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Total variation distance between two
double Wiener-Ito integrals

Rola Zintout*
Université de Lorraine

Abstract: Using an approach recently developed by Nourdin and Poly [5], we im-
prove the rate in an inequality for the total variation distance between two double
Wiener-1t6 integrals originally due to Davydov and Martynova [2]. An application
to the rate of convergence of a functional of a correlated two-dimensional fractional
Brownian motion towards the Rosenblatt random variable is then given, following
a previous study by Maejima and Tudor [3].

Keywords: Convergence in total variation; Malliavin calculus; double Wiener-1to
integral; Rosenblatt process.
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1 Introduction

Suppose that X = {X(h), h € H} is an isonormal Gaussian process on a real
separable infinite-dimensional Hilbert space $). For any integer p > 1, let H§&P
be the pth tensor product of §. Also, denote by $®P the pth symmetric tensor
product.

The following statement is due to Davydov and Martynova [2], see also [5,
Theorem 4.4].

Theorem 1.1. Fiz an integer p > 2, and let (f,) be a sequence of HP that
converges to foo in H®P. Assume moreover that fs is not identically zero. let
I,(fn), n € NU{oo}, denote the pth Wiener-Ité integral of f, with respect to X.
Then, there exists ¢ > 0 such that, for all n,

sup | P(I(fa) € C) = P(I(fx) € O)| < ¢l fn — fuolly. (1.1)
CeB(R)

where B(R) stands for the set of Borelian sets of R.

*Université de Lorraine, Institut Elie Cartan dp Lorraine, UMR 7502, Vandoeuvre-
les-Nancy, F-54506, France and CNRS, Institut Elie Cartan de Lorraine, UMR 7502,
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In this paper, p = 2 and the inequality (1.1) becomes:

sup |P(I2(fn) € C) — P(I2(fo) € C)| < c\/Ifn — foollgee- (1.2)

CEeB(R)
To each fo € $H2, one may associate the following Hilbert-Schmidt operator:
Are 9 =9, 97 (foo, 9)5- (1.3)

Let Aso,k, k > 1, indicate the eigenvalues of Ay . In many situations of interest
(see below for an explicit example), it happens that the following property, that
we label for further use, is satisfied for fo:

the cardinality of {k: Ao i # 0} is at least 5. (1.4)

The aim of this paper is to take advantage of (1.4) in order to improve (1.2) by
a factor 2. More precisely, relying on an approach recently developed by Nourdin
and Poly in [5], we shall prove the following result, compare with (1.2):

Theorem 1.2. Let fo, be an element of H®?% satisfying (1.4) (in particular, fo is
not identically zero). Let (f,) be a sequence of H©2 that converges to fo in H®2.
Then, there exists ¢ > 0 (depending only on fs) such that, for all n,

sSup ‘P(IQ(fn) € 0)— P(Ix(fx) € C)| <l fn — fOO”.VjW' (1.5)
CeB(R)

In some sense, the inequality (1.5) appears to be optimal. Indeed, consider
Fy = I5(foo) with fo satisfying (1.4) and set F,, = Is(f,,) with f, = (1 4 ¢,) foo,
where (c,) is a sequence of nonzero real numbers converging to zero. Let ¢
(resp. ¢y,) denote the density of F., (resp. F},), which exists thanks to Shigekawa’s
theorem (see [7]). Assume furthermore that ¢, is differentiable and is such that
0 < [3 |2 (x) 4+ dpoo(®)|dx < 00. According to Scheffé’s theorem, one has

sup [P((f) € €)= Pllalf) € O = 5 [ [6a(a)) = 6uc(w)lda.

CeB(R)

We deduce, after some easy calculations, that

sup [P(Ia(fa) € C) = P(Ia(f) € O s glenl [ [06(w) + el
CEB(R) R

On the other hand, || fn — feollge2 = |cn| || foollge2. Thus,

sup |P(Iz(fn) € C) = P(Ia(fo) € C)| ~nsoo ¢l fn = foollne2,
CEeB(R)

with ¢ = [p |64, (%) + doo()]dx/ (2 foolgye2)-



To illustrate the use of Theorem 1.2 in a concrete situation, we consider the
following example taken from Maejima and Tudor [3]. Let BYt, B2 be two
fractional Brownian motions with Hurst parameters Hy, Ho € (0,1), respectively.
We assume that both H; and Hj are strictly bigger than % We further assume that
the two fractional Brownian motions Bt and B2 can be expressed as Wiener
integrals with respect to the same two-sided Brownian motion W, meaning in
particular that BH1 and B2 are not independent. Precisely, we set

H ! Hy—3
Bt = c(Hl)/dWy/ (w—y) *du, t=0, (1.6)
R 0

H ! Hy—3
B2 = C(HQ)/dWy/ (w—y) "~ *du, t=0, (1.7)
R 0

where the constants ¢(H;) and ¢(Hs) are chosen so that E[(Bi)?] = E[(B2)?] =
1. Define

it (B — BB — Be?)
Zp =ty n n n —1]. (1.8)
0| B | - BB, - )

n

n

n

When H; = Hy = H, observe that (1.8) is related to the quadratic variation of
B In [3], the following extension of a classical result by Taqqu [8] is shown:

Proposition 1.3. Assume that Hy > %, Hy > % and Hy + Hy > % Then, Z,
converges as n — oo in L?(Y) to the non-symmetric Rosenblatt random variable

Zso, given by
1
Zoo = b(Hy, Hs) / AW,dW, / (s — 2) 7P (s — y)! 73y, (1.9)
R2 0

Here b(Hy, Hy) is a normalizing explicit constant whose precise value does not
matter in the sequel.

In the present paper, by relying on (1.5) we are able to associate an explicit
2
rate to the convergence Z, L Z~o of Proposition 1.3, namely,

sup | P(Zy € C) — P(Zo € C)| = O(n2~117112), (1.10)
CeB(R)

When Hy = Hy = H, the rate 3 — 2H we have obtained in (1.10) is better (by a
power 2) than the one computed by Breton and Nourdin in [1], precisely because
our inequality (1.5) improves the inequality (1.2) of Davydov and Martynova by a
power 2.

The rest of the paper is organized as follows. Section 2 contains some prelimi-
nary material on Malliavin calculus. In Section 3 we prove Theorem 1.2. Finally,
Section 4 contains our proof of (1.10).



2 Preliminaries

Let $) be a real separable infinite-dimensional Hilbert space. For any integer p > 1,
let H&P be the pth tensor product of §. Also, we denote by P the pth symmetric
tensor product.

Suppose that X = {X(h), h € $H} is an isonormal Gaussian process on $,
defined on some probability space (2, F,P). Assume from now on that F is
generated by X. For every integer p > 1, let ‘H, be the pth Wiener chaos of X,
that is, the closed linear subspace of L?(2) generated by the random variables
{Hp(X(Rh)),h € 9, |h|lg = 1}, where H), is the pth Hermite polynomial defined by

_1 P 2 dp 2
Hp(az) _ ( p') e /2@(671 /2)
We denote by Hg the space of constant random variables. For any p > 1, the
mapping I,(h®P) = p!H,(X(h)), h € 9, ||h]ly = 1, provides a linear isometry
between P (equipped with the modified norm /p!|-||4e,) and H, (equipped
with the L?(2) norm). We call I,,(f) the pth multiple Wiener-It6 integral of kernel
f. For p = 0, by convention Hy = R, and Ij is the identity map. In particular,
when f, g € P, observe that

E|(1(f) = 1,(9))] = LI = gli3en - (2.1)

It is well-known (Wiener chaos expansion) that L?(£2) can be decomposed into the
infinite orthogonal sum of the spaces H,. That is, any square integrable random
variable F' € L?(Q) admits the following chaotic expansion:

F= le(fp)v (2'2)

p=0

where fo = E[F], and the f, € H°P, p > 1, are uniquely determined by F. For
every p > 0, we denote by J, the orthogonal projection operator on the pth Wiener
chaos. In particular, if F' € L*(Q) is as in (2.2), then J,F = I,(f,) for every p > 0.

Let us now introduce some basic elements of the Malliavin calculus with respect
to the isonormal Gaussian process X. We refer the reader to Nourdin and Peccati
[4] or Nualart [6] for a more detailed presentation of these notions. Let S be the
set of all smooth and cylindrical random variables of the form

F:g(X(¢1)""’X(¢n))a (2'3)

where n > 1, g : R™ — R is an infinitely differentiable function with compact
support, and ¢; € . The Malliavin derivative of F' with respect to X is the
element of L2(Q, $)) defined as

N ox;
i=1 g



By iteration, one can define the kth derivative D*F for every k > 2, which is an
element of L2(Q, HK).

For k > 1 and p > 1, D*P denotes the closure of S with respect to the norm
| - [lpk.p, defined by the relation

k

IFI5, = ENFPI+ Y B (IDFIZe:)
i=1

The Malliavin derivative D verifies the following chain rule. If ¢ : R™ — R is con-
tinuously differentiable with bounded partial derivatives and if F' = (F},..., F},)
is a vector of elements of D12, then o(F) € D2 and

Dy(F) = i 8‘? (F)DF,. (2.4)

Observe that (2.4) still holds when ¢ is Lipschitz and the law of F' has a density
with respect to the Lebesgue measure on R"™ (see, e.g., Proposition 1.2.3 in [6]).

We denote by § the adjoint of the operator D, also called the divergence oper-
ator. A random element u € L%(, $J) belongs to the domain of §, noted DomJ, if
and only if it verifies

|E((DF,u)g)| < cu vV E(F?)

for any F' € D12, where ¢, is a constant depending only on w. If u € Domd, then
the random variable §(u) is defined by the duality relationship:

E(Fé(u)) :E((DF,u>ﬁ), (2.5)

which holds for every F' € D2, We will also make use of the following relationships,
valid for F' € DY? and u € Domd such that Fu € L*(Q, $):

Fé(u) = 6(Fu)+ (DF,u)g (2.6)
E(5(u)?) = E|Dulfe: +E|ul (2.7)

The operator L is defined on the Wiener chaos expansion as

o0
L=Y " —qJ,
q=0

and is called the infinitesimal generator of the Ornstein-Uhlenbeck semigroup. The
domain of this operator in L?(Q2) is the set

DomL = {F € L*(Q) : Y ¢’ [ JgF 721 < 00} = D**.
q=1



There is an important relationship between the operators D, § and L. A random
variable F belongs to the domain of L if and only if F' € Dom (D) (i.e. F € D2
and DF € DomJ), and in this case

§DF = —LF. (2.8)

If § = L?(A, A, 1) (with 4 non-atomic), then the derivative of a random vari-
able F as in (2.2) can be identified with the element of L?(A x Q) given by

DoF = Zq 1 (fy(ya)), acA (2.9)

At this stage, we observe that an easy calculation leads to the following identity
for F' = I,(f) and G = I,(g) (with f,g € §P), that we label for further use:

E (IDF = DGI3) = pp! |1 = gli3en (2.10)

Finally, the following lemma will play a crucial role in our forthcoming calcu-
lations.

Lemma 2.1. Let Fyy = Ix(fs), with foo € H©2 satisfying (1.4). Then, for all
r > 1, we have

E[|[Fx|”] < 00, E[|DFx|3] < oo, (2.11)
as well as
1
g | <0 (2.12)
| DFsll

Proof. The proof of (2.11) is classical and follows directly from the hypercontrac-
tivity property of multiple Wiener-It6 integrals. So, let us only focus on (2.12).
Let ey, k > 1, be the eigenvectors associated to the eigenvalues Ay j of Ay, see
(1.3). Observe that they form an orthonormal system in §) and that f,, may be
expanded as

o
foo = A ® ep, (2.13)
k=1

implying in turn that

Foo = Iy(fx0) ZAfoo, -1



We have

1 / OO ( : )
_— = Pl———>2x|dx
9/2 9/2
IDF Y ] 0 IDF. ||
E 1 0 1
= P 79/2 >z | dx + P 79/2 >z | dx
o \|DFxl 1 IDFucll}

o0
< 1+/ P(HDFOO\I%@*‘*/")M
1

9 (! 2 du
< 1+1/0 P(HDFoo||53<U)W-

To achieve the desired conclusion (2.12), let us check that
P (|DFx|3 <u) = 0w”?) asulo. (2.14)

An immediate calculation leads to

o0
IDFwllf = 4> A7k X(er)?, (2.15)
k=1

where the X (ey) are independent N(0,1) random variables. Therefore, for any
u > 0,

P (|DFxl} <) <ﬂ{4)\2 X(e)? < ) HP(]X &)l 2!Aff ’>

5/2

u
(2m)3/2 Ty Al

and (2.14) is checked, thus concluding the proof. O

3 Proof of Theorem 1.2

Let fo € H©? satisfying (1.4) (in particular, f., is not identically zero). Let
(fn) be a sequence of H? that converges to foo in H2. Write F,, = Ir(f,) and
Fy = I5(foo). Our aim in this Section 3 is to show that there exists ¢ > 0
(depending only on f.) such that, for all Borelian set C' and all n,

|P(F, € C) — P(Fs € O)| < |l fn = foollgo2. (3.16)

First of all, relying on the Lebesgue’s monotone convergence theorem, we notice
that it is not a loss of generality to assume that the Borel set C' is bounded in
(3.16).



Now, we split the proof of Theorem 1.2 into several steps and we stress that,
in what follows, the constant ¢ shall denote a generic constant only depending on
foo (not on n!) and whose value may change from one line to another.

Step 1. Thanks to (2.15), we have HDFooH% > 4)\3coo X (eg)? for some k with
Atk 7 0 (assumption (1.4)). Since X(er) # 0 a.s., one has that |[DFyl|lg > 0
a.s. As a result, one can write

HDFOOH%]

|P(F, € C)—P(Fy € C)| = ‘E [(1& ¢ —1p ec) om0
© “IIDF|3

. (3.17)

The chain rule for Lipschitz function (for n large enough, note that F), has a
density with respect to the Lebesgue measure by Shigekawa theorem [7]) leads to

Fr Feo
D(/ lo(z)dx) = 1¢(F,)DF, and D(/ lo(z)dx) = 1¢(Fs)DF .
We then have
|P(F, € C) — P(Fsx € O)| < |Ap] + |Bnl, (3.18)
with
<D (flf" lc(:n)d:c> ,DFOO>
— > 9
A, = FE 5 (3.19)
IDFoll
[1c(Fy) (D (Fo — Fy), DFs,
i IDFll

Step 2 (a bound for B,,). Using Cauchy-Schwarz inequality twice, one obtains

”D(Foo_Fn)Hﬁ 2 1
B < E < VEID(Fa — F)I3 [E |2 |.
" 1D Foolls \/ oo IDFull
By (2.10), one has E|D(Fs — )12 < 4l|foc — fall202, whereas E [m] is
2
finite by Lemma 2.1. Thus,
1Bn| < cllfoo = fallnee (3.21)

with ¢ only depending on fo,.



Step 3 (a bound for A,,). Using (2.6), (2.8) and then Cauchy-Schwarz, one can

write
Fn DF,
A, = E[/ lc(x)dm5<7oo>]
- IDFll3,
R =N
= c\Z)axr v/ 3 ooy Vi
o IDFw |3 IDFsslls / 5
F 2 1 2
< VE[(F, — Fy)?] x ,|8E (%) +2F <DFOO,D<72>> .
[DFsllg IDFsollsy /) /

Foo
IDFooll3

(om0 ) o (oo ) )

,DF,, ® DFy, 1
_ g e DE ) <;64HﬁmH%®zE7<‘__“—z>,
IDFx |} | DFesl[

2
By Lemma 2.1, it is clear that F [( ) } < 00. On the other hand, one has

which is also finite by Lemma 2.1. Thus, see also (2.1), one has
[An| < el foo = fullge, (3.22)
with ¢ only depending on fx.

Step 4 (conclusion). Taking into account (3.18), (3.21) and (3.22), we obtain
that (3.16) holds true, thus concluding the proof of Theorem 1.2. O

4 Proof of (1.10)

To prove (1.10), we shall apply our Theorem 1.2. The isonormal Gaussian process
X = {X(h) : h € H} we consider here is a two-sided Brownian motion W =
{W(h): h € L}(R)}. We divide the proof of (1.10) into several steps.

Step 1. Recall from (1.8) and (1.9) the definitions of Z,, and Z, respectively.
In Maejima and Tudor [3], the authors represent Z,, and Z, as

Zp =b(Hy, Hy) x I5(fn) and Zs = b(Hy, Hy) x Iz(fx),

with b(H;, Hy) a suitable constant and

(i+1)/ (H—l)/n
fulwy) = / / 2) 32 (s T2

foliy) = /0 (5 = )/ (s = )2



We have moreover, see indeed [3, page 180],

[ frn = fooll2m2) = O(n%_Hl_HQ) as n — oo. (4.23)

Step 2. Let us check that fo, satisfies (1.4). To do so, recall from (2.13) that
foo may be expanded, with ej the eigenvectors associated to As_ x, as

Fool@,y) =Y Moo ker(@)er (y)- (4.24)

k>1

Let us first show that ey, is bounded on [0,1] when A # 0. Indeed, using
Cauchy-Schwarz inequality as well as the identity

[ =)= 0)3dn = coft — s
R

valid for any o > —% (with ¢, > 0 a constant depending only on «), one can write

ex(y)? = )\% (/R er(z)dz /01 ds(s — o)/ (s — y)523/2>2

1 2
% ek(m)2dm X / dx (/ ds(s — x)fl—3/2(s _ y)f2_3/2>
k JR R 0
= %/ dm/ dtds(s—x)flf3/2(8_y)fzf3/2(t_x)f1*3/2(t_y)5273/2
kE /R [0,1]2

Cc — — —
= S [ dtas(s - g ) e s,
k J01]?

N

with cp, a constant depending only on H;. Thus, for any 0 <y < 1,

en(y)’ < CHI/[H2 dtds(s — y)2=3/2(t — y)2=3/2)p _ g2 -2
y7

N2
Ak
_ Cﬂ/ dtds SH2—3/2tH2—3/2|t o S|2H1—2
A oy
< C% dtds SH2—3/2tH2—3/2|t . S|2H1—2
Ae o2
2cH, ! 2H+2Ho—4 ! H>—3/2 2H; -2
= dtt duu (1—u) < 0.
E /0 0

10



Let us now show that fs is not bounded on [0, 1]%. If z,y € [0, ], then

1 1
/ (S — x)fl—fﬂ/?(s . y)fQ—fﬂ/QdS _ / (S B x)H1—3/2(8 - y)H2—3/2ds
0 xVy

> /miy\/(s_i;ﬂ:/;y [(s_x;y>2_<x;y>2]—zds
_ 1/“—@“—?/) du 2}/% du .
o wlu (5392 20t (529

Using Fatou’s lemma, we conclude that

1 B B 1 /i
liminf/ (s—x)fl 3/2(5—y)f2 24 > liminf§/4 du
0

Yy—x

The fact that f is not bounded together with the fact that ey is bounded
when Ay 1 # 0 imply, thanks to (4.24), that fo satisfies (1.4).

Step 3 (conclusion). Due to the conclusion of Step 2, the proof of (1.10) now
follows from Theorem 1.2 and (4.23). O

Acknowledgments. I would like to thank sincerely my thesis advisor Ivan Nour-
din, who led all the directions of my work. Also, I am particularly grateful to
two anonymous referees for a careful reading and a number of helpful suggestions,
which led to significant improvements in the presentation of my results.

References

[1] J.-C. Breton and I. Nourdin (2008): Error Bounds On The Non-Normal Ap-
proximation of Hermite Power Variations of Fractionnal Brownian Motion.
Elect. Comm. in Prob 13, 482-493.

[2] Y. A. Davydov and G. V. Martynova (1987). Limit behavior of multiple
stochastic integral. Statistics and control of random process. Preila, Nauka,
Moscow, 55-57 (in Russian).

[3] M. Maejima and C. A. Tudor (2012): Selfsimilar processes with stationary

increments in the second wiener chaos. Probab. Math. Statist. 32, no. 1, 167-
186.

11



[4]

I. Nourdin and G. Peccati (2012). Normal Approximations Using Malliavin
Calculus: from Stein’s Method to Universality. Cambridge Tracts in Mathe-
matics. Cambridge University Press.

I. Nourdin and G. Poly (2013): Convergence in total variation on Wiener
chaos. Stoch. Proc. Appl. 123, 651-674.

D. Nualart (2006). The Malliavin calculus and related topics of Probability
and Its Applications. Springer-Verlag, Berlin, second edition.

I. Shigekawa (1980): Derivatives of Wiener functionals and absolute continuity
of induced measures. J. Math. Kyoto Univ. 20 (2), 263-289.

M.S. Taqqu (1975): Weak convergence to fractional Brownian motion and to
Rosenblatt process. Z. Wahrsch. verw. Gebiete 31, 287-302.

12



