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Modular representations of cyclotomic Hecke
algebras of type G(r, p,n)

Gwenagélle Genet*and Nicolas Jacon'

Abstract

We give a classification of the simple modules for the cyclotomic Hecke
algebras over C in the modular case. We use the unitriangular shape of
the decomposition matrices of Ariki-Koike algebras and Clifford theory.

1 Introduction

Let 7, p and n be integers such that p divides r. The complex reflection group
of type G(r, p,n) is defined to be the groups of n x n permutation matrices such
that the entries are either 0 or r*® roots of unity and the product of the nonzero
entries is a %—root of unity.

In [ff] and [{], Ariki and Broué-Malle have defined a Hecke algebra associated
to each complex reflection group G(r,p,n). It can be seen as a deformation of
the algebra of the group G(r,p,n). According to a conjecture of Broué and
Malle, such algebras, called cyclotomic Hecke algebras, should occur as endo-
morphism algebras of the Lusztig induced character. The representation theory
of cyclotomic Hecke algebras of type G(r, 1,n) (also known as Ariki-Koike alge-
bras) is beginning to be well understood. They are cellular algebras, the simple
modules have been classified in both semi-simple and modular cases and the
decomposition matrices are known in characteristic 0 (see [@] for a survey of
these results).

In [E], Ariki has shown that a Hecke algebra of type G(r, p,n) can be consid-
ered as the O-component of a graded system for a Hecke algebra of type G(r, 1,n)
with a special choice of parameters. As a consequence, in the semi-simple case,
he has given a complete set of non isomorphic simple modules by using Clifford
theory. In the modular case, partial results have been obtained by Hu in [@]
(see also [[d) and [l§] where the case r = p = 2 which corresponds to Hecke
algebras of type D,, is studied). The main problem is that the restrictions of
the simple modules for non semi-simple Ariki-Koike algebras are much more
complicated to describe than for semi-simple ones.

The purpose of this paper is precisely to give a parametrization of the simple
modules for the non semi-simple cyclotomic Hecke algebras of type G(r,p,n)
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over C. It comes from the “canonical basic set” introduced by Geck and
Rougquier in [[J] and extended by the second author in [R(]. This set induces
a parametrization of the simple modules of non semi-simple Ariki-Koike alge-
bras by some FLOTW multipartitions (this kind of multipartitions has been
defined by Foda, Leclerc, Okado, Thibon and Welsh in [ff]). We proceed in an
analogous way than in [@, Theorem 2.1], using the unitriangular shape of the
decomposition matrices of Ariki-Koike algebras and Clifford theory.

2 Cyclotomic Hecke algebras, Clifford theory

2.A Cyclotomic Hecke algebras

Let r, p and n be integers such that p divides r. We denote d := L Let R be

p
an integral ring, ¢ a unit of R and a sequence x = (x1,...,24) of elements in R.
Denote $i7 ,(R), the Hecke R-algebra associated to the complex reflection

group G(r,p,n), for the parameters ¢, x, defined by the following presenta-
tion:
generators : ag,...,0n,
relations:  (ag—x1)...(ap —2q) =0
(ai = q)(a; +1) =0, 1 <i<mn,
ajaza; = azaiasg,
;@410 = Gi+10;0+1, 2 <1< n—1,
((11112(13)2 = (03&102)2,
ara; = a;a1, 4 <1< n,
a;a; =a;a;, 2<1<j<n, j>1+2,
—
aparas = (g taras)? Tasagar + (¢ — 1)) (¢ taraz) *agay,

%

]

Il
-

= aia2aq,
apa; = a;ag, 3 <i<n.

We have the following special cases:

o ifr=p=1, H2% (R) is the Hecke algebra of type A, _1,

™p,n
e ifr=2and p=1, §{7, (R) is the Hecke algebra of type B,
o if r=p=2, 907 (R)is the Hecke algebra of type D,,
o if p=1, 927 (R)is the Ariki-Koike algebra defined in [§].

Suppose the ring R contains a p'™® root of unity 1, and a p'" root y; of z;,
for each i € [1,d]. We define a sequence Q@ = (Q1,...,Q,) of elements in
R from the sequence x: for j € [1,r], j = sp+ t with s € [0,d — 1] and
t € [1,p], let Q; := ystam,'. Then, Sﬁg?n(R) is the R-algebra defined by

generators : Tyi,...,T,,

relations: (TP —x1)... (TP —xz4) =0,
(T; —q)(T; +1) =0, 2<i<n,
LT, =TT 1511,
LT =Ti1TiTi41, 2<i<n-—1,
LT =TT, 1<i<j<n, j>i+2.



We use [f, Proposition 1.6] and identify ag with T}, a; with 77 'T5T7 and
a; with T;, for i € [2,n], such that H27 (R) is considered as a subalgebra of

T,p,n
o n( ). Then by [15, §4.1], the Ariki-Koike algebra 9 n( ) is graded over
the cyclotomlc Hecke algebra f)r P, »(R) by a cyclic group of order p:

p—1
R) =D Ti 985 .(R
1=0

Put 9 := Y)T I n( ) and $’ = e (R). We can define an automorphism
gﬁ, of ' by
g9/ (h) == T 'hTy, for all h € §'.

We also have an automorphism fé’/ of 9 which is defined on the grading by

fo(Th) =n) T{h, for j € [0,p—1], he &'.

The next theorem of Dipper and Mathas will be very useful in the following
of this paper.

Theorem 2.1 ([B]) With the previous notations, assume that we have a parti-

tion of Q:
Q= IT*IT---TT@
r@e= 11 II 1II @ei-@)

1<a<fB<s Q;€Q* —n<a<n
QjEQB

such that

is a unit of R. Then, f_)r 1 n( ) is Morita-equivalent to the following algebra:

@ f)rl 1 nl( ) ®'6Z5 1 nS(R)

TI1+ Fns=n

where for i € [1,s], r; = |QY.

2.B C(lifford theory
Let y1, y2,....y4 and v be indeterminates over C. For i € [1,d], put

.— P
X =Y;

and for i € [1,7], i = sp+t with s € [0,d — 1], t € [1,p], np := exp(Q”T)

Qi =7, 'yst1
Form the sequences x := (x1,...,%4) and Q := (Q1,..., Q).



Let A := (C[xl,xl_l,...,xd,xgl,v,v’l], K = C(x1,...,%q4,V) its field of
fractions.

Let 6 : A — C be a ring homomorphism such that C is the field of fractions

of 0(A).
We put for i € [1,d],

xTr; = Q(Xi),
for i € [1,7],

Qi == 0(Q)
and

v:=0(v).

Note that for ¢ € [1,r], i = sp 4+t with s € [0,d — 1], t € [1,p], then
Q; = nfjlysﬂ, for a complex number y,y1 such that y?, | = ze1.
We also form the sequences z := (z1,...,24) and Q := (Q1, ..., Q).

We will note for short H, resp. H, for the Ariki-Koike algebras Y):_',’Sn(K),

resp. 5:?71(@) and H', resp. H', for the cyclotomic Hecke algebras $7:¢,, (K),
resp. 9,5 ,(C).

Since H, resp. H, is graded over H’, resp. H’, we will give some results
which comes from Clifford theory.

Let $ be the Ariki-Koike algebra H, resp. H, and $)’ be the cyclotomic
Hecke algebra H’, resp. H’. In both cases, we will denote by Res the functor
of restriction from the category of the $-modules to the category of the $’'-
modules and by Ind the functor $§ ®g — from the category of the $’-modules
to the category of the $-modules.

Let V be a $-simple module and U be a simple submodule of Res V. Put
ojv =min{k € Nog | 'V ~ V}

where f := f;;’, and for i € [0,07y — 1], f'V is the $-module with the same
underlying space as V' and the structure of module is given by composing the
original action of § with f°.

In the same way, let

0g.0 :=min{k € Nug | 9U ~ U}

where g := gg, and for i € 0,040 — 1], 9'U is the $’-module with the same
underlying space as U with the action of $ twisted by g°.

Denote [X : Y] the multiplicity of a simple module Y in the semi-simple mod-
ule X.

Lemma 2.2 Denote for short g := gg, and f = fg,. Every simple $'-module U
appears as a direct summand of the restriction ResV of a simple $H-module V
with multiplicity-free.  With such modules U and V', a conjugate 9U of U,
i € (0,04 — 1], occurs in the restriction of the conjugate PV oof V, for all



j €[0,0p,v — 1] and the conjugates of V' are the only simple $-modules whose
restrictions contain such a 9U. Besides

Ofyvfl )
ResV ~ @ v, (1)
i=0
Ogyu—l )
mdU ~ P 7, (2)
i=0
P = 04U0fV- (3)
Proof: 1t is easy to see that
Ogyu—l .
ResV ~ [ResV : U] € 90, (4)
i=0

(see [fl, Theorem 11.1]). Using [[[4, Proposition 2.2], we get

Of7V71 )
IndU ~[mdU:V] @ 'V
i=0
as well as
— L ResV: UJ[Ind U : V], ()
Of,vog7U

As ResV is g-stable, [}, Proposition 11.14] implies that Endg(Ind Res V') is
graded over Endg (Res V) by a cyclic group of order p. By ({) and ([), the di-

mension of Endg (Ind Res V') over C is Of—zv and by the grading over Endg (Res V),

this dimension is equal to p[Res V' : U]?0, . By comparison with (ﬂ), it follows
that
[Res V: U] =[Ind U : V]. (6)

Now, by definition of oy, for short o, there exists an $)-automorphism
t:v—Iv.

D . . . b . .
So, to is an $-isomorphism. By Schur’s lemma, ¢° is a scalar. There exists a

complex number ¢ such that (%)% =Idy. Then

2_g

t i
ResV o~ @ Ker(z —ny'1dy).

It is easy to see that for each i € [0,2 — 1], Ker(% — ;ildv) is an $’-module
isomorphic to giKer(% — Idy). So the semi-simple module Res V' decomposes
into more than £ simple modules and by (B) by less than 2 simple modules.
Therefore Res V' decomposes into exactly £ simple modules and [IndU : V] = 1
so [ResV : U] =1 by ().

As the module induced from a simple $’-module to §) is semi-simple, the asser-
tions of the Lemma are proved. 1



2.C The semi-simple case

We keep the notations of the previous subsection.

We study the representation theory of the algebras H := f);'lQn(K ) and

H' := 97X, (K). By , Main Theorem], H is a split semi-simple algebra. This
implies that H’ is also split semi-simple.

A complete set of non isomorphic modules for H has been given in @] and [ﬂ]

Let II, be the set of r-partitions of n. We say that A = ()\(i))ie[l,r] is a r-
partition of size n if for every ¢, A(¢) is a partition and X7_; |A(7)| = n.

For each r-partition A € II},, we can associate an ﬁzy’f?n(A)—module SV-Q()\)
called a “Specht module” that is free over A. Here, we use the definition of

“classical” Specht module contrary to [ﬂ] where the dual Specht modules are
defined. We have the following theorem.

Theorem 2.3 ([E],[m]) The following set is a complete set of non isomorphic
absolutely irreducible f_]V’Q (K)-modules:

r,1,n

{S390) = K @4 8720 | xe I}

For each A € II7, the set of standard tableaux of shape A is a basis of the
underlying C-vector space of S}'(’Q()\) (see [{]). Using [fl, Propositions 3.16, 3.17]
and some combinatorial properties, it is easy to get the

Proposition 2.4 Let A € II],. The map
H
Ry sy ) — S (w(N) (7)

that sends a standard A-tableau T = (T;)iepn,, to the standard w(\)-tableau
@(T) == (To-13:))ie[1,r i an H-isomorphism where w is the permutation of &,

defined by Qi) == 1pQu, for alli € [1,7] andw(X) = (Mw ™ 1(1)),..., M@ (r))).
Define
o :=min {k € Nyg | @(\) = \}.
It is clear that oy = 0 5v.Q(y) and
WK

21

X
Res SY(N) ~ @ Ker(h$* — ng*ilds}f(,q()\)),
=0

where A9 : /287 %(\) — 57 F()) sends a standard A-tableau T to the standard
A-tableau @ (T). For i € [0, £ — 1], put

’o

SR Y\, i) = Ker(h — M ldge.ay)- (8)



Let £ be a set of representatives of r-partitions for the action of the cyclic
group generated by w over II7 . It follows from Lemma @, the

Proposition 2.5 The set
{SkNi) s i€, = —1), Ae L)
A

is a complete set of non isomorphic simple H'-modules.

If T is a standard A-tableau, then for j € [0, Oi — 1], the element

2 _1
oX
)= 3 o)

belongs to the eigenspace Ker(h3* —no*7/1d 5% )\)). It comes from the fact that

P27
ox
T =22 (T, j), that for every j € [0, % — 1], the eigenspace Ker(h* —
P <
7=0
nIO)AJ’IdS‘,,Q(A)) is generated by the (T,j), T a standard A-tableau. So we have
K

just described the simple H'-modules, see also [f].

The following part is now concerned with the non semi-simple case: simple
9 n( )-modules and 22 (C)-modules.

T,p,n

2.D The non semi-simple case

We keep the notations of §@.

2.D.1 Decomposition maps

The aim of this part is to define the decomposition maps for H := f_)nl,n( )
and H' := 917 (C). Recall that A := Clxi,x7 Y. xa,x; v, v, K =
C(x1,...,%q,v) and that § : A — C is a ring homomorphism.

Using [[Ld], there exists a discrete valuation ring @ with maximal ideal I(O)
such that A € O and I(O) N A = ker(#). Let ko := O/I(O) be the residue
field of O. Denote by ~: O — ko the canonical map. We obtain the algebras
ﬁr 1 n( 0) and HIX (ko). The field ko can be considered as an extension of C
that is the quotlent field of A(A). By [1d, Lemma 7.3.4], there is an isomor-
phism between the Grothendieck groups of finitely generated H-modules and

ﬁr 1 n(ko)—modules (resp. H'-modules and H3%, (ko)-modules):

r,p,n

Ro(H) =~ RO(YJHn( 0)) and  Ro(H') ~ Ro(HEX,, (ko).

As a consequence, we obtaln well-defined decomposition maps by choosing O-
forms for the simple H&2 (K )-modules (resp. H3*, (K)-modules) and reducing
them modulo I(O):

r,1,n rpn

d™1": Ro(H) — Ro(H),



dr,p,n : Ro(H/) — Ro(H/)
For a simple H-module V' and W a simple H'-module, there exist non neg-

ative integers dg/l_)M with M a simple H-module and d%,)zv with N a simple

H’-module such that:

V) = 3D M)

Melrr(H)
and  dPR(W]) = > dW N,
Nelrr(H')

By using the same argument as in [[L1], Lemma 5.2] (see also [[3, Theorem
7.4.3.c]), we obtain the following result.

Proposition 2.6 The following diagram commutes:

Ro(H) —2 Ry(H)

dr,l,nJ{ J{dnp,n

Ro(H) —%— Ry(H')

Moreover, for any simple H-module V' and any simple H-module M, we have

dyy, = dly

fg,vyfg,M’
and for any simple H'-module W and any simple H'-module N, we have:
d(P) — d(P) .
WN = Gty

In the following, we will see that under some additionnal hypotheses, the
above property leads to some interesting results about the decomposition map
of cyclotomic Hecke algebras of type G(r, p, n) and about the simple H'-modules.

2.D.2 Simple modules of non semi-simple Ariki-Koike algebras

We will work under the following hypothesis. We assume that v is a primitive
root of unity,
2m
ViI= 1) = eXP(T),

for a positive integer e > 1. Let
f=gcd(e,p), e= fe', p=fp,

then 1y = 8" = n.

By the definition of () and Theorem , without lost of generality, we can
suppose that there exist integers v; < ... < w5 that belong to [0,e¢’ — 1] such
that @ consists of the complex numbers 77;”77%, where ¢ ranges over [1,4] and j
ranges over [0,p — 1]. Then r = fp’ and we can split @ into p’ sets:

Q=Q'T[.-ITe".



with Q7 formed by the nginépl”, i€[1,8] and [ € [0, f — 1]. We consider @7 as
an ordered sequence

Q= (771];*177:1, . gflngé,ng H*ln:l, . ,775 H*ln:‘s, ..
i TP e g e, 9)

Remark: First note that, for j € [1,p'], Q7 = 7/~'Q" and

Q' = (2, ... e e L et gt et (e

) )

withv; <...<wvs<wvi+e <...<wvs+(f—1)€".

Note also that the quotient of two elements that belong to @7, for j € [1,p'],
is a power of v = 7, while the quotient of an element of 7 by an element of @',
I €[1,p], 1 # jis not such a power, by definition of f.

If we order the elements of ) by the ordered elements of Q!, then the
ordered elements of Q2, etc, Theorem m implies that the Ariki-Koike algebra
H is Morita equivalent to the algebra

D 9.0, (©

So it is clear that H is also Morita equivalent to the algebra

@ ﬁt}fl,n1 ((C) ®...0 ﬁt}flvnp’ ((C)

We order Q and we split it into p’ sets following what we have done for Q:

Q=Q'J].- - J]a"

2.D.3 Parametrization of simple H-modules

We can now give a parametrization for the simple H-modules. By [E, Theo-
rem 2.5], the simple modules of the Ariki-Koike algebra ﬁ%?fm (©), 1€ [1,p],
are the quotient modules DE’QI (A) = SE’QI ()\)/J(SE’QI()\)) of the specialisa-
tions of the Specht modules S’E’Ql (A) := C® S¥V"Q"(A) by their radical of Ja-

cobson, with A a Kleshchev fd-partition (for the parameters Q') of size n;. So
the simple modules of H are labelled by the p’-tuples of Kleshchev fd-partitions

p

(associated to Q') (A1,..., \") with Z |A| = n. We will denote this set by A°
i=1

and for A € A, DE’Q()\) the corresponding simple H-module.



In [20], another parametrization for the simple Sﬁq ', (C)-modules has been
found by using Lusztig’s a-function (see Theorem below). Following this
paper, we will associate to each r-partition an a-value. To do this, we first
describe the a-value of a fd-partition p = (u(1), u(2), ..., u(f9)).

Fork=1,...6,s=1,...,fand j = (s — 1)d + k we put w; := v + (s — 1)¢’
so that w; is the power of the j*P_component of Q.

Then, for j :=1, ..., f6, we define:

m) ::wj—%—i—e

and for s =1,...,n, we put:

B;(J) = U(j)s _ s+n+m(j)

where we use the convention that u(j), := 0 if p is greater than the height of
w(j). For j =1,..., f6, let B'U) = (Bi(j), ., BlY )) Then, we define:
a%)( )= Z min {a, b} — Z min {k, m} + g(n).
0<i<j<fé 1<i,j<fé
(a,b)e B'(1) x B/(3) acB’(?)
a>b if i=j 1<k<a

where g(n) is a rational number which only depends on the m?) and on n (the
expression of ¢ is given in [R0]).
Let /\ € I}, write A = (A(1),...,A(r)) as A = (AL,..., W) where, for

na

Finally, we deﬁne
p/
alV(\) = Za}?()\i).
i=1

To each Specht module S}'(’Ql (\) of f_)?ﬁln (K), n’ € [0,n] and X\ an fd-
partition, we also associate an a-value

' (53 (V) = aly ).

To each simple ﬁfé 1. (C)-module DZE’Ql (A), n’ € [0,n] and A a Kleshchev
fo-partition of size n’, we again associate an a-value

(1) v,Q" . (1) fé (1)
s (D () = minfag) ) | 1w €T dgan ) par ) 70

Theorem 2.7 ([[Ld, Theorem 2.3.8]) Let X be a Kleshchev fd-partition of

n' for a non-negative integer n'. There exists a unique p = Kk(\) such that
1) (o, (€)) (1) : - »
azs (D™ (N) = ays (1) and ds" QD@ () # 0. The function k is a bijec-

tion between the set of the Kleshchev fo-partitions of size n' and the set of the
FLOTW fé§-partitions of size n'.

10



Recall what is a FLOTW f§-partition A\ = (/\(1), cee )\(fé)) of size n’ associ-
ated to the parameters v and Q, see [[l]. Denote each partition A(4), i € [1, £d],
as (A(i)1,A(4)2, - . .). The multipartition A satisfies

1. fori € [1, f], j € [1,6 — 1], k positive integer,
ME=1)3+4), =A@ —m+j+1)

ktvjp1—v;’
2. for i € [1, f — 1], k positive integer,
)‘(M)k 2 )‘(M + 1)k+v1+e’—vaa

3. for k positive integer,

A(f(s)k > )\(]‘)k‘i”ul‘i’e/*ﬂév

as well as

4. to each node of the diagram of \ which is located in the a'" row and the
b*™™ column of the ¢! partition of A (for two poditive integers a and b and
1 < ¢ < fd), we associate its residue 7%=+, Then, for any positive
integer k, the cardinality of the set of the residues associated to the nodes
in both the k*" columns and the right rims of the Young diagrams of \ is
not e.

In the same way, to each Specht module SV’Q( A) of H, A\ € HT A=

(AL,..., A7), we can define al") (S Q(N)) := al” (A) that is the sum Z a(l) 9.
=1
To each simple H-module D(I”:’Q(/\), X € A%, we associate the a-value

1) (pv:@ — mind q (D 1)
a"r (D(C ()\>) T mln{a’r ( ) | ‘U, S Hna dS;’Q(,u),DE’Q(A) 7é 0} (10)

With Theorem . it is clear that there exists a unique p := k’(\) such that
ag)(Dfé’Q()\)) = a&l)( ) and dg‘,) Q). D2 () # 0. In fact,
(N = (k(AY), ..., k(W)
if A= (A\L,...,\7).
The function s’ is a bijection between A° and A' the set of the p’-tuples of

FLOTW fé-partitions (A!,. ) of size Z N = n.

2.D.4 Preliminary results

In order to prove the main Theorem, we will need some preliminary results.
First, recall that we have ordered Q by the ordered elements of Q!, then by
the ordered elements of Q? etc as in §. Let w be the permutation of &,
defined in Proposition @ and let

A i= (N[ ooy AL A (L, o, NP LF8], oy X[, AP'[£3])
be an r-partition. Hence, following the notations of the previous paragraph, we

have M [i] = A\(f0(j — 1) +14). Then, it is easy to verify that

11



o for i € [1,(p' —1)fd], then w(i) =i+ [0,
o foric[r— fo+1,7— 4], then w(i) =i —r+ (f + 1),
o foric[r—0+1,r], then w(i) =i —r+9.
Then, by Proposition ﬂ, we have:
SR = SE(w(V)

\)z\vlh[?rée] w()) ;/ 91[91][ 15— 5;/ }]1 [’f}é]')’ NLFOLA (1] ., N [fO — 6], MM ...,

Proposition 2.8 Let A € IT7,, then at” (SEQ(N) = otV (FSY (V). Besides,
if A€ A°, then ol (DEP(N) = ol (7 DLQ(N)).

Proof: By the definition of the a-value (see §p.D.3), we have:

/

aM (SN = ald (WL, . N[ £a])

=1

Thus, by using the above properties, it is sufficient to show that a(flé) (/\p/ 1],...
N [fO)= algd (W [f6 — 8+ 1], .., W[, AP [1],... W[ f6 — 0]).

Using the notations of §.D.3, for i = 1,....,6 and j = 1,..., f we write
m@[j] := m(U=D+) _ Then, all we have to do is to prove that m®[j] doesn’t
((j —1)8 +i)e /

fo

e'f = e. Hence, we obtain the desired result.

+(j—1)e =v;— 2 because

depend on j. We have m( 7] = vi— 7

With the definition (E), it is trivial that the previous result about Specht
modules implies that, for any A € A°, agl)(Dfé’Q()\)) = agl)(fg/Dfé’Q()\)). 1
With Proposition E and Lemma @, we can associate an a-value to each
simple H'-module U. If U appears in the restriction Res S}'(’Q(/\), for A € 117,

put
aP(U) = alV (S}'(’Q()\)) )

In the same way, we can associate an a-value to each simple H’-module W.
If W appears in the restriction Res DE’Q(/\), for A € A, then

P (W) :=al (DEC(N)).

Another useful proposition is the following one.
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Proposition 2.9 Let A € A, then w(\) € A, where w is defined in the
Proposition @

Proof: Write A € A as A = (AL,..., \P') where X = (Xi[1],...,A[fd]) is a
FLOTW f§-partition for Q. We will see that w()\) € A! so the result will be

proved. The r-partition w()\) is equals to (N [f6 — & + 1] ,..., X' [f8],A'[1]
vy APFS = 8], AT, A[FS), o W) AP £8]). Tt belongs to
A if and only if (N'[f6 — & +1] ..., N'[fo], N'[1] ,..., N'[f6 —d]) is a

FLOTW fo-partition. It is easy to verify that the three first conditions hold.
Now, the set of the residues associated to the nodes in both the £ columns and
the right rims of the Young diagrams of this last multipartition consists of the
residues of A\* but multiplied by 772/. So the fourth condition about FLOTW
multipartitions hold as well as the Proposition. 1

3 A parametrization of the simple H'-modules

We keep the above notations. The aim of this section is to describe a parametriza-
tion of the simple H'-modules, with H' = ﬁﬁ:gn (C). The proof is highly inspired
by , Theorem 2.1].

Theorem 3.1 For all simple H' -module N, there exists a simple H -module
W such that

d P ([Wn]) = [N] + > dwy, L],
aP(L)<a® (N)

and agp)(N) = agp)(WN).
Let AY := {Wx | N € Irr(H")}. Then AY consists in the S}y S(N, i), with
AeANL, i€, % — 1] with the notations of the Proposition @ and the map

Nelir(H') — Wy € AY is bijective. So A is a parametrization of the simple
H'-modules.

Proof : Fix a simple H'-module N. By Lemma E, there exists A € A such
that N appears in the restriction Resté’Q()\). We have

ST = DN+ D0 dgdag ) preg PEC ),

afP) (D2 (u))<
o) (D22 (2)
(11)
and a\ (S(‘C"Q(n()\))) = agl)(Dé’Q(/\)). With the notations of () and Proposi-
tion @, this equality implies that

. 1

oy R H i

Do (s = 3 [N (N, (12)
i=0 =0

13



where N’ is a sum of H'-modules, D, with a-value a'” (D) < o) (D% (N)) and,
for all 7, j, a (ST Rk(N), ) = alP (i)' N).

Denote by 7(\) € A°, the multipartition defined by DZ{:’Q(T()\)) = fg/Dé’Q()\).
If we twist the action of H by f#,, the equality ([I]) gives that (7(\)) = w(k(}))
by Proposition @ and by definition of k. As this map is bijective, it is clear
that

Opm, s%Q(s(N) ~ OFH, DL

and therefore for all ¢ € [0, —£— — 1],

01 (N)

0 ) =0
98,83 2 (k(N)i) — Yol N

with the last equality of Lemma @
Recall that for i € [0, —2— — 1], Sy2(k(N), i) is conjugate to S} (k(N),0) by

7 0k ()

(g8,)%. The equality ([J) implies that there exists an unique i € [0, O_IZA) —1]
such that

dr,p,n([s(‘c’yQ(Kj(A),i)]) — [N] + [N//], (13)

where N is a sum of H'-modules, D, with a-value agp)(D) < a? (N). This
construction makes clear all the statements of the Theorem. |

Remark: The above theorem is only concerns with the case where v is a primitive
etP_root of unity. If v isn’t a root of unity, it is readily checked that an analogue
of this theorem holds by replacing A! by the set of Kleshchev multipartitions A°
at e = oo. The proof of this result can be easily obtained following the outline

of [I4].

References

[1] S. ARIKI, On the Semi-simplicity of the Hecke Algebra of (Z/rZ)1&,. J.
Algebra, 169 : 216-225, 1994.

[2] S. ARIKI, Representation theory of a Hecke algebra of G(r,p,n). J. Algebra,
177 : 164-185, 1995.

[3] S. ARIKI, On the classification of simple modules for cyclotomic Hecke
algebras of type G(m,1,n) and Kleshchev multipartitions. Osaka J. Math.,
38, no. 4, 827-837, 2001.

[4] S. Arik1, K. KOIKE, A Hecke algebra of (Z/rZ) 1 &,, and construction of
its irreducible representations. Adv. Math., 106, no.2 : 216-243, 1994.

[5] M. BROUE, G. MALLE, Zyklotomische Heckealgebren. Astérisque, 212 : 119-
189, 1993.

[6] C. CurTis, 1. REINER, Methods of Representation Theory wvol.1,2. Wiley,
New York, 1990.

[7] R. DIPPER, G. JAMES, A. MATHAS, Cyclotomic q-Schur algebras. Math.
7., 229, no. 3 : 385-416., 1998.

14



8]

[9]

[10]

[11]

18]

[19]

[20]

R. DipPER, A. MATHAS, Morita equivalences of Ariki-Koike algebras.
Math.Z., 240, no. 3 : 579-610, 2002.

O. Fopa, B. LECLERC, M. OkADO, J-Y THIBON, T. WELSH, Branching

functions of Agllzl and Jantzen-Seitz problem for Ariki-Koike algebras. Adv.
Math., 141, no. 2 : 322-365, 1999.

M. GECK, Representations of Hecke algebras at roots of unity. Séminaire
Bourbaki. Vol. 1997/98. Astérisque No. 252 : 33-55 : 1993.

M. GECK, On the representation theory of Iwahori-Hecke algebras of ex-
tended finite Weyl groups. Representation theory (electronic journal), 4 :
370-397, 2000.

M.GECK, G.PFEIFFER, Characters of Finite Cozeter Groups and Iwahori-
Hecke Algebras. Oxford Science Publications, Oxford University Press,
2000.

M. GECK, R.ROUQUIER, Filtrations on projective modules for Iwahori-
Hecke algebras. Modular representation theory of finite groups (Char-
lottesville, VA, 1998), de Gruyter, Berlin : 211-221, 2001.

G. GENET, On the decomposition matrices for graded algebras. J. Algebra,
274 : 523-542, 2004.

G. GENET, Inclusion d’algebres de Hecke et nombres de décomposition.
Ph.D thesis, Paris VII, 2004.

J. Hu, Crystal bases and simple modules for Hecke algebra of type D,,. J.
Algebra, 267 : 7-26, 2003.

J. Hu, Modular representations of Hecke algebras of type G(p,p,n). J. Al-
gebra, 274, 446-490, 2004.

N. JACON, Sur les représentations modulaires des algébres de Hecke de type
D,,. J. Algebra, 274 : 607-628, 2004.

N. JACON, Représentations modulaires des algebres de Hecke et des algébres
de Ariki-Koike . Ph.D thesis, Lyon I, 2004.

N. JACON, On the parametrization of the simple modules for Ariki-Koike
algebras at roots of unity. preprint.

A. MATHAS, The representation theory of the Ariki-Koike and cyclotomic
q-Schur algebras. Adv. Studies Pure Math. to appear.

15



