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Resume - On presente des calculs a N-corps relativistes appliques aux 
energies, probabilites de transition et constantes hyperfines. Le cas 
des atomes et ions avec un electron de valence est plus particulierement 
discute. 

Abstract - Recent relativistic many-body calculations of energies, 
transition amplitudes and hyperfine constants are reviewed, with 
emphasis on the properties of atoms and ions having a single valence 
electron. 

1 - INTRODUCTION 

This lecture gives a brief overview of work on relativistic many-body theory 
carried out over the past few years at Notre Dame University by Jonathan 
Sapirstein, Steven Blundell, Zu-Wei Liu and myself. Recently we have been 
joined in some of this work by Claude Guet and Jean-Paul Desclaux at 
Grenoble. Our concern is the structure of atoms and ions of high nuclear 
charge. We have in mind doing precise calculations of amplitudes of parity- 
nonconserving transitions in atoms, such as cesium and thallium, in support 
of experimental efforts to determine weak interaction coupling constants, on 
the one hand; and calculating precise energies of highly charged ions, such 
as lithium-like uranium, in support of measurements of radiative corrections 
in strong fields, on the other hand. These problems deal with systems of 
high nuclear charge and are, therefore, most appropriately treated relativis- 
tically: 

High Z Atoms and Ions + Dirac Equation. 

Moreover, our desire to treat the structure of these multi-electron systems 
precisely requires careful consideration of the e-e interaction: 

More than One Electron + Many-Body Theory. 

Before elaborating on the many-body aspect of our work, let me say a few 
words about the use of the Dirac equation in the independent-particle approx- 
imation. 

2 - INDEPENDENT-PARTICLE APPROXIMATION 

If we let a and p designate 4 x 4  Dirac matrices, let VnllC(r) be the nuclear 
..-- 

potential, and introduce the central potential, U(r), to account for the e-e 
interaction approximately, then we may write the single-particle Dirac hamil- 
tonian governing an independent-particle (IP) state as: 

2 h = c a-p + p mc + Vnuc(r) + U(r) - 
0 
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The orbital wave function for an electron in the state "k" is determined by 
solving the single-particle Dirac equation, 

From many points of view, the best IP potential is the Hartree-Fock 
potential. While this potential is extremely useful in determining the 
structure of atoms and ions qualitatively, it is only of marginal value in 
precise quantitative studies. This point is illustrated in Table I, where we 
present energies and hyperfine constants determined for several states of 
lithium and cesium using (Dirac) Hartree-Fock wave functions. 

Table I. Independent-Particle (Hartree-Fock) calculations of removal 
energies(a.u.) and hyperfine constants(MHz) for states of lithium and 
cesium. 

Element State eHF Experiment 
a~~ 

a 
exp 

Lithium 2S1/2 -0.19632 -0.198142 284.34 401.75 

2p1/2 -0.12864 -0.130236 32.29 46.17 

2P3/2 -0.12864 -0.130235 6.43 -3.07 

Cesium 6S1/2 -0.12737 -0.14310 

7S1/2 -0.05519 -0.05865 

The Hartree-Fock energies for the n = 2 states of lithium are found to agree 
with the spectroscopic measurements to about I%, but the calculated hyperfine 
constants are in error by 25%. For the n = 6 and 7 states of cesium, the 
situation is seen to be even worse; the energies are in error by 10-15%. and 
the hyperfine constants differ from experiment by 20-40%. It is clear from 
examples such as these, that the independent-particle approximation is 
inadequate for spectroscopic purposes and that many-body effects must be 
taken into account. 

3 - APPROXIMATE MANY-BODY HAMILTONIAN FROM QED 

In order to carry out conventional many-body calculations, we need a many- 
body hamiltonian. The hamiltonian that we use as a point of departure for 
our many-body calculations is the no-pair hamiltonian from QED discussed in 
recent years by Sucher(1) and Mittleman(2): 

where g iSkl and biikl are unsymmetrized two-particle matrix elements of the 

Coulomb and Breit interactions, respectively, 



The creation and annihilation operators, a: and and a-i in the no-pair 

hamiltonian refer to electron states only. The single-particle hamiltonian 
H contains the eigenvalues of the one-electron Dirac equation with potential 0 
U(r) written down previously; a counter-term constructed from U(r) is sub- 
tracted from the interaction hamiltonian, V. Effects of virtual pairs are 
ignored in H, as are the effects of the retardation of the electromagnetic 
interaction. Such &ED effects must be considered separately. 

4 - PERTURBATION THEORY (with U = VHF) 

The perturbation expansion of many-body theory takes its simplest form when 
the central potential defining the basic one-electron orbitals is the 
Hartree-Fock potential. For this case, the contributions from the lowest few 
orders of perturbation theory to the state vector of an atom or ion with one 
valence electron outside closed shells is given in second quantization as: 

gmnav t t  I + . - . - .  a a a v a n a m * o  
m n a v  

mna 

t t 

mnab a 

The vector designated by I OC > is the atomic core state obtained by oper- 

ating on the vaccum state with a product of creation operators: one for each 
core electron. The first-order correction to the state vector contains only 
terms associated with two particle excitations; either the valence electron, 
v, and one core electron, a, are excited to states n and m; or two core 
electrons. a and b, are excited to states n and m. The second-order wave 
function contains 32 terms, it is written out in detail in Ref. (3) and will 
not be repeated here. 

The corresponding perturbation expansion for the ionization energy of the 
valence electron is: 

E ( 2 )  = - 2 a gmnva - m a  + 2 gabmv (gmvab - gmvba) 
v € + €  - E  -. 

m n v a e + a  - 
amn abm v "a - .b 
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It is a difficult numerical task to evaluate the first term in the expression 
for the second-order energy since i t  is neccessary to carry out double sums 
over single-electron states, including both bound and continuum states for 
all possible angular momenta. To aid in the calculation, we create a pseudo- 
spectrum for the Dirac equation by expanding the one-electron orbitals in a 
finite basis constructed from B-splines(4). The second term is simpler to 
treat since it involves only a single sum over excited states. To illustrate 
the extent to which many-body calculations account for the problems 
illustrated in Table I, we show in Table I1 the results of second-order 
calculations for states of lithium(5). The 1% errors in Table I are reduced 
to 0.1% in Table 11, after second-order corrections are included. 

Table 11. Second-order corrections to the Dirac-Fock energies of 
several states in lithium determined using B-splines. 

Term 
2S1/2 3S1/2 2p1/2 "3/2 

(2 
Edoub -0.002190 -0.000473 -0.001440 -0.001440 

~ ( 2 )  
sing 

0.000541 0.000123 0.000065 0.000065 

Exp . -0.198142 -0.074182 -0.130236 -0.130235 

Another illustration of the effect of second-order corrections is given in 
Table 111, where the ionization energies of low-lying states of cesium are 
compared with measurement. Again, it is found that approximately 90% of the 
correlation energy (the difference between Hartree-Fock calculations and the 
actual energy) is accounted for by second-order perturbation theory. 

Table 111. Ionization energies for states of cesium 
calculated with second-order perturbation theory. 

Exp . 

Theoretical predictions of atomic properties other than the ionization energy 
are also dramatically improved when higher-order corrections are taken into 
account. To illustrate this point, we consider the hyperfine constants of 
lithium and cesium, which were poorly described in the Hartree-Fock 



approximation. In Table IV, we give the second- and third-order corrections 
to the hyperfine constants of the states considered in Table T .  (In assigning 
an order to a particular term in the perturbation expansion of a matrix 
element, we adopt the standard convention of assigning order 1 to the matrix 
element evaluated with 0-th order wave functions.) The second-order 
corrections in Table IV are, in fact, iterated to include all terms of 
higher-order associated with the RPA (random-phase approximation). The 
third-order corrections include the,dominant Brueckner-orbital corrections, 
but not the smaller third-order corrections associated with structural 
radiation and normalizat?on. We see, on comparing Tables I and IV, that the 
20-40% errors found in the Hartree-Fock calculations are reduced to the level 
of 5% after correlation corrections are considered. 

Table IV. Hyperfine constants(MHz) for states of 
lithium and cesium. 

Element State a(') a (2) a(3) sum Exp . 

Lithium 2slI2 284.34 105.53 10.00 399.87 401.75 

2plI2 32.29 11.61 2.01 45.91 46.17 

2p3,2 6.46 -10.57 0.40 -3.71 -3.07 

Cesium 6S1/2 1435 289 642 2366 2298 

7s1/2 394 8 0 98 572 546 

In Table V, reduced matrix elements for the resonance transitions in cesium 
are tabulated and again it is found that large errors in the Hartree-Fock 
approximation are reduced to the level of a few percent after correlations 
are considered. From the results for cesium presented in Tables IV and V, i t  
is seen that the third-order Brueckner-orbital corrections are larger than 
the second-order RPA corrections: calling into question the convergence of 
the perturbation expansion for this element. While the agreement with 
experiment of properties calculated using perturbation theory is encouraging. 
i t  is clearly necessary to do calculations of even higher order to determine 
whether or not the perturbation expansion is actually converging. 

Table V. Reduced matrix elements for the resonance 
transitions in cesium atoms calculated in third order. 

Transition D(l) ,D(2) D(3) Sum ~ x p  . 

5 - HIGHER-ORDER PERTURBATION THEORY 

To investigate the convergence of the perturbation expansion, we undertook 
calculations of the ionization energy in third and fourth order. The third- 
order perturbation calculations are considerably more difficult than the 
corresponding second-order calculations, because of the larger number of 
terms to be considered and because of the added complexity of each individual 
term. Instead of the four terms in the second-order energy, there are 
fifty-six terms in the third-order energy. The most difficult term to 
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evaluate is 

(gavsr- gvasr) gnmva grsnm L ( e + e - e - 6 )  ( e + e - e - e )  
anmr s 

n m a v  r s a v  

This term involves sums over four excited states n, m, r, s. If only 6 
angular momenta are considered and 40 basis functions used for each angular 

momentum, then the sum will contain 10' terms. Treatment of such a large 
scale summation requires numerical skill and large scale computing resources. 
Our third-order calculations were all carried out on the NCSA CRAY/XMP 
computer. An example of a third-order calculation for lithium is given in 
Table VI. The energies are seen to be in even better accord with experiment 
than the second-order calculations; of course the effects of the Breit 
interaction must be considered in order to correctly predict the 
fine-structure interval. 

Table VI. Third-order energies for n = 2 states of lithium. 

State E(0) E(2) E(3) Sum ~ x p  . 

2sIl2 -0.196320 - -0.001649 -0.000125 -0.198094 -0.198142 

2p1/2 -0.128638 -0.001375 -0.000145 -0.130158 -0.130236 

Calculations such as these have been carried out along the entire lithium 
isoelectronic sequence(6); they are, for higher Z members of the sequence, of 
sufficiently high quality to isolate the effects of radiative corrections. 
To obtain such precise values for cesium(7), i t  is necessary to take account 
of the more important fourth-order terms. We obtain, for example, for the 
ionization energy of the 6slI2 state of cesium: 

E(')+ . + E(~) = -0.14291 , whereas, 

EexP = -0.14310 . 

In view of the computational difficulty and the slowness of convergence of 
order-by-order perturbation theory it is clearly desirable to explore methods 
for isolating terms containing the important physical corrections and 
treating such terms exactly (to all-orders in perturbation theory). 

6 - ALL-ORDERS CALCULATIONS 

Recently we have undertaken a series of all-orders calculations of atomic 
properties using an atomic state vector that is expanded as a sum of single 
and double excitations of the unperturbed atomic state(8,g): 

Ik = [ I +  
t 1 t t  L "ma am + Z L '.nab am 

ma mnab 

t t t  
+ I Pmv am + L pmnva am an aa av 1 'O * 

m#v mna 



This state vector is substituted into the Schrodinger equation to obtain a 
set of coupled algebreic equations for the expansion coefficients. These 
coupled equations are solved iteratively, leading to results valid to all- 
orders in perturbation theory. Corrections from triple excitations, for 
example, are not included in this wave function, and must be picked up in 
perturbation theory. The results of an all-orders calculation for lithium(9) 
are given in Table VII, where the energy and hyperfine constants of the 
levels studied in Table I are reconsidered. 

Table VII. All-orders calculations of removal energies(a.u.) and 
hyperfine constants(MHz) for states of lithium. 

State 

The energies are now seen to agree with the spectroscopic measurements to 
five figures, while the hyperfine constants agree with measurement at the 
0.1% level. Interestingly, the transition amplitudes between 2s and 2p 
states, calculated with the all-orders state vectors, disagree with benchmark 
experiments a t  the level of 0.3%, bringing into question the accuracy of the 
experiments! 

Work along these lines is continuing, with the goal of predicting properties 
of cesium at a level of 0.5% or better. 
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