
�>���G �A�/�, �?���H�@�y�y�e�9�j�N�N�9

�?�i�i�T�b�,�f�f�?���H�X���`�+�?�B�p�2�b�@�Q�m�p�2�`�i�2�b�X�7�`�f�?���H�@�y�y�e�9�j�N�N�9

�a�m�#�K�B�i�i�2�/ �Q�M �j �C���M �k�y�R�k

�>���G �B�b �� �K�m�H�i�B�@�/�B�b�+�B�T�H�B�M���`�v �Q�T�2�M ���+�+�2�b�b
���`�+�?�B�p�2 �7�Q�` �i�?�2 �/�2�T�Q�b�B�i ���M�/ �/�B�b�b�2�K�B�M���i�B�Q�M �Q�7 �b�+�B�@
�2�M�i�B�}�+ �`�2�b�2���`�+�? �/�Q�+�m�K�2�M�i�b�- �r�?�2�i�?�2�` �i�?�2�v ���`�2 �T�m�#�@
�H�B�b�?�2�/ �Q�` �M�Q�i�X �h�?�2 �/�Q�+�m�K�2�M�i�b �K���v �+�Q�K�2 �7�`�Q�K
�i�2���+�?�B�M�; ���M�/ �`�2�b�2���`�+�? �B�M�b�i�B�i�m�i�B�Q�M�b �B�M �6�`���M�+�2 �Q�`
���#�`�Q���/�- �Q�` �7�`�Q�K �T�m�#�H�B�+ �Q�` �T�`�B�p���i�2 �`�2�b�2���`�+�? �+�2�M�i�2�`�b�X

�G�ö���`�+�?�B�p�2 �Q�m�p�2�`�i�2 �T�H�m�`�B�/�B�b�+�B�T�H�B�M���B�`�2�>���G�- �2�b�i
�/�2�b�i�B�M�û�2 ���m �/�û�T�¬�i �2�i �¨ �H�� �/�B�z�m�b�B�Q�M �/�2 �/�Q�+�m�K�2�M�i�b
�b�+�B�2�M�i�B�}�[�m�2�b �/�2 �M�B�p�2���m �`�2�+�?�2�`�+�?�2�- �T�m�#�H�B�û�b �Q�m �M�Q�M�-
�û�K���M���M�i �/�2�b �û�i���#�H�B�b�b�2�K�2�M�i�b �/�ö�2�M�b�2�B�;�M�2�K�2�M�i �2�i �/�2
�`�2�+�?�2�`�+�?�2 �7�`���M�Ï���B�b �Q�m �û�i�`���M�;�2�`�b�- �/�2�b �H���#�Q�`���i�Q�B�`�2�b
�T�m�#�H�B�+�b �Q�m �T�`�B�p�û�b�X

�.�B�b�i�`�B�#�m�i�2�/ �m�M�/�2�` �� �*�`�2���i�B�p�2 �*�Q�K�K�Q�M�b���i�i�`�B�#�m�i�B�Q�M�% �9�X�y �A�M�i�2�`�M���i�B�Q�M���H �G�B�+�2�M�b�2

�S�`�2�7�2�`�2�M�i�B���H �+�Q�M�+�2�M�i�`���i�B�Q�M �Q�7 �?�2���p�v �T���`�i�B�+�H�2�b�, �� �o�Q�`�Q�M�Q�[
���M���H�v�b�B�b

�_�Q�K���B�M �J�Q�M�+�?���m�t�- �J�B�+�F�����H �"�Q�m�`�;�Q�B�M�- ���H���B�M �>�X �*���`�i�2�H�H�B�2�`

�h�Q �+�B�i�2 �i�?�B�b �p�2�`�b�B�Q�M�,

�_�Q�K���B�M �J�Q�M�+�?���m�t�- �J�B�+�F�����H �"�Q�m�`�;�Q�B�M�- ���H���B�M �>�X �*���`�i�2�H�H�B�2�`�X �S�`�2�7�2�`�2�M�i�B���H �+�Q�M�+�2�M�i�`���i�B�Q�M �Q�7 �?�2���p�v �T���`�i�B�@
�+�H�2�b�, �� �o�Q�`�Q�M�Q�[ ���M���H�v�b�B�b�X �S�?�v�b�B�+�b �Q�7 �6�H�m�B�/�b�- �k�y�R�y�- �k�k�- �T�T�X�R�y�j�j�y�9�X ���R�y�X�R�y�e�j�f�R�X�j�9�3�N�N�3�d���X ���?���H�@�y�y�e�9�j�N�N�9��



Preferential concentration of heavy particles: A Voronoï analysis
R. Monchaux, M. Bourgoin, and A. Cartellier 
 
Citation: Phys. Fluids 22, 103304 (2010); doi: 10.1063/1.3489987 
View online: http://dx.doi.org/10.1063/1.3489987 
View Table of Contents: http://pof.aip.org/resource/1/PHFLE6/v22/i10 
Published by the American Institute of Physics. 
 
Related Articles
A study of thermal counterflow using particle tracking velocimetry
 
Phys. Fluids 23, 107102 (2011) 
Particle accumulation on periodic orbits by repeated free surface collisions 
Phys. Fluids 23, 072106 (2011) 
Drag force of a particle moving axisymmetrically in open or closed cavities 
J. Chem. Phys. 135, 014904 (2011) 
Modal and non-modal stability of particle-laden channel flow 
Phys. Fluids 23, 064110 (2011) 
Fluid velocity fluctuations in a collision of a sphere with a wall 
Phys. Fluids 23, 063301 (2011) 
 
Additional information on Phys. Fluids
Journal Homepage: http://pof.aip.org/ 
Journal Information: http://pof.aip.org/about/about_the_journal 
Top downloads: http://pof.aip.org/features/most_downloaded 
Information for Authors: http://pof.aip.org/authors 

Downloaded 23 Nov 2011 to 194.254.66.83. Redistribution subject to AIP license or copyright; see http://pof.aip.org/about/rights_and_permissions



Preferential concentration of heavy particles: A Voronoï analysis
R. Monchaux,1 M. Bourgoin,2 and A. Cartellier2

1Unité de mécanique, Ecole Nationale Supérieure de Techniques Avancées, ParisTech,
Chemin de la Hunière, 91761 Palaiseau Cedex, France
2Laboratoire des Ecoulements Géophysiques et Industriels, CNRS/UJF/G-INP UMR5519,
BP53, 38041 Grenoble, France

�Received 21 April 2010; accepted 3 August 2010; published online 14 October 2010�

We present an experimental characterization of preferential concentration and clustering of inertial
particles in a turbulent ßow obtained from Vorono• diagram analysis. Several results formerly
obtained from various data processing techniques are successfully recovered and further analyzed
with Vorono• tesselations as the main single tool. We introduce a simple and nonambiguous way to
identify particle clusters. We emphasize the maximum preferential concentration for particles with
Stokes numbers around unity and the self-similar nature of clustering and we report new unpredicted
results concerning clusters inner concentration dependence on Stokes number and global seeding
density. Some of these experimental observations can be consistently interpreted in the context of
the so-called sweep-stick mechanism. Finally, we stress the great potential of Vorono• analysis that
offers important openings for new investigations of particle laden ßows in terms, for instance, of
simultaneous Lagrangian statistics of particle dynamics and local concentration Þeld. ©2010
American Institute of Physics. �doi:10.1063/1.3489987�

I. INTRODUCTION

The study of inertial particles laden ßows is relevant to
many industrial and environmental issues�chemical reactors
and engine optimization, plankton or pollutant dispersion,
clouds formation, etc.�, but it is also of fundamental interest.
A striking feature is the trend to preferential concentration
that has been observed for long1,2 and which is still thor-
oughly studied.3Ð6 Another interesting feature is the enhance-
ment of the settling velocity of particles in turbulent ßows.
Since an explanation of seeding density dependence of this
phenomenon through collective effects has been proposed,7

different authors have tried to quantify and characterize par-
ticles clustering from numerical simulations. Nevertheless an
appropriate equation of motion for an accurate modeling of
particle dynamics is still lacking, only the point particle limit
is generally considered8,9 and even further simpliÞcations are
usually required to achieve numerical simulations.10,11 Ex-
perimental investigations are still important to reach a better
understanding of the underlying mechanisms. Several recent
studies have focused on the single particle problem by mea-
suring the Lagrangian acceleration in order to get insight on
the relevant forces acting on isolated particles.12Ð15 We con-
sider here the many particles case to address preferential
concentration and clustering matters including possible col-
lective effects. Do clusters exist as a whole in these ßows?
How do they form? What is their structure and how does this
structure evolve with time? Which effect do they have on the
single particle dynamics? Here are some of the questions that
still need to be answered. To date, the preferential
concentration/clustering problem has been studied with glo-
bal or Eulerian tools�such as box counting methods, pair
correlation function estimation, correlation dimension, or to-
pological indicators�. A dynamical study of the Lagrangian
dynamics of particles and of the local concentration Þeld

would bring a new insight in these processes. In particular, it
would be worthwhile to get access to the concentration along
a particle trajectory, a quantity that has been recognized as
very important in models.16,17

In that scope, we propose in this article a new approach
to analyze particle concentration Þelds based on Vorono• tes-
selations that gives a measure of the local concentration Þeld
at interparticle length scale. By itself, this data processing
technique is particularly enlightening to explore and quantify
the preferential concentration phenomenon while, combined
to Lagrangian tracking, it also gives access to simultaneous
measurements of velocity, acceleration, and local concentra-
tion along particles trajectories that are crucial for a better
insight of clusters and particle dynamics. As a Þrst step, this
article focuses on the preferential concentration problem on a
statistical ground. Section II is dedicated to the description of
our experimental setup and of the tools used to postprocess
the acquired data. In Sec. III, we use Vorono• analysis to
quantify the preferential concentration and to identify and
characterize clusters. Conclusions and expected further dy-
namical studies are summarized in Sec. IV.

II. EXPERIMENTAL SETUP AND POSTPROCESSING

A. Two-phase �ow generation and characterization

Experiments are conducted in a large wind tunnel with a
square cross-section of 0.75 m� 0.75 m where an almost
ideal isotropic turbulence is generated behind a grid whose
mesh size is 7.5 cm�Fig. 1�. We can adjust the mean velocity
from 3 to 15 m s•1 �the turbulence level remains relatively
low of the order of 3% at the measurement location and the
anisotropy level between the transverse and longitudinal
ßuctuating velocities is smaller than 10%�. Inertial particles
are water droplets generated by four injectors placed in the
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convergent part of the wind tunnel, one meter upstream the
grid to ensure a homogeneous seeding of the ßow. These
injectors consist of two tubes carrying water and air that
merge into a speciÞcally designed nozzle�a Schlick-Dusen
�Germany� 942 two ßuid nozzle� where pressurized air atom-
izes the liquid and forms the exiting conic jet. The particle
properties relevant to our study can be adjusted within acces-
sible range. Volume loading is directly linked to the water
ßow rate in the nozzles while the diameter distribution is a
subtle function of both water ßow rate and air pressure in the
nozzles, as detailed below. We always consider regimes of
relatively low particles volume loading�volume fraction in
our experiments covers the range 2� 10•6 � � v � 3� 10•5 �
so that no signiÞcant turbulence modulation by two-way
coupling is expected to occur.

We have performed particle image velocimetry�PIV�
and hot-wire measurements in the test section in order to
characterize the turbulence underlying our experiment. Hot-
wire acquisitions have been done for the single phase air
ßow. They show a slowly decaying nearly homogeneous tur-
bulence. When the mean ßow velocity is changed from 3 to
7.5 m s•1 , the associated Taylor microscale Reynolds num-
ber R� varies from 72 to 114 at the measurement location
situated 3 m downstream the grid. The evolution of the tur-
bulence characteristics of the single phase ßow at different
locations downstream the grid for the explored range of
mean velocities is given in TableI. In order to probe the
maximum inßuence on the carrier turbulence of the addi-
tional perturbation from the injectors, we have also measured
the turbulence ßuctuation level when the injectors blow only
air �hot-wire measurements are not possible in the two-phase
conÞguration�. It is found to increase typically by 50% com-

pared to the case without injectors. Nevertheless, this en-
hancement of turbulence intensity does not depend much on
the imposed air pressure at the injectors as shown on Fig.
2�a� �except at very low wind speed�. It should also be noted
that this inßuence is expected to be reduced when the water
ßow is turned on since atomized droplets will carry a signiÞ-
cant amount of the global additional momentum injected by
the nozzleÕs air ßow. PIV was carried out from high speed
imaging �we use a Phantom V12 camera from Vision Re-
search, Inc.�New Jersey, USA�� of the injected water droplet
fog. We note that although such inertial particles are not
expected to follow the ßow, these PIV measurements give a
good characterization of the global ßow homogeneity and
isotropy. Figure2�b� presents PIV vertical proÞles of the
axial velocities averaged overx along the whole measure-
ment volume showing the good homogeneity of the ßow in
the cross-section of the tunnel; moreover, the very slow evo-
lution of these proÞles with the axial coordinatex along the
measurement volume�Fig. 2�c�� evidences the slow decay of
turbulence within this volume. On Fig.2�d�, a typical veloc-
ity spectrum allows to identify a narrow inertial range as
expected at this moderateR� value.

Regarding the droplet spray, one of the main goals of our
study is to explore the inßuence of particle diametersd �or
equivalently of their Stokes number, deÞned as St� � p/ � �
=�d/ � � 2�1+2� � /36, where� p is the particle viscous relax-
ation time, � � and � are, respectively, the dissipation time
scale and length scale of the carrier ßow, and� =	 water/ 	 air is
the ratio of particles density to carrier ßuid density� on the
preferential concentration phenomenon. The two-phase
nozzles that we use to produce the spray present the advan-
tage to easily allow a systematic variation of the mean diam-
eter of droplets by controlling air and water ßow rates in the
injectors. The drawback of this versatility is the difÞculty to
produce a monodisperse spray. The injection process leads
indeed to a polydisperse seeding of the ßow for which par-
ticles diameter distribution has to be estimated. We have
used the SprayTech instrument developed by Malvern, Inc.
�England� and based on the diffusion of a laser beam by the
spray. Due to the size of the SprayTech apparatus, these
granulometry characterizations cannot be done simulta-
neously with other measurements; therefore, they have been
performed once for the entire set of experimental parameters
and in the same measurement volume as the main measure-
ments. Figure2�e� shows typical particle size distributions.
The main control parameters governing the diameter distri-
butions are: the air pressure and the water ßow rate in the
injectors as well as the wind velocity in the tunnel. Dimin-
ishing the air pressure while keeping the other parameters
constant results in an increase of particle diameter. Oppo-
sitely, diminishing the water ßow rate produces a decrease of
particles diameter, a decrease of the volume loading but an
increase of the number of particles seen per image for a
monodisperse spray. This nontrivial effect could be inter-
preted as the result that for a given water ßow ratejw, par-
ticle number densityC0 is inversely proportional to droplets
volume�C0
 d•3 � , whereas the particle diameterd is a non-
trivial injector dependent growing function ofjw � let us say
d=g� jw�� , which for our precise injectors must increase more

yyzz
xx

UU

mean flow
direction

L = 75 cm

4 atomizing
nozzles

Laser
sheet

Phantom V12
high-speed

camera

FIG. 1. �Color online� Experimental setup.

TABLE I. Evolution of the turbulence characteristics for the single phase
ßow for three different velocities at our measurement volume location.x:
distance downstream the grid;V0: mean longitudinal velocity;� : dissipation
rate; L, � , and � : integral; Taylor and Kolmogorov length scales,� � ; v� :
Kolmogorov time and velocity scales; and the last column displays the
Taylor scale based Reynolds number.

x
�cm�

V0
�m s•1 �

�
�m2 s•3 �

L
�mm�

�
�mm�

�
�mm�

� �
�ms�

v�
�cm s•1 � R�

290 2.92 0.0084 61.4 12 0.79 42 1.90 72

290 4.51 0.0309 61.4 9.7 0.57 22 2.59 90

290 6.33 0.0854 61.4 8.2 0.45 13.3 3.38 114

103304-2 Monchaux, Bourgoin, and Cartellier Phys. Fluids 22, 103304 �2010�

Downloaded 23 Nov 2011 to 194.254.66.83. Redistribution subject to AIP license or copyright; see http://pof.aip.org/about/rights_and_permissions



slowly than jw
3 so that in the end seeding densityC0


 g� jw� •3 is a decreasing function of water ßow ratejw. Since
particles are injected in the convergent part of the tunnel,
upstream the grid for low wind velocities�typically V0
� 4 m s•1 �, the velocity in the convergent is not sufÞcient
for the heavier particles to reach the grid and they all settle
before entering the fast section of the tunnel. This results in
a severe decrease of particles diameters observed in experi-
ments at Þxed air pressure and water ßow rate for low wind
velocities. We have shown that aboveV0� 4 m s•1 , particles
diameter distributions in the measurement region are not
much affected by the wind velocity. Once particles diameter
distributions are obtained for a given set of injection param-
eters, we build a corresponding most probable Stokes num-
ber deÞned as St=�dmax/ � � 2�1+2� � /36, wheredmax corre-
sponds to the maximum of diameters distribution�see Fig.
2�e��. Figure2�f� represents the evolution ofdmax as a func-
tion of air pressure and water ßow rate in the nozzles for a
given carrier ßow Reynolds number. We stress that because
of the high polydispersity the standard deviation St of
Stokes number�based on measured diameters distribution�,
which could be interpreted as an error bar for the Stokes
number estimation, is large� St/St easily exceeds 50%� and
will not be displayed on the Þgures presented in the sequel.

To summarize, each experiment is characterized by
the set of parameters�R� ,St,C0� with R� , the carrier ßow

Reynolds number�based on Taylor microscale�, St, the aver-
age Stokes number obtained as described above, andC0, the
global seeding density�which we cannot accurately measure,
but which we assume to be directly related to the number of
particles per image�. Another usual relevant parameter is the
Rouse number�deÞned as the ratio of the terminal velocity
of the particles to the turbulent ßuctuations intensity�, which
in our experiments, varies in a relatively narrow range from
0.4 to 2. A total of 90 experiments covering a set of about 40
different parameters triplets�R� ,St,C0� have been explored
in order to investigate systematic effects on preferential con-
centration phenomenon. In this study, we focus mainly on
the inßuence of St andC0.

B. Acquisitions and postprocessing

Acquisitions are performed using a Phantom V12
high speed camera�Vison Research, USA� operated at
10 kHz and acquiring 12 bits images at a resolution of
1280 pixels� 488 pixels corresponding to a 125 mm
�along x� � 45 mm�along y� visualization window on the
axis of the wind tunnel�covering slightly less than an inte-
gral scale in the verticaly direction and almost two integral
scales in the streamwisex direction�, located 2.95 m down-
stream the grid. The camera is mounted with a 105 mm
macro Nikon lens opening atf /D=2.8. An 8 W pulsed
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FIG. 2. �Color online� � a� Evolution of the ratio of tur-
bulent ßuctuations�Vrms� to mean wind velocity�V0�
both measured from from hot-wire anemometry as a
function of the injector pressure without water ßow
�note that the impact of the injectors on the turbulence
level would even be lower with the presence of water�
for three different mean velocities�equivalent turbulent
ßuctuation rate is constant and of the order of 3.5%
when no air is blown in the injectors�. �b� Mean axial
velocity averaged overx in the measurement volume
�x� �289Ð301� cm� obtained from PIV.�c� Mean axial
velocities at different locationsx in the measurement
volume�also from PIV�. Different symbols correspond
to different location, note that the mean velocity is al-
most constant within the measurement volume.�d� Ve-
locity spectrum in the measurement volume.�e� Par-
ticles diameter PDF evolution with air pressure
�varying from 2 to 5 bars� at Þxed water ßow rate
�1.2 l/mn for each injector� and Þxed wind velocity
�V0=4.5 m s•1 � . Note that PDFs are given from par-
ticles volume�and not particles number�. �f� Evolution
of the maximum of these PDF with water ßow rate and
air pressure at the same Þxed velocity�V0=4.5 m s•1 � .
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copper laser synchronized with the camera is used to gener-
ate a 2 mm�i.e., 3Ð4� � thick light sheet illuminating the
Þeld of view in the stream-wise direction. The camera is
orientated with a 50¡ forward scattering observation angle
with respect to the laser sheet to increase the light
budget. The resulting deformations are compensated by a
Scheimpßug mount. Each experiment consists in a 0.9 s ac-
quisition of 9000 images�corresponding to the available on
board memory storage of the camera� at Þxed wind velocity,
water rate and air pressure in the injectors. Particles are iden-
tiÞed on the recorded images as local maxima with intensity
higher than a prescribed threshold. As a consistency test, we
have checked that changing the threshold around the selected
value does not impact signiÞcantly the number of particles
found. The subpixel accuracy detection is obtained by locat-
ing the particles at the center of mass of the pixels surround-
ing the local maxima.

As already mentioned, our aim is to study particles con-
centration Þelds in order to quantify preferential concentra-
tion effects and to identify particles clusters if any. Usual
approaches to do this consider the pair correlation function to
quantify preferential concentration effects while a box count-
ing method is preferred to access local concentration Þelds.
We propose to use a single tool to tackle simultaneously
these two problems: the Vorono• diagrams. Such a Vorono•
diagram is the unique decomposition of two-dimensional
�2D� space into independent cells associated to each particle.
One Vorono• cell is deÞned as the ensemble of points that are
closer to a particle than to any other. Use of Vorono• dia-
grams is very classical to study granular systems and has also
been used to identify galaxies clusters. The Vorono• diagram
computation is very efÞcient�we useMATLAB algorithm�
with the typical number of particles per image�up to several
thousands� we have to process. Figures3�a� and3�b� show a
raw acquired image as well as the located particles and the
associated Vorono• diagram.

III. PREFERENTIAL CONCENTRATION EVIDENCE
AND QUANTIFICATION

A. Voronoï diagrams: Properties and advantages

Why use Voronoï tessellations?From the deÞnition of
the Vorono• diagrams, it appears that the areaA of a Vorono•
cell is the inverse of the local 2D-concentration of particles;
therefore, the investigation of Vorono• area Þeld is strictly

equivalent to that of local concentration Þeld. We recall that
usually local concentration Þelds are obtained through box
counting methods7 that shows several disadvantages: they
are computationally inefÞcient and they require to select an
arbitrary length scale�the box size�, whereas in Vorono• dia-
gram computation, no length scale isa priori chosen and the
resulting local concentration Þeld is obtained at an intrinsic
resolution. Similarly, the pair correlation function only gives
global �nonlocal� information and is also associated to the
choice of a length scale that spans the whole values of inter-
est increasing dreadfully the computation time. Finally, an-
other interest of Vorono• diagrams is that as each individual
cell is associated to a given particle at each time step, thus
tracking in a Lagrangian frame the particles directly gives
access to the Lagrangian dynamics of the concentration Þeld
itself along particles trajectories. Although we will not dis-
cuss such Lagrangian aspects in this article, they represent an
important opening which will be addressed in forthcoming
studies.

Some relevant properties of Voronoï diagrams.Whatever
the measurement and data analysis technique used, when one
refers to preferential concentration, it is implicitly assumed
that one deals with statistical preferential concentration com-
pared to the case where particles would be spatially distrib-
uted as a random Poisson process�RPP�. In order to quantify
preferential concentration, we therefore compare for each ex-
periment the probability density function�PDF� of the mea-
sured Vorono• areas to that expected for a RPP. The main
known properties of Vorono• diagrams associated to RPP can
be found in a short review by Ferenc and co-worker18 and
references herein. The Þrst moment of Vorono• area PDF has
nothing to do with the spatial organization of the particles
since the average Vorono• areaĀ is always identical to the
mean particles concentration inverse. Therefore, in the se-
quel, we will generally focus on the distribution of the nor-
malized Vorono• areaV=A/Ā that is of unit mean. The only
known exact result for RPP Vorono• areas statistics concerns
the second order moment in the 2D case that is equal to
�V2	RPP=1.280 corresponding to a standard deviation V

RPP

=
 �V2	RPP•1 � 0.53. Regarding the shape of the PDF of
Vorono• areas statistics for a RPP, no analytical solution is
known �most of the authors Þt them with Gamma distribu-
tions�. Ferenc and co-worker proposed a compact analytical
expression involving the space dimension as a single param-
eter. We use this analytical expression as a RPP reference.

B. Experimental Voronoï area PDF

From instantaneous to statistical results.After postpro-
cessing the data as explained in Sec. II B, we obtain for each
experiment�corresponding to a given set of control param-
eters�R� ,St,C0�� a Vorono• diagram at each acquisition time
step. Due to the Þnite size of the Þeld of view, the cells at the
border of the diagram have inÞnite areas. We reject these
border cells and keep only the particles whose Vorono• cell is
fully included in the visualization window. To improve the
statistical convergence of Vorono• area PDF estimation, we
compute Vorono• diagram statistics from several uncorre-
lated images from a given experiment. The unit mean nor-
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FIG. 3. Left: a typical raw image. Right: particles located in this image and
the associated Vorono• diagram. For clarity, we show only one third of the
full acquired image.
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malization�V=A/Ā� may then be performed for each image
individually or for the whole set of images. We have checked
that the impact of the normalization process is negligible.
Figure6�a� shows Vorono• area PDFs associated to ten dif-
ferent statistical sets obtained by gathering 500 uncorrelated
instantaneous Vorono• diagrams�UIVD� from a same experi-
ment. The dispersion between the ten samples is quite small
indicating that a good statistical convergence is already
reached with 500 UIVD, except maybe in the extreme tails
of the PDF. We Þnd that the statistical convergence of the
two Þrst moments of these distributions is indeed achieved
with one set of 500 UIVD. In the sequel, detailed PDF analy-
sis was usually calculated using one set of 5000 UIVD from
each experiment, while statistical error bars on second order
moments for a given experiment�for instance, for the stan-
dard deviation of Vorono• areas V in Fig. 5�a�� are estimated
from the dispersion when these 5000 UIVD are split into ten
sets of 500 UIVD analyzed individually.

Experimental Voronoï area distributions.Figure4�a� dis-
plays the PDFs of the dimensional Vorono• cells areaA for
40 different experiments. When the dimensional areaA is
considered, one observes that the maximum of these PDFs
spans over 2 decades. This evolution is representative of the
average number of particles per image�or equivalently of the
global seeding concentrationC0� that for the ensemble of
experiments represented goes from 50 to 5000. Note that as
the average number of particles per image decreases�i.e., as
the mean Vorono• area increases�, the scattering of the right
tail on these PDFs increases as a consequence of the lesser

statistical convergence. The same PDFs for the normalized
Vorono• areaV=A/Ā collapse somehow�not shown�. The
tails associated to large Vorono• areas, i.e., to regions of low
particles concentration, actually collapse within measure-
ments uncertainty, whereas the tails associated to relatively
small Vorono• areas, i.e., to the regions of high particle con-
centration show a much stronger dependency with the con-
sidered experimental conditions, and particularly with the
Stokes number as shown in Fig.4�b�. Concerning the Rey-
nolds number dependency, the robustness of PDF right tails
�associated to depleted regions� may be interpreted as the
fact that the integral scale of the carrier ßow is found not to
change much whenR� is increased�on the contrary the dis-
sipation scale does decrease signiÞcantly�. If large depleted
regions are mostly associated to large eddies whose size is
not affected whenR� is increased, the distribution of Vorono•
areas in these large depleted regions may also be expected to
remain robust as Reynolds number changes. It is more difÞ-
cult to comment on theR� dependency of the PDF left tails
�associated to dense regions� for two reasons. The range of
Reynolds numbers tested is narrow and St andR� are very
correlated�see I� so that sets of experiments who span the
explored range of Reynolds numbers at Þxed St andC0 are
too scarce to be conclusive. Nevertheless, we observe
changes in the PDF left tails with the Reynolds number that
deserves a more thorough study we may undertake. The de-
pendency on Stokes number is more subtle and is analyzed
in the next paragraph.

While Vorono• area PDF of RPP are usually described by
Gamma distributions,18 Fig. 4�c� shows that, for the inertial
particles we investigate, Vorono• areas statistics are well de-
scribed by a log-normal distribution. As seen on the Þgure,
the superimposition with a log-normal distribution is almost
perfect in the interval� 2 log�V�, where log�V� stands for the
standard deviation of log�V� � note that extreme PDF tails for
statistics of the logarithm ofV are beyond experimentally
accessible statistical convergence�. Log normality is further
tested in Fig.4�d� via the well-known log-normal relations
between the two Þrst statistical moments ofV and log�V�

log�V̄� = log�V� +  log�V�
2 /2, �1�

 V
2 = V̄2�e log�V�

2
• 1 � , �2�

where V stands for the standard deviation of the normalized
areaV, and where by deÞnition mean normalized areaV̄=1.
In this Þgure, each point for each plotted relation corre-
sponds to each of the 90 carried experiments evidencing the
very good veriÞcation of log-normal scaling�1� and the rela-
tively good veriÞcation of relation�2� that is much more
severe considering the difÞculty to reach statistical conver-
gence for logarithm of second moments. At the Þrst order,
we can therefore reasonably assume normalized Vorono• ar-
eas to be log-normally distributed. To date, we do not have
any theoretical interpretation of this log-normality, but this
result shows that in the limit of experimental convergence,
normalized Vorono• area PDFs can be described with one
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FIG. 4. �a� PDF of dimensional Vorono• areaA for 40 experiments spanning
all R� , St, and the volume loading explored.�b� PDF of normalized Voronoi

areaA/Ā for four experiments atR� � 96 with varying Stokes number�each
PDF is calculated from 5000 instantaneous Þelds�; inset displays a zoom
around the maximum.�c� Centered and normalized PDF of the logarithm of
Vorono• area for the 40 experiments from upper Þgure; black dashed line
represents a Gaussian distribution.�d� Test of the log-normal scalings�1�
�gray dots� and�2� � black dots� on 80 experiments spanning allR� , St, and
C0; one point corresponds to one experiment. IfV has a log-normal distri-
bution, the dots should gather on the dash-dotted lines. Relation�1� is very
well veriÞed; relation�2� deviates slightly from the lognormal scaling, but is
still relatively well veriÞed considering the severeness of the test that in-
volves second order moments of the variable logarithm for which statistical
convergence becomes challenging.
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single scalar quantity that we choose here to be the standard
deviation of the normalized Vorono• areas V.

Quantifying preferential concentration.It is generally as-
sumed that preferential concentration is primarily governed
by particles Stokes number. Most former numerical and ex-
perimental studies have evidenced that preferential concen-
tration effects are more signiÞcant as the Stokes number ap-
proaches unity. In Figs.5�a� and 5�b�, we present the
evolution of the normalized Vorono• area standard deviation
 V as a function of Stokes number in our experiments. In
Fig. 5�a�, each point corresponds to one single experiment.
Lines connect different experiments for which the Reynolds
number and the number of particles per image are kept con-
stant. In Fig.5�b�, only the Reynolds number is constant
along the lines, and each point is the average of points from
the previous plot corresponding to experiments with the
same Stokes number but possibly different number of par-
ticles per image�error bars represent the dispersion between
such experiments�. As mentioned earlier, the standard devia-
tion of Vorono• areas for a RPP is analytically known to be
 V

RPP� 0.53 that deÞnes a reference value to compare with. A
standard deviation V signiÞcantly exceeding 0.53 reveals
the existence of high and low concentration events compared
to the RPP case. Oppositely, a standard deviation V below
this reference value would evidence the tendency of particles
to distribute in a more organized arrangement� V=0 in the
limit of a perfect crystal�. As seen on Figs.5�a� and5�b�, for
the range of explored Stokes numbers�spanning from 0.2 to

almost 6�, the standard deviation of the normalized Vorono•
areas always exceeds 0.57 and reaches values as high as
0.85, which shows that preferential concentration is always
present over this range of Stokes numbers, consistently with
former experimental and numerical investigations. Further-
more, both Þgures peak around Stpk� 2Ð3 that is consistent
with the generally assumed feature that preferential concen-
tration is maximal for Stokes number around unity corre-
sponding to a better adjustment of particles response time to
turbulence forcing time. In order to compare our Vorono•
analysis with usual tools, we have also performed the box
counting and correlation dimension analysis�not shown� that
are consistently found to give a maximum effect of prefer-
ential concentration also for Stpk� 2Ð3. Figure5�b� also
suggests a possible Reynolds number effect as the curve for
R� =90 seems more peaked than curve atR� =114 and ap-
pears to reach its maximum for a slightly lower value of Stpk.
However, one can hardly be conclusive on such a Reynolds
number effect as it is mainly supported by only one point on
the R� =90 curve�point St=2.2;�  V=0.6	 in Fig. 5�b�� that
furthermore presents relatively large statistical error bars.
The possible speciÞc inßuence of Reynolds number on pref-
erential concentration will be addressed more deeply in
forthcoming investigations. Moreover, as discussed in the
following, the precise shape of trends in Figs.5�a� and5�b�
might be slightly affected by a bias on the estimation of
particles typical Stokes number and subsequently on the ex-
act value of Stpk as well as the width of the curves. For
example, we Þnd Stpk� 1 while other studies�mostly nu-
merical� suggest a maximum effect for St� 1. This might be
attributed to an overestimation of the typical Stokes number
of particles in our experiments as the actual turbulent dissi-
pation scales�� or � � � might be slightly smaller than the
values reported in TableI due to the slight turbulence level
enhancement from the spray injection process as described in
Sec. II A �measurements in TableI, used for St estimation,
were performed for the carrier ßow alone, with particles in-
jectors off, since accurate measurements of turbulence dissi-
pation scales cannot be done at present with the sprays on�.
An increase of the actual turbulence level by 30%�as typi-
cally observed when the nozzles blow only air but no water
is injected� would, for instance, reduce by a factor of 2 the
Stokes number estimation bringing Stpk to a value closer
to 1.

Finally, we also note that since our experiments cover a
wide range of particles seeding concentrations, it is neces-
sary to avoid any possible statistical bias on V depending on
the number of particles per image that are processed. This is
a requirement for V to be considered as an actual quantita-
tive indicator of preferential concentration. For instance, ex-
periments with large particles�large Stokes numbers in Figs.
5�a� and5�b�� generally have less particles per image�typi-
cally less than 1000 ppi� than experiments with smaller par-
ticles �which typically have 3000Ð4000 ppi�. To test such a
possible bias, we have estimated V from a set of originally
highly loaded images from which we randomly removed par-
ticles. We have shown that the estimation of V is extremely
robust and not biased by this subsampling procedure as it is
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FIG. 5. Standard deviation of Vorono• areas as a function of average Stokes
number.�a� One point corresponds to one single experiment, lines connect
different experiments for which Reynolds number and the number of par-
ticles per image is identical.�b� Only the Reynolds number is constant along
lines, and each point is estimated as the averaged standard deviation from
experiments with same Stokes number�but possibly differentC0�. Error bars
represent the dispersion between such experiments.
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