):
we are led to the well-known fact that the complement, in a compact solid torus

with boundary Ŵ0, of a compact annulus with boundary topologically embedded

admitting as boundary two disjoint essential curves of ∂Ŵ0, is the union of two
solid tori.

Corollary 6.9. The flag manifold M = ρ(Γ)\Ω is homeomorphic to a circle bundle
over Σ.

Proof According to proposition 6.8, if Γ̂ denote the fundamental group of M , we
have an exact sequence:

0 → Z → Γ̂ → Γ → 0

where Z is the fundamental group of the solid torus Ω. Hence, M is sufficiently
large (its first homology group is infinite), is RP 2-irreducible (its universal covering
is homeomorphic to R3), and is homotopically equivalent to a circle bundle over Σ.
The corollary follows from [20].

6.5. Minimality of tautological foliations. Recall that a 1-dimensional folia-
tion is minimal if all the leaves are dense.

Theorem 6.10. Let ρ be a (G, Y )-Anosov representation, which is not hyperconvex.
– If ρ is a canonical flag Anosov representation, then the tautological foliations

are both minimal,
– If ρ is a a linear u-deformation, with u 6= 0, then the first tautological foliation

is minimal, but the second tautological foliation is not minimal,
– If ρ is strongly irreducible, then the tautological foliations are both non-minimal.

Sketch of proof The first case follows from Proposition 6.4. The first statement
in the second case follows from Proposition 6.4 too. The second statement of this
case is Theorem C of [1]. The third case can be proved using the arguments of §5.2
of [1]: consider the set of flags ([u], [u∗]) ∈ Ω such that [u∗]∩L is reduced to a point.
Its closure M is invariant by the second tautological flow. Arguments of Lemma
5.7 of [1] proves that M is not all of Ω, and those of Lemma 5.8 of [1] show that if
M were empty, then the second tautological foliation would be expansive: by [7],
it would be topologically conjugate to a finite covering of some geodesic flow. This
leads to a contradiction, as in [1].
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7. The invariant Möbius bands

In this section, we consider a non hyperconvex Anosov flag representation ρ. The
action of ρ(Γ) on Λ is conjugate to the usual projective action on RP 1. The action
on Ω is proper, topologically conjugate to the action of Γ on H by left translations,
at least when ρ is a deformation of a canonical flag representation inside the space
of Anosov flag representations (see question 2 in § 8).

But the dynamics on the invariant Möbius bands are much more subtle. When L
is a projective line [(u∗

0)⊥], it follows from corollary 3.12 that [u∗
0] does not belong

to L∗. Hence, the flags ([u], [u∗
0]) with [u] ∈ L form a continuous ρ(Γ)-invariant

curve in A. Conversely:

Proposition 7.1. Consider the Fuchsian projective action of Γ ⊂ H on the pro-
jective line RP 1 and the Γ-action on A induced by ρ. If there is a Γ-equivariant
measurable map σ : RP 1 → A, then the limit curve L is a projective line.

Proof This is essentially the content of Lemma 4.17 of [1], that we reproduce here:
let Q be the complement of the diagonal in RP 1 ×RP 1 (see § 2.4.2). The diagonal
action of Γ on Q is ergodic for some Γ-invariant measure equivalent to the Lebesgue
measure and preserved by the flip map (x, y) 7→ (y, x) (for example, the projection
on the orbit space of the geodesic flow of the Liouville measure). We say that a
subset of Q is conull if the Lebesgue measure of its complement is zero. The crucial
and classical observation is that this ergodicity property implies that there is no
measurable equivariant map from Q into a topological space on which Γ acts freely
and properly discontinuously.

Decompose σ : RP 1 → A into two functions η : RP 1 → L and η∗ : RP 1 →
P (V ∗) \ L∗.

Assume that the set of pairs (x, y) for which η(y) does not belong to η∗(x) is
conull. Then, its intersection with its image by the flip map is conull, and its
intersection with all its Γ-iterates is too. Thus, there is a conull Γ-invariant subset
E of Q of pairs (x, y) for which the projective lines η∗(x) and η∗(y) intersect at
some point [u(x, y)] different from η(x) and η(y). We have then two cases: either
almost every [u(x, y)] belongs to L, or almost all of them belong to P (V ) \ L. In
the first case, (x, y) 7→ (η−1

+ (η(x)), η−1
+ (η(y)), η−1

+ ([u(x, y)])) is a Γ-equivariant map
from E into the set of distinct triples of points of RP 1. Since the action of Γ on
this set of triples is free and properly discontinuous, we obtain a contradiction with
the ergodic argument discussed above. In the second case, the map associating to
a pair (x, y) the flag ([u(x, y)], η∗(x)) is a Γ-equivariant map from E into Ω. We
obtain once more a contradiction with the ergodic argument by Theorem 5.1.

Therefore, the measure of the set of pairs (x, y) for which the line η∗(x) contains
η(y) is conull. Then, by Fubini’s Theorem, for almost every x in RP 1 and for almost
all y in RP 1, η(y) belongs to η∗(x). For such a x, if there exists an element γ of
Γ such that η∗(x) 6= ρ∗(γ)η∗(x), then for almost every y, η(y) is the unique point
of intersection [u0] between η∗(x) and ρ∗(γ)η∗(x). Hence, [u0] must be a common
fixed point of all ρ(Γ), but this is impossible since it belongs to L.

It follows that η∗(x) = ρ∗(γ)η∗(x) for every γ: there is a ρ(Γ)-invariant projective
line in P (V ). Hence, ρ is hyperbolic, and L is the projective line η∗(x).

Of course, the similar lemma with A replaced by A∗ is true.

Corollary 7.2. If ρ is strongly irreducible, the maps η± are not Lipschitz.

Proof Assume that η+ is Lipschitz. Then, it is differentiable almost everywhere.
Its differential defines a measurable map σ = (η, η∗) : RP 1 → X , where the first
component η is η+, and the second component η∗ is the projective line tangent to the
image of the differential of η+. According to Proposition 7.1, the second component
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η∗(x) is an element of L∗ for almost every x. According to Corollary 3.12, we
have η∗(x) = η−(x). More precisely, it follows from this corollary 3.12 that L
is locally strictly convex. We obtain a contradiction since ρ was assumed to be
non-hyperconvex.

The same proof applies to η−.

8. Open questions

Let ρ : Γ → G be a non-hyperconvex Anosov flag representation. Here, we
have essentially answered Question 8 of [1] by the Theorem 5.1. We also answered
Question 6: the curve Λ is Hölder continuous. But some interesting questions are
still open:
Question 1 Is the circle bundle ρ(Γ)\Ω homeomorphic to Γ\H, i.e., to the double
covering of the unit tangent bundle of Σ = Γ\H2?

According to [13], the space of hyperconvex flag representations is connected: it
is the entire Hitchin component. Thus, we can wonder:
Question 2 Is the space of non-hyperconvex Anosov flag representations con-
nected?

If the answer to question 2 is yes, then the answer to question 1 is yes.
Question 3 Let ρ′ : Γ → G be another non-hyperconvex Anosov flag representa-
tion. Assume that the ρ′(Γ)-action on the invariant Möbius band A′ (respectively
(A′)∗) is topologically conjugate to the ρ(Γ)-action on A (resp. A∗). Does that
imply that ρ′ and ρ are conjugate in G?

Observe that according to Proposition 6.3, Proposition 6.4 and Proposition 7.1,
the answer to this question is yes when ρ is a hyperbolic radial representation!
Question 4 Are the tautological foliations associated to non-hyperconvex Anosov
flag representations uniquely ergodic?

Concerning dynamical properties of tautological foliations, recall Questions 1
and 5 of [1]:
Question 5 Can a tautological foliation associated to a non-hyperconvex Anosov
flag representation admit a periodic orbit? Can it have non-zero entropy?

Appendix A: the (G, Y )-Anosov property for linear deformations.

In this Appendix, we prove that canonical representations and their u-deforma-
tions are (G, Y )-Anosov. We first consider canonical representations. The proof of
Theorem 2.11 we produce here is quite sophisticated, but it is a necessary prepa-
ration for the most delicate case of u-deformations.

8.1. Canonical representations. Consider the following map f : H → Y : f(h) =
([ρ0(h)e1], [e2], [ρ0(h)e3]). It is a ρ0(Γ)-equivariant map, defining a section s of πρ.
Our task is to prove that s defines a (G, Y )-Anosov structure.

Consider f+ = π+ ◦ f : it provides a section s+ of πX
ρ0

. It can be written:
f+(h) = ([ρ0(h)e1], [ρ∗0(h)e∗3]).

We first consider the first component [ρ0(h)e1], which defines a section s+
P of

the flat P (V )-bundle associated to ρ0: this bundle πP : Eρ0
(P ) → M is defined in

the same way as the bundles Eρ0
and Eρ0

(X); it also admits a horizontal flow Φt
P

above Φt.
Define Ψ(h, (α, β)) = (h, [ρ0(h)e1 + αρ0(h)e2 + βρ0(h)e3]). It is a Γ-equivariant

map, when H × R2 is equipped with the Γ-action γ(h, (α, β)) = (γh, (α, β)), and
H × P (V ) is equipped with the action γ(h, [u]) = (γh, [ρ0(γ)u]). Hence, it induces
a fibered map Ψ̄ : M ×R2 → Eρ0

(P ). More precisely, it provides a trivialisation of

an open neighborhood W of the image of s+
P .
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Select any left invariant metric m on H . Equip R2 with the euclidean norm
dα2 + dβ2. The image by Ψ of the product metric is a Γ-invariant metric: it
provides a metric on the neighborhood W . Now, we simply observe that the flow
Φt

P is expressed in the chart Ψ̄ by the simple expression:

Φt
P (p, (α, β)) = (Φt(p), (etα, e2tβ))

It immediately follows that the image of s+
P is a (exponentially) repellor of Φt

P .
Similar reasoning on the second component [ρ∗0(h)e∗3] of f+(h) shows that it

provides a section of the flat P (V ∗)-bundle associated to ρ∗0 which is also a (expo-
nentially) repellor of the corresponding horizontal flow.

Combining these two facts, we obtain that the image of s+
P is an (exponentially)

attractor for Φt
X .

A completely similar argument establishes that the image of the section s− of
Eρ0

(X) furnished by π− ◦ f is an (exponentially) attractor for Φt
X . Of course,

the pairs (s+(p), s−(p)) all belong to Yρ0
. It follows that s ≈ (s+, s−) satisfies

all the criteria required in definition 2.10: it defines a (G, Y )-Anosov structure.
Theorem 2.11 is proved.

8.2. Linear u-deformations. For a fixed inclusion ı : Γ ⊂ H and embedding
ρ0 : H → G, any u ∈ H1(Γ, R) defines a representation ρu. We assume here that
the stable norm |u|s is less than 1/2, and we want to prove that ρu is (G, Y )-Anosov.

Since ϕt preserves the point [e2] and acts trivially on L = [(e∗2)⊥], the map
f(h) = ([ρ0(h)e1], [e2], [ρ0(h)e3]) is still ρu(Γ)-equivariant: it provides the suitable
section s.

Exactly as we did for canonical representations, we study separately the two com-
ponents Eρu

(X). Each of them is then decomposed in bundles Eρu
(P ), Eρu

(P ∗).
At the end, we have to consider 4 sections of bundles over M by projective spaces,
and we have to prove that the images of these sections are repellors or attractors
of the associated horizontal flows.

We only discuss here the section of Eρu
(P ) defined by h 7→ [ρ0(e1)]. The other

sections can be treated in a similar way left to the reader.
We consider once more the map Ψ(h, (α, β)) = (h, [ρ0(h)e1+αρ0(h)e2+βρ0(h)e3]).

The main difference with the canonical case is that the Γ-action on H × R2 to be
considered is:

γ(h, (α, β)) = (γh, (e−u(γ)α, β))(3)

The quotient of this action is then an R2-bundle E over M , and we have a fibered
map Ψ̄ : E → Eρu

(P ). The image of Ψ̄ is a neighborhood of the Φt
P -invariant section

to be studied.
The key point is to define a metric on H × R2 such that:
– the Γ-action defined by (3) is isometric,
– the null section h 7→ (h, 0) is a repellor for the horizontal flow (h, (α, β)) 7→

(hat, (etα, e2tβ)).
Let Σ be the Riemannian surface Γ\H2. The cohomology class u ∈ H1(Γ, R) can

be represented by a 1-form ω on Σ such that the integration of ω along any loop
representing an element γ of Γ ≈ π1(Σ) is u(γ).

The quotient Γ\H is naturally identified with the unit tangent bundle of Σ:
the orbit space of the left action of SO(2) on H is canonically identified with Σ.
Denote by η : Γ\H → Γ\H/SO(2) the quotient map, and consider the 1-form
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η∗(ω). The assumption |u|s < 1/2 implies the following3: the absolute value of the

integration of η∗(ω) along a periodic orbit of Φ
t
with period T is less than CT , for

C = 2|u|s < 1. Any orbit of Φt can be approximated by periodic orbits. Therefore,

if θ̄ : [0, T ] → M is anportion of an orbit of Φ
t

(i.e., θ̄(t) = Φ
t
(p) for some p), we

have:

|

∫

θ̄

η∗(ω)| ≤ CT

Let ω̂ be the lifting of η∗(ω) to M = Γ\H : if θ(t) = Φt(p), we have:

|

∫

θ

ω̂| ≤ CT(4)

Finally, the lifting ω̃ in H of ω̂ is exact: there is a function ν : H → R such that
dν = ω̃. According to (4), we have:

|ν(hat) − ν(h)| ≤ Ct(5)

Equip the fiber R2 over h ∈ H with the metric e2ν(h)dα2 +dβ2: it gives a metric
on H × R2. Since ν(γh) − ν(h) =

∫
[h,γh] dν =

∫
[h,γh] ω̃ = u(γ), the transformations

defined in (3) are isometries. Now, it follows from (5) that the horizontal flow
(h, (α, β)) 7→ (hat, (etα, e2tβ)) expands the norm on the fibers by a factor at least
e(1−C)t. Theorem 4.2 follows.

Appendix B: Properness of the action in the radial case.

In this appendix, we give a proof of Theorem 5.1 in the non strongly irreducible
case, i.e., according to remark 5.2, in the case of hyperbolic representations. We
use all the notation and conventions introduced in § 5. In this section, we obtained
a contradiction many times by exhibiting an invariant projective line. This event
cannot anymore be considered as a contradiction in the radial case: it slightly
complicates the proof.

On the other hand, in the hyperbolic radial case, we have of course additional
properties: every gn (resp. g∗n) stabilizes [e2] (resp. [e∗2]). More precisely, e2, e∗2 are
eigenvectors for the intermediate eigenvalues µn, µ−1

n . Hence, the N -isometries kn,
ln can be selected so that they both preserve [e2]: kne2 = ±e2, lne2 = ±e2.

Let’s reproduce the proof in § 5, supplying the needed adaptations. Of course,
Lemma 5.3 still applies here. Let’s consider the analog of Lemma 5.5:

Lemma 8.1. The coefficients µ̄ and µ̄′ are both zero.

Proof. Assume µ̄ 6= 0. We prove as in 5.5 the identities:

I∗ = I⊥, K⊥ = K∗

Moreover, [K] and [I∗] are single points.
Fact 1: [K] belongs to the invariant curve L. If not, the gn-invariant curve

L is contained in P (V ) \ [K]. By Lemma 5.3, it implies that L is equal to the
projective line [I], which is therefore a ρ(Γ)-invariant projective line. In particular,
[K] does not belong to [I]. Let D be a small open disk containing [K], but with
closure disjoint from [I] = L. By Lemma 5.3, the union of the iterates gnD is the
complement of [I] in P (V ). Hence, one of them contains the closure of D: it follows
that D contains the attractive fixed point of some g−1

n . Taking arbitrarly small D,

3Recall that Φ
t

is the geodesic flow with parametrisation multiplied by 2 (see remark 2.5): this
factor 2 compensates for the stable norm 1/2.
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we obtain that [K] is the limit of a sequence of attractive fixed points of elements
of ρ(Γ). By corollary 3.14, [K] belongs to L, a contradiction.

Fact 1′: [I∗] belongs to L∗. Same proof as for Fact 1, applied to the inverse
sequence (h∗ = (g∗n)−1)(n∈N).

Fact 2: The invariant curve L is a projective line containing [K]. Same proof
as fact 2 in 5.5.

Fact 2′: The invariant curve L∗ is a projective line containing [I∗]. The proof is
the same as for Fact 2, the arguments applied to gn above to the inverse sequence
h∗

n = (g∗n)−1.
Conclusion. By facts 2 and 2′, the invariant curves are projective lines. It follows

that ρ is actually the u-deformation of a canonical Anosov representation:

ρ(γ) =




eu(γ)/3a(γ) 0 eu(γ)/3b(γ)

0 e−2u(γ)/3 0

eu(γ)/3c(γ) 0 eu(γ)/3d(γ)




where ρλ : γ 7→

(
a(γ) b(γ)
c(γ) d(γ)

)
is a fuchsian morphism into SL(2, R), and

u : Γ → R a morphism. According to Proposition 4.8, the stable norm of u satisfies
|u|s < 1/2.

Lemma 8.1 is then one of the intermediate results of [17]: indeed, let l(γ) be as
in [17] the logarithm of the spectral radius of the diagonal matrix appearing in the
Cartan decomposition of γ in SL(2, R). Then, the logarithms of the coefficients λn,
µn and νn are, modulo some common additive constant, the quantities u(γn)+l(γn),
u(γn) and u(γn) − l(γn). In the proof of Théorème 3.4 in [17], it is shown that
l(γn) − |u(γn)| tends to +∞: it precisely means µ̄ = 0.

Hence, according to Lemma 8.1, [K] and [K∗] are projective lines, and [I], [I∗]
are single points.

Lemma 8.2. The points [I], [I∗] belong to L, L∗, respectively.

Proof Assume that [I] does not belong to L. Then, by Lemma 5.3, L is contained
in the projective line [K]. Hence, L = [K]. By considering small discs around [I],
we obtain, as in the proof of Fact 1 in Lemma 5.5, that [I] is the limit of a sequence
of attractive fixed points of elements of ρ(Γ). Together with Corollary 3.14, this
leads to a contradiction.

A similar proof gives [I∗] ∈ L∗.

Lemma 8.3. The points [K⊥] and [K⊥
∗ ] belong to L∗, L respectively.

Proof This is the dual version of Lemma 8.2: apply the reasoning above to the
inverse sequence hn.

The proof of Theorem 5.1 in the reducible case follows then from Lemma 5.3 and
Lemmas 8.2, 8.3, exactly as the irreducible case followed in § 5 from Lemmas 5.6,
5.7 (and Lemma 5.3).
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