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Abstract

We consider the issue of estimating a measure observed in a deformation frame-
work. For this we consider a parametric deformation model on an empirical sample
and provide a new matching criterion for cloud points based on a generalization
of the registration criterion used in [15]. We study the asymptotic behaviour of
the estimators of the deformations and provide some examples to some particular
deformation models.
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1 Introduction

Giving a sense to the notion of mean behaviour may be counted among the very early
activities of statisticians. When confronted to large data sample, the usual notion of Eu-
clidean mean is too rough since the information conveyed by the data possesses an inner
geometry far from the Euclidean one. Indeed, deformations on the data such as transla-
tions, scale location models for instance or more general warping procedures prevent the
use of the usual methods in data analysis. This problem arises naturally for a wide range
of statistical research fields such as functional data analysis for instance in [15], [12], [19],
[5] and references therein, image analysis in [22] or [3], shape analysis in [17] or [16] with
many applications ranging from biology in [8] to pattern recognition [20] just to name a
few.

To handle this issue without any assumption on the deformations, Sakoe and Chiba
in [20] present a synchronization algorithm known as the Dynamic Time Warping (D.T.W.),
aligning two curves by a time axis renormalization. When dealing with functional data
observed in a regression scheme, this idea was generalized in [27].

For a better understanding of the deformations, another major direction has been in-
vestigated. It consists in modeling the deformations by a parametric warping operator,
such as for instance, scale location parameters, rotations in [7], actions of parameters of
Lie groups or in a more general way deformations parametrized by their coefficients on a
given basis [6] or in an RKHS set [1|. Adding structure on the deformations enables to
define the mean behaviour as the data warped by the mean deformation, i.e. the defor-
mation parametrized by the mean of the parameters. Semi-parametric technics as in [15]
or [26] enable to provide sharp estimation of these parameters.

The same kind of issues arises when considering the estimation of distribution functions
observed with deformations. This situation occurs often in biology, for example when con-
sidering gene expression data obtained from microarray technologies. A microarray may
contain thousands of spots, each one containing a few million copies of identical D.N.A.
molecules that uniquely correspond to a gene. From each spot, a measure is obtained but
before performing any statistical analysis on such data, it is necessary to process rough
data in order to remove any systematic bias inhering to the microarray technology. A
natural way to handle this phenomena is to try to remove these variations in order to
align the measured densities, which proves difficult since the densities are unknown. In
bioinformatics and computational biology, a method to reduce this kind of variability is
known as normalization.

However, when dealing with the registration of warped distributions, the literature is
scarce. We mention here the method provided for biological computational issues known



as quantile normalization in [8] and the related work [14]. In [18] and [10] a criterion
based on Wasserstein’s distance is used to match two distributions for some particular de-
formation framework. In this work, we consider the extension of such parametric methods
to the problem of estimating a distribution of random variables, observed in a warping
framework through a precise estimation of the particular deformation parameters.

Actually, assume that we observe ¢ = 1,...,n samples of j = 1,...,J independent
random variables X;; with distribution p;. Each sample is drawn from a mean distribu-
tion p with some variations in the sense that there exists an unobserved warping function
¢ such that, for all j, we have pu; = po goj_l. To deal with this issue, we assume a
parametric model for the warping function. We consider that the deformations follow a
known shape which depends on parameters, specific for each sample. Hence there are
parameters 6* = (67,...,6%) such that p; = Por, for all j =1,...,J. Each 67 represents
the warping effect that undergoes the j* sample, which must be removed to recover the
unknown distribution by inverting the warping operator. Hence, we will estimate, in a
semi-parametric framework, the parameters 67.

For this, inspired by the method provided in [15], we warp the observations and con-
struct an estimator of 8* by minimizing the energy needed to align all the distributions
(; to the distribution p;—; . That is to say, we will minimize the cost of transport of
the mass charged by p; on the mass charged by p;_;. Hence, to quantify the alignment
between the two probabilities, it seems natural to us to consider the Wasserstein distance,
see for instance in [25] or [2] for the connexions between this distance and mass transport.
So we will study an estimator " of 0* obtained by minimizing a criterion inspired by the
D.T.W. and based on the Wasserstein distance between two probabilities.

We will obtain a result of consistency under general assumptions, in particular we
will not assume the compactness of the support of p. This estimator of 8* will enable
us to obtain an consistent estimator of the structural distribution p. Under stronger
assumptions, we will also obtain a result of convergence in law for 6.

The paper is organized as follows : the description of our model and the definitions
of the estimators are given in Section 2. Section 3 is devoted to the consistency results
obtained for the estimators of 8* and p. In Section 4, a new framework is introduced to
study the asymptotic comportment of the deformation estimates with a result about their
convergence in distribution. Section 5 presents some examples of deformations which fall
in the scope of our study. Finally some simulations are provided in Section 6. The proofs
are postponed to a technical Appendix.

2 Statistical model for distribution deformations

In this section, we will define a model for deformations of random variables and recall
some useful definitions.

First, recall the following notations. If P, is a sequence of probabilities which converges
weakly to a probability P when n — oo, we note P, — P. In all the paper, we denote
by | || the euclidean norm on R* for all & € N, & > 2. Finally, for a given sample
Y = (Y1,...,Y,), we denote by Yoy < <Yy <0 <Yy its order statistics.
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Fori=1,...,nand j=1,...,J, set g;; unobserved real i.i.d. random variables with
unknown distribution p defined on an Borel set I, C R. We will consider deformations
of these real-valued observations. Hence, we consider a family of deformation functions,
indexed by parameters A € A, for A a compact and convex subset of R? which warps
a point x onto another point ¢,(z). The shape of the deformation is modelled by the
known function ¢ while the amount of deformation is characterized by the parameter .
Namely, set

p: AxI, — I,
(A2) — o)
for 1,, I, subsets of R possibly unbounded.

We assume that we observe

Xij=vo: (g5) 1<i<n 1<j</ (1)
where 67 is the unknown deformation parameter in A C R¢, associated to the j-th sample.

Our aim is to estimate the parameter * € © = szlA. For this, we will study a
criterion based on a registration procedure for the distributions p; of each ii.d. sample
(Xij,..., Xy, ), forall j =1,...,J. To compute the distance between the distributions,
we will need the following probabilistic tools.

If F'is a distribution function , we define the quantile function associated by
Fl't)=inf{zr e R, F(z) >t}.

Recall that if F), is the empirical distribution associated to a sample (Y7,...,Y},), then we
have .
<t< -
n

A natural distance to measure the deformation cost to align two distributions is given
by the Wasserstein distance. For p € N*, consider the following set

n

—1
F7l(t) = Yy for -
n

Wy (RP) = { P probability on R” which admits a finite second order moment} .

Given two probabilities P and @) in W, (RP) we denote by P (P, Q) the set of all probability
measures m over the product set R? x RP with first (resp. second) marginal P (resp. ().

The transportation cost with quadratic cost function, or quadratic transportation cost,
between these two measures P, () is defined as

TPQ) = int [ le-yldr

reP(P,Q)
The quadratic transportation cost allows to endow the set Wy (RP) with a metric by

setting

Wy (P,Q) = T(P,Q)"2.

Note that we will use W5 metrics in this work. This choice is led by the issue of
optimal matching between cloud points, see for instance in [4]. Yet other choices

WI(P,Q)= inf /d(x,y)"dw

TeP(P,Q)
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are possible for different r and other distances d on RP. In particular, the earth-mover
distance which corresponds to r = 1 could be used with more complicated calculations.
However the study of this criterion falls beyond the scope of this paper.

Hereafter, we will consider distributions on R. In this case the Wasserstein distance
can be computed directly using the inverse distribution functions, as

Wi (PQ) = [ (P -6 ) e 2)

where F' (resp. G) is the distribution function associated to P (resp. Q). The registra-
tion procedure we consider is an extension to point cloud estimation of the methodology
pioneered in [15] and deeply studied in [26]. Wasserstein distance is actually a powerful
tool to study similarities between point distributions, see in [9] or [11].

Recall that our aim is to align the law p; of the observations X;. Hence a natural
idea is to apply the inverse deformation operator to these observations. More precisely
for all candidate ¢;, and to each observation Xj;;, we can apply the inverse deformation of
parameter 6;. Hence we can compute for all different j’s, the following random variables

75 (0) = 3, (Xy) 3

where we denote § = (61,...,60,) € © = II/_;A. Now, denote by p; () the common law of
the elements of the i.i.d. sample Z; (6) = (Z1; (9) , ..., Z,; (0)). By varying the parameter
6, we will try to align successively the distribution p; (#) onto the previous distribution
i1 (0)-

Let
n 1 -
Hj (9) = ﬁ Zézij(e)
=1

the empirical law of the sample (Z;; (0)), ;-

We note Fj the distribution function associated with the law p; and F' the distribution
function associated with the law p, F}' the empirical distribution function of the random
Sample (le, S ,an).

We introduce the following criterion

J

M QHM(Q):mZWﬁM (0), 11j-1(0)) - (4)
j=2
Remark that for 6 = 6*, we get for all j p; (6*) = p;_1 (0*) = p. Hence the distributions
are the same for the true parameter 6*, and the criterion M reaches its minimum at this
point.
The estimation of this criterion is given by its corresponding empirical version, which
is

M, (6) = 55 DO WE (5 (6) 15, 9). ®)



It can be computed using (2) and the order statistics associated to the samples Z; ()
as

J n
1 1 2
My (0) = 5— > - > 20 (0) = Zisyj—1 (0)]”
j=2  i=1
The estimator of 6* is finally defined as
0" € arg min M, (0). (6)

Our aim is thus twofold.
e First, study the asymptotic comportment of this M-estimator.

e Then, using this estimate, recover the template measure y with the following esti-

mator
1 (1 1<
=52 <525¢§;<XU>> =5 20 (7)
j=1 i=1 J=1

We point out that we restrict ourselves to distributions on R and not RP. As a
matter of fact, the statistical analysis of the estimates and their asymptotic behaviour in
distribution require a particular study of the asymptotic expansion of M, that can not
be achieved using the general expression of Wasserstein metrics. Indeed, we will need
to express Wy with quantile functions, estimated by the corresponding order statistics,
which can only be done in the one dimensional case.

3 Consistent estimation of the deformation parameters
and the distribution template

The main objective of this section is to study the consistency of the estimator defined
in (6) as
0" € argmin M,, (0).
0cO

Consider the following assumptions
AQ : pis a probability law on a measurable subset I, C R.

We consider deformation functions that verify

A1 : There exists a measurable subset I, C R such that forall A € A, ¢, : I

is invertible.

and

[a — [b

A2 : Forall A e A, ¢, : N
A

) is increasing.

Next, to ensure that the criterion M is finite, the distribution of Z; (0), p; (€), must belong
to Wh (R) for all § € ©, so we need



A3 : Forall A€ Aandall 1 < j < J, ¢, () isin L?(u;) that is to say ¢ o wor () €
L (p).

The two following assumptions are more technical.

A — Ib
A= (@
partial differential with respect to the variable A on Ay by 8@/(01 (x).

A4 : Forall x € I, ¢, : ) is continuously differentiable. We denote its

A5 : The family (890;1 ()) has an envelop in L? (u;) for all j, that is

A€A

sup Hacp;l (x)H < H(x)
AEA

with H € L* (u;) for all j.

It remains to have the following inequality for all j
sup H&p;l © g (x)H < G(z)
AEA

with G € L? (u) .

These two last assumptions are actually regularity assumption on the deformations. They
are required in order to get bounds for the empirical processes.

The last assumption is related to the identifiability of the model. More precisely it
ensures that M admits an unique minimum on © at the parameter of interest, 6*.

A6 For all 0 # 6* in O, there exists 1 < k < j < J, and a set A such that u(A) > 0
and <p(;]_1 © gr 7 @ © pgr on A.

Finally, recall that A is a compact and convex subset of R

3.1 Estimation of 6*

Assume we observe X;;, i =1,...,n, j=1,...,J, defined in (1). The following theorem
proves the consistency of the estimator of the deformation parameters.

Theorem 3.1. Under assumptions AO to A6, o e argmingee M, (0) converges in prob-
ability to 0* when n tends to infinity .

The estimate of 6* is defined as an M-estimator. Hence its study follows the classical
guidelines stated for instance in [24]. More precisely, its consistency can be obtained by
establishing the uniform convergence of the criterion, that is

sup | M, (6) — M (9)] 2==% 0 in probability
60

under the following condition of identifiability

foralle >0, inf M(0)>0.
ONB(6*.¢)°

So according to Theorem 5.7 p.45 in [24], these two results enable to obtain Theorem 3.1.
The uniform convergence is obtained through the followings steps
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- We first prove the pointwise convergence of M, to M in probability. It involves
classical properties of the Wasserstein distance about the convergence of empirical
measures.

- Next we obtain the following property of "uniform continuity"
for all ¢ > 0,limsupP | sup | M, (6!) — M, (6*)| > | Z=% 0.
n—00 161 ~62|<v
This part is the most important, and especially requires assumption A5.

We conclude by using arguments of compactness and continuity. The latter, in addition
to assumption A6, are used to obtain the condition of identifiability. The details of the
proof are given in the Appendix.

3.2 Reconstruction of the measure p

Theorem 3.1 enables to get a sharp approximation of the true parameters of deformations
with the estimator 8". This entails that the observations can be aligned by computing the
inverse transformation applied to the observations. Actually when n is sufficiently large,

<p6§,} (Xij) = %:?1 © Pps (i) is very close to g;;. So a natural estimator of the measure p is

gi\]fen by
I (1 1
53 OO R R 3
The following theorem proves its consistency.

Theorem 3.2. Under assumptions AO to A6, ™ converges in the Wasserstein distance
sense to the measure p in probability :

Wy (A", 1) =2 0 in probability.
The convergence result can be made more precise with the following proposition.
Proposition 3.3. Under assumptions AO to A6, then for all j,
Wy (ﬁ?,u) 2% 0 in probability.

This result comes almost directly from the consistency of the deformation parameters
stated in Theorem 3.1.

4 Asymptotic analysis of the deformation parameters

4.1 Assumptions

In order to handle a larger variety of deformation models, we weaken assumption A6.
Following [26] or [5], we restrict the set of parameters © = II/_;A to the set © =
{0 € ©,0, = 0*}, which amounts to saying that we take the first sample as a reference

8



and align all the others onto this one. So, to verify assumption A6 it is now sufficient to
show that there exists j with 2 < j < J such that %09 ° s = Id for 6 # 0* on a set of
positive p-measure.

So we study the estimator R

0" € argmin M, (6)
0c6
that is R R
n n : *
(92, . ,a,) carg min  M((0].0.....0,))

where ©;_ = H3722A : the parameter space has in fact dimension J — 1. So for sake
of simplicity, in this section we will write 0 = (0s,...,0;) € ©,;_1 and M, (0) instead of
M((67, 05, ., 0))

Consider the following notations. If G is a function differentiable on ©;_; and for
6 = (02,...,05) € ©;_1 we denote by 0;G(0) its partial derivative with respect to the
j-th variable (2 < j < J) at the point 0, and DG(6) its differential at point 6.

Now we add to assumptions AO to A6 the following regularity conditions on the
deformation functions.

AL1 ¢ !is C? with respect to its two variables (\,z) on A x I. We denote by dp; ()
its partial derivative with respect to the first variable at the point (A, z) and by
dipy ' (z) its partial derivative with respect to the second variable at the point (\, 7).

Consider the following restrictions on the distributions f;, which are the distributions
of observations Xj;.

AL2 For all j, p; is a law with a compact support [o; 8] C 1.

AL3 For all j, the distribution function F} of the law p; is continuously differentiable
with strictly positive derivative f; on its support.

Actually these assumptions are required to prove the convergence in distribution of
the empirical quantile functions.

Note that using the relation F; = Fo<p9* which is due to A2, we obtain that AL2 and
AL3 implies that F'is contmuously differentiable with strictly positive derivative denoted
by f.

In the following, we consider that d = 1, that is 67 € A C R? = R. However the
following result stands for d > 2 with slight modifications.

4.2 Asymptotic distribution of the deformation estimates

In this section we study the convergence in law of the estimator 5”, which relies on a
Taylor expansion for the empirical criterion. So using AL1 we first establish that the
criterion M,, is C? on ©;_;.

Hence, Taylor expansion of the partial derivative of M,, can be written as

O;M;, (97) = 0;M, (6) + DO, (07) (6~ 67)

9



for ™7 between 0" and 6* and 2 < j < J. But M,, admits a minimum on 5", SO
~0;M, (6%) = DO M, (6°) (0" - 7).
Hence

DagMn (9”’2)
— DM, (6*) = : (5" - 0*) .
DaJMn (9n,J>

We set DO, M, (67) = &, (FY,..., F}.,0").
The main part of the proof consists in showing the two asymptotic results.

- On the one hand, we will show that v/n(—DM, (6*)) — Z € R/~! for some random
vector Z by using a functional delta method. This part is inspired by the work of
[13].

- On the other hand, we will establish that ®; (FJ',..., F'},0™7) converges in proba-
bility to a deterministic quantity ®; (F1, ..., Fy, 6*) when n goes to infinity.

Let
&y (Fy, ..., Fy,0%)

o = .
O, (Fy, ..., F;,0%)
Then if ® is invertible, we finally get that

Jn (5” _ 9*) ~ oz

More precisely, ® is the tridiagonal symmetric matrix in R7="/~1 with the lines
q)Q(F17"'7E]79*>

where

b, (F, ..., Fr,0)
* 4 ! —1 (-1 2
- 0

-2 1
J— 1/0 D (F5 (1)) 9wyt (F3H(1)) dt, 0, ,0)

* —2 ' — — — —
cbj (Fla"'aFJve ) = (O”O’J—/ 8@9;1 (F} 1@)) &Pe*l (F;—ll(t)) dt? (9)
0
N Doyt (F1 (1)) dt
J—1), 7% VI ’
—2 ! 1 1

71, Opp: (F'(t)) Oy (F4 () dt,o...,o)

10



for3< < J—1,and
* —2 ! -1 -1 -1 -1
q)J (Fl,. . .,FJ,@ ) = 07. .. ,O, m 89095 (FJ (t)) 8@9* (FJ_1<t>) dt, (10)
0

J—1
2 ! -1 -1 2
—/ Doy (FrH(t))"dt | .
_1 0 J

Theorem 4.1. Under assumptions AO to A6 and AL1 to AL3 and if ® is invertible,
then

Then we have that

-~ Z2
\/ﬁ (en o 9*) N (I)fl X
Zy
with, for 2 <j<J—1
o 100 (Fj (1))

Zi=5_7 i fj(F—l(t)) 2G;(t) — Gj-1(t) — Gy (t)] dt

and

7y =

(G,(t) — G _1(t)] dt,

2 /1 Opgs (Fy'(t))

J—1 JEH(T))
where G; are independent standard Brownian bridges, for 1 < j < J.

If d > 2, we obtain the same kind of theorem but ® becomes tridiagonal by blocks
and we have to take into account in the proof that dp,.! (z) is a vector in R
J

The following proposition presents two cases of invertibility for the matrix ¢ if d = 1.

Proposition 4.2. Assume that for all j, 8@5*‘1 (Fj_l(t)) 18 not almost everywhere equal
J

to 0. Then the matriz ® defined above is invertible if one of the two following conditions
is verified.

1. The quantity fol 8@0_ (F (t)) dt is independent of j and we have 8g09* (F:H(1) #

J

'yé?gog*_lﬂ (FJZFI( )) for all2 < 53 < J—1and for ally € R. In this case, (I) 1$ a diagonal
dominant matrix .

2. For all 2 < j < J — 1 there exists ~; such that 9! (F;'(t)) = ”yj&,o(}il (FL4 ().

Note that O, (F;'(t)) = 9, (@g; (F‘l(t))>, so the second assumption may hold
for a large variety of cases.
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5 Applications

Now we provide some examples of admissible deformations, which undergo previous set
of assumptions.

5.1 Example 1 : Location/scale model

ox () = Ao + Ny

This choice of deformation corresponds to observations

where ¢;; are random independent variables with mean 0 drawn from an unknown distri-
bution pu. It corresponds to an ANOVA model with different variances.
Here A = (A, \2) € A C R% The deformation function ¢, is invertible on R if Xy # 0.
@y is non decreasing if Ay > 0, then we must choose A as a compact convex subset of
R x (0; 400).

We have o' (x) = 5530 = o (), and o) (9 (@
L? () if p € Wy (R).

2 2
Moreover dpy ' (z) = <;—21,’\1/\§5"> and [|0p3" (2)]] = \/(X—D + (Al/\gx> . Hence

SUDyea ||890;1 ()H € L* (u ) if p € Wy (R).

In conclusion, assumptions A0 to A5 are verified as soon as A is a compact convex of
R X (0;+00) and pu € Wy (R).

After some computations it can be shown that the matrix ® defined in Section 4 is
also invertible.

In the particular case of a translation model, Ay = 0, i.e p) () = x4+, the assumptions
are easily tractable.

¢ is invertible on R for all A € R with ¢, (z) =2 — A = ¢_, (x). Assumptions A1,
A2 and A4 are easily checked.

Moreover we have dp, ' () = —1, ¢ ' (ps(x)) = 2+ 8 — . Hence AO, A3 and
A5 are verified if p is in Wy (R), and A C R compact and convex. Finally the second
condition of invertibility for the matrix ® in Proposition 4.2 is trivially satisfied.

The case of the scale model, that is ¢, (z) = Az, can be considered with same reason-
ing. In this case, assumptions A0 to A5 are verified if © € W, (R), and A is a compact
interval included in (0; +00).

) = wﬁ2+/\—621—k1 which is in

5.2 Example 2: Logarithmic transform.

pa () = Alog(z)
py is invertible from (0;+o00) to R for all A # 0, and ¢, is non decreasing if X is
positive: here A must be contained in (0;4+00) and € take its values in (0;400). We

have 3" () = exp (), and @) " (p5 (z)) = exp <ng@)> = 2%, Hence g3 € L? (1) if

E {z—:x] < oo for all \ € A.

12



_ _z - _ 3 8 _
Moreover 8%\1 () = 35 exp (X)? SO &pkl (g (x)) = /\—fxx log(x), and supy¢, ’890/\1(-)’ €
20% 20%

L% (u) if E & Ymin log*(¢)| < oo and E {g*Mjaz log®(¢)| < oo where Ay = max {\ € A}

and A, = min{A € A}. In this case the conditions are more restrictive on the law p.
Remark that the exponential distribution verifies these conditions.

Finally, as previously this example verifies the second condition of invertibility for the
matrix ¢ stated in Proposition 4.2.

5.3 Example 3 : Composition

or(x) = foga(x)

Consider a function ¢, (x) which verifies all the assumptions A1l to A6. Then, if f is
an increasing function invertible from I, to I., the deformation function ¢, (z) = fop,(z)
verifies also these assumptions replacing [, by I.. Indeed, assumptions A1, A2 and A4
about invertibility and differentiability are immediately verified, and we have

Py ops =@y o f o fods =gy ods
and
Doyt =0 (g5t o f1) = dpyto f
So
&p;l o g = a@;l oftofo Pp = 3@;1 ° Pg.
Hence assumptions of integrability (A3, A5) and identifiability (A6) are also verified

for the function ¢, (x) . Moreover, the matrix ® which is involved in the convergence in
distribution is exactly the same in the two cases.

The composition action allows a large number of new admissible deformations. For

instance, the logit model ¢, (z) = m can be obtained by the composition of the

scale model with the function f (2) = -

The study of the example 2 gives also the conditions under which the deformation
@ () = 2 can be handled by our method.

6 Simulations

In this section we present some simulations obtained for several distinct deformation
functions and template measures.

More precisely, we simulate (gpg*, (eij)> for different choices of functions ¢,
J 1<isn, 1<

parameters 07 and law p of the g;;. For each combination of theses parameters we fix
J = 6, we simulate samples of size n = 1000 for each deformation j, and we compute the
estimator " by fixing 67 = 67. We compute the error 65 — 67 for 2 < j < 6, and we
repeat 100 times this operation. In the following we present the repartition of the errors.
Each box-plot corresponds to the distribution of the estimation error of one 07.

For each deformation function, we consider the three following structural laws : the
Uniform law on the interval [—1; 1], the Binomial law of size 20 and parameter 1/3 and
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the standard Gaussian distribution.

Here we consider the shift deformations
@os(x) = x + 05, and we aim at recover the pa-
rameter 0* = (10,0.2,3,-9,2, —5).

Figure 1: Uniform law and shift defor-

mation
Figure 2: Binomial law and shift defor- Figure 3: Gaussian law and shift defor-
mation mation

In the following we first consider the logit deformation p- () = L ) and after

the scale deformation ¢y () = 0ir. The parameter of deformation is in each case :
0* = (1,5,3.2,4.5,1.5,2).

0.008 0008
0007 ] . .
hd 0.006 4
0.006 .
0.005 .
0.004 4 *
0.004 H
0.003 4 0.002 -
0002 ]
0001 ] o
o]
00t ] -0002
0002
~0.004 4
0003 i
0004 - ¥ ~0.006
0.005 4 .
*
0.006 T T T T T T T T T T T T T T T T
o5 1 15 z 25 3 3 s R A AR AR AR

uuuuu

Figure 4: Uniform law and logit defor- Figure 5: Binomial law and logit defor-
mation mation
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0005 -
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-0.002 4
0004
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\\\\\\\\\\\\\\\\\\\

Figure 6: Gaussian law and logit defor- Figure 7: Binomial law and scale defor-
mation mation

Figure 8: Uniform law and scale defor- Figure 9: Gaussian law and scale defor-
mation mation

As expected, the estimation procedure provides a good reconstruction of the parame-
ters of the deformations.

A Appendix section

A.1 Proof of Theorem 3.1

We start by proving the uniqueness of the minimum of the criterion M (6).

STEP 0 : Identifiability

We have already remarked that M (6*) = 0 = mingeo M (0).

Set 6 € ©. We have M () = 0if and only if forall 2 < j < J, W§ (u; (0) , -1 (9)) = 0,
that is

Co, ©Por =@y Oper 1 as.

Hence, if we assume A6, that is for all  # 6* in ©, there exists 1 < k < j < J, and a
set A such that p(A) > 0 and S%_jl o pgr # gag_kl o @p: on A, then M admits an unique
minimum on O in 6*.

Indeed, if A6 holds, for 8 # 6* we necessarily have an index j and a set A such as
i (A) >0 and gpe_jl o pgr F ‘:0(;-1,1 o @gr , on A . Hence in this case, M (0) #£ 0.
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Now we aim to show that the empirical criterion M, converges uniformly to M in
probability. The proof follows three steps, beginning with the study of the pointwise
convergence.

STEP 1

For all # in ©,

|M,, (0) — M ()] == 0 in probability .

Proof
Using the triangular inequality we can write
Wa (45 (0) , 151 (0)) < W (147 (0) 415 (0)) + Wa (1 (0) 11 (9))
+ Wa (-1 (0), 115, (0))

and

Hence

Wa (5 (0) , -1 (8)) — Wa (15 () , 115 (8)) =W (-1 (0) , 1, ()
< Wa (uf (0), 15—, (9))
< Wa (1 (0) , 115 (0)) + Wa (115 (0) , prj—1 (0)) + Wa (pj-1 (0) , i, (0)) .

Here we use the following result about the convergence in the Wasserstein sense of the
empirical measures which is stated in [21] p. 63.
If P, is the empirical law of an i.i.d. sample Y, ... Y, with law P € W5 (R) , then

n—0o0

Wy (P,, P) —— 0 a.s.

So we deduce that for all j and 0 fixed, Wy (u} (0), 7, (0)) converges as. to
Wa (145 (8) , ptj—1 (0)) when n goes to infinity.
Hence we conclude that for all 0

|M,, () — M (8)] =50 a.s.
and consequently the convergence in probability holds, implied by the a.s. convergence.

STEP 2
For all e > 0

lim sup P ( sup |Mn (91) - M, (92)’ > 5) Y20
\

n—00 |01—62||<v

Proof
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Recall that

For all 2 < j < J, define

For 6' and 6% in ©, we have

1 < . 4
[ M (67) = My (6%)| < 5= D [M3 (67) — M;, (6°)]
and

[z (6") = Z\ Zias (0") = Ziair (01))" = [Zuas (%) = Zuayr (7))

It can be bounded using the equality a® — b* = (a — b)(a + b) by
| M2 (0Y) — M3 (6%)] ZBM (61,60%) [Ay (0",0°) + Ay (07,6%)]

where we have set
A (00,0%) = | Z4; (0") — Zw; (6%)]
and
By (01,6%) = |Zay; (0") = Z(iyj—1 (0") + Ziay; (6%) = Ziayj—1 (%)

By Cauchy-Schwarz’s inequality

|25 (6) = M; (0°)] <

1 « , |1 )
J w2 B0 J S LA 01,6+ Ay (010

i=1

and using the triangular inequality we obtain

|2 (0") = M (%) <
J ZBU (61, 62) N%ZAU (61, 62) \IZAU L (61, 62) ‘
=1

We first consider




With the same arguments as before and using A2

n

1 L 2 1 “ _1 2 1 2
EX;BU (0%,02)" <\ |~ 2%, (Xes)"+ 4|7 o (Xwi-1)

1 n B ) 1 n 2

a5 2 g (X)) + n 4 90 . Xiyj-1) "

v
&
n Jn
&

Hence
1nB o o2y < | LX) L
E; ij (01,0%)" < ﬁ'—l%}( i)+ nZSO i ij—l
e y o (X)) + 12n:
n - 9092 i n 90 . z] 1
So
su — B;; (64, 62 <2su X;
p Z i ( sup Z% 5)

1_p2
o1 —62 | <v Py

+2sup Xii 2.

Now we will show that for all j

1 :
sup |~ 3 By (01,62 = O(1),
101 —62]|<v i=1

For this we use the following lemma taken from Example 3.7.3 p.38 in [23] and recalled
for sake of completeness.

Lemma A.1l. Consider (X;),,, i-i.d. variables defined on a space X with law P, T a
compact set in R and h : T x X ~ R. Assume that h(-,x) is continuous on T' for

P-almost x € X and sup,cr |h (7,-)| € L' (P).
Then

1 n—s00
sup —Zh(fy,Xi) —Eh(y, X)) =20 a.s.

ver n =1
In particular sup,cr ‘% Yo Xl)‘ = Op(1).
Using assumption A4, for \', A2 € A we can write

80;11 (x) — 90;21 (z) = 690;11,2 (x) ()‘1 - )‘2)
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for A2 on the segment between A\' and A\2. Then
o3t (2) = 3t ()] < sup |03 @) I8 = X2
AeA
So for all A € A, using A5
03! ()] < H(z)A + |3 ()]
where A’ € A and A is the diameter of A. Hence A3 implies that for all j

sup o () € L' (1) (11)
AEA

and so we can apply Lemma A.1 to ¢, (ac)2 and we obtain

sup ZBM (61,02)° = 0L(1).

o1 92692

2
Now we focus on \/% Yo Ay (01,62)7.
Using again assumption A2, we can write

Aij (0,6%) = | Zwy; (6") = Zwy; (6%)]

= ‘%_;1 (Xs) = 9 (Xag)|-

Hence
2

Z Az] 91 ‘92 Z ‘8001 z] 800—?1 (Xz])

Now using again a Taylor-Lagrange expansion

‘890912( U) (le - 932)
< sup [oext (X)) 16; — 63|

‘909_;_1 (Xij) — 909_]2_1 (Xy)| =

SO

sup ZA” (6", 02 Zs.upH@goA Z-j)||2y2

|01 —02||<v T

-
p-

But under assumption A4 we can apply the Law of Large Numbers to get that = 37" | supycy H@gp}l (Xij)
converges in probability, and so

—ZsupHagoA Xij || :O%(l).

In conclusion

sup !Mn (91) — M, (92)‘ < Vo2

o162 | <v
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where V,, = Op (1) is independent of v and we obtain

lim sup P ( sup |Mn (01) - M, (92)‘ > €> =0 0.

n—vo0 It 02| <v

STEP 3
The function 6 — M (@) is continuous on O.

Proof
Let (6"),,cy be a sequence of © such that 6" 7% 90, We will show that M (97) 2=

n—o0

M (6°) by proving the convergence W3 (u; (6™), ; (6°)) — 0. For this we will use the

following equivalence.
If (P,),cy is a sequence in W, (R) and P € W, (R), then

W, (P, P) 2= 0

if and only if
P,— Pand E [X;ﬂ —E [Xﬂ
where X, follows the law P, and X the law P.

This characterization of the convergence in the Wasserstein’s sense is proved for in-

stance in [21].
We first show that E [Z7, (6)] === E [Z (6°)]. Thanks to (11) , we have for all

0 €0,

< H(Xyy)

121 0)] = |03 (X5)

with H (X,;) € L2,
Moreover using the regularity of p~! with respect to the deformation parameter we
have the a.s. convergence

235 (0) = g (X)) 7= o (X0y)" = 245 (¢°)

Hence we obtain E [Z3, (0")] === E [Z3, (6°)].

In addition, we proved the a.s. convergence of Z3; (6") to Z7; (6°), which implies the
weak convergence u; (6") — p; (6°).

From this we deduce that W3 (u; (6"), 1 (6°)) =% 0 and consequently M (6™) =%
M (6°) if " "= ¢ . M is continuous on ©.

CONSEQUENCE
If © is compact, then

sup | M, (8) — M (8)| === 0 in probability.
0€0

Proof
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Set ¢ and J two real positive numbers. Thanks to the steps 2 and 3, we can choose v
such that

limsup P ( sup ‘Mn (91) - M, (92)} > 5) <0

n—00 (16 —62(|<vo
and
sup ’M (01) - M (02)| <e.
161 —62||<ro
With the compactness of ©, we can find a sequence (Qk)lgkgm in © such that © C

upr, B (9’“, uo). Now for # € © N B (67, 1)
| My, (0) = M (0)| < [ My, (0) — My, (07)] + [ M, (07) — M (67)] + |M (67) — M (6)]

sup| M, (6) = M(0)| < sup  |M, (6") — M, (6%)| +
0€0 161 —62||<vo

max |Mn (9’“) - M (Qk)‘ + sup |M (‘91) -M (02)|

1<k<m 161 —62||<vo
Hence
<Sup |M,, (0) — M (0)| > 38) C
0cO
( sup | M, (6Y) - M, (6%)] > g> g (max M, (6%) — M (69)] > g) .
10162l <vo fsksm

So

0co 1101 —62|<vo

]P’<sup|Mn(0)—M(9)\>35)<IF’< sup ]Mn(el)—Mn(GQ)\>a>

S B (| () = M (09)] > <)
k=1
And with the step 1, we deduce that for all § and € > 0
lim sup P (sup |M,, (6) — M (0)| > 35) < 0.
n—00 0cO

Hence,

sup | M, (6) — M (6)] === 0 in probability.
9€6

Finally we complete the proof as follows.
Using the result of identifiability together with the continuity of M and the compact-
ness of ©, we deduce that for all € > 0

inf M > 0.

ONB(6*,6)°

Following the M-estimation theorem of [24] (th 5.7 p.45), this result combining with the
uniform convergence in probability of M,, to M leads to the consistency of the estimator.
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A.2 Proof of Proposition 7

We denote by p? the empirical law of the sample (g1, ...€,;). Then we can write

First, the convergence of the empirical measures in the Wasserstein sense used in the
step 1 implies the a.s. convergence of W, (,u}‘,u) to 0 when n tends to infinity. Indeed,
assumption A3 implies that u € W, (R).

Second, ¢, is non decreasing for all A, so we have

W3 (5 a) =~ > (%05; (o5 (1)) = €<i>j)
i=1
1o ?

_— — _1 * .. — ..

= ; (90@;1 (SOGj (81J)> 5%3) )
and with a Taylor expansion of 0 — o, ' (X;;) between /9\;1 and 6%, we obtain
909:,_11 (909;. (&‘j)) = €ij + 8309;1,3- (Xi5) <9;1 - 9;)
J [

for @ﬁ’j in the segment between @L and 6%. So

~

2
0" — p*

J J

1 n
W3 (i}, 137) < [E > sup [|0y (Xz‘j)||2]
=1

But we showed in the step 2 that [% S supyey ||0@)! (XZ)HQ} = Op(1), and the

07 — 05

deduce that W3 (7, ) 7% 0 in probability.
In conclusion,

n—oo

—— 0 in probability. Hence we

consistency of the estimator o implies that

Wo (ﬁ;‘, 1t) 272 0 in probability.

n—o0

To obtain Theorem 3.2, recall that a" = =~ Z;]:l p%. The convergence Wo (11", 1) ——
0 in probability is simply obtained by using again the characterization of the convergence
in the Wasserstein’s sense stated in the step 3.

A.3 Proof of Theorem 4.1

Here we introduce new notations.

We note D]a; 8] the set of distribution functions of measures that concentrate on
Joa; B] and S the Skorohod space, that is the space of cadlag functions on R endowed with
the supremum norm || ||_. Recall that the cadlag functions are defined as the right
continuous functions which admit a limit from the left.

l(0;1) is the set of functions bounded on (0;1), and for I = I, or I = [a;f],
loo ((0;1); 1) is the set of functions bounded on (0;1) with values in I. (4 ,,(0;1) de-
notes the set of bounded and measurable functions on (0;1) . Recall that [«; 5] C Ip.
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On the spaces £7,(0; 1) and £Z, ,,,(0; 1) we consider the norm ||h[|  ; = max (|||, -, [[hsll)
for h = (hy,...,hy). Finally we denote by Q7 the empirical quantile function (Fj”)_1
We start by the computation of the first and second differentials of M,,.

Differentiability of M,

Recall that we consider § = (0s,...,0;) € ©;_1, so in the following we set 6, = 0.
We have

Hence M, is C? on ©;_; under AL1, and forall 2 < j < J -1

aj]wn (0) =
2 1. _ _ _ _
JT—1n 8‘P9j1 (X(i)j) [29091'1 (X(i)j) - 909]'171 (X(i)jfl) o S091'1+1 (X(i)jH)]
i=1
and
1 2 " -1 —1 —1
OsM (0) = —— ) 9%, (Xeiyr) [%J (X)) = s, (X(i)‘]_l)} '

=1
We can also write, forall 2 <7< J—1
0, M, (6) = (12)
9 1
[ et (@) 2001 (@0) = et (@ 0) = 9t (@ (0) ] e
0

0, 0) = 7= [ 0t (@) [ @) — i, (@)@ ()

So M, is C' on ©;_; with differential DM, (0) = (0sM,, (0),...,d;M, (0)).
Moreover for 2< 5 < J —1

02 .M, Z 2009, [23% (X(m)]

1 Z 20%0," (X [2%}1 (Xwy) —va,t, (X@i-1) — 5., (Xa)jﬂ)] :

for3 << J

n

1 1 _ _
&1 M, (0) = T 1. > 200, (Xy;) [_8909j1_1 (X(i)j,l)}
i=1
and for2<j<J -1
0313 Mi (6 Z 890 (X)) [ 89092-11 (X(i)j+1)}
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finally it k £ 5,7 — 1,7+ 1

In addition
83,JMn (0) = J “1n ZQa%J X(z ) [8909 (X(i)J)]

n

1 1
e 2005} (Xa) |0 (Xo) = 07, (X))
Soforall3 j<J -1
DO;M, (0) = (0,...,0,82_, M, (0),82,M, (0),07, ;M, (0),0,...,0) with
4 1
03 M, (0) = = | 9y (@) di+ (14)
L/la2 -1 (Qn(t))[ (Qn< )) —1 ( n (t))— -1 ( n (t))] dt
T—1), Po; Y _ W1 Po;0 \WjH1
and
M 0) =3, 0 = 51 [0 @) 0!, @) (1)
Moreover
D, M, (6) = (16)

(57 [ 200 @0+
023, (Q3(1)) [2%;1 (Q3(1) — w3 (@1 (1)) — iyt (@A ()] dt

/8@ o, (Q3(t))dt,0,...,0)
D&,Mn(e):( _1/ Oy ! wo b (QF_1(t)dt, (17)
2 [ e @+ et @i [ea @) - g3 L(t))}dt).

Recall that 0;M,, (6) € R. Hence, as explain in Section 4 the regularity of M,, allows
a Taylor expansion

O3M;, (97) = 0;M, (6) + DOy, (07) (6~ 67)
for 69 between 0" and 6*. Using that M,, admits a minimum on " we have
—0;M, (0%) = DO;M, (67) (6"~ 7).
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hence

DO, M, (8™2)
—DM, (07) = : (5” - 9*) .
DOy M, (0)
We set DM, (0*) = W (F,..., F}), DO;M, (0™7) = ®; (FT',..., Fy,0™).

The aim of the following is to show that W is Hadamard differentiable in order to
apply a Delta method to get /n(—DM, (6*)) — Z € R’ for some random vector Z.

Convergence in law of DM, (6*)
We have ¥ = y o ¥y where

o (Fy,...Fy) = (F7Y ... F )
is defined on D]a; B]7 with values in ¢2  ((0; 1), [c; B]).

X is defined from £2 . ((0;1), [e; ]) to R/~ with x (9) = (x2(9) -, xs (9)), where
g=1(91,.-.,9s)and for2< 5 < J -1

Xj glv s 7gJ
/ Oat (95(1)) 200 (95() = ¢t (951(8) = 2 (g7a(1))]

and

Xo (G2 90) = / D052 (90 [ (0s(0) — @3 (asa(0))] .

Now consider the following lemma.

Lemma A.2. Let G : I — R a continuous function. Then, if [o; 8] C I,

G+ (Eo (0103 8) | ) — R

(gl,...,gJ)l—>/O G (gr(w), - gy(u)) du

is continuous. If G is continuously differentiable, then G is Hadamard differentiable tan-
gentially to 01, . ((0;1)) with

DG (g1,...,9s) [h1,... hy / DG (g1(u),...,gs(w)) [h1(u), ..., hs(u)] du.

Using AL1, we apply this lemma to

(@) = e (1)

Gj(xy,...,x;5) = 8g09_;1 () [2(,09_;1 (xj) — 4,09_;_17
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for2<j<J—1,and

Gy(x1, ... 25) = Opgs (2) |Pay (25) — g5 (w5-1)
so we deduce that x is Hadamard differentiable tangentially to ¢Z_ . (0;1). Moreover, for
[klv s 7kJ] S égo,m (07 1)

Dxy(g1,---.95) k1, ..o ky] =
2 ' 1 1 1
To1 [, 40 (90t (a0 [a; (0(0) = a7 (93-1(4)]
05, (9(0) | iy (9(0) (ks (D] = diogs’ (91(0) (ks (1)]]

and for2 <7< J—1

DX] (glv"'ag]) [klv"'ak.]] =

7 [ o (0] [203 (6,(0) ~ 632, (031(0)) — 95, (07:1(0)]
+005, (91(0)) | 205’ (95(1)) [k (1)
gyt (g5 1(00) By a(0)] — g (g500(0) iy (0]

Under AL2 and AL3 we can apply Theorem A.3 in Section A.6 which ensures that
W, is Hadamard differentiable at (F, ..., Fy) tangentially to C” [a; 3], with

h O_F_1 h OF—l
D\I]O(F17"'7FJ>[hl,...,hJ]:_< 1 1 J J)

floFl_l,...a fJOFJ_I
for (hy,...,hs) € C’[a;B]. Hence, with the regularity of the functions Fj, we obtain
that DU (Fy, ..., Fy) (C7[a; 8]) C €2, (0;1). Thus we can apply the chain rule to the

composed function ¥ = x o Wy to get that ¥ is Hadamard differentiable at (F3,..., F))
tangentially to C [o; 5] with

DV (Fy, ..., Fy)[h] = Dx (Vo (Fy, ..., Fy)) [DYo (F1,. .., Fy) [h]]
for h = (hy,...,hy) € C7 [a; f].

-1
Under A2, we have Fj = F o,/ for all j. Hence, Fj_1 = <F o (p;}) = @gr 0 F!
and we obtain @,." (F;'(t)) = F~'(t) for all j. This leads to

DV, (Fy,...,F))[hi,... hy] =
-1 -1 —hy (Ffl<t))
—/ 6@ (1)) [d%; (F7'() m

—ngG_}l_l (Fj_ll(t)> [ fiJll((FJ ES;)]] dt,
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_d4P9_*,1,1 (Fj_}1 (t)> [_}%jl (F;_ (t))] _dﬂp(a_fl (Fj_+11 (t)) [_fhi?(FF_};th) ]] dt.

Moreover, if we differentiate the equality Fj(z) = F o ¢,.'(x) we obtain that f;(z) =

deg:' () f 0 g ().
Hence f;(F, (1)) = dgg (F7 (1) 0 5 (Fy (1)) = dgg (F (1)) o F~(1), and we
can simplify

DU, (Fy,..., Fy) b, hy] =
1

DV; (Fy,...,Fy)[h,...,hy] =

2 1 8900_;1 (Fj_1<t>)
J—1 /0 fFE())

With the independence of the different samples and the convergence in law of the

empirical distribution functions which is stated in Theorem A.5 in Section A.6, we know
that

[y (Fi5 (1)) + hygr (B4 (8) — 20y (B (1))] dt

Fr— F Gio R
Vel =
Fr—F, GyoF,
in the product space (S, || loo,s) Where ((G&j);.]:l are independent standard Brownian

bridges .
Hence we can apply Theorem A.4, the functional Delta method which is stated in

section A.6 with the following correspondences : A is the Skohorod space, A5 = D]a; )7,

Ay = C’[a; B] (we have (Gy o Fy+,+, Gy o0 Fy) € Ap). Hence, computing ¥ (Fy, ..., F;) =0
we obtain

(=DM, (6*)) — —DU (F,...,F))[G o F,...,Gy o F)]

in R/
Next we will show that ®; (F}*,..., F7},0™7) — ®; (Fy,..., Fy;,0%) in probability.

Convergence of D?M,,.
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We can write ®; (F',..., F7,.0™7) = ¢; (Vo (F]', ..., F7),0™7) where for all 2 < j <
J—1
¢] (glv~~'7gJ70) = (07"'a07¢§_17 §7¢;+170"'70) with

4 1
J—1

7o | e o) 263 00— i 01 - 3, (03 00)]
for2<yj<J -1
QS;:—H (gla s 79]79) :¢§+1 (917 s 7gJ79)

—2 [t
=1 | e w®)06), )

¢]: (915---,95,0) = 8(,09_],1 (g;(1)) dt

and

¢J (gla"'agJ70)

-9 Lo B
=00 571 [ 0! ) 06! () ar

% i 0y (92())° + 0%, )} (94(1)) [w;} (9s() — o5, (gj,l(t))} dt) ,

Using AL1 and a slight modification of Lemma A.2, we get that the functions ¢; are

continuous on (Egovm ((0;1); [a; B]) x R7~! max <|| ooy | ||>> Moreover, for all j,

n—oo

6™ 225 9% in probability

and
o (F7, .. F7) =5 W (B, ..., Fy) = (F7Y, ..., Fy') in probability

in the space (£2,,, ((0:1);[s ). | ). Hence for all j

O, (F7,... . Fy,0m) == &, (Fy,..., Fy,0%) in probability,

with ‘ o
®; (Fy,....Fy,0)=(0,...,0,)", @ &I 0...,0)

where for 2 <7< J -1

(I); (Fl, FJ,H* _1/ 890 - ) dt
tg | Pt (F0) (20 (F74(0)
0
—¢p (F3(0) —pr, ( ;ﬁ(t))] dt



- %/0 Doyt (Fy (1) dt (18)

O (B, 07) = O (R FyL0%)

-9 1 - - B )
-2 [ o (@) o0nd, (@) ar 1)
and
_ 1
B (B B0 = (0’ 0= [ Oy (FN(0) Oy (Fr24(0)) dt,
- 0

% /0 Dpg! (F7(1)" + 0%t (Fr (1)) [w;;l (F7(8) — ¢ (Fj_ll(t))} dt),

that is

-9 1
D, (Fb""FJ’e*) = (Q"'?Qﬁ/ 0900_}1 (FJ_l(t)) 8900_*17 (FJ_711<t)) dt, (20)
- 0

2 L\

S0
Do, M, (0™2) Oy (F, ..., Fy,0%)
: noee = & in probability.
DOy M, (6”7‘]) by (Fy, ..., Fp,0%)
DOy M, (6™2)
Now set 2, = ' . As its limit ® is invertible and the set of invertible

DBJMn <9n’J)
matrices GL;_; (R) is an open set, P (3, € GL;_; (R)) 2= 1. Moreover we have

Vn <§n —~ 9*) =%, ' TV <5n - 9*) L{s,eGL, 1 (®))
+v/n (@L - 9*> Lis.¢ar, ()}

Now for all

IP(\/E

On — 9*H (s, ¢6L, (R)} > 5)

<P (1{EH¢GLJ,1(R)} > 8) 7.

Hence \/n (@\n — 9*) 1is,.¢cr, . (r)} converges to 0 in probability when n tends to infinity.
Moreover 2;11{2n6GL(]71(R)} 7% o lin probability by continuity of the inverse map.
As ¥,\/n (é\n — 0*) — Z, it remains to apply Slutsky’s Lemma to conclude.
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A.4 Proof of Proposition 4.2

Set g; = 8@5; on_l. We denote by || ||, the norm on L?(0;1), and (-, -}, the correspond-
ing scalar product. Then we have

-1
ol =1 _
2
2”92”3 —<9279:§>2 0 0
—(92,93)  2|gsll5 — (93, 94)4 0
0 ) )
0 - <9J—2,9J—1>2 2 ||9J—1||§ - <gJ—1729J>2
0 cee 0 - <9J717 9J>2 ||9JH2
In the first case we obtain :
@ﬂ —
2
20 — (92, 93)4 0 0
— (g2, g3)5 20 — (93, 94)5 0 :
0 ) )
0 e —(97-2:97-1)5 2a —(97-1,97)5
0 0 —<9J—1,9J>2 o

and for all 3 < j < J, a > ‘(gj_l,gj>2|, that is the case of strict inequality in the
Cauchy-Schwartz’s inequality. Hence we immediately deduce that ® is a diagonal domi-
nant matrix.

The second case is the case of equality in the Cauchy-Schwartz’s inequality : for all
2< 7 <, [{gj-1595)5] = llgills Ngj—ll,e

Here we will show that Ker ® = {0}. Set u = (ug,...u;) € Ker ®: we have J — 1

equations given by ®u = 0.
92
g3

Ifweassumeuj:(j—l)gjzu2f0r2<j<k,f0r3<k<J—1the(l€—1)th

The first one gives : uz = 272 us.
2

equation gives
—llgr-1lly Ngrlly w1 + 2 lgll3 ux = lgrr1ll; llgelly wrsr = O,
that is, by assumption
—(k = 2) llgelly lgallyuz + 2(k = 1) [lg2ll3 [|gkllo w2 — llgesallz llgxlly ten = 0

and so
L
‘|gk+1”2

Hence , the J — 2 first equations implies that u; = (j — 1)%@ for2 < j < J.
Jn2

The last one imposes that

~llgr1llz llgslly wrr + llgsllz ur = 0

SO
—(J = 2) llgslly lg2llyuz + (J = 1) lg2lly lgslly w2 = O

and necessarily us, = 0, so u = 0.
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A.5 Proof of Lemma A.2

We first prove the continuity of G.

Choose g = (g1, --,9s) € €L, ((0;1),[a; B]). G is uniformly continuous on the com-
pact [a; 8] C I/ . Foralle, set v(e) such that |z — y|._ = maz (|ry — wil, ..., |zs — ys]) <
v(e) implies |G (z1,...,25) — G (y1,...,y;)| <eif z,y € [z 5]”.

Set h = (hy,...,hy) € L, ((0;1),[a; B]) such that ||h — 9lloo.s < v(€). Then

6 - G| < [ 1660 - Gl du< [ edu=c.

G is continuous.

Now we consider the Hadamard differentiability.

Let ¢ = (g1,...,97) € EJ m ((051),[e; B]), b = (hy,...,hy) € fgo,m(();l) and ht =
(ht,...,R%) such that At =% 20 ¢ 0 ((0:1)) and g + th' € €2, ((0;1),]a; B]) for ¢
sufficiently small. For v and w in RY, we denote by [v; w] the segment between these two

vectors, that is
[v;w] = {sv+ (1 — s)w,s € [0;1]}.

Recall that we have set
1
— [ DG 9w B, ()]
0

First remark that DG (g4, ..., g;) is well definite, linear and continuous on 0 (05 1).
Next, write

‘CNJ (g+th') —G(g) —t DG (u)] du

+ | [tDG (g(w) [4*(w)] — DG (g( | du
X su DG DG(g ht du
s /0 k(U)G[Q(U);g(p)+tht (w)] H (k) = W)l Ht[ ”|

/ 1DG (g()]| ||t [1*(w)] — ¢ [h(w)]]| du

with the Mean theorem applied to the function F'(z) = G(g(u) + tx) — tDG((g(u)) x
between z = h(u) and x = (0,...,0).
Hence for t # 0

m] G (g+th) — —t/ DG (g1(u),...,gs(w)) [h1(u), ..., hy(u)] du
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< / s |DG (k(u)) — DG(g(u)) | du ||| _,

u)€lg(u);g(u)+th? (v)]
/nDG (1), gow)| dul|n = ]| _,

But for all u, th'(u) tends to 0 while ¢ tends to 0 , and by continuity of DG we deduce
that

0
sup IDG (k(u)) — DG(g(u))| =% 0
k(u)€(g(u);g(u)+tht(u)]

for all u.

Moreover v +— DG (g1(u),...,gs(u)) is bounded thanks to the continuity of DG
and the fact that g € €7, ((0;1), [o; f]). Same arguments leads to the fact that u —
DG (k(u)) is bounded for k between g and g + th® if ¢ is sufficiently small. Hence we can
apply the dominated convergence theorem to obtain that

1

/ sup IDG (k(u)) — DG(g(u))| du =2 0.
0 k(u)€lg(u);g(u)+tht(u)]

So with the convergence of h' we conclude that

1[G o+ = G o) = [ 4DG (gta) ) du] =0

that is, G is Hadamard differentiable tangentially to 7, (05 1) with
Dé(glw"ag«]) h’la"'7 / DG gl 7gJ(u)>[h1<u>77hJ(u)]du

A.6 Auxiliary theorems
The following theorems are taken from [24]. The first one is Lemma 21.4 p.307.

Theorem A.3. Set
o (Fy,... Fy) = (F7, .. F )
defined on D)a; B]7 with values in €7 (0;1)
Assume that for all j, F; has a compact support [ov; B] and is continuously differentiable

on its support with strictly positive derivative f;. Then Uy is Hadamard differentiable on
(Fy,...Fy) tangentially to Cla; 8]7. The derivative is the map defined on Cla; 5]7

hyo F! hyoF7!
) = (B e
f10F1 fJOFJ

This one is the statement of the functional Delta method labelled as Theorem 20.8
p-297.

Theorem A.4. Let A and B normed linear spaces, and ¢ : Ay C A — B Hadamard
differentiable at a tangentially to Ay. Let X, random variables with values in Ay such
that r, (X,, —a) = X, where X takes its values in Ay and r, — oo.

Then 1y (¢ (Xn) — ¢ (a)) = Do(a)X
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And finally Donsker’s Theorem corresponds to Theorem 19.3 p.266.

Theorem A.5. If Xy,..., X, are i.i.d. random variables with distribution function F' and
empirical distribution function F,, the sequence \/n (F, — F) converges in distribution in
(S, [||l) to G o F where G is a standard Brownian bridge.
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