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QUANTUM FIELD THEORY AND STATISTICAL MECHANICS

E. Brézin

gPhI; Orme des Merisiers, CEN Saclay, B.P. n° 2, 91191 Gif-sur-Yvette,
rance

Résumé. - Les champs de jauge sur réseau ont été étudiés de maniére exhaustive par
des simulations numériques. Mais dans ce rapport 1'accent sera mis sur des méthodes
analytiques, fréquemment inspirées de la Mécanique Statistique. Plusieurs résultats
sont récents et il semble que ces méthodes soient appelées & jouer un réle plus im-
portant pour la compréhension de la Chromodynamique quantique. Néanmoins la plupart
des sujets abordés dans cet exposé sont trés classiques et ce rapport n'est certaine-
ment pas destiné aux spécialistes.

Abstract. - Lattice gauge theories have been extensively studied by Monte-Carlo simu-
Tations. In this talk some analytic methods (frequently inspired by statistical me-
chanics) are presented. Several results are quite recent and I believe that these
methods should play an increasing role in the understanding of QCD. However most of
the material is completely standard and this report should not be read by specialists.

Introduction. - Connections between quantum field theory and statistical mechanics
have existed for many years. The so-called -second quantized formalism, Green func-
tions techniques, Feynman diagrams etc... have been widely used in both fields.
However it is only after the 70's that the two subjects became extremely similar,
and it is only slightly exaggerated to say that renormalization theory is part of
the theory of critical phenomena. Two basic steps led to this unification. Firstly
the imaginary time (Euclidean) formalism [1] brings the quantum mechanical amplitude
exp(is/#) under the form of a Boltzmann probability weight exp-(gH), a trivial, but
in practice, very important fact. Second, the existence of a renormalized quantum field
theory, i.e. a theory in which the physical observables are expressed in terms inde-
pendent of the intermediate regularizing length scale (or inverse cut-off), is very
similar to that of a critical point in condensed matter physics [2].

These resemblances are useful in both directions. Many quantum field theory
techniques, such as the renormalization group formalism, have been particularly use-
ful in statistical mechanics [3] but, in spite of the fact that it is a beautiful
topic (it Teads to qualitative and even accurate quantitative predictions) the empha-
sis, for this particle physics conference will be on the opposite direction : we shall
discuss some of the ideas and of the techniques which emerged out of statistical me-
chanics and led to applications to particle physics. Thus we shall be dealing mostly
with analytic approaches to lattice gauge theories. Indeed the lattice formulation
in 1973 by K. Wilson [4] of gauge theories is an important and natural idea which led
to many developments, in particular to remarkable numerical simulations by the Monte-
Carlo techniques (reviewed by C. Rebbi in this conference). It should be stated again
that the elementary length scale introduced in this formulation is a powerful techni-
cal device, which allows one to control the strong coupling limit, or to perform
numerical simulations for instance. It has nothing to do with the deep question of a
possible fundamental length scale in space-time. A major issue, a “sine qua non"
condition for the practical usefulness of lattice gauge theories was the possibility
of introducing fermiens in the formalism, and in particular in a numerical simulation
This has been achieved during the last year [5] and this important break-through
will, I believe, lead to many developments. (See C. Rebbi's and Martinelli's talks
at this conference).
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_There are many important and new topics related to my subject which I should have
reviewed in this talk. More than the traditional lack of time argument, I think that
they are so important that they deserve a more qualified exposition than the one I
could provide. It is very unfortunate for instance that A. Polyakov has not been
authorized to present at this conference his new statistical theory of random surfa-
ces [6], which Teads to a completely new understanding of the old dual models, and
reso]yes their difficulties away from 26 or 10 dimensions (see the talk by A. Neveu
at this conference). The_Nielsen-Ninomiva doublina theorem (7] which, at least on
a lattice, impliesthe existence of an equal number of left and right-handed Weyl fer-
mions, is manifestly an extremely deep and important constraint. The problem raised
by Bhanot and Dashen [8] in which the universality of the continuum 1imit of various
Jattice gauge actions is questioned is important, though I believe that the observa-
tions of S. Samuel and of B. Grossman [9] are relevant. Finite temperature QCD and
the issue of the deconfinement and chiral symmetry restoration temperatures is impor-
tant and Monte-Carlo results are quite useful [10] but I had unfortunately to ignore
all these topics.

Finally, this talk will be a survey of some of the non-perturbative, non Monte-
Carlo methods in gauge theories. The first part consists simply of the traditional
connection between quantum field theory and classical statistical mechanics at
a critical point. In the second part we shall look at some of the strong coupling
results. We will present then the mean-field ideas, and the expansion (in fact in
powers of the inverse of dimension of space-time) around this picture ;some recent
results on the mass spectrum will be reviewed. Finally we will discuss some new and
beautiful.ideas on the large N limit of an SU(N).gauge theory which may lead to
future developments and may justify the use of small lattices in numerical simula-
tions.

1. Quantum field theory and classical statistical mechanics in the neighbourhood
of a crifical point

This connection is so well-known that we shall very briefly recall the main
features. For simplicity of the notations we shall discuss it for a self-coupled
real scalar field ¢, with the action

s - f dt f x @2y 2v(e)) .

In Feynman's path integral formulation amplitudes are given by the sum over all
field configurations in space and time

e s
{¢}

After Wick's rotation t = ixh

s 4
is 4 2 =
F = —fd x(% (9" +V(e)) = -BH

and vacuum expectation values become statistical averages
J A(¢)exp-BH(¢)

<0|a(p)|o> = 182
oA
{9}

This very simple reformulation is at the heart of many new techniques in quantum
field theory. One can invent for instance a fictitious time, a fifth dimension in
some sense, in which the configurations will evolve and approach the "equilibrium"
prescribed by the Boltzmann weight exp-8H ; this is the basis of Monte-Carlo simu-
lations [11] or of the recent stochastic approaches to quantum theory [12]. The
positivity of the probability weight may be used in many ways ; it leads to
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variational calculations or tomean field ideas. There is a whole dietionary of

translations from one field to the other. For instance a change of vacuum for a

potential v(¢) of fig. 1, from the ¢ = 0 to the ¢ = ¢, vacuum is a (first-order)

Vi®) A phase transition. The actual time develop-

ment of this change of vacuum, which was
studied in particular by Callan and Coleman
[13] is very similar to the theory of
nucleation of a bubble of liquid in a super-
cooled vapor [14]. A more extended dic-

® tiomary may be found in Parisi's contri-
bution [15] to the 1980 Madison Conference.

Fig.1

Regularization and renormalization

A quantum field theory cannot be constructed without regularization of the short-
distance singularities. Many ways have been proposed in practice, from simple mo-
mentum cut-off A to a minimum distance as in a lattice regularization but they all
involve some intermediate small distance a, the lattice spacing or the inverse momen-
tum cut-off A~!. The renormalized theory (if the theory is renormalizable) is the
limit in which S-matrix elements or Green functions are expressed in terms of physi-
cal parameters, masses, coupling constants, momenta or relative distances which are
held fixed when the regularizing length a is decreased to zero. Therefore the compa-
rison between renormalized field theory and the statistical mechanics viewpoint may
be expressed schematically as

Statistical Mechanics

Renormalized field theory aear a critical point

masses m < A correlation length £ » a
momenta p < A relative distances r >» a

with a = l\_l and £ the characteristic correlation length is identified to the inverse
of the mass. A simple example which illustrates this connection is given by the
Fourier transform of the free propagator

J oip-x d[‘p 5 e—m]x] . e—lxl/E
2 2 3/2 = 3/2
el Jxe x|k
Therefore in the renormalized field theory correlations extend to infinity (com-

pared to a). This well-known and obvious fact is nevertheless somewhat surprizing.
Indeed in the probability weight

exp-f a'xla 93 4V ()]

(i) the potential term [exp-(l vdx)) does not couple the values of ¢ at different
space-time points ; if the kineti¢ term were not present ¢(x) and ¢(y) would be inde-
pendent random variables and the range of correlations would be zero.

(i1) The kinetic term [exp—(£(v¢)2dx] is quasi-local. It couples the fields ¢ at
neighbouring points. It is_manifest in a lattice reguiarization in which 3 ¢3¢
o(x+ae )4 (x) W
stands for (——————E——————) and nearest neighbours only are coupled.

Therefore the range of interactions is of order a, and in general for an arbi-
trary choice of the (bare) coupliing constants the correlations do no extend further
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than the range of interactions. The physical requirement of renormalization £ » a
is possible only if the coupling constants are adjusted in order to be in the vici-
nity of a critical point (at which a continuous phase transition takes place with a
diverging correlation length).

Let us consider for example Wilson's formulation [4] of lattice gauge theories

! + +
BH = - — ) 2ReTr(U_ U u o
gg plaquettes X, 0 KA,V RV, X,V

One can calculate & by looking for instance at correlation functions of small
Wilson Toops (£ would be simply the inverse of the glueball mass), and the result
would be for & some function &£(a,g2). For an arbitrary choice of g%. £ remains of
the order of the interaction range”a, the plaquette size. Thus there is no physics
outside the critical values of 85 provided they exist, at which £ diverges. It is
believed, and supported by numerical simulations, that for four-dimensional QCD &/a
is large for small values of g2 only. For g% small it is a consequence of asymptotic
freedom that £/a is large. Indéed this follows from the renormalization group equa-
tions ; let us recall here simply that these equations describe trajectories of para-
meters of the theory which ean be modified without changing the physics. For instance
in the relation £ = £[gy,a) we can modify the Tength scale a » a/x and change accor-
dingly gg &g » gg(}) sO that & remains invariant : £ = £[gg()),a/X]. The trajectory

A 8 .
g, (V) s given by “3B=8lg (V] ,8lg,) = ~b g3 +0(g)). For X large it follows that
gz(x) o —'—l——u Therefore the ratio £/a is increased by a large factor A provided the
B 2bgini

bare coupling constant goes to zero.

These well-known and elementary considerations explain the existence of a “scaling
window" in any numerical simulations. Let us for instance sketch roughly the behaviour
of the "measured" string tension in a Monte-Carlo simulation on a Tattice LxUxLxL,
as a function of the coupling constant ; such calculations initiated by M. Creutz [16]
have now been repeated by many groups.

Ka’1
0 b~

01+

0,01 -

e ——
e o —

1 1 1 1 T

1 2 3 b D= b/gg?

In the first region of Fig. 2 g, is large ; £ is of order a and the measurements
display only lattice short-range effects. In the third regiongg is indeed small, but £
is order L, the full size of the lattice (which, for obvious reasbns, rarely exceeds 6
or 8a) and the calculation is showing only finite size effects. It is only in the
"window" II that £ is equal to a few lattice spacings without yet any effect of the
finite total size. It is remarkable that asymptotic freedom (the straight 1ine of
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the picture) is indeed observed in this narrow window.

Universality and irrelevant variables

various lattice actions may have the same physical content and there is a priori
no reason, other than convenience to choose one rather than another.

For instance, instead of the simplest plaguette actions Wilson has found conve-
nient to use in addition six links closed circuits [4], pictorially described as

)

This action has the same (formal) continuum 1imit, the Yang-Mills action, plus
different coreections of order aZ. Wilson has adjusted cj, Co and C3 to improve the
convergence to the continuum limit. Recentiy Bhanot and Dashen [8] have considered

- — 2
BH=——12 E Tr% + c
g5 plaq.
and in fact questioned the common belief that this parameter ¢ should not affect the
continuum limit. Many other types of modifications of the simplest action have been
proposed in the literature. Since al) these actions share the same properties : gauge.
invariance, identical formal continuum limit, it would be embarassing if they had a
different physical content in the long distance limit. The universality of this con-
tinuum Timit is certainly difficult to establish.rigorously ; it could be that for
large deviations from the simplest action one reaches a different theory, however
strong arguments have been provided by Wilson's characterization of irrelevant va-
riables [3]. Let us choose a very simple example in order to examine this concept :
consider the lattice regularization of the kinetic energy for a scalar field, and
expand of for small a

+ G + G

b - -

b

8H=-—12§Terr% + G |
Ep

]
| U

§ [¢(x+aeu)—¢(x—aeu) jz 4 2

a
2a

4
= a 3 4
% 3,036 + uzl 3 6376 + 0(a’)

p=1

At order a2 appears a non-rotationaly invariant operator of dimension 6 (a scalar
field has mass dimension one). Of course in the formal continuum limit a > 0 this
operator disappears. However the argument has to be sTightly refined since a pertur-
bative treatment of this additional digension six operator yields a factor 1/a2 at
each Toop and the combined effect of a° x 1/a2 is not clear. More convincing renor-
malization group arguments have been introduced by Wilson who characterized the
"irrelevant operators" which have no influence on the long distance 1imit because
they scale as a/¢ raised to some positive power. In dimension four all operators

of dimension larger than four are irrelevant, at least in some vicinity of the origin
in coupling constant space.

Consequently

{i) In the continuum limit a + 0 the full translation invariance is restored
(instead of just the lattice translations) ; rotation symmetry (the Euclidean equi-
valent of Lorentz invariance) is also restored.

(ii)Onemay try to improve the lattice action, by the addition of irrelevant
variables, which would accelerate the convergence to continuum by cancelling the
leading irrelevant operators. This program, numerically explored initially by Wilson,
is under systematic investigation by K. Symanzik and followers [17].

(iii) This picture of irrelevant operators has led to a conceptual revision of
the demand of renormalizability of qmantum field theories. In a renormalizable theory,
since one can get rid completely of the cut-off, one could pretend that one controls
the physics at all length scales down to zero. However we know very well bhat the
physics is not understood at very small distances such as (and in fact well before)
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the Planck length. Therefore one could conclude that demanding renormalizability

is more than what is allowed by present day physics. However this new way of Tlooking
at continuum field theories shows that whatever theory governs physics at very short
distances, renormalizable or non-renormalizable, the long distance limit with respect
to these unknown short distances cenerates automatically an effective renormalizable.
theory. N. Nielsen and coworkers[18,191S. Shenker {20] have even gone further and
argued that Lorentz invariance or even gauge symmetry may result of a similar long
distance 1imit of an unspecified short distance theory. Therefore, one can consider

a renormalizable theory such as QED, or may be even QCD, as an effective "low energy"
theory.

2. Strong coupling expansions

In the correspondance between field theory and statistical mechanics the (bare
coupling constant plays the role of a temperature at thermal equilibrium since l/gB
is replaced by B = 1/kT. Therefore weak and strong coupling limits of the theory
correspond respectively to low and high temperature limits of the theory. In the low
temperature 1imit, one projects out the vicinity of the Towest energy configuration ;
the "Hamiltonian”

H=—z Tr(D+h.c.)
Pl

is minimum if each group element attached to a link is equal to the identity (up to
a gauge transformation). Expanding around this configuration (with pr??er gauge fixfng)

yields the usual perturbattem theory with a lattice propagater 1/ i%: ) (1-cos apu)

instead of 1/p2. a® |

The new feature opened by the lattice formulation is the control of the strong
coupling limit of the theory. Indeed without lattice even if the poténtial energy
is large, the kinetic energy can never be neglected since field configurations with
rapid spatial variations of the field may exceed the potential energy ; therefore the
field gradients can never be neglected unless a lattice limits all momenta to an
upper-bound given by the inverse lattice spacing (]pul <m/a). It has been shown long
ago by Wilson [4] through a beautiful and elementary argument using the high tempera-
ture expansion, that in the strong coupling limit the static poténtial between heavy
quarks increases linearly at large distances. High temperature series are calculated
simply by expanding exp — (8H) in powers of B. At the price of sometimes enormous com-
binatogial efforts any obsServable can be calculated in powers series of B :

X

<0> = ﬁf aan- free energy plaquette energies, plaquette-plaquette correlation

[o]
functions etc... have been computed for various gauge groups and space dimensions [201
The longest series have little more than 20 terms. This method has been used for
many years in the area of critical phenonema ; it is believed there that the radius
of convergence of the series estimated by various conventional methods (ratios of
successive coefficients, Padé approximants etc...) corresponds to the critical (in-
verse) temperature B at which a phase transition takes place. A naive extrapolation
of these ideas to folr-dimensional non-abelian gauge theories in which no transition
is expected could make one conclude that the radius of convergence is infinite.
However this expectation is presumably wrong : Itzykson,Pearson and Zuber [21] have ana-
lyzed the }ow temperature expansion of the Ising model in three-dimensions (which is
dual to the high temperature expansion.of the 3-D Zy-gauge theory) and found that
the leading singularity does not correspond to the transition point. They nave given
strong indications that the same should be true for SU(N) gauge theories as well.
Therefore one has to extrapolate the series by analytic continuation outside the
circle of convergence and the numeri¢al accuracy may be reduced by the presence of
these spurious singularities.

Extensive calculations of the plaquette-ptaquette coreelation functions have led
to numerical estimates of the glueball mass (the lowest colour singlet, pure gauge
excitation). Hamiltonian high temperature series were already calculated in 1976 by
Kogut, $inclairand Susskind [22], and during the last year longer Euclidean series
have been calcutated by several groups [23]. Of course, since the continuum limit
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corresponds to g% going to zero, these series in powers of B have to be extrapolated
at B = « . The latest values for an SU(2) gauge group of the glueball mass [23] is
m(0*) = (1130 £350) MeV which is certainly compatible with the results of an extensive
variational Monte-Carlo result by Berg and Billoire [24] m(0%) = (920 + 310) MeV.

3. Mean field methods and beyond mean field

The simplest, and most traditional approximation, to a system in which the degrees
of freedom are coupled, is to replace the dynamics by that of independent degrees of
freedom in some external source, chosen in the best possible way to simulate the full
dynamics. For a gauge theory in which there is a group element on every link one re-
places the true action

H=- J  truutut + hocl)
Plaq.
by
H(GX) =- ) tr(U,X +h.c.)
° links 2%

The arbitrary matrices Xy, are then fixed by a variational principle to their best
possible values. These calculations carried several years ago by Balian, Drouffe and
Itzykson [25] led to the conclusion that there is a phase transition between a weak
coupling, deconfined phase and a strong coupling confining phase. These results are
correct when the space-time dimension d is large. Indeed Xg may be seen as the contri-
bution of the 2(d-1) plaquettes adjacent to a given link and for large d the sum of
these contributions has only small statistical fluctuations and may be replaced by

an average self-consistent X. There is, of course, a more precise way to show that
mean field becomes exact at Targe d [26]. The results of these calculations are in
fact qualitatively correct for d > 5, since in 5-D already a first order deconfining
transition is also observed in Monte-Carlo simulations [27]. However no such transi-
tion is expected in 4-D and one has to go beyond this simple picture. This was not
attempted for a long time because of a deep general property of gauge theories disco-
vered in 1975 by Elitzur [28] that mean field theory apparently violated. Elitzur's
theorem simply says that no non-gauge invariant operator can acquire a non-zero expec-
tation value. This is to be contrasted with phase transitionsin a spin system for
instance. Below the critical temperature if we impose some external field h (which
breaks the symmetry) on a system of finite volume V, the expectation value of a spin
o has the following property

lim lim <o> = 0 H however
v->® h~>0

1im lim <o> # 0
h+0 v

In this second sequence of limits one discovers a broken symmetry. For a gauge theory,
even if there is a transition to a deconfining phase, for all values of the parameters
Elitzur proved that

lim lim <U,> = lim 1lim <U,> = 0

v>o h->0 % h>0 vo>w L

(in which hisan infinitesimal source breaking the gauge symmetry)

In the weak coupling phase mean field calculations lead to a non-zero expectation
value for a link and contradicts Elitzur's theorem. However this leads to two puzzles
(i) mean field theory is qualitatively and quantitatively exact for large d and
Elitzur's theorem holds in any dimension (i1) in the weak coupling phase it isobvious
that a large Wilson loop of perimeter L behaves as <U>L within mean field theory ;
this perimeter law is indeed the expected behaviour of a deconfined phase, and it is
difficult to explain this perimeter law if <u> = 0.

The solution to these paradoxes and the possibility of going beyond this simple
mean field variational calculation lies in a reformulation of mean field theory
[29,30]. For any problem there is an exact representation in which the degrees of
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freedom are decoupled but they are coupled to a random source [31] (whose probability
measure depends upon the interactions). Mean field picture is a simple saddle point
approximation in which one keeps only the most likely external source configuration.
However because of the gauge symmetry of the problem any gauge transformed of a
saddle-point is also a saddle-point. Similarly in a spin system there is an orbit of
saddle-points related by a global transformation, but since any infinitesimal source
1ifts the degeneracy, pure states correspond to one single saddle-point. Since, in a
gauge theory this (larger) degeneracy is not removed by an external infinitesimal
source, we do have to keep the whole orbit of saddle-points. Thus, summing over this
orbit it is immediate to verify that all non-gauge invariant expectation values va-
nish [30]. A gauge invariant operator, such as a Wilson loop, is not affected by this
averaging and takes indeed the same value as in the simple one saddle-point mean field
approximation. In the weak coupling limit for instance a Wilson Toop of perimeter L
behaves as UL and U is not the expectation value of a link (which vanishes}.

Once mean field theory is identified as a saddle-point approximation in an inte-
gral over random external sources, it is in principle straightforward, though the
calculations are often tedious, to include fluctuations of the random source around
itsmost 1ikely value [32]. Successive terms in this expansion are suppressed by in-
creasing powers .of 1/d (with possibly powers of log d). The first correction to an
SU(2) pure gauge calculation eliminates the spurious transition in four dimensions
and is already quite close to Monte-Carlo data. See H. Flyvbjerg's contribution to
this conference.

Spectrum of gauge theories with quarks in the mean field picture

In 1981 the Brussels group ([33] showed that in the strong coupling 1imit, large
N SU(N) - (gauge + quarks) theory, large d 1imit, chiral symmetry is spontaneously
broken, as expected from a true theory of strong interactions. This program was then
examined by several groups [34,35]. In the work of H. Kluberg-Stern, A. Morel and
B. Petersson [35] .the assumptions of large N was relaxed and calculations were perfor-
med for SU(2) and SU(3). They started from the fact that when the bare coupling is
very large, the pure gauge part of the action of quarks coupled to gluons may be ne-
glected (it is multiplied by a factor l/g%) and the action is simply linear in any
Tink gauge variable which sits in between two quark fields. One can integrate out
all the link variables because of the linearity of the action. The result is an effec-
tive act&on in terms of quark fields, involving bilinear "meson" operators

M%S) = 3 X?(r)}?(r), and multilinear "baryon" operators
i=|

Qe o Oy ) o
B (r) = ) X; (r)...x; (r) (the i's are colour indices, and the
if...1 N 1 N
a's are f\avo@# indices). This effective action is then treated within a mean-field
saddle-point approximation, which becomes exact for large d. This yields a spectrum
of hadrons depending upon two parameters, the lattice spacing and the light quark
mass (stranged and charmed hadrons have not been considered). Fitting the m; and the
m, mass (with a~1 =440 Mev and m, = 8 Mev) the authors [35) obtain mesons and baryons
masses. The precise identification with the true world is slightly obscured. by the
use of Susskind's fermions but they find meson states at 1010 and 1160 MeV which
could correspond to the § and A; mesons, and a nucleon at 1380 MeV. Corrections in
the 1/d expansion seem to be rather small. The main problem is manifestly to move
back closer to the continuum limit (which is g% small and not large), but the present
results are quite encouraging.

€. .
11...1

4. Recent results concerning the Jarge N-1imit

Many attempts have been made to solve the large N limit of an SU(N) - gauge theory,
and one must admit that, in spite of a large number of small advances, the problem is
sti11 unsolved. Some recent new fdeas ¥nitiated by EQuchi and Kawai [37] may lead to
significant tmprovements.

The idea of studying the large N limit goes back to statistical mechanics [38],
in which a complete solution may be found (the first 1/N corrections may even be
computed} and it is a very useful method in order to understand the structure of the
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theory (non-perturbative mass generation in the 2-D non-linear ¢ model, for instance)
[39]. Therefore there is little doubt that a complete solution of the large N-limit
for gauge theories would be a tremendously important way to understand quark confine-
ment, the mass spectrum, etc... In addition 't Hooft has argued that su(=) might be
the only well-defined field theory (see 't Hooft's report at this conference). For an
BU(N) gauge theory there are simplifications in the Targe N-limit : 't Hooft has shown
in 1974 [40] that in this Timit all non-planar Feynman diagrams (i.e. diagrams which
cannot be drawn gn a plane without lines crossing away from vertices) are suppressed
by powers of 1/N“. Unfortunately, in spite of the fact that there are only few planar
diagrams (u™ instead of n! at order n), it has not been possible to sum them (except
in a lew number of dimensions). I will shorten the very rich history of the problem,
to discuss directly the 1982 attempts.

Eguchi and Kawai [37] have argued that for a lattice gauge theory in the large-N
limit one can replace the infinite volume lattice by a finite periodic lattice
2x2xxL, the simplest being & =1. We consider, for simplicity this reduced 2 =1 mo-
del. The original model

T +

BH = —-BN Z Tr (U U U U + h.c.)
1Su§v54 Xy,U  XHU,V XV, U X,V

is replaced by the reduced model

+ gt
BH, = ~BN ) Te(U U U U +h.c.)
R I<p<v<s TERAVERS TRV

in which there are only four N x N matrices. A Wilson loop on the original lattice,is
Tiapped into the reducedmodel by forgetting in any link variable U, ,, {(starting from
the point x pointing in the direction u) the origin of the link !"uy ,, + U . The
authors of ref [40] proved that for an arbitrary Wilson loop W, mapped by the pre-
vious rule into a reduced operator Wy

_ 1
<W>true - <wR>reduged * O(;f)
model

The proof relies on an identification, in the large N limit, of the equations of
motion of the reduced and full problems. Their pfoof is certainly valid to all orders
in the strong coupling expansion. However it is assumed that the [U(1)]% symmetry of
the reduced model, the very simple symmetry uy, ~ el® g which leaves Hg invariant,

is unbroken in order to cancel unwanted extra-terms. I% was immediate1{ pointed out

by Bhanot, Heller and Neuberger [41] that in weak coupling this [U(1)]* symmetry was
certainly broken, and therefore that the reduced model, as it stands, cannot describe
the physical region (which is the weak coupling limit of the theory). They proposed,
in order to cover the whole range of coupling constants, to use a "quenched" version
of the reduced model. [This concept of quenching is well-known in the statistical
mechanics of random media ; consider a system of particles, for instance, an electron
gas, interacting with impurities. If these impurities are mobile, they will thermalize
with the electron gas and the average physical quantities are obtained by a trace over
the electron gas and the impurities degrees of freedom. However if the impurities are
frozen, the “quenched" case,the physical cbservables are obtained by calculating

their value for fixed impurities and then averaging over these impurities]. Parisi
[42] has presented a simple version of the quenching procedure for the reduced model
of Equchi and Kawai. He introduces a set of arbitrary phase factors and instead of
periodic boundary. conditions on the unit cell of the reduced model, a phage factor

is associated to a unit translation :

in the reduced model U =U
x+U,V X,V a
ieu
in th hed red d del (U - .
e quenched reduced model ( x+u,véb e (Ux,v)ab
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Wilson loops are then mapped, with this new rule, into a reduced loop. Its expecta-
tion value is calculated for a fixed set of 4 xN phases eﬁ ; finally an average is
taken over these phases with a uniform distribution on the unit circle. Again this
procedure is exact in the large N-limit, and Gross and Kitazawa [43] have shown that
it now works for the whole range of coupling constants. This remarkable reduction
is still not a solution of the problem, however it may lead to new developments

(see I. Bar's contribution to this conference).

Let me conclude with a few additional remarks on this reduced problem.

(i) The reduced model is also exact for fixed N and large dimension d:indeed,
in this limit, mean field theory holds and in this approximation link variables take
the same value all over the lattice. Therefore the error of the reduced model, compa-
red to the true Su(N) gauge theory, is proportional to 1/8% x 1/d, which is less
than 3% for SU(3) in four dimensions.

(i1) This reduction may explain the success of Monte-Carlo simulations on rather
small lattices. Indeed the arguments of Eguchi and Kawai are valid for any periodic
Tattice £xgxxt. One can show [44] that for any % there is a breakdown of this (un-
quenched) reduced model below some critical value g2(2) of this coupling constant.

A simple analysis shows that g2(2) decreases certaiﬁly rapidly with 2. For the pre-
sent typical Monte-Carlo simuldtions in which ¢ is somewhere between 4 and 8,

gg(l) could be so small that the breakdown of the reduced model would be invisible,
and therefore Monte-Carlo data on these small lattices would be exact in the large
N limit. I hope that a more guantitative estimate of g2(2) could shed some Tight on
this question. ¢

Conclusion : Numerical simuTations remain certainly an irreplaceable tool in orderto
understand the spectrum of gauge theories. However analytic methods, such as strong
coupling expansions, mean field expansions, large N limit, etc... may become increa-
singly powerful.
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Discussion

M. WETNSTEIN. (SLAC).- I only raise the question because you did, but the Nielsen-
Ninomiya theorem is caveful to exclude the SLAC (or long range derivative) to which
it does not apply. The only work which bears upon this is the claim of Karsten and
Smit which has recently been showm by Rabin to be trivially incorrect.



