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Abstract

A strong invariance principle is established for random fields which satisfy dependence
conditions more general than positive or negative association. We use the approach of
Csorgo and Révész applied recently by Balan to associated random fields. The key step
in our proof combines new moment and maximal inequalities, established by the authors
for partial sums of multiindexed random variables, with the estimate of the convergence
rate in the CLT for random fields under consideration.
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1. Introduction and main results

Strong invariance principles are limit theorems concerning strong approximation for par-
tial sums process of some random sequence or field by a (multiparameter) Wiener process.
The first result of such type was obtained by Strassen [21] with the help of Skorokhod’s
embedding technique. Another powerful method, introduced by Csérgé and Révész [10],
is based on quantile transforms. It was used by Kémlos, Major and Tusnady [15, 16] to
achieve an unimprovable rate of convergence in the strong invariance principle for inde-
pendent identically distributed random sequences. Berkes and Morrow [2] extended that
method to mixing random fields.

In this paper, we study random fields with dependence condition proposed by Bulinski
and Suquet [7] (in the case of a random sequence it was given by Doukhan and Louhichi
[11]). Namely, let X = {X,,j € Z} be a real-valued random field on a probability
space (2, F,P) with EX]2 < oo for any j € Z%. We say that X is weakly dependent, or
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(BL,)—dependent, if there exists a sequence 6 = (0,.),cy of positive numbers, 6, — 0 as
r — 00, such that for any pair of disjoint finite sets I, J C Z% and any pair of bounded
Lipschitz functions f : Rl — R and ¢ : R/l — R one has

|cov(f(Xi, i € 1), 9(X;,5 € )| < Lip(f) Lip(g) (|| A [])0;. (1.1)
Here and below |V stands for the cardinality of a finite set V, r = dist([, J) = min{||i—j|| :
i € I,j € J} with the norm ||z = max;=1__q4|z], 2 = (21,...,24) € Z%, and, for
F:R" - R,
F(x)—F

P .
x y‘xl_yl‘+"'+|xn_yn‘

Note that one can apply (1.1) to unbounded Lipschitz functions f and ¢ whenever
Ef?(X;,i € I) < oo and E¢g*(X;,j € J) < 0.

The interest in studying model (1.1) is motivated by the following fact. There are
a number of important stochastic models in mathematical statistics, reliability theory
and statistical physics involving families of positively and negatively associated random
variables (see [13, 18, 14] for the exact definitions and examples, for further references see,
e.g., [7]). As shown by Bulinski and Shabanovich [8], a positively or negatively associated
random field with finite second moments satisfies (1.1), provided that the Cox-Grimmett
coefficient

0, = sup > lcov(Xy, X;)|, €N,

jez? u€Z%:||lu—j||>r

is finite and 6, — 0 when r — o0o. In this case one can take § = (@)TGN. There are also
examples of (1.1) which are not induced by association, see [11, 20].

A strong invariance principle for associated random sequences whose Cox-Grimmett
coefficient decreases exponentially was proved by Yu [22]. Recently Balan [1] extended
this result to associated random fields. The principal goal of this paper is to extend
the strong invariance principle to (BL,)—dependent random fields. The new maximal
inequality needed is given in Theorem 1.1.

For any finite V' C Z%, we let S(V) = ¥ ey X;. The sum over empty set is zero, as
usual. We call a block a set V' = (a,b] := ((a1,b1] x -+ x (ag, bg))NZ* when a,b € Z¢,a; <
bi,...,aq < by. Given a block V, set My = maxy v |S(W)| where the supremum is over
all the blocks W contained in V.

Assume that

D,, := sup E|X;|” < oo for some p > 2. (1.2)
jezd

We will use condition (1.1) specialized to a sequence 6 with a power or exponential rate
of decreasing. Namely, either

6, < cor ,r €N, for some ¢y > 1 and A > 0, (1.3)

or
0, < coe™™ ,r € N, for some ¢y > 1 and A > 0. (1.4)
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Introduce a function

(z—1)(z—2)"1, 2 <x <A,

W) =1 B VDT 12 t<r< (15)
(z—1)y/(z—2)2 =3 -2+ 6x—11)(3z —12)", x>1{3

where ty &~ 2.1413 is the maximal root of the equation
422 =Tt —4=0.

Note that ¥ (z) — 1 as x — 0.
Now let us formulate the first of main results of this paper.

Theorem 1.1. Let X be a centered weakly dependent random field satisfying (1.2) and
(1.3) with A > di)(p) for(p) defined in (1.5). Then there exist 6 > 0 and C > 1 depending
only on d,p, D,, co and X such that for any block U C Z% one has

E‘S(U)|2+6 < C‘U|1+6/2, EM(U>2+6 < AC|U|1+5/2 (1.6)
where A = 59(1 — 20/(4+20))=d(2+9)

Remark 1. Moment and maximal inequalities for associated random fields were ob-
tained in [4] and [6]. In paper [19] similar inequalities were proved for weakly dependent
random fields X = {X;,j € Z¢} under a stronger moment condition SUp;jczd E|X; 40 <
00, 0 > 0. There was also established an inequality for a (BL, 8)—dependent field X hav-
ing only finite second moments when A\ > 3d in (1.3), which permits to prove a weak
invariance principle in the strictly stationary case. That result does not comprise ours.

Remark 2. The condition on the rate of decrease of 6, determined by the function ¢ in
(1.5) is implied by a simple condition A > d(p—1)/(p —2) because ¥(p) < (p—1)/(p—2)
for all p > 2.

Now suppose that

o= > cov(Xo, X;) # 0. (1.7)
jezd
Note that (1.1) entails the convergence of series in (1.7) for a field X with EX? < 00, j €
7. As is generally known, for a wide-sense stationary field X one has

var(Sy) ~ 0*[N] as N — oo (1.8)

where N € N% [N] = N;...Ny, Sy = S((0,N]) and N — oo means that N; —
0, ..., Ng — o0.
Following [2], for any 7 > 0, we introduce the set

d

G = N{ieNsj = (ITi) '} (L9)

s=1 s'#s



Theorem 1.2. Suppose that X is a wide-sense stationary weakly dependent centered
random field satisfying (1.2), (1.4) and (1.7). Then one can redefine X, without changing
its distribution, on a new probability space together with a d—parameter Wiener process
W = {W,,t € [0,00)}, so that for some & > 0 the following relation holds

Sy — oWy = O(IN]**79) a.s. (1.10)

as N — oo, N € G, and T > 0.

Remark 3. The value ¢ in (1.10) depends on a field X. More precisely, ¢ is determined
by 7, the covariance function of X and parameters d,p, D,, co, A. Note that G, = @ for
7 >1/(d—1),d > 1. One can easily obtain an analogue of Theorem 1.2 for wide-sense
stationary weakly dependent stochastic process (i.e. for d = 1).

2. Proof of Theorem 1.1

We fix some ¢ € (0,1}, 0 < p — 2. The exact value of ¢ will be specified later. Choose
As >0 (e.g., As = 5) to ensure that

(a:+y)2(1+x—l—y)5 S:E2+5—|—y2+5+A5((1+x)5y2+x2(1+y)5)

for any x,y > 0.

Let h(n) = min{k € Z, : 2 > n}, n € N. For any block V C Z% having edges with
lengths Iy, ..., lq, we set h(V) = h(ly) + -+ h(ly).

We will show that for some C' > 2(D,, VV 1) and all blocks U C Z¢

ES*(U)(1 4 |S(U)|)° < C|U|/2. (2.1)

This is proved by induction on h(U). For h(U) = 0 (i.e. when |U| = 1) inequality (2.1) is
obviously true. Suppose now that (2.1) is verified for all U such that h(U) < hg. Consider
a block U having h(U) = hy + 1.

Let L be any of the longest edges of U. Denote its length by [(U). Draw a hyperplane
orthogonal to L dividing it into two intervals of lengths [[(U)/2] and I(U) —[I(U)/2], here
[-] stands for integer part of a number. This hyperplane divides U into two blocks U; and
U2 with h(Ul), h(Ug) S ho.

Lemma 2.1. There exists a value 7o = 19(8) < 1 such that, for any block U C Z% with
|U| > 1, one has
|U1‘1+5/2 + |U2‘1+5/2 < T0|U|1+5/2.

Proof. Straightforward. O
Observe that for the considered field X condition (1.3) implies the bound

ES?(U) < (Ds + co)|U] (2.2)

for any block U C Z<.



Set Qr = S(Uy), k = 1,2. By induction hypothesis and Lemma 2.1,
ES*(U)(1+[S(U)])° = E(Q1 + Q2)* (1 + Q1 + Qa)° < O + |Un]+072)

+AE((L+Q1))°Q3 + (1 +Q2])°Q1)
< Cro|U"H2 4 ASE (14 1Q1))°QF + (1+1Q2)°Q3) (2.3)

Our goal is to obtain upper bounds for E(1+ |Q1])°Q3 and E(1 +|Qs])°Q?. We proceed
with the first estimate only, the second one being similar. To this end, let us take positive
¢ < (1 —179)/(44s) and introduce a block V' letting

V={jeU:dist({j},Uy) < C|U|1/d}-

Note that the induction hypothesis applies to V, since V' C Us,. Using the Holder inequality
and (2.2), one shows that

E(1+1Q1))°Q3 < 2E(1+[@11°)S*(V) + 2E(1 +|Qu)°S* (U2 \ V)

< 2(Dy + o) [V| + 2(E|Qq [F0)EHE[S (V) [H2) Y ) 4 2B(1 + Q1 ])°S* (U2 \ V)
< 2(Dy + ¢o)|U| 4+ 2C¢|U|2 4 2E(1 + |Q1])°S*(Us \ V). (2.4)
Fix any indices i,j € Uy \ V and assume first that ¢ # j. Then dist({j}, {1} UU;) =
m > 0. For any y > 0, we define the function G, by
Gy(t) = (Jt| Ny)sign(t), t € R, (2.5)
and for some y, z > 1 introduce the random variables

Q1 =G,y(Qu). QI = ((1+ @) — (1 + Qi) ",

X! =G.(X;), X =X, — X/

7

To simplify the notation we do not write Q{,y, {fy, XZ-I,Z and Xfﬁ Obviously

[E(1+ Q1)) X:X;| < [E(L+ Q1) X)X, +
+E(1 4 |Q1)° 1 X X;| + E|QI)°|1 X! X;|. (2.6

Note that ®(v,w) = (1 + |G, (v)])°G.(w) is a bounded Lipschitz function with Lip(®) <
2% 4 z. Since X is a weakly dependent centered field, we can write

~—

(1 +1Q1)° X! X;| = Jeov((1 +|Q1N° X, X))| < (29" + 2)0n. (2.7)

Let ¢ be a positive number such that 1/¢+6/(2+6) + 1/p = 1, that is ¢ = p(2 +
9)/(2p — 2 — 9) < p. By the Hélder and Lyapunov inequalities,

E(1+l@’1X!" x| < (E|X{f|q)1/qp;/p(1 4 (E|Ql|2+5)5/(2+5)>
o



D. \ 14
< 903|712 (_,,) DL/p (2.8)

2p—q p

the last estimate being due to induction hypothesis.
For r € (4,24 §) to be specified later,

EIQLP1X X1 < 2EIQUPIX) < =(Jeon(1QL'F, 1Y DI + LY EIQY)

< 20y°710,, + 2290 "D, O/ I U |2, (2.9)

The last inequality follows from the induction hypothesis and the fact that the function
v— ((1+]v])? = (1 +y)°)I{|v| > y} is a Lipschitz one.
Now from (1.3) and (2.6)—(2.9), denoting T = 2¢¢(1 V D,), we conclude that

E(L+QUXX| < 7OV (¢ + 2)m + U222/ 4+ P02 (2.10)

Let 3,7 be positive parameters. Introduce y = |U|Y?mP*, z = m?*. Then in view of
(2.10) we obtain

3
|E(1 + |Q1D6X1Xj‘ < Tcr/(2+6) <|U|6/2 Z m—Auk + m—)\u4>

k=1
where
p
V1:1_667 V2:/7<§_1>7 V3:(7’_5)ﬁ_% V4:1_7‘
Our next claim is the following elementary statement.

Lemma 2.2. For each d € N, any block U C Z%, every v > 0 and arbitrary i € U one
has

. =1 < eld,v) (U] d,v) (2.11)
JeUj#1
where ¢(d,v) > 0 and
|U|-v/4, 0<v<dv¢gN,
fUUld,v) =< (1 +Wn|UN|U 0<v<d veN,
1, v>d.

Proof. The case d = 1 is trivial. For d > 2, consider U = (a,b] N Z%. Without loss of
generality we can assume that {; < --- < [; where I, = b, —as, s = 1,...,d. It is easily

seen that
lsy1

d—1
Z Hz—jH_VS?)ddZ H lm Z k,d—s—l—u

jeU,j#i s=01<m<s  k=ls+1



where [ = 0 and a product over an empty set is equal to 1. Using the well-known estimates
for sums »7;2 . k7 by means of corresponding integrals and the estimates

1-v/d
( I I lm) Zd_s v < ( I I lm)
1<m<s 1<m<d

for | =I5 and [ =[5, we come to (2.11). The Lemma is complete. O

Now pick r close enough to 2+ 9 and (3,7 in such a way that A, > d, k =1,2,3. One
can verify that this is possible if

(24 6)(2p —4 — )

= 2.12
A>M(d) = &= (2.12)
Moreover, to have simultaneously Avy > (1 — 6/2)d it suffices to require
240 )

The condition imposed on A in Theorem 1.1 enables us to satisfy (2.12) and (2.13) taking
0 small enough when p < 4, respectively 6 =p — \/p —2 when 4 < p < t2 and

52%(}9—2— (p—2)2—3>

otherwise.
For arbitrary i € Uy \ V, set

Uo={j €\ V:|lj—ill = UMY, Uy = {5 € U\ V= |l =il < UM}

By Lemma 2.2, for any ¢ € Uy \ V, we have

> EA+IQIXX| < | X B+ Q)X
J#1,j€U2\V j€Uz

4
< Tcr/(2+5) |U|5/2 (4<—AV0 + Z c(d7 AVk)); (214)

k=1

X Ea+@lr,

JEU2,j#1

here vy = maxy—1, 4 V.
Now we treat the case of i = j € Uy \ V. Obviously, one has dp/(p—2) < 2+46. Therefore,
by Hélder’s inequality and induction hypothesis we infer that

-2
E(1+]Qi])° X7 < (E|X,[?)*7 (1 + (E|Ql‘6p/<p—2>)(p Vp)

< TCY )| |o2, (2.15)
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¢From (2.14) and (2.15) one deduces that

E(L+|Qu)° S0\ V) < | 30 B+ Q) XiXj| + >0 E(L+|Qu])’X?

i,jGUQ\V iEUQ\V
i#j
<|U|l max | > E(l+|Qi])°XiX |+ TCYE|y| o2
€U\ jeun\v
< MCT/(2+5)|U|1+5/2 (216)

where M = T(1 +4¢M0 + 2, e(d, A\wy)).
Employing (2.3), (2.4) and (2.16) we conclude that

ES*(U)(1+|S(U)])° < (CTO + 4A5(Dy + ¢9)4C AsC + 40’“/(2+5)A5M) |U|Ho/2,

The first assertion of the Theorem is now easily verified on account of (2.1) if C'is so
large that
(1 — 10 — 4A450)C > 4As MO T 4 4A5(Dy + ).

The second assertion follows from the first one and the Moricz theorem [17]. O

3. Proof of Theorem 1.2

The proof adapts the approach of [1] and [2]. However, as the random field under con-
sideration possesses a dependence property more general than association, we have to
involve other results on normal approximation and partial sums behaviour. We also give
simplified proofs of some steps.

Let a > 3 > 1 be integers specified later. Introduce

l
ng=0,n; =Y (i*+1i"), € N. (3.1)

i=1
Forke N put k—1=(k —1,...,kg—1) and Ny = (ng,,...,nx,). Set

d
By = (Ng—1, Ni], H, = H(nks—lanks—l + k), I, = By \ H,

s=1

(3.2)

up = S(Hy), 0,3 = var(ug), vy = S(Ig), T,f = var(vg).

We can redefine the random field {u;} on another probability space together with a
random field {wy, k € N4} of independent random variables such that w;, ~ N(0,77) and
the fields {ux} and {wy} are independent.

Further on we will denote by C' any positive factor which could depend only on
d,co, \,p, D,, 7 and the covariance function of the field X except when specially men-
tioned. Occasionally when C'is a positive random variable, we write C(w).? Now we pass

3A point w, in general, belongs to an extension of the initial probability space.
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to a number of lemmas. In their formulations, the requirements “(1.3) holds” or “(1.4)
holds” mean that the field X is (BL, §)—dependent with the decrease of 6 as mentioned.
Due to weak stationarity and (1.7), we have o2 > 0 for any k € N¢. There exists kg € N

.....

of the following statement.

Lemma 3.1. Let X be a random field such that Dy < 0o and (1.4) holds. Then, for any
finite union V' of disjoint blocks V,, one has

o2 — ﬁvar(S(V)) — O((V)2), as (V) — oo, (3.3)

where I(V') is the minimal edge of all the blocks V.
Proof. We have

V| - UCLT(S(V))‘ = Y cov(X;, Xp)| = |Z1 + Do,

JEV kEV

where ¥; is the sum over k € V and all j’s such that dist({j}, {Z¢\V}) > (V)% and %,
is taken over k ¢ V and the rest j € V. By weak dependence |3;| < C|V|exp {—)\Z(V)l/2} .

Furthermore, |X5| < 2¢C|V|I(V)~Y2 with C = Y 4eza |cov(Xo, Xi)| < oo and the Lemma
is true. U

In what follows, we will consider only k£ “large enough”, that is having min, ks > k.
For such k and z € R let

g = LU B ) = P& < 1), (3.4)

\/oi+ 7,37
Then & has a density fi(z).

Analogously to [1] we introduce the random variables

M= 7 (Fre(&r)), ex = \JoR + 72(& —me), k € N,

where ®(z) = (2m)~V/2 [*__ e */2dt.
Let p = 7/8, L be the set of all indices i corresponding to the (“good”) blocks B; C G,

and H be the set of points in N? which belong to some good block. For each point
N = (Ny,...,Ny) € H,let NO . . N@ be the points defined as follows:

Ns(,s) = Ny, s’ # s and Ngs) ‘= min n,.
neH
ng=N,,s'#s

We consider also the sets

Ry, = (M, Ni] where M = (N1, ..., (N\™),), Ly = {i : B; C Ry}
9



Clearly,

Pt
=Y e+ S V1Bl [ (2 B,T —o|n
1€Ly 1€l | Z|

i€Ly i€Ly i€Ly,
If V= (a,b] N Z% is a block in Z2 for some a,b € Z%, and V = (a,b] C R%, then
set W(V) := W(V) Here W (V) is deﬁned as usual (i.e. the signed sum of W (¢;) where
t;, l=1,...,2% are the vertices of V).

Lemma 3.2. If (1.2), (1.3) and (1.7) are satisfied, then for any k € L

sup | Fy(z) — ®(x)| < Clk]~

zeR

where > 0 does not depend on k.

Proof. If X is a weakly dependent random field and we replace some of the variables
X; with independent from X and mutually independent random variables Y;, then the
random field X" = {X7,j € N7} obtained is again weakly dependent with the same
sequence 6 = (6,)ren (cf. [12]). Moreover, note that if X; = Y; ~ N(0,72/|I}|) for j € I
and X} = X for other j € Z¢ then for some C' > 0,

T X’) LT (3.6)

——var
\Bk\ (]GBk 2¢[k]

for any By C G,, k € N This is true since the middle expression in (3.6) is always positive
and in view of (1.8) and (3.3) has positive limit as k — oo, k € L. Now the desired result
follows from Theorem 4 of [9] by standard Bernstein’s technique, analogously to Theorem
5 of that paper. O

Lemma 3.3. Under conditions (1.2), (1.3) and (1.7) for any K € (0,/2au) one has
[©7 (Fi(x)) — o] < ClJ-r 02
if |x| < Ky/In[k]. Here C may also depend on K.

Proof. Follows the main lines of that given in [10] (Lemmas 2 and 3). O
Lemma 3.4. If (1.2), (1.4) and (1.7) hold, then

Ee2 < C[k]o—

for eg = aud/(2 + 25) where § > 0 is the same as in Theorem 1.1 and p is the same as
i Lemma 3.2.

10



Proof. In view of (2.2) our task is to show that E(n, — &)? < C[k]=*°. To this end we
take K from Lemma 3.3 and write

E(my — &)? = E(m — &)T{|&] < K\/In[k]} + E(m, — &)T{|&| > K \/In[k]}
< O[l{:]—au+K2/2 + (E|77 €k|2+6)2/ 2+6) ‘5 | - K\/F 5/(2+6)
< ClR]) K22 4 C(P (|| > K\/ﬂ 5/(2+9)
+C|P(|&] > K\/lni P(|ne| > K\/F |5/(2+5
< O([k] K22 4 [|]TRP0/2240) ()] —omd/(240))

by Lemmas 3.2 and 3.3 and Theorem 1.1. The optimization in K yields the result. O
Lemma 3.5. If (1.2), (1.4), (1.7) hold and o — 3 < €¢/4, then

sup |[fe(x) = f2)| < C

where f(z) = (2r)"2e="*/2 f, appeared after (3.4) and e is the same as in Lemma 3.4.

Proof. Let o (t) = Eexp{it&}, @u(t) = Eexp{ituy/ /o2 + 2}, p(t) = e /2, where t €
R, 2 = —1. Note that
on(t) = Pilt) exp { —7212/2(07 + 72)} .

By Lemma 3.4, for any t € R

|ox(t) — ()| < E| exp{it&s} — exp{itni}| < [t[E|&x — mi| < Ct[[k]7=/%

Therefore for any 7' > 0 and any x € R, denoting vy, = 77 /(07 + 72), one has

le) = 5@ < o= [[lon®) = e(0lar < 5= [ lalt) = ottt

2T

1

"o / (18r ()™ + o(t)) dt < CT* K] + C/OO /2
2m Jy=r s

O _LTt)2 217.1—€0/2 1 Ty,
+0/ e TG < C (T2 4 1+ ——exp { = .
T

1%4% 2

The lemma follows if we take T' = [k]*°. O

Remark 4. Clearly the condition o — 3 < g¢/4 is equivalent to

(a/B)(1 — nd/8(1+9)) < 1. (3.7)

Note that in Lemmas 3.4, 3.5 and Lemma 3.6 below one can replace condition (1.4) on A
with that used in Theorem 1.1.
Two lemmas which follow can be proven analogously to Lemmas 3.6 and 3.9 in [1].
11



Lemma 3.6. Suppose that (1.2), (1.4), (1.7) hold and « is so large that e > 2. Then
there exists €1 > 0 such that

S Jei] < C(w)[NGJY2" aus.

1€Ly,
Lemma 3.7. Assume that Dy < co. If (1.3) holds and a— (3 > 6/p then, for some g9 > 0,

Z (Jvs] + |w;]) < C(W)[l\lk]l/Q_‘€2 a.s.

€Ly,

Lemma 3.8. Suppose that Dy < oo. If (1.4), (1.7) hold and 5 > 6/p then, for some

g3 >0,
U7L2 + 7—12 1/2—e3
S \/IBi| |0 — Bl Ini| < C(w)[Ng] a.s. (3.8)
i€Ly, 3

Proof. With the help of an inequality

’a B o? + 12 <
| Bi

21
| Bi|

oo var(u; +w;)| < C[i] 7P/

ensuing from Lemma 3.1, we come to (3.8) applying arguments analogous to those proving
Lemma 3.8 in [1]. O

Lemma 3.9. Suppose that X = {X;,j € 7} is a weakly dependent random field and

Y = {Y;,j € Z%} is a field consisting of independent random variables and independent
of X. Let I,J C Z% be disjoint finite sets and f : Rl — R, g : RVI — R be bounded
Lipschitz functions. Then

|cov(f (X1 + Y1), 9(Xs +Y))| < Lip(f)Lip(g) (L[ A[J])6: (3.9)

forr =dist(1,J), that is, such addition of Y does not alter the property (1.1).

Proof. By a smoothing procedure we can reduce the general case to that of the random
vector (Y7,Y;) with a density q(t',t?) = q;(t')qs(t?), here t* € Rl #? € R/I. Evidently
(3.9) is true for a field Y consisting of some constants. Thus by independence hypothesis,
the Fubini theorem and (1.1) we have

Jcoul £(X1 + Y0, 9(Xs + Y| = | [ con(F(Xs + yn). 9K, + ya)atur, yo)dyrdy,

< Lip(HLin(g) (111 A6, [ alyr, vr)dysdys = Lip(F)Lip(o)(11] A 1T))6,

where the double integral is taken over Rl x RI/I, O
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Lemma 3.10. (Lemma 4.3 in [1]). There exists a bijection v : Zy — L with the following
properties:

I <m=3s"=s"(I,m) € {1,...,d} such that Y(l)g < (M),
dmg € Zy such that m < [1p(m)]"° ¥Ym > my,

for any vo > (1+1/p)(1 —1/d).
Set Yo, = Nym), m € Zy.

Lemma 3.11. If (1.2), (1.4), (1.7) and (3.7) hold, then for every m € N;m > 1, and all
t=(t1,...,tm) € R™ one has

m m—1
’Eexp{iZtlYl} — Eexp{i Z tlYl}Eexp{ithm}’ < CmA7, 2 = —1, (3.10)
=1 =1

where

[Wm)]* ) = : 1 1, A>1,
A= 0,5 12, v = dist (Hyom, U Hy ), v = 3.11
m ; i, r=dis ( w(m), Yi=1 w(n) g 13, A<l (3.11)

and the cubes Hy, were defined in (3.2).

Proof. Let M > 0 be a number to be specified later and G;(t) be the function defined
in (2.5). We set Yy = Gar(ny(y)); J € Z. Note that

|exp{itY; p} — exp{itY;}| < 2I{|Y;| > M}, t € R.

Therefore, we have

m—1
cov <exp{i Z tlYl}, exp{—ithm}) ‘
=1

m—1

cov(exp{i Z tlYLM},eXp{—ithm’M})' + 4; P{lY| > M}. (3.12)

=1

<

Every summand in (3.12) except for first one is not greater than CeM?/2_To estimate

the first summand in the right hand side of (3.12), we notice that, for any & € N the
random variable 7 as is a Lipschitz function of &. Indeed, Lip(F)) < C' by Lemma 3.5
and g pr = har(F1 (&) where

har(x) = (|07 (2)] A M) sign(@7(z)), z € R,

Clearly Lip(hy) < omeM?/2, By Lemma 3.9, one can estimate the covariance in the
same way as if the normal variables wy, k € N were constants, and with the help of (3.6)
we obtain

m—1 m
cov (exp{i Z tlYl,M},eXp{—ithm,M})‘ < C’@,qu2 [w(m)]a Ztlz (3.13)
=1 =1
13




Thus, from (3.12)—(3.13) we see that

cov (exp{igl tlYl}, exp{—ithm}N < C(me—M2/2 + M [4)(m)]*0, g tlz)

The result follows now by optimization in M. O

Lemma 3.12. Suppose that (1.2), (1.4), (1.7), (3.7) hold and 5 > 2y/p where yy appears
in the formulation of Lemma 3.10. Then we can redefine the random field X, without
changing its distribution, on a new probability space together with a d—parameter Wiener
process W = {W,,t € [0,00)%}, such that for some g4 > 0

> oyIBi

1€Ly,

o — W(B)
(2 \/@

Proof. Arguing as in the proof of Lemma 4.4 of [1], we see that by Berkes-Philipp strong
approximation result ([3]) it is enough to establish the following fact. There exist sequences
s, >0 and z,, > 10*m? (m € N, m > 1) such that

< C(w)[Ng]Y*= as. (3.14)

1. forany m € Nym > 1, and all t = (t1,...,t,) € R™ with 37, t7 < 22 one has

m m—1
‘Eexp{iZtlYl} - Eexp{i Z tlYZ}Eexp{ithm}‘ <,
=1 =1

2. 224 n 2, + exp{—321/2/16}m /2214 + 5 /2 V4 = O(m~2),m — oo.

We take z, = 10*m? ¢ > 8. Then it suffices to prove that one can take s, =
O(exp{—Am?%}),m — oo, for some A >0, R > 1.
The distance r between H,, and any of the blocks Hy,..., H,,_1 is by construction not

.....

r>C Erllindw(m)f > Cp(m)]PP? > CmPP/>0, (3.15)

.....

[p(m)] < C mindw(m)i/p < Cm?”. (3.16)

Obviously, A; := Cm?1+2%/7 exp{—CAmPP/?7} < 1 for all m large enough. Therefore, for
such m, by Lemma 3.11, (1.4), (3.15) and (3.16), one has

1

‘Eexp{iZtlYl} — Eexp{i Z tlYl}EeXp{ithm}‘ < CmA7 < C’mAi/3
1=1

=1

where A and ~ are defined in (3.11). Thus one can take A = 1, R € (1, p3/270). The
lemma is proved. O

14



Now we estimate the terms S((0,Ng] \ Rx), W ((0,Ng] \ Rx), Sxv — S((0,Ng]), oWy —
oW ((0,Ng]) when N € G, and N, < N < Nyyy. Here the relation a < b (a < b) for
a,b € Z% is defined in the usual way. All the terms involving the Wiener process can
be considered as sums of independent identically distributed normal random variables,
therefore forming a weakly dependent field, we will proceed only with the partial sums
generated by X. Obviously one can write

SO0 N\ Bl < 37 25M, (N, (0, V] (0, Ny = Uy 1L

s=1

where M, (V) = max,, <y |Snl, [,EJ) = Ilses(Mk,, Ns] X [15¢5(0, ng,] and the union is taken
over all non-empty subsets J of {1,...,d}. Furthermore,

N <N<Ngi i

max |Sy = S((0,N)| < 3 M where M{” = sup |S(1;”)],
J

here the supremum is taken over all N such that ng, < Ny < ng 1, s € J.

Lemma 3.13. Suppose that conditions of Theorem 1.1 are satisfied. Then there ezists
0 > 0 such that for any x > 0 and any block V,

P(M(V) > ay/[V]) < Ca~270,
Proof. Follows from the second assertion of Theorem 1.1 and the Markov inequality. O

Lemma 3.14. Let conditions of Theorem 1.1 hold. If (1.7) is true then there exists v; > 0
such that for any block V= (m,m + n] withn € G, and m € Z2

P(M(V) > [V V)™ < Clv™,
where C' does not depend on m and n.

Proof. The proof is the same as that for the second inequality of Lemma 7 in [2]; the

needed Berry-Esseen type estimate for P(S(V) > z,/|V|), z > 0, can be obtained from
the results mentioned in the proof of Lemma 3.2. O

The next two lemmas are proved analogously to Lemmas 6 and 9 established in [2] for
mixing random fields.

Lemma 3.15. Assume that conditions of Theorem 1.1 are satisfied and o > 8/(37) — 1.
Then
max M, (Ni) < C(w)[Ng]? 55 a.5.

s=1,...,

for some €5 > 0 and every N € G

Lemma 3.16. Suppose that conditions of Theorem 1.1 hold and (1.7) is true. Let 71 be
the constant given by Lemma 3.14. If a > 2/~ then one has

max MY < C(W)[NR]V*%¢ as.

for some g > 0 and every N, € G,,.
15



Now, if we take 7, a, 3 to satisfy conditions

1 1\ « ) 6
we (o) (0) 5 (- ) <1oe

6 2 8
a—ﬁ>—,ﬂ>ﬂ,0z>——1,a%>2,
p p 37

then Theorem 1.2 follows from (3.5), Lemmas 3.6, 3.7, 3.8, 3.12, 3.15 and 3.16 with

€ = min;—;__¢¢&;. The proof of Theorem 1.2 is completed. [J

.....

4. The law of the iterated logarithm

In order to provide applications of Theorem 1.2, we state now the law of the iterated
logarithm for weakly dependent random fields. This is the first result of such type for the
fields with dependence condition (1.1); it generalizes the laws of the iterated logarithm
known for positively and negatively associated random variables, see, e.g., [5].

For x > 0, set Logxz = log(z V e).

Theorem 4.1. Suppose that X is a random field satisfying all the conditions of Theorem
1.2. Then, for any T € (0,1/(d — 1)), one has, almost surely,

SN SN

lim sup =1 and liminf = -1,

\/2d02 [N]LogLog[N] \/2d02 [N]LogLog[ V]

as N — oo, N € G,.

Proof. We have lim sup WN/\/2d02[N]LogLog[N] < 1, due to the LIL for d—parameter
Wiener process [23]. The fact that this upper limit is not less than 1 as N — oo, N € G,
can be proved in the same way as the lower bound in classical law of the iterated logarithm
for the Wiener process. Thus, Theorem follows from Theorem 1.2. O
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