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Nous considérons les structures obtenues
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91405 Orsay,

France

1987)

modifiant

un

pavage de Penrose

en un

pavage

périodique. Les analyses détaillées de la méthode de la bande et de la transformation duale sont présentées de
façon à produire une classification générale des approximants. La nature des défauts qu’il est nécessaire
d’introduire pour transformer un cristal apériodique en un cristal périodique est discutée ; nous calculons en
outre leur nombre par cellule unité ainsi que la densité des tuiles. Notre modèle implique que les dislocations
partielles des approximants et les dislocations élémentaires des quasi-cristaux sont des objets fondamentalement similaires ; cette similarité devrait conduire à des propriétés de déformation plastique comparables.
The modification of the Penrose tiling into a periodic structure is considered. Detailed analysis of
Abstract.
the strip method and the dual transformation which yield approximants of the perfect tiling is presented in such
a way that a complete classification of approximants is provided. The defects introduced to change the
aperiodic order into a periodic one are discussed, their number per unit cell is derived, and the tile density is
calculated. Our model implies also a fundamental similarity between the partial dislocations of the
approximants and the elementary dislocations of quasi-crystals, which might result in comparable plasticity
2014

properties.
1. Introduction.

This paper intends to describe in details the geometry
of the Penrose tiling (rational) approximants, and
how they are related to perfect Penrose tilings via
some defects which are described. It provides also a
classification of these approximants in function of
the size of their unit cell and the number of defects
per unit cell. It shows also that there is a simple
relationship between the periodicities of the approximants and some characteristic lattice vectors of
the Penrose tiling ; this relationship might introduce
some new ideas concerning the plasticity behaviour
of the approximants. For simplicity, the whole
analysis is restricted to 2-d tilings, but most of the
methods and ideas extend readily to 3-d.
1) Let us first comment on why we think that a
detailed knowledge of the geometry of the rational
approximants is of importance for physical systems.
Practically all known i-phases possess crystalline
modifications with a large unit-cell and close chemical composition and local order ; they often coexist
coherently with the i-phase ; let us quote i -(Al,
Zn)49Mg32, whose related crystalline phase is a Laves
phase with a large unit cell [1], Cu4Cd3, which in its
crystalline phase possesses 1 124 atoms per cell and
568 icosahedral units [2], Al-Mn-Si [3, 4], Al13Fe4
[4], Al-Li-(Cu, Mg) [5], Ga-Mg-Zn [6], etc... In [4] a
decoration of the Penrose tiles with Al and Fe is
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presented. The structure thus obtained is a Penrose
tiling with defects. It is interesting to notice that
many of the crystalline modifications so far described
are topologically close-packed structures which enter
the category of Frank and Kasper phases [7]. Therefore the study of these crystalline modifications and
how they relate to approximants should also shed
some light on the Frank and Kasper phases, and in
return benefit to the understanding of quasi-crystals ; see for example Henley [4].
2) A concept which has proved useful in the
description of the systematic disorder experimentally
observed in aperiodic crystals [8], is the one of
« phason strains » (continuous version) or « phasons » (discrete version). The same « phasons » [9]
the defects we alluded to, which, when introduced in a regular way in icosahedral or Penrose
lattices, change them into periodic « approximants ».
Although this idea is not new [4, 10, 11] it has not
been pushed yet towards a structural description of
approximants, i.e., to describe in detail the relationship between crystalline related phases and
aperiodic phases. Biham et al. [11] have studied the
stability of Penrose lattices versus periodic, approximant, lattices using continuous phase gradients
in the Landau formalism. Phonons (i.e., elastic
distortions) can be indeed naturally described by a
continuous theory but « phasons » are more delicate
[12]. They are specific defects of the perfect tiling
which, in the cut and strip picture of the aperiodic
crystals, occur by introducing a vertex in and removare
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ing another from the strip. This paper is directed
towards a systematic study of the production rules,
classification and defect content (with respect to a
perfect aperiodic tiling) of the approximants. We
also believe that our results are relevant to the
general question concerning the role of defects in
incommensurate-commensurate transition [13].
We explain in the next section the concept of
Fibonacci approximants in conjunction with defects
the
by considering an one-dimensional example
to
the
Fibonacci
In
third
the
approximants
sequence.
section, we explore in detail the approximants of the
Penrose tiling. In particular, we derive in a systematic way the Fibonacci approximants of the Penrose
tiling, and calculate the number of defects per unit
cell required to change the aperiodic structure into a
periodic one. We discuss how some characteristic
vectors of the perfect tiling (i.e. the long diagonals of
the thin rhombuses and the short diagonals of the
thick rhombuses in the Penrose-de Bruijn picture of
the tiling [17]) are related to the lattice spacing of the
approximant, and calculate the tile density of the
Fibonacci approximants. We discuss the nature of
the defects involved in the incommensurate-commensurate transformation and study the specific
character of the inflation properties of the approxim-

rational strip are projected) to have the same slope
as in the irrational case. This choice has by no means
any compulsory character, but has the advantage
that the tiling shapes of the approximant are the
same L and S segments as for the irrational strip.
Any rational approximant defined in this way
consists of periodically repeated «irrational»
blocks. However, the natural choice for the slope of
the rational strip is the ratio In + 1/1 n of two
Fibonacci numbers [15]. Figure la illustrates the
division into blocks of a Fibonacci approximant. The
rational line, of slope In + 1/ In’ is the best approximation of the irrational line of slope r in the sense
that there are no vertices of the 2-d lattice inside the
triangle OAa, where 0 is the common origin to the

ants.

In the course of the text, we shall give demonstrations as complete as possible ; some of them can
be escaped by the reader in hurry, who will find a
detailed summary of our results in section 4.
2.

Approximants

of the Fibonacci sequence.

One of the methods to construct structures with 5fold symmetry is by projecting them from a higherdimensionality periodic structure. One gets 2-d structures from a 4-d space and 3-d structures by projection from a 6-d space. The 1-d aperiodic analogous
structure is the Fibonacci sequence, obtained by
projection from a 2-d periodic structure [4, 14]. The
Fibonacci sequence consists of a series of long (L)
and short (S) intervals. The relative concentration of
S to L intervals is equal to G = T -1, where
T
+ 1 )/2 is the golden ratio. The aperiodic
1-d ordering may be obtaining [4, 14] by projecting
from a two-dimensional periodic lattice onto a
straight line of slope T, the « physical » line, those
lattice points whose projections on the axis perpendicular to the physical line fall within a specified
window. Thus, one defines an irrational « strip »
which includes the lattice points whose projections
on the physical line yields the Fibonacci sequence.
To obtain a periodic one-dimensional sequence
which is an approximant of the Fibonacci series, one
replaces the irrational strip by a rational one (i.e.,
whose slope with respect to the axes of two dimensional space is rational). We then can choose the
physical line (onto which the lattice points within the
=

(B/5

Fig. 1. - a) Division of a Fibonacci approximant into
irrational blocks. Dashed line-approximant strip ; full lineFibonacci strip. b) The full line is the Fibonacci sequence.
The dashed lines show the flips required to obtain the
approximant of figure la. The arrows indicate the division
of a flip into two staking faults.
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a the
the irrational line.
The unit cell of the approximant has In + In +1
fn + 2 intervals, including fn S-segments and fn + 1 Lsegments. The size of the unit cell thus increases
with the order n of the Fibonacci numbers, and
approaches infinity as the ratio In + 1/ In becomes
closer and closer to T.
Clearly, the sequence of L and S intervals of the
approximant, being periodic, is different from that
of the aperiodic structure. Starting from the origin,
then until a certain point, the approximant sequence
coincides with that of the aperiodic structure. Then a
«
flip » takes place. For example, SL of the aperiodic
sequence changes into LS in the approximant sequence. Then, in the approximant sequence, the
structure repeats itself. We can view this as moving
this irrational Fibonacci block of the irrational strip
in the two-dimensional space, so that it will cover the
periods of the rational strip. The transformation
which brings one Fibonacci block to the next consists
of a translation along the physical line, i.e., a
«
phonon » part [9] and a perpendicular translation,
i.e., a « phason » part. It is of course the « phason »
part which is effective to regain periodicity. The
similarity between the situation we are describing
and a one-dimensional incommensurate-commensurate transition with « epitaxy » dislocations is striking
[13] ; however, the two sublattices which are
matched by epitaxy in the usual description [16] are
here the same lattice and, in last sense, the incommensurability is not a simple perturbation of a
periodic lattice. It is therefore worth having a clear
definition of the defect we have introduced by the
flip. It is in fact akin to a double stacking fault, or a
wall, since it can be considered as the defect which
occurs at the intersection of the physical, irrational,
line with a perpendicular line. We shall see that a
similar description holds in the two-dimensional
case. As a double stacking fault, this defect can be
divided into two elementary stacking faults (Fig. 1b )
which would propagate independently. Note that we
have introduced only one flip in each period ; this is
because of the particular choice fn + 1/ fn of the slope
of the rational strip. A choice of a non-Fibonacci
approximant would have required more flips per

two

lines, A the limit of the blocks, and

projection

of A

on

=

approximant ; it is enough to introduce one flip
anywhere on this sequence to get the period of a
Fibonacci approximant. The operation which consists in moving the rational strip along a direction
orthogonal to itself is the operation which transforms
any periodic sequence of L’s and S’s into another
one. In terms of phase and phonon modes, it can be
described as a global phase change ; we shall find the
same types of structural properties in the description
of commensurate two-dimensional lattices
approximants) of Penrose tilings.
3. Penrose

tiling approximants.

3.1 THE PERFECT TILING.
The detailed geometrical description of the Penrose tiling was given by de
Bruijn [17]. The tiling consists of two rhombic
shapes (Fig. 2), and its vertices can be obtained
either as duals to the meshes of a regular pentagrid,
or by projection from a 5-dimensional simple-cubic
lattice ; we shortly describe the two methods.
-

i) Any Penrose tiling is the dual of a pentagrid.
regular pentagrid consists of five sets Fi of
parallel equidistant lines, perpendicular to the five
directions vi (i 0, ..., 4 ) of a regular pentagon,
2 7Ti
. 2 7Ti
vi = (cos 2,7ri sin 2 irt In each of the sets
5
5
Fi, the parallel lines are labelled by successive
integer numbers ki, with respect to a certain origin.
Thus, to each mesh of the pentagrid corresponds a
quintople of 5 integers ki, which label the Fi-lines
closest to the interior of the mesh (in each vidirection, the higher-ki line is chosen). The Penrose
tiling vertex dual to the grid mesh is then given by
The

=

.

r = L ki vi.
i

ii) The Penrose tiling may be equivalently obtained by projecting from a periodic 5-dimensional

period.
Let us call an n-approximant a periodic line with
f n segments per period ; such a period is a Fibonacci
subsequence with one flip. A remarkable fact about
two successive approximants n and n + 1 is that
n + 1 is the deflation of n and is obtained from n by
the rule L - LS, S - L, which is true everywhere,
except on the stacking faults. More will be said

about inflation in the two-dimensional case.
Note that any finite sequence of L’s and S’s on the
Fibonacci infinite sequence, of length f n, can be
chosen as the starting sequence of a Fibonacci

(rational

Fig.

2.

-

Perfect Penrose

tiling.
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structure onto an irrational

by

the vectors

physical plane P, given

[17] :

(a deuce in
(a queen) ;
language of

their central vertex is either a D-vertex
de Bruijn nomenclature) or a Q-vertex

« worms » : these are, in the
Socolar et al. [9], finite or infinite sequences of
hexagons of both types. Their interest lies in the fact
that they are paths of propagation for the shifts of
hexagons which will be described in the next subsection. The geometry of the worms and their statistics
have been studied in [18] ;
-

decagons » : the decagons are non-centrosymmetric assemblies of 10 rhombuses which bind the
finite worms (Figs. 3 and 4).

-

where ej = (8oj, 81j, 82j, 83j, 84j) are the vectors of
the 5-d canonical base and j denotes the vector

«

components.
The 5-dimensional (simple cubic) lattice points
which are projected are those belonging to a « strip »
defined by a cut in a plane P’ perpendicular to P and
to the (1, 1, 1, 1, 1) direction.

iii) Penrose tilings possess a number of structural
features which will be used in this paper. These are
infinite sequences of adjacent rhombuses with
edge direction parallel to vi. Such sequences have a constant width and their rhombuses
are dual of all the intersections of the pentagrid
located along a line belonging to the set Fi of the
-

a common

pentagrid ;
hexagons D and Q (Fig. 3) made of three
rhombuses. They bear their names from the fact that
-

Fig.

4. - Worm bounded

3.2 DEFECTS

-

Q-hexagon.
Unshifted and

two

decagons.

IN APPROXIMANTS : SHIFTS AND MIS-

The generalization of a flip in the
Fibonacci sequence to the two-dimensional Penrose
tiling, is either a shift of the central vertex D or Q of
an hexagon made of three rhombuses, or a rotation
of a decagon. These types of structures include
vertices that are the projections of 5-dimensional
lattice points which are closest to the boundaries of
the irrational strip [17]. This is why these shifts
appear first when the irrational strip is moved by a
small amount : if a vertex disappears on one side of
the strip, another one enters the strip on the other
side and projects as a shifted vertex in the Penrose
tiling. In fact, any displacement of the strip, whatever large it might be, can be decomposed into such
D and Q shifts, and decagon rotations. We shall
construct approximants to the Penrose tiling by
considering, as in the one-dimensional case, strips of
rational slopes. The vertices belonging to that strip
are projected on the irrational plane P, which is
therefore tiled with the same thick (T) and thin (t)
rhombuses as in the Penrose tiling. The commensurability will appear through the presence of shifts ;
we shall see that the minimal number of shifts in a
rational approximant is one per unit cell (Fig. 5).
MATCHES. -

and
shifted
Fig. 3. a) Unshifted
b) Unshifted and shifted D-hexagon. c)
shifted decagons.

by
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Fig.

5.

-

Approximant tiling

with two mismatches located in the
a thin rhombus.

same

decagon. a)

Unit cell of the

shape

of

a

thick

rhombus ; b) Unit cell of the shape of
But note

immediately that each shift introduces two
mismatches » of the de Bruijn arrowing pattern
along the « worm » to which it belongs. A shift can
« extend »
along a worm, by a process which is
in a real crystal. In such a case,
diffusive
probably
the two parallel « mismatches » separate and go
apart at some distance along the worm (Fig. 6).
Complex processes happen when a mismatch hits the
end of a worm [9]. In general, in such a case, several
new shifts happen in the decagon which closes the
worm, and propagate outside along several new
directions. In any case, as long as the distances of
separation and the rearrangements do not exceed
the unit cell of the approximant, this process defines
a new unit cell of same size and shape as the initial
one. Rational approximants, whose shifts are not
extended, are built from strips whose boundaries are
lattice planes of the hypercubic lattice. (In such a
case, the projected vertices include the vertices
either of the upper, or of the lower boundary, but
not both.) Rational approximants with extended
shifts originate from generic rational strips (i.e.,
whose boundaries are parallel to lattice planes, but
not passing through lattice points).
«

3.3 GEOMETRY OF A RATIONAL APPROXIMANT. Consider a plane Ppq (for simplicity, we assume it to
be a lattice plane) defined by two vectors p, q :

In order to keep 5-fold orientational correlations,
impose that P pq is orthogonal to the (1,1,1,1,1)

we

direction, i.e.,

The intersections of the 4-dimensional hyperplanar
facets of the 5-dimensional hypercubic lattice with
the P pq plane are along the five directions wi

This is easily seen by noting that wi . ej = qi Pj qjPi, where ej = (60j, 51j, 52j, 53j, 54j) are the
standard unit vectors of the 5-dimensional space and
hence wi . ei = 0.
We now follow de Bruijn [17] and construct the
pentagrid in the Ppq-plane, whose dual will yield the
approximant tiling. It consists of five sets Fi
(i 0, 1, 2, 3, 4) of lines parallel to the wi’s. It is not
difficult to show that the intersections of the
=

Fi

lines with the axis p have abscissae

kiPip

where

is an integer. Obviously, ki is the only non zero
coordinate of the 4-dimensional hyperplane perpendicular to ei, whose intersection with Ppq is the line in
question (assuming that the origin of the 5-dimensional space and the origin in the Ppq plane coincide),

ki

since ki PiP - ei

Fig.

6.

-

Same

as

figure 5a,

with

separated

mismatches.

=

ki.

We have drawn in

figure 7 such a

set of lines limited to their segments inside one of the
unit cell of the Ppq plane. For rational values of
pi and qi, the lattice is periodic and the unit cell has
the topology of a torus T2. It is thus seen that the
segments of the lines form a closed path on this
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tiling is usually constructed for the case
yi integer. The extension to any value

The Penrose
in

which I
of y = E yi

=

does not raise any

difficulty,

as

shown

Pavlovitch and Kleman [19] in the perfect case.
approximants with an arbitrary value of y
involve mismatches which do not appear in the case
y
integer. In the following, we shall consider only
the y 0 approximants. In that case it is easy to
in a
show, using (7) and (8), that the sum K

by

But
=

=

= 1: ki

mesh of the pentagrid takes only 4 successive
for example, 1, 2, 3 and 4.

Fig.

7.

-

The p

and q lines

on

the torus

T2’

3.4 DUAL

values,

OF THE PENTAGRID: THE TILING OF A

The dual of the pentagrid is obtained by projecting the vertices of the strip
on
Ppq ; they build a tiling whose vertices have the
coordinates
GENERAL APPROXIMANT. -

along an oriented line L of the homotopy class
(pi, qi ) for integer values of pi and qi. This means
that Li runs pi times around one « arm » of the torus,
and qi times around the other. We shall make use of
torus,

this remark later on.
Coming back to the pentagrid, the above labelling
of the grid lines implies that any mesh of the
pentagrid with no inner point belonging to the grid
can be labelled by 5 indices (ko, kl, k2, k3,
k4) which are the higher indices (for each i) of the
bounding lines of the polygon, and also the coordinates of the « highest » vertex of the hypercube
which is cut along this polygon ; furthermore, this
vertex belongs to the strip.
While the vectors wi are along the directions of
the five bundles of the grid, the normals to these
directions are

where cp is the angle between p and q. The

vectors

fJ.i are the projections of the standard vectors
ei upon the Ppq plane, as ei. p = Pi and ei . q
qi, and from (4) and (5) tL . p = pi and FLi . q
qi. Any point belonging to the set Fi obeys
=

=

OMi is the vector to a point Mi. Hence,
periodicity of the Fii bundle is 1/ I J.L iI = pq
cp / I rod. In addition, using (3),
where

and is made of ten different

shapes. It is in fact more
to project the vertices
of the strip directly on the irrational plane P. One
gets then two possible tilings, either
instructive, and

where the

vector tLi

shapes),

more

natural,

vectors iii
on

P

(such

the projections of the
tiling has still ten different

are
a

or

where the vectors vi are directed along the sides of a
regular pentagon. In the latter case, the two usual
tiles of the Penrose pattern are sufficient. We
present the approximant tiling in the form (11).
In fact, the pentagrid in the Ppq-plane can be
projected onto the P-plane. This is done as follows.
We project the vectors p and q (Eq. (2)) which
define the Ppq-plane, onto the irrational plane P,
defined by the vectors ul and u2 (Eq. (1)). A
straightforward calculation gives

the
sin

projection of p in P-plane, and an
analogous expression for q, the projection of q. It
follows that the projections of the vectors wi onto P

where p is the

define a pentagrid on the Ppq-plane in a
with de Bruijn pentagrid defined
on the irrational plane P.
If the origin of Ppq is not chosen at the origin of the
axes of the 5-dimensional hyperspace, but at a point
’Y
(YO, Yl, y2, y3, y4) of the first unit cell of the

Thus,

we can

complete analogy

=

hypercubic lattice,

we

replace (6) by

are

naturally led to construct a
vi, perpendicular to the Fi-sets, i.e,

We are

set of vectors
to

wi
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where t/1 is the angle between p and q. But note that
vi are not the projections of the set FLi. The period of
the bundle

Let

us now

Pi

any cyclic permutation of these. Written in terms
of the components pi of p, one has
or

is thus

compare the vector

products
However, the parameters pl

The two sets of vectors, Wi and coi, thus run around
the origin in the same sense. This also holds for the
two sets JJ.i and Di.
Furthermore, we can choose the pl’s and qi’s in
such a way that the vi and vi rotate in the same way.
If this is true, and since the sets of ki’s are the same
by construction for the R, S, T tilings, we are sure
that the topologies of these various tilings are the
same. All the approximants we shall construct are
such that the condition of similar rotation for the
vi’s and Vi’S is observed.
3.5 FIBONACCI APPROXIMANTS. - We now construct the rational plane Ppq so that it will be a
Fibonacci approximant to the irrational plane P. To
this end we consider the vector p. Since it is
orthogonal to the (1, 1, 1, 1, 1) direction, we can
always write it in the form :

and ’ determine the
from
vertices
of
the
distance
reticular plane Ppq to
the irrational P-plane. Hence, in a complete analogy
with the one-dimensional case above, we choose

where Ie and f m are Fibonacci numbers. These
choices give the best approximation to G [15] ; as in
section 2, there is no vertex of the lattice between
the vectors p or q and their projections on the
irrational P-plane. This also yields for the vector p
the form

where, of
where p is the projection along P (Eq. (12)) and
p is the projection along P’, the irrational plane
complementary to P. The plane P’ is defined [17] by
the vectors u3 and u4

course, the linear combination can be
written with any cyclic permutation of the vectors in
(24). The same argumentation holds for the vector
q. We therefore may choose

or

We have

It is

easily

seen, from

equations (12)

and

(19),

that

The first choice corresponds to an approximant with
a unit cell of the shape of a thin rhombus ; the
second corresponds to an approximant with a unit
cell of the shape of a thick rhombus.
These results were established for a special strip
lying on a lattice plane, but extend to any rational
strip. Equations (25) define the unit cell of the
pentagrid and, by duality, the unit cell of the
approximant. We see that along p the indices
ki jump by the following quantities

Therefore, the vector p is given by two independent
parameters alone, and so is p. I.e.,
and the total index K

order to relate the

= L ki

Aki’s

does not

to the unit cell

change.

In

parameter,

594

notice that elementary steps which do not change
K consist of either a long diagonal of a thin rhombus
t, or of a short diagonal of a thick rhombus T (see for
example Fig. 2 of Ref. [17]). For example, a jump
Ak, 1 and Ok4 = - 1 is a jump along the long
diagonal Lo of a thin rhombus perpendicular to the
vo direction. This is visible in figure 8, which depicts
3 lines of the pentagrid, perpendicular to vo,
vi and v4, respectively, such that the dual of the
intersection I of 1 and 4 is a thin rhombus, whose
sides are along v, and v4. When going along the 0direction from the mesh below I to the mesh above I,
one has that k1 -+ kl + 1 and k4 -+ k4 - 1. Similarly,
a jump Ok2 = 1 and Ak3 = - 1 is performed when
moving along the short diagonal So of a thick
rhombus, as with intersection J of 2 and 3. Thus, the
lattice parameters of the approximant of equation (25a) are
we

=

a finite part
bp of a worm W, (with
be
used
to
an approximant. This
construct
p
r)
observation has led us to build approximants starting
from the exceptional singular Penrose tiling (all
yi= 0), in which one has 10 semi-infinite worms
originating from the central region. It appears in
figure 5 that such a construction is relatively easy by
hand ; the sides bp and bq are taken along two such
semi-infinite worms and very few rearrangements
are necessary to build a unit cell which tiles the
plane. Other approximants of same size are obtained
by propagation of mismatches (see Fig. 6).

Therefore,
can

3.6 INFLATION PROPERTIES

be verified that going over from an approximant defined by
the vectors p and q (Eq. (2)), to an approximant
defined by the vectors p’ and q’ such that

one

while, for equation (25b)

we

AND THE NUMBER OF

MISMATCHES OF APPROXIMANTS. - It can

has

get

We discuss in section 4 the implication of this
relation on the properties of dislocations in ap-

proximants.
The expressions (27) of the lattice parameters do
not imply that the side of the unit cell is necessarily
split into S’s and L’s ; it is its length which is
decomposable in such a way. But note that sequences
of S’s and L’s appear along worms (Fig. 5), whose
lengths W have been proven to have the form [18] :

This relation yields that in the Ppq-plane, the new
grid is obtained from the old one by taking lines
which pass through intersections of Fi + ,-lines with
Fi _1 lines, with ki + 1 + ki -11 being constant. The
construction is depicted in figure 9. One can show
that

It follows that

to the

pure » case (obtained
from the irrational strip), the vector wi is not
parallel to the vector roi, since

However,

as

opposed

«

(In the pure case the last term on the r.h.s. of (31)
disappears.) It means that the grid lines Pi intersect

Fig.

8.

-

Lines of the

approximant grid.

Fig.

9.

-

Construction of the inflated

grid.
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those of the

grid

Fi .

We shall

now

show that these

intersections are in a one-to-one correspondence
with the mismatches in the approximant tiling.
Let us first remark that there are two kinds of
mismatches, which are pictured in figure 10a. They
are deflated as indicated in figure 10b, where it is
seen that deflation of one mismatch gives one
mismatch. Therefore, the number of mismatches is
invariant by inflation (or deflation). We shall retrieve
this result in another way.
Consider the configuration in the pentagrid which
gives a mismatch of the first type, and assume this
mismatch to be perpendicular to a line of the 0-grid.
The pentagrid is as in figure 11a. Note that points A
and B which are duals to the thin tiles tA and
tB are at the intersections of a 1-line and a 4-line. If,
by inflation, a 0’-line passes through A and B it is the
same 0’-line, because kl + k4 takes the same value
on A and B. Therefore, the 0’-line crosses the 0-line
between A and B. A similar observation holds for
the mismatch of the second type (Fig.11b) which we
also assume to be perpendicular to a line of the 0grid. We consider two cases ; a) we have a succession of hexagons DQD with the mismatch between a
D and a Q ; then by an argument exactly similar to
above, the 0’-line AB crosses the 0-line. b) The
mismatch is at the boundary between D and a
decagon (Fig. llc) and A and B are visibly on
different sides of the 0-line. There are no other
cases. In particular, there are never two Q hexagons
in succession [18].
In summary, the number of mismatches of a grid is

Fig. 11. Pentagrid configurations corresponding to mismatches. a) A mismatch between two D-hexagons ; b) a
mismatch between D- and Q-hexagons ; c) a mismatch
between D-hexagon and a decagon.
-

pi closed loops if qi
0, qi closed loops if pi 0) of
a well defined homotopy class. Now, it is easy to
show that the number of intersections of the closed
loop (pi, qi) with the closed loop (pj, qj) is
=

equal

to the number of intersections of the

with the

F! sets, i by i.

Fi sets
We now derive an expression

for this number.
As indicated above, we can map the unit cell of
the grid of the approximant (p, q) on a 2-torus. In
this mapping, each set of segments (pi , qi) which
belong to the Fi set, maps on a closed loop (or on

=

The number of mismatches in the approximant
(p, q) is obtained as the sum of the number of
intersections of (pi, qi ) with (Pi + 1 + Pi -1’ qi +1 +

qi - 1), i.e.,

Applying this expression to the first approximant
equations (25), denoted {fp, fq}, we obtain

Fig.
tiles.

10.

-

Mismatches in

an

undeflated and deflated

of

where we have assumed p , q. The same result
holds for the approximant of equation (25b). These
results were derived using well-known relations of
the Fibonacci numbers [20].
Thus, from equation (34), the number of mismatches depends only upon the difference in lengths
of the two sides of the approximant unit cell. The
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minimal number is obtained for p = q or p
q + 1, whatever is the size of the approximant, and it
is 2. In this case, there is only one shift per unit cell
and the strip of the approximant can be described as
a succession of irrational strip cells separated by
shifts.
=

3.7 DENSITY OF TILES IN FIBONACCI APPROXIMANTS.
Thin tiles t appear at the intersection of
lines of type 0 and 2, 1 and 3, 2 and 4, 3 and 0, 4 and
1. Thick tiles T appear at the intersection of lines of
type 0 and 1, 1 and 2, 2 and 3, 3 and 4, 4 and 0. We
therefore have that the numbers nt of thin tiles and
nT of thick tiles, per unit cell, are
-

of opposite parity. In any case, the
number of tiles depends only upon p + q, i.e., upon
the perimeter of the unit cell. Some representative
values of the packing fraction are given in table I.
We see that the perfect Penrose tiling limit is
reached from below when one uses equation (39) (or
Eq. (42)) and from above when equation (40) or
equation (41) are used. In any case it is very close to
the perfect value, and converges to it rather fast.
Thus, the question of the low density of the tiles, as
compared to experimental situations, cannot be
resolved by the approximants.

for p and q

The numbers of tiles per unit cell,
Table I.
n, and nT, and the packing fractions d calculated from
equations (36) and (39), for the first four entries, and
from (36) and (40), for the last four entries.
-

where (i , j ) is given by equation (32).
We shall now find the packing fraction

defined as the total number of tiles divided by their
total area. (Note that the area of the thick rhombus
is T times the area of the thin rhombus.) For the
perfect Penrose tiling, nT/nt T, and d 0.7236...
In order to calculate nt and nT we note that
=

=

for p and q of the same parity, with p &#x3E; q. For p and
q of different parity, also with p -- q, we have :
4. Discussion.

Consequently, from equations (35),
proximant of (25a) has

for p and q

of the

same

parity,

and

for p and q of opposite parity.
approximant of (25b), we find

for p and q

of the

same

parity,

the thin ap-

and

For the thick

We have presented a systematic study of the geometrical properties of periodic approximants for the
Penrose tiling. In particular, we have constructed
the rational strip which is a Fibonacci approximant
of the Penrose tiling, and which yields the minimal
number of shifts required to transform the perfect
tiling into a periodic one. We have found a general
expression for this number and shown that its
minimum is 1. In addition, we have calculated the
density of the tiles for the approximants, and compared it with the perfect case.
A last remark concerns our pictorial description of
the geometrical properties of the approximant which
is obtained by projecting on the irrational plane P.
This has allowed us to carry out easy comparisons
between the approximants and the Penrose tiling,
because the tiles are the same. But there is of course
no special reason for this projection to be the
physical one ; on the contrary, the pentagonal or
icosahedral symmetries should be specific of the
irrational tiling, and it is known furthermore that the
physical rational phases related to the quasi-crystals
are often cubic, rather than rhombohedral. But since
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a simple affinity relates the various unit cells of
various symmetry groups, we lose nothing of the
topological properties of the approximants in our
projection, and gain simplicity.
A special attention has been paid to the description of the approximants in terms of perfect tilings
with defects. These defects are the located phason
modes which have been already introduced by
Socolar et al. [9] as basic ingredients of the field of
distortion around a dislocation. Since the concept of
phason mode loses its meaning in a rational structure, let us give them here another interpretation
which is a generalization of the concept of discommensuration : in the cut and strip method they
appear akin to intersections of the physical plane
with the complementary plane (this intersection is a
point), i.e., they are of the same nature as the walls
which achieve the « vernier » effect in 1-d commensurate-incommensurate transition ; in a second step,
these « walls » extend along the « worms » by the
process described above, in the form of stacking
faults.
Let us come back now to the relationship we have
established between the periods of the approximants
and the characteristic vectors of the Penrose tiling
(Eq. (27)). Of course, the same relationship holds,
topologically, if we consider an affine version of the
approximant, so that we have not to worry about the
exact group of symmetry of the approximant.
Equation (27) tells us that the perfect dislocations of
the approximant (of basic Burgers’ vectors bp,
bq) are split into partials of Burgers’ vectors

Whether the large Burgers’ vectors dislocations of the approximants are split or not in reality
depends mostly on the energy of the mismatch field
surrounding the partials ; we gather that in most
cases this energy is fairly small, and that the splitting
will be favoured. This should in turn play a fundamental role in the plasticity of approximants. It is
well known that quasi-crystals are mechanically very
hard and brittle (see [23] for a theoretical discussion) ; the simplest way to explain that fact is
that, since there are no translational symmetries,
there cannot be glide planes (in the metallurgical
sense [24]), so that any dislocation motion is nonconservative. Related crystalline phases share most
probably the same metallurgical properties of hardness and brittleness, which are well documented by
the way in Frank and Kasper phases [25].
Most of the experimental work is carried out on
3-d systems. For example, Cassada et al. [1] have
recently reported a structural transformation from a
low temperature i-phase to a high temperature FK
phase, and Rivier [26] describes grain boundaries in
terms of quasi-crystals and of their approximants.
Other examples of coexistence of i-phases and of
their approximants have been given by Loiseau et al.
[5]. The Fibonacci approximants are the periodic
phases closest, structurally, to the i-phases. We hope
that the extension of our work to the 3-d case might
be useful in analyzing the appearance of structural
defects in such a transformation.
However, in 3-d, the icosahedral packing of atoms
is locally very compact. The cut and strip method
with the unit cell as the acceptance domain yields a
rather low packing fraction for the tiles. We have
found in the 2-d case that by introducing stacking
faults and changing the aperiodic structure into a
periodic one, we can either increase or decrease the
packing fraction by a small amount. A way to mimic
the experimental density is to « decorate » the tiling,
or to introduce additional defects [12]. Our study
refers to the Bravais lattice of the 2-d pentagonal
phase, and is of course not incompatible with any
decoration.

together.

Lo, So, Ll, S1, etc...
The Li’s and Si’s Burgers’ vectors are small and
lead to small elastic energies proportional to1 Li 12
and1 Si 12;furthermore the corresponding dislocations are akin to the dislocations of the quasicrystals [21]. It is intriguing that such partials of the
approximants, although quite similar to the elementary dislocations of the quasi-crystals, i.e., they have
the same coordinates in the 5-d representation, do
not carry phason distorsions stricto sensu (since the
phason concept, as it is discussed in [9], does not
belong to the realm of crystals), but they are anyway
attended to by distortion akin to mismatches [22]. Acknowledgements.
We point out that only partial dislocation Li or This research has been supported in part by the
Si of the approximant carry mismatches. If several of Fund for Basic Research administered by the Israel
them sum of a perfect dislocation of the approximAcademy of Sciences and Humanities and by the
ant, then their mismatches

can

be removed al-

CNRS.
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