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iiiRésumé
La dépendan
e faible est un outil très performant pour obtenir des résultats asymptotiques en sta-tistique des séries 
hronologiques. Son atout majeur est de résumer les propriétés de dépendan
ede très nombreux modèles via le 
omportement d'une suite de 
oe�
ients. Dans un problème où lemodèle n'est pas 
lairement identi�able, des hypothèses sur les 
oe�
ients de dépendan
e faible sontparfois moins 
ontraignantes que le 
hoix d'un modèle. De plus, pour 
ertains modèles 
ausaux, ladépendan
e faible permet d'étudier les propriétés de dépendan
e là où toutes les autres notions (demélange par exemple) é
houent. Les 
oe�
ients permettent d'élargir aux séries 
hronologiques desrésultats asymptotiques 
lassiques du 
as de référen
e, 
elui d'observations indépendantes.Le 
hapitre 1 est une synthèse des travaux ; il reprend les prin
ipaux résultats des 
hapitres suivantsqui peuvent être lus séparément. Après avoir dé�ni les notions de faible dépendan
e utilisées dans
e travail, nous donnons des exemples de modèles faiblement dépendants dans la partie I tels queles 
haînes à mémoire in�nie dans le 
hapitre 2 et les s
hémas de Bernoulli dans le 
hapitre 3. Denouvelles propriétés de moments et de dépendan
e sont données pour 
es modèles. La dépendan
efaible permet d'atteindre des résultats asymptotiques optimaux, identiques au 
as indépendant, surune 
lasse restreinte de modèles. Plus on étend le domaine d'étude et moins les résultats sont bons.Dans le 
as de modèles 
ausaux, les résultats obtenus sont meilleurs que pour des modèles non 
au-saux, plus généraux.Grâ
e à ses outils, nous généralisons des résultats asymptotiques 
lassiques. Nous donnons des ver-sions faiblement dépendantes du prin
ipe d'invarian
e faible dans le 
hapitres 3 et de 
onvergen
e del'estimateur de la densité (adaptatif ou non) dans la partie II. Des pertes dans les vitesses de 
onver-gen
e sont 
onstatées dans le 
hapitre 4. Elles sont en partie dues à la dépendan
e des modèles, quiajoute des termes perturbateurs, et en partie aux inégalités obtenues dans le 
adre de la dépendan
efaible qui ne sont pas aussi �nes que 
elles du 
as indépendant. Nous dis
utons de l'origine de 
espertes en vitesse à partir de simulations fournies dans le 
hapitre 5.En�n, la normalité asymptotique de l'estimateur du Quasi Maximum de Vraisemblan
e dans le 
asmultivarié est donné pour la première fois dans la partie III. Ce problème restreint la 
lasse desmodèles à 
onsidérer à 
elle de modèles dé
orrélés. D'autres outils plus spé
i�ques et plus e�
a
esque la dépendan
e faible existent pour 
es modèles très parti
uliers présentés dans le 
hapitre 6.





vAbstra
t
Times series are main topi
s in modern statisti
al mathemati
s. They are essential for appli
ationswhere randomness plays an important role. Indeed, physi
al 
onstraints entail that serious modelling
annot be done using independent sequen
es. This represents a real problem be
ause properties arenot always known in that 
ase. In order to generalize the main statisti
s of the independent 
ase, oneneeds to use weakly dependent notions.The present work, summarized in 
hapter 1, is devoted to provide a frame for the 
ommonly usedtime series in part I. These notions are mainly divided in two di�erent 
lasses. The �rst one is the
lass of 
ausal dependen
e. In this 
ase the weak dependen
e �ts the dependen
e stru
ture of timeseries where other notions, as mixing, fail. We study in 
hapter 2 moment and weakly dependentproperties of 
hains with in�nite memory that are not Markovian but 
ausally weakly dependentmodels. The se
ond one is the 
lass of non 
ausal pro
esses. Weak dependen
e in this 
ontext is verygeneral and 
onditions of weak dependen
e are preferred to modelization. We introdu
e the Bernoullishifts with dependent inputs in 
hapter 3. Working with these notions, we balan
e the optimality ofthe result with the size of the 
lass of models involved. In the more restri
tive 
ausal 
ase, the resultsare better than in the non 
ausal one.With these tools, we establish di�erent asymptoti
al results. We give a Donsker prin
iple in 
hapter3 and the 
onvergen
e of the density estimates (adaptive or not) in part II. Losses in the rates of
onvergen
e are observed in 
hapter 4. They are due to the weak dependen
e that puts additionalterms and then perturbs the statisti
s. They are also due to te
hniques that are not as e�
ient as inthe independent 
ase. We dis
uss on simulations the origin of these losses in 
hapter 5.Finally, the asymptoti
 normality of the Quasi Maximum Likelihood Estimator for multidimensionalpro
esses is given for the �rst time in part III. We use moment properties of 
hains with in�nitememories but not their weak dependen
e properties. The parametri
 
ontext redu
es the 
lass ofmodels to be 
onsidered to the one of de
orrelated pro
esses. Spe
i�
 tools are more e�
ient thanweak dependen
e in the setting of 
hapter 6.
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Chapitre 1Synthèse des travauxCe 
hapitre reprend les prin
ipaux résultats obtenus dans les travaux [Wint1℄, [Wint2℄, [Wint3℄,[Wint4℄ et [Wint5℄ et détaillés dans les 
hapitres 2, 3, 4, 5 et 6. Après avoir dé�ni les notions de faibledépendan
e utilisées dans 
e travail, nous dressons une liste des prin
ipaux modèles faiblement dé-pendants. Nous introduisons en parti
ulier les 
haînes à mémoire in�nie et les s
hémas de Bernoulli,ave
 leurs propriétés de moments et de dépendan
e faible. Nous généralisons grâ
e à 
es notionsdes résultats asymptotiques 
lassiques du 
as de référen
e où les données sont indépendantes. Nousdonnons des versions faiblement dépendantes du prin
ipe d'invarian
e faible et de 
onvergen
e del'estimateur de la densité (adaptatif ou non). Des pertes dans les vitesses de 
onvergen
e sont parfois
onstatées. En�n, dans le 
adre de l'estimation paramétrique, la normalité asymptotique est pour lapremière fois donnée dans le 
as multivarié. Ce résultat utilise les propriétés de moments obtenuessur les 
haînes à mémoire in�nie.Voi
i quelques notations très utiles pour la suite de 
ette synthèse :� (Ω,A,P) est un espa
e probabilisé,� (E, ‖ · ‖) est un espa
e de Bana
h,� Λ(k) est l'espa
e des fon
tions lips
hitziennes f de Ek → R telles que pour tout (x1, . . . , xk) et
(y1, . . . , yk) de Ek,

|f(x1, . . . , xk)− f(y1, . . . , yk)| 6 Lip f k∑

i=1

‖xi − yi‖, ave
 Lip f <∞� Λ
(k)
ρ est l'ensemble des fon
tions de Λ(k) telles que Lip f 6 ρ,� BV est l'espa
e des fon
tions de [0, 1] dans [0, 1] telles que ‖h‖BV <∞ où

‖h‖BV = |h(0)| + sup
n∈N

sup
a0=0<a1<···<an=1

n∑

i=1

|h(ai)− h(ai−1)|,1



2 SYNTHESE DES TRAVAUX� BV1 est l'ensemble des fon
tions de BV telles que ‖h‖BV 6 1,� L
m(E) est l'espa
e des variables aléatoires à valeurs dans E telles que ‖X‖m < ∞, ave
, pardé�nition ‖X‖m = (E‖X‖m)1/m,� L
∞(E) est l'espa
e des variables aléatoires à valeurs dans E telles que ‖X‖∞ <∞, où, par dé�nition
‖X‖∞ = infA>0{P(‖X‖ < A) = 1}.� Le passé au temps t d'un pro
essus (Xt)t∈Z est la tribu Pt = σ(Xs; s 6 t), le futur est la tribu
Ft = σ(Xs; s > t).1.1 Notions de dépendan
e faible [Wint1, Wint2, Wint3, Wint4℄Nous étudions les propriétés de dépendan
e de pro
essus à temps dis
ret (Xt)t∈Z supposés stri
tementstationnaires.Dé�nition 1.1 Une suite (Xt)t∈Z est stationnaire au sens stri
t si (X1, . . . ,Xn) et (Xh, . . . ,Xn+h)ont la même loi pour tout n > 0 et h ∈ Z.De plus, les séries temporelles sont supposées à "mémoire 
ourte", 
'est à dire telles que la sériedes auto-
ovarian
es (Cov(X0,Xk))k∈Z soit sommable. Ave
 
ette hypothèse, il est raisonnable d'es-
ompter obtenir des résultats asymptotiques similaires à 
eux du 
as de référen
e des pro
essusindépendants et identiquement distribués (i.i.d.). Dans 
e but, nous introduisons des 
oe�
ients quiquanti�e la dépendan
e de 
es pro
essus.De nombreuses notions ont été introduites pour fa
iliter l'étude des pro
essus dépendants. Chrono-logiquement, les notions de mélange sont les premières à être apparues. Les trois prin
ipales sont lemélange fort (α-mélange), le β-mélange et le mélange uniforme (ou φ-mélange) introduits respe
ti-vement par Rosenblatt [103℄, Rozanov et Volkonskii [104℄ et Ibragimov [70℄. Ces notions présententun in
onvénient majeur. En pratique, le 
al
ul de 
es 
oe�
ients est déli
at (voir Doukhan, [38℄. Deplus, 
ertains pro
essus ne sont pas mélangeants. Le plus 
élèbre est 
elui d'Andrews [1℄ :Exemple 1.1 Soit (ξt)t∈Z une suite de variable i.i.d. telle que P(ξ1 = 1) = P(ξ1 = 0) = 1/2 alors lasolution stationnaire (Xt)t∈Z de l'équation

Xt =
1

2
(Xt−1 + ξt), ∀t ∈ Z, (1.1)n'est pas mélangeante au sens de Rosenblatt.De là est venue l'idée d'introduire des notions de dépendan
e moins restri
tives, 
ouvrant plus demodèles, pour lesquelles nous pouvons 
al
uler des bornes sur les 
oe�
ients et développer une théorieasymptotique intéressante. Nous présentons 
i-dessous les prin
ipales notions qui seront utilisées dansla suite.



1.1. LES NOTIONS DE DÉPENDANCE FAIBLE 31.1.1 Cas 
ausalNous appellons 
ausaux les 
oe�
ients de dépendan
e faible pour lesquels le passé Pt et le futur Ftne jouent pas un r�le symétrique. Un modèle est dit 
ausal lorqu'on 
ontr�le au moins un de ses
oe�
ients 
ausaux.Dé�nition 1.2 (La ϕ-dépendan
e, Dede
ker et Prieur [29℄) SoitM une sous tribu de A. Pourtout X ∈ L
∞(El) ave
 l > 1 on dé�nit

ϕ(M,X) = sup
{
‖E(g(X)|M) − E(g(X))‖∞, g ∈ Λ

(l)
1

}
.La suite ϕk(r) est dé�nie pour tout k > 1 par

ϕk(r) = max
l6k

1

l
sup

i+r6j1<j2<···<jl

ϕ(Pi, (Xj1 , . . . ,Xjl
)) .Le pro
essus est ϕ-dépendant si ϕ(r) = supk>0 ϕk(r) tend vers 0 lorsque r →∞.Un 
oe�
ient moins restri
tif que ϕ et valable pour des pro
essus non bornés est le 
oe�
ient de
ouplage τ .Dé�nition 1.3 (La τ-dépendan
e, Dede
ker et Prieur [28℄) SoitM une sous tribu de A. Pourtout X ∈ L

1(El) ave
 l > 1 on dé�nit
τ(M,X) =

∥∥∥sup
{
|E(f(X) | M)− E(f(X))| , f ∈ Λ

(l)
1

}∥∥∥
1
.La suite τk(r) est dé�nie pour tout k > 1 par

τk(r) = max
l6k

1

l
sup

i+r6j1<j2<···<jl

τ(Pi, (Xj1 , . . . ,Xjl
)) .Le pro
essus est τ -dépendant si τ(r) = supk>0 τk(r) tend vers 0 lorsque r →∞.Dans toute la suite, nous supposons que l'espa
e (E,A) est su�samment ri
he pour qu'il existe uneversion X∗ distribuée 
omme X et indépendante deM telle que τ(M,X) = ‖X −X∗‖1. Ce résultatde 
ouplage dé�nit le 
oe�
ient τ 
omme le minimum τ(M,X) = min ‖X −X ′‖1 pour toute version

X ′ distribuée 
omme X et indépendante deM (voir Dede
ker et Prieur [28℄ pour plus de détails).1.1.2 Cas non 
ausalLe 
as non 
ausal renvoie aux 
oe�
ients pour lesquels passé et futur jouent un r�le symétrique. Lesmodèles 
orrespondants, appelés modèles non 
ausaux, sont très généraux.



4 SYNTHESE DES TRAVAUXDé�nition 1.4 (La η-dépendan
e, Doukhan et Louhi
hi [41℄) Le pro
essus (Xt)t∈Z est dit être
(ε, ψ)-faiblement dépendant si il existe une suite ε(r) ↓ 0 (lorque r ↑ ∞) et une fon
tion ψ :

N
2 × (R+)2 → R

+ telle que
|Cov(f(Xs1, . . . ,Xsu), g(Xt1 , . . . ,Xtv ))| 6 ψ(u, v,Lip f,Lip g)ε(r),pour tout r > 0 et tout (u+v)-uplets tels que s1 6 · · · 6 su 6 su+r 6 t1 6 · · · 6 tv et f, g ∈ Λ(u)×Λ(v)ave
 supx |f(x)| 6 1 et supx |g(x)| 6 1. La η-faible dépendan
e 
orrespond à ψ(u, v, a, b) = ua + vb,dans 
e 
as on é
rit ε(r) = η(r).L'étude des propriétés de stabilité des suites faiblement dépendantes par transformation non linéairenous a amenés à introduire le 
oe�
ient λ.Dé�nition 1.5 (La λ-dépendan
e, [Wint2℄) La λ-faible dépendan
e 
orrespond à ψ(u, v, a, b) =

uvab+ ua+ vb. On é
rit alors ε(r) = λ(r).Remarque 1.1 D'autres 
oe�
ients (κ, κ′, θ,. . .) dé
oulent de 
hoix de ψ di�érents, voir 
hapitre 3pour plus de détails.1.1.3 Comparaison entre les 
oe�
ientsRemarquons la relation suivante entre les 
oe�
ients : λ(r) 6 η(r) 6 τ(r) 6 ϕ(r). Un pro
essus
ϕ-faiblement dépendant est aussi τ−, η−, λ−faiblement dépendant 
ar ϕ(r) ↓ 0 ave
 r ↑ ∞ entraîneque τ(r), η(r), λ(r) ↓ 0. Un arbitrage est possible entre l'optimalité des résultats asymptotiques etle 
hoix d'un 
oe�
ient plus restri
tif. Ainsi dans le 
as 
ausal, plus restri
tif que le non 
ausal,les résultats obtenus sont meilleurs 
ar plus pro
hes de 
eux du 
adre de référen
e, l'indépendan
e.Dans la suite, pour un modèle �xé, nous ne parlerons que de la notion de dépendan
e faible la plusrestri
tive, 
'est à dire 
elle 
orrespondant à la plus grande suite de 
oe�
ients tendant vers 0. Cettedémar
he assure d'obtenir les meilleurs résultats asymptotiques pour un modèle donné.1.2 Les modèles 
ausaux [Wint1, Wint3, Wint4℄1.2.1 Systèmes dynamiquesNous avons déjà vu à l'exemple 1.1 un pro
essus non mélangeant. Nous généralisons i
i 
e 
ontre-exemple en suivant la démar
he de Dede
ker et Prieur [29℄. La solution stationnaire de l'équation(1.1) s'é
rit sous la forme

Xt =
∞∑

j=0

(
1

2

)j+1

ξt−j .On en déduit que :



1.2. LES MODÈLES CAUSAUX 5� Xt est un réel dans [0; 1] dont le développement dyadique est 0, ξtξt−1 · · · ,� la loi marginale de Xt est la loi uniforme sur [0; 1],� Xt−1 = T (Xt) ave
 T (x) = 2x modulo 1.
(Xt)t∈Z n'est pas mélangeant 
ar Xt−1 est fon
tion de Xt dans la dernière relation. La notion demélange fort introduite par Rosenblatt [103℄ est dé�nie par :

αr = sup
P∈P0,F∈Fr

|P(P ∩ F )− P(P )P(F )|.Choisissons P = {X0 ∈ [0; 1/2]} ∈ P0, un événement du passé de probabilité 1/2. Alors on a
P = {T r(Xr) ∈ [0; 1/2]} = {Xr ∈ T r−1([0; 1/2])}, un événement du futur Fr. Choisissant F = Pdans la dé�nition de α, on obtient αr > |1/2−1/4| = 1/2. La suite αr ne 
onverge pas vers 0, (Xt)t∈Zn'est pas mélangeant au sens de Rosenblatt.De même, les systèmes dynamiques Xt = T (Xt−1) pour t > 0, T : [0; 1] → [0; 1] où X0 est unevariable sur [0; 1] ne sont pas mélangeants. Les transformations T doivent avoir un 
omportement
haotique pour entretenir l'aléa du pro
essus dû à X0. Ainsi, si T est 
ontra
tante, il existe un point�xe a et le 
omportement asymptotique de (Xt)t>0 est déterministe. Les transformations T étudiéessont de type Lasota-Yorke [82℄.Dé�nition 1.6 (Transformations de type Lasota-Yorke) T est une transformation de typeLasota-Yorke si� (Régularité) Il existe une partition 0 = a0 6 a1 · · · 6 an = 1 telle que T ∈ C1 et |T ′(x)| > 0 sur

]ai−1, ai[ pour tout i = 1, . . . , n.� (Expansivité) Soit In un intervalle tel que (T n)′ y soit dé�ni. Il existe A > 0 et s > 1 tels que
infx∈In |(T n)′| > Asn.� (Mélange topologique) Pour tous ensembles non vides U , V , il existe n0 > 1 tel que T−n(U)∩V 6= ∅pour tout n > n0.Cette 
lasse de transformations a de nombreuses propriétés remarquables :� il existe une unique mesure T -invariante µ,� µ admet une densité f ∈ BV (voir Viana [110℄ pour plus de détails).Le système dynamique (stationnaire) de type Lasota-Yorke asso
ié à une transformation T 
orrespondà Xt = T (Xt−1) et X0  µ, sa mesure T -invariante. Alors� pour toute fon
tion f ∈ Λ(l),

E(f(X1, . . . ,Xl) | Xl) = g(Xl), (1.2)ave
 g ∈ BV véri�ant ‖g‖BV 6 C l Lip f (Collet et al. [20℄).



6 SYNTHESE DES TRAVAUX� il existe 0 6 ρ < 1 et une 
onstante C > 0 tels que (Dede
ker et Prieur [29℄)
sup

g∈BV1

|E(g(X0) | Xr,Xr+1, . . .)− Eg(X0)| 6 Cρr.� (Xt)t>0 est ϕ-faiblement dépendant ave
 ϕ(r) 6 Cρr, 0 6 ρ < 1 et C > 0, voir Dede
ker et Prieur[29℄ pour plus de détails.Remarque 1.2 En fait il existe deux autres 
onstantes C et C ′ telles que, pour toutes fon
tions
f1, . . . , fl ∈ BV1 on ait
|E(f1(Xi1) · · · fl(Xil)|σ(Xt, t > r + il))− E(f1(Xi1) · · · fl(Xil))| 6 C ′

(
1 + C + · · ·+ C l−1

)
ρr.Cette propriété de faible dépendan
e est plus �ne que 
elle induite par le 
ontr�le de ϕ, voir Dede
keret al. [27℄.1.2.2 Chaînes de MarkovUne série stationnaire (Xt)t∈Z véri�e la propriété de Markov (forte) à l'ordre p lorsque

L(Xt | Xt−1, . . .) = L(Xt | Xt−1, . . . ,Xt−p).De manière équivalente, il existe un 
ouple (F, (ξt)t∈Z) tel que Xt = F (Xt−1, . . . ,Xt−p; ξt) où
F : Ep × E′ → E et (ξt)t∈Z est un pro
essus i.i.d. à valeur dans E′. On peut se restreindre au
as où ξt suit la loi uniforme sur E′ = [0; 1]. Remarquons qu'une 
haîne de Markov à l'ordre p àvaleur dans E est en fait aussi une 
haîne de Markov d'ordre 1 à valeur dans Ep.Les premiers exemples de 
haînes de Markov non mélangeants viennent naturellement dans le 
as
E = [0; 1]. Tout 
omme pour l'exemple 1.1 qui est une 
haîne de Markov, il est toujours possible defaire 
orrespondre à un système dynamique une 
haîne de Markov asso
iée. Barbour et al. [6℄ ont misen éviden
e l'existen
e d'une 
haîne de Markov d'ordre 1 (Xt)t∈Z telle que (X0, . . . ,Xn) ait même loique (Yn, . . . , Y0), où (Yt)t>0 est un système dynamique de type Lasota-Yorke. Remarquons qu'il y aalors une inversion des indi
es qui s'opère, 
'est à dire une inversion entre le passé et le futur.Exemple 1.2 (Chaîne de Markov asso
iée à un système dynamique) Soit (Xt)t∈Z une 
haînede Markov asso
iée à un système dynamique de type Lasota-Yorke. Alors 
ette 
haîne n'est pas mé-langeante mais bien faiblement dépendante : il existe 0 < ρ < 1 et C > 0 tels que ϕ(r) 6 Cρr.Dans la suite nous ne distinguerons pas toujours 
es 
haînes de Markov de leurs systèmes dynamiquesasso
iés.



1.2. LES MODÈLES CAUSAUX 7Pour les modèles plus généraux suivants (E 6= [0; 1]), des 
ontr�les sur les 
oe�
ients de mélangeexistent sous des 
onditions d'absolue 
ontinuité sur la distribution de ξ0 (voir Doukhan [38℄). Ladépendan
e faible permet de lever 
es hypothèses (voir le 
hapitre 2 pour plus de détails).Exemple 1.3 (Chaînes de Markov d'ordre p [Wint4℄) Soit l'équation
Xt = F (Xt−1, . . . ,Xt−p; ξt), ∀t ∈ Z, (1.3)ave
 F véri�ant, pour un indi
e m > 1,

‖F (xt−1, . . . , xt−p; ξ0)‖m < ∞,

‖F (xt−1, . . . , xt−p; ξ0)− F (yt−1, . . . , yt−p; ξ0)‖m 6

p∑

i=1

aj‖xt−i − yt−i‖,

p∑

i=1

aj 6 a < 1.L'existen
e d'une solution stationnaire (Xt)t∈Z de l'équation (1.3) dans L
m est démontrée dans le
hapitre 2. De plus, 
ette solution est τ -faiblement dépendante ave
 τ(r) 6 Car/p ave
 C > 0.Remarque 1.3 Bougerol [17℄ prouve l'existen
e presque sûre de tels modèles sous des 
onditions plusfaibles. Mais l'existen
e du moment d'ordre 1 n'est pas assurée par ses résultats.Remarque 1.4 Du�o [51℄ et Dede
ker et Prieur [28℄ ont montré l'existen
e de 0 < ρ < 1 et C > 0tels que τ(r) 6 Cρr. Nous a�nons 
e résultat dans [Wint4℄ en établissant que ρ 6 a < 1.Naturellement plusieurs formes pour F sont possibles. Nous en rappelons quelques unes 
lassiques :� Modèles AutoRégressifs d'ordre p (AR(p))I
i E′ = E et

F (x1, . . . , xp; s) =

p∑

i=1

Aixi + s.Dans le 
as E = R
d, les Ai sont des matri
es de taille d× d et on a ∑p

i=1 ‖Ai‖ = a ave
 ‖ · ‖ unenorme matri
ielle.� Modèles autorégressifs non linéairesI
i E′ = E et
F (x1, . . . , xp; s) = R(x1, . . . , xp) + s.Si R véri�e ‖R(x1, . . . , xp)−R(y1, . . . , yp)‖ 6

∑p
i=1 LipRi‖xi − yi‖ alors ∑p

i=1 LipRi = a.� Modèles AR(1) à 
oe�
ients aléatoiresI
i on 
onsidère l'équation Xt = AtXt−1 + ζt, où (At)t∈Z est une série i.i.d. de matri
e aléatoire



8 SYNTHESE DES TRAVAUX
d × d et (ζt)t∈Z un pro
essus i.i.d. à valeur dans E. L'équation peut se mettre sous la forme (1.3)ave
 F (x1; (a, ζ)) = ax1 + ζ où l'innovation ξt = (At, ζt) est double. Le modèle satisfait alors
‖A0‖m = a. Ce modèle a de nombreuses propriétés remarquables et appli
ations, voir Dia
onis etFriedman [31℄.1.2.3 Chaînes à mémoire in�nieCette fois-
i nous supposons que la série (Xt)t∈Z satisfait une équation non markovienne du type

Xt = F (Xt−1, . . . ; ξt), ∀t ∈ Z, presque partout (p.p.), (1.4)ave
, pour un m > 1,
‖F (0, . . . ; ξ0)‖m < ∞, (1.5)

‖F (x1, . . . ; ξ0)− F (y1, . . . ; ξ0)‖m 6

∞∑

j=1

aj‖xi − yj‖, (1.6)
∞∑

j=1

aj 6 a < 1.Demander la 
ondition (1.6) pour n'importe quelles suites (xt)t∈N et (yt)t∈N est inadapté 
ar on peuttoujours prendre ‖xj − yj‖ = a−1
j et le terme de droite n'est alors pas dé�ni. Nous nous restreignonsdon
 à l'ensemble R

(N) des suites (xt)t∈N de E pour lesquelles il existe N ∈ N tel que ∀t > N on ait
xt = 0.La di�
ulté du problème réside dans le fait que tout le passé (Xt−1, . . .) apparaît dans (1.4), alorsque F n'est dé�nie que sur les suites nulles à partir d'un 
ertain rang. L'idée est d'abord de prouverl'existen
e du pro
essus (Xt)t∈Z 
omme étant la limite en p dans L

m(E) des 
haînes de Markov
(X

(p)
t )t∈Z d'ordre p véri�ant

X
(p)
t = F (X

(p)
t−1, . . . ,X

(p)
t−p, 0, . . . ; ξt), ∀t ∈ Z.D'après l'exemple 1.3, (X

(p)
t )t∈Z est une suite stationnaire de pro
essus de Lm(E). On en déduitl'existen
e dans L

m de la limite (Xt)t∈Z en p et sa stationnarité. Puis, en utilisant (1.5) et (1.6)on obtient l'existen
e de la quantité F (Xt−1, . . . ; ξt) 
omme limite dans L
m(E) lorsque p → ∞ de

F (X
(p)
t−1, . . . ,X

(p)
t−p, 0, . . . ; ξt) pour tout t ∈ Z. On a don
 E‖F (Xt−1, . . . ; ξt)‖ < ∞ et la quantité

F (Xt−1, . . . ; ξt) est bien dé�nie presque partout. Finalement l'équation (1.4) est véri�ée presque par-tout par (Xt)t∈Z.Nous pouvons don
 énon
er le théorème suivant, qui donne à la fois l'existen
e de telles 
haînes àmémoires in�nies et leurs propriétés de dépendan
e faible :



1.2. LES MODÈLES CAUSAUX 9Théorème 1.1 ([Wint4℄) Si les hypothèses (1.5) et (1.6) sont véri�ées pour m > 1 alors il existeun pro
essus stationnaire τ -faiblement dépendant (Xt)t∈Z solution de l'équation 1.4 tel que :� E‖Xt‖m <∞ et� τ(r) 6 C
(
ar/p +

∞∑
k=p

ak

) pour tout p ∈ N
∗ où C ne dépend pas de p.Cette solution est la seule telle que (Xj)j<t et ξt soient indépendants pour tout t.La preuve de 
e théorème est donnée dans le 
hapitre 2.Remarque 1.5 Dans des 
as parti
uliers de dé
roissan
e des 
oe�
ients (aj)j>1, nous obtenons� si aj 6 ce

−βj ave
 0 < c alors il existe α,C > 0 tel que τ(r) 6 Ce−√
αβr,� si aj 6 cj

−β ave
 β > 1 et 0 < c alors τ(r) 6 C (log r/r)β−1.Remarque 1.6 On montre que (Xt)t∈Z est τ -faiblement dépendante 
ar limite en p des 
haînes deMarkov(X(p)
t )t∈Z d'ordre p elles-mêmes τ -faiblement dépendantes (voir exemple 1.3).Nous donnons maintenant des exemples de fon
tions F véri�ant les 
onditions (1.5) et (1.6). Lesmodèles ainsi obtenus sont 
lassiques et utiles pour les appli
ations en é
onométrie. Le premiermodèle 
orrespond au 
as réel E = E′ = R.Exemple 1.4 (Modèles a�nes réels [Wint4℄) Le modèle a�ne (Xt)t∈Z est l'équation (1.4) où

F (x1, . . . ;u) = ug(x1, . . .) + f(x1, . . .). (1.7)Les 
onditions (1.5) et (1.6) sont véri�ées dès que g et f sont lips
hitziennes.Dans les 
hapitres 4 et 5 sur l'estimation de la densité, les densités marginales et jointes des 
ouples
(X0,Xk)k>0 doivent être bornées. Ces 
onditions sont satisfaites pour 
e modèle d'après la propositionsuivante :Proposition 1.1 ([Wint4℄) Si il existe ε > 0 tel que g > ε et si les innovations (ξt)t∈Z admettentune densité marginale bornée fξ alors les densités marginales fX1,...,Xn de (X1, . . . ,Xn) existent pourtout n > 0 et satisfont pour une 
onstante c > 0

‖fX1,...,Xn‖∞ 6 c‖fξ‖n∞.Deux généralisations multivariées des modèles a�nes réels sont possibles. Le produit ug dans (1.7)est rempla
é soit par u · g où u est une matri
e et g un ve
teur fon
tion du passé, soit par M · u où
M est une matri
e fon
tion du passé et u un ve
teur. Les propriétés de 
es deux généralisations sontdi�érentes.



10 SYNTHESE DES TRAVAUXExemple 1.5 (Modèles a�nes [Wint4℄) Le modèle a�ne (Xt)t∈Z est l'équation (1.4) où
F (x1, . . . ;u) = u · g(x1, . . .) + f(x1, . . .). (1.8)I
i E = R

d, u ∈ E′ =Md,m l'ensemble des matri
es de taille d×m, les fon
tions g : R
d(N) → R

met f : R
d(N) → R

d.Ce 
as englobe de nombreux modèles 
lassiques.1. Modèles AR(∞), 
orrespond au 
as d = m, g = Idd et f(x1, . . .) = a0 +
∑∞

i=1 aixi.2. Modèles bilinéaires ve
toriels ave
 g(x1, . . .) = b0+
∑∞

i=1 bixi et f(x1, . . .) = a0+
∑∞

i=1 aixi.3. Modèles bilinéaires robustes ave
 g(x1, . . .) = b0+
∑∞

i=1 bi(xi) et f(x1, . . .) = a0+
∑∞

i=1 ai(xi)où les ai et bi sont des fon
tions lips
hitziennes à valeurs dans R
d et R

m respe
tivement.4. Modèles ARCH(∞) dans le 
as réel d = m = 1 ave
 f = 0 et g =
√
a0 + a1x2

1 + · · ·.5. Modèle LARCH(∞) ve
toriels ave
 f = 0 et g = a0 + a1x1 + · · · . Ce modèle est largementdéveloppé dans Giraitis et al. [58℄.6. Modèle NLARCH(∞) ve
toriels ave
 f = 0 et g = a0 + a1(x1) + · · · où les ai sont desfon
tions lips
hitziennes à valeurs dans R
m.Toutefois, l'appli
ation en statistique paramétrique (voir le 
hapitre 6) est déli
ate dans 
e 
ontexte :Les 
onditions d'identi�abilité n'y sont pas véri�ées. Dans le 
ontexte paramétrique, nous préféreronsl'extension suivante :Exemple 1.6 (Pro
essus autorégressif ave
 des erreurs hétéros
édastiques [Wint5℄)Ce pro
essus (Xt)t∈Z est la solution stationnaire de l'équation (1.4) ave


F (x1, . . . ;u) = M(x1, . . .) · u+ f(x1, . . .).I
i E = R
d, E′ = R

m et les fon
tons g : R
d(N) →Md,m et f : R

d(N) → R
d.Les modèles GARCH multidimensionnels en sont des 
as parti
uliers, voir le 
hapitre 6 pour plus dedétails.1.3 Les modèles non 
ausaux [Wint1, Wint2, Wint3℄Nous étudions les propriétés de η et λ-faible dépendan
e de modèles non 
ausaux. Nous nous plaçonsdans le 
as réel E = E′ = R par 
ommodité. Ce 
as se généralise aux espa
es de Bana
h.



1.3. LES MODÈLES NON CAUSAUX 111.3.1 Les modèles asso
iés et gaussiensUn pro
essus (Xt)t∈Z est asso
ié lorsque Cov (f(X1, . . . ,Xn), g(X1, . . . ,Xn)) > 0 pour toutes fon
-tions 
roissantes f, g : R
n → R telles que la 
ovarian
e existe. Un pro
essus (Xt)t∈Z est gaussienlorsque (Xt1 , . . . ,Xtn)′ suit une loi normale ve
torielle pour tout ensemble d'indi
es (t1, . . . , tn). La

λ-dépendan
e faible est adaptée à 
es deux 
as puisque l'on a alors
λ(r) 6 sup

j>r
|Cov(X0,Xj)|.1.3.2 Les s
hémas de Bernoulli ave
 entrées indépendantes.Doukhan et Louhi
hi [41℄ ont donné les propriétés de dépendan
e faible des s
hémas de Bernoullià entrées (ou innovations) indépendantes. Une entrée est un pro
essus stationnaire (ξt)t∈Z que noussupposons dans 
ette partie i.i.d. Si H : R

Z → R est telle que
sup
t∈Z

∥∥H (ξt−j , j ∈ Z)−H
(
ξt−j1|j|6r, j ∈ Z

)∥∥
1
6 δr, (1.9)alors le s
héma de Bernoulli (Xt)t∈Z dé�ni par l'équation

Xt = H(ξt−j , j ∈ Z) t ∈ Z (1.10)est un pro
essus stationnaire tel que ‖X0‖1 < ∞ dès que la suite (δr)r∈N 
onverge vers 0 lorsque
r →∞. De plus, 
e pro
essus est η-faiblement dépendant ave


η(r) 6 2δ[r/2].Exemple 1.7 (Les moyennes mobiles in�nies)Le 
as le plus simple de s
héma de Bernoulli est
Xt =

∑

i∈Z

aiξt−i. (1.11)Si E‖ξ0‖2 6 1 alors 
es moyennes sont η-faiblement dépendantes ave

η(r) 6

√ ∑

|j|>[r/2]

‖aj‖2.Exemple 1.8 (LARCH(∞) Non Causaux)On 
onsidère i
i l'équation
Xt = ξt


a+

∑

j 6=0

ajXt−j


 .



12 SYNTHESE DES TRAVAUXDoukhan et al. [47℄ ont montré l'existen
e d'une solution stationnaire à 
ette équation de la forme
Xt = ξt


a+

∞∑

k=1

∑

j1,...,jk 6=0

aj1ξt−j1 · · · ajk
ξt−jk


 .Étant donné les produits in�nis d'innovations dans 
ette expression, les (ξt)t∈Z doivent être bornéspour que X0 admette un moment. Sous une hypothèse de 
ontra
tion ‖ξ0‖∞∑j 6=0 ‖aj‖ = a < 1, ilexiste un pro
essus stationnaire solution de l'équation et véri�ant ‖X0‖∞ < ∞. Il est η-faiblementdépendant ave


η(r) 6 C


ar/p +

∑

|j|>p

aj


 pour tout p ∈ N

∗et où C ne dépend pas de p.Remarque 1.7 On voit distin
tement i
i que le 
oe�
ient non 
ausal de faible dépendan
e η se
omporte 
omme τ dans le 
as 
ausal de 
haîne à mémoire in�nie. De manière générale Doukhan etTruquet [48℄ montrent l'existen
e et la η faible dépendan
e de solutions d'équations du type
Xt = F (Xt−j , j 6= 0; ξt).1.3.3 Les s
hémas de Bernoulli lips
hitziens ave
 entrées faiblement dépendantes.Soit désormais (Yt)t∈Z le pro
essus des entrées du s
héma (1.10) supposé η− ou λ-faiblement dépen-dant. Alors le pro
essus (Xt)t∈Z est lui même η ou λ-faiblement dépendant dès que H : R

Z → R estune fon
tion telle que pour toutes suites (xt)t∈Z, (yt)t∈Z ∈ R
Z 
oïn
idant sur tous les indi
es sauf un,noté s ∈ Z,

|H(x)−H(y)| 6 bs|xs − ys|. (1.12)On a alors le lemme suivantLemme 1.1 ([Wint2℄) Si (Yt)t∈Z est un pro
essus stationnaire ave
 un moment m > 1 et si la suite
(bs)s∈Z est telle que L =

∑
j bj <∞, alors� le pro
essus Xt = H(Yt−j , j ∈ Z) = limI→∞H

(
Yt−j1l{j6I}, j ∈ Z

) est un pro
essus stationnaire telque ‖X0‖m <∞.� Si le pro
essus d'entrée (Yt)t∈Z est λ-faiblement dépendant (ave
 des 
oe�
ients λY (r)), alors
(Xt)t∈Z est λ-faiblement dépendant ave


λ(r) 6 inf
2k6r


2
∑

|i|>k

bi‖Y0‖1 + (2k + 1)2L2λY (r − 2k)


 .



1.3. LES MODÈLES NON CAUSAUX 13� Si le pro
essus d'entrée (Yt)t∈Z est η-faiblement dépendant (ave
 des 
oe�
ients ηY (r)) alors
(Xt)t∈Z est η-faiblement dépendant et

η(r) 6 inf
2k6r


2
∑

|i|>k

bi‖Y0‖1 + (2k + 1)LηY (r − 2k)


 .Remarque 1.8 Les notions de dépendan
e faible η et λ satisfont des propriétés d'hérédité par rapportà la 
lasse des transformations H lips
hitziennes véri�ant (1.12). Une telle propriété permet dedé
liner une in�nité d'exemples de pro
essus η ou λ-faiblement dépendants en prenant des s
hémasde Bernoulli d'innovations dépendantes qui peuvent elles-mêmes être des s
hémas de Bernoulli... Le
as d'innovations gaussiennes ou asso
iées est parti
ulièrement intéressant : il donne des exemplesde modèles que seule la λ-dépendan
e faible permet de traiter.Nous allons présenter quelques modèles pour montrer la généralité des notions non 
ausales de dé-pendan
e faible.Exemple 1.9 (Les moyennes mobiles in�nies à entrées dépendantes) Dans 
e 
as (Xt)t∈Zest de la forme linéaire (1.11) et les entrées sont soit η-dépendantes, 
omme par exemple ξt =

H(ζt−j ; j ∈ Z) ave
 (ζ)t∈Z i.i.d., soit λ-dépendantes, 
omme par exemple (ξt)t∈Z gaussien ou as-so
ié.La stru
ture spé
i�que des pro
essus linéaires permet d'obtenir des résultats propres à 
e 
as (voirpar exemple Peligrad et Utev [92℄). Nous donnons 
i-dessous des modèles non linéaires véri�ant aussil'hypothèse (1.12) mais pour lesquels les résultats de [92℄) ne s'appliquent pas.Exemple 1.10 (Moyenne mobile absolue) Un exemple simple de s
héma non-linéaire à entréesdépendantes est
Xt =

∣∣∣∣∣∣

∑

j∈Z

ajξt−j

∣∣∣∣∣∣
.Dans 
e 
as bs 6 |as|.Exemple 1.11 (Pro
essus multiples) Un autre exemple est le pro
essus solution de l'équation

Xt = ξt


a+

∑

j 6=0

ajξt−j


 ,où les entrées (ξt)t∈Z sont faiblement dépendantes et bornées. Dans 
e 
as bs 6 2‖ξ0‖∞|as|.



14 SYNTHESE DES TRAVAUX1.3.4 Les s
hémas de Bernoulli ave
 entrées faiblement dépendantes.Dans 
ette se
tion l'hypothèse de Lips
hitziannité est a�aiblie pour l'hypothèse
|H(x)−H(y)| 6 bs(‖z‖ℓ∞ ∨ 1)|xs − ys|, ℓ > 0, (1.13)où z ∈ R

Z est dé�ni par zs = 0 et zi = xi = yi lorsque i 6= s. I
i ‖x‖∞ = supi∈Z |xi|.Théorème 1.2 (S
hémas de Bernoulli à entrées dépendantes, [Wint2℄) Soit (Yt)t∈Z un pro-
essus stationnaire et H : R
Z → R véri�ant (1.13) pour ℓ > 0 et pour une suite de (bj)j∈Z telleque ∑j |j|bj < ∞. Supposons qu'il existe un 
ouple de réels (m,m′) ave
 ‖Y0‖m′ < ∞, m > 1,

m′ > (ℓ+ 1)m et m′ > ℓ+ 1 si m = 1. Alors,� le pro
essus Xt = H(Yt−j , j ∈ Z) est bien dé�ni dans L
m et est stationnaire ;� si le pro
essus d'entrée (Yt)t∈Z est λ-faiblement dépendant (ave
 des 
oe�
ients λY (r)), alors

(Xt)t∈Z est λ-faiblement dépendant et il existe une 
onstante c > 0 telle que
λ(r) = c inf

k6[r/2]



∑

|j|>k

|j|bj + (2k + 1)2λY (r − 2k)
m′

−1−ℓ
m′−1+ℓ


 ;� si le pro
essus d'entrée (Yt)t∈Z est η-faiblement dépendant (ave
 des 
oe�
ients ηY (r)) alors (Xt)t∈Zest η-faiblement dépendant et il existe une 
onstante c > 0 telle que

η(r) = c inf
k6[r/2]



∑

|j|>k

|j|bj + (2k + 1)
1+ ℓ

m′−1 ηY (r − 2k)
m′

−1−ℓ
m′−1


 .Remarque 1.9 Dans le tableau suivant, le 
al
ul expli
ite des 
oe�
ients est donné d'après lesbornes obtenues dans le théorème 1.2 :Coe�
ients de H Dépendan
e des innovations Dépendan
e du s
héma de Bernoulli

bj 6 C(|j|+ 1)−b λY (r) 6 Dr−λ λ(r) 6 cr
−λ(1− 2

b )
m′

−1−ℓ
m′−1+ℓ

bj 6 C(|j|+ 1)−b ηY (r) 6 Dr−η η(r) 6 cr
−η (b−2)(m′

−1−ℓ)

(b−1)(m′−1)−ℓ

bj 6 C(|j|+ 1)−b λY (r) 6 De−rλ λ(r) 6 cr2−b

bj 6 C(|j|+ 1)−b ηY (r) 6 De−rη η(k) 6 cr2−b

bj 6 Ce
−|j|b λY (r) 6 Dr−λ λ(r) 6 cr

−λ m′
−1−ℓ

m′−1+ℓ log2 r

bj 6 Ce
−|j|b ηY (r) 6 Dr−η η(r) 6 cr

−η m′
−1−ℓ

m′−1 log
1+ ℓ

m′−1 r

bj 6 Ce
−|j|b λY (r) 6 De−rλ λ(r) 6 cr2e

−λr b(m′
−1−ℓ)

b(m′−1+ℓ)+2η(m′−1−ℓ)

bj 6 Ce
−|j|b ηY (r) 6 De−rη η(r) 6 cr

m′
−1−ℓ

m′−1 e
−ηr b(m′

−1−ℓ)

b(m′−1)+2η(m′−1−ℓ)Cette 
ondition de dépendan
e faible est satisfaite pour de nombreux modèles.



1.4. LE PRINCIPE D'INVARIANCE FAIBLE 15Exemple 1.12 (Chaos de Volterra ave
 entrées dépendantes) Les s
hémas H de la forme
H(x) =

K∑

k=0

∑

j1,...,jk

a
(k)
j1,...,jk

xj1 · · · xjksont faiblement dépendants. Ces modèles sont solutions d'équations du type Xt = F (Xt−j , j 6= 0; ξt).Si, par exemple, |a(k)
j1,...,jk

| 6 C (j1 ∨ · · · ∨ jk)−α ou |a(k)
j1,...,jk

| 6 C exp (−α(j1 ∨ · · · ∨ jk)) alors on arespe
tivement bs 6 C ′sd−1−α ou bs 6 C ′e−αs pour tout C ′ > 0.1.3.5 Con
lusion sur les modèlesAu travers de 
es exemples de modèles, nous avons pu 
onstater que la dépendan
e faible est plusperformante que les notions de mélange dans le 
as 
ausal. Dans le 
as non 
ausal, la dépendan
efaible est un outil moins 
ontraignant que le 
hoix d'un modèle.Dans le 
as 
ausal, la dépendan
e faible est un outil performant pour étudier les 
ara
téristiques dedépendan
e des modèles. Notamment, elle permet d'étudier les systèmes dynamiques et les 
haînesà mémoire in�nie alors que les notions 
lassiques de mélange n'en sont pas 
apables.Les exemples de modèles faiblement dépendants dans le 
as non 
ausal sont in�nis. Grâ
e aux pro-priétés d'hérédité, des modèles très 
omplexes sont faiblement dépendants. Partant de 
e 
onstat, ilest moins restri
tif de travailler à partir d'hypothèses sur les notions de dépendan
e faible que sur desmodèles, 
e qui 
orrespond en fait à une hypothèse plus forte. L'utilisation de la dépendan
e faibleest moins 
ontraignante que la modélisation.1.4 Le prin
ipe d'invarian
e faible [Wint2℄Nous présentons une première extension d'un résultat asymptotique 
lassique dans le 
as indépendant,mais nouveau dans le 
as faiblement dépendant. Dans toute 
ette se
tion E = R.1.4.1 Le prin
ipe d'invarian
e faibleLe prin
ipe d'invarian
e faible est un résultat de 
onvergen
e en loi. Une suite de variables aléatoires
(Xn)n>0 
onverge en loi vers la variable X dès que, pour toute fon
tion g 
ontinue bornée de Rdans R, on a E(g(Xn)) → E(g(X)) lorsque n → ∞. Nous noterons dans la suite Xn ⇒ X. Pour unpro
essus stationnaire réel 
entré (Xt)t∈Z, le pro
essus des sommes partielles asso
ié est dé�ni par

Wn : t ∈ [0; 1] 7→ 1√
n

[nt]∑

i=1

Xi.



16 SYNTHESE DES TRAVAUXI
i [nt] est la partie entière de nt. Pour t = 1, on retrouve la somme des (Xi)16i6n renormaliséepar 1/
√
n. Pour des pro
essus à mémoire 
ourte, la limite limn→∞Var (

∑n
i=1Xi) /n existe et onla note σ2. Dans le 
as indépendant σ2 = Var (X0) alors que dans le 
as de la dépendan
e faible,

σ2 =
∑

k>0 Cov(X0,Xk) > 0 (
ar 
'est la limite d'une suite de varian
es positives). On se pla
eradans le 
as non dégénéré à savoir σ2 6= 0 sans le véri�er ; 
e sera une hypothèse supplémentaire.Soit W (t) le mouvement brownien standard. Par dé�nition, pour tout ω ∈ Ω les traje
toires t ∈
[0; 1] 7→ Wω(t) sont des fon
tions 
ontinues. De plus, W (0) = 0 presque sûrement et pour tous
0 6 t < t′ 6 1, W (t′) −W (t) suit une loi normale N (0, t′ − t) indépendante de la variable aléatoire
W (t).Pour tout n > 1, la variable aléatoire Wn(t) est à valeur dans l'espa
e des fon
tions 
adlag, 
ontinueà droite et ayant une limite à gau
he. Cet espa
e fon
tionnel est noté D(0, 1), il est métrisable parla distan
e de Skorohod notée d (voir par exemple Billingsley [12℄ pour plus de détails). Le prin
iped'invarian
e faible est la 
onvergen
e en loi du pro
essus Wn vers le mouvement brownien W dansl'espa
e de Skorohod D(0, 1). Quelque soit la fon
tion g 
ontinue bornée,

d(E(g(Wn)),E(g(σW ))) →n→∞ 0.Par 
omposition, on véri�e que t 7→ E(g(Wn(t))) et t 7→ E(g(W (t))) sont bien des fon
tions de
[0; 1] dans R 
adlag. Le prin
ipe d'invarian
e faible, appelé aussi théorème de Donsker, s'é
rit plussimplement

Wn(t)⇒ σ2W (t) dans D(0, 1).Sous une 
ondition de dé
roissan
e du 
oe�
ient de dépendan
e faible λ, le prin
ipe d'invarian
efaible est assuré (la preuve est présentée dans le 
hapitre 3) :Théorème 1.3 (λ-dépendan
e) Si (Xt)t∈Z admet un moment d'ordre m > 2 et si λ(r) = O(r−λ)(quand r ↑ ∞) ave
 λ > 4 + 2
m−2 alors σ2 est �ni et

Wn(t)⇒ σW (t), dans l'espa
e de Skorohod D(0, 1).Remarque 1.10 Dans le 
as de η-faible dépendan
e le prin
ipe d'invarian
e faible a lieu dès que
η(r) = O(r−η) ave
 η > 3 + 3

m−2 . Dans le 
as de τ -faible dépendan
e (
as 
ausal) le prin
iped'invarian
e faible a lieu ave
 τ(r) = O(r−τ ) ave
 τ > 1 + 1
m−2 . Plus la dépendan
e faible estrestri
tive et plus les 
onditions sur les 
oe�
ients sont faibles.



1.5. L'ESTIMATION DE LA DENSITÉ NON ADAPTATIVE 171.4.2 Vitesses de 
onvergen
e dans le TLCLe théorème 
entral limite (TLC) est le résultat de 
onvergen
e en loi 
lassique
Wn(1) =

1√
n

n∑

i=1

Xi ⇒ σW (1) σN (0, 1) lorsque n→∞.Il est équivalent à la 
onvergen
e des fon
tions 
ara
téristiques φWn(1)(t)→ φW (1)(t) pour tout t ∈ Rave
 φX(t) = E exp(itX). On obtient dans le 
hapitre 3 une borne sur la vitesse de 
onvergen
e
∣∣φWn(1)(t)− φW (1)(t)

∣∣ = o
(
n−c

)
, pour tout t ∈ R et pour 0 < c < c∗.La taux c∗ ne dépend que des paramètres m et λ. Il véri�e c∗ < 1

4 et plus exa
tement c∗ <

(m− 2)/(2m − 2) lorsque m < 3. Une perte est observée 
ar dans le 
as i.i.d. la vitesse c∗ = 1/2 estatteinte.Une autre vitesse de 
onvergen
e dans le TLC est 
al
ulée. Elle 
orrespond au 
hoix de la normeuniforme sur les fon
tions de répartitions de Wn(1) et W (1). Elle s'appelle l'inégalité de Berry Essendans le 
as indépendant. On montre que :
sup
x∈R

|P (Wn(1) 6 x)− P (W (1) 6 x)| = o
(
n−c

)
, pour c < c′.Dans le 
as indépendant, 
ette inégalité est valable pour c = 1

2 , dans le 
as du mélange fort c = 1
3(voir [101℄). Dans notre 
as, elle n'est valable que pour c′ plus petit que 1

12 .1.5 L'estimation de la densité non adaptative [Wint1℄Nous nous plaçons i
i dans le 
as E = R
d pour d > 1. Les séries étant stationnaires, elles admettent lamême distribution marginale, i.e. les Xt ont même loi de probabilité P pour tout t ∈ Z. On supposedans la suite que 
ette loi est absolument 
ontinue par rapport à la mesure de Lebesgue et admetdon
 une densité f . Nous souhaitons estimer f grâ
e à un estimateur f̂n à partir des observations

X1, . . . ,Xn. Ce problème est très 
lassique dans le 
as i.i.d., voir par exemple le livre de Tsybakov[108℄.Nous présentons i
i une large 
lasse d'estimateurs f̂n 
onvergeants tous vers f . Nous donnons aussides vitesses de 
onvergen
es 
ommunes à tous 
es estimateurs. Dans le 
as de vitesses asso
iées à la
onvergen
e uniforme, une perte apparaît par rapport au 
as de référen
e de dépendan
e. De plus,
ette perte dépend des propriétés de dépendan
e faible du modèle. Dans toute la suite ⌈x⌉ est le pluspetit entier majorant x.



18 SYNTHESE DES TRAVAUX1.5.1 L'estimateur f̂nLa régularité de f , notée s, est supposée 
onnue. Nous étudions des estimateurs f̂n

f̂n(x) =
1

n

n∑

i=1

Kmn(x,Xi) , (1.14)ave
 (Kmn)n>1 qui est une suite de fon
tions numériques appelées noyaux généralisés. Les estimateurs
f̂n sont appelés linéaires et regroupent les estimateurs à noyau, par proje
tion et par ondelettes. Noustravaillons sous des 
onditions (a), (b), (
) et (d) très générales sur la suite (Kmn)n>1(a) Le support de Kmn est un ensemble 
ompa
t de diamètre O(1/m

1/d
n ) lorsque mn ↑ ∞ ;(b) Les fon
tions x 7→ Kmn(x, y) et x 7→ Kmn(y, x) sont lips
hitziennes ave
 un 
oe�
ient deLips
hitz en O (m1+1/d

n

) lorsque mn ↑ ∞ ;(
) Pour tout x dans le support de Kmn , ∫ Kmn(x, y) dP (y) = 1 ;(d) Le biais de l'estimateur f̂n dé�nit par (1.14) est de l'ordre m−ρ/d
n lorsque mn ↑ ∞, uniformémentsur toute boule de rayon M > 0 :

sup
‖x‖≤M

∣∣∣E[f̂n(x)]− f(x)
∣∣∣ = O(m−s/d

n ) . (1.15)I
i mn est un paramètre tel que mn → ∞ et mn/n → 0 lorsque n ↑ ∞ (pour plus de détail voir le
hapitre 4). Les 
onditions (a), (b), (
) et (d) sont véri�ées dans les trois grandes 
lasses d'estimateurs(à noyau, par proje
tion et par ondelettes) sous des hypothèses adéquates.Estimateurs à noyauDans 
e 
as-là, mn est appelé paramètre de fenêtre et
Kmn(x, y) =

1

mn
K
(
m1/d

n (x− y)
)
.Les 
onditions (a), (b) et (
) sont véri�ées pour Km(x, y) = mK

(
m1/d(x− y)

) dès qu'il existe s > 0tel que K satisfasse pour tout j = j1 + · · ·+ jd ave
 (j1, . . . , jd) ∈ N
d :

∫
xj1

1 · · · xjd
d K(x1, . . . , xd)f(x1) · · · f(xd)dx1 · · · dxd =





1 si j = 0,

0 pour j ∈ {1, . . . , ⌈s− 1⌉ − 1},
6= 0 si j = ⌈s− 1⌉.L'hypothèse (d) est véri�ée dès que f ∈ Cs, 
'est-à-dire dès que f est telle que pour s = ⌈s−1⌉+c ave


0 < c 6 1, f est ⌈s − 1⌉-fois 
ontinûment di�érentiable et il existe A > 0 tel que ∀(x, y) ∈ R
d × R

d,
|f (⌈s−1⌉)(x)− f (⌈s−1⌉)(y)| 6 A|x− y|c.
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tionOn se restreint i
i au 
as d = 1. Supposons que la famille des mon�mes {1, x, x2, . . .} appartiennebien à L2(I, µ), où I est un intervalle borné de R et µ une mesure sur I. On 
onstruit une baseorthonormale de L2(I, µ) de polyn�mes {P0, P1, P2, . . .} par le pro
édé de Gram-S
hmidt. On supposeque f est nulle en dehors de I et qu'elle appartient à la 
lasse Cs. Alors il existe une fon
tion
πf,mn ∈ Vmn = Ve
t{P0, . . . , Pmn} telle que supx∈I |f(x)−πf,mn(x)| = O(m−s

n ). Cette fon
tion πf,mn
orrespond à la proje
tion de f :
πf,mn(x) =

∫

I
f(y)Ka

m(x, y)dy,où Ka
m(x, y) peut toujours s'é
rire sous la forme d'un "noyau pondéré"

Ka
m(x, y) =

m∑

j=0

am,j

j∑

k=0

Pk(x)Pk(y) .I
i (am,j)m∈N, 06j6m est une séquen
e de poids telle que∑m
j=0 am,j = 1 et pour tout j limm→∞ am,j =

0. Selon les paramètres s, µ et I, on peut trouver un tableau triangulaire (am,j)m∈N, 06j6m tel que les
onditions (a), (b), (
) et (d) soient satisfaites. L'exemple le plus 
onnu est 
elui du noyau de Fejerlorsque I =]0, 2π[, µ est la mesure de Lebesgue renormalisée et s = 1.Estimateurs par ondelettesL'estimation par ondelettes est un 
as parti
ulier de l'estimation par proje
tion. On se restreint aussiau 
as d = 1.De�nition 1.1 (fon
tion d'é
helle) Une fon
tion φ ∈ L
2(R) est une fon
tion d'é
helle si la fa-mille {φ(· − k) ; k ∈ Z} est orthonormale.On 
hoisit le paramètre de fenêtre dyadique mn = 2j(n), où j est fon
tion de n, et on note Vj =

Vect{φj,k, k ∈ Z}, ave
 φj,k = 2j/2φ(2j(x− k)). Lorsque φ est à support 
ompa
t, on dé�nit :
f̂n(x) =

1

n

∞∑

k=−∞

n∑

i=1

φj(n),k(Xi)φj(n),k(x) .Cet estimateur s'é
rit aussi sous la forme de (1.14) ave
 K(x, y) =
∑∞

k=−∞ φ(y − k)φ(x − k) et
Kmn(x, y) = mnK(mnx,mny). Remarquons que les estimateurs par ondelettes sont aussi des es-timateurs à noyau. De la même manière, si φ est lips
hitzienne telle que ∫ φ(x)xjdx = 0 ave

0 < j < ⌈s− 1⌉ et ∫ φ(x)x⌈s−1⌉dx 6= 0, alors le noyau Kmn satisfait (a), (b) and (
). Si f ∈ Cs, alorsl'hypothèse (d) est véri�ée.
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e faible des modèlesLes 
as de la dépendan
e 
ausale ϕ et de la dépendan
e non 
ausale η sont traités. Les résultatsdépendent de la vitesse de dé
roissan
e des 
oe�
ients. Le 
as géométrique 
orrespond aux 
as où leshypothèses de dépendan
e sont les plus fortes, la dé
roissan
e des 
oe�
ients étant la plus rapide :[H1℄ : ϕ(r) = O
(
e−arb

) ave
 a > 0 et b > 0,[H1'℄ : η(r) = O
(
e−arb

) ave
 a > 0 et b > 0.Le 
as riemannien a lieu lorsque l'une des deux hypothèses [H2℄ ou [H2'℄ est satisfaite :[H2℄ : ϕ(r) = O(r−a) ave
 a > 1,[H2'℄ : η(r) = O(r−a) ave
 a > 1.Remarquons que dans le 
as géométrique les résultats sont plus pro
hes de 
eux du 
as i.i.d. 
arles 
oe�
ients de dépendan
e sont plus pro
hes de 0. L'hypothèse suivante est 
lassique dans 
e
ontexte :[H3℄ : La densité marginale f du pro
essus (Xt)t∈Z existe et est bornée.Dans le 
as de pro
essus dépendants, on demande une hypothèse supplémentaire portant sur lesdensités jointes des 
ouples (Xj ,Xk), j 6= k.[H4℄ Les densités fj,k des 
ouples (Xj ,Xk) sont uniformément bornées par rapport à j 6= k.Malheureusement l'existen
e de 
es densités jointes n'a pas lieu dans tous les modèles présentés pré-
édemment. Par exemple, la distribution de (Xi,Xi+1) n'est pas absolument 
ontinue dans l'exempled'Andrews, solution de l'équation (1.1) et la densité fj,k n'existe pas. Cette remarque est valable pourles systèmes dynamiques en général. Nous traitons don
 séparément les 
as où :[H4'℄ La série (Xt)t∈Z est un système dynamique de type Lasota-Yorke.Dans la suite nous nous plaçons soit dans le 
as où les densité jointes fj,k existent et sont bornéesuniformément soit dans le 
as de systèmes dynamiques de type Lasota-Yorke.1.5.3 Résultats de 
onvergen
eRésultats minimax dans le 
as i.i.d.Les résultats 
i-dessous sont 
onsidérés pour des estimateurs de la forme (1.14) ave
 une suite de
(Kmn) 
hoisie telle que (a), (b), (
) et (d) soient véri�ées. Nous rappelons les taux de 
onvergen
e
lassiques du 
as indépendant.Lorsque X1, . . . ,Xn est un é
hantillon i.i.d., pour tout point �xé x ∈ R

d, la suite (mn) peut être
hoisie telle que pour tout 0 < q < +∞

‖f̂n(x)− f(x)‖q = O
(
n−s/(2s+d)

)
. (1.16)
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onvergen
e est optimal : on peut trouver une fon
tion f telle que 
ette vitesse soitpré
isément atteinte (voir [108℄). Dans le 
as uniforme, pour tout M > 0 et pour une suite deparamètres (mn)n>0 bien 
hoisie, on a
E sup

‖x‖6M
|f̂n(x)− f(x)|q = O

(
log n

n

)qs/(d+2s)

,

sup
‖x‖6M

|f̂n(x)− f(x)| = O
(

log n

n

)s/(d+2s) presque sûrement.Là en
ore le résultat est optimal, malgré la perte d'un terme logarithmique dans la vitesse. C'est leprix à payer pour avoir un résultat uniforme sur une boule 
ompa
te.Résultats dans le 
as dépendantDans le 
as de la dépendan
e faible, nous obtenons la 
onvergen
e des estimateurs linéaires f̂n.Toutefois une perte en vitesse est dans 
ertains 
as observée.Théorème 1.4 (Vitesses asso
iées au risque L
q, [Wint1℄)Cas géométrique. Si les hypothèses [H4℄ ou [H4'℄ et [H1℄ ou [H1'℄ sont véri�ées, la suite (mn)n>0peut être 
hoisie telle que (1.16) soit valable pour tout 0 < q < +∞.Cas riemannien. Sous les hypothèses [H4℄ ou [H4'℄ et� [H2℄ ave
 a > max (1 + 2/d+ (d+ 1)/s, 2 + 1/d) (η-dépendan
e),� ou [H2'℄ ave
 a > 1 + 2/d + 1/s (ϕ-dépendan
e),alors la suite (mn)n>0 peut être 
hoisie telle que (1.16) soit valable pour tout 0 < q 6 q0 =

2 ⌈(a− 1)/2⌉.Remarque 1.11 On obtient des résultats aussi bons que les vitesses optimales du 
as indépendant.Le 
as indépendant étant un 
as parti
ulier de dépendan
e faible, 
es vitesses de 
onvergen
es sontaussi optimales. Nos résultats généralisent 
eux de Doukhan [38℄ obtenus dans le 
as du mélange etde Ango Nze et Doukhan [2℄ obtenus dans le 
as de la η-dépendan
e.Théorème 1.5 (Vitesses uniformes dans le 
as géométrique, [Wint1℄) Pour toutM > 0, sousles hypothèses [H4℄ ou [H4'℄ et [H1℄ ou [H1'℄ nous avons, pour tout 0 < q < +∞, et pour une suite
onvenable de paramètres de fenêtres (mn)n>0,
E sup

‖x‖6M
|f̂n(x)− f(x)|q = O



(

log2(b+1)/b(n)

n

)qs/(d+2s)

 ,

sup
‖x‖6M

|f̂n(x)− f(x)| =p.s. O



(

log2(b+1)/b(n)

n

)s/(d+2s)

 .



22 SYNTHESE DES TRAVAUXThéorème 1.6 (Vitesses uniformes dans le 
as riemannien, [Wint1℄) Pour toutM > 0, sous[H4℄ ou [H4'℄, [H2℄ ou [H2'℄ ave
 a > 4 et s > 2d, pour q0 = 2⌈(a− 1)/2⌉ et q 6 q0, la suite (mn)n>0peut être 
hoisie telle que
E sup

‖x‖6M
|f̂n(x)− f(x)|q = O

(
n
− qs

d+2s+2d/(q0+d)

)
,ou telle que

sup
‖x‖6M

|f̂n(x)− f(x)| =a.s. O



(

logq0+d(n)

nq0−2

) s
d(q0+2)+s(q0+d)


 .Remarque 1.12 Une perte dans les vitesses de 
onvergen
e apparaît pour la 
onvergen
e uniforme.Dans le 
as géométrique, 
ette perte est logarithmique. Dans le 
as riemannien, une perte d'un ordreplus élevé, en puissan
e de n, apparaît. Plus les 
oe�
ients de dépendan
e faible sont élevés, plus ons'éloigne du 
as de l'indépendan
e et plus la perte en vitesse uniforme est grande.Remarque 1.13 Dans le 
as de dé
roissan
e géométrique en η les résultats sont similaires à 
euxde Doukhan et Louhi
hi [41℄ pour le 
as b = 1. Dans le 
as Riemanien, 
es résultats peuvent êtrea�nés. Nous appliquons la méthode de 
haînage de Liebs
her [83℄. Dans le 
as d'estimateurs à noyau,Liebs
her réussit à diminuer 
ette vitesse de 
onvergen
e en demandant plus de régularité sur le noyau.Le taux dépend alors à la fois de la dépendan
e faible et de la régularité du noyau. Nous privilégionsi
i un résultat général qui ne dépend pas du noyau ni don
 de l'estimateur f̂n. Nous traitons ainsid'un 
oup les trois méthodes d'estimation.1.6 L'estimation de la densité adaptative [Wint3℄Nous donnons dans 
ette se
tion des résultats théoriques sur l'estimation adaptative de la densitédans le 
as faiblement dépendant (i
i la régularité s de la fon
tion à estimer f est in
onnue). Nousnous plaçons dans le 
as parti
ulier de E = [0; 1]. Nous présentons d'abord l'estimateur à seuillagedur par ondelette, parti
ulièrement bien adapté au 
as adaptatif : les résultats 
lassiques du 
as i.i.d.le prouvent. Nous appliquons 
et estimateur dans le 
as faiblement dépendant et nous obtenons desrésultats quasi optimaux.1.6.1 Estimateur par seuillage durNous présentons i
i les résultats de Donoho et al. [35℄. Nous 
onsidérons les ondelettes sur [0; 1]proposées par Daube
hies [24℄.Dé�nition 1.7 Une analyse multirésolution de L

2 est une suite 
roissante (Vj)j∈Z de sous ensemblesfermés de L
2 tels que
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Vj = {0} et ⋃j∈Z

Vj = L
2,(ii) ∀ f ∈ L

2, ∀ j ∈ N, f ∈ Vj si et seulement si x 7→ f(2−jx) appartient à Vj+1,(iii) Il existe une fon
tion φ, appelée ondelette père, telle que {x 7→ φ(x − k)}k∈Z soit une baseorthonormale V0.Soit Wj tel que Vj+1 = Vj⊕Wj. Il existe une fon
tion ψ �appelée ondelette mère� telle que pour toutniveau de résolution j ≥ 0 les familles {φj,k : x→ 2j/2φ(2jx−k)}k∈Z et {ψj,k : x 7→ 2j/2ψ(2jx−k)}k∈Zsont des bases orthonormales de Vj et Wj . On 
hoisit φ et ψ à support [0; 1] et qui véri�ent les
onditions de moments d'ordre N ∈ N
∗ :

∀k = 0 . . . N,

∫
φ(x)xkdx = δ0,k,

∫ ∣∣φ(x)xN+1
∣∣ dx <∞,et x 7→

∑

k

|φ(x− k)| ∈ L
2,(i
i δ0,k = 1 si k = 0 et δ0,k = 0 sinon). On se restreint à N > 4 a�n d'assurer que les fon
tions φet ψ soient lips
hitziennes.Pour tout entier j0 on dé
ompose une fon
tion f ∈ L

2

f =

2j0−1∑

k=0

αj0,kφj0,k +

∞∑

j=j0

2j−1∑

k=0

βj0,kψj0,k,ave
 αj,k =
∫ 1
0 f(x)φj,k(x)dx, βj,k =

∫ 1
0 f(x)ψj,k(x)dx. L'estimateur par proje
tion est alors

f̃n =

2j0−1∑

k=0

α̂j0,kφj0,k +

j1(n)∑

j=j0

2j−1∑

k=0

β̂j,kψj,k,ave
 α̂j,k =
∑n

i=1 φj,k(Xi)/n et β̂j,k =
∑n

i=1 ψj,k(Xi)/n.Soit (s, π, r) un triplet tel que s > 0, 1 ≤ π, r ≤ ∞. L'expression
‖f‖s,π,r = |α0,0|+



∑

j∈N

2j(s+1/2−1/π)r




2j−1∑

k=0

|βj,k|π



r/π



1/r

,dé�nit une semi-norme (voir Härdle et al. (1998) [67℄ pour plus de détails). Les espa
es de Besov etles boules de Besov sont alors dé�nis par, respe
tivement,
Bs

π,r := {f ∈ L
2 telles que ‖f‖s,π,r < +∞}, Bs

π,r(M) :=
{
f ∈ Bs

π,r, ‖f‖s,π,r ≤M
}
.



24 SYNTHESE DES TRAVAUXRemarquons que 
es espa
es fon
tionnels ne dépendent pas de φ et ψ et in
luent les ensemblesfon
tionnels 
lassiques (par exemple Cs ⊂ Bs
2,2). On munit L

p de sa norme ‖f‖p
Lp =

∫
|f(x)|pdx puison dé�nit le risque moyen de l'estimateur f̃n par E‖f̃n − f‖pLp et sa vitesse minimax asso
iée par

inf
f∈Bs

π,r(M)
sup

f̃n un estimateur de f

E‖f̃n − f‖pLp = O
(
n−α

)
,ave


α =




s/(1 + 2s) ε > 0,

(s− 1/π + 1/p)/(1 + 2s− 2/π) ε 6 0,
où ε = sπ − (p − π)/2.L'estimateur par proje
tion n'atteint pas la vitesse minimax à une puissan
e de n près lorsque f ∈

Bs
π,r(M) ave
 π 6 p (voir Donoho et al. [35℄). Ce résultat de sous optimalité a motivé l'introdu
tiond'un seuillage sur l'estimateur par proje
tion. Plus pré
isément, soit Tλ(β) = β1l|β|>λ la fon
tion deseuillage dur de niveau λ > 0 ; on dé�nit un nouvel estimateur f̂n

f̂n =
2j0−1∑

k=0

α̂j0,kφj0,k +

j1∑

j=j0

2j−1∑

k=0

Tλj
(β̂j,k)ψj,k.On obtient ainsi l'estimateur seuillé f̂n.1.6.2 Quasi optimalité dans le 
as i.i.d.Un estimateur quasi-optimal est un estimateur dont la vitesse est optimale à un fa
teur log n près.Le seuillage dur atteint 
et obje
tif dans le 
as i.i.d. ave
 les paramètres j0, j1, et λ pris de la manièresuivante :Théorème 1.7 (Donoho et al., [35℄) Pour

2j0 ≃ n1/(1+N),

2j1 ≃ n/ log n,

λj = K
√
j/n, pour K > 0 su�samment grand.alors f̂n est un estimateur quasi-optimal dès que f appartient à Bs

π,r(M) ave

1/π < s 6 N/2, 1 6 π 6 p, 1 6 r 6∞.Plus pré
isément il existe une 
onstante C0(N, p, s, π,M) telle que

E‖f̂n − f‖pp 6 C0





(
log n

n

)pα

, si ε 6= 0
(

log n

n

)pα

(log n)(p/2−π/r)+ , si ε = 0.
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as dépendantNous obtenons une extension de 
es résultats dans le 
as faiblement dépendant. Le théorème 1.9assure la quasi-optimalité de l'estimateur par seuillage dur dès que les inégalités de probabilité (1.17)et de moment (1.18) sont satisfaites.Théorème 1.8 Il existe des 
onstantes B,C > 0 et γ > 1/2 telles que pour tout (j, k) ∈ N
2 et

n ∈ N
∗ su�samment grand

P

(∣∣∣∣∣
1√
n

n∑

i=1

(ψj,k(Xi)− Eψj,k(Xi))

∣∣∣∣∣ > δ
)
6 B exp

(
−Cδ1/γ

)
, (1.17)pour tout δ > 0 tel que δ2l‖ψj,k‖2∞ 6 K ′n ave
 K ′ > 0 et l > 0. Plus pré
isément1. γ = 1+1/b et l = 0, si η(r) 6 c exp(−rb) pour b, c > 0 et si pour tout j 6= k les densités jointes

fj,k de (Xj ,Xk) existent et sont uniformément bornées en (j, k),2. γ = 0.5 et l = 5, si (Xt)t∈Z est un système dynamique de type Lasota-Yorke.Remarque 1.14 Cette inégalité de probabilité est établie dans les 
as de systèmes dynamiques et depro
essus η-faiblement dépendants. Les 
as de dépendan
e faible 
ausal et non 
ausal sont don
 traitéssimultanément.Remarque 1.15 L'inégalité (1.17) est un outil pour obtenir des vitesses de 
onvergen
e des esti-mateurs seuillés 
ar elle 
ontr�le le 
omportement des quantités ψj,k(Xi) qui apparaissent dans leseuillage. Une inégalité de moment sur 
es quantités est aussi né
essaire. Supposons que pour tout
n ∈ N

∗ il existe C > 0 telle que pour tout (j, k) ∈ N
2, et q > 0

E

∣∣∣∣∣
1√
n

n∑

i=1

(ψj,k(Xi)− Eψj,k(Xi))

∣∣∣∣∣

q

6 C. (1.18)Remarque 1.16 L'inégalité de moment est atteinte dans Dede
ker et Prieur [29℄ sous des 
onditionsplus faibles que l'inégalité exponentielle du théorème 1.8. L'inégalité de probabilité di�ère selon le 
adrede dépendan
e. En parti
ulier, le paramètre γ est d'autant plus grand que la dépendan
e est forte.Nous avons désormais tous les outils pour énon
er la quasi-optimalité de l'estimateur par seuillagedur dans les 
as faiblement dépendant.Théorème 1.9 Supposons que f appartienne à une boule de Besov Bs
π,r(M) telle que

1/π < s 6 N/2, 1 6 π 6 p, 1 6 r 6∞,
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 N > 4 et que les propriétés de dépendan
e faible du pro
essus (Xt)t∈Z assurent que les inégalités(1.18) et (1.17) sont satisfaites pour un 
ouple (γ, l). Alors il existe une 
onstante C0(N, p, s, π,M)telle que
E[‖f̂n − f‖pp] 6 C0





(
log2γ n

n

)pα si ε 6= 0
(

log2γ n

n

)pα

(log n)(1−π/r)+ si ε = 0ave
 les paramètres �xés à
2j0 ≃ n1/(1+N),

2j1 ≃ n/ log2γl n,

λj = Kjγ/
√
n, pour une 
onstante K > 0 bien 
hoisie.Remarque 1.17 Dans tous les 
as de dépendan
e étudiés (η-faible dépendan
e et systèmes dyna-miques de type Lasota Yorke), l'estimateur est quasi-optimal. Une perte logarithmique apparaît, d'au-tant plus grande que le paramètre γ est grand. Or 
e paramètre est d'autant plus grand que la dépen-dan
e est forte.1.7 L'estimateur de la densité adaptif vis à vis de la dépendan
e[Wint3℄A 
e jour, les pro
édures d'estimation de la densité existantes varient selon le 
ontexte de dépendan
efaible. L'estimateur proposé par Tribouley et Viennet [107℄ ne s'applique que dans le 
adre (restri
tif)du β-mélange. Nous dirons que les estimateurs, adaptatifs vis à vis de la régularité de f , ne le sontpas vis à vis de la dépendan
e.Dans le théorème 1.9, γ apparaît dans l'estimateur f̂n via le seuillage dur, mais aussi dans le 
ontr�ledu risque. De plus, γ dépend du 
ontexte de dépendan
e faible d'après le Théorème 1.9. Plut�t quede �xer 
e paramètre γ selon le 
ontexte de dépendan
e, nous 
hoisissons la valeur γ qui minimisel'estimation du risque de l'estimateur f̂n. C'est 
e qu'on appelle une méthode de validation 
roisée.Le 
oe�
ient γ n'étant pas �xé à priori selon la dépendan
e de nos observations, nous obtenons unestimateur adaptatif à la régularité de f et à la dépendan
e. Il n'est pas né
essaire de 
onnaître àpriori la dépendan
e de nos observations.Dans un premier temps nous présentons 
ette pro
édure par validation 
roisée puis nous testons lesrésultats de l'estimateur par validation 
roisée sur des simulations.
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édure de validation 
roiséeSoit f̂γ
n l'estimateur 
orrespondant au seuil λj = Kjγ/

√
n. Il est quasi minimax dès qu'une inégalitéde probabilité 1.17 pour un 
ouple (γ, l) est véri�ée pour (Xt)t∈Z. Cet estimateur f̂γ

n dépend de j0,
j1, K et γ. On �xe 2j1 = n/ log n, 2j0 = n1/(1+N) et K =

√
2 
omme dans Donoho et Johnstone [36℄.Puis on 
hoisit γ̂n qui minimise un estimateur de notre risque, 
'est à dire un 
ritère de validation
roisée.Le Mean Integrated Square Error (risque moyen dans L

2) est estimé par sous é
hantillonnage parblo
 
omme dans Hart et Vieu [68℄ 
e qui permet d'éviter les phénomènes liés à la dépendan
e dupro
essus. Soit bn la taille d'un blo
 (i
i 2 ∗ bn ≃ n1/3, voir [68℄) et
X−i = {Xj , 1 6 j 6 n, |i− j| > bn}.On minimise

CVb(γ) =

∫ (
f̂γ

n (x)
)2
dx− 2n−1

n∑

i=1

f̂γ
−i(Xi),où f̂γ

−i est l'estimateur f̂γ
n−bn


onstruit à partir du sous-é
hantillon X−i. On 
hoisit alors γ̂n =

arg minγ CVb(γ) et notre estimateur adaptatif 
orrespond à f̂γn
n .1.7.2 SimulationsNous simulons quatre 
as de dépendan
e distin
ts sur lesquels notre pro
édure par validation seratestée.1. Un pro
essus i.i.d. dont la fon
tion de répartition est F (x) = 2/π arcsin(

√
x) pour x ∈ [0; 1].2. Un système dynamique asso
ié à la transformation T (x) = 4x(1−x) dont la mesure invarianteest F , la même que dans le 
as i.i.d. (voir Prieur, [97℄ pour plus de propriétés sur 
e systèmedynamique).3. Un système dynamique non stationnaire, 
'est à dire tel que Xt = T (Xt−1) (ave
 le même

T (x) = 4x(1 − x)) mais où X0 ne suit plus la loi marginale F mais une loi uniforme. Ce 
adredépasse 
elui de la dépendan
e faible 
ar alors la stationnarité n'est pas véri�ée (X0 ne suitpas la même loi que Xt pour t > 0). Des propriétes d'ergodi
ité géométrique sur les systèmesdynamiques assurent toutefois que la loi de 
e pro
essus est pro
he de 
elle de la simulation 2(voir Viana [110℄).4. Un analogue non 
ausal de l'exemple d'Andrews (1.1)
Xt = 2(Xt−1 +Xt+1)/5 + 5ξt/21 ave
 (ξt)t∈Z un pro
essus i.i.d. tel que

P(ξ0 = 0) = P(ξ0 = 1) =
1

2
.



28 SYNTHESE DES TRAVAUXUne solution stationnaire de 
ette équation est le pro
essus non-
ausal (Xt)t∈Z

Xt =
∑

j∈Z

ajξt−j ,ave
 aj = 1/3 ∗ (1/2)|j|. Les 
onstantes sont 
hoisies pour que (Xt)t∈Z prenne ses valeursdans [0; 1] pour tout t. Un tel pro
essus est η-faiblement dépendant ave
 a,C > 0 tel que
ηr 6 C exp(−ar). Il n'est pas 
ausal 
ar dépend à la fois de son passé et de son futur. On lesimule en utilisant l'algorithme de Gibbs.1.7.3 Comportement de l'estimateur par validation 
roiséeLa �gure 1.1 illustre l'évolution du 
ritère de validation 
roisée en fon
tion de γ et dans les di�érents
as de dépendan
e. Le risque optimal est obtenu pour un γ̂n = 0, 5 dans les trois premiers 
as et

γ̂n > 0, 6 dans le dernier. Conformément aux théorèmes 1.8 et 1.9, γ̂n est identique dans le 
as i.i.d.et des systèmes dynamiques. On 
onstate aussi que pour un pro
essus dont la dépendan
e est plusforte, γ̂n optimal est plus grand. D'autre part, pour des valeurs γ plus petites que γ̂n, le risque estplus élevé 
ar l'inégalité de probabilité 
orrespondant à 
es valeurs γ n'est pas véri�ée. Pour desvaleurs plus grandes, le risque est plus grand 
ar γ apparaît aussi dans le risque de l'estimateur.Dans le 
as η-faiblement dépendant le risque augmente plus lentement pour les valeurs plus grandesque γ̂n. Il est don
 plus risqué de 
hoisir γ = 0, 5 6 γ̂n que γ = 0, 75 > γ̂n. Dans la �gure 1.2,le vrai MISE est appro
hé par somme de Riemann et méthode de Monte-Carlo selon un nombred'observations 
roissant et pour di�érents 
hoix de γ. Pour le 
hoix γ = 0, 5 le risque est toujoursplus fort que pour γ = 0, 75, 
e qui 
on�rme qu'il vaut mieux se tromper en 
hoisissant des valeurs γplus grandes que γ̂n. Toutefois le 
hoix γ = 2 = 1 + 1/b donné par le théorème 1.8 n'est pas non plusoptimal, la valeur de γ étant 
lairement trop élevé. Le meilleur 
hoix possible est pro
he de γ̂n et lemeilleur estimateur est f̂ γ̂n
n . L'inégalité du théorème 1.8 semble don
 être véri�ée pour un 
ouple (γ, l)ave
 γ 6 1+1/b. Nos outils théoriques ne nous permettent pas d'obtenir 
ette amélioration de (1.17).Dans la �gure 1.3 nous avons représenté les BoxPlots de γ̂n pour di�érents n dans les quatre 
as dedépendan
e. Remarquons que γ̂n dépend de n. Dans les trois premiers 
as, pour un petit nombred'observation (n = 27), un paramètre plus grand est préférable, même dans le 
as i.i.d.. Puis dès

n = 28, les distributions des γ̂n sont bien 
entrées sur 0, 5. Dans le 
as η-faiblement dépendant, lavaleur moyenne de γ̂n est plus élevée que pour les autres 
as. Toutefois, 
ette valeur tend à diminuerave
 le nombre d'observations.
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Fig. 1.1 � Cette �gure présente l'évolution du 
ritère de validation 
roisée en fon
tion de γ pour
n = 210 observations. Le 
ritère moyen sur 100 simulations est tra
é en fon
tion de γ = 0, 0.05 . . .1.95, 2.Pour (a) les observations sont i.i.d., pour (b) un système dynamique stationnaire est simulé, (
) est le 
as d'unsystème dynamique non-stationnaire et (d) 
orrespond au 
as η-faiblement dépendant.
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Fig. 1.2 � Évolution du MISE en fon
tion de la taille de l'é
hantillon dans le 
as η-faiblementdépendant. La �gure représente l'évolution du MISE sur 100 simulations en fon
tion de n = 26, 27, . . . , 214, 215dans une é
helle log-log. Pour la 
ourbe en tiret γ = 0.5, en plein γ = 0.75 et γ = 2 pour la 
ourbe en pointillées.1.7.4 L'estimateur f̂ γ̂n
nPratiquement, pour un é
hantillon (X1, . . . ,Xn) quel
onque, nous proposons d'appliquer notre pro
é-dure de validation 
roisée. Si la 
ourbe du MISE estimé par validation 
roisée a une forme permettant
lairement de distinguer un minimum, on 
hoisit γ̂n réalisant 
e minimum. L'estimateur de la densité

f̂ γ̂n
n a alors des 
han
es d'être quasi-optimal.Cette pro
édure ne dépend ni de la faible dépendan
e du modèle ni de la régularité de la fon
tion. Elleest adaptative à la fois à la régularité de la fon
tion et à la dépendan
e faible du modèle. Inversement,pour un modèle �xé, elle permet d'avoir une information sur l'optimalité des inégalités de probabilitéobtenues théoriquement via le paramètre γ. Dans notre 
as de η-faible dépendan
e, l'inégalité obtenuethéoriquement est améliorable.1.8 L'estimation paramétrique [Wint5℄Nous nous intéressons i
i aux résultats de 
onvergen
e d'un estimateur θ̂n vers le vrai paramètre
θ0. Nous restreignons les valeurs possibles de θ0 à un sous ensemble 
ompa
t de R

k, le 
adre estdit paramétrique. La méthode d'estimation 
onsidérée est le Quasi Maximum de Vraisemblan
e.Son 
hamp d'appli
ation est restreint : les modèles pour lesquels s'applique 
ette méthode sont des
as parti
uliers de 
haînes in�nies. Ils sont bien faiblement dépendants, mais ils ont aussi beau
oupd'autres parti
ularités qui leur sont propres. L'utilisation de 
es 
ara
téristiques spé
i�ques nous
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Fig. 1.3 � Boxplots (la 
roix �gure la moyenne) pour la distribution empirique de γ̂n obtenues pour
100 simulations pour n = 27, 28, 29, 210. Pour 
haque valeur de n, (a) 
orrespond au 
as i.i.d., (b)au système dynamique stationnaire, (
) au système dynamique non-stationnaire et (d) au 
as η-faiblementdépendant.



32 SYNTHESE DES TRAVAUXpermet de présenter pour la première fois un résultat de normalité asymptotique dans le 
as multivarié.1.8.1 L'estimateur du QMLEI
i E = R
d, E′ = R

m. Nous supposons 
onnaître le vrai modèle à un paramètre près θ0 ∈ R
k quenous souhaitons estimer a�n d'ajuster le modèle à nos observations X1, . . . ,Xn. Avoir un modèle 
'estavoir une équation dirigeant la dynamique du pro
essus. En toute généralité Xt = Fθ0(Xt−j ; j 6= t; ξt)où (ξt)t∈Z est une innovation. La forme de F sa
hant θ est 
onnue et nous souhaitons estimer θ0 quisu�t à déterminer 
omplètement le modèle.L'estimateur du Quasi Maximum de Vraisemblan
e (QMLE) est obtenu en supposant dans un pre-mier temps que le pro
essus (ξt)t∈Z est un pro
essus gaussien. La loi 
onditionnelle de Xt sa
hant

Xj , j 6= t est une gaussienne si l'innovation ξt au temps t est indépendante des Xj , j 6= t. A�n d'assu-rer que 
e soit bien le 
as, il faut qu'il y ait de la 
ausalité dans l'équation régissant le modèle (voirDoukhan et Truquet [48℄), 
'est à dire que Xt = Fθ0(Xt−j ; j < t; ξt). Nous sommes alors dans le 
asde 
haînes à mémoires in�nies du 
hapitre 2 et la solution (Xt)t∈Z de l'équation est telle que ξt soitindépendante de son passé Pt.La loi de Xt sa
hant son passé Pt étant gaussienne, elle est 
omplètement déterminée par sa moyenneet sa varian
e. Nous é
rivons don

Xt = Mθ0(Xt−1,Xt−2, . . .) · ξt + fθ0(Xt−1,Xt−2, . . .), pour t ∈ Z, (1.19)ave
� θ0 ∈ Θ est dans un 
ompa
t de R

k ;� pour toute suite x = (xi)i∈Z ∈ R
d(N), θ ∈ Θ 7→ Mθ(x) est une fon
tion borélienne à valeurs dansl'espa
e des matri
es d×m.� pour toute suite x = (xi)i∈Z ∈ R

m(N), θ ∈ Θ 7→ fθ(x) est une fon
tion borélienne à valeurs dans R
m.On suppose ξt normalisé, i.e. 
'est un ve
teur 
entré dont la matri
e de varian
e 
ovarian
e est Im,la matri
e identité de taille m×m. Alors l'espéran
e et la varian
e de Xt sa
hant son passé Pt sont

E(Xt | Pt) = fθ0(Xt−1,Xt−2, . . .) = ft(θ0),Var (Xt | Pt) = Mθ0(Xt−1,Xt−2, . . .)×Mθ0(Xt−1,Xt−2, . . .)
′ = Mt(θ0)×Mt(θ0)

′,où A′ est la transposée de A. Ces quantités existent bien presque sûrement dès que E‖ξ0‖2 < ∞d'après les résultats du 
hapitre 2.On dit que (Xt)t∈Z est un pro
essus autorégressif ave
 des erreurs 
onditionnellement hétéros
édas-tiques, voir Jeantheau [74℄. Le modèle asso
ié est adapté à l'estimation paramètrique par QMLE.
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e de 
e modèle sont toutefois très parti
ulières. Par exemple, toutes lessolutions de l'équation (1.19) sont telles que Cov(X0,Xt) = 0.Le QMLE θ̂n est le paramètre θ maximisant la log-vraisemblan
e LX1,...,Xn(X1, . . . ,Xn). On 
om-men
e par appro
her LX1,...,Xn(X1, . . . ,Xn) par LX1,...,Xn|P0
(X1, . . . ,Xn). La dépendan
e faible nousassure que le passé P0 n'in�uen
e pas sur la loi de Xn pour n su�samment grand. Puis on réé
rit

LX1,...,Xn(X1, . . . ,Xn) sous la forme ∑n−1
t=0 LXt|Pt

(X1, . . . ,Xn) a�n de faire apparaître les distribu-tions 
onditionnelles gaussiennes.On a alors
LXt|Pt

(X1, . . . ,Xn) = log

(
1√

2π detMt(θ0)Mt(θ)′

)
exp

1

2

(
(Xt − ft(θ0))

′ (Mt(θ0)Mt(θ0))
−1

×(Xt − ft(θ0))) .Classiquement, l'estimateur du maximum de la (log-)vraisemblan
e (MLE) est
θn = arg max

θ∈Θ
−1

2

n∑

t=1

(
Xt − f t

θ

)′(
M t

θ · (M t
θ)

′)−1(
Xt − f t

θ

)
− 1

2
log
(

det
(
M t

θ(M
t
θ)

′)).Cet estimateur n'est toutefois pas 
onstru
tible à partir des observations (voir Mikos
h et Straumann,[105℄) 
ar il dépend de M t
θ) et f t

θ, don
 d'une in�nité de valeurs passées du pro
essus (Xt)t∈Z. Ornous n'avons à disposition que les observations (X1, . . . ,Xn). Nous appellerons QMLE l'estimateur
θ̂n = arg max

θ∈Θ
−1

2

n∑

t=1

(
Xt − f̂ t

θ

)′(
M̂ t

θ · (M̂ t
θ)

′)−1(
Xt − f̂ t

θ

)
− 1

2
log
(

det
(
M̂ t

θ(M̂
t
θ)

′)), (1.20)où f̂ t
θ et M̂ t

θ sont des estimateurs de M t
θ) et f t

θ 
onstruit à partir des observations (X1, . . . ,Xn).1.8.2 RésultatsLes hypothèsesNous supposons que le pro
essus i.i.d. des innovations (ξt)t∈Z est normalisé (Eξ0 = 0 et Var ξ0 = Im)et tel que E‖ξ0‖r < ∞. L'hypothèse de gaussiannité sur les innovations n'est plus indispensable etles résultats valables dans 
e 
ontexte le restent quelle que soit la loi de ξ0.



34 SYNTHESE DES TRAVAUX� Hypothèse ST(r) : Les fon
tions fθ et Mθ sont telles que :
1. ‖fθ(0, 0, . . .)‖Θ + ‖Mθ(0, 0, . . .)‖Θ <∞; (1.21)
2. il existe deux suites (αj(f))j∈N et (αj(M))j∈N telles que

∞∑

j=1

αj(f) + (E‖ξ0‖r)1/r
( ∞∑

j=1

αj(M)
)

= a < 1 et ∀(xj)j∈N, (yj)j∈N dans Rd(N), (1.22)
{
‖fθ((xj)j∈N)− fθ((yj)j∈N)‖Θ 6

∑∞
j=1 αj(f)‖xj − yj‖,

‖Mθ((xj)j∈N)−Mθ((yj)j∈N)‖Θ 6
∑∞

j=1 αj(M)‖xj − yj‖.Ces hypothèses permettent d'assurer l'existen
e d'une solution stationnaire grâ
e aux résultats du
hapitre 2. De plus, elles assurent l'existen
e des moments d'ordre r de la solution (Xt)t∈Z (E‖X0‖r).On en déduit l'existen
e des moments des quantités ft(θ) et Mt(θ) (qui sont vues 
omme deslimites de suites 
onvergentes (fθ(Xt−1, . . . ,Xt−k, 0, . . . , ))k>1 et (Mθ(Xt−1, . . . ,Xt−k, 0, . . . , ))k>1).Ainsi, 
es quantités sont bien dé�nies. De plus, on montre que les estimateurs "plug-in" f̂ t
θ =

fθ(Xt−1, . . . ,X1, 0, . . . , ) et M̂ t
θ = Mθ(Xt−1, . . . ,X1, 0, . . . , ) sont bien 
onsistants, 
'est-à-dire que

f̂ t
θ

P−→
n→∞

f t
θ et M̂ t

θ
P−→

n→∞
M t

θ.� Hypothèse Id : Pour tout θ ∈ Θ, M t
θ = M t

θ0
et f t

θ = f t
θ0

p.s. si et seulement si θ = θ0.Cette hypothèse d'identi�abilité est in
ontournable. Elle assure que l'estimation du vrai paramètre
θ0 à partir des observations (X1, . . . ,Xn) est e�e
tivement possible. Si elle n'était pas véri�ée (i.e.il existe θ1 6= θ0 tel que M t

θ1
= M t

θ0
ou f t

θ1
= f t

θ0
p.s.), alors le QMLE θ̂n ne distingue plus levrai paramètre θ0 de θ1. Pour véri�er 
ette hypothèse, il est préférable de se pla
er dans le 
as del'extension multidimensionnelle 1.19 et non 1.8. Toutefois, l'identi�abilité n'est pas assurée dansle 
as général 1.19. Nous nous plaçons toujours dans des 
as 
lassiques pour lesquels l'hypothèsed'identi�abilité est véri�able à partir de travaux existants (voir le 
hapitre 6).� Hypothèse F : pour toute suite (xj)j∈N ∈ R

d(N) la fon
tion θ 7→ fθ(x1, . . .) est 
ontinue.� Hypothèse M : pour toute suite (xj)j∈N ∈ R
d(N) la fon
tion θ 7→ Mθ(x1, . . .) est 
ontinue. Deplus, il existe M > 0 tel que pour tout (xj)j∈N ∈ R

d(N∗)

inf
θ∈Θ

det
(
Mθ(x1, . . .)

(
Mθ(x1, . . .)

)′)
>M > 0. (1.23)Ces 
onditions sont 
lassiques et assurent l'utilisation des théorèmes de 
onvergen
e uniforme surles suites de fon
tions 
ontinues. La borne sur le déterminant est indispensable pour inverser lamatri
e et dé�nir proprement notre estimateur.� Hypothèses D(i) (i = 1, 2) : les fon
tions θ ∈ Θ 7→ fθ((xj)j∈N) et θ ∈ Θ 7→ Mθ((xj)j∈N) sont

i-fois 
ontinûment di�érentiables pour tout (xj)j∈N ∈ (Rd)(N). De plus,
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1.
∥∥∥
∂ifθ(0, 0, . . .)

∂θk1∂θki

∥∥∥
Θ

+
∥∥∥
∂iMθ(0, 0, . . .)

∂θk1∂θki

∥∥∥
Θ
<∞ (1.24)

2. il existe (α
(i)
j (f))j∈N∗ et (α

(i)
j (M))j∈N∗ véri�ant ∞∑

j=1

α
(i)
j (f) +

∞∑

j=1

α
(i)
j (M) <∞et pour tout (xj)j∈N, (yj)j∈N dans R

d(N) et tout 1 ≤ k ≤ d, k1, ki ∈ {1, . . . , d}



∥∥∥
∂ifθ((xj)j∈N))

∂θk1∂θki

− ∂ifθ((yj)j∈N))

∂θk1∂θki

∥∥∥
Θ

6
∑∞

j=1 α
(i)
j (f)‖xj − yj‖,

∥∥∥
∂iMθ((xj)j∈N))

∂θk1∂θki

− ∂iMθ((yj)j∈N))

∂θk1∂θki

∥∥∥
Θ
6

∑∞
j=1 α

(i)
j (M)‖xj − yj‖.

(1.25)Les hypothèses sur les dérivées d'ordre 1 et 2 nous permettent d'obtenir la normalité asymptotiquedu QMLE. Les 
onditions de Lips
hitz sur les dérivées sont indispensables dans notre 
adre d'étude.Elles permettent de prouver l'existen
e de quantités aléatoires dépendantes de tout le passé telles que
∂ift(θ)

∂θk1∂θki

et ∂iMt(θ)

∂θk1∂θki

pour i = 1, 2.Consistan
e forteOn obtient la 
onsistan
e forte de notre estimateur dans un 
adre très général.Théorème 1.10 Si les hypothèses ST(2), F, M et Id sont satisfaites, si (Xt)t∈Z est solution de (1.19)alors dès que
αj(f) + αj(M) = O

(
j−ℓ
) ave
 ℓ > 3/2le QMLE θ̂n est fortement 
onsistant, i.e.

θ̂n
a.s.−→

n→∞
θ0.Remarque 1.18 Ce théorème induit l'existen
e d'un moment d'ordre 1 sur le pro
essus (Xt)t∈Z. Or,Jeantheau [74℄ a montré la 
onsistan
e forte du MLE θn sous une 
ondition de moment logarithmique

E log ‖X0‖ < ∞ plus faible. Toutefois, sa méthode né
essite de démontrer au 
as par 
as l'existen
ed'une solution stationnaire à l'équation (1.19). Dans notre méthode, l'existen
e du pro
essus est as-suré.Normalité asymptotiqueThéorème 1.11 Si les hypothèses ST(4), D(1), D(2), F, M sont satisfaites, si (Xt)t∈Z est une solutionde (1.19) ave
 θ0 ∈ ◦
Θ, dès que

α
(1)
j (f) + α

(1)
j (M) = O

(
j−ℓ′

) ave
 ℓ′ > 3/2,



36 SYNTHESE DES TRAVAUXalors le QMLE θ̂n est asymptotiquement normal, i.e.
√
n
(
θ̂n − θ0

) D−→
n→∞

Nd

(
0 , F (θ0)

−1 ·G(θ0) · F (θ0)
−1
)
,où F (θ0) et G(θ0) sont des matri
es �nies (F (θ0) est supposée inversible sans véri�
ation).Remarque 1.19 Les expressions de F (θ0) et G(θ0) sont très 
omplexes, voir (6.51) et (6.47).Remarque 1.20 D'autres versions de 
es théorèmes sont fournies dans les 
orollaires 6.1 et 6.2.Les hypothèses ne portent plus sur les 
oe�
ients de Lips
hitz de la fon
tion Mθ ni sur ses dérivéesmais sur 
eux de MθMθ

′. Ces hypothèses sont bien mieux adaptées dans le 
as de modèles 
lassiques
omme les ARCH et les GARCH.Remarque 1.21 Dans le 
as réel (m = p = 1) pour le modèle ARCH(∞), notre résultat de 
onsis-tan
e forte n'est pas 
omparable à 
elui de Robinson et Za�aroni [102℄. Notre hypothèse sur les
oe�
ients de Lips
hitz est plus forte alors que 
elle sur les moments des innovations est plus faible.Notre résultat de normalité asymptotique est quant à lui toujours meilleur que 
elui de Robinson etZa�aroni [102℄.Remarque 1.22 Dans le 
as multivarié, 
e résultat est unique et 
onstitue une avan
ée théoriqueimportante en é
onométrie. En e�et, la normalité asymptotique est indispensable pour l'élaborationd'intervalles de 
on�an
e sur le paramètre θ0. La normalité asymptotique du QMLE θ̂n est souventprésupposée sans que 
elle-
i soit prouvée nulle part (voir une dis
ussion à 
e sujet dans [8℄). Seul lerésultat de Comte et Lieberman [22℄ existe dans le 
as très parti
ulier du modèle multivarié BEKK(voir le 
hapitre 6 pour plus de détails). Notre résultat de normalité asymptotique est obtenu sous des
onditions plus faibles que le leur.Une liste des nombreux modèles é
onométriques pour lesquels 
e résultat s'applique est disponibleau 
hapitre 6.
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Chapitre 2Weakly dependent 
hains with in�nitememory
Abstra
tThe main obje
tive of the 
hapter is to de�ne stri
tly stationarysolutions of in�nite memory re
urren
e equations su
h as Xt =

F (Xt−1,Xt−2,Xt−3, . . . ; ξt), where (ξt)t∈Z denotes an independent andidenti
ally distributed sequen
e of random variables. To this end, we usean appropriate Lips
hitz 
ondition whi
h also entails the integrability of
(Xt)t∈Z and weak dependen
e properties de�ned by [28℄. Su
h modelsprovide both 
ontinuous state spa
e and nonlinear extensions of variousexamples of several well-known 
lasses of time series.Keywords : stationary solutions, weak dependen
e, 
oupling, Markov pro
ess,Bernoulli shifts NoteThe 
ontent of this part is based on a paper, written in 
ollaboration with PaulDoukhan, submitted at Sto
hasti
 Pro
esses and their Appli
ations.41



42 CAUSAL MODELS2.1 Introdu
tionTimes series analysis is a main resear
h �eld for appli
ation sake. The statisti
al inferen
e deeplyrelies on the underlying model and model sele
tion is very important in statisti
s. The 
hoi
e of amodel is often a 
ompromise between antagonist 
riteria. For example, the prin
iple of parsimonyguides the pra
titioner in the 
hoi
e of a model : model possessing maximum simpli
ity and theminimum number of parameters 
onsonant with representational adequa
y is a 
ommon obje
tive inpra
ti
e.Regular se
ond order stationary times series (Xt)t∈Z are often represented as in�nite autoregressivepro
esses
Xt =

∞∑

j=1

ajXt−j + ξt, t ∈ Z (2.1)where (ξt)t∈Z is the innovation pro
ess. This representation has motivated the introdu
tion of ARMApro
esses as a tool in various resear
h �elds of the human a
tivity su
h as e
onomy, marketing,engineering, medi
ine and others. Many fore
ast methods lean on the dependen
e stru
ture of thepro
ess (Xt)t∈Z. The linear representation (2.1) indu
es that the innovation pro
ess is a se
ondorder stationary white noise. Nonlinear models, e.g. Markov ones, allow the use of independent andidenti
ally distributed (iid) inputs (ξt)t∈Z. Su
h representations are preferred to (2.1) in variousappli
ations e.g. in �nan
e, hydrodynami
s, physi
s, ele
tromagnetism, see [34, 80℄. [9℄ obtained anexisten
e 
ondition for dis
rete state spa
es when the Markov property is omitted. This 
onditionis improved in [21, 55℄. The underlying stationary models 
alled Random Systems with CompleteConne
tions are introdu
ed in [73℄. These pro
esses are de�ned through their marginal 
onditionaldistributions in an extended Markov way. An alternative extension to non-Markovian 
ontext is 
alledVariable Length Markov Chains (see [18℄) : triangular arrays X1,n, . . . ,Xn,n ∈ Pn, are 
onsidered forsome set Pn set of pn-Markov 
hains (here ergodi
ity repla
es the 
ondition of stationarity). Relaxingboth linearity and Markov assumptions in the representation of a random phenomenon, these modelsare widely used in the �elds of parti
le systems or in DNA data analysis.Another way to study time series is based on the 
onditional distributions of the pro
ess (Xt)t∈Z.Dobrushin's existen
e and uniqueness 
onditions given in [33℄ are widely used in this very general
ontext ; we refer the reader to [56℄ for details. Dobrushin's existen
e 
ondition needs regularity of themarginal distributions, 
losely related with sharp mixing 
onditions (see [38℄). Mixing is a restri
tivenotion, as stressed in [1℄ and the main asymptoti
 results still hold under weak dependen
e see e.g.[28, 41℄. Under parti
ular sharp 
onditions in terms of the 
oupling 
oe�
ients τ , the Fun
tional Lawof the Iterated Logarithm still holds (see [28℄).Let (E, ‖ · ‖) be a Bana
h spa
e, 
alled state spa
e of the pro
ess (Xt)t∈Z. Let (ξt)t∈Z be a sequen
eof iid random variables with values in a probability spa
e (E′,B), 
alled innovations or inputs of thesystem. The distribution of (ξt)t∈N on the produ
t probability spa
e (E′N,B⊗N) is denoted by µ. In



2.2. MAIN RESULTS 43this 
hapter, we introdu
e a new nonlinear model that is neither Markovian nor mixing. To use thenotion of τ -weak dependen
e, integrability of the pro
ess shall be satis�ed. Attra
tive 
andidates areBernoulli shifts de�ned as
Xt = H(ξt−j , j ∈ N), for t ∈ Z and H ∈ L

m(µ), for m > 1. (2.2)(See [41, 113℄ for details). Here L
m(µ) denotes the set of E−valued random variables with �nite mthorder moments. These quite general models are τ -weakly dependent (see [29℄ for examples). However,in terms of parsimony, they might not be appropriate. For example, Volterra 
haoti
 models

H(x0, x1, . . .) = a0 +

∞∑

k=1

∞∑

j1,...,jk=0

ak;j1,...,jk
xj1 · · · xjkinvolve a very large family of parameters (ak;j1,...,jk

)k,j1,...,jk>0. Moreover, even if the fun
tional Hexists, in many 
ases we 
annot give it an expli
it form.We 
all Chains with in�nite memory the stationary solutions of equations
Xt = F (Xt−1,Xt−2,Xt−3, . . . ; ξt), (2.3)where F is an E-valued fun
tion properly de�ned in Se
tion 2.2.2. This dynami
 behaviour 
orres-ponds to many times series en
ountered in pra
ti
e. Su
h models may be seen either as linear modelextensions as (2.1) or as Markov model extensions. Examples in Se
tion 2.3 prove that parsimony ispossible for su
h representations, redu
ing 
onsiderably the family of parameters. Existen
e of ourmodels is proved jointly with their integrability, we quote that [17℄ who is interested only in a.s.
onstru
tions in the 
ase of �nite memory obtain optimal existen
e 
riteria (but he does not obtainthe integrability of the solution).After some notations we expli
itly motivate the use of su
h models. Existen
e of moments of order

m and weak dependen
e properties are derived as our main theorem. Approximation by suitable
p−Markov pro
esses is the main tool for the proof.2.2 Main results2.2.1 De�nitionsLet us introdu
e some notations.� The sequen
e (ξt)t∈Z is iid and takes values in a probability spa
e E′.� (E, ‖ · ‖) is a Bana
h spa
e and (Xt)t∈Z an E-valued stationary time series.� For a random variable Z ∈ E and a real number m > 1 we denote ‖Z‖m = (E‖Z‖m)1/m.



44 CAUSAL MODELS� For h : E → R, we let ‖h‖∞ = supx∈E |h(x)| andLip (h) = sup
x 6=y

|h(x)− h(y)|
‖x− y‖ .� Λ1

(
E
) is the set of fun
tions h : E → R su
h that Lip (h) 6 1.Now re
all the notion of τ -weak dependen
e introdu
ed in [28℄.De�nition 2.1 ([28℄) Let (Ω, C,P) be a probability spa
e, M a σ-algebra of C and X be a randomvariable with values in E. Assume that ‖X‖1 < +∞ and de�ne the 
oe�
ient τ as

τ(M,X) =

∥∥∥∥sup

{∣∣∣∣
∫
f(x)PX|M(dx)−

∫
f(x)PX(dx)

∣∣∣∣ , f ∈ Λ1

(
E
)}∥∥∥∥

1An easy way to 
al
ulate this 
oe�
ient is based on a 
oupling argument (see [28℄ for details) :
τ(M,X) 6 ‖X − Y ‖1 where Y , distributed as X, is independent ofM. Moreover if the probabilityspa
e (E,A) is ri
h enough, then there exists X∗ su
h that τ(M,X) = ‖X − X∗‖1. Using thede�nition of τ , the dependen
e between the past of the sequen
e (Xt)t∈Z and its future k-tuples 
anbe assessed. More pre
isely, 
onsider the norm ‖x − y‖ = ‖x1 − y1‖ + · · · + ‖xk − yk‖ on Ek, set
Mp = σ(Xt, t 6 p) and

τk(r) = max
16l6k

1

l
sup{τ(Mp, (Xj1 , . . . ,Xjl

)), p + r 6 j1 < · · · < jl},

τ∞(r) = sup
k>0

τk(r).From now on, for simpli
ity sake and without 
onfusion, τ∞(r) is denoted by τ(r) . The time series
(Xt)t∈Z is τ -weakly dependent when the sequen
e of its 
oe�
ients τ(r) tends to 0 as r tends toin�nity. Asymptoti
 results in this setting are given in [28℄.2.2.2 The modelBernoulli shifts given by eqn. (2.2) are not mixing in general but they are weakly dependent.Proposition 2.1 ([28℄) Let (ξ′−j)j∈N be distributed as µ and independent of (ξ−j)j∈N. Assume that
H ∈ L

1(µ) and that there exists a sequen
e δr ↓ 0 as r →∞ su
h that
∥∥H (ξr−j, j ∈ N)−H

(
ξr, ξr−1, . . . , ξ1, ξ

′
0, ξ

′
−1, . . .

)∥∥
1
6 δr, (2.4)then (Xt)t∈Z = H(ξt−j , j ∈ N) is τ -weakly dependent with τ(r) 6 δr.Su
h fun
tions H need not to be de�ned over all E′N but they are however a.s. de�ned on thesupport S of µ ; this set 
ontains S(N), the set of �nite sequen
es with elements in S where S denotes
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ξ0 distribution's support. The fun
tion H is usually unknown and we 
laim that the equation (2.3)is physi
ally more signi�
ant.In order to properly de�ne the model we introdu
e proje
tive family sets of fun
tions F . Let Etogether with its Borel σ−�eld A and Ek for k > 1 together with the natural σ−�eld A⊗k. Then
F =

{(
F (k)

)

k∈N

/ ∀k ∈ N, F (k) : Ek × E′ → E measurable su
h that,
∀(x1, . . . , xk) ∈ Ek,∀u ∈ E′, F (k)(x1, . . . , xk;u) = F (k+1)(x1, . . . , xk, 0;u)

}
.When it exists, the limit in L

1 of the random sequen
e F (k)(x1, . . . , xk; ξ0) (as k → ∞) is denotedby F (x1, . . . , xk, . . . ; ξ0) for ea
h E-valued sequen
e (xk)k∈N.The domain of F is not properly de�ned be
ause it depends on F itself. For the AR(∞) models givenby (2.1), it 
ontains {
(xk)k∈N∗

/∑

j>1

|ajxt−j | <∞
}
, if ‖ξ0‖1 <∞.For example bounded sequen
es satisfy this relation but also some unbounded ones sin
e we assumed

∑
j>1 |aj | <∞.For m > 1, 
onsider the subsets of F denoted LIPm of all proje
tive families (F (k))k satisfying forall k ∈ N

∗
∥∥∥F (k)(x1, . . . , xk; ξ0)− F (k)(y1, . . . , yk; ξ0)

∥∥∥
m
6

k∑

j=1

aj‖xj − yj‖,for all (x1, x2, . . .), (y1, y2, . . .) and where (aj)j is a sequen
e of nonnegative real numbers. In this
ase, it dire
tly follows that
‖F (x1, x2, x3, . . . ; ξ0)− F (y1, y2, y3, . . . ; ξ0)‖m 6

∞∑

j=1

aj‖xj − yj‖.Our main results hold if (F (k)
)
k
∈ LIPm with

µ0 =
∥∥∥F (0)(ξ0)

∥∥∥
m
< ∞, (2.5)

a =

∞∑

j=1

aj < 1. (2.6)Note that from Hölder's inequality the previous 
onditions (2.5) and (2.6) also hold for m = 1. Thisvalue of m = 1 is the only one required to prove τ -weak dependen
e ; however higher order momentsare needed to derive limit theorems (see [26, 40℄). Assumption (2.5) leads to a moment assumptionon the variable F (0, 0, 0, . . . ; ξ0) while assumption (2.6) leads to a 
ontra
tion 
ondition on F (·; ξ0)when these limits exist.



46 CAUSAL MODELSTheorem 2.1 Assume properties (2.5) and (2.6) hold for some m > 1, then there exists a τ -weaklydependent stationary solution (Xt)t∈Z of eqn. (2.3) su
h that ‖Xt‖m < ∞ with τ(r) 6 C ·
(
ar/p +

∞∑
k=p

ak

) for ea
h p ∈ N
∗ and some 
onstant C depending only on µ0 and a. This solution is the uniqueone su
h that (Xj)j<t and ξt are independent for all t.Remarks� For two spe
ial 
ases of de
reasing of the sequen
e (aj)j>1 the result of the theorem leads to- If aj 6 ce

−βj then τ(r) 6 Ce−√
αβr where α = − ln a.- If aj 6 cj

−β with β > 1 then τ(r) 6 C (ln r/r)β−1.� As mentioned in the introdu
tion, RSCC are de�ned through their marginal 
onditional distri-butions. We quote here that using su
h strong 
onditions as well as an additional irredu
ibility
ondition, the 
oe�
ient of φ-mixing of an RSCC rea
hes the bound given in Theorem 2.1.5, page42 of [72℄. This bound has exa
tly the same form as our bound for τ(r). For this, the authors �rst
ontrol the rate of 
onvergen
e of su
h a system to its limit distribution with respe
t to the totalvariation norm, in Theorem 2.1.3, page 40 of [72℄. Here we do not assume any regularity 
onditionon the inputs (like absolute 
ontinuity), whi
h justi�es the point that the result of [72℄ 
annot beexpe
ted here. [1℄ provides a non-mixing stationary solution of an equation similar to eqn. (2.3).We re
all here that (τ(r))r∈Z ensures most of the limit theorems obtained in the φ−mixing setting,[28℄.� Let (Xt)t∈Z be a solution of eqn. (2.3) su
h that (Xj)j<t and ξt are independent for all t. Then
onditions (2.5) and (2.6) for m = 1 are equivalent to Dobrushin's uniqueness 
onditions of thestationary measure (if it exists) for (Xt)t∈Z as given in [33℄. In the 
ase of �nite state spa
e (asin [55℄), 
onditions also imply both existen
e and uniqueness of a solution of an auto-regressiveequation. Following this work, we 
ould 
alled 
onditions (2.5) and (2.6) the one-sided (or 
ausal)Dobrushin's 
onditions.Initialisation : Y ← 0, k ← 1.While k 6 n : u ∼ ξ0, U ← (U, u).
x = F (k)(Y, u), X ← (X,x).
Y ← (X̃k, Y ), k ← k + 1.End
X = (X̃1, . . . , X̃n).Fig. 2.1 � AlgorithmThe proof involves a p-Markov approximation stated below. These p-Markov pro
esses 
an be ap-proximated by simulations. These simulations are di�erent for ea
h order p and then the 
omplete



2.3. EXAMPLES 47method is not a re
ursive one. A re
ursive way to approximate the stationary measure is given in�gure 2.1.Corollary 2.1 Assume that 
onditions (2.5) and (2.6) hold. Let (Xt)t∈Z be the solution of (2.3).Conditionally to {(ξ1, . . . , ξn) = U},
‖X̃r −Xr‖Φ 6

‖X0‖Φ
1− a inf

p>1


ar/p +

1

1− a
∞∑

k=p+1

ak


→ 0 as r →∞.The bound is similar than the one obtained for τ(r).2.3 ExamplesThis se
tion presents some examples for E = R

d with d > 1. Many appli
ations may be 
onsideredwith models satisfying eqn. (2.3). They 
ould be either seen as an extension to in�nite memory ofsolutions of Sto
hasti
 Re
urren
e Equations of [17℄ or as nonlinear extension of LARCH(∞) modelsof [47, 58℄.Example 2.1 (Markov models) The �rst example is the standard and well known p-Markov sys-tem :
Xt = F (Xt−1, . . . ,Xt−p; ξt). (2.7)[77℄ stresses the fa
t that su
h equations des
ribe all the p Markov pro
esses. As soon as ∑p

j=1 aj =

a < 1, [28℄ prove the existen
e of α < 1 su
h that τ(r) 6 αr for solutions of this system for t > 0with X0 following the stationary distribution. The �rst part of our proof is devoted to 
onstru
t asolution of eqn. (2.7) on all Z and to improve the rate setting τ(r) 6 ar/p (see Se
tion 2.4 for moredetails).� Nonlinear autoregressive modelsIf we let E′ = E and
F (x1, . . . , xp; s) = R(x1, . . . , xp) + s,nonlinear autoregressive models 
an be written as in eqn. (2.7). In this 
ase, 
ondition (2.5) followsfrom ‖ξ0‖m <∞ while 
ondition (2.6) be
omes

‖R(y1, . . . , yp)−R(x1, . . . , xp)‖ 6
p∑

j=1

aj‖xj − yj‖, with p∑

j=1

aj < 1.The fa
t that the series does not depend on all its past leads to better asymptoti
 results thanthose implied by the weak dependen
e result of Theorem 2.1 (see [51℄ for detailed results).



48 CAUSAL MODELS� Random AR(1) modelsSolutions of the equation Yt = AtYt−1 + ζt, o

ur naturally as iterated random fun
tions ; [31℄show that these models present fra
tal behaviours. Here Xt = Yt with F (x1; (a, ζ)) = ax1 + ζ and
ξt = (At, ζt). The iid input sequen
e 
an be written as ξt = (At, ζt) with At a d× d-matrix and ζtan E-valued sequen
e. This model satis�es ‖F (x; ξ)−F (x′; ξ)‖m 6 ‖A0‖m‖x1−x′1‖ and 
ondition(2.6) is satis�ed as soon as ‖A0‖m < 1. These models 
ould be seen as solutions of a sto
hasti
re
urren
e equation. Weaker 
onditions related to a Lyapunov exponent for the existen
e of an a.s.solution are obtained in [17℄.Example 2.2 (Random AR(∞) models) Let us 
onsider the iid sequen
e {ξt = ((Aj,t)j>0, ζt)}t∈Zwith Aj,t a d×d random matrix for all j > 0 and ζt an E-valued sequen
e. Here E′ =Mk,d(R)N

∗×E.An in�nite memory extension of random AR(1) models is the solution to the equation
Xt =

∞∑

j=1

Aj,tXt−j + ζt.If ζ0 ∈ L
m and ∑∞

j=1 ‖Aj,0‖m < 1, 
onditions (2.5) and (2.6) hold.Example 2.3 (Robust bilinear models) Here d = 1 (E = R) and E′ = R. Solutions of theequation Xt = Atξt +Bt, where
At =

∞∑

j=1

αj(Xt−j), Bt =

∞∑

j=1

βj(Xt−j).extend on the bilinear models in [43℄ whi
h 
orrespond to linear fun
tions, αj , βj . Classi
al modelslike ARCH or GARCH pro
esses take this form. Assume ∑∞
j=1 Lipαj < 1, ∑∞

j=1 Lip βj < 1 and
ξ0 ∈ L

m, then 
onditions (2.5) and (2.6) are satis�ed. A simple 
lass of su
h models is providedwith a �xed Lips
hitz fun
tion h and αj(x) = ajh(x) and βj(x) = ajh(x) for sequen
es of 
onstants
{aj}j>0, {bj}j>0. We 
onsider bounded approximations of identity su
h that h(x) = x ∨M ∧ (−M)to introdu
e more robust versions of the models in [43℄.Example 2.4 (NLARCH(∞) models) A generalization of LARCH(∞) models in [58, 47℄ is givenby equation

Xt = ξt


α+

∞∑

j=1

αj(Xt−j)


 .where now Xt ∈ E, ξt is a d× k matrix (here E′ =Mk,d(R)), α ∈ R

k and αj : E → R
k are Lips
hitzfun
tions ; in [58, 47℄ linear fun
tions αj(x) = cjx are 
onsidered for k × d matri
es cj . Assumption(2.6) holds as soon as ‖ξ0‖m∑∞

j=1 Lipαj < 1.



2.3. EXAMPLES 49Example 2.5 (Models with linear inputs) Let f : R
k × E′ → E be measurable an satisfy

‖f(t, ξ0)− f(s, ξ0)‖m 6 L‖t− s‖ for some �nite 
onstant, we 
onsider
Xt = f(At, ξt), At =

∞∑

j=1

cjXt−j ,here cj denote k× d matri
es. Then the previous relation (2.6) holds with aj = L‖cj‖. This is a verynonlinear 
ase for whi
h one only needs to produ
e a fun
tion of two variables and a sequen
e of
onstants. Ka
 used su
h type of mean �eld models in statisti
al me
hani
s in [76℄.Example 2.6 (Threshold models) Setting ξt = (ζt, νt), threshold models may be written as
Xt =

J∑

j=1

1lνt∈EjFj(Xt−1,Xt−2, . . . ; ζt)for a measurable partition of (Ej)16j6J of the spa
e of values E′ of νt. More 
ompli
ated thresholdmodels are given by a measurable partition E1, . . . , EJ of R
k × E′ and

Xt =

J∑

j=1

1l{(G(Xt−1,Xt−2,...),νt)∈Ej}Fj(Xt−1,Xt−2, . . . ; ζt)for a given fun
tion G of the past of the pro
ess with value in R
k. Conditions (2.5) and (2.6) hold ifthe fun
tions Fj are su�
iently 
ontra
tive for j > 1.Example 2.7 (A�ne models) Let us 
onsider the spe
ial 
ase of 
hains with in�nite memory that
an be written in a bilinear form

Xt = Mtξt + ft, (2.8)where Mt = M(Xt−1, . . .) and ft = f(Xt−1, . . .) are both Lips
hitz fun
tions of the past values
(Xt−1,Xt−2,Xt−3, . . .). If

‖ξ0‖Φ
∞∑

i=1

LipMi +

∞∑

i=1

Lip fi < 1,the existen
e of a unique solution of eqn. (2.8) that has �nite moment and weakly dependent propertiesfollow from Theorem 2.1. This model enlarges many 
lassi
al e
onometri
 equations (ARCH, GARCH,ARMA, ARMA-GARCH, et
. . . ). Using ideas from [43℄, we also prove in the appendix the existen
eof the joint densities of the solution. Su
h result is ne
essary to obtain nonparametri
 estimatorsbehavior, see [100℄.Proposition 2.2 (Regularity of a�ne models) Here E = E′ = Rd for some d > 1. Suppose thatthe innovations (ξt)t∈Z in the model (2.8) admit a 
ommon bounded marginal density fξ. Moreover,



50 CAUSAL MODELSif inf(xj)j>0
detM((xj)j>0) = M > 0, the marginal densities fX1,...,Xn of (X1, . . . ,Xn) exist for all

n > 0 and satisfy
‖fX1,...,Xn‖∞ 6M−n‖fξ‖n∞.Remark 2.1 By integration we obtain the existen
e and the boundary of the marginal density of X0and of the joint densities of the 
ouples (X0,Xk)k>0.Proof 1 The solution, written as Xt = H(ξt, ξt−1, . . .) in Se
tion 2.4.3, is independent of (ξj)j>t.Then, if G is a 
ontinuous and bounded fun
tion,

EG(X1) = EG(M(X0, . . .)ξ1 + f(X0, . . .))

=

∫ ∫
G(M(u)s1 + f(u)) fξ(s1)ds1P(X0,...)(du)

6 M

∫ ∫
G(x1) fξ(M

−1(u)(x1 − f(u)))P(X0,...)(du)ds1.The last inequality follows from the substitution M(u)s1 + f(u) = x1, the assumption ensuring that
M(u) is invertible. We obtain

fX1(x1) 6M
−1

∫
fξ(M

−1(u)(x1 − f(u)))P(X0,...)(du) 6M
−1‖fξ‖∞.Let prove the proposition by re
ursion that ‖fX1,...,Xn‖∞ 6M−n‖fξ‖n∞.

EG(X1, . . . ,Xn) = EG(X1, . . . ,Xn−1,M(Xn−1, . . .)ξn + f(Xn−1, . . .))

=

∫ ∫ ∫
G(x1, . . . , xn−1,M(xn−1, . . . , x1, u)sn + f(xn−1, . . . , x1, u))

fξ(sn)dsnf(X1,...,Xn−1)(x1, . . . , xn−1)dx1 · · · dxn−1P(X0,...|X1,...,Xn−1)(du).The substitution M(xn−1, . . . , x1, u)sn + f(xn−1, . . . , x1, u) = xn leads to
fX1,...,Xn(x1, . . . , xn) 6M−1

∫∫
fξ(M

−1(xn−1, . . . , x1, u)(xn − f(xn−1, . . . , x1, u)))

f(X1,...,Xn−1)(x1, . . . , xn−1)dx1 · · · dxn−1P(X0,...|X1,...,Xn−1)(du).We obtain the re
ursive assumption with ‖fX1,...,Xn−1‖∞ 6M−(n−1)‖fξ‖n−1
∞ .2.4 Proofs of the main resultsFirstly, we prove a useful algebrai
 result, see Lemma 2.1. Se
ondly, we 
onstru
t a solution ofeqn. (2.7) on all Z and then we use it to approximate the solution of eqn. (2.3). Then, existen
e of thein�nite memory 
hain is obtained with p → ∞ in Subse
tion 2.4.3 and weak dependen
e propertiesare derived from both a sharp 
ontrol of the 
oe�
ient τ for the p−Markov approximations (seeLemma 2.4) and the use of 
oupling te
hniques. Finally the proof of 
orollary 2.1 is given.



2.4. PROOFS OF THE MAIN RESULTS 512.4.1 An algebrai
 preliminaryLemma 2.1 Let u0 > 0 and (un)n∈Z be a real sequen
e su
h that |un| 6 u0 if n < 0. Assume that
un =

p∑

i=1

αiun−i, ∀n > 0, (2.9)where (α1, . . . , αp) are �xed nonnegative numbers with α =
∑p

i=1 αi. Then,
un 6 α

n/pu0, ∀n > 0.Proof 2 Let us denote by Q(x) = xp−α1x
p−1− · · · −αpx

0 and by ρ the largest modulus of the rootsof the polynomial Q. We may bound this modulus ρ of the largest zero of Q, this zero is real andnonnegative as this is proved in [96℄ (Exer
ise 20, page 106) and
ρ 6 max

16i6p

(
αi

ci

)1/i

,for all c1, . . . , cn > 0 su
h that c1 + · · · + cn 6 1. With the appropriate 
hoi
e ci 6 αi(1 + ε) where
1/(1 + ε) > α, we obtain ρ 6 α1/p.Now, let U (p)

n = (un, . . . , un−p+1)
′ and let Cα be the 
ompanion matrix asso
iated with Q(x). Let

b ∈]0, 1] to be determined later. We de�ne a norm on R
p by ‖(z1, . . . , zp)′‖b = max16i6p |zibi−1|.Then ∥∥∥U (p)

n

∥∥∥
b
=
∥∥∥CαU

(p)
n−1

∥∥∥
b
.Sin
e ‖Cα‖b = sup‖z‖b61 ‖Cαz‖b simple 
al
ulations yield

‖Cα‖b = sup
‖z‖b61

{∣∣∣∣∣

p∑

i=1

αizi

∣∣∣∣∣ ∨ max
16i6p−1

bi|zi|
}
6

p∑

i=1

αib
1−i ∨ b.Now, 
hoosing b = ρ, then we get

‖Cα‖ρ 6 ρ 6 α1/p.To 
on
lude we have
un 6

∥∥∥U (p)
n

∥∥∥
ρ
6 ‖Cα‖nρ

∥∥∥U (p)
0

∥∥∥
ρ
6 αn/p

∥∥∥U (p)
0

∥∥∥
ρ
6 αn/pu0.2.4.2 Markov stationary approximationIn order to 
onstru
t a solution to eqn. (2.3) we 
onsider, for ea
h �xed p > 0 and q > 0, the p-Markovpro
ess (Xp,q,t)t>0 de�ned by Xp,q,t = 0 for t 6 −q and through the re
urren
e equation for t > q

Xp,q,t = F (Xp,q,t−1, . . . ,Xp,q,t−p, 0, . . . ; ξt). (2.10)



52 CAUSAL MODELSWe �rst noti
e that X0,q,t = F (0, . . . ; ξt) for t > −q is an iid sequen
e. The Lips
hitz 
ondition (2.6)implies
‖Xp,q+1,0 −Xp,q,0‖m 6

p∑

i=1

ai ‖Xp,q+1,−i −Xp,q,−i‖m

6

p∑

i=1

ai ‖Xp,q+1−i,0 −Xp,q−i,0‖m .The se
ond inequality derives from the fa
t that by de�nition Xp,q,−i and Xp,q−i,0 have the same lawfor ea
h triplet of positive integers (p, q, i). Let us 
onsider the sequen
e vn = ‖Xp,n+1,0 −Xp,n,0‖mfor n ∈ Z. Here vn = 0 if n < 0. For n > 0

vn 6

p∑

i=1

aivn−i.Then, vn 6 un for any real sequen
e (un)n∈Z verifying eqn. (2.9) with αi = ai, un = 0 for n < 0 and
u0 = v0. Then, using Lemma 2.1, we rea
h the bound

vn 6 a
n/pv0 6 a

n/p‖Xp,1,0‖m 6 an/p‖F (0, . . . ; ξt)‖m 6 an/pµ0.Hen
e, for ea
h p, (Xp,n,0)n∈N is a Cau
hy sequen
e in L
m ; it 
onverges to some Xp,0 ∈ L

m. It isalso 
lear that Xp,n,0 is measurable with respe
t to the σ−algebra generated by {ξt, t 6 0}. The L
m-
onvergen
e ensures that this is also the 
ase for Xp,0. Hen
e Xp,0 = Hp(ξ0, ξ−1, . . .) for some suitablemeasurable fun
tion Hp. The same argument for ea
h t ∈ Z proves that Xp,t = Hp(ξt, ξt−1, ξt−2, . . .).LetXp,n,t = (Xp,n,t, . . . ,Xp,n,t−p) for ea
h t ∈ Z. As previously, the (E)p+1-valued sequen
e (Xp,n,0)n∈N
onverges in L

m (as n → ∞). Its marginal distributions satisfy relation (2.10). As n ↑ ∞, a 
onti-nuity argument (on F ) implies that Xp,0 = F (Xp,−1, . . . ,Xp,−p, 0, . . . ; ξ0). For ea
h t ∈ Z, we applythe same argument to Xp,n,t. Then the sequen
e (Xp,t)t∈Z is a stationary solution of the re
urren
eequation (2.10) for ea
h p > 0.Now, 
onsider
µp = ‖Xp,t‖m, µ = sup

p>0
µp, (2.11)

∆p,t = ‖Xp+1,t −Xp,t‖m, ∆p = sup
t∈Z

∆p,t, (2.12)Note that the de�nition of µp given here for p > 0 
an also be extended to p = 0 sin
e X0,t =

F (0, . . . ; ξt) satis�es by de�nition ‖X0,t‖m = µ0 from eqn. (2.5). Then from eqn. (2.6), we obtain
µp 6 ‖Xp,t −X0,t‖m + µ0 6

∑p
j=1 aj‖Xp,t−j‖m + µ0 6 µp

∑p
j=1 aj + µ0,hen
e µp 6

1

1− a · µ0. We state this useful result as Lemma 2.2.



2.4. PROOFS OF THE MAIN RESULTS 53Lemma 2.2 Assume properties (2.5) and (2.6) hold for some m > 1, then the expression de�ned by(2.11) satis�es the bound
µ = sup

p>0
µp 6

µ0

1− a.In a similar way, we get
∆p,t =

∥∥∥F (Xp+1,t−1, . . . ,Xp+1,t−p−1, 0, . . . ; ξt)− F (Xp,t−1, . . . ,Xp,t−p, 0, . . . ; ξt)
∥∥∥

m

6

p∑

j=1

aj‖Xp+1,t−j −Xp,t−j‖m + ap+1‖Xp+1,t−p−1‖m

6

p∑

j=1

aj∆p,t−j + ap+1‖Xp+1,t−p−1‖mThe previous equation implies ∆p 6
ap+1

1− a · µ, thus with Lemma 2.2 we obtain Lemma 2.3.Lemma 2.3 Assume properties (2.5) and (2.6) for some m > 1, then the expression de�ned byeqn. (2.11) satis�es the bound
∆p 6 ap+1 ·

µ0

(1− a)2 .2.4.3 Proof of existen
e in Theorem 2.1Quote �rst that Lemma 2.3 implies that Xp,t → Xt in L
m sin
e this spa
e is 
omplete. The 
ontinuityof F ensures that Xt is a solution of eqn. (2.3). Furthermore, as a limit in L

m of stationary pro
essesadmitting a moment of order m, Xt is also stationary (in law) and ‖Xt‖m < ∞. Finally, Xt =

H(ξt, ξt−1, ξt−2, . . .) as a limit in L
m of Xp,t = Hp(ξt, ξt−1, ξt−2, . . .).2.4.4 Proof of weak dependen
e in Theorem 2.1Previous assumptions with m = 1 are enough for this se
tion. We need the following lemma.Lemma 2.4 Assume that (2.6) and (2.5) hold with m = 1, then the Markov 
hain (Xp,t)t ineqn. (2.10) is weakly dependent with

τp(r) 6 a
r/p.Proof 3 Our proof follows the lines of [51℄. We improve the result from [28℄ by using the Lemma2.1. As quoted in Se
tion 2.2, we use 
oupling to evaluate the τ -
oe�
ient. Let (ξ′t)t be a pro
essdistributed as (ξt)t and independent of the innovation. We de�ne the pro
ess (X∗

p,t)t as
X∗

p,t =

{
F (X∗

p,t−1, . . . ,X
∗
p,t−p, 0, . . . ; ξ

′
t), for t 6 0;

F (X∗
p,t−1, . . . ,X

∗
p,t−p, 0, . . . ; ξt), for t > 0;



54 CAUSAL MODELSUsing the approximation of the Se
tion 2.4.2, we equivalently �nd a sequen
e of measurable variableswith respe
t to the σ−algebra generated by ξ′t, t 6 0 denoted (X∗
p,n,0)n∈N su
h that it 
onverges in

L
m to X∗

p,0 ∈ L
m. The L

m-
onvergen
e ensures this is also the 
ase for Xp,0. Then, by de�nition of
ξ′t, t 6 0, X∗

p,0 is independent of Xp,0. Due to the 
oupling property of the 
oe�
ient τ , we obtain
τp(r) 6 ‖Xp,r −X∗

p,r‖1.It is easy to 
he
k that assumption (2.6) leads to
‖Xp,r −X∗

p,r‖1 6
p∑

i=1

ai‖Xp,r−i −X∗
p,r−i‖1.Denoting wr = ‖Xp,r−X∗

p,r‖1 for r ∈ Z, we use again the Lemma 2.4.2 and the relation ‖F (0, . . . ; ξ0)‖1 =

µ0 (for m = 1) to obtain
τp(r) 6 wr 6 a

r/pw0 6 2µpa
r/p 6 2

‖F (0, . . . ; ξ0)‖1
1− a · ar/p.Now, let us de�ne the pro
ess (X∗

t )t by
X∗

t =

{
F (X∗

t−1,X
∗
,t−2, . . . ; ξ

′
t), for t 6 0;

F (X∗
t−1,X

∗
t−2, . . . ; ξt), for t > 0;We remark that (X∗

t )t is also a stationary 
hain with in�nite memory. Lemma 2.3 gives
‖Xr −Xp,r‖1 6

∞∑

k=p

∆k 6 C
∞∑

k=p

ak+1.The same bound also holds for the quantity ‖X∗
r −X∗

p,r‖1. For ea
h integer p
τ(r) 6 ‖Xr −X∗

r ‖1
6 ‖Xr −Xp,r‖1 + ‖Xp,r −X∗

p,r‖1 + ‖X∗
r −X∗

p,r‖1

6 A


ar/p +

∞∑

k=p

ak+1


 .If aj 6 ce−βj , we 
hoose p ≈ √αr/β where e−α = a < 1 to derive the bound τ(r) 6 Ce−

√
αβrfor some suitable 
onstant C > 0. If aj 6 cj−β , we 
hoose p su
h that p ln p(1 − β)/ ln a ≈ r thenthere exists C > 0 su
h that τ(r) 6 Cp1−β. Finally remark that ln r ∝ ln p + ln ln p and then

ln r/r ∝ 1/p(1 + ln ln p/ ln p) ∝ 1/p as p tends to in�nity with r.2.4.5 Proof of Corollary 2.12.4.6 Proof of Corollary 2.1We de�ne re
ursively the pro
ess (X̃k

)
k>1

by the relation
X̃k = F

(
X̃k−1, . . . , X̃1, 0, . . . ; ξk

)
.



2.4. PROOFS OF THE MAIN RESULTS 55We work 
onditionnally to the event {ξ1, . . . , ξn} = U and we �x X̃i = 0 for i 6 0. Let n be a �xedinteger and sn 6 n− 1. Let (Xt)t∈Z be the stationary solution of Xt = F (Xt−1,Xt−2, 0, . . . ; ξt). TheLips
hitz assumption (2.6) leads to, for 1 6 k 6 n

∥∥∥X̃k −Xk

∥∥∥
Φ
6

k−1∑

i=1

ai

∥∥∥X̃k−i −Xk−i

∥∥∥
Φ

+ ‖X0‖Φ
∑

i>k

ai.The sequen
e vk =
∥∥∥X̃k+1 −Xk+1

∥∥∥
Φ
satis�es the re
ursion, for all k > 1

vk 6

k∑

j=1

ajvk−j + ukwith uk := ‖X0‖Φ
∑

j>k aj for k > 1. Remark that uk ↓k→∞ 0. We �rst prove the boundness of
(vk)k∈N. Let ℓ be a �xed integer. For all k su
h that ℓ > k, vk 6 a supi6ℓ vi + u1. We dedu
e that
supi6ℓ vi 6 u1. Finally ‖v‖∞ 6 a‖X0‖Φ/(1 − a).Let s be an integer. Now for all k su
h that ℓ > k + s,

vℓ 6

k∑

j=1

ajvℓ−j +
ℓ∑

j=k+1

ajvℓ−j + uℓ

6 a sup
j>s

vj + ‖v‖∞
∞∑

j=k+1

aj + uk+s.This inequality holds for all ℓ > k + s then
sup

j>k+s
vj 6 a sup

j>s
vj + ‖v‖∞

∞∑

j=k+1

aj + uk.We dedu
e that
sup
j>nk

vj 6 a
n‖v‖∞ +

1

1− a


‖v‖∞

∞∑

j=k+1

aj + uk


 .Using the bound on ‖v‖∞ leads to the result. Final remark. Statisti
al issues of the general modelsintrodu
ed here will be studied in more details in a further 
hapter ; their identi�
ation and their usefor real data will be espe
ially detailed.
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Chapitre 3An invarian
e prin
iple for weaklydependent stationary general models
Abstra
tThe aim of this 
hapter is to re�ne a weak invarian
e prin
iple for statio-nary sequen
es given by Doukhan & Louhi
hi (1999). Sin
e our 
ondi-tions are not 
ausal our assumptions need to be stronger than the mixingand 
ausal θ-weak dependen
e assumptions used in Dede
ker & Doukhan(2003). Here, if moments of order > 2 exist, a weak invarian
e prin
ipleand 
onvergen
e rates in the CLT are obtained ; Doukhan & Louhi
hi(1999) assumed the existen
e of moments with order > 4. Besides thepreviously used η- and κ-weak dependen
e 
onditions, we introdu
e aweaker one, λ, whi
h �ts the Bernoulli shifts with dependent inputs.Keywords : Invarian
e prin
iple, weak dependen
e, the Bernoulli shifts
NoteThe 
ontent of this part is based on a paper, written in 
ollaboration with PaulDoukhan, a

epted in Probability and Mathemati
al Statisti
s.57



58 NON CAUSAL MODELS3.1 Introdu
tionLet (Xt)t∈Z be a real-valued stationary pro
ess. A huge amount of appli
ations make use of su
htimes series.Several ways of modeling weak dependen
e have already been proposed. One of the most popular isthe notion of mixing, see [38℄ for bibliography ; this notion leads to a very ni
e asymptoti
 theory, inparti
ular a weak invarian
e prin
iple under very sharp 
onditions (see [101℄ for the strong mixing
ase). Su
h mixing 
onditions entail restri
tions on the model. For example, Andrews exhibits in [1℄the simple 
ounter-example of an auto-regressive pro
ess whi
h does not satisfy any mixing 
onditionand innovations need mu
h regularity in both MA(∞) and Markov models. Doukhan & Louhi
hiintrodu
ed in [41℄ new weak dependen
e 
onditions in order to solve those problems. We intend tosharpen their assumptions leading to a weak invarian
e prin
iple.A 
ommon approa
h to derive a weak invarian
e prin
iple for stationary sequen
es is based on amartingale di�eren
e approximation. This approa
h was �rst explored by Gordin in [62℄ ; ne
essaryand su�
ient 
onditions were found by Heyde in [69℄. Let Mt be a �ltration. Heyde's martingaledi�eren
e approximation is equivalent to the existen
e of moments of order 2 and
∞∑

t=0

E(Xt|M0) and ∞∑

t=0

(X−t − E(X−t|M0)) 
onverge in L
2. (3.1)Martingale theory leads dire
tly to invarian
e prin
iples (see also [111℄). In the following, the adapted
ase refers to the spe
ial 
ase where Xt isMt-measurable. The natural �ltration is written asMt =

σ(Yi, i 6 t) for independent and identi
ally distributed inputs (Y )t∈Z ; thus Xt 
an be written as afun
tion of the past inputs :
Xt = H(Yt, Yt−1, . . .). (3.2)Then only the �rst series in (3.1) needs to be 
onsidered. Using the Lindeberg te
hnique, Dede
ker &Rio relax (3.1) in [30℄. Bernstein's blo
ks method allowed Peligrad & Utev to also improve on (3.1) in[91℄. Su
h proje
tive 
onditions are related to dependen
e 
oe�
ients ; Dede
ker & Doukhan obtainsharp results for the 
ausal θ-dependen
e in [26℄ and Merlevède et al. address the mixing 
ases in ani
e survey paper [88℄.Martingale di�eren
e approximation is not always easy, for instan
e in the parti
ular 
ase where anatural �ltration does not exist. The most striking example is given by asso
iated sequen
es (Xt)t∈Z.Let us re
all this notion. A series is said to be asso
iated if Cov(f1, f2) > 0 for any two 
oordinatewisenonde
reasing fun
tions f1 and f2 of (Xt1 , . . . , Xtm) with Var (f1)+Var (f2) <∞. However, Newman& Wright obtain in [90℄ a weak invarian
e prin
iple under the existen
e of se
ond order moments and

σ2 =
∑

t∈Z

Cov(X0,Xt) <∞. (3.3)



3.2. DEFINITIONS AND MAIN RESULTS 59Theorems 3.1 and 3.2 propose invarian
e prin
iples under general assumptions : they apply to thenon-
ausal Bernoulli shifts with weakly dependent inputs (Yt)t∈Z,
Xt = H(Yt−j , j ∈ Z). (3.4)Heredity of weak dependen
e through su
h non-linear fun
tionals follows from a new λ-weak depen-den
e property ; a fun
tion of a λ-weak dependen
e pro
ess is λ-weakly dependent, see Se
tion 3.3.2.Analogous models with dependent inputs are already 
onsidered by [16℄. If Xt =

∑
j∈Z

αjYt−j , Peli-grad & Utev prove in [92℄ that the Donsker invarian
e prin
iple holds for X as soon as it holds for theinnovation pro
ess Y . The non-linearity of H 
onsidered here is an important feature whi
h has notbeen frequently dis
ussed in the past. The 
ondition of moments with order > 4 on the observationsneeded in [41℄ is redu
ed to a one of moments with order > 2 and the results rely on spe
i�
 de
ays ofthe dependen
e 
oe�
ients. We do not rea
h the se
ond order moment 
ondition of [69℄ (or proje
tive
onditions) and [90℄. We 
onje
ture that some times series satisfy weak dependen
e 
onditions withfast enough de
ay rates in order to ensure a Donsker type theorem but they do not satisfy neither
ondition (3.1) nor other proje
tive 
riterion (see [88℄) nor asso
iation nor Gaussianity. More generalmodels (3.4) are 
onsidered here while 
ausal models (3.2) �t to the adapted 
ase and to proje
tive
onditions. However, proving this 
onje
ture is really di�
ult sin
e 
ondition (3.1) has to be 
he
kedfor ea
h σ-algebraM0.The 
hapter is organized as follows. In Se
tion 3.2 we introdu
e various weak dependent 
oe�
ientsin order to state our main results. Se
tion 3.3 is devoted to examples of weak dependent models forwhi
h we dis
uss our results. We shall fo
us on examples of λ-weakly dependent sequen
es. Proofsare given in the last se
tion ; we �rst derive 
onditions ensuring the 
onvergen
e of the series σ2. Abound of the ∆-moment of a sum (with 2 < ∆ < m) is proved in Se
tion 3.4.2 ; this bound is ofan independent interest sin
e eg. it dire
tly yields the strong laws of large number. The standardLindeberg method with Bernstein's blo
ks is developed in Se
tion 3.4.3 and yields our versions of theDonsker theorem. Convergen
e rates of the CLT are obtained in Se
tion 3.4.4.3.2 De�nitions and main results3.2.1 Weak dependen
e assumptionsDe�nition 3.1 (Doukhan & Louhi
hi, 1999) The pro
ess (Xt)t∈Z is said to be (ε, ψ)-weakly de-pendent if there exist a sequen
e ε(r) ↓ 0 (as r ↑ ∞) and a fun
tion ψ : N
2 × (R+)2 → R

+ su
hthat
|Cov(f(Xs1 , . . . ,Xsu), g(Xt1 , . . . ,Xtv )| 6 ψ(u, v,Lip f,Lip g)ε(r),



60 NON CAUSAL MODELSfor any r > 0 and any (u + v)-tuples su
h that s1 6 · · · 6 su 6 su + r 6 t1 6 · · · 6 tv, where thereal valued fun
tions f, g are de�ned respe
tively on R
u and R

v, satisfy ‖f‖∞ 6 1, ‖g‖∞ 6 1 and aresu
h that Lip f + Lip g <∞ whereLip f = sup
(x1,...,xu)6=(y1,...,yu)

|f(x1, . . . , xu)− f(y1, . . . , yu)|
|x1 − y1|+ · · ·+ |xu − yu|Spe
i�
 fun
tions ψ yield notions of weak dependen
e appropriate to des
ribe various examples ofmodels :� κ-weak dependen
e for whi
h ψ(u, v, a, b) = uvab, in this 
ase we simply denote ε(r) as κ(r) ;� κ′ (
ausal) weak dependen
e for whi
h ψ(u, v, a, b) = vab, in this 
ase we simply denote ε(r) as

κ′(r) ; this is the 
ausal 
ounterpart of κ 
oe�
ients whi
h is re
alled only for 
ompleteness ;� η-weak dependen
e, ψ(u, v, a, b) = ua+ vb, in this 
ase we write ε(r) = η(r) for short ;� θ-weak dependen
e is a 
ausal dependen
e whi
h refers to the fun
tion ψ(u, v, a, b) = vb, in this
ase we simply denote ε(r) = θ(r) (see [26℄) ; this is the 
ausal 
ounterpart of η 
oe�
ients whi
his re
alled only for 
ompleteness ;� λ-weak dependen
e ψ(u, v, a, b) = uvab+ ua+ vb, in this 
ase we write ε(r) = λ(r).Remarks.� Besides the fa
t that it in
ludes η and κ-weak dependen
es, this new notion of λ-weak dependen
ewill be proved to be 
onvenient, for example, for the Bernoulli shifts with asso
iated inputs (seeLemma 3.1 below).� If fun
tions f and g are 
omplex-valued, the previous inequalities remain true if we substitute ε(r)/2to ε(r). A useful 
ase of su
h 
omplex-valued fun
tions is f(x1, . . . , xu) = exp (it(x1 + · · ·+ xu))for ea
h t ∈ R, u ∈ N
∗ and (x1, . . . , xu) ∈ R

u (see Se
tion 3.4.3). This indeed 
orresponds to the
hara
teristi
 fun
tion adapted to derive the 
onvergen
e in distribution.3.2.2 Main resultsLet (Xt)t∈Z be a real-valued stationary sequen
e of mean 0 satisfying
E|X0|m <∞, for a real number m > 2. (3.5)Let us assume that
σ2 =

∑

k∈Z

Cov(X0,Xk) =
∑

k∈Z

EX0Xk > 0. (3.6)Denote by W the standard Brownian motion and by Wn the partial sums pro
ess
Wn(t) =

1√
n

[nt]∑

i=1

Xi, for t ∈ [0, 1], n > 1. (3.7)



3.2. DEFINITIONS AND MAIN RESULTS 61We now present our main results, whi
h are new versions of the Donsker weak invarian
e prin
iple.Theorem 3.1 (κ-dependen
e) Assume that the 0-mean κ-weakly dependent stationary pro
ess (Xt)t∈Zsatis�es eqn. (3.5) and κ(r) = O(r−κ) (as r ↑ ∞) for κ > 2 + 1
m−2 then the previous expression σ2is �nite and

Wn(t)
D−→

n→∞
σW (t), in the Skorohod spa
e D([0, 1]).Remark. Under the more restri
tive κ′ 
ondition, Bulinski & Sashkin obtain in [19℄ invarian
eprin
iples with the sharper assumption κ′ > 1+ 1

m−2 . Our loss is explained by the fa
t that κ′-weaklydependent sequen
es satisfy κ′(r) >∑s>r κs. This simple bound dire
tly follows from the de�nitions.The following result relaxes the previous dependen
e assumptions at the pri
e of a faster de
ay ofthe dependen
e 
oe�
ients.Theorem 3.2 (λ-dependen
e) Assume that the 0-mean λ-weakly dependent stationary inputs sa-tis�es eqn. (3.5) and λ(r) = O(r−λ) (as r ↑ ∞) for λ > 4 + 2
m−2 then σ2 is �nite and

Wn(t)
D−→

n→∞
σW (t), in the Skorohod spa
e D([0, 1]).Remarks.� We do not a
hieve better results for η or θ-weak dependen
e 
ases than the one for λ−dependen
e.In 
omparison with the result obtained by [26℄, our results are not as good under θ-weak depen-den
e. We work under more restri
tive moment 
onditions than these authors. The same remarkapplies for all proje
tive measures of dependen
e ; here, we refer to results by [69℄, [90℄, [30℄ and[91℄.� However, the example of Se
tion 3.3.2 stresses the fa
t that su
h results are not systemati
allybetter than those of Theorem 3.2 ; for su
h general examples, we even 
onje
ture that theorems of[69℄, [90℄, [30℄ or [91℄ do not apply.� The te
hnique of the proofs is based on the Lindeberg method. In fa
t, we prove that |E (φ(Sn/

√
n)− φ(σN))| =

o (n−c) (φ denotes here the 
hara
teristi
 fun
tion) for 0 < c < c∗ where c∗ depends only on theparameters m and κ or λ respe
tively. If m and κ (or λ) both tend to in�nity, we noti
e that
c∗ → 1

4 . As κ or λ tends to in�nity and m < 3, c∗ always remains smaller than (m− 2)/(2m − 2)(see Proposition 3.2 in Se
tion 3.4.4 for more details).� Using a smoothing lemma also yields an analogous bound for the uniform distan
e
sup
x∈R

∣∣∣∣P
(

1√
n
Sn 6 x

)
− P (σN 6 x)

∣∣∣∣ = o
(
n−c

)
, for some c < c′.A �rst and easy way to 
ontrol c′ is to let c′ = c∗/4 but the 
orresponding rate is a really badone (see e.g. in [45℄). The Esséen inequality holds with the optimal exponent 1

2 in the independentand identi
ally distributed 
ase (see [93℄) and [101℄ rea
hes the exponent 1
3 in the 
ase of strongly
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es. In Proposition 3.2 of Se
tion 3.4.4, we a
hieve c′ > c∗/4. Analogous results havebeen settled in Doukhan2002 for weakly dependent random �elds. Previous results by [69℄, [90℄,[30℄ or [91℄ do not derive su
h 
onvergen
e rates for the Kolmogorov distan
e.Let us denote by R
(Z) =

⋃
I>0

{
z ∈ R

Z
/
zi = 0, |i| > I

}, the set of �nite sequen
es of real numbers.We 
onsider fun
tions H : R
(Z) → R su
h that if x, y ∈ R

(Z) 
oin
ide for all indexes but one, let say
s ∈ Z, then

|H(x)−H(y)| 6 bs(‖z‖ℓ ∨ 1)|xs − ys| (3.8)where z ∈ R
(Z) is de�ned by zs = 0 and zi = xi = yi if i 6= s. Here ‖x‖ = supi∈Z |xi|. In Se
tion 3.3.2,we prove the existen
e of the pro
ess Xn = limI→∞H

(
(Yn−j1l{j6I})j∈Z

) where (Yt)t∈Z is a weaklydependent real-valued input pro
ess. We denote this pro
ess by Xn = H(Yn−j, j ∈ Z) for simpli
ityand we derive its λ-weak invarian
e properties. Various asymptoti
 results follow, among whi
h ourweak invarian
e prin
iple, Theorem 3.2.Corollary 3.1 Let (Yt)t∈Z be a stationary λ-weakly dependent pro
ess (with dependen
e 
oe�
ients
λY (r)) and H : R

(Z) → R satisfying the 
ondition given by (3.8) for some ℓ > 0. Let us assume thatthere exist real numbers m, m′ with E|Y0|m′

<∞ su
h that m > 2 and m′ > (ℓ+ 1)m.Then Xn = H(Yn−i, i ∈ Z) exists and satis�es the weak invarian
e prin
iple in the following 
ases :� Geometri
 
ase : br 6 Ce−b|r| and λY (r) 6 De−ar for a, b, C,D > 0.� Riemannian 
ase : If br 6 C(1 + |r|)−b for some b > 2 and λY (r) 6 Dr−a for a,C,D > 0 with
a >

1 + b

b− 1

(
4 +

2

m− 2

)
, if ℓ = 0, b > 1; (3.9)

a >
b(m′ − 1 + ℓ)

(b− 2)(m′ − 1− ℓ)

(
4 +

2

m− 2

)
, if ℓ > 0, b > 2.Remark.The previous 
onditions are also tra
table in the mixed 
ases. We expli
itly state them for

ℓ > 0 :� br 6 Ce
−b|r|, λY (r) 6 Dr−a, if moreover a > m′ − 1 + ℓ

m′ − 1− ℓ

(
4 +

2

m− 2

) and b, C,D > 0.� br 6 C|r|−b and λY (r) 6 De−ar, for a,C,D > 0 with b > 6m− 10

m− 2
.3.3 ExamplesTheorem 3.1 is useful to derive the weak invarian
e prin
iple in various 
ases. This se
tion is aimed ata detailed treatment of the Bernoulli shifts with dependent inputs. The important 
lass of Lips
hitzfun
tions of dependent inputs is presented in a separate se
tion. The importan
e of our results ishighlighted by the models of the �rst subse
tion. More general non-linear models are 
onsidered inthe se
ond subse
tion. Some of those examples illustrate the 
onje
ture we made in the introdu
tionbut we were not able to formally prove it.



3.3. EXAMPLES 633.3.1 Lips
hitz pro
esses with dependent inputsConsider Lips
hitz fun
tions H : R
(Z) → R, i.e. su
h that eqn. (3.8) is satis�ed for ℓ = 0. A simpleexample of this situation is the two-sided linear sequen
e

Xt =
∑

i∈Z

αiYt−i (3.10)with dependent inputs (Yt)t∈Z. As quoted by [81℄ for the 
ase of linear pro
esses with dependent inputthere exists a very general solution ; essentially any Donsker type theorem for the stationary inputsimplies the 
entral limit theorem for any linear pro
ess driven by su
h inputs. More pre
isely, Theorem5 of [92℄ states that this pro
ess even satis�es the Donsker invarian
e prin
iple if ∑j |αj | <∞.A simple example of Lips
hitz non-linear fun
tional of dependent inputs is
Xt =

∣∣∣∣∣
∑

i∈Z

αiYt−i

∣∣∣∣∣− E

∣∣∣∣∣
∑

i∈Z

αiY−i

∣∣∣∣∣ (3.11)In this 
ase the inequality (3.8) holds with ℓ = 0 and br 6 |αr|.Another example of this situation is the following stationary pro
ess
Xt = Yt


a+

∑

j 6=0

ajYt−j


− EYt


a+

∑

j 6=0

ajYt−j


 ,where the inputs (Yt)t∈Z are bounded. In this 
ase, the inequality (3.8) also holds with ℓ = 0 and

bs 6 2‖Y0‖∞|as|.To apply our result, we 
ompute the weak dependen
e 
oe�
ients of su
h models.Lemma 3.1 Let (Yt)t∈Z be a stri
tly stationary pro
ess with a �nite moment of order m > 1 and
H : R

(Z) → R satisfying the 
ondition (3.8) for ℓ = 0 and some nonnegative sequen
e (bs)s∈Z su
hthat L =
∑

j bj <∞. Then,� the pro
ess Xn = H(Yn−j, j ∈ Z) := limI→∞H
(
Yn−j1l{j6I}, j ∈ Z

) is a stri
tly stationary pro
esswith �nite moments of order m.� if the input pro
ess (Yt)t∈Z is λ-weakly dependent (the weak dependen
e 
oe�
ients are denoted by
λY (r)), then (Xt)t∈Z is λ-weakly dependent with

λ(k) 6 inf
2r6k


2
∑

|i|>r

bi‖Y0‖1 + (2r + 1)2L2λY (k − 2r)


 .� if the input pro
ess (Yt)t∈Z is η-weakly dependent (the weak dependen
e 
oe�
ients are denoted by

ηY (r)) then (Xt)t∈Z is η-weakly dependent and
η(k) 6 inf

2r6k


2
∑

|i|>r

bi‖Y0‖1 + (2r + 1)LηY (k − 2r)


 .



64 NON CAUSAL MODELSRemark. Let (Yt)t∈Z be a stri
tly stationary pro
ess with a �nite moment of order m > 2. If
L =

∑
j |αj| <∞, the pro
ess Xn =

∑
j∈Z

αjYn−j is a stri
tly stationary pro
ess with �nite momentsof order m whi
h satis�es the assumptions of Lemma 3.1 with bj = |αj |. Even if the weak invarian
eprin
iple is already given in [92℄ our result is of an independent interest, e.g. for fun
tional estimationpurposes. For non-linear Lips
hitz fun
tionals it yields new 
entral limit theorems.The result of Theorems 3.1 and 3.2 holds systemati
ally in geometri
 
ases. Then it is assumedRiemannian de
ays, i.e. there exists α,C > 0 su
h that
br 6 Cr

−α.The 
onditions from [69℄ are 
ompared below with the 
onditions of Theorems 3.1 and 3.2 for spe
i�

lasses of inputs (Yt)t∈Z.LARCH(∞) inputsA vast literature is devoted to the study of 
onditionally heteroskedasti
 models. A simple equationin terms of a ve
tor-valued pro
ess allows a uni�ed treatment of those models, see [47℄. Let (ξt)t∈Zbe an independent and identi
ally distributed 
entered real-valued sequen
e and a, aj , j ∈ N
∗ be realnumbers. LARCH(∞) models are solutions of the re
urren
e equation

Yt = ξt


a+

∞∑

j=1

ajYt−j


 . (3.12)We provide below su�
ient 
onditions for the following 
haoti
 expansion

Yt = ξt


a+

∞∑

k=1

∑

j1,...,jk>1

aj1ξt−j1aj2 · · · ajk
ξt−j1−···−jk

a


 . (3.13)Assume that Λ = ‖ξ0‖m

∑
j>1 |aj | < 1 then one (essentially unique) stationary solution of eqn. (3.12)in L

m is given by eqn. (3.13). This solution is θ-weakly dependent with θY (r) 6 Kr1−a loga−1 r forsome 
onstant K > 0. This implies the same bound on their 
oe�
ients (λY (r))r>0. Condition (3.9)gives the weak invariant prin
iple for (Xt)t∈Z under the 
onditions E|ξ0|m < +∞ for m > 2, α > 1,and
a >

1 + α

α− 1

(
4 +

2

m− 2

)
+ 1.The model (3.10) is also an Heyde's martingale di�eren
e approximation (3.1) as soon as

∑

k>1

√∑

i>k

α2
i < +∞.



3.3. EXAMPLES 65Ne
essary 
onditions for weak invarian
e prin
iple follow as α > 3/2, |aj | 6 Cj−a for some a > 1,
Eξ20 < +∞, and ‖ξ0‖2∑j>1 |aj | < 1. These 
onditions are not optimal sin
e in this 
ase the pro
essis adapted to the �ltration Mt = σ(ξi, i 6 t). Peligrad & Utev extend in [91℄ the Donsker theoremto the 
ases where α > 1/2. Thus, our 
onditions are not optimal 
ompared to those of [92℄ in thelinear 
ase as in eqn. (3.10). However, for non-linear Lips
hitz fun
tional, the result seems to be new.Non-
ausal LARCH(∞) inputsThe previous approa
h extends for the 
ase of non-
ausal LARCH(∞) inputs

Yt = ξt


a+

∑

j 6=0

ajYt−j


 .Doukhan et al. prove in [47℄ the same results of existen
e as for the previous 
ausal 
ase (just repla
esummation over j > 0 by summation over j 6= 0) and the dependen
e be
omes of the η type with

η(r) =


‖ξ0‖∞

∑

062k<r

kΛk−1A
( r

2k

)
+

Λr/2

1− Λ


E|ξ0||a|where A(x) =

∑
|j|>x |aj |, Λ = ‖ξ0‖∞

∑
j>1 |aj | < 1. From 
ondition (3.9) the weak invarian
eprin
iple holds for (Xt)t∈Z if ‖ξ0‖∞ <∞, α > 1 with

a >
1 + α

α− 1

(
4 +

2

m− 2

)
+ 1.Noti
e that a very restri
tive new assumption is that inputs need to be uniformly bounded in thisnon-
ausal 
ase. This result is new, a 
onje
ture is that (3.1) does not hold.Non-
ausal, non-linear inputsThe weak dependen
e properties of non-
ausal and non-linear inputs Yt are re
alled, see [41℄ for moredetails. Let H : (Rd)

Z → R be a measurable fun
tion. If the sequen
e (ξn)n∈Z is independent andidenti
ally distributed on R
d, the Bernoulli shift with input pro
ess (ξn)n∈Z is de�ned as

Yn = H ((ξn−i)i∈Z) , n ∈ Z.Su
h Bernoulli's shifts are η-weakly dependent (see [41℄) with η(r) 6 2δ[r/2] if
E
∣∣H (ξj, j ∈ Z)−H

(
ξj1l|j|6r, j ∈ Z

)∣∣ 6 δr. (3.14)Then 
ondition (3.9) leads to the invarian
e prin
iple for (Xt)t∈Z if E|Y0|m < ∞ for m > 2, α > 1and δr 6 Kr−δ for
δ >

1 + α

α− 1

(
4 +

2

m− 2

)
.



66 NON CAUSAL MODELSConditions (3.1) of [69℄ do not give 
lear 
onditions on 
oe�
ients for these models. We do not knowother weak invarian
e prin
iple in that general 
ontext.Asso
iated inputsRe
all that a pro
ess is asso
iated if Cov (f(Y (n)), g(Y (n))
)
> 0 for any 
oordinatewise non-de
reasingfun
tion f, g : R

n → R su
h that the previous 
ovarian
e makes sense with Y (n) = (Y1, . . . , Yn). The
κ-weak dependen
e 
ondition is known to hold for asso
iated or Gaussian sequen
es. In both 
asesthis 
ondition will hold with

κ(r) = sup
j>r
|Cov(Y0, Yj)|Noti
e the absolute values are needed only in the se
ond 
ase sin
e for asso
iated pro
esses these
ovarian
es are nonnegative. Independent sequen
es as well are asso
iated and Pitt proves in [95℄that a Gaussian pro
ess with nonnegative 
ovarian
es is also asso
iated. Finally, we re
all that non-de
reasing fun
tions of asso
iated sequen
es remain asso
iated. Asso
iated models are 
lassi
ally builtthis way from independent and identi
ally distributed sequen
es, see [85℄.Suppose that the inputs (Yt)t∈Z are su
h that κ(r) 6 Cr−a (for some a,C > 0). For the asso
iated
ases and model (3.10), the invarian
e prin
iple of [90℄ follows from remark of [86℄ as soon as EY 2 <

+∞, a > 1 and α > 1. These 
onditions are optimal, they 
orrespond to ∑j Cov(X0,Xj) < ∞.Su
h strong 
onditions are due to the fa
t that zero 
orrelation implies independen
e for asso
iatedpro
esses. Our 
onditions for invarian
e prin
iple are mu
h stronger : E|Y |m < +∞ with m > 2,
α > 1 and

a >
1 + α

α− 1

(
4 +

2

m− 2

)
.For non-linear Lips
hitz 
ases as in eqn. (3.11) the result seems to be new. In the spe
ial 
ase of

κ-weak dependent inputs that are not asso
iated, the optimal weak invarian
e prin
iple of [90℄ doesnot apply, see [41℄ for examples.3.3.2 The Bernoulli shifts with dependent inputsLet H : R(Z) → R be a measurable (non ne
essarily Lips
hitz) fun
tion and Xn = H(Yn−i, i ∈ Z).Su
h models are proved to exhibit either λ or η-weak dependen
e properties. Be
ause the Bernoullishifts of κ-weak dependent inputs are neither κ nor η-weakly dependent, the κ 
ase is here in
ludedin the λ one.Consider the non-Lips
hitz fun
tion H de�ned by
H(x) =

K∑

k=0

∑

j1,...,jk

a
(k)
j1,...,jk

xj1 · · · xjk
.



3.3. EXAMPLES 67In this 
ase, Lemma 3.1 does not apply. To derive weak dependen
e properties of su
h pro
esses, weassume that H satis�es the 
ondition (3.8) with ℓ 6= 0, whi
h remains a stronger assumption thanfor the 
ase of independent inputs, see eqn. (3.14). Relaxing Lips
hitz assumption on H is possibleif we assume the existen
e of higher moments for the inputs. The following lemma gives both theexisten
e and the weak dependen
e properties of su
h modelsLemma 3.2 Let (Yi)i∈Z be a stationary pro
ess and H : R
(Z) → R satis�es 
ondition (3.8) for some

ℓ > 0 and some sequen
e bj > 0 su
h that ∑j |j|bj <∞. Let us assume that there exist a pair of realnumbers (m,m′) with E|Y0|m
′

<∞ su
h that m > 1, m′ > (ℓ+ 1)m and m′ > ℓ+ 1 if m = 1. Then,� the pro
ess Xn = H(Yn−i, i ∈ Z) is well de�ned in L
m : it is a stri
tly stationary pro
ess ;� if the input pro
ess (Yi)i∈Z is λ-weakly dependent (the weak dependen
e 
oe�
ients are denoted by

λY (r)), then Xn is λ-weakly dependent and there exists a 
onstant c > 0 su
h that
λ(k) 6 c inf

r6[k/2]



∑

|j|>r

|j|bj + (2r + 1)2λY (k − 2r)
m′

−1−ℓ
m′−1+ℓ


 ;� if the input pro
ess (Yi)i∈Z is η-weakly dependent (the weak dependen
e 
oe�
ients are denoted by

ηY (r)) then Xn is η-weakly dependent and there exists a 
onstant c > 0 su
h that
η(k) 6 c inf

r6[k/2]



∑

|j|>r

|j|bj + (2r + 1)
1+ ℓ

m′−1 ηY (k − 2r)
m′

−1−ℓ
m′−1


 .Su
h models where already mentioned in the mixing 
ase by [12℄ and [16℄. The proofs are deferred toSe
tion 3.4.6.Volterra models with dependent inputsConsider the fun
tion H de�ned by

H(x) =

K∑

k=0

∑

j1,...,jk

a
(k)
j1,...,jk

xj1 · · · xjk
,then if x, y are as in eqn. (3.8)

H(x)−H(y) =

K∑

k=1

k∑

u=1

∑

j1, . . . , ju−1

ju+1, . . . , jk

a
(k)
j1,...,ju−1,s,ju+1,...,jk

× xj1 · · · xju−1(xs − ys)xju+1 · · · xjk
.From the triangular inequality we thus derive that the previous lemma 3.2 may be written with

ℓ = K − 1,
bs =

K∑

k=1

∑(k,s)|a(k)
j1,...,jk

|



68 NON CAUSAL MODELSwhere ∑(k,s) stands for the sums over all indi
es in Z
k where one of the indi
es j1, . . . , jk takes onthe value s and

L ≡
K∑

k=0

∑

j1,...,jk

∣∣∣a(k)
j1,...,jk

∣∣∣ .For example, |a(k)
j1,...,jk

| 6 C (j1 ∨ · · · ∨ jk)−α or 6 C exp (−α(j1 ∨ · · · ∨ jk)) respe
tively yield bs 6

C ′sd−1−α or bs 6 C ′e−αs for some 
onstant C ′ > 0.Markov stationary inputsMarkov stationary sequen
es satisfy a re
urren
e equation
Zn = F (Zn−1, . . . , Zn−d, ξn)where (ξn) is a sequen
e of independent and identi
ally distributed random variables. In this 
ase

Yn = (Zn, . . . , Zn−d+1) is a Markov 
hain su
h that Yn = M(Yn−1, ξn) with
M(x1, . . . , xd, ξ) = (F (x1, . . . , xd, ξ), x1, . . . , xd−1). (3.15)Theorem 1.IV.24 of [50℄ proves that eqn. (3.15) has a stationary solution (Zn)n∈Z in L

m for m > 1as soon as ‖F (0, ξ)‖m < ∞ and there exist a norm ‖ · ‖ on R
d and a real number a ∈ [0, 1[ su
hthat ‖F (x, ξ) − F (y, ξ)‖m 6 a‖x − y‖. In this setting θ-dependen
e holds with θZ(r) = O(ar/d) (as

r ↑ ∞). We shall not give more details about the signi�
ative examples provided in Doukhan2005.Indeed, we already mentioned that our results are sub-optimal in su
h 
ausal 
ases ; su
h dependentsequen
es may however also be used as inputs for the Bernoulli shifts.Expli
it dependen
e ratesWe now spe
ify the de
ay rates from Lemma 3.2. For standard de
ays of the previous sequen
es, itis easy to get the following expli
it bounds. Here b, c, C,D, λ, η > 0 are 
onstants whi
h may di�erfrom one 
ase to the other.� If bj 6 C(|j| + 1)−b and λY (j) 6 Dj−λ, resp. ηY (j) 6 Dj−η then from a simple 
al
ulation, weoptimize both terms in order to prove that λ(k) 6 ck
−λ(1− 2

b )
m′

−1−ℓ
m′−1+ℓ , resp. η(k) 6 ck−η (b−2)(m′

−2)

(b−1)(m′−1)−ℓ .Note that in the 
ase where m′ =∞ this exponent may be arbitrarily 
lose to λ for large values of
b > 0. This exponent may thus take all possible values between 0 and λ.� If bj 6 Ce−|j|b and λY (j) 6 De−jλ, and, respe
tively, if ηY (j) 6 De−jη, we obtain the bounds
λ(k) 6 ck2e

−λk
b(m′

−1−ℓ)

b(m′−1+ℓ)+2η(m′−1−ℓ) , resp. η(k) 6 ckm′
−1−ℓ

m′−1 e
−ηk

b(m′
−2)

b(m′−1)+2η(m′−2) .The geometri
 de
ay of both (bj)j∈Z and the weak dependen
e 
oe�
ients of the inputs ensure thegeometri
 de
ay of the weak dependen
e 
oe�
ients of the Bernoulli shift.



3.4. PROOFS OF THE MAIN RESULTS 69� If we assume that the 
oe�
ients (bj)j∈Z asso
iated with the Bernoulli shift have a geometri
 de
ay,say bj 6 Ce−|j|b and that λY (j) 6 Dj−λ (resp. ηY (j) 6 Dj−η) we �nd λ(k) = ck
−λ m′

−1−l
m′−1+ℓ log2 k,resp. η(k) = ck

−η m′
−2

m′−1 log
1+ ℓ

m′−1 k.If m′ =∞ tightness is redu
ed by a fa
tor log2 k with respe
t to the dependen
e 
oe�
ients of theinput dependent series (Yt)t∈Z.� If we assume that the 
oe�
ients (bj)j∈Z asso
iated with the Bernoulli shift have a Riemanniande
ay, say bj 6 C(|j|+ 1)−b and that λY (j) 6 De−jλ (resp. ηY (j) 6 De−jη) we �nd λ(k) 6 ck2−b,resp. η(k) 6 ck2−b.All models or fun
tions of models we present here are λ-weakly dependent. We treat some basi
examples in detail when a dis
ussion with other results is possible. We believe that for some models,
λ-weak invarian
e properties follow from easy 
omputations, and then, statisti
al results like ourweak invarian
e prin
iple.3.4 Proofs of the main resultsOur proof for 
entral limit theorems is based on a trun
ation method. For a trun
ation level T > 1we shall denote Xk = fT (Xk) − EfT (Xk) with fT (X) = X ∨ (−T ) ∧ T . From now on, we shall usethe 
onvenient notation an � bn for two real sequen
es (an)n∈N and (bn)n∈N when there exists some
onstant C > 0 su
h that |an| 6 Cbn for ea
h integer n. We also remark that Xk has moments of allorders be
ause it is bounded. In the entire sequel, we denote µ = E|X0|m. For any a 6 m, we 
ontrolthe moment E|fT (X0)−X0|a with Markov inequality

E|fT (X0)−X0|a 6 E|X0|a1l{|X0|>T} 6 µT
a−m,thus using Jensen inequality yields

‖X0 −X0‖a 6 2µ
1
aT 1−m

a . (3.16)Starting from this trun
ation, we are now able to 
ontrol the limiting varian
e as well as the higherorder moments.In this se
tion we prove that the 
entral limit theorems 
orresponding to the 
onvergen
e Wn(1) →
W (1) in both Theorems 3.1 and 3.2 hold and we shall provide 
onvergen
e rates 
orrespondingto these 
entral limit theorems. The weak invarian
e prin
iple is obtained in a standard way fromsu
h 
entral limit theorems and tightness, whi
h follows from Lemma 3.2, by using the 
lassi
alKolmogorov-Centsov tightness 
riterion, see [12℄. In the last subse
tion, we prove Lemma 3.4 thatstates the properties of our (new) Bernoulli's shifts with dependent inputs.



70 NON CAUSAL MODELS3.4.1 Varian
esLemma 3.3 (Varian
es) If one of the following 
onditions holds
∞∑

k=0

κ(k) < ∞ (3.17)
∞∑

k=0

λ(k)
m−2
m−1 < ∞ (3.18)then the series σ2 is 
onvergent.Proof. Using the fa
t that X0 = gT (X0) is a fun
tion of X0 with Lip gT = 1 snd ‖gT ‖∞ 6 2T , wederive

|Cov(X0,Xk)| 6 κ(k) or (4T + 1)λ(k), respe
tively. (3.19)In the κ dependent 
ase, the trun
ation may thus be omitted and
|Cov(X0,Xk)| 6 κ(k). (3.20)In the following, we shall only 
onsider λ dependen
e. We developCov(X0,Xk) = Cov(X0,Xk) + Cov(X0 −X0,Xk) + Cov(X0,Xk −Xk).We use a trun
ation T (to be determined) and the two previous bounds eqn. (3.16) and eqn. (3.19) ;then the Hölder inequality with the exponents 1/a+ 1/m = 1 yields

|Cov(X0,Xk)| 6 (4T + 1)λ(k) + 2‖X0‖m‖X0 −X0‖a
6 (4T + 1)λ(k) + 4µ1/a+1/mT 1−m/a

6 (4T + 1)λ(k) + 4µT 2−m.Chosing Tm−1 = µ/λ(k) we obtain
|Cov(X0,Xk)| 6 9µ

1
m−1λ(k)

m−2
m−1 . (3.21)3.4.2 A ∆-order moment boundLemma 3.4 Let (Xt)t∈Z be a stationary and 
entered pro
ess. Let us assume that E|X0|m < ∞,and that this pro
ess is either κ-weakly dependent with κ(r) = O (r−κ) or λ-weakly dependent with

λ(r) = O
(
r−λ

). If κ > 2 + 1
m−2 , or λ > 4 + 2

m−2 , then for all ∆ > 2 small enough there exists a
onstant C > 0 su
h that
‖Sn‖∆ 6 C

√
n.



3.4. PROOFS OF THE MAIN RESULTS 71Remarks.� ∆ ∈ ]2, 2 +A ∧B ∧ 1 [ where A and B are 
onstants smaller than m − 2 and depend on m andrespe
tively κ or λ. Equations eqn. (3.25) and eqn. (3.26) pre
ise the previous involved 
onstants
A and B.� The 
onstant C satis�es C >

(
5

2(∆−2)/2 − 1

)1/∆∑

k∈Z

|Cov(X0,Xk)|. Under the 
onditions of thislemma, Lemma 3.3 entails
c ≡

∑

k∈Z

|Cov(X0,Xk)| <∞.� The result is sket
hed from [19℄. However, their dependen
e 
ondition is of a 
ausal nature whileour is not. It explains a loss with respe
t to the exponents λ and κ. In their κ′-weak dependen
esetting the best possible value of the exponent is 1 while it is 2 for our non-
ausal dependen
e.Proof of Lemma 3.4. For 
onvenien
e, let denote in the sequel ∆ = 2 + δ and m = 2 + ζ. Like in[71℄ or [19℄, we pro
eed by indu
tion on k for n 6 2k to prove that
‖1 + |Sn|‖∆ 6 C

√
n. (3.22)We assume that eqn. (3.22) is satis�ed for all n 6 2K−1. Setting N = 2K we have to �nd a bound for

‖1 + |SN |‖∆. We 
an divide the sum SN into three blo
ks : the �rst two blo
ks have the same size
n 6 2K−1 and are denoted by Q and R ; the third blo
k V , lo
ated between Q and R, has 
ardinality
q < n. We then have ‖1 + |SN |‖∆ 6 ‖1 + |Q|+ |R|‖∆ + ‖V ‖∆. The term ‖V ‖∆ is dire
tly boundedby ‖1 + |V |‖∆ 6 C√q from the re
urren
e assumption. Writing q = ξN b with 0 < ξ, b < 1, then thisterm is of order stri
tly smaller than √ξN . For ‖1 + |Q|+ |R|‖∆, we have

E(1 + |Q|+ |R|)∆ 6 E(1 + |Q|+ |R|)2(1 + |Q|+ |R|)δ,
6 E(1 + 2|Q|+ 2|R|+ (|Q|+ |R|)2)(1 + |Q|+ |R|)δ .We expand the right-hand side of this expression ; the following terms appear� E(1 + |Q|+ |R|)δ 6 1 + |Q|δ2 + |R|δ2 6 1 + 2cδ(

√
n)δ,� E|Q|(1 + |Q| + |R|)δ 6 E|Q|((1 + |R|)δ + |Q|δ) 6 E|Q|(1 + |R|)δ + E|Q|1+δ. The term E|Q|1+δ isbounded by ‖Q‖1+δ

2 and then by c1+δ(
√
n)1+δ . The term E|Q|(1+|R|)δ is bounded by ‖Q‖1+δ/2‖1+

|R|‖δ∆ using Hölder inequality. It is at least of order cCδ(
√
n)1+δ, analogous to the latter one, wherewe ex
hange the roles of Q and R.� E(|Q|+ |R|)2(1 + |Q|+ |R|)δ. For this term, we use an inequality from [19℄

E(|Q|+ |R|)2(1 + |Q|+ |R|)δ 6 E|Q|∆ + E|R|∆ + 5(EQ2(1 + |R|)δ + ER2(1 + |Q|)δ).Now E|Q|∆ 6 C∆(
√
n)∆ is bounded by using eqn. (3.22). The se
ond term is its analogous with

R substituted to Q. The third term has to be handled with a parti
ular 
are, as follows.



72 NON CAUSAL MODELSWe use the weak dependen
e notion to 
ontrol EQ2(1 + |R|)δ and ER2(1 + |Q|)δ. Denote by X thevariable X ∨ T ∧ (−T ) for a real T > 0 to be determined later. By extension Q and R denote thetrun
ated sums of the variables Xi. We have
E|Q|2(1 + |R|)δ 6 EQ2||R| − |R||δ + E(Q2 −Q2

)(1 + |R|)δ + EQ
2
(1 + |R|)δ .We begin with a 
ontrol of EQ2||R| − |R||δ. Using the Hölder inequality with 2/m+ 1/m′ = 1 yields

EQ2||R| − |R||δ 6 ‖Q‖2m‖||R| − |R||δ‖m′

‖Q‖∆ is bounded using eqn. (3.22) and
||R| − |R||δm′

6 |R|δm′1l{|R|>T} 6 |R|δm
′1l|R|>T .We then bound 1l|R|>T 6 (|R|/T )α with α = m− δm′, hen
e

E||R| − |R||δm′

6 E|R|mT δm′−m.By 
onvexity and stationarity, we have E|R|m 6 nm
E|X0|m, so that

EQ2(|R| − |R|)δ � n2+m/m′

T δ−m/m′

.Finally, remarking that m/m′ = m− 2, we obtain
EQ2(|R| − |R|)δ � nmT∆−m.We get the same bound for the se
ond term

E(Q2 −Q2
)(1 + |R|)δ � nmT∆−m.For the third one, we introdu
e a 
ovarian
e term

EQ
2
(1 + |R|)δ 6 Cov(Q2

, (1 + |R|)δ) + EQ
2
E(1 + |R|)δ.The latter is bounded with |Q|22|R|δ2 6 c∆

√
n

∆. The 
ovarian
e is 
ontrolled as follows by usingweak-dependen
e� in the κ-dependent 
ase : n2Tκ(q),� in the λ-dependent 
ase : n3T 2λ(q).We then 
hoose either the trun
ation Tm−δ−1 = nm−2/κ(q) or Tm−δ = nm−3/λ(q). At this point,the three terms of the de
omposition are of the same order
E|Q|2(1 + |R|)δ �

(
n3m−2∆κ(q)m−∆

)1/(m−δ−1)
, under κ-dependen
e,

E|Q|2(1 + |R|)δ �
(
n5m−3∆λ(q)m−∆

)1/(m−δ)
, under λ-dependen
e.



3.4. PROOFS OF THE MAIN RESULTS 73Let q = N b, we note that n 6 N/2 and this term is of order N 3m−2∆+bκ(∆−m)
m−δ−1 under κ-weak dependen
eand the order N 5m−3∆+bλ(∆−m)

m−δ under λ-weak dependen
e. Those terms are thus negligible with respe
tto N∆/2 if
κ >

3m− 2∆ −∆/2(m − δ − 1)

b(m−∆)
, under κ-dependen
e, (3.23)

λ >
5m− 3∆−∆/2(m− δ)

b(m−∆)
, under λ-dependen
e. (3.24)Finally, using this assumption, b < 1 and n 6 N/2, we derive the bound for some suitable 
onstants

a1, a2 > 0

E(1 + |SN |)∆ 6
(
(2−δ/2 + ξ∆)C∆ + 5 · 2−δ/2c∆ + a1N

−a2

)(√
N
)∆

.Using the relation between C and c, we 
on
lude that eqn. (3.22) is also true at the step N if the
onstant C satis�es (2−δ/2 + ξ∆)C∆ + 5 · 2−δ/2c∆ + a1N
−a2 6 C∆. Choose C >

(
5c∆+a12δ/2

2δ/2−1

)1/∆with c =
∑

k∈Z
|Cov(X0,Xk)|, then the previous relation holds for some 0 < ξ < 1. Finally, we useeqn. (3.23) and eqn. (3.24) to �nd a 
ondition on δ.In the 
ase of κ-weak dependen
e, we rewrite inequality eqn. (3.23) as

0 > δ2 + δ(2κ − 3− ζ)− κζ + 2ζ + 1.It leads to the following 
ondition on δ
δ <

√
(2κ− 3− ζ)2 + 4(κζ − 2ζ − 1) + ζ + 3− 2κ

2
∧ 1 = A. (3.25)We do the same in the 
ase of the λ-weak dependen
e

δ <

√
(2λ− 6− ζ)2 + 4(λζ − 4ζ − 2) + ζ + 6− 2λ

2
∧ 1 = B. � (3.26)Remark. The bounds A and B are always smaller than ζ.3.4.3 Proofs of Theorems 3.1 and 3.2Let S = 1√

n
Sn and 
onsider p = p(n) and q = q(n) in su
h a way that

lim
n→∞

1

q(n)
= lim

n→∞
q(n)

p(n)
= lim

n→∞
p(n)

n
= 0and k = k(n) = n/[p(n) + q(n)]

Z =
1√
n

(U1 + · · ·+ Uk) , with Uj =
∑

i∈Bj

Xi



74 NON CAUSAL MODELSwhere Bj = ](p+ q)(j − 1), (p + q)(j − 1) + p ]∩N is a subset of p su

essive integers from {1, . . . , n}su
h that, for j 6= j′, Bj and Bj′ are at least distant of q = q(n) from ea
h other. We denote by B′
jthe blo
k between Bj and Bj+1 and Vj =

∑
i∈B′

j
Xi. Vk is the last blo
k of Xi between the end of Bkand n. Furthermore, let σ2

p = Var (U1)/p =
∑

|i|<p(1− |i|/p)EX0Xi, and let
Y =

U ′
1 + · · ·+ U ′

k√
n

, U ′
j ∼ N (0, p σ2

p)where the Gaussian variables Vj are mutually independent and also independent of the sequen
e
(Xn)n∈Z. We also 
onsider a sequen
e U∗

1 , . . . , U
∗
k of mutually independent random variables withthe same distribution as U1 and we let Z∗ = (U∗

1 + · · · + U∗
k ) /
√
n. In the entire se
tion, we �x t ∈ Rand we de�ne f : R → C by f(x) = exp {itx}. Then Ef(S) − f(σN) = Ef(S) − f(Z) + Ef(Z) −

f(Z∗)+Ef(Z∗)−f(Y )+Ef(Y )−f(σN). Lindeberg method is devoted to prove that this expression
onverges to 0 as n→∞. The �rst and the last terms in this inequality are referred to as the auxiliaryterms in this Bernstein-Lindeberg method. They 
ome from the repla
ement of the individual initial �non-Gaussian and Gaussian respe
tively � random variables by their blo
k 
ounterparts. The se
ondterm is analogous to that obtained with de
oupling and turns the proof of the 
entral limit theoremto the independent 
ase. The third term is referred to as the main term and following the proof underindependen
e it will be bounded above by using a Taylor expansion. Be
ause of the dependen
estru
ture, in the 
orresponding bounds, some additional 
ovarian
e terms will appear.The following subse
tions are organized as follows : we �rst 
onsider the auxiliary terms and the mainterms are then de
omposed by the usual Lindeberg method and the 
orresponding terms 
oming fromthe dependen
e or the usual remainder terms (standard for the independent 
ase) are 
onsidered inseparate subse
tions. In the last one, we 
olle
t these 
al
ulations to obtain the 
entral limit theorem.Auxiliary termsUsing Taylor expansions up to the se
ond order, we obtain
|Ef(S)− f(Z)| 6 ‖f ′‖∞E|S − Z|and |Ef(Y )− f(σN)| 6 ‖f

′′‖2∞
2
|EY 2 − σ2|.We note that Z − S = (V1 + · · · + Vk)/

√
n is a sum of Xi's for whi
h the number of terms is

6 (k + 1)q + p. Then eqn. (3.21) and eqn. (3.20), under 
onditions (3.18) or (3.17) respe
tively,entail :
(E|Z − S|)2 6 E|Z − S|2 �

(
(k + 1)q + p

)
/n.Now Y ∼

√
kp

n
σpN , thus

|EY 2 − σ2| 6
∣∣∣∣
kp

n
− 1

∣∣∣∣ σ
2
p + |σ2

p − σ2|.



3.4. PROOFS OF THE MAIN RESULTS 75Remarking that |kp/n− 1|2 �
(
(k + 1)q + p

)
/n, it remains to bound the quantity

|σ2
p − σ2| 6

∑

|i|<p

|i|
p
|EX0Xi|+

∑

|i|>p

|EX0Xi|.Let ai = |EX0Xi|, under 
onditions (3.18) or (3.17) (respe
tively), the series ∞∑

i=0

ai 
onverge thus
sj =

∞∑

i=j

ai −→
j→∞

0 and
|σ2

p − σ2| 6 2

p−1∑

i=0

i

p
· ai + 2sp 6

2

p

p−1∑

i=0

si + 2sp.Cesaro lemma entails that term |σ2
p − σ2| 
onverges to 0.Hen
e |Ef(S)− f(Z)|+ |Ef(Y )− f(σN)| tends to 0 as n ↑ ∞.To determine the 
onvergen
e rate, we assume that ai = O(i−α) for some α > 1 ; then
|σ2

p − σ2| � p(1−α)∨−1.Remarking that ai = EX0Xi = Cov(X0,Xi), we then use equations (3.20) and (3.21) and we �nd
α = κ or α = λ(m− 2)/(m− 1) depending of the weak-dependen
e setting. With p = na, q = nb for2 
onstants a and b and from the relation ‖f (j)‖∞ 6 |t|j , those bounds be
ome, up to a 
onstant
|t|
(
n(b−a)/2 + n(a−1)/2

)
+ t2

(
nb−a + na{(1−κ)∨−1}) , in the κ-weak dependen
e setting,

|t|
(
n(b−a)/2 + n(a−1)/2

)
+ t2

(
nb−a + na{(1−λ(m−2)/(m−1))∨−1}) , under λ-weak dependen
e.Main termsIt remains to 
ontrol the se
ond and the third terms of the sum. They are bounded as usual by

|Ef(Z)− f(Z∗)| 6
k∑

j=1

|E∆j|, |Ef(Z∗)− f(Y )| 6
k∑

j=1

|E∆′
j|,where ∆j = f(Wj + xj) − f(Wj + x∗j), for j = 1, . . . , k with xj = 1√

n
Uj , x

∗
j = 1√

n
U∗

j , Wj =

wj +
∑

i>j x
∗
i , wj =

∑
i<j xi and ∆′

j = f(W ′
j + x∗j ) − f(W ′

j + x′j), for j = 1, . . . , k with x′j = 1√
n
U ′

j ,
W ′

j =
∑

i<j x
∗
i +

∑
i>j x

′
i.Exploiting the spe
ial form of f and the independen
e properties of the variables U∗

i and U ′
i , we 
anwrite

E∆j =
(
Ef(wj)f(xj)− Ef(wj)Ef(x∗j)

)
Ef



∑

i>j

x∗i


 ,

E∆′
j =

(
Ef(x∗j)− Ef(x′j)

)
Ef
(
W ′

j

)
.



76 NON CAUSAL MODELSWe then 
ontrol the two terms Ef



∑

i>j

x∗i


 and Ef

(
W ′

j

) by the fa
t that ‖f‖∞ 6 1 and we use the
oupling to introdu
e a 
ovarian
e term
|E∆j| 6

∣∣∣∣∣∣
Covf ∑

i<j

xi


 , f(xj)




∣∣∣∣∣∣
,

|E∆′
j| 6

∣∣Ef(x∗j)− Ef(x′j)
∣∣ .� For ∆j , we use weak dependen
e.To do so, write |E∆j| = |Cov[F (Xm,m ∈ Bi, i < j), G(Xm,m ∈ Bj)]|, with F (z1, . . . , zkp) =

f
(∑

i<j

ui/
√
n
) where ui =

∑
ℓ∈Bi

zℓ. We verify that ‖F‖∞ 6 1 and we 
ontrol LipF :
∣∣∣∣∣∣
f


 1√

n

∑

i<j

∑

ℓ∈Bi

zℓ


− f


 1√

n

∑

i<j

∑

ℓ∈Bi

z′ℓ




∣∣∣∣∣∣

6

∣∣∣∣∣∣
1− exp it


 1√

n

∑

i<j

∑

ℓ∈Bi

(zℓ − z′ℓ)




∣∣∣∣∣∣
6
|t|√
n

kp∑

ℓ=1

|zℓ − z′ℓ|.Similarly, for G(z1, . . . , zp) = f

(
p∑

i=1

zi/
√
n

), we have ‖G‖∞ = 1 and LipG � |t|/√n. We thendistinguish the two 
ases of weak dependen
e, remarking the gap between the left and the rightterms in the 
ovarian
e is at least q.� In the κ-weak dependent setting : |E∆j| � kp · p · |t|√
n
· |t|√

n
· κ(q).� Under the λ dependen
e 
ondition :

|E∆j| �
(
kp · p · |t|√

n
· |t|√

n
+ kp · |t|√

n
+ p · |t|√

n

)
· λ(q).Note that these bounds do not depend on j :

|Ef(Z)− f(Z∗)| � kp · t2 · κ(q), under κ,
� kp · (t2 + |t|

√
k/p) · λ(q), under λ.Knowing that p = na, q = nb, κ(r) = O (r−κ) or λ(r) = O

(
r−λ

), these 
onvergen
e rates respe
-tively be
ome n1−κb or n1+(1/2−a)+−λb in the κ or the λ dependen
e 
ontext.� For ∆′
j , Taylor expansions up to order 2 or 3 respe
tively give :

|f(x∗j)− f(x′j)| 6 |x∗j − x′j|‖f ′‖∞ +
1

2
(x∗j − x′j)2‖f ′′‖∞ + rj

rj 6
1

2
‖f ′′‖∞(x∗j − x′j)2, or

6
1

6
‖f ′′′‖∞|x∗j − x′j|3,



3.4. PROOFS OF THE MAIN RESULTS 77For an arbitrary δ ∈ [0, 1], we have :
Erj � E(t2(|x∗j |2 + |x′j |2) ∧ |t|3(|x∗j |3 + |x′j |3))

� E(t2|x∗j |2 ∧ |t|3|x∗j |3) + E(t2|x′j |2 ∧ |t|3|x′j |3)
� |t|2+δ

(
E|x∗j |2+δ + E|x′j |2+δ

)
.By the stationarity of the sequen
e (Xi)i∈Z, we obtain

|E∆′
j| � |t|2+δn−1− δ

2

(
E|Sp|2+δ ∨ p1+ δ

2

)
.Lemma 3.4 allows us to �n a bound for E|Sp|2+δ. If κ > 2 + 1

ζ , or λ > 4 + 2
ζ , where κ(r) = O (r−κ)or λ(r) = O

(
r−λ
) then there exist δ ∈]0, ζ ∧ 1[ and C > 0 su
h that

E|Sp|2+δ 6 Cp1+δ/2.We then obtain
|Ef(Z∗)− f(Y )| � |t|2+δk(p/n)1+δ/2.Be
ause p = na, this bound is of order n(a−1)δ/2 in both κ and λ-weak dependen
e settings.We now 
olle
t the previous bounds to 
on
lude that a multidimensional CLT holds under assump-tions of both Theorems 3.1 and 3.2. Tightness follows from the Kolmogorov-Chentsov 
riterion (see[12℄) and Lemma 3.4 ; thus both Theorems 3.1 and 3.2 follow from repeated appli
ation of the previousCLT. �3.4.4 Rates of 
onvergen
eRates of 
onvergen
e are now presented in two propositions of independent interest. We 
omputeexpli
it bounds for both the di�eren
e of 
hara
teristi
 fun
tions and the Berry-Esséen inequalities.Proposition 3.1 Let (Xt)t∈Z be a weakly dependent stationary pro
ess satisfying eqn. (3.5) with

m = 2 + ζ then the di�eren
e between the 
hara
teristi
 fun
tions is bounded by
∣∣∣E
(
eitSn/

√
n − eitσN

)∣∣∣ = o(n−c),for some c < c∗ and all t ∈ R where c∗ depends of the weak dependent 
oe�
ients� under κ-weak dependen
e, if κ(r) = O(r−κ) for κ > 2 + 1
ζ , then c∗ =

(κ− 1)A

A+ 2κ(1 +A)
where

A =

√
(2κ − 3− ζ)2 + 4(κζ − 2ζ − 1) + ζ + 3− 2κ

2
∧ 1.



78 NON CAUSAL MODELS� under λ-weak dependen
e, if λ(r) = O(r−λ) for λ > 4 + 2
ζ , then c∗ =

(λ+ 1)B

2 +B + 2λ(1 +B)
where

B =

√
(2λ− 6− ζ)2 + 4(λζ − 4ζ − 2) + ζ + 6− 2λ

2
∧ 1,We use the following Esséen inequality in Proposition 3.2Theorem 3.3 (Theorem 5.1 p.142 of [93℄) Let X and Y be 2 random variables and assume that

Y is Gaussian. Let F and G be their distribution fun
tions with 
orresponding 
hara
teristi
 fun
tions
f and g. Then, for every T > 0, we have for suitable 
onstants b and c

sup
x∈R

|F (x)−G(x)| 6 b
∫ T

−T

∣∣∣∣
f(t)− g(t)

t

∣∣∣∣ dt +
c

T
. (3.27)Proposition 3.2 (A rate in the Berry Essen bounds) Let (Xt)t∈Z be a real stationary pro
esssatisfying Proposition 3.1 assumptions. We obtain

sup
x
|Fn(x)− Φ(x)| = o

(
n−c

)with c < c′ where c′ = c∗/(3+A) or c′ = c∗/(3+B), respe
tively, in κ or λ-weak dependen
e 
ontexts(A, B and c∗ are de�ned in Proposition 3.1).Proof of proposition 3.1. In the previous se
tion, the di�erent terms have already been boundedas follows :� In the κ-weak dependen
e 
ase, the exponents of n in the bounds obtained in se
tion 3.4.3 are� for the auxiliary terms : (b− a)/2, (a− 1)/2 and a(1− κ),� for the main terms : 1− κb and (a− 1)δ/2.Be
ause δ < 1 and b < a < 1, we remark that (a− 1)δ/2 > (a− 1)/2 and 1− κb > a(1 − κ). Theonly rate of the auxiliary term it remains to 
onsider is (b− a)/2 and we obtain
a∗ =

2 + δ + 2κδ

δ + 2κ(1 + δ)
∈
]
b∗,

δ

1 + δ

[
, b∗ =

2 + a∗

1 + 2κ
∈ ]0, a∗[ .We 
on
lude with standard 
al
ulations and with the help of the inequality δ < A (see eqn. (3.25)).� We have the equivalent in the λ-weak dependen
e 
ase� for the auxiliary terms : (b− a)/2, (a− 1)/2 and a(1− λ),� for the main terms : 1 + (1/2 − a)+ − λb and (a− 1)δ/2.Only three rates give the asymptoti
 : (a − 1)δ/2, 1 + (1/2 − a)+ − λb and (b − a)/2. In theprevious 
ase, the optimal 
hoi
e of a∗ was smaller than 1/2. Then we have to 
onsider here therate 3/2 − a− λb and not 1− λb. Thus

a∗ =
3 + δ + 2λδ

2 + δ + 2λ(1 + δ)
∈
]
b∗,

δ

1 + δ

[
,

b∗ =
3 + 2δ

2 + δ + 2λ(1 + δ)
∈ ]0, a∗ [



3.4. PROOFS OF THE MAIN RESULTS 79Finally, we obtain a rate of n−c∗ using the inequality eqn. (3.26). �Proof of proposition 3.2. Let 
hoose a∗ and b∗ as in the proof of proposition 3.1. We now needto make pre
ise the impa
t of t on the di�erent term of the bound of the L
1 distan
e between the
hara
teristi
 fun
tions of S and σN . Up to a 
onstant independent of t, the Kolmogorov distan
eis bounded by (|t|+ t2 + |t|2+C

)
n−c∗ . Here C = A or B in the two 
ontexts of dependen
e. UsingTheorem 3.3 for a well 
hosen value of T , we obtain the result of proposition 3.2. �3.4.5 Proof of Lemma 3.1The 
ase of Lips
hitz fun
tions of dependent inputs is divided in two se
tions devoted respe
tivelyto the de�nition of su
h models and to their weak dependen
e properties.Existen
eLet Y (s) = (Y−i1l|i|<s)i∈Z, Y (s)

+ = (Y−i1l−s<i6s)i∈Z for s ∈ Z and H
(
Y (∞)

)
= lims→∞H

(
Y (s)

). Inorder to prove the existen
e of the Bernoulli shift with dependent inputs, we show that X0 is thesum of a normally 
onvergent series in L
m ; formally

X0 = H
(
Y (∞)

)
= H(0) +

(
H
(
Y (1)

)
−H(0)

)
+

∞∑

s=1

H
(
Y (s+1)

)
−H

(
Y

(s)
+

)
+
(
H
(
Y

(s)
+

)
−H

(
Y (s)

))
.From eqn. (3.8) we obtain

∥∥∥H
(
Y (1)

)
−H(0)

∥∥∥
m
6 b0‖Y0‖m,

∥∥∥H
(
Y (s+1)

)
−H

(
Y

(s)
+

)∥∥∥
m
6 b−s‖Y−s‖m,

∥∥∥H
(
Y

(s)
+

)
−H

(
Y (s)

)∥∥∥
m
6 bs‖Ys‖m.By (Yt)t∈Z's stationarity we get

‖X0‖m 6
∥∥∥H

(
Y (1)

)
−H(0)

∥∥∥
m

+

∞∑

s=1

∥∥∥H
(
Y (s+1)

)
−H

(
Y

(s)
+

)∥∥∥
m

+
∥∥∥H

(
Y

(s)
+

)
−H

(
Y (s)

)∥∥∥
m
6
∑

i∈Z

bi‖Y0‖m (3.28)Analogously, the pro
ess Xt = H(Yt−i, i ∈ Z) is well de�ned as the sum of a normally 
onvergentseries in L
m. The stationarity of (Xt)t∈Z holds from that of the input pro
ess (Yt)t∈Z.Weak dependen
e propertiesLet X(r)

n = H(Y (r)) andXs = (Xs1 , . . . ,Xsu),Xt = (Xt1 , . . . ,Xtv ) for any k > 0 and any (u+v)-tuplesu
h that s1 < · · · < su 6 su +k 6 t1 < · · · < tv. Then we have for all f, g satisfying ‖f‖∞, ‖g‖∞ 6 1



80 NON CAUSAL MODELSand Lip f + Lip g <∞
|Cov(f(Xs), g(Xt))| 6 |Cov(f(Xs)− f(X

(r)
s ), g(Xt))| (3.29)

+ |Cov(f(X
(r)
s ), g(Xt)− g(X(r)

t
))| (3.30)

+ |Cov(f(X
(r)
s ), g(X

(r)
t

))|. (3.31)Using the fa
t that ‖g‖∞ 6 1, we bound the term eqn. (3.29)
2Lip f · E ∣∣∣∣∣ u∑

i=1

(Xsi −X(r)
si

)

∣∣∣∣∣ 6 2uLip f max
16i6u

E

∣∣∣Xsi −X(r)
si

∣∣∣ .Applying inequality (3.28) in the 
ase where m = 1, we bound this term by E

∣∣∣Xsi −X
(r)
si

∣∣∣ 6∑
i>r bi‖Y0‖1. The se
ond term (3.30) is bounded in a similar way.The last term (3.31) 
an be written as

∣∣∣Cov(F (r)(Ysi+j , 1 6 i 6 u, |j| 6 r), G(r)(Yti+j, 1 6 i 6 v, |j| 6 r)
∣∣∣ ,where F (r) : R

u(2r+1) → R and G(r) : R
v(2r+1) → R. Under the assumption r 6 [k/2], we use the ε = ηor λ-weak dependen
e of Y in order to bound this 
ovarian
e term by ψ(LipF (r),LipG(r), u(2r +

1), v(2r + 1))εk−2r, with respe
tively ψ(u, v, a, b) = ua + vb or ψ(u, v, a, b) = uvab + ua + vb. We
ompute LipF (r) = sup
|f(H(xsi+l, 1 6 i 6 u, |l| 6 r)− f(H(ysi+l, 1 6 i 6 u, |l| 6 r)|∑u

i=1

∑
−r6l6r |xsi+l − ysi+l|

,where the sup extends to x 6= y where x, y ∈ R
u(2r+1). Noti
e now that if x, y are sequen
es with

xi = yi = 0 if |i| > r then repeated appli
ations of the 
ondition (3.8) yields
|H(x)−H(y)| 6

∑

|i|6r

bi|xi − yi| 6 L
∑

|i|6r

|xi − yi| (3.32)where L =
∑

i∈Z
bi. Repeating inequality eqn. (3.32), we obtain

|F (r)(x)− F (r)(y)| 6 Lip f L u∑

i=1

∑

−r6l6r

|xsi+l − ysi+l|and we get LipF (r) 6 Lip f · L. Similarly LipG(r) 6 Lip g L.Under η-weak dependent inputs, we bound the 
ovarian
e
|Cov(f(Xs), g(Xt))| 6 (uLip f + vLip g)× 2

∑

|i|>r

bi‖Y0‖1 + (2r + 1)LηY (k − 2r)


 .



3.4. PROOFS OF THE MAIN RESULTS 81Under λ-weak dependent inputs
|Cov(f(Xs), g(Xt))| 6 (uLip f + vLip g + uvLip fLip g)×

×
({

2
∑

|i|>r

bi‖Y0‖1 + (2r + 1)LλY (k − 2r)
}
∨ (2r + 1)2L2λY (k − 2r)

)
. �3.4.6 Proof of Lemma 3.2Existen
eWe de
ompose X0 as above in the 
ase ℓ = 0. Here, we bound ea
h terms by

|H(Y (1))−H(0)| 6 b0|Y0|
|H(Y (s+1))−H(Y

(s)
+ )| 6 b−s(‖Y (s)

+ ‖l∞ ∨ 1)|Y−s|
|H(Y

(s)
+ )−H(Y (s)| 6 bs(‖Y (s)‖l∞ ∨ 1)|Ys|Using Hölder inequality yields

E

∣∣∣H(Y (1))−H(0)
∣∣∣+

∞∑

s=1

E

∣∣∣H(Y (s+1))−H(Y
(s)
+ )

∣∣∣

+ E

∣∣∣H(Y
(s)
+ )−H(Y (s))

∣∣∣ 6
∑

i∈Z

2|i|bi(‖Y0‖1 + ‖Y0‖l+1
l+1)Hen
e assumptions ℓ + 1 6 m′ and ∑i∈Z

|i|bi < ∞ together imply that the variable H(Y ) is wellde�ned in L
1. In the same manner, the pro
ess Xn = H(Yn−i, i ∈ Z) is well de�ned. The proofextends in L
m if m > 1 is su
h that (ℓ+ 1)m 6 m′.Weak dependen
e propertiesHere, we exhibit some Lips
hitz fun
tions and we then trun
ate inputs. We write Y = Y ∨ (−T )∧ Tfor a trun
ation T set below. Denote X(r)

n = H(Y (r)) and X(r)
n = H(Y

(r)
). Furthermore, for any k > 0and any (u+ v)-tuple su
h that s1 < · · · < su 6 su + k 6 t1 < · · · < tv, we set Xs = (Xs1 , . . . ,Xsu),

Xt = (Xt1 , . . . ,Xtv ) and X(r)
s

= (X
(r)
s1
, . . . ,X

(r)
su

), X(r)
t

= (X
(r)
t1 , . . . ,X

(r)
tv ). Then we have for all f, gsatisfying ‖f‖∞, ‖g‖∞ 6 1 and Lip f + Lip g <∞

|Cov(f(Xs), g(Xt))| 6 |Cov(f(Xs)− f(X
(r)
s

), g(Xt))| (3.33)
+ |Cov(f(X

(r)
s

), g(Xt)− g(X (r)
t

))| (3.34)
+ |Cov(f(X

(r)
s

), g(X
(r)
t

))|. (3.35)



82 NON CAUSAL MODELSUsing the fa
t that ‖g‖∞ 6 1, the term (3.33) is bounded by
2uLip f (max

16i6u
E

∣∣∣Xsi −X(r)
si

∣∣∣+ max
16i6u

E

∣∣∣X(r)
si
−X(r)

si

∣∣∣
)
.With the same arguments used in the proof of the existen
e of H(Y (∞)), the �rst term in the right-hand side of the inequality is bounded by

∑

i>s

2|i|bi(‖Y0‖1 + ‖Y0‖l+1
l+1).Noti
e now that if x, y are sequen
es with xi = yi = 0 if |i| > r then an in�nitely repeated appli
ationof the previous inequality (3.8) yields

|H(x)−H(y)| 6 L(‖x‖l∞ ∨ ‖y‖l∞ ∨ 1)‖x− y‖ (3.36)where L =
∑

i∈Z
bi <∞ be
ause ∑i∈Z

|i|bi <∞. The se
ond term is bounded by using eqn. (3.36)
E

∣∣∣X(r)
si
−X(r)

si

∣∣∣ = E

∣∣∣H
(
Y (r)

)
−H

(
Y

(r)
)∣∣∣

6 LE



(

max
−r6i6r

|Yi|
)l ∑

−r6j6r

|Yj |1lYj>T




6 L(2r + 1)2E

(
max

−r6i,j6r
|Yi|l|Yj |1l|Yj |>T

)

6 L(2r + 1)2‖Y0‖m
′

m′T ℓ+1−m′The se
ond term (3.34) of the sum is analogously bounded. The last term (3.35) 
an be written as
∣∣∣Cov(F (r)

(Ysi+j , 1 6 i 6 u, |j| 6 r), G(r)
(Yti+j, 1 6 i 6 v, |j| 6 r)

)∣∣∣ ,where F (r)
: R

u(2r+1) → R and G(r)
: R

u(2r+1) → R. Under the assumption r 6 [k/2], we use the ε = ηor ε = λ-weak dependen
e of Y to bound this term by ψ (LipF (r)
,LipG(r)

, u(2r + 1), v(2r + 1)
)
εk−2r,with respe
tively ψ(u, v, a, b) = uvab or ψ(u, v, a, b) = uvab+ ua+ vb.LipF (r)

= sup
|f(H(xsi+l, 1 6 i 6 u, |l| 6 r)− f(H(ysi+l, 1 6 i 6 u, |l| 6 r)|∑u

j=1 ‖xj − yj‖
,where the sup extends to (x1, . . . , xu) 6= (y1, . . . , yu) where xi, yi ∈ R

2r+1. Using eqn. (3.36)
|F (r)

(x)− F (r)
(y)| 6 Lip fL u∑

i=1

(
‖xsi‖∞ ∨ ‖ysi

‖∞ ∨ 1
)l ‖xsi − ysi

‖

6 Lip fLT l
u∑

i=1

∑

−r6l6r

|xsi+l − ysi+l|.



3.4. PROOFS OF THE MAIN RESULTS 83We thus obtain LipF (r) 6 Lip f · L · T l. Similarly LipG(r) 6 Lip g · L · T l.Under η-weak dependent inputs, we bound the 
ovarian
e
|Cov(f(Xs), g(Xt))| 6 (uLip f + vLip g){4

∑

|i|>r

|i|bi(‖Y0‖1 + ‖Y0‖l+1
l+1)

+ (2r + 1)L
(
(2r + 1)2‖Y0‖m

′

m′T l+1−m′

+ T lηY (k − 2r)
)}We then �x the trun
ation Tm′−1 =

2(2r + 1)‖Y0‖m′

m′

ηY (k − 2r)
to obtain the result of Lemma 3.2 in the η-weakdependent 
ase.Under λ-weak dependent inputs

|Cov(f(Xs), g(Xt))| 6 (uLip f + vLip g + uvLip fLip g)× ({4
∑

|i|>r

|i|bi(‖Y0‖1 + ‖Y0‖l+1
l+1)

+ (2r + 1)L
(
2(2r + 1)T l+1−m′‖Y0‖m

′

m′ + T lλY (k − 2r)
)}
∨
{
(2r + 1)2L2T 2lλY (k − 2r)

})We then set a trun
ation su
h that T l+m′−1 =
2‖Y0‖m′

m′

LλY (k − 2r)
to obtain the result of Lemma 3.2 inthe η-weak dependent 
ase. �
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Chapitre 4Convergen
e rates for density estimatorsof weakly dependent time series
Abstra
tAssuming that (Xt)t∈Z is a ve
tor valued time series with a 
ommonmarginal distribution admitting a density f , our aim is to provide a widerange of 
onsistent estimators of f . We 
onsider di�erent methods of es-timation of the density as kernel, proje
tion or wavelets ones. Various
ases of weakly dependent series are investigated in
luding the Doukhan& Louhi
hi (1999)'s η-weak dependen
e 
ondition, and the ϕ-dependen
eof Dede
ker & Prieur (2005). We thus obtain results for Markov 
hains,dynami
al systems, bilinear models, non 
ausal Moving Average... Froma moment inequality of Doukhan & Louhi
hi (1999), we provide 
onver-gen
e rates of the term of error for the estimation with the L

q loss oralmost surely, uniformly on 
ompa
t subsets.Keywords : Weak Dependen
e, Non-parametri
 density estimation.NoteThe 
ontent of this part is based on a paper, written in 
ollaboration with Ni
o-las Raga
he, published in Dependen
e in Probability and Statisti
s. Springer (Ed.)(2006) 349-372.
87



88 NON ADAPTATIVE DENSITY ESTIMATION4.1 Introdu
tionAssume that (Xn)n∈Z is a sequen
e of R
d valued random variables with 
ommon distribution whi
his absolutely 
ontinuous with respe
t to Lebesgue's measure, with density f . Stationarity is notassumed so that the 
ase of a sampled pro
ess {Xi,n = xhn(i)}16i6n for any sequen
e of monotoni
fun
tions (hn(.))n∈Z and any stationary pro
ess (xn)n∈Z that admits a marginal density is in
luded.This 
hapter investigates 
onvergen
e rates for density estimation in di�erent 
ases. First, we 
onsidertwo 
on
epts of weak dependen
e :� Non-
ausal η-dependen
e introdu
ed in [41℄ by Doukhan & Louhi
hi,� Dede
ker & Prieur's ϕ-dependen
e (see [29℄).These two notions of dependen
e 
over a large number of examples of time series (see se
tion � 3).Next, following Doukhan (see [37℄) we propose a uni�ed study of linear density estimators f̂n of theform

f̂n(x) =
1

n

n∑

i=1

Kmn(x,Xi) , (4.1)where {Kmn} is a sequen
e of kernels. Under 
lassi
al assumptions on {Kmn} (see se
tion � 2.2), theresults in the 
ase of independent and identi
ally distributed (i.i.d. in short) observations Xi are wellknown (see for instan
e [108℄). At a �xed point x ∈ R
d, the sequen
e mn 
an be 
hosen su
h that

‖f̂n(x)− f(x)‖q = O
(
n−ρ/(2ρ+d)

)
, (4.2)where ‖X‖qq = E|X|q. The 
oe�
ient ρ > 0 measures the regularity of f (see Se
tion 4.2.2 for thede�nition of the notion of regularity). The same rate of 
onvergen
e also holds for the Mean IntegratedSquare Error (MISE), de�ned as ∫ ‖f̂n(x) − f(x)‖22p(x) dP (x) for some nonnegative and integrablefun
tion p. The rate of uniform 
onvergen
e on a 
ompa
t set in
urs a logarithmi
 loss appears. Forall M > 0 and for a suitable 
hoi
e of the sequen
e mn,

E sup
‖x‖6M

|f̂n(x)− f(x)|q = O
(

log n

n

)qρ/(d+2ρ)

, (4.3)and
sup

‖x‖6M
|f̂n(x)− f(x)| =a.s. O

(
log n

n

)ρ/(d+2ρ)

. (4.4)These rates are optimal in the minimax sense. We thus have no hope to improve on them in thedependent setting. A wide literature deals with density estimation for absolutely regular or β-mixing pro
esses (for a de�nition of mixing 
oe�
ients, see [38℄). For instan
e, under the assumption
βr = o

(
r−3−2d/ρ

), Ango Nze & Doukhan prove in [3℄ that (4.2), (4.3) and (4.4) still hold. The shar-per 
ondition ∑r |βr| <∞ entails the optimal rate of 
onvergen
e for the MISE (see [107℄). Resultsfor the MISE have been extended to the more general ϕ- and η-dependen
e 
ontexts by Dede
ker &



4.1. INTRODUCTION 89Prieur ([29℄) and Doukhan & Louhi
hi in [42℄. In this 
hapter, our aim is to extend the bounds (4.2),(4.3) and (4.4) in the η- and ϕ-weak dependen
e 
ontexts.We use the same method as in [41℄ based on the following moment inequality for weakly dependentand 
entered sequen
es (Zn)n∈Z. For ea
h even integer q and for ea
h integer n > 2 :
∥∥∥∥∥

n∑

i=1

Zi

∥∥∥∥∥

q

q

6
(2q − 2)!

(q − 1)!

{
V

q/2
2,n ∨ Vq,n

}
, (4.5)where ‖X‖qq = E|X|q and for k = 2, . . . , q,

Vk,n = n

n−1∑

r=0

(r + 1)k−2Ck(r) ,with
Ck(r) := sup{|cov(Zt1 · · ·Ztp , Ztp+1 · · ·Ztk)|} , (4.6)where the supremum is over all the ordered k-tuples t1 6 · · · 6 tk su
h that sup16i6k−1 ti+1− ti = r.We will apply this bound when the Zis are de�ned in su
h a way that ∑n

i=1 Zi is proportional tothe �u
tuation term f̂n(x)−Ef̂n(x). The inequality (4.5) gives a bound for this part of the deviationof the estimator whi
h depends on the 
ovarian
e bounds Ck(r). The other part of the deviationis the bias, whi
h is treated by deterministi
 methods. In order to obtain suitable 
ontrols of the�u
tuation term, we need two di�erent type of bounds for Ck(r). Conditions on the de
ay of theweak dependen
e 
oe�
ients give a �rst bound. Another type of 
ondition is also required to bound
Ck(r) for the smaller values of r ; this is 
lassi
ally a
hieved with a regularity 
ondition on the jointlaw of the pairs (Xj ,Xk) for all j 6= k. In Doukhan & Louhi
hi (see [42℄), rates of 
onvergen
e areobtained when the 
oe�
ient η de
ays geometri
ally fast and the joint densities are bounded. Werelax these 
onditions to 
over the 
ase when the joint distributions are not absolutely 
ontinuous andwhen the η- and ϕ-dependen
e 
oe�
ients de
rease slowly (sub-geometri
 and Riemannian de
aysare 
onsidered).Under our assumptions, we prove that (4.2) still holds (see Theorem 4.1). Unfortunately, additionallosses appear for the uniform bounds. When η(r) or ϕ(r) = O(e−arb

) with a > 0 and b > 0, weprove in Theorem 4.2 that (4.3) and (4.4) hold with log(n) repla
ed by log2(b+1)/b(n). If η(r) or
ϕ(r) = O(r−a) with a > 1, Theorem 4.3 gives bounds similar to (4.3) and (4.4) with the right handside repla
ed by O(n−qρ/{d+2ρ+2d/(q0+d)} and O({logq0+d(n)/nq0−2}ρ/{2ρq0+d(q0+2)}), respe
tively, andwith q0 = 2⌈(a − 1)/2⌉ (by de�nition ⌈x⌉ is the smallest integer larger than or equal to the realnumber x). As already noti
ed in [42℄, the loss w.r.t the i.i.d. 
ase highly depends on the de
ay of thedependen
e 
oe�
ients. In the 
ase of geometri
 de
ay, the loss is logarithmi
 while it is polynomialin the 
ase of polynomial de
ays.



90 NON ADAPTATIVE DENSITY ESTIMATIONThe 
hapter is organized as follows. In Se
tion 4.2.1, we introdu
e the notions of η and ϕ dependen
e.We give the notation and hypothesis in Se
tion 4.2.2. The main results are presented in Se
tion 4.2.3.We then apply these results to parti
ular 
ases of weak dependen
e pro
esses, and we provide examplesof kernel Km in Se
tion 4.3. Se
tion 4.4 
ontains the proof of the Theorems and three importantlemmas.4.2 Main resultsWe �rst des
ribe the notions of dependen
e 
onsidered in this 
hapter, then we introdu
e assumptionsand formulate the main results of the 
hapter (
onvergen
e rates).4.2.1 Weak dependen
eWe 
onsider a sequen
e (Xi)i∈Z of R
d valued random variables, and we �x a norm ‖ · ‖ on R

d.Moreover, if h : R
du → R for some u > 1, we de�neLip (h) = sup

(a1,...,au)6=(b1,...,bu)

|h(a1, . . . , au)− h(b1, . . . , bu)|
‖a1 − b1‖+ · · · + ‖au − bu‖

.De�nition 4.1 (η-dependen
e, Doukhan & Louhi
hi (1999)) The pro
ess (Xi)i∈Z is η-weaklydependent if there exists a sequen
e of non-negative real numbers (η(r))r>0 satisfying η(r)→ 0 when
r →∞ and

∣∣cov
(
h (Xi1 , . . . Xiu) , k

(
Xiu+1, . . . ,Xiu+v

))∣∣ ≤ (uLip(h) + vLip(k))η(r) ,for all (u + v)-tuples, (i1, . . . , iu+v) with i1 ≤ · · · ≤ iu 6 iu + r ≤ iu+1 6 · · · 6 iu+v, and h, k ∈ Λ(1)where
Λ(1) =

{
h : ∃u > 0, h : R

du → R,Lip (h) <∞, ‖h‖∞ = sup
x∈Rdu

|h(x)| 6 1

}
.Remark The η-dependen
e 
ondition 
an be applied to non-
ausal sequen
es be
ause information�from the future� (i.e. on the right of the 
ovarian
e) 
ontributes to the dependen
e 
oe�
ient in thesame way as information �from the past� (i.e. on the left). It is the non-
ausal alternative to the θ
ondition in [26℄ and [41℄.De�nition 4.2 (ϕ-dependen
e, Dede
ker & Prieur (2004)) Let (Ω,A,P) be a probability spa
eandM a σ-algebra of A. For any l ∈ N∗, any random variable X ∈ Rdl we de�ne :

ϕ(M,X) = sup{‖E(g(X)|M) − E(g(X))‖∞, g ∈ Λ1,l} ,



4.2. MAIN RESULTS 91where Λ1,l = {h : R
dl 7→ R/Lip (h) < 1}. The sequen
e of 
oe�
ients ϕk(r) is then de�ned by
ϕk(r) = max

l6k

1

l
sup

i+r6j1<j2<···<jl

ϕ(σ({Xj ; j 6 i}), (Xj1 , . . . ,Xjl
)) .The pro
ess is ϕ-dependent if φ̃(r) = supk>0 ϕk(r) tends to 0 with r.Remark The ϕ dependen
e 
oe�
ients provide 
ovarian
e bounds. For a Lips
hitz fun
tion k and abounded fun
tion h,

∣∣
ov (h (Xi1 , . . . ,Xiu) , k
(
Xiu+1, . . . ,Xiu+v

))∣∣ ≤ vE |h (Xi1 , . . . ,Xiu)|Lip (k)ϕ(r) . (4.7)4.2.2 Notations and de�nitionsAssume that (Xn)n∈Z is an η or φ̃ dependent sequen
e of R
d valued random variables. We 
onsidertwo types of de
ays for the 
oe�
ients. The geometri
 
ase is the 
ase when Assumption [H1℄ or [H1'℄holds.[H1℄ : η(r) = O

(
e−arb

) with a > 0 and b > 0,[H1'℄ : ϕ(r) = O
(
e−arb

) with a > 0 and b > 0.The Riemannian 
ase is the 
ase when Assumption [H2℄ or [H2'℄ holds.[H2℄ : η(r) = O(r−a) with a > 1,[H2'℄ : ϕ(r) = O(r−a) with a > 1.As usual in density estimation, we shall assume :[H3℄ : The 
ommon marginal distribution of the random variables Xn, n ∈ Z is absolutely 
onti-nuous with respe
t to Lebesgue's measure, with 
ommon bounded density f .The next assumption is on the density with respe
t to Lebesgue's measure (if it exists) of the jointdistribution of the pairs (Xj ,Xk), j 6= k.[H4℄ The density fj,k of the joint distribution of the pair (Xj ,Xk) is uniformly bounded withrespe
t to j 6= k.Unfortunately, for some pro
esses, these densities may not even exist. For example, the joint distri-butions of Markov 
hains Xn = G(Xn−1, εn) may not be absolutely 
ontinuous. One of the simplestexample is
Xk =

1

2
(Xk−1 + εk) ,where {εk} is an i.i.d. sequen
e of Bernoulli random variables and X0 is uniformly distributed on

[0, 1]. The pro
ess {Xn} is stri
tly stationary but the joint distributions of the pairs (X0,Xk) aredegenerated for any k. This Markov 
hain 
an also be represented (through an inversion of the time)as a dynami
al system (T−n, . . . , T−1, T0) whi
h has the same law as (X0,X1, . . . ,Xn) (T0 and X0are random variables distributed a

ording to the invariant measure, see [6℄ for more details). Let usre
all the de�nition of a dynami
al system.



92 NON ADAPTATIVE DENSITY ESTIMATIONDe�nition 4.3 (dynami
al system) A one-dimensional dynami
al system is de�ned by
∀k ∈ N , Tk := F k(T0) ,where F : I → I, I is a 
ompa
t subset of R and in this 
ontext, F k denotes the k-th iterate of theapppli
ation F : F 1 = F , F k+1 = F ◦F k, k ≥ 1. We assume that there exists an invariant probabilitymeasure µ0, i.e. F (µ0) = µ0, absolutely 
ontinuous with respe
t to Lebesgue's measure, and that T0is a random variable with distribution µ0.We restri
t our study to one-dimensional dynami
al systems T in the 
lass F of dynami
al systemsde�ned by a transformation F that satis�es the following assumptions (see [98℄).� ∀k ∈ N, ∀x ∈ int(I), limt→0+ F k(x+ t) = F k(x+) and limt→0− F

k(x+ t) = F k(x−) exist ;� ∀k ∈ N
∗, denoting Dk

+ = {x ∈ int(I), F k(x+) = x} and Dk
− = {x ∈ int(I), F k(x−) = x}, weassume λ( ⋃

k∈N∗

(
Dk

+

⋃
Dk

−
))

= 0, where λ is the Lebesgue measure.When the joint distributions of the pairs (Xj ,Xk) are not assumed absolutely 
ontinuous (and then[H4℄ is not satis�ed), we shall instead assume :[H5℄ The dynami
al system (Xn)n∈Z belongs to F .We 
onsider in this 
hapter linear estimators as in (4.1). The sequen
e of kernels Km is assumed tosatisfy the following assumptions.(a) The support of Km is a 
ompa
t set with diameter O(1/m1/d) ;(b) The fun
tions x 7→ Km(x, y) and x 7→ Km(y, x) are Lips
hitz fun
tions with Lips
hitz 
onstant
O
(
m1+1/d

) ;(
) For all x in the support of Km, ∫ Km(x, y) dy = 1 ;(d) The bias of the estimator f̂n de�ned in (4.1) is of order m−ρ/d
n , uniformly on 
ompa
t sets.

sup
‖x‖≤M

∣∣∣E[f̂n(x)]− f(x)
∣∣∣ = O(m−ρ/d

n ) . (4.8)4.2.3 ResultsIn all our results we 
onsider kernels Km and a density estimator of the form (4.1) su
h that assump-tions (a), (b), (
) and (d) hold.Theorem 4.1 (Lq-
onvergen
e) Geometri
 
ase. Under Assumptions [H4℄ or [H5℄ and [H1℄ or[H1'℄, the sequen
e mn 
an be 
hosen su
h that inequality (4.2) holds for all 0 < q < +∞.Riemannian 
ase. Under the assumptions [H4℄ or [H5℄, if additionally� [H2℄ holds with a > max (1 + 2/d + (d+ 1)/ρ, 2 + 1/d) (η-dependen
e),� or [H2'℄ holds with a > 1 + 2/d+ 1/ρ (φ̃-dependen
e),
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e mn 
an be 
hosen su
h that inequality (4.2) holds for all 0 < q 6 q0 =

2 ⌈(a− 1)/2⌉.Theorem 4.2 (Uniform rates, geometri
 de
ays) For any M > 0, under Assumptions [H4℄ or[H5℄ and [H1℄ or [H1'℄ we have, for all 0 < q < +∞, and for a suitable 
hoi
e of the sequen
e mn,
E sup

‖x‖6M
|f̂n(x)− f(x)|q = O



(

log2(b+1)/b(n)

n

)qρ/(d+2ρ)

 ,

sup
‖x‖6M

|f̂n(x)− f(x)| =a.s. O



(

log2(b+1)/b(n)

n

)ρ/(d+2ρ)

 .Theorem 4.3 (Uniform rates, Riemannian de
ays) For any M > 0, under Assumptions [H4℄or [H5℄, [H2℄ or [H2'℄ with a > 4 and ρ > 2d, for q0 = 2⌈(a− 1)/2⌉ and q 6 q0, the sequen
e mn 
anbe 
hosen su
h that

E sup
‖x‖6M

|f̂n(x)− f(x)|q = O
(
n
− qρ

d+2ρ+2d/(q0+d)

)
,or su
h that

sup
‖x‖6M

|f̂n(x)− f(x)| =a.s. O



(

logq0+d(n)

nq0−2

) ρ
d(q0+2)+ρ(q0+d)


 .Remarks.� Theorem 4.1 shows that the optimal 
onvergen
e rate of (4.2) still holds in the weak dependen
e
ontext. In the Riemannian 
ase, when a > 4, the 
onditions are satis�ed if the density fun
tion fis su�
ient regular, namely, if ρ > d+ 1.� The loss with respe
t to the i.i.d. 
ase in the uniform 
onvergen
e rates (Theorems 4.2 and 4.3)is due to the fa
t that the probability inequalities for dependent observations are not as goodas Bernstein's inequality for i.i.d. random variables (Bernstein inequalities in weak dependen
e
ontext are proved in [44℄). The 
onvergen
e rates depend on the de
ay of the weak dependen
e
oe�
ients. This is in 
ontrast to the 
ase of independent observations.� In Theorem 4.2 the loss is a power of the logarithm of the number of observations. Let us remarkthat this loss is redu
ed when b tends to in�nity. In the 
ase of η-dependen
e and geometri
de
reasing, the same result is in [41℄ for the spe
ial 
ase b = 1. In the framework of ϕ-dependen
e,Theorem 4.2 seems to provide the �rst result on uniform rates of 
onvergen
e for density estimators.� In Theorem 4.3, the rate of 
onvergen
e in the mean is better than the almost sure rate for te
hni
alreasons. Contrary to the geometri
 
ase, the loss is no longer logarithmi
 but is a power of n. Therate gets 
loser to the optimal rate as q0 →∞, or equivalently a→∞.



94 NON ADAPTATIVE DENSITY ESTIMATION� These results are new under the assumption of Riemannian de
ay of the weak dependen
e 
oe�-
ients. The 
ondition on a is similar to the 
ondition on β in [4℄. Even if the rates are better thanin [42℄, there is a huge loss with respe
t to the mixing 
ase. It would be interesting to know theminimax rates of 
onvergen
e in this framework.4.3 Models, appli
ations and extensionsThe 
lass of weak dependent pro
esses is very large. We apply our results to three examples : two-sided moving averages, bilinear models and expanding maps. The �rst two will be handledwith the help of the 
oe�
ients η, the third one with the 
oe�
ients ϕ.4.3.1 Examples of η-dependent time series.It is of 
ourse possible to de�ne η-dependent random �elds (see [26℄ for further details) ; for simpli
ity,we only 
onsider pro
esses indexed by Z.De�nition 4.4 (Bernoulli shifts) Let H : R
Z → R be a measurable fun
tion. A Bernoulli shiftis de�ned as Xn = H(ξn−i, i ∈ Z) where (ξi)i∈Z is a sequen
e of i.i.d random variables 
alled theinnovation pro
ess.In order to obtain a bound for the 
oe�
ients {η(r)}, we introdu
e the following regularity 
onditionon H. There exists a sequen
e {δr} su
h that

sup
i∈Z

E
∣∣H (ξi−j, j ∈ Z)−H

(
ξi−j1l|j|<r, j ∈ Z

)∣∣ 6 δr ,Bernoulli shifts are η-dependent with η(r) = 2δr/2 (see [41℄). In the following, we 
onsider twospe
ial 
ases of Bernoulli shifts.1. Non 
ausal linear pro
esses. A real valued sequen
e (ai)i∈Z su
h that ∑j∈Z
a2

j < ∞ andthe innovation pro
ess {ξn} de�ne a non-
ausal linear pro
ess Xn =
∑+∞

−∞ aiξn−i. If we
ontrol a moment of the innovations, the linear pro
ess (Xn) is η-dependent. The sequen
e
{η(r)}r∈N is dire
tly linked to the 
oe�
ients {ai}i∈Z and various types of de
ay may o

ur. We
onsider only Riemannian de
ays ai = O

(
i−A

) with A > 5 sin
e results for geometri
 de
aysare already known. Here η(r) = O
(∑

|i|>r/2 ai

)
= O(r1−A) and [H2℄ holds. Furthermore, weassume that the sequen
e (ξi)i∈Z is i.i.d. and satis�es the 
ondition |Eeiuξ0 | 6 C(1 + |u|)−δ , forall u ∈ R and for some δ > 0 and C < ∞. Then, the densities f and fj,k exist for all j 6= kand they are uniformly bounded (see the proof in the 
ausal 
ase in Lemma 1 and Lemma 2 in[57℄) ; hen
e [H4℄ holds. If the density f of X0 is ρ-regular with ρ > 2, our estimators 
onvergeto the density with the rates :
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q-norm (q 6 4) at ea
h point x,� n−ρ/(2ρ+3/2) in L

q-norm (q 6 4) uniformly on an interval,� (log4(n)/n
)ρ/(4ρ+3) almost surely on an interval.In the �rst 
ase, the rate we obtain is the same as in the i.i.d. 
ase. For su
h linear models, thedensity estimator also satis�es the Central Limit Theorem (see [65℄ and [25℄).2. Bilinear model. The pro
ess {Xt} is a bilinear model if there exist two sequen
es (ai)i∈N∗and (bi)i∈N∗ of real numbers and real numbers a and b su
h that :

Xt = ξt


a+

∞∑

j=1

ajXt−j


+ b+

∞∑

j=1

bjXt−j . (4.9)Squared ARCH(∞) or GARCH(p, q) pro
esses satisfy su
h an equation, with b = bj = 0 forall j ≥ 1. De�ne
λ = ‖ξ0‖p

∞∑

j=1

aj +

∞∑

j=1

bj .If λ < 1, then the equation (4.9) has a stri
tly stationary solution in Lp (see [43℄). This solutionis a Bernoulli shift for whi
h we have the behavior of the 
oe�
ient η :� η(r) = O
(
E
−λr
) for some λ > 0 if there exists an integer N su
h that ai = bi = 0 for i > N .� η(r) = O(E−λ

√
r) for some λ > 0 if ai = O(E−Ai) and bi = O(E−Bi) with A > 0 and B > 0.� η(r) = O({r/ log(r)}−λ) for some λ > 0 if ai = O(i−A) and bi = O(i−B) with A > 1 and

B > 1.Let us assume that the i.i.d. sequen
e {ξt} has a marginal density fξ ∈ Cρ, for some ρ > 2.The density of Xt 
onditionally to the past 
an be written as a fun
tion of fξ. We then 
he
kre
ursively that the 
ommon density of Xt for all t, say f , also belongs to Cρ. Furthermore, theregularity of fξ ensures that f and the joint densities fj,k for all j 6= k are bounded (see [43℄)and [H4℄ holds. The assumptions of Theorem 4.1 are satis�ed, and the estimator f̂n a
hievesthe minimax bound (4.2) if either :� There exists an integer N su
h that ai = bi = 0 for i > N ;� There exist A > 0 and B > 0 su
h that ai = O(e−Ai) and bi = O(e−Bi) ;� There exist A > 4 and B > 5 su
h that ai = O(i−A) and bi = O(i−B). Then, this optimalbound holds only for 2 6 q < q(A,B) where q(A,B) = 2[((B − 1) ∧A)/2].Note �nally that the rates of uniform 
onvergen
e provided by Theorems 4.2 and 4.3 are sub-optimal.4.3.2 Examples of ϕ-dependent time series.Let us introdu
e an important 
lass of dynami
al systems :



96 NON ADAPTATIVE DENSITY ESTIMATIONExample 4.1 (Ti = F i(T0))i∈N is an expanding map or equivalently F is a Lasota-Yorke fun
tionif it satis�es the three following 
riteria.� (Regularity) There exists a grid 0 = a0 6 a1 · · · 6 an = 1 su
h as F ∈ C1 and |F ′(x)| > 0 on
]ai−1, ai[ for ea
h i = 1, . . . , n.� (Expansivity) Let In be the set on whi
h (Fn)′ is de�ned. There exists A > 0 and s > 1 su
h that
infx∈In |(Fn)′| > Asn.� (Topologi
al mixing) For any nonempty open sets U , V , there exists n0 > 1 su
h as F−n(U)∩V 6= ∅for all n > n0.Examples of Markov 
hains Xn = G(Xn+1, εn) asso
iated to an expanding map {Tn} belongingto F are given in [6℄ and [29℄. The simplest one is Xk = (Xk−1 + εk) /2 where the εk follows abinomial law and X0 is uniformly distributed on [0, 1]. We easily 
he
k that F (x) = 2x mod 1, thetransformation of the asso
iated dynami
al system Tn, satis�es all the assumptions su
h as Tn isan expanding map belonging to F .The 
oe�
ients of ϕ-dependen
e of su
h a Markov 
hain satisfy ϕ(r) = O(e−ar) for some a > 0(see [29℄). Theorems 4.1 and 4.2 give the L

q rate n−ρ/(2ρ+1), the uniform L
q rate and the almost surerate (log4(n)/n

)ρ/(2ρ+1) of the estimators of the density of µ0.4.3.3 Sampled pro
essSin
e we do not assume stationarity of the observed pro
ess, the following observation s
heme is
overed by our results. Let (xn)n∈Z be a stationary pro
ess whose marginal distribution is absolu-tely 
ontinuous, let (hn)n∈Z be a sequen
e of monotone fun
tions and 
onsider the sampled pro
ess
{Xi,n}16i6n de�ned by Xi,n = xhn(i). The dependen
e 
oe�
ients of the sampled pro
ess may de
ayto zero faster than the underlying unobserved pro
ess. For instan
e, if the dependen
e 
oe�
ients ofthe pro
ess (xn)n∈Z have a Riemannian de
ay, those of the sampled pro
ess {xhn(i)} with hn(i) = i2nde
ay geometri
ally fast. The observation s
heme is thus a 
ru
ial fa
tor that determines the rate of
onvergen
e of density estimators.4.3.4 Density estimators and biasIn this se
tion, we provide examples of kernels Km and smoothness assumptions on the density fsu
h that assumptions (a), (b), (
) and (d) of subse
tion 4.2.2 are satis�ed.Kernel estimators The kernel estimator asso
iated to the bandwidth parameter mn is de�ned by :

f̂n(x) =
mn

n

n∑

i=1

K
(
m1/d

n (x−Xi)
)
.



4.3. MODELS, APPLICATIONS AND EXTENSIONS 97We brie�y re
all the 
lassi
al analysis for the deterministi
 part Rn in this 
ase (see [108℄). Sin
ethe sequen
e {Xn} has a 
onstant marginal distribution, we have E[f̂n(x)] = fn(x) with fn(x) =∫
D K(s)f

(
x− s/m1/d

n

)
ds. Let us assume that K is a Lips
hitz fun
tion 
ompa
tly supported in

D ⊂ R
d. For ρ > 0, let K satisfy, for all j = j1 + · · ·+ jd with (j1, . . . , jd) ∈ N

d :
∫
xj1

1 · · · x
jd
d K(x1, . . . , xd)dx1 · · · dxd =





1 if j = 0,

0 for j ∈ {1, . . . , ⌈ρ− 1⌉ − 1},
6= 0 if j = ⌈ρ− 1⌉.Then the kernels Km(x, y) = mK

(
m1/d(x− y)

) satisfy (a), (b) and (
). Assumption (d) holds andif f ∈ Cρ, where Cρ is the 
lass of fun
tion f su
h that for ρ = ⌈ρ − 1⌉ + c with 0 < c 6 1, fis ⌈ρ − 1⌉-times 
ontinuously di�erentiable and there exists A > 0 su
h that ∀(x, y) ∈ R
d × R

d,
|f (⌈ρ−1⌉)(x)− f (⌈ρ−1⌉)(y)| 6 A|x− y|c.Proje
tion estimators We only 
onsider in this se
tion the 
ase d = 1. Under the assumption thatthe family {1, x, x2, . . .} belongs to L2(I, µ), where I is a bounded interval of R and µ is a measure on
I, an orthonormal basis of L2(I, µ) 
an be de�ned whi
h 
onsists of polynomials {P0, P1, P2, . . .}. Weassume that f belongs to a 
lass C′ρ whi
h is slightly more restri
tive than the 
lass Cρ (see Theorem6.23 p.218 in [46℄ for details). Then for any f ∈ L2(I, µ)∩C′ρ, there exists a fun
tion πf,mn ∈ Vmn su
hthat supx∈I |f(x) − πf,mn(x)| = O(m−ρ

n ). Consider then the proje
tion πmnf of f on the subspa
e
Vmn =Ve
t{P0, P1, . . . , Pmn}. It 
an be expressed as

πmnf(x) =

mn∑

j=0

{∫

I
Pj(s)f(s)dµ(s)

}
Pj(x).The proje
tion estimator of the density f of the real valued random variables {Xi}16i6n is naturallyde�ned as

f̂n(x) =
1

n

n∑

i=1

Kmn(x,Xi) =
1

n

n∑

i=1

mn∑

j=0

Pj(Xi)Pj(x) .Then Ef̂n(x) = πmnf(x) is an approximation of f(x) in Vmn . The fa
t that I is 
ompa
t and theChristo�el-Darboux formula and its 
orollary (see [106℄) ensure properties (a) and (b) for the kernels
Km. We easily 
he
k that properties (
) also holds. Unfortunately, the optimal rate (m−ρ

n ) does notne
essarily hold. We then have to 
onsider the weighted kernels Ka
m(x, y) de�ned by :

Ka
m(x, y) =

m∑

j=0

am,j

j∑

k=0

Pk(x)Pk(y) ,where {am,j ; m ∈ N, 0 6 j 6 m} is a weight sequen
e satisfying ∑m
j=0 am,j = 1 and for all j :

limm→∞ am,j = 0. If the sequen
e {am,j} is su
h that Ka
m is a nonnegative kernel then ‖Ka

m‖1 =
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∫
I K

a
m(x, s)dµ(s) = 1 and the kernel Ka

m satis�es (a), (b) and (
). Moreover, the uniform norm of theoperator f 7→ Ka
m ∗ f(x) is sup‖f‖∞=1 ‖Ka

m ∗ f‖∞ = ‖Ka
m‖1 = 1. The linear estimator built with thiskernel is

f̂a
n(x) =

1

n

n∑

i=1

mn∑

j=0

amn,j

j∑

k=0

Pk(Xi)Pk(x) ,and its bias has the optimal rate :
|Ef̂a

n(x)− f(x)| = |Ka
mn
∗ f(x)− πf,mnf(x) + πf,mnf(x)− f(x)| ,

6 |Ka
mn
∗ (f(x)− πf,mnf(x)) + πf,mnf(x)− f(x)| ,

6 (‖Ka
mn
‖1 + 1)m−ρ

n = O(m−ρ
n ) .Su
h an array {am,j} 
annot always be de�ned. We give an example where it is possible.Example 4.2 (Fejer kernel) For the trigonometri
 basis {cos(nx), sin(nx)}n∈N, we 
an �nd a 2π-periodi
 fun
tion f ∈ C′1 su
h that supx∈[−π;π] |f(x) − πmf(x)| = O(m−1 logm). The asso
iatedestimator reads :

f̂n(x) =
1

2π
+

1

nπ

n∑

i=1

mn∑

k=1

cos(kXi) cos(kx) + sin(kXi) sin(kx) .We remark that Ef̂n is the Fourier series of f trun
ated at order mn :
Dmnf(x) =

1

2π

∫ 2π

0
f(t)Dmn(x− t)Dt .where

Dm(x) =

m∑

k=−m

eikx =
sin({2m+ 1}x/2)

sin(x/2)is (the symmetri
) Diri
hlet's kernel. Re
all that Fejer's kernel is de�ned as
Fm(x) =

1

m

m−1∑

k=0

Dk(x) =
m−1∑

k=−(m−1)

(
1− |k|

m

)
eikx =

sin2(mx/2)

m sin2(x/2)
.The kernel Fm is a nonnegative weighted kernel 
orresponding to Diri
hlet's kernel and the sequen
eof weights am,j = 1/m and satis�es (a), (b) and (
). The estimator asso
iated to the Fejer's kernelsis de�ned by

f̃n(x) =
1

2π
+

1

nπ

n∑

i=1

mn∑

j=1

1

mn

j∑

k=1

cos kXi cos kx+ sin kXi sin kx ,If the 
ommon density f is 2π-periodi
 and belongs to C′1, then assumption (d) holds.
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kson's kernels (see [89℄), we 
an �nd an estimator su
h that Rn = O(m
−ρ/d
n ) forother values of ρ, but the weight sequen
e am,j highly depends of the value of ρ.Wavelet estimation Wavelet estimation is a parti
ular 
ase of proje
tion estimation. For the sakeof simpli
ity, we restri
t hte study to d = 1.De�nition 4.5 (S
aling fun
tion [38℄) A fun
tion φ ∈ L2(R) is 
alled a s
aling fun
tion if thefamily {φ(· − k) ; k ∈ Z} is orthonormal.We 
hoose the bandwidth parameter mn = 2j(n) and de�ne Vj = Vect{φj,k, k ∈ Z}, where φj,k =

2j/2φ(2j(x− k)). Under the assumption that φ is 
ompa
tly supported, we de�ne (the sum over theindex k is in fa
t �nite) :
f̂n(x) =

1

n

∞∑

k=−∞

n∑

i=1

φj(n),k(Xi)φj(n),k(x) .The wavelets estimator is of the form (4.1) with K(x, y) =
∑∞

k=−∞ φ(y− k)φ(x− k) and Km(x, y) =

mK(mx,my). Under the additionnal assumption that ∑k∈Z
φ(x − k) = 1 for almost all x, we 
anwrite :

∣∣∣E(f̂n(x)− f(x))
∣∣∣ 6

∣∣∣∣
∫
Kmn(y, x)f(y)dy − f(x)

∣∣∣∣ ,

=

∣∣∣∣
∫
mnK(mny,mnx)(f(y)− f(x))dy

∣∣∣∣ ,

=

∣∣∣∣
∫
mnK(mnx+ t,mnx)(f(x+ t/mn)− f(x))dt

∣∣∣∣ .If φ is a Lips
hitz fun
tion su
h that ∫ φ(x)xjdx = 0 if 0 < j < ⌈ρ − 1⌉ and ∫ φ(x)x⌈ρ−1⌉dx 6= 0,then the kernel Km satisfy properties (a), (b) and (
). If f ∈ Cρ, then Assumption (d) holds.4.4 Proof of the TheoremsThe proof of our results is based on the de
omposition :
f̂n(x)− f(x) = f̂n(x)− E

(
f̂n(x)

)

︸ ︷︷ ︸
FLn(x)=�u
tuation + E

(
f̂n(x)

)
− f(x)

︸ ︷︷ ︸bias . (4.10)The bias term is of order m−ρ/d
n by Assumption (d). We now present three lemmas useful to derivethe rate of the �u
tuation term.Lemma 4.1 (Moment inequalities) For ea
h even integer q, under the assumption [H4℄ or [H5℄and if moreover one of the following assumption holds :



100 NON ADAPTATIVE DENSITY ESTIMATION� [H1℄ or [H1'℄ holds (geometri
 
ase) ;� [H2℄ holds, mn = nδ log(n)γ with δ > 0, γ ∈ R and
a > max

(
q − 1,

(q − 1)δ(4 + 2/d)

q − 2 + δ(4 − q) , 2 +
1

d

)
,� [H2'℄ holds, mn = nδ log(n)γ with δ > 0 and γ ∈ R and

a > max

(
q − 1,

(q − 1)δ(2 + 2/d)

q − 2 + δ(4 − q) , 1 +
1

d

)
.Then, for ea
h x ∈ R

d,
lim sup

n→∞
(n/mn)q/2 ‖FLn(x)‖qq < +∞ .Lemma 4.2 (Probability inequalities)� Geometri
 
ase. Under Assumptions [H4℄ or [H5℄ and [H1℄ or [H1'℄ there exist positive 
onstants

C1, C2 su
h that
P

(
|FLn(x)| > ε

√
mn/n

)
C1 ≤ exp{−C2ε

b/(b+1)} .� Riemannian 
ase. Under Assumptions [H4℄ or [H5℄, if mn = nδ log(n)γ and if one of the followingassumtions holds :� [H2℄ with a > max{1 + 2(δ + 1/d)/(1 − δ), 2 + 1/d},� [H2'℄ with a > max (1 + 2{1/d(1 − δ)}, 1 + 1/d),then,
P

(
|FLn(x)| > ε

√
mn/n

)
≤ Cε−q0 ,with q0 = 2 ⌈(a− 1)/2⌉.Lemma 4.3 (Flu
tuation rates) Under the assumptions of Lemma 4.2, we have for any M > 0,� Geometri
 
ase.

sup
‖x‖6M

|FLn(x)| =a.s. O

(√
mn

n
log(b+1)/b(n)

)
;� Riemannian 
ase.

sup
‖x‖6M

|FLn(x)| =a.s. O



(
m

1+2/q0
n

n1−2/q0

) 1
1+d/q0

log n


 ,with q0 = 2 ⌈(a− 1)/2⌉.Remarks.� In Lemma 4.1, we improve the moment inequality of [42℄, where the 
ondition in the 
ase of
oe�
ient η is a > 3(q − 1), whi
h is always stronger than our 
ondition.



4.4. PROOF OF THE THEOREMS 101� In the i.i.d. 
ase a Bernstein type inequality is available :
P

(
|FLn(x)| ≥ ε

√
m

n

)
≤ C1 exp

(
−C2ε

2
)
,Lemma 4.2 provides a weaker inequality for dependent sequen
es. Other probability inequalitiesfor dependent sequen
es are presented in [29℄ and [44℄.� Lemma 4.3 gives the almost sure bounds for the �u
tuation. It is derived dire
tly from the twoprevious lemmas.Proof of the lemmasProof. [Proof of Lemma 4.1℄ Let x be a �xed point in R

d. Denote Zi = un(Xi) − Eun(Xi) where
un(.) = Kmn(., x)/

√
mn. Then

n∑

i=1

Zi =

n∑

i=1

un(Xi)− Eun(Xi) =
n√
mn

(f̂n(x)− Ef̂n(x)) =
n√
mn

FLn(x) . (4.11)The order of magnitude of the �u
tuation FLn(x) is obtained by applying the inequality (4.5) tothe 
entered sequen
e {Zi}16i6n de�ned above. We then 
ontrol the normalized �u
tuation of (4.11)with the 
ovarian
e terms Ck(r) de�ned in equation (4.6). Firstly, we bound the 
ovarian
e terms :� Case r = 0. Here t1 = · · · = tk = i. Then we get :
Ck(r) =

∣∣cov
(
Zt1 · · ·Ztp , Ztp+1 · · ·Ztk

)∣∣ 6 2E|Zi|k .By de�nition of Zi :
E|Zi|k 6 2k

E|un(Xi)|k 6 2k‖un‖k−1
∞ E|un(X0)| . (4.12)� Case r > 0. Ck(r) =

∣∣cov
(
Zt1 · · ·Ztp , Ztp+1 · · ·Ztk

)∣∣ is bounded in di�erent ways, either usingweak-dependen
e property or by dire
t bound.� Weak-dependen
e bounds :� η-dependen
e : Consider the following appli
ation :
φp : (x1, . . . , xp) 7→ (un(x1) · · · un(xp)) .Then ‖φp‖∞ 6 2p‖un‖p∞ and Lipφp 6 2p‖un‖p−1

∞ Lipun. Thus by η-dependen
e, for all k > 2we have :
Ck(r) 6

(
p2p‖un‖p−1

∞ + (k − p)2p−k‖un‖p−k−1
∞

)
Lipunη(r) ,

6 k2k‖un‖k−1
∞ Lipunη(r) . (4.13)
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e : We use the inequality (4.7). Using the bound
E|φp(X1, . . . ,Xp)| 6 ‖un‖p−1

∞ E|un(X0)| ,we derive a bound for the 
ovarian
e terms :
Ck(r) 6 k2k‖un‖k−2

∞ E|un(X0)|Lip unφ̃(r) . (4.14)� Dire
t bound : Triangular inequality implies for Ck(r) :
∣∣cov

(
Zt1 · · ·Ztp , Ztp+1 · · ·Ztk

)∣∣ 6
∣∣∣∣∣E

k∏

i=1

Zti

∣∣∣∣∣
︸ ︷︷ ︸

A

+

∣∣∣∣∣E
p∏

i=1

Zti

∣∣∣∣∣
︸ ︷︷ ︸

Bp

∣∣∣∣∣∣
E

k∏

i=p+1

Zti

∣∣∣∣∣∣
︸ ︷︷ ︸

Bk−p

,

A = |E (un(Xt1)− Eun(Xt1)) · · · (un(Xtk )− Eun(Xtk))| ,
= |Eun(X0)|k + |E (un(Xt1) · · · un(Xtk))|

+
k−1∑

s=1

|Eun(X0)|k−s
∑

ti16···6tis

∣∣∣E
(
un(Xti1

) · · · un(Xtis )
)∣∣∣ .Firstly, with k > 2 :

|Eun(X0)|k 6 ‖un‖k−2
∞ (E|un(X0)|)2 .Se
ondly, if 1 6 s 6 k − 1 :

∣∣∣E
(
un(Xti1

) · · · un(Xtis )
)∣∣∣ 6 E|un(Xti1

) · · · un(Xtis )| ,
6 ‖un‖s−1

∞ E|un(X0)| ,
|Eun(X0)|k−s

6 ‖un‖k−s−1
∞ E|un(X0)| .Thirdly there is at least two di�erent observations with a gap of r > 0 among Xt1 , . . . ,Xtk sofor any integer k > 2 :

|E (un(Xt1) · · · un(Xtk))| 6 ‖un‖k−2
∞ E|un(X0)un(Xr)| .Then, 
olle
ting the last four inequations yields :

A 6 ‖un‖k−2
∞ (E|un(X0)|)2

+(E|un(X0)|)2
k−1∑

s=1

Ck
s ‖un(X0)‖k−2

∞ + ‖un‖k−2
∞ E|un(X0)un(Xr)| .
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A 6 ‖un‖k−2

∞
(
(2k − 1)(E|un(X0)|)2 + E|un(X0)un(Xr)|

)
. (4.15)Now, we bound Bi with i < k. As before :

Bi = |E (un(Xt1)− Eun(Xt1)) · · · (un(Xti)− Eun(Xti))| ,

=

i∑

s=0

|E(un(X0)|i−s
∑

tj16...6tjs

∣∣∣E
(
un(Xtj1

) · · · un(Xtjs
)
)∣∣∣ ,

6 2i‖un‖i−2
∞ (E|un(X0)|)2 .Then :

Bp ×Bk−p 6 2k‖un‖k−4
∞ (E|un(X0)|)4 6 2k‖un‖k−2

∞ (E|un(X0)|)2 . (4.16)Another interesting bound for r > 0 follows, be
ause a

ording to inequalities (4.15) and (4.16)we have :
Ck(r) 6 ‖un‖k−2

∞
(
(2k+1 − 1)(E|un(X0)|)2 + E|un(X0)un(Xr)|

)
.Noting γn(r) = E|un(X0)un(Xr)| ∨ (E|un(X0)|)2, we have :

Ck(r) 6 2k+1‖un‖k−2
∞ γn(r) . (4.17)We now use the di�erent values of the bounds in inequalities (4.12), (4.13), (4.14) and (4.17). If wede�ne the sequen
e (wr)06r6n−1 as :� w0 = 1,� wr = γn(r) ∧ ‖un‖∞Lipunη(r) ∧ E|un(X0)|Lipunϕ(r),then, for all r su
h that 0 6 r 6 n− 1 and for all k > 2 :

Ck(r) 6 k2
k‖un‖k−2

∞ wr .We derive from this inequality and from (4.5) :
∥∥∥∥∥

n∑

i=1

Zi

∥∥∥∥∥

q

q

6
(2q − 2)!

(q − 1)!





(
n

n−1∑

r=0

C2(r)

)q/2

∨ n
n−1∑

r=0

(r + 1)q−2Cq(r)



 ,

6
(
4q
√
n
)q




(
n−1∑

r=0

wr

)q/2

∨
(‖un‖∞√

n

)q−2 n−1∑

r=0

(r + 1)q−2wr



 .In order to 
ontrol wr, we give bounds for the terms γn(r) = E|un(X0)un(Xr)| ∨ (E|un(X0)|)2 :� In the 
ase of [H4℄, we have :

E|un(X0)un(Xr)| 6 supj,k ‖fj,k‖∞‖un‖21 ,
(E|un(X0)|)2 6 ‖f‖2∞‖un‖21 .
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ase of [H5℄, Lemma 2.3 of [98℄ proves that E|un(X0)un(Xr)| 6 (E|un(X0)|)2 for n su�
ientlylarge and the same bound as above remains true for the last term.In both 
ases, we 
on
lude that γn(r) � ‖un‖21. The properties (a), (b) and (
) of se
tion 4.2.2 andthe expression un = Kmn/
√
mn ensure that ‖un‖1 �

1√
mn

and Lipun � m1/2+1/d
n . We dedu
e usingthe 
ompa
t support of K that ‖un‖∞ �

√
mn. We then have for r > 1 :

wr �
1

mn
∧m1+1/d

n η(r) ∧m1/d
n ϕ(r) . (4.18)In order to prove Lemma 4.1, it remains to 
ontrol the sums

(‖un‖∞√
n

)k−2 n−1∑

r=0

(r + 1)k−2 1

mn
∧m1+1/d

n η(r) ∧m1/d
n ϕ(r) , (4.19)for k = 2 and k = q in both Riemannian and geometri
 
ases.� Geometri
 
ase.Under [H1℄ or [H1'℄ : We remark that a∧ b 6 aαb1−α for all α ∈ [0; 1]. Using (4.18), we obtain �rstthat wr � (η(r) ∧ ϕ(r))αm

α(1+1/d)−(1−α)
n for n su�
iently large. Then for 0 < α 6 d

2d+1 we bound
wr independently of mn : wr � (η(r) ∧ ϕ(r))α. For all even integer k > 2 we derive from the formof η(r) ∧ φ̃r that (in the third inequality u = arb) :

n−1∑

r=1

(r + 1)k−2wr �
n−1∑

r=0

(r + 1)k−2 exp(−αarb) ,

�
∫ ∞

0
rk−2 exp(−αarb)dr ,

� 1

ba
k−1

b

∫ ∞

1
u

k−1
b

−1 exp(−u)du ,

� 1

ba
k−1

b

Γ

(
k − 1

b

)
.Using the Stirling formula, we 
an �nd a 
onstant B su
h that, for the spe
ial 
ases k = 2 and

k = q :
n−1∑

r=1

(r + 1)k−2wr �
1

ba
k−1

b

Γ

(
k − 1

b

)
� (Bk)

k
b .� Riemannian 
ase.Under [H6℄ and [H2℄ : Let us re
all that [H6℄ implies that mn 6 nδ for n su�
iently large and

0 < δ < 1 and that the assumption of Lemma 4.1 implies that :
a > max

(
q − 1,

δ(q − 1)(4 + 2/d)

q − 2 + δ(4 − q) , 2 +
1

d

)
.
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(
k − 1,

δ(k − 1)(4 + 2/d)

k − 2 + δ(4 − k)

) for both 
ases k = q or k = 2. This assumptionon a implies that :
(k + 2/d)δ + 2− k

2(a− k + 1)
<

(4− k)δ + k − 2

2(k − 1)
.Furthermore, reminding that 0 < δ < 1 :

0 <
(4− k)δ + k − 2

2(k − 1)
= 1− k(1 + δ) − 4δ

2(k − 1)
6 1 .We derive from the two previous inequalities that there exists ζk ∈]0, 1[ verifying

(k + 2/d)δ + 2− k
2(a− k + 1)

< ζk <
(4− k)δ + k − 2

2(k − 1)
.For k = q or k = 2, we now use Tran's te
hnique as in [2℄. We divide the sum (4.19) in two partsin order to bound it by sequen
es tending to 0, due to the 
hoi
e of ζk :

(√
mn

n

)k−2 [nζk ]−1∑

r=0

(r + 1)k−2wr �
(√

mn

n

)k−2
[nζk ]k−1

mn
,

� n(2ζk(k−1)−((4−k)δ+k−2))/2 ,

= O(1) ,
(√

mn

n

)k−2 n−1∑

r=[nζk ]

(r + 1)k−2wr 6

(√
mn

n

)k−2

m1+1/d
n [nζk ]k−1−a ,

6 n(−2ζk(a−k−1)+((k+2/d)δ+2−k))/2 ,

= O(1) .Under [H6℄ and [H2'℄ : Under the assumption of Lemma 4.1 :
a > max

(
q − 1,

δ(q − 1)(2 + 2/d)

q − 2 + δ(4− q) , 1 +
1

d

)
,we derive exa
tly as in the previous 
ase that there exists ζk ∈]0; 1[ for k = q or k = 2 su
h that

(k − 2 + 2/d)δ + 2− k
2(a− k + 1)

< ζk <
(4− k)δ + k − 2

2(k − 1)
.We then apply again the Tran's te
hnique that bound the sum (4.19) in that 
ase.Lemma 4.1 dire
tly follow from (4.11). �Remarks. We have in fa
t proved the following sharper result.In the geometri
 
ase, there exists a
onstant C > 0 su
h that for every even integer q and all x in the support of Kmn :

∥∥∥∥∥
1√
nmn

n∑

i=1

Kmn(Xi, x)− EKmn(Xi, x)

∥∥∥∥∥

q

q

≤
(
Cq1+1/b

)q
. (4.20)



106 NON ADAPTATIVE DENSITY ESTIMATIONProof. [Proof of Lemma 4.2℄ The 
ases of Riemannian or geometri
 de
ay of the dependen
e 
oe�-
ients are 
onsidered separately.� Geometri
 de
ay We present a te
hni
al lemma useful to dedu
e exponential probabilities frommoment inequalities at any even order.Lemma 4.4 If the variables {Vn}n∈Z satis�es, for all k ∈ N
∗

‖Vn‖2k 6 φ(2k) , (4.21)where φ is an in
reasing fun
tion with φ(0) = 0. Then :
P(|Vn| > ε) 6 e2 exp

(
−φ−1(ε/e)

)
.Proof. By Markov's inequality and Assumption (4.21), we obtain

P (|Vn| > ε) 6
(
φ(2k)

ε

)2k

.With the 
onvention 00 = 1, the inequality is true for all k ∈ N. Reminding that φ(0) = 0, thereexists an integer k0 su
h that φ(2k0) 6 ε/e < φ(2(k0 + 1)). Noting φ−1 the generalized inverse of
φ, we have :

P (|Vn| > ε) 6
(
φ(2k0)

ε

)2k0

6 e−2k0 = e2e−2(k0+1) ,

6 e2 exp
(
−φ−1(ε/e)

)
.

�We rewrite the inequality (4.20) : ∥∥∥√ n
mn
FLn

∥∥∥
2k
6 φ(2k) with φ(x) = Cx

b+1
b for a 
onvenient
onstant C. Applying Lemma 4.4 to Vn =

√
n

mn
FLn we obtain :

P

(
|FLn| > ε

√
mn

n

)
6 e2 exp

(
−φ−1(ε/e)

)
,and we obtain the result of the Lemma 4.2.� Riemannian de
ay In this 
ase, the result of Lemma 4.1 is obtained only for some values of qdepending of the value of the parameter a :� In the 
ase of η-dependen
e :

a > max

(
q − 1,

1 + δ + 2/d

1− δ , 2 +
1

d

)
.� In the 
ase of ϕ-dependen
e :

a > max

(
q − 1, 1 +

2

d(1− δ) , 1 +
1

d

)
.
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onsider that the assumptions of the Lemma 4.2 on a are satis�ed in both 
ases of dependen
e.Then q0 = 2
⌈

a−1
2

⌉ is the even integer su
h that a − 1 6 q0 < a + 1. It is the largest order su
hthat the assumptions of Lemma 4.1 (re
alled above) are satis�ed and then the Lemma 4.1 givesus dire
tly the rate of the moment : lim
n→∞

sup

(
n

mn

)q0/2

‖FLn(x)‖q0
q0
< +∞. We apply Markov toobtain the result of Lemma 4.2 :

P

(
|FLn(x)| > ε

√
mn

n

)
6

(√
n

mn
‖FLn(x)‖q0

)q0

εq0
.

�Proof. [Proof of Lemma 4.3℄ We follow here Liebs
her's strategy as in [4℄. We re
over B := B(0,M),the ball of 
enter 0 and radius M , by at least (4Mµ + 1)d balls Bj = B(xj , 1/µ). Then, under theassumption that Km(., y) is supported on a 
ompa
t of diameter proportional smaller than 1/m1/d,we have, for all j :
sup
x∈Bj

|FLn(x)| 6 |f̂n(xj)− Ef̂n(xj)|+ C
mn

1/d

µ
(|f̃n(xj)− Ef̃n(xj)|+ 2|Ef̃n(xj)|) , (4.22)with C a 
onstant and f̃n(x) = 1

n

∑n
i=1 K̃mn(x,Xi) where K̃mn is a kernel of type K̃m(x, y) =

K0mk(x, y, xj , 1/m
1/d). The 1/b-Lips
hitz fun
tion k(x, y, a, b) is equal to 1 on B(a, b) and nulloutside B(a, b+ 1/b). The 
onstant K0 is �xed in order that K̃mn satis�es properties (a), (b) and (
)of se
tion 4.2.2. Then using (4.22) and with obvious short notation :

P

(
sup

‖x‖6M
|FLn(x)| > ε

√
mn

n

)
6

(4Mµ+1)d∑

j=1

P

(
sup
x∈Bj

|FLn(x)| > ε

√
mn

n

)
,

6 (4Mµ+ 1)d

[
sup
x∈Bj

P

(
|FLn(xj)| > ε

√
mn

n

)

+P

(
C
m

1/d
n

µ
|F̃Ln(x)| > ε

√
mn

n

)

+P

(
2C

m
1/d
n

µ
|Ef̃n(xj)| > ε

√
mn

n

)]
.Using the fa
t that f is bounded, Ef̃n =

∫
K̃mn(xj, s)f(s)ds is bounded independently of n. Thentaking µ = m

1/d−1/2
n n1/2L(n)/ε ensures that P

(
2Cm

1/d
n
µ |Ef̃n(xj)| > ε

√
mn
n

) is null for n su�
ientlylarge. Applying Lemma 4.2 on f and f̃ , uniform probability inequality in both 
ases of geometri
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ays be
ome :
P

(
sup

‖x‖6M
|FLn(x)| > εn

√
mn

n

)
� µd exp

(
−Cε

b
b+1
n

)
, (4.23)

P

(
sup

‖x‖6M
|FLn(x)| > εn

√
mn

n

)
� µdε−q0

n . (4.24)In the geometri
 
ase, �x εn as G(log n)(b+1)/b su
h that the bound be
omes µdn−GC . Reminding that
µ 6 n, the sequen
e µdn−GC , bounded by nd−GC , is summable for a 
onveniently 
hosen 
onstant
G. Borel-Cantelli's Lemma then 
on
ludes the proof in this 
ase.In the Riemannian 
ase, take εn = (m1−d/2

n n1+d/2)
1

q0+d log n in order that the bound be
omes
n−1 log−q0 nL(n). Reminding that q0 > 2, this sequen
e is summable and here again we 
on
ludeby applying Borel-Cantelli's Lemma. �Proof of the theoremsThe order of magnitude of the bias is given by Assumption (d) and the Lemmas provide bounds for�u
tuation term. There only remain to determine the optimal bandwidth mn in ea
h 
ase.Proof. [Proof of Theorem 4.1℄ Applying Lemma 4.1 yields Theorem 4.1 when q is an even integer.For any real q, Lemma 4.1 with 2(⌈q/2⌉ + 1) > 2 and Jensen's inequalities yields :

(
n

mn

)q/2

E|FLn(x)|q =

(
n

mn

)q/2

E

(
FLn(x)2(⌈q/2⌉+1)

)q/{2(⌈q/2⌉+1)}
,

6

((
n

mn

)⌈q/2⌉+1

EFLn(x)2(⌈q/2⌉+1)

)q/{2(⌈q/2⌉+1)}

.Plugging this bound and the bound for the bias in (4.10), we obtain a bound for the L
q-error ofestimation :

‖f̂n(x)− f(x)‖q 6 ‖FLn(x)‖q + |Rn(x)| = O

(√
mn

n
+m−ρ/d

n

)
.The optimal bandwidth m∗

n = n
d

2ρ+d is the same as in the i.i.d. 
ase. Thus [H6℄ holds with δ = d
2ρ+d .For this valued of δ, the 
onditions on the parameter a of Lemma 4.2 are equivalent to those ofTheorem 4.1. �Proof. [Proof of Theorem 4.2℄ Applying the probability inequality (4.23) in the proof of Lemma 4.3and the identity E|Y |q =

∫ +∞
0 P

(
|Y | > t1/q

)
dt, we obtain

E sup
‖x‖6M

|f̂n(x)− f(x)|q = O

({√
mn

n
log(b+1)/b(n)

}q

+m−qρ/d
n

)
.



4.4. PROOF OF THE THEOREMS 109Lemma 4.3 gives the rate of almost sure 
onvergen
e :
sup

‖x‖6M
|f̂n(x)− f(x)| =a.s. O

(√
mn

n
log

b+1
b n+m−ρ/d

n

)
.In both 
ases, the optimal bandwidth is m∗

n = (n/ log2(b+1)/b(n))d/(2ρ+d), whi
h yields the rates
laimed in Theorem 4.2. �Proof. [Proof of Theorem 4.3℄ Applying the probability inequality (4.24) and the same line of rea-soning as in the previous proof, we obtain
E sup

‖x‖6M
|f̂n(x)− f(x)|q = O

((√
mn

n
m

2
q0+d
n

)q

+m−qρ/d
n

)
,where q0 = 2 ⌈(a− 1)/2⌉. The optimal bandwidth m∗

n = nd/(d+2ρ+2d/(q0+d)) implies [H6℄ with δ =

d/(d + 2ρ+ 2d/(q0 + d)). For this value of δ, the 
onditions on a of Lemma 4.2 are satis�ed as soonas a > 4 and ρ > 2d.Lemma 4.3 gives the rate for the �u
tuation in the almost sure 
ase. This leads the optimal bandwidth
m∗

n =
(
nq0−2/ logq0+d(n)

) d
d(q0+2)+ρ(q0+d)

.We then dedu
e the two di�erent rates of Theorem 4.3, either in the almost sure or in the L
qframework. �
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Chapitre 5Adaptive density estimation underdependen
e
Abstra
tAssume that (Xt)t∈Z is a real valued time series admitting a 
om-mon marginal density f with respe
t to Lebesgue measure. Donoho etal. (1996) propose a near-minimax method based on thresholding wa-velets to estimate f on a 
ompa
t set in an independent and identi-
ally distributed setting. The aim of the present work is to extend thismethodology to di�erent weakly dependent 
ases. Bernstein's type in-equalities are proved to be su�
ient to extend near-minimax results.Assumptions are detailed for dynami
al systems and under the η-weakdependen
e 
ondition from Doukhan & Louhi
hi (1999). The thresholdlevels in our estimator integrates the dependen
e stru
ture of the se-quen
e (Xt)t∈Z through one parameter γ. The near minimaxity is ob-tained for L

p-
onvergen
e rates (p > 1). An estimator of γ is obtainedby a 
ross-validation pro
edure. The pro
edure is illustrated via a simu-lation study of some dynami
al systems and non Markovian η-weaklydependent sequen
es.Keywords : Adaptive estimation, Asymptoti
 minimax, Hard thresholding, Nonpa-rametri
 density estimation, Wavelets, Weak dependen
e.Note111



112 ADAPTATIVE DENSITY ESTIMATIONThe 
ontent of this part is based on a paper, written in 
ollaboration with IrèneGannaz, submitted to ESAIM P& S.



113Introdu
tionLet (Xt)t∈Z be a real valued time series admitting a 
ommon marginal density f that is 
ompa
tlysupported. The general purpose of this 
hapter is to estimate f by a wavelet estimator f̂n 
onstru
tedfrom n observations (X1, . . . ,Xn). We refer to Vannu

i (1998) [109℄ for a survey of the use of wave-let bases in density estimation. Wavelets are interesting be
ause they are lo
alised both in time andfrequen
y. Donoho et al. (1996) [35℄ showed that proje
tion-like linear estimators are not optimal in aminimax approa
h, i.e. that their rates of 
onvergen
e are slower than the minimax one. Introdu
ingnonlinearity by thresholding wavelet 
oe�
ients allow them to obtain quasi-optimal results. The 
or-responding estimators are 
alled near-minimax be
ause their rates di�er from the minimax one onlyup to a logarithm term. The present work extends wavelet density estimation from the independentand identi
ally distributed (iid for short) framework to 
ases where dependen
e between variableso

urs. Many kinds of thresholding exist, su
h as for example Hall and Patil's (1995) [64℄ or thosepresented in Antoniadis and Fan (2001) [5℄, but we restri
t ourselves to hard-thresholding.Several ways of quantifying dependen
e have already been worked out. One of the most popular isthe notion of mixing. For β-mixing, Tribouley and Viennet (1998) [107℄ have proved the optimalityof an estimator f̂n for whi
h the Mean Integrated Square Error (MISE for short) is the minimax one.Comte and Merlevède (2002) [23℄ obtain a near-minimax result for more general α-mixing models,paying the gain of generality by a logarithm loss in the 
onvergen
e rate. However, the 
lass of α and
β-mixing models is quite restri
tive. Andrews (1984) [1℄ exhibits the simple non-mixing pro
ess

Xt =
1

2
(Xt−1 + ξt) , where (ξt)t∈Z iid with law Bern(p). (5.1)New 
oe�
ients have been re
ently introdu
ed to study su
h non mixing models. Via a time reversion,the Markov 
hain (5.1) is distributed as the dynami
al system (Yt = T tY0)t∈Z, where Y0 follow theuniform distribution on [0, 1] and T (x) = 2x mod1 (see Barbour et al. (2000) [6℄ for more details). Asnoted by Dede
ker and Prieur (2005) [29℄, su
h dynami
al systems (and asso
iated Markov 
hains)are dependent but not mixing. The above 
ited authors introdu
e the notion of ϕ-weak dependen
eto quantify dependen
e of su
h pro
esses. Another (eventually) non-mixing 
lass of models is theone of non-
ausal Bernoulli shifts �Xt = H(ξt−j , j ∈ Z))t∈Z where (ξt)t∈Z is an iid pro
ess�. Thesemodels belong to the 
lass of η-weak dependent pro
esses (see Doukhan and Louhi
hi, 1999, [41℄).The estimation s
heme is based on Donoho et al. (1996)'s pro
edure, in [35℄, and it is adaptative withrespe
t to the regularity of f . The hard-threshold levels of the estimator f̂n integrate the dependen
eof the observations via a parameter γ. If the weak dependen
e 
ontext is known, the estimator isnear minimax : in the 
ase of dynami
al systems the same rate as in iid setting is a
hieved thanks toinequalities obtained by Dede
ker et al. (2007) [27℄ and by Doukhan & Neumann [44℄ and for non-
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ausal η-weakly dependent observations another logarithmi
 loss appears. If the weak dependen
e
ontext is unknown, a 
ross validation pro
edure gives an estimator γ̂n. The resulting estimator f̂ γ̂n
nis adaptative with respe
t to the dependen
e and it is available for a large weak dependen
e rangein an uni�ed approa
h. We believe that this is a real improvement on existing results be
ause norestri
tive mixing assumptions on the observations are required.The 
hapter is stru
tured as follows. The 
ontext of estimation is presented in the next se
tion.Examples of di�erent weakly dependent sequen
es of interest are given in Se
tion 5.2. Se
tion 5.3 isdevoted to the main results where relevent probability inequalities and near minimax rates are obtai-ned. In Se
tion 5.4 some numeri
al appli
ations are dis
ussed and near minimax density estimatorsare given by a new 
ross validation pro
edure. The proofs are relegated in the last Se
tion.5.1 Estimation frameworkWithout loss of generality f is 
onsidered supported by [0, 1]. Let us re
all some useful fa
ts aboutwavelet estimation (see Hardle, Kerkya
harian, Pi
ard and Tsybakov (1998) [67℄ for more details onwavelet estimation). For all p > 1, L

p denotes in the sequel the spa
e of all fun
tions f supported by
[0, 1] su
h that ‖f‖pp =

∫
|f(x)|pdx <∞.De�nition 5.1 An orthogonal multiresolution analysis of L

2 is an in
reasing sequen
e (Vj)j∈N of
losed subsets of L
2 satisfying(i) ⋂j∈N

Vj = {0} and ⋃j∈N
Vj = L

2,(ii) ∀ f ∈ L
2, ∀ j ∈ N, f ∈ Vj if and only if x 7→ f(2−jx) belongs to Vj+1,(iii) There exists a fun
tion φ, 
alled father wavelet, su
h that {x 7→ φ(x − k)}k∈Z forms an ortho-normal base of V0.IfWj denotes the orthogonal supplement of Vj in Vj+1, i.e Vj+1 = Vj⊕Wj, then there exists a fun
tion

ψ �
alled mother wavelet� su
h that {x 7→ ψ(x− k)}k∈Z forms an orthonormal basis of W0. At everyresolution level j ≥ 0 the families {φj,k : x→ 2j/2φ(2jx− k)}k∈Z and {ψj,k : x 7→ 2j/2ψ(2jx− k)}k∈Zare orthonormal bases of respe
tively Vj and Wj. Assume that φ is supported by [0, 1] and has azero-moments property of order N ∈ N
∗, i.e. :

∀k = 0 . . . N,

∫
φ(x)xkdx = δ0,k,

∫ ∣∣φ(x)xN+1
∣∣ dx <∞, (5.2)and x 7→

∑

k

|φ(x− k)| ∈ L
2, (5.3)



5.1. ESTIMATION FRAMEWORK 115(here δ0,k = 1 if k = 0 and else δ0,k = 0). The above assumptions imply that the asso
iated motherwavelet ψ also satis�es
∀k = 0 . . . N,

∫
ψ(x)xkdx = 0,

∫ ∣∣ψ(x)xN+1
∣∣ dx <∞.Wavelet bases on [0, 1] proposed by Daube
hies (1992) [24℄ are 
onsidered with a su�
ient number(N > 4) of vanishing moments to be Lips
hitz fun
tions. Re
all that a Lips
hitz fun
tion h : R

u → Rfor some u ∈ N
∗ is a fun
tion su
h that Lip (h) <∞ withLip (h) = sup

(a1,...,au)6=(b1,...,bu)

|h(a1, . . . , au)− h(b1, . . . , bu)|
|a1 − b1|+ · · ·+ |au − bu|

.Note that wavelets φ and ψ are bounded as Lips
hitz fun
tions supported by [0, 1].For any �xed integer j0, an arbitrary fun
tion f ∈ L
2 
an be de
omposed as

f =

2j0−1∑

k=0

αj0,kφj0,k +

∞∑

j=j0

2j−1∑

k=0

βj0,kψj0,k,where αj,k =
∫ 1
0 f(x)φj,k(x)dx, βj,k =

∫ 1
0 f(x)ψj,k(x)dx. The proje
tion-type estimator is

f̃n =

2j0−1∑

k=0

α̂j0,kφj0,k +

j1(n)∑

j=j0

2j−1∑

k=0

β̂j,kψj,k,where α̂j,k = 1/n
∑n

i=1 φj,k(Xi) and β̂j,k = 1/n
∑n

i=1 ψj,k(Xi) are the empiri
al estimators of the 
oef-�
ients αj,k and βj,k. Su
h density estimators 
an be write on the form : f̃n(x) =
∑n

i=1Kn(x,Xi), with
(Kn)n>1 sequen
e of kernels de�ned byKn(x, y) =

∑2j0−1
k=0 φj0,k(x)φj0,k(y)+

∑j1(n)
j=j0

∑2j−1
k=0 ψj,k(x)ψj,k(y).The kernels Kn are linear (they 
an be written as an integral with respe
t to the empiri
al distribu-tion) and thus the estimator f̃n is linear.Let (s, π, r) be a triplet su
h that s > 0, 1 ≤ π, r ≤ ∞. The expression

‖f‖s,π,r = |α0,0|+



∑

j∈N

2j(s+1/2−1/π)r




2j−1∑

k=0

|βj,k|π



r/π



1/r

,de�nes a semi-norm on L
2 (see Härdle et al. (1998) [67℄ for more details). Besov spa
es and Besovballs are respe
tively denoted

Bs
π,r := {f ∈ L

2 su
h that ‖f‖s,π,r < +∞}, Bs
π,r(M) :=

{
f ∈ Bs

π,r, ‖f‖s,π,r ≤M
}
.



116 ADAPTATIVE DENSITY ESTIMATIONNote that Besov spa
es do not depend on φ and ψ. For f ∈ Bs
π,r(M), the L

p-mean error of anestimator fn is de�ned by E‖fn − f‖pp. The asso
iated minimax rate verify
inf

f∈Bs
π,r(C)

sup
fn estimator of f

E‖fn − f‖pp = O
(
n−α

)
,with

α =




s/(1 + 2s) ε > 0,

(s− 1/π + 1/p)/(1 + 2s − 2/π) ε 6 0,
where ε = sπ − (p− π)/2. (5.4)Linear estimators, in
luding f̃n, do not a
hieve su
h rates for f ∈ Bs

π,r(M) with π 6 p. In order tobypass this drawba
k, Donoho et al. (1996) introdu
e in [35℄ non-linear estimators f̂n via thresholding.Let Tλ(β) = β1l|β|>λ be the hard-threshold fun
tion of level λ > 0 ; given n they 
onsider integers j0,
j1 and parameters (λj)j=j0...j1 and de�ne

f̂n =

2j0−1∑

k=0

α̂j0,kφj0,k +

j1∑

j=j0

2j−1∑

k=0

Tλj
(β̂j,k)ψj,k,In order to a
hieve a minimax rate �up to a logarithmi
 term� the paramters de�ning f̂n have to be
hosen appropriately. Donoho et al. (1996) obtain in the iid framework the following result :Theorem 5.1 (Donoho et al., 1996) Suppose that f belongs to a Besov ball Bs

π,r(M) with
1/π < s 6 N/2, 1 6 π 6 p, 1 6 r 6∞,where N is the regularity of the wavelet. If (Xt)t∈Z is an iid sequen
e, there exists a 
onstant

C0(N, p, s, π,M) su
h that
E‖f̂n − f‖pp 6 C0





(
log n

n

)pα

, if ε 6= 0
(

log n

n

)pα

(log n)(p/2−π/r)+ , if ε = 0,where the minimax rate α and ε are given in (5.4) and
2j0 ≃ n1/(1+N), (5.5)
2j1 ≃ n/ log n, (5.6)
λj = K

√
j/n, for a suitable 
onstant K > 0. (5.7)In a regression framework, Donoho and Johnstone (1995) [36℄ �x the 
onstant K =

√
2 for pra
ti
alimplementation. Hereafter, we will adopt the same 
hoi
e.



5.2. DEPENDENT MODELS 1175.2 Dependent modelsModels of this se
tion satisfy the 
onditions of the theorems stated in Se
tion 5.3.5.2.1 Expanding mapsDynami
al systems (Xt)t>0 are de�ned through a fun
tion T : [0, 1]→ [0, 1] by
Xi = T i(X0), ∀i ∈ Nwhere X0 is distributed as a Lebesgue dominated measure µ on [0, 1] and T i denotes T ◦ T ◦ · · · ◦ T︸ ︷︷ ︸

i terms .Expanding maps (Xt = T t(X0))t∈N (or equivalently Lasota-Yorke fun
tions T ) are dynami
al systemssu
h that� (Regularity) The fun
tion T is di�erentiable, with a 
ontinuous derivate T ′ and there exists a grid
0 = a0 6 a1 · · · 6 ak = 1 su
h that |T ′(x)| > 0 on ]ai−1, ai[ for ea
h i = 1, . . . , k.� (Expansivity) For any integer i, let Ii be the set on whi
h the �rst derivate of T i, (T i)′, is de�ned.There exists a > 0 and s > 1 su
h that infx∈Ii{|(T i)′(x)|} > asi.� (Topologi
al mixing) For any nonempty open sets U , V , there exists i0 > 1 su
h that T−i(U)∩V 6=
∅ for all i > i0.The 
lass of dynami
al systems has remarkable properties (see Viana, 1997, [110℄). Its members admitan invariant measure µ0 with a density f ∈ BV where BV is the set of bounded variation fun
tions

h de�ned on [0, 1] su
h that ‖h‖BV < +∞ where
‖h‖BV = |h(0)| + sup

n∈N

sup
a0=0<a1<···<an=1

n∑

i=1

|h(ai)− h(ai−1)|.Note that B1
1,1 ⊂ BV ⊂ B1

1,∞ (see e.g. Donoho et al. (1996), [35℄). Expanding maps are also geome-tri
ally ergodi
 in mean, i.e. there exists 
onstants α,C > 0 with α < 1 su
h that E|Xt − X̃t| 6 Cαtfor all t > 0, where (X̃t)t>0 is the stationary expanding map (X̃t = T t(X̃0))t∈N obtained with X̃0following a distribution µ0. These models are not mixing (see Dede
ker and Prieur, 2005, [29℄).5.2.2 η-weakly dependen
eDoukhan and Louh
hi have introdu
ed this notion in 1999 in [41℄.De�nition 5.2 (Doukhan and Louhi
hi, 1999) The stationary pro
ess (Xt)t∈Z is η-weakly de-pendent if there exists a sequen
e of non-negative real numbers (η(r))r∈N satisfying η(r) → 0 when
r →∞ and su
h that :

∣∣Cov (h (Xi1 , . . . Xiu) , k
(
Xiu+1, . . . ,Xiu+v

))∣∣ ≤ (uLip(h) + v Lip(k)) η(r)



118 ADAPTATIVE DENSITY ESTIMATIONfor all (u + v)-tuples, (i1, . . . , iu+v) with i1 ≤ · · · ≤ iu 6 iu + r ≤ iu+1 6 · · · 6 iu+v, and for all
h, k ∈ Λ(1) where

Λ(1) =

{
h : ∃u > 0, h : R

u → R, Lip (h) <∞, ‖h‖∞ = sup
x∈Ru

|h(x)| 6 1

}
.The η-dependen
e refers to non-
ausal situations be
ause information �from the future" (i.e. on theright of the 
ovarian
e) 
ontributes as mu
h as information �from the past" (i.e. on the left) in thedependen
e s
heme. This notion of dependen
e in
ludes general models whi
h may be non-mixing.We will 
onsider a subgeometri
 de
ay, meaning that :There exist a, b, C > 0 su
h that η(r) 6 C exp(−arb), (5.8)and we will also assume that the joint densities fj,k of (Xj ,Xk) exist and are uniformly bounded for

j 6= k.5.2.3 Bernoulli shiftsLet H : R
Z → R be a measurable fun
tion. If the sequen
e (ξt)t∈Z is iid on R, a Bernoulli shift withinput pro
ess (ξt)t∈Z is de�ned as

Xt = H ((ξt−i)i∈Z) , t ∈ Z.Su
h Bernoulli shifts are η−weakly dependent (see Doukhan and Louhi
hi, 1999, [41℄) with η(r) 6
2δ[r/2] if

E
∣∣H (ξj , j ∈ Z)−H

(
ξj1l|j|6r, j ∈ Z

)∣∣ 6 δr.Di�erent values of b in equation (5.8) arise naturally for spe
i�
 fun
tions H.In�nite moving averageThe most simple 
ase of in�nitely dependent Bernoulli shift is the in�nite moving average pro
ess
Xt =

∑

i∈Z

αiξt−i.Doukhan and Lang (2002) [39℄ prove they are η-weakly dependent with
η(r) =

√ ∑

|j|>[r/2]

a2
j . (5.9)If (aj)j 6=0 satis�es aj 6 Kα

|j| for j 6= 0, K > 0 and 0 < α < 1 then equation (5.8) holds with b = 1.



5.3. MAIN RESULTS 119LARCH(∞) inputsA vast literature is devoted to the study of 
onditionally heteros
edasti
 models. A simple equationin terms of a ve
tor valued pro
ess allows a uni�ed treatment of those models, see [47℄. Let (ξt)t∈Zbe an iid 
entered real valued sequen
e and a, aj , j ∈ N
∗ be real numbers. LARCH(∞) models aresolutions of the re
urren
e equation

Xt = ξt


a+

∞∑

j=1

ajXt−j


 . (5.10)Assume that Λ = E|ξ0|

∑
j>1 |aj | < 1 then one (essentially unique) stationary solution of eqn. (5.10)is given by

Xt = ξt


a+

∞∑

k=1

∑

j1,...,jk>1

aj1ξt−j1aj2 · · · ajk
ξt−j1−···−jk

a


 . (5.11)The solution (5.11) of equation (5.10) is geometri
ally η−weakly dependent with b = 1/2 if thereexists 0 < α < 1 and K > 0 su
h that aj 6 Kα

j−1 for all j > 0 and E|ξ0| < 1− α.Non-Causal LARCH(∞) inputsThe previous approa
h extends for the 
ase of Non-Causal LARCH(∞) inputs
Xt = ξt


a+

∑

j 6=0

ajXt−j


 .Doukhan, Teyssière and Winant (2005) prove in [47℄ the same results of existen
e of a stationarysolution as for the previous 
ausal 
ase (only repla
e summation for j > 0 by summation for j 6= 0).This solution satis�es equation (5.8) with b = 1/2 if there exists K,α > 0 and α < 1 su
h that

aj 6 Kα
|j| for all j 6= 0.5.3 Main resultsIn all this se
tion, let (Xt)t∈Z be a stationary real valued sequen
e, φ a father wavelet in L

2 satisfying(5.2) forN > 4 and the 
ondition (5.3), and {ψj,k, j ∈ N, k ∈ Z} the wavelet fun
tions asso
iated with.A probability inequality is given in an uni�ed way for the di�erent 
ases of dependen
e introdu
edin Se
tion 5.2. Theorem 5.3 gives near-minimax estimators for weakly dependent observations.5.3.1 Probability inequalitiesRemark that ψj,k is a Lips
hitz fun
tion with Lips
hitz 
onstant O (23j/2
), its support is a 
ompa
tset with diameter O(2−j) and ∫ ψj,k(x) dx = 2−j/2. We then rewrite it as ψj,k(x) = Km(0, x−k)/√m,



120 ADAPTATIVE DENSITY ESTIMATIONwhere m = 2j and Km(x, y) is a general kernel (see [100℄ for the de�nition of this notion). For η-weakly dependent sequen
es, Raga
he and Wintenberger [100℄ prove, under 
ondition (5.8) that thereexists a 
onstant C > 0 su
h that for all (j, k) ∈ N
2, n ∈ N

∗ and every even integer q
E

∣∣∣∣∣
1√
n

n∑

i=1

(ψj,k(Xi)− Eψj,k(Xi))

∣∣∣∣∣

q

6

(
Cq1+1/b

)q
. (5.12)These bounds of q-th moments are linked to probability inequalities by the following useful lemma :Lemma 5.1 (Raga
he and Wintenberger, 2006) If the variables {Vn}n∈Z satisfy, for all k ∈ N

∗

‖Vn‖2k 6 Φ(2k)where Φ is an in
reasing fun
tion with Φ(0) = 0 and lim
x→+∞

Φ(x) = +∞, then :
P(|Vn| > δ) ≤ e2 exp

(
−Φ−1(δ/e)

)
.Taking Vn = 1√

n

∑n
i=1 ψj,k(Xi)− Eψj,k(Xi) and Φ(x) = Kx1+1/b leads dire
tly to the �rst assertionof the following theoremTheorem 5.2 There exists 
onstants B,C > 0 and γ > 1/2 su
h that for all (j, k) ∈ N

2 and n ∈ N
∗

P

(∣∣∣∣∣
1√
n

n∑

i=1

(ψj,k(Xi)− Eψj,k(Xi))

∣∣∣∣∣ > δ
)
6 B exp

(
−Cδ1/γ

)
, (5.13)for all δ > 0 su
h that there exists K ′ > 0 with δ2l‖ψj,k‖2∞ 6 K ′n for some 
onstant l > 0. Morepre
isely1. γ = 1 + 1/b and l = 0, if 
oe�
ients η(r) of (Xt)t∈Z satisfy (5.8) and if for all j 6= k the jointsdensities fj,k of (Xj ,Xk) exist and are uniformly bounded.2. γ = 0.5 and l = 1, if (Xt)t∈Z is an iid pro
ess.3. γ = 0.5 and l = 5, if (Xt)t∈Z is a stationary expanding map.Assertions 2 and 3 of Theorem 5.2 follow dire
tly from the following Bernstein's type inequality : forall λ > 0

P

(∣∣∣∣∣

n∑

i=1

ψj,k(Xi)− Eψj,k(Xi)

∣∣∣∣∣ > λ
)
6 B exp


−C λ2

σ2
n + λ

2l
l+1‖ψj,k‖

2
l+1
∞


 , (5.14)where σ2

n = Var∑n
i=1 ψj,k(Xi) and B,C > 0 do not depend on j and k. From equation (5.15) inthe 
ase q = 2, we know that σ2

n has the rate n. Fixing δ = λ/
√
n and under δ2l‖ψj,k‖2∞ 6 K ′n,

λ2l/(l+1)‖ψj,k‖2/(l+1)
∞ 6 K ′′n with K ′′ > 0, the result of Theorem 5.2 with γ = 0.5 follows. Equation



5.3. MAIN RESULTS 121(5.14) with B = 2 and C = 1 is the 
lassi
al Bernstein's one in the iid 
ase, see for instan
e Petrov(1995), [93℄. The result is new for expanding maps and its proof is given in the last se
tion.The bounds of q-th moments of inequality (5.12) 
ould be weakened as, for every q > 0, there existsa 
onstant C(q) > 0 su
h that for all (j, k) ∈ N
2, n ∈ N

∗

E

∣∣∣∣∣
1√
n

n∑

i=1

(ψj,k(Xi)− Eψj,k(Xi))

∣∣∣∣∣

q

6 C(q). (5.15)This property also holds for dynami
al systems as Lasota-Yorke ones (see Raga
he & Wintenberger,[100℄).5.3.2 Near-minimaxity of the estimation s
hemeThis result extends the one of Donoho et al. (1996), [35℄, to dependent settings.Theorem 5.3 Suppose that f belongs to a Besov ball Bs
π,r(M) with

1/π < s 6 N/2, 1 6 π 6 p, 1 6 r 6∞,where N > 4 is the regularity of the wavelet. Suppose that there exists a 
ouple (γ, l) and that
onditions of dependen
e on (Xt)t∈Z hold su
h that the inequalities (5.15) and (5.13) are satis�ed.Then there exists a 
onstant C0(N, p, s, π,M) su
h that
E[‖f̂n − f‖pp] 6 C0





(
log2γ n

n

)pα if ε 6= 0
(

log2γ n

n

)pα

(log n)(1−π/r)+ if ε = 0where the minimax rate α and ε are given in (5.4) and
2j0 ≃ n1/(1+N), (5.16)
2j1 ≃ n/ log2γl n, (5.17)
λj = Kjγ/

√
n, for a well 
hosen 
onstant K > 0. (5.18)The above result takes into a

ount the dependen
e of the observations through the threshold. Thedependen
e of the observations presently 
hanges the behavior of the moments of wavelet 
oe�
ients,determined by Theorem 5.2. The idea of adapting the threshold level to the behavior of the momentsof the wavelet 
oe�
ients estimators is not new but it is usually developped in ill-posed inverse pro-blems. As it is put in eviden
e in the Theorem 5.1 of Kerkya
hrian and Pi
ard (2000), [78℄, the qualityof the estimator relies on an adapted threshold level, that is given by moments and probability in-equalities on the estimators of the wavelet 
oe�
ients. For example, Johnstone et al. (2004) apply this
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iple in an ill-posed inverse problems in [75℄. Here the idea is exa
tly the same, but the moment in-equalities obtained relie on the dependen
e of the setting rather than on the inversion of the problem.The result for γ = 0.5 is the same as in Donoho et al. (1996), [35℄. As noted previously, su
h valuesof γ arise in iid 
ontext and for dynami
al systems. Consequently, Donoho et al. (1996) result isextended to dynami
al systems. It is also extended to expanding maps, where the assertion 1. ofTheorem 2 holds, but the rate obtained di�ers from a logarithmi
 term.The parameter γ determines the 
onvergen
e rates through Theorem 5.3. It also 
alibrates the degreeof dependen
e of the observations through Theorem 5.2. The optimal γ0 
orresponds to the smallesterror of estimation. This value 
ould 
hange with the dependen
e of the observations. Theorem 5.2gives us a theoreti
al value γ in inequality (5.13) (see se
tion 5.3.1) that leads to near minimax esti-mators. Su
h probability inequality exhibits a bound γ0 6 γ but not ne
essarily the optimal γ0.5.4 Numeri
al resultsIn the next se
tion, we propose to estimate numeri
ally the optimal parameter γ0 by an estimator
γ̂n obtained by a 
ross-validation pro
edure.5.4.1 Cross-validation pro
edureA

ording to Theorem 5.3, near-minimax estimators f̂γ

n with hard-threshold of the form λj =

Kjγ/
√
n (with K,γ > 0) are 
onsidered in the sequel. Let us �x K =

√
2, 2j0 = n1/(1+N) and

2j1 = n/ log n as in Donoho and Johnstone (1995), [36℄, in order that f̂γ
n depends only on γ. TheMISE, 
orresponding to the L

p-mean error for p = 2, is :
MISE(f̂γ

n ) = E

∫ (
f̂γ

n (x)− f(x)
)2
dx = EL(f̂γ

n).Note that
L(f̂γ

n ) =

∫ (
f̂γ

n (x)
)2
dx− 2

∫
f̂γ

n (x)f(x)dx

︸ ︷︷ ︸
J(f̂γ

n )

+

∫
f2dx

︸ ︷︷ ︸
constant

.Minimizing the MISE is then equivalent to minimize EJ(f̂γ
n). Following Hart and Vieu (1990), [68℄,we de�ne a leave-out pro
edure. Let bn be positive integers and X−i, i = 1 . . . n, be the asso
iatedsub-sampling :

X−i = {Xj , 1 6 j 6 n, |i− j| > bn}.



5.4. NUMERICAL RESULTS 123We de�ne the �leave-out b 
ross validation fun
tion" by :
CVb(γ) =

∫ (
f̂γ

n (x)
)2
dx− 2n−1

n∑

i=1

f̂γ
−i(Xi),where f̂γ

−i is the hard threshold estimator based on the sub-sampling X−i.The idea is to break the dependen
e by 
onsidering blo
ks of size 2 ∗ bn + 1 →n→∞ ∞ around theobservation Xi in order to obtain n−1
∑n

i=1 f̂
γ
−i(Xi) ∼n→∞ Ef̂γ

−i(X) ∼n→∞
∫
f̂γ

n(x)f(x)dx. Lahiri(2003) shows in [79℄ the e�
ien
y of su
h sub-sampling methods in a weakly dependent 
ontext.Hall et al. (1995) prove in [64℄ that for kernel estimators the bandwith 
hosen by minimizing the
orresponding �leave-out b 
ross validation fun
tion" is a good estimator of the optimal bandwith.Theoreti
al results are not developed here but we 
onje
ture that su
h result remains true for tworeasons :� all 
ases 
onsidered here are (sub-)geometri
ally weakly dependent and restri
tions on de
ays of
oe�
ient ensure asymptoti
 results as law of large numbers,� as shown by Theorem 5.3, our parameter γ plays a fundamental role on the 
onvergen
e rates asmu
h as the 
lassi
al bandwith does.A

ording to remark 2.1 of Hart and Vieu (1990), [68℄, we �x 2 ∗ bn ∼ n1/3. Note that the orthonor-mality of wavelets basis gives
CVb(γ) =

2j0−1∑

k=0

α̂2
j0,k +

j1∑

j=j0

2j−1∑

k=0

T 2√
2jγ/

√
n
(β̂j,k)− 2n−1

n∑

i=1

f̂γ
−i(Xi).Our proposed pro
edure 
onsists in 
hoosing γ̂n = arg minγ=0,0.05,...,1.95,2 CVb(γ).The implementation has been done in Matlab using the pa
kage Wavelab, heely available on thenet on [112℄. In order to implement numeri
ally the pro
edure, we have used some approximations ;indeed, 
omputation is based on an equispa
ed grid, while the data 
onsidered is not equispa
ed.In order to redu
e the resulting approximation error, we 
onsider a �nre grid than the number n ofobservations. Here I = 4n in order to in
rease the pre
ision without araising too mu
h 
al
ulus time.A
tually, we will 
onsider in implementation values of the form ψj,k(li/I), wether than ψj,k(Xi), with

li the integer part of XiI. The bias 
aused by implementation is not studied here.5.4.2 The estimator γ̂nThis se
tion illustrates and evaluates our estimation pro
edure on simulated examples.Consider �rst the 
ase of an iid sample (X1, . . . ,Xn) generated a

ording to the 
umulative distri-bution fun
tion F (x) = 2/π arcsin(
√
x) for x ∈ [0, 1]. The 
riteria is minimized for γ = 0.5 in Figure
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ross validation pro
edure sele
ts γ̂n near 0.5 for n = 210 (see Figure 5.2). For a suf-�
iently large number of observations this estimator γ̂n obtained numeri
ally has value 
on
ordingwith γ = 0.5 
hosen by Donoho et al. (1996) in [35℄.Let us now 
onsider the 
ase of an expanding map T (x) = 4x(1 − x). The invariant measure hasthe same distribution F as in the previous iid 
ase (see Prieur, 2001, [97℄). We then �rst simulate
X̃1, . . . , X̃n su
h that X̃1  F and then X̃i = T i−1(X̃1) for 2 6 i 6 n. As for the iid 
ase, the 
rossvalidation 
riteria in Figure 5.1(a) 
hooses γ̂n = 0.5. Figure 5.2 
orroborates this value : for highvalues of n, the distribution of γ̂n obtained by 
roos-validation is 
entered on the value 0.5.The assumption of stationarity 
ould be irrelevant in many 
ases. Simulating the �rst observation
X̃1  F to estimate the (unknown) distribution F of the invariant measure of a given transformation
T is impossible. Thus we simulate Xi = T i(X0) for 2 6 i 6 2n with X0  U([0, 1]) and retain onlythe n last terms. The pro
ess (Xt)t>1 is geometri
ally ergodi
 in mean and the error with respe
t tothe stationary 
ase is negligeable regarding with the error of the density estimation. Results remainvalid and the pro
edure a
ts as in previous 
ases of stationary and iid 
ases, see Figures 5.1(b) and 5.2.Study now a non-Markovian extension of Andrews' example (5.1)
Xt = 2(Xt−1 +Xt+1)/5 + 5ξt/21 where (ξt)t∈Z are iid with the 
ommon law Bern(1/2). (5.19)A stationary solution of this AR(2) equation is the non-
ausal pro
ess (Xt)t∈Z

Xt =
∑

j∈Z

ajξt−j,where aj = 1/3 ∗ (1/2)|j|. This solution belongs to [0, 1] and its density is the one of (U +U ′ + ξ0)/3where U and U ′ are independent variables following U([0, 1]). As in Andrews' example su
h pro
essesare not mixing. However, using equation (5.9) there exists a,C > 0 su
h that η(r) 6 C exp(−ar).Assumption (5.8) is satis�ed with b = 1.Perfe
t simulation is not available in this framework and Gibbs algorithm is appropriate for ap-pro
hing the true distribution of (X1, . . . ,Xn). A ve
torial Markov Chain (X
(t)
0 , . . . ,X

(t)
n+1)t∈N∗ issimulated by :forall j ∈ {0 . . . n+ 1}, the distribution of X(0)

j is uniform on [0, 1],

X
(t)
j = 2(X

(t)
j−1 +X

(t−1)
j+1 )/5 + 5 ∗ ξt/21.This 
hain is uniformly geometri
ally ergodi
 and its invariant distribution is the true one of (X0, . . . ,Xn+1).The dependen
e on the initial values is then geometri
ally de
reasing with the number of iteration
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Fig. 5.1 � Cross validation 
riterion's evolution with respe
t to γ for n = 210 observations. The
urves represent the evolution of the mean of the 
riteria 
al
ulated on 100 simulations with respe
t to
γ = 0, 0.05 . . .1.95, 2. Four 
ases were 
onsidered : in (a) the observations are iid, in (b) we simulate stationarydynami
al system, in (
) a non stationary dynami
al system and in (d) we 
onsider a η-weak dependent 
ase.
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Fig. 5.2 � Empiri
al distribution of γ̂n. The �gures represent the boxplots (the bla
k 
ross is the mean) ofthe empiri
al ditribution of γ̂n obtained on 100 simulations for di�erent initial sample sizes : n = 27, 28, 29, 210.For ea
h value of n, we abut the boxplots of di�erents 
ases ; From left to right : (a) iid 
ase, (b) stationarydynami
al system 
ase, (
) non-stationary dynami
al system 
ase and (d) the η-weak dependent 
ase.



5.4. NUMERICAL RESULTS 127of the Gibbs sampler (see Guyon, 1995, [63℄). One 
hooses to take as observations (X
(n)
1 , . . . ,X

(n)
n )in order to redu
e edge e�e
ts. The error 
oming from the simulation 
ompared with the error ofestimation is negligable. The shape of the 
riteria in Figure 5.1 is 
ompletely di�erent in this nonMarkovian 
ontext. The 
ross-validation pro
edure leads to larger 
hoi
es of γ̂n than before (see Fi-gure 5.2).This numeri
al pro
edure has a pra
ti
al interest espe
ially when dealing with density estimationfor time series. In pra
ti
e, when the independen
e of the observations is not a
quired, the 
ross-validation estimator f̂ γ̂n

n seems more adapted than the 
lassi
al one with γ = 0.5.5.4.3 Numeri
al study of the 
onvergen
e ratesThis se
tion does not deal dire
tly with our 
ross validation pro
edure. We study numeri
ally the ratesof 
onvergen
e in di�erent 
ontexts by Monte Carlo simulations. The true densities of the simulatedsequen
es are known. The L
2-error rates is approximated by the Riemannian sum :
2−5

25−1∑

i=0

f̂γ
n (2−6 + i2−5)− f(2−6 + i2−5).With the parameter γ �xed at 0.5, we estimate the MISE on 100 iterations using this formula forthe di�erent 
ases of dependen
e. Figure 5.3 represents the evolution of the values of MISE obtainedwith respe
t to the sample-size n in the 
ases of iid series, stationary and non stationary expandingmaps. We 
an observe that the evolution is the same for the di�erents 
ases 
onsidered in this �gure.Added to the fa
t that the value of γ given by Theorem 2 is the same and that the evolutions ofthe 
riterion in Figure 2.(a) to (
) are very similar, 
ompared with the η-weak dependent 
ase, thismeans that in our example, these kinds of 
ausal dependen
e do not modify the behaviour of the
lassi
al estimator from the iid 
ase. In parti
ular, we 
an note that the framework of non stationnaryexpanding maps is very similar to the iid 
ase for our estimation pro
edure.As already mentioned by Tribouley and Viennet (1998) in [107℄, a safe strategy to avoid large er-rors dealing with dependent data is to in
rease the threshold. A way to enlarge the threshold is to
hoose a larger γ. The spe
ial shape of the 
riteria shows that γ = 0.5 is a 
riti
al value and largerones seems mu
h more stable in the non 
ausal 
ontext. In �gure 5.4 are ploted estimations on 100iterations of the MISE for three 
hoi
es of γ = 0.5, 0.75, 2 and for various numbers of observations

n = 26, 27, . . . , 214, 215. The MISE is 
learly the smallest for γ = 0.75.Theori
ally Theorem 5.2 tolds us inequality (5.13) holds with γ = 2 (see Se
tion 5.3.1 for more de-tails). A
tually, this Theorem only gives an upper bound of γ very�ng inequality (5.13) and smaller
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t to the sample size for η-weak dependent data. The�gure represents the estimation of the MISE obtained by 100 simulations for n = 26, 27, . . . , 214, 215 in a log-logs
ale. Three values of γ were 
onsidered : γ = 0.5 (dash), γ = 0.75 (solid) and γ = 2 (dots)
hoi
es of γ 
an be possible. Choosing a lower γ su
h that inequality (5.13) holds allows to redu
ethe 
onvergen
e rate via Theorem 5.3. But as we do not have a lower bound, we do not have a

essto the optimal 
hoi
e of su
h γ. Figure 5.4 
on�rms that γ = 2 is probably not the optimal 
hoi
eof γ in the studied example be
ause we observe that the MISE of f̂2
n is always greater than the one



5.5. PROOFS 129obtained with f̂0.75
n even for large values of n. The fa
t f̂0.5

n also have less satisfying results than f̂0.75
nmeans a priori that inequality (5.13) is not available with γ = 0.5 in this 
ontext.This study put in eviden
e the limitation of our theori
al study : Theorem 5.2 does not gives theoptimal 
hoi
e of γ but only a possible 
hoi
e. Using a 
ross-validation pro
edure allows us to bypassthis drawba
k, giving the value of γ the most adapted to the observations and leading to a betterestimation than an arbitrary 
hoi
e of the threshold.Con
lusionProbability inequalities give a γ that 
ontrols the logarithmi
 loss in the 
onvergen
e rate. It leadsto near minimax estimators f̂γ

n . This value of γ is not ne
essarly the optimal one, i.e. the one thatminimizes the error of the estimator. The proposed estimator f̂ γ̂n
n , where γ̂n is obtained by a 
ross-validation pro
edure, seems a better density estimator when dealing with time series. For iid sequen
esor expanding maps the estimator γ̂n 
onverges to 0.5 a

ording to Theorem 5.3. Even for non statio-nary expanding maps the previous result remains valid. In the η-weak dependen
e 
ase, larger values

γ > 0.5 are preferable, like the ones given by the 
ross validation pro
edure. Both theori
al resultsand implementation on simulated examples tolds us that the behavior of the hard-threshold densityestimator is similar for expanding maps (stationary or not) than for the iid 
ase, while non 
ausal
η-weak dependen
e needs to 
alibrate di�erently the threshold. In our opinion, the 
ross-validationpro
edure presented gives a satisfa
tory uni�ed approa
h of these di�erent 
ases.5.5 ProofsIn this se
tion, proofs of Theorem 5.3 and inequality (5.14) are 
olle
ted.5.5.1 Proof of the Theorem 5.3We restri
t ourselves to the 
ase of 
ompa
tly supported distributions. We 
onsider that f is de�nedon [0, 1] without loss of generality. We assume furthermore that the fun
tion f we wish to estimatebelongs to a Besov Ball Bs

π,r(M) and that the assumptions on the indexes given in Theorem 5.3 hold.The density f 
an be written as follows :
f =

2j
0−1∑

k=0

αj0,kφj0,k

︸ ︷︷ ︸
Ej0

f

+

j1∑

j=j0

2j−1∑

k=0

βj,kψj,k

︸ ︷︷ ︸
Dj0,j1

f

+
∞∑

j=j1+1

2j−1∑

k=0

βj,kψj,k

︸ ︷︷ ︸
Dj1,∞f

.



130 ADAPTATIVE DENSITY ESTIMATIONThis de
omposition is linked with the properties of the Besov Balls : the �rst term Ej0f repre-sents the proje
tion of f over the spa
e generated by s
ale fun
tions of order j0 whereas the part
Dj0,j1f +Dj1,∞f are the �details", it is to say the proje
tion over the wavelet spa
es. (See Härdle etal. (1998), [67℄).Let us re
all below the form of the estimator :

f̂n =

2j
0−1∑

k=0

α̂j0,kφj0,k

︸ ︷︷ ︸
Êj0

f

+

j1∑

j=j0

2j−1∑

k=0

γλj
(β̂j,k)ψj,k

︸ ︷︷ ︸
D̂j0,j1

f

,where γλj
is the hard-thresholding fun
tion with the level dependent threshold λj = K jγ

√
n
. The fun
-tions j0 and j1 are given by j0 = log2(n

1/(1+N)) and j1 = log2(n/ log2γl n).Thanks to Minkowski's inequality, we 
an de
ompose the risk of f̂n in three parts :
E[‖f̂n − f‖pp] ≤ 3p−1


E[‖Êj0f − Ej0f‖pp]︸ ︷︷ ︸

T1

+ E[‖D̂j0,j1f −Dj0,j1f‖pp]︸ ︷︷ ︸
T2

+ ‖Dj1,∞f‖pp︸ ︷︷ ︸
T3


 .We may now study the 
onvergen
e rate of ea
h of these terms. We will not 
onsider them in theirorder of appearan
e but of di�
ulty.5.5.2 Some te
hni
al toolsWe suppose the series (Xi) satisfy the 
onditions (5.15) and (5.13) with γ a positive 
onstant. Thoseassumptions provide us moments inequalities for the estimation of the s
ale and wavelet 
oe�
ients.We have, for all j ∈ N and k ∈ Z :





α̂j,k − αj,k =
1

n

n∑

i=1

(φj,k(Xi)− Eφj,k(Xi)),

β̂j,k − βj,k =
1

n

n∑

i=1

(ψj,k(Xi)− Eψj,k(Xi)).When we restri
t ourselves to the 
ases where j 6 j1, we 
an also 
ontrol more generally the terms :
E|α̂j,k − αj,k|p and E|β̂j,k − βj,k|p for a �xed real p > 0 and uniformly for all j 6 j1 and k ∈ Z.Then ‖φj,k‖∞ and ‖ψj,k‖∞ are bounded, up to a 
onstant, by 2j1/2, whi
h is always smaller than √n.Through the inequality (5.15) it leads there exists C > 0 su
h that

E|β̂j,k − βj,k|p 6 Cn−p/2. (5.20)The fun
tions φ satisfy also the 
ondition (5.2) and the same inequalities hold for ea
h αj,k.



5.5. PROOFS 1315.5.3 Approximation error T3This term is the bias introdu
ed by the fa
t that in reality we do not estimate f but only its proje
tionover a spa
e of s
ale fun
tions of order j1. The fa
t that we observe dependent data does not a�e
tthis term be
ause it is deterministi
, so we 
an apply the usual bounds. As in the proof of Theorem5 of Donoho et al. (1996), [35℄, or by applying Theorem 9.3 of Härdle et al. (1998), [67℄, there existsa 
onstant C > 0 su
h that
T3 6 C

(
2−j1s′

)p where s′ = s− 1/π + 1/p.The index s′ is 
oming from the Sobolev in
lusion Bs
π,r ⊂ Bs′

p,r. Re
all that we have taken 2−j1 =

log2γl n/n. Moreover, p > π and s > 1/π implies s′ > α :� If ε ≤ 0, α = s′/(1 + 2(s− 1/π)). Then α < s′ be
ause s > 1/π by hypothesis.� If ε ≥ 0, α− s′ = s/(1 + 2s)− s′ = −(2s2 + (1 + 2s)(1/π − 1/p))/(1 + 2s). As s > 0, we 
on
ludenoting that s′ > α.As a 
onsequen
e T3 has always a smaller rate than the 
onvergen
e one, i.e. T3 6 C
(
log2γl n/n

)s′p
6

C ′ (log2γ n/n
)αp for a well 
hosen 
onstant C ′ > 0.5.5.4 Bias of s
ale estimation T1Paralleling the proof of Theorem 5 of Donoho et al. (1996)� [35℄, we 
an apply the result of Meyer(1992), [89℄, for the s
aling fun
tion φ satisfying a 
on
entration assumption. It gives, for a suitable

C > 0

T1 = E

∥∥∥∥∥∥

2j
0−1∑

k=0

(α̂j0,k − αj0,k)φj0,k

∥∥∥∥∥∥

p

p

6 C 2j0(p/2−1)
2j0−1∑

k=0

E|α̂j0,k − αj0,k|p.Thanks to the inequality (5.20), the rate of 
onvergen
e of T1 is bounded by
T1 6 C 2j0p/2n−p/2.Note that the 
hoi
e (5.16) of j0 implies that the order of the bound is (2j0/n)p/2 = n−pN/(2+2N).We 
on
lude that T1 is negligible thanks to the hypothesis N ≥ 2s.5.5.5 Details term T2We apply the same result from Meyer (1992), [89℄, on the wavelet basis {ψj,k} :

T2 = E

∥∥∥∥∥∥

j1∑

j=j0

2j−1∑

k=0

(γλ(β̂j,k)− βj,k)ψj,k

∥∥∥∥∥∥

p

p

∼
j1∑

j=j0

2j(p/2−1)
2j−1∑

k=0

E|γλ(β̂j,k)− βj,k|p.



132 ADAPTATIVE DENSITY ESTIMATIONIn order to prove that this term a
hieves the desired rate of 
onvergen
e, we need to de
omposeit again. We will need in parti
ular to distinguish whether the estimation of the 
oe�
ients arethresholded or not. We therefore introdu
e the following sets :
B̂j :=

{
k = 0 . . . 2j − 1, |β̂j,k| > λj

}
,

B+
j :=

{
k = 0 . . . 2j − 1, |βj,k| > 2λj

}
,

B−
j :=

{
k = 0 . . . 2j − 1, |βj,k| < λj/2

}
.Then T2 ≤ T21 + T22 + T23 + T24 with :

T21 =

j1∑

j0

2j(p/2−1)
2j−1∑

k=0

E

[
|β̂j,k − βj,k|p1lB̂j∩B−

j

]
,

T22 =

j1∑

j0

2j(p/2−1)
2j−1∑

k=0

E

[
|β̂j,k − βj,k|p1lB̂j∩B−

j

c

]
,

T23 =

j1∑

j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|pP(B̂c
j ∩B+

j ),

T24 =

j1∑

j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|pP(B̂c
j ∩B+

j
c
).where the exponent 
 denotes the 
omplementary.Term T23Within the set B̂j ∩B−

j or the set B̂C
j ∩B+

j , we 
an noti
e that |β̂j,k−βj,k| is lower bounded by λj/2.We then have for a 
onstant C > 0 :
T23 6 C

j1∑

j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|pP(|β̂j,k − βj,k| > λj/2).We 
an have an upper bound of P(|β̂j,k−βj,k| > λj/2) thanks to Theorem 5.2, 
hoosing δ =
√
nλj/2 =

Kjγ/2. With 2j1 = n(log n)−2γ , for a su�
iently large n :
δ2l‖ψj,k‖2∞ 6 K ′jγ2l2j1 6 K ′ logγ2l n ∗ n/ log2γl n 6 K ′n.We thus obtain that δ2l‖ψj,k‖2∞ 6 K ′n and 
onsequently Theorem 5.2 
an be applied with this 
hoi
eof δ. It leads to the following bound

P(|β̂j,k − βj,k| > λj/2) 6 e
−CK1/γj . (5.21)



5.5. PROOFS 133Thus, there exists an in
reasing fun
tion of K denoted ν(K) su
h that
P(|β̂j,k − βj,k| > λj/2) 6 2−jν .Added to the fa
t that we 
ontrol ∑k |βj,k|p2jp(s′+1/2−1/p) sin
e the assumptions in Theorem 5.3imply that f belongs to a Besov spa
e Bs′

p,∞ with s′ = s− 1/π + 1/p, we obtain for C > 0,
T23 6 C

j1∑

j0

2−j(s′p+ν).It follows that T23 has the rate 2−j0(s′p+ν) 6 n−(s′p+ν)/(1+N).Taking K su�
iently large, we 
an 
ontrol as a

urately as we want the parameter ν and then T23be
omes asymptoti
ally negligible 
ompared to the other terms.Term T21We �rst introdu
e P(|β̂j,k − βj,k| > λj/2) as we did it for the term T23. By the Cau
hy-Shwarzinequality there exists C > 0

T21 6 C

j1∑

j0

2j(p/2−1)
2j−1∑

k=0

[
E|β̂j,k − βj,k|2p

]1/2
P(|β̂j,k − βj,k| > λj/2)

1/2.We a
hieve the following rate for T21 using (5.21)
j1∑

j0

2j(p/2−1−ν/2)
2j−1∑

k=0

[
E|β̂j,k − βj,k|2p

]1/2
.Inequality (5.20) leads to the rate n−p/2

∑j1
j0

2jp/2−ν/2. As for T23, we may 
hoose the 
onstant Klarge enough to get ν ≥ p. Then, we 
an write
T21 6 C n

−p/22j1(p−ν)/2.Here again, we 
an 
hoose the 
onstant K su�
iently large, in order to a
hieve a su�
iently large νsu
h that T21 be
omes negligible 
ompared to the other terms.Term T24This term 
orresponds to the leading one, meaning it is the one whi
h determines the 
onvergen
erate. As 1l
B̂C

j ∩B+
j

C 6 1l|βj,k|≤2λj
,



134 ADAPTATIVE DENSITY ESTIMATIONthere exists C > 0 su
h that
T24 6 C

j1∑

j=j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|p1l{|βj,k|62λj}. (5.22)We now must distinguish on the values of ε.� If ε > 0, we introdu
e j0+ as the largest integer su
h that
2j0+ 6

(
n

log2γ n

) 1
1+2s

. (5.23)The hypothesis s ≤ N/2 implies j0+ ≥ j0. We de
ompose the inequality (5.22) as follows
T24 ≤

j0+∑

j=j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|p1l{|βj,k|62λj}

︸ ︷︷ ︸
T241+

+

j1∑

j=j0+

2j(p/2−1)
2j−1∑

k=0

|βj,k|p1l{|βj,k|62λj}

︸ ︷︷ ︸
T242+

.We study separately the behaviours of T241+ and T242+.Term T241+. This term satisfy the following inequality T241+ ≤
∑j0+

j=j0
2j(p/2−1)2j(2λj)

p. With
λj given by (5.18), we have T241+ ≤ n−p/22j0+p/2(j0+)γp. The 
hoi
e of j0+ in (5.23) gives
T241+ ≤ C(log2γ n/n)αp, with C positive 
onstant.Term T242+. As π − p < 0, we have the inequality1l|βj,k|≤2λj

6

∣∣∣∣
βj,k

2λj

∣∣∣∣
(π−p)

. (5.24)We thus 
an easily bound T242+ by
j1∑

j=j0+

2j(p/2−1)λp−π
j

2j−1∑

k=0

|βj,k|π. (5.25)Repla
ing λj by its value,
T242+ ≤ C

(
j2γ
1

n

)(p−π)/2 j1∑

j=j0+

2j(p/2−1)
2j−1∑

k=0

|βj,k|π. (5.26)Using the 
ontrol of ∑k |βj,k|π2jπ(s+1/2−1/π) given by the in
lusion Bs
π,r ⊂ Bs

π∞

T242+ 6 C

j1∑

j=j0+

2jp/2λp−π
j 2−j(s+1/2)π‖f‖πs,π,∞ 6 C

(
j2γ
1

n

)(p−π)/2 j1∑

j=j0

2−jε. (5.27)



5.5. PROOFS 135Let us de�ne v+
n := n−(p−π)/2

∑j1
j=j0+

2−jε.As ε > 0, v+
n is bounded by n−(p−π)/22−j0+ε. So, it gives with j0+ as in (5.23) : v+

n =

(log n)2γε/(1+2s)n−ε/(1+2s)−(p−π)/2. The equality ε/(1 + 2s) + (p− π)/2 = αp if ε > 0 impliesobtain that v+
n is equal to (log−2γ(n)n)−αp(logγ(p−π)(n).Finally, we have

T242+ ≤ C (log2γ n/n)αp,whi
h is the rate we are looking for.To 
on
lude, when ε > 0, we obtain
T24 ≤ C (log2γ n/n)αp.� If ε < 0, we introdu
e j1− as the largest integer satisfying
2j1− 6

(
n

log2γ n

) α
s′

. (5.28)When ε < 0, α < s′ and so j1− ≤ j1 for a su�
ient n. We de
ompose the inequality (5.22) asfollows
T24 ≤

j1−∑

j=j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|p1l{|βj,k|62λj}

︸ ︷︷ ︸
T241−

+

j1∑

j=j1−

2j(p/2−1)
2j−1∑

k=0

|βj,k|p1l{|βj,k|62λj}

︸ ︷︷ ︸
T242−

.We 
onsider separately T241− and T242−.Term T241−. Following the s
heme used for T242+, the inequality (5.27) be
omes
T241− 6 C

j1−∑

j=j0

2jp/2λp−π
j 2−j(s+1/2)π‖f‖πs,π,∞ 6 C

(
j2γ
1

n

)(p−π)/2 j1−∑

j=j0

2−jε. (5.29)Let us de�ne v−n = n−(p−π)/2
∑j1−

j=j0
2−jε.As ε < 0, v−n is bounded by n−(p−π)/22−j1−ε. Thanks to the 
hoi
e of j1− this bound is equalto (log2γl n)εn−εα/s′−(p−π)/2. Like above, we 
an noti
e that if ε 6 0, we have the equality

εα/s′ +(p−π)/2 = αp. Then v−n = (log(n)2γ)εα/s′n−αp = (log(n)2γ)αp−(p−π)/2n−αp. Togetherwith (5.29), we obtain
T241− ≤ C (log2γ n/n)αp.Term T242−. If h is de�ned as

h =

j1∑

j=j0

2j−1∑

k=0

(
βj,k1l|βjk|≤2λj

)
ψj,k,



136 ADAPTATIVE DENSITY ESTIMATIONthen h is a fon
tion belonging to the Besov ball Bs
π,r. Then we 
an write T242− as T242− =

E

[∥∥∥h− ĥ
∥∥∥

p

p

] with
ĥ =

j1−∑

j=j0

2j−1∑

k=0

(
βj,k1l|βjk|≤2λj

)
ψj,k.This remark allows us to apply the same bound as for the term T3 :

T242− ≤ C (2−j1−s′)p.The 
hoi
e of j1− in (5.28) gives the exa
t bound (log2γ n/n)αp.Combining the bounds of T241− and T242−, we have :
T24 ≤ (log2γ n/n)αp,when ε < 0.� We �nally 
onsider the 
ase ε = 0. First, if ε = 0, inequality (5.26) be
omes

T24 6 C

(
j2γ
1

n

)(p−π)/2 j1∑

j=j0

2j(s+1/2−1/π)π
2j−1∑

k=0

|βj,k|π.� Noting that Bs
π,r is in
luded in Bs

π,r′ for all r′ ≥ r, we �rst 
an 
ontrol the term T24 by ‖f‖πs,π,πif π ≥ r.� When π < r, then we 
an apply Hölder inequality to obtain ‖f‖s,π,r. Let for every integer j
tj = 2j(s+1/2−1/π)π

2j−1∑

k=0

|βj,k|π.With this notation and using Hölder inequality :
T24 6 C

(
j2γ
1

n

)(p−π)/2 j1∑

j=j0

tπj 6 C

(
j2γ
1

n

)(p−π)/2



j1∑

j=j0

trj




π/r


j1∑

j=j0

tr
′

j




π/r′

,with 1/r + 1/r′ = 1/π. As f belongs to Bs
π,r whi
h is in
luded in Bs

π,∞, we have :
T24 6 C

(
j2γ
1

n

)(p−π)/2

‖f‖πs,π,r

(
(j1 − j0)‖f‖r

′

s,π,∞
)π/r′

6 C

(
j2γ
1

n

)(p−π)/2

j
(1−π/r)
1 .To 
on
lude, for a suitable 
onstant C > 0

T24 6 C

(
log−2γ n

n

)−αp




1 if ε 6= 0,

(log n)(1−π/r)+ if ε = 0.
(5.30)A
tually, this rate is the one given in Theorem 5.3.



5.5. PROOFS 137Term T22The s
heme of the proof of the 
onvergen
e of this term is very similar to the term T24.� If ε > 0, we introdu
e j0+ like in (5.23) and de
ompose T22 as follows :
T22 =

j0+∑

j=j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|p1l{|βj,k|>2λj}

︸ ︷︷ ︸
T221+

+

j1∑

j=j0+

2j(p/2−1)
2j−1∑

k=0

|βj,k|p1l{|βj,k|>2λj}

︸ ︷︷ ︸
T222+

.Term T221+. As told in Subse
tion 5.5.2, we bound E|β̂j,k − βj,k|p by n−p/2 uniformly in j and
k. We 
an dedu
e

T221+ ≤ Cn−p/2

j0+∑

j0

2jp/2 ≤ Cn−p/22j0+p/2.Repla
ing j0+ by its value, we see that this rate is smaller than (log2γ n/n)αp.Term T222+. Using the same method as in (5.24), we note that1l{|βj,k|>λj/2} 6

∣∣∣∣
2βj,k

λj

∣∣∣∣
π

. (5.31)Re
all the inequality : E|β̂j,k − βj,k|p ≤ n−p/2. There exists C > 0 su
h that
T222+ 6 C n

−p/2
j1∑

j=j0

2j(p/2−1)
2j−1∑

k=0

∣∣∣∣
βj,k

λj

∣∣∣∣
π

.Repla
ing λj by its value the rate be
omes
j−γπ
0

n(p−π)/2

j1∑

j=j0+

2j(p/2−1)
2j−1∑

k=0

|βj,k|π . (5.32)At this step, we re
ognize a bound of the same form than the one obtained in inequality (5.27)for T242+. A
tually, for C > 0

T222+ 6 C j
−γπ
0+


n−(p−π)/2

j1∑

j=j0+

2j(p/2−1)
2j−1∑

k=0

|βj,k|π

 .Considering the proof for the term T242+ this leads to

T222+ 6 C j0+
−γπ(log2γ n/n)αp,whi
h 
onverges faster than (log2γ n/n)αp.



138 ADAPTATIVE DENSITY ESTIMATION� When ε < 0, we de
ompose as follows :
T24 ≤

j1−∑

j=j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|p1l{|βj,k|>2λj}

︸ ︷︷ ︸
T241−

+

j1∑

j=j1−

2j(p/2−1)
2j−1∑

k=0

|βj,k|p1l{|βj,k|>2λj}

︸ ︷︷ ︸
T242−

,with j1− de�ned in (5.28). We then 
onsider the terms separately.Term T221−. Exa
tly like for T222+, we 
an prove the inequality
T222+ 6 C j

−γπ
0


n−(p−π)/2

j1−∑

j=j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|π

 ,Applying the same developments than for T241− we then obtain T221− ≤ j−γπ

0 (log2γ n/n)αpwhi
h proves that T221− 
onverges to 0 with a better rate than the one wanted.Term T222−. Exa
tly like for the term T242−, this term 
an be seen as the Lp-risk of an estimatorand it 
an be bounded like T3. We obtain the same rate than for T242−.� If ε = 0, inequality (5.31) leads to an inequality of the form (5.32)
T22 ≤ j−γπ

0 n−(p−π)/2
j1∑

j0

2j(p/2−1)
2j−1∑

k=0

|βj,k|p.When ε = 0, we have p/2−1 = s+1/2−1/π. Consequently, using the Sobolev in
lusion Bs
π,r ⊂ Bs

π,∞,we have :
T22 ≤ j1j−γπ

0 n−(p−π)/2‖f‖s,π,∞.We 
an noti
e (p− π)/2 = αp be
ause of the 
ondition ε = 0 and thus
T22 ≤ C log(n)2γαp−(γ(π+2αp)−1)n−αp.It is then su�
ient to prove (γ(π−2αp)−1) ≥ 0. Repla
ing αp by (p−π)/2, we have γ(π−2αp)−1 =

γp − 1. As p/2 − 1 = s + 1/2 − 1/π > 0, we have p > 2, and γ is always greater or equal to 1/2.Consequently, γp− 1 is always positive, whi
h a
hieves the proof. �5.5.6 Proof of inequality (5.14)We only 
onsider the 
ase of expanding maps and l = 5. The φ̃-dependen
e was introdu
ed byDede
ker and Prieur (2005) in [29℄. It seems well-adapted to study Lasota-Yorke fun
tions. Letdenote BV1 = {f ∈ BV ; ‖f‖BV 6 1}.



5.5. PROOFS 139De�nition 5.3 (Dede
ker and Prieur (2005)) Let (Ω,A,P) be a probability spa
e and M a σ-algebra of A. For any random variable X ∈ R
d we de�ne :

φ̃(M,X) = sup {‖E(g(X)|M) − E(g(X))‖∞, g ∈ BV1} ,where, in our 
ase, the 
oe�
ients (φ̃(r))r∈N are de�ned by
φ̃(r) = sup

i+r6s

{
φ̃(σ({Xj/j > i}),Xs)

}
.The pro
ess is φ̃-dependent if φ̃(r) tends to 0 as r tends to in�nity.Dede
ker and Prieur (2005) prove in [29℄ that expanding maps are geometri
ally φ̃-weakly de-pendent, with φ̃(r) = 2 exp(−ar)) with a > 0. Moreover, Dede
ker et al. give an extended versionof that inequality in [27℄ for expanding maps ; there exist two 
onstants C,C ′ > 0 su
h that for all

fs1, . . . , fsu ∈ BV1

|E(fs1(Xs1) · · · fsu(Xsu)|σ(Xt, t > r+su))−E(fs1(Xs1) · · · fsu(Xsu))| 6 C ′ (1 + C + · · ·+ Cu−1
)
φ̃(r).(5.33)The probability inequality of theorem 4.21 is a version of a Bernstein's inequality in Doukhan andNeumann, [44℄, for weakly dependent random variables.Theorem 5.4 (Doukhan and Neumann) Suppose that Y1, . . . , Yn are real-valued random va-riables with E[Yi] = 0 and P (|Yi| ≤ M) = 1 , for all i = 1, . . . , n and some M < ∞. We assumethat there exist 
onstants K < ∞, µ ≥ 0 and a non in
reasing sequen
e of real 
oe�
ients (ρn)n∈N0su
h that, for all u-tuples (s1, . . . , su) and all v-tuples (t1, . . . , tv) with 1 ≤ s1 ≤ · · · ≤ su ≤ t1 ≤

· · · ≤ tv ≤ n the following inequality is ful�lled :
|Cov (Ys1 · · ·Ysu , Yt1 · · ·Ytv )| ≤ u K2 Mu+v−2 ρt1−su, (5.34)and ∞∑

s=0

(s+ 1)k−2ρs ≤ (k!)µ. (5.35)Then
P

(
n∑

i=1

Yi ≥ λ

)
≤ exp

(
− λ2/2

σ2
n + B

1/(µ+2)
n λ(2µ+3)/(µ+2)

)
,where Bn = 2 (K ∨M)

(
24+µ n K2

σ2
n

∨ 1
) and σ2

n = Var(∑n
i=1 Yi).We apply this inequality to Yi = ψj,k(Xi)− Eψj,k(Xi) for all i ∈ Z, with j 6 j1 and k ∈ Z. Remarkthat ψj,k are Lips
hitzian fun
tions with Lips
hitz 
onstant smaller than 2j3/2Lipψ. Reminding that

ψj,k(x) = 2j/2ψ(2jx − k) is null outside [2−jk; 2−j(k + 1)] for all 0 6 k 6 2j − 1, we verify that
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Yi = fi(Xi) with ‖fi‖BV 6 |Eψj,k(X0)|+ 2j3/2Lipψ 2−j for all i ∈ Z. It remains to 
ontrol the orderof |Eψj,k(X0)| 6 2j/2

∫
|ψ(2jx − k)|f(x)dx. Classi
ally, posing u = 2jx − k, using the fa
t that f isuniformly bounded and that ψ is integrable, we obtain E |ψj,k(X0)| 6 C ′′2−j/2 with C ′′ depending on∫

|ψ| and ‖f‖∞. Finally, for all i ∈ Z, we have ‖fi‖BV 6 c2j/2Lipψ for some c > 0. Then, followingDede
ker and Prieur (2005), [29℄, we 
an rewrite the 
ovarian
e term 5.34 in order to use the notionof the φ̃-dependen
e :
|Cov (Ys1 · · ·Ysu , Yt1 · · ·Ytv )| 6 E|(E(Ys1 · · ·Ysu|Yt1 · · ·Ytv)− E(Ys1 · · ·Ysu))Yt1 · · ·Ytv |,

6 ‖E(Ys1 · · ·Ysu |Yt1)− E(Ys1 · · ·Ysu)‖∞E|Yt1 · · ·Ytv |,Using inequality 5.33 and the φ̃-dependen
e properties of expanding maps,
‖E(Ys1 · · ·Ysu|Yt1)− E(Ys1 · · ·Ysu)‖∞

6 ‖f0‖uBV C
′ (1 + C + · · ·+ Cu−1

)
φ̃(t1 − su),

6 c2ju/2(Lipψ)uC ′u (C ∨ 1)u−1 φ̃(t1 − su),with some c > 0 depending on ∫ |ψ| and ‖f‖∞. To 
ontrol the 
ovarian
e term 5.34, let bound
E|Yt1 · · · Ytv | 6 E|Y0| · ‖Y0‖v−1

∞ 6 C ′′2−j/22j(v−1)/2‖ψ‖v−1
∞Colle
ting all the bounds, we �nally a
hieve to 
ontrol the 
ovarian
e term by

|Cov (Ys1 · · ·Ysu , Yt1 · · ·Ytv )| 6 cu2j(u+v−2)/2(Lipψ)u‖ψ‖v−1
∞ (C ∨ 1)u−1 φ̃(t1 − su),for some c > 0 depending on ∫ |ψ| and ‖f‖∞.We apply Theorem 5.4 with ρ = φ̃, M = 2j/2Lipψ‖ψ‖u∞ (C ∨ 1), K2 as a well 
hosen 
onstantdepending on Lip (ψ), ∫ |ψ| and ‖f‖∞. It remains to study (5.35) in order to determine µ. Previousresults on expanding maps imply that φ̃r 6 exp(−ar) with a > 0. Quote that

n−1∑

r=0

(r + 1)q−2 exp(−ar) 6
∫ ∞

0
rq−2 exp(−ar)dr.Then, the 
hange of variable u = ar gives

n−1∑

r=0

(r + 1)q−2 exp(−ar) 6 1

aq−1

∫ ∞

0
uq−2 exp(−u)du =

1

aq−1
Γ (q − 1) 6

C

aq−1
(q − 1)!The last inequality follows from Stirling's formula whi
h entails that for any 
onstant A > 0, and any

ε > 0 there exists Bε > 0 su
h that Ak 6 Bεk!
ε. Thus, under this rate of dependen
e, assumptions ofTheorem 5.4 hold with µ = 1. It is easy to 
he
k that the order of Bn is the same as 2j/2 ∝ ‖ψj,k‖∞and Theorem 4.21 is proved. �
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Chapitre 6Asymptoti
 normality of the QuasiMaximum Likelihood Estimator formultidimensional 
ausal pro
esses
Abstra
tThe 
onsisten
e and asymptoti
 normality of the Quasi Maximum Li-kelihood Estimator (QMLE) are given for a general 
lass of multidi-mensional 
ausal pro
esses in
luding for instan
e multivariate AR(∞)or ARCH(∞) pro
esses. For parti
ular 
ases of pro
esses already stu-died in the literature (for instan
e univariate or multivariate GARCH,ARCH, ARMA-GARCH pro
esses) the assumptions required for establi-shing this results are often weaker than existing 
onditions. New results
on
erning the QMLE asymptoti
 behavior applied to numerous otherexamples of univariate or multivariate pro
esses (for instan
e univariateTARCH, bilinear, or multivariate NLARCH pro
esses) are also provided.Keywords : Multidimensional Causal Pro
esses, QMLE, Strong Consisten
y,Asymptoti
 Normality. NoteThe 
ontent of this part is based on a paper, written in 
ollaboration with Jean Mar
Bardet. 143



144 PARAMETRIC ESTIMATION6.1 Introdu
tionIn this paper we study the quasi maximum likelihood estimator (QMLE) for general R
m-valued 
ausalstationary pro
esses X = (Xt, t ∈ Z) (with m ≥ 1), de�ned by the following relations :

Xt = Mθ0(Xt−1,Xt−2, . . .) · ξt + fθ0(Xt−1,Xt−2, . . .), for t ∈ Z, (6.1)where :� θ0 ∈ Θ a 
ompa
t subset of R
d ;� for all sequen
es (xi)i∈N ∈ (Rm)N su
h that it exists N ∈ N satisfying xi = 0 for i ≥ N , θ ∈

Θ 7→ Mθ((xi)i∈N∗) is a Borelian fun
tion and a (m × p)-matrix (with 1 ≤ m ≤ p), su
h thatRank(Mθ((xi)i∈N∗)) = m.� for all sequen
es (xi)i∈N ∈ (Rm)N su
h that it exists N ∈ N satisfying xi = 0 for i ≥ N , θ ∈ Θ 7→
fθ((xi)i∈N∗) is a Borelian fun
tion with values in R

m.� the sequen
e of R
p-random ve
tors (ξt)t∈Z = (ξ

(k)
t )t∈Z, 1≤k≤p is independent and identi
ally distri-buted. The random variable ξ0 is su
h that κ2 = E

[
|ξ(k)

0 |2
]

= Var (ξ
(k)
0 ) = 1 and Eξ

(k)
0 ξ

(k′)
0 = 0 for

k 6= k′.Additional assumptions onMθ and fθ ensuring the existen
e and the stationarity ofX will be providedabove. Note that the 
lass of su
h pro
esses X satisfying relation (6.1) is a spe
i�
 
ase of the 
lassof in�nite memory pro
esses 
onsidered in Doukhan and Wintenberger [49℄. If fθ ≡ 0 and with :
Hθ(Xt−1,Xt−2, . . .) = C0 +

q′∑

i=1

( k∑

j=1

CijXt−iX
′
t−iC

′
ij

)
+

q∑

i=1

( k∑

j=1

DijHθ(Xt−i−1,Xt−i−2, . . .)D
′
ij

)
,where Hθ = Mθ ·M ′

θ, (6.2)and q, q′ ∈ N, k ≤ d(d+1)/2, C0 is positive de�nite and Cij and Dij are real p×p matrix of 
onstants,the pro
ess X is a multivariate GARCH(q, q′) using the BEKK representation (de�ned by Engle andKroner [54℄ ; another representation was also introdu
ed by Bollerslev [14℄). Thus, the 
lass of su
hmultivariate GARCH(q, q′) is a parti
ular 
ase of pro
esses X satisfying relation (6.1) as well as theirnatural generalization, the 
lass of multivariate ARCH(∞) pro
esses de�ned by :
Hθ(Xt−1,Xt−2, . . .) := B0 +

∞∑

i=1

BiXt−iX
′
t−iB

′
i,with B0 and B1, B2, . . . positive de�nite p× p matrix of 
onstants.If Mθ ≡ Id, the pro
ess X satisfying relation (6.1) is a multivariate AR(∞) pro
ess. Se
tion 6.4below is devoted to these parti
ular 
ases of multivariate GARCH(q, q′), ARCH(∞) or AR(∞) pro-
esses as well as to the other examples.



6.1. INTRODUCTION 145The aim of this paper is to provide a method for estimating the parameter θ from a sample (X1, . . . ,Xn)of X. Various methods 
an be envisaged in su
h a parametri
 frame, by beginning with the Maxi-mum Likelihood Estimation (MLE in the sequel). Di�erent authors studied asymptoti
 behaviour ofMLE for parti
ular 
ases of multivariate pro
esses satisfying (6.1) (see for instan
e, Bollerslev andWooldridge [15℄, Jeantheau [74℄ for multivariate GARCH(q, q′) pro
esses or Dunsmuir and Hannan[52℄, Bro
kwell and DaviesBro
kwell1991, or Mauri
io [87℄ for multivariate ARMA pro
esses). Evenif the 
onvergen
e rate of MLE is 
ertainly optimal (a proof of e�
ien
y was obtained in Berkes andHorváth, [10℄, in the 
ase of 1-dimensional GARCH(q, q′)), this method presents numerous drawba
ks.Indeed, in one hand, the theoreti
al expression of the likelihood depends on the distribution of thesequen
e of innovations (ξt). In another hand, even if (ξt) is a Gaussian sequen
e, this expression israrely expli
it.Thus, two extensions of exa
t MLE whi
h are in fa
t approximations of MLE are preferably used. Themost popular is the Whittle approximation of MLE whi
h does not present both those drawba
ks :only the spe
tral density of the pro
ess is required. For instan
e, it was su

essfully applied in the 
aseof 1-dimensional linear pro
esses (see Hannan [66℄). However, the 
ase of 1-dimensional 
onditionallyheteros
edasti
 pro
esses leads to another problem : the spe
tral density of X2 has to be 
onsideredinstead of that of X (whi
h is a 
onstant). Thus, the order of innovation r has to be greater than 8for obtaining an asymptoti
al normality of the Whittle MLE (see for instan
e Giraitis and Robinson[60℄ for ARCH(∞) pro
esses, or Bardet et al. [7℄ for more general models). Under usual regularity
onditions on the spe
tral density, the 
onvergen
e rate is √n but the asymptoti
 
ovarian
e matrixis larger than the Cramer-Rao bound (see Giraitis and Robinson [60℄).The se
ond approximation of exa
t MLE is so-
alled the Quasi-Maximum Likelihood Estimation(QMLE in the sequel). For respe
tively 1-dimensional GARCH(q, q′) and ARCH(∞) pro
esses, Berkesand Horváth [10℄ and Robinson and Za�aroni (2006) proved the asymptoti
 normality of this estima-tor under usual regularity 
onditions. Straumann and Mikos
h [105℄ has also obtained the asymptoti
normality for a more general 
lass of 1-dimensional pro
esses. For all those pro
esses, the QMLE ismore interesting than Whittle MLE be
ause it requires only r = 4 and its asymptoti
 
ovarian
eis smaller (but not always equal to Cramer-Rao bound). For multivariate 
onditionally heteros
e-dasti
 pro
esses, Jeantheau [74℄ for GARCH(1, 1) and espe
ially Comte and Lieberman (2003) forGARCH(q, q′) with r = 8, and Ling and M
Aleer [22℄ for ARMA-GARCH pro
esses with r = 6obtained the same kind of results. In the sequel, we extend their results to the very general 
lass ofpro
esses satisfying (6.1) using only a order moment 
ondition r = 4.The prin
iple of QMLE is based on the expression of the likelihood when the sequen
e (ξt)t is asequen
e of standardized Gaussian ve
tors. In su
h a 
ase, the exa
t (up to an additional 
onstant)



146 PARAMETRIC ESTIMATIONGaussian log-likelihood is,
Ln(θ) = −1

2

n∑

t=1

(
Xt − f t

θ

)′(
M t

θ · (M t
θ)

′)−1(
Xt − f t

θ

)
− 1

2
log
(

det
(
M t

θ(M
t
θ)

′)) = −1

2

n∑

t=1

qt(θ),(6.3)where A′ denotes the translated matrix of A and for all t ∈ Z and θ ∈ Θ,
f t

θ = fθ(Xt−1,Xt−2, . . .) and M t
θ = Mθ(Xt−1,Xt−2, . . .). (6.4)Remark that qt(θ) are real valued variables. Ex
ept for very parti
ular 
ases, this expression is not
omputable from the sample (X1, . . . ,Xn). As a 
onsequen
e and it is the main idea of the QMLE,approximations f̂ t

θ and M̂ t
θ 
an be plugged in (6.3) for de�ning :

L̂n(θ) = −1

2

n∑

t=1

(
Xt − f̂ t

θ

)′(
M̂ t

θ · (M̂ t
θ)

′)−1(
Xt − f̂ t

θ

)
− 1

2
log
(

det
(
M̂ t

θ(M̂
t
θ)

′)) = −1

2

n∑

t=1

q̂t(θ),(6.5)with for t ≥ 2,
f̂ t

θ := fθ(Xt−1,Xt−2, . . . ,X1, 0, . . .) and M̂ t
θ := Mθ(Xt−1,Xt−2, . . . ,X1, 0, . . .). (6.6)Then, the QMLE θ̂n is de�ned as the M-estimator of the form

θ̂n := arg max
θ∈Θ

L̂n(θ). (6.7)In Se
tion 6.3 below the asymptoti
 behavior of θ̂n is provided. Strong 
onsisten
y is proved as wellas a 
entral limit theorem under regularity 
onditions on fun
tions Mθ and fθ (the proofs are statedin Se
tion 6.5). In Se
tion 6.4, these results are 
ompared with Straumann and Mikos
h [105℄ orRobinson and Za�aroni [102℄ results in the 
ase of one dimensional pro
esses and with Comte andLieberman [22℄ or Ling and M
Aleer [84℄ results in the 
ase of multidimensional pro
esses. Otherexamples are also studied providing new results of asymptoti
 normality of the QMLE. But to beginwith, the following Se
tion 6.2 deals with the problem of existen
e and stationarity of pro
essessatisfying (6.1).6.2 Properties of the modelIn the sequel, several notations will be used :� ‖.‖ denotes indi�erently the usual Eu
lidean norm of a ve
tor or a matrix (for A a (n× p)-matrix,
‖A‖ = sup‖X‖≤1

{
‖AX‖, X ∈ R

p
}) ;� For θ ∈ Θ 7→ g(θ) a measurable fun
tion whi
h 
an be a ve
tor or a matrix, ‖g‖Θ = supθ∈Θ ‖g(θ)‖ ;� If V denote a ve
tor spa
e then V (N) ⊂ V N denotes the set of v = (vj)j∈N su
h that there existssome integer N satisfying vj = 0 for ea
h j > N .



6.2. PROPERTIES OF THE MODEL 147Now, the following assumption spe
i�es the 
hoi
e of fun
tionsMθ and fθ for insuring the stationarityof a solution of (6.1), depending on the order-moment of the innovations (ξt)t :Assumption ST(r) : The family (ξt)t∈Z = (ξ
(k)
t )t∈Z, 1≤k≤d of innovation ve
tors is su
h that

κr := E
[
|ξ(k)

0 |r
]
< +∞,with r ≥ 2,and the fun
tions fθ and Mθ are su
h that :

1. ‖fθ(0, 0, . . .)‖Θ + ‖Mθ(0, 0, . . .)‖Θ <∞; (6.8)
2. There exist two sequen
es (αj(f))j∈N and (αj(M))j∈N of non-negative real numbers su
h that

∞∑

j=1

αj(f) + (E‖ξ0‖r)1/r
( ∞∑

j=1

αj(M)
)

:= a < 1 (6.9)with for all (xj)j∈N, (yj)j∈N in (Rm)(N),{
‖fθ((xj)j∈N)− fθ((yj)j∈N)‖Θ 6

∑∞
j=1 αj(f)‖xj − yj‖,

‖Mθ((xj)j∈N)−Mθ((yj)j∈N)‖Θ 6
∑∞

j=1 αj(M)‖xj − yj‖.In Doukhan and Wintenberger [49℄, under 
onditions on F , the existen
e of a r-order stationarysolution X = (Xt)t∈Z of the equation
Xt = F

(
Xt−1,Xt−2, . . . ; ξt

) for t ∈ Z, (6.10)have been established. Using this result, one dedu
es,Proposition 6.1 Let (ξt)t∈Z, fθ and Mθ satisfy Assumption ST(r) with r ≥ 2. Then there exists aunique stationary solution of the equation (6.1) su
h that E‖Xt‖r <∞. Moreover, for all θ ∈ Θ, thissolution 
an be written as a 
ausal Bernoulli shift of the innovation, i.e. there exists a measurablefun
tion Hθ su
h that Xt = Hθ(ξt, ξt−1, . . .) for all t ∈ Z.Proof : With E‖ξt‖r <∞, if F is su
h that for all (xi)i∈N, (yi)i∈N in (Rm)(N),� E
[
‖F (0, 0, . . . ; ξ0)‖r

]
<∞ ;� (E

[
‖F
(
(xi)i∈N ; ξ0

)
− F

(
(yi)i∈N ; ξ0

)
‖r
])1/r
≤
∑

j∈N

aj‖xj − yj‖, with ∑
j∈N

aj < 1,then Doukhan and Wintenberger [49℄ have shown that it exists a r-order stationary solution X of(6.10). Therefore, if F (Xt−1,Xt−2, . . . ; ξt
)

= Mθ(Xt−1,Xt−2, . . .)·ξt+fθ(Xt−1,Xt−2, . . .), it is obviousthat 
ondition (6.8) of Assumption ST(r) implies E
[
‖F (0, 0, . . . , ξ0)‖r

]
< ∞. Moreover, Minkowsky



148 PARAMETRIC ESTIMATIONinequality implies
(

E

[∥∥F
(
(xi)i∈N ; ξ0

)
− F

(
(yi)i∈N ; ξ0

)∥∥r

Θ

])1/r
≤

(
E
[∥∥(Mθ((xi)i∈N)−Mθ((yi)i∈N)) · ξ0

∥∥r

Θ

])1/r

+
∥∥fθ((xi)i∈N)− fθ((yi)i∈N)

∥∥
Θ

≤
(
E‖ξ0‖r

)1/r∥∥Mθ((xi)i∈N)−Mθ((yi)i∈N)
∥∥

Θ

+
∥∥fθ((xi)i∈N)− fθ((yi)i∈N)

∥∥
Θ
.Therefore, from 
ondition (6.9) of Assumption ST(r), one dedu
es that the se
ond 
ondition of Dou-khan and Wintenberger holds. �Therefore,

E

[
‖f t

θ‖rΘ
]

= E

[
‖fθ(Xt−1,Xt−2, . . .)‖rΘ

]
<∞ and E

[
‖M t

θ‖rΘ
]

= E

[
‖Mθ(Xt−1,Xt−2, . . .)‖rΘ

]
<∞.Thus the limits f t

θ = fθ(Xt−1,Xt−2, . . .) andM t
θ = Mθ(Xt−1,Xt−2, . . .) are almost surely �nite. Withthe 0− 1 law of Kolmogorov, it implies the ergodi
ity of this solution X,Proposition 6.2 Under assumptions of Proposition 6.1, X is an ergodi
 stationary pro
ess.Proof : It is involved by Proposition 4.3 in Krengel (1985). Indeed, if (E, E) and (Ẽ, Ẽ) are measurablespa
es, (vt)t∈Z is a stationary ergodi
 sequen
e of E-valued random elements and H : (EN, EN) 7→

(Ẽ, Ẽ) is a measurable fun
tion then the sequen
e (ṽt)t∈Z de�ned by ṽt = H(vt, vt−1, . . .) is stationaryand ergodi
. �For X satisfying (6.1), f̂ t
θ and M̂ t

θ(M̂
t
θ

)′ are respe
tively estimators of the 
onditional expe
tation
f t

θ = E(Xt | Xt−1,Xt−2, . . .) and the 
onditional 
ovarian
e matrix M t
θ

(
M t

θ

)′
= E

(
(Xt − f t

θ)(Xt −
f t

θ)
′ | Xt−1,Xt−2, . . .

). In order to prove the 
onsisten
e of those estimators, two 
onditions on fθand Mθ have to be added :� Assumption F : For all sequen
e (xj)j∈N ∈ (Rm)(N) the fun
tion θ 7→ fθ(x1, . . .) is 
ontinuous.� Assumption M : For all sequen
e (xj)j∈N ∈ (Rm)(N) the fun
tion θ 7→Mθ(x1, . . .) is 
ontinuous.Moreover it exists M > 0 satisfying su
h that for all (xj)j∈N ∈ (Rm)(N)

inf
θ∈Θ

det
(
Mθ(x1, . . .)

(
Mθ(x1, . . .)

)′)
>M > 0. (6.11)Then, using essentially 
ondition (6.9) of Assumption ST(r), one obtains :Lemma 6.1 Assume that Assumptions ST(r), F and M are satis�ed with r ≥ 2. Let (Xt)t∈Z be astationary solution of equation (6.1). Then, for all t ∈ N

∗,
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tion θ → f t
θ is 
ontinuous a.e., E

[
‖f t

θ‖rΘ
]
<∞ and for all t ∈ N

∗,
E

[
‖f̂ t

θ − f t
θ‖rΘ

]
6 E‖X0‖r

(∑

j>t

αj(f)
)r
. (6.12)2. the fun
tion θ → M t

θ

(
M t

θ

)′ is 
ontinuous a.e., satis�es for all t ∈ Z, E
[
‖M t

θ

(
M t

θ

)′‖r/2
Θ

]
< ∞and (M)1/m ≤ infθ∈Θ ‖M t

θ

(
M t

θ

)′‖ a.s. Moreover, there exists C > 0 not depending on t andsu
h that
E
[
‖M̂ t

θ

(
M̂ t

θ

)′ −M t
θ

(
M t

θ

)′‖r/2
Θ

]
6 C

(∑

j>t

αj(M)
)r/2 for all t ∈ N

∗. (6.13)Proof : 1. First, 
ondition (6.9) of Assumption ST(r) implies,
E

[
‖f̂ t

θ − f t
θ‖rΘ

]
≤ E

[∥∥∥
∑

j>t

αj(f)Xt−j

∥∥∥
r]

≤ E‖X0‖r
(∑

j>t

αj(f)
)r
,be
ause∑j>1 αj(f) < 1 <∞. Thus, (6.12) is established. Moreover, the spa
e of 
ontinuous fun
tionson Θ, denoted C(Θ) is a Bana
h spa
e equipped with the uniform norm ‖·‖Θ. It implies that L

r(C(Θ))is also a Bana
h spa
e (be
ause r ≥ 2 ≥ 1). Be
ause f∞θ is a limit in this Bana
h spa
e of a.s.
ontinuous fun
tions (f̂ t
θ)t and be
ause for all t ∈ Z, f∞θ and f t

θ have the same distributions, onededu
es that θ → f t
θ is also a.s uniformly 
ontinuous on Θ. Finally, on
e again from the Minkowskyinequality, for all θ ∈ Θ and t ∈ Z,

E

[
‖f t

θ‖r
]
≤ E

[
‖f̂0

θ − f t
θ‖r
]

+ E

[
‖f̂0

θ ‖r
]

≤ E‖X0‖r
(∑

j>1

αj(f)
)r

+ ‖fθ(0, 0, . . .)‖rΘ,and therefore, from 
ondition (6.8) of Assumption ST(r), E

[
‖f t

θ‖rΘ
]
≤ A < ∞, with A > 0 notdepending on θ and t.2. Here (Xt)t∈Z is a stationary solution of equation (6.1) with θ0 a �xed ve
tor of Θ. Let θ ∈ Θ(remark that X does not depend on the ve
tor θ). Let C(Θ,Mm) be the Bana
h spa
e of 
ontinuousfun
tions from Θ toMm, the spa
e of m×m real squared matrix, equipped with the uniform norm

supθ∈Θ ‖ · ‖. Let L
r/2(C(Θ,Mm)) be the Bana
h spa
es of r/2-order random fun
tions of C(Θ,Mm)equipped with the uniform norm. From Assumptions A and M, for all p ∈ N and t ∈ N, the fun
tion

θ ∈ Θ 7→ ht,p(θ) := Mθ(Xt−1, . . . ,Xt−p, 0, . . .)
(
Mθ(Xt−1, . . . ,Xt−p, 0, . . .)

)′



150 PARAMETRIC ESTIMATIONbelongs to L
r/2(C(Θ,Mm)) and is a 
ontinuous fun
tion in θ. Moreover, using 
ondition (6.9) ofAssumption ST(r) and usual inequalities satis�ed by matrix norms, one obtains

‖ht,p(θ)‖r/2
Θ = sup

θ∈Θ
‖Mθ(Xt−1, . . . ,Xt−p, 0, . . .)

(
Mθ(Xt−1, . . . ,Xt−p, 0, . . .)

)′‖r/2

≤ sup
θ∈Θ
‖Mθ(Xt−1, . . . ,Xt−p, 0, . . .)‖r

≤
(
‖Mθ(0, 0, . . .)‖Θ +

∞∑

j=1

‖Xt−j‖αj(M)
)r
.Using Doukhan and Wintenberger (2006), one obtains E‖X0‖r <∞ for r ≥ 2 su
h that E‖ξ0‖r <∞.Thus, with ∑∞

j=1 αj(M) <∞,
E
[
‖ht,p(θ)‖r/2

Θ

]
6 2r−1 ‖Mθ(0, 0, . . .)‖rΘ + 2r−1

E
[
‖X0‖r

]( ∞∑

j=1

αj(M)
)r

= B2 <∞, (6.14)with a bound B whi
h does not depend on p and t.Now the sequen
e (ht,p(θ))p∈N∗ satis�es the Cau
hy 
riteria (in L
r/2(C(Θ,Mm))). Indeed, let p and

q be two integers su
h that p < q. Remark that ‖ht,p(θ)‖r/2 = ‖Mθ(Xt−1, . . . ,Xt−p, 0, . . .)‖r and
‖ht,q(θ)‖r/2 = ‖Mθ(Xt−1, . . . ,Xt−q, 0, . . .)‖r. Then,
‖ht,p − ht,q‖r/2

Θ 6

(
‖Mθ(Xt−1, . . . ,Xt−p, 0, . . .)‖r/2

Θ + ‖Mθ(Xt−1, . . . ,Xt−q, 0, . . .)‖r/2
Θ

)

×
∥∥Mθ(Xt−1, . . . ,Xt−p, 0, . . .)−Mθ(Xt−1, . . . ,Xt−q, 0, . . .)

∥∥r/2

Θ
.Relation (6.14) and the Cau
hy-S
hwartz inequality imply

E
[
‖ht,p − ht,q‖r/2

Θ

]
≤ ·

(
2E
[
‖Mθ(Xt−1, . . . ,Xt−p, 0, . . .)‖rΘ

]
+ 2E

[
‖Mθ(Xt−1, . . . ,Xt−q, 0, . . .)‖rΘ

])1/2

×
(
E
[
‖(Mθ(Xt−1, . . . ,Xt−p, 0, . . .)−Mθ(Xt−1, . . . ,Xt−q, 0, . . .)

∥∥r

Θ

])1/2

≤ 2B ·
(
E

[( q∑

j=p+1

αj(M)‖Xt−j‖
)r])1/2

,

≤ 2B · (E‖X0‖r)1/2
( q∑

j=p+1

αj(M)
)r/2

,from 
ondition (6.8) of Assumption ST(r). Thus, there exists a 
onstant C > 0 not depending on
t, p and q su
h that

E‖ht,p − ht,q‖r/2
Θ 6 C

( q∑

j=p+1

αj(M)
)r/2

.
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j=1 αj(M) <∞, one dedu
es that (ht,p(θ))p∈N∗ is a Cau
hy sequen
e in L

r/2(C(Θ,Mm))of a.e. 
ontinuous fun
tions and therefore it 
onverges to ht(θ) := M t
θ

(
M t

θ

)′ ∈ L
r/2(C(Θ,Mm)). As a
onsequen
e, θ → ht(θ) is a.e. 
ontinuous fun
tion su
h that E

[
‖ht(θ)‖r/2

Θ

]
<∞.Thus it exists a subsequen
e (pk)k∈N su
h that ‖ht,pk−ht‖Θ a.s.−→

k→∞
0. Therefore, Assumption M impliesthat det

(
M t

θ

(
M t

θ

)′) ≥M for all θ ∈ Θ with probability 1. From usual relations between ‖ · ‖ and detfor a matrix, one dedu
es that (M)1/m ≤ infθ∈Θ ‖M t
θ

(
M t

θ

)′‖ a.s.Finally, using exa
tly the same arguments as previously, it follows that for all t ∈ N
∗,

E
[
‖ht,t − ht‖r/2

Θ

]
6 2B ·

(
E‖X0‖r/2

)1/2 (∑

j>t

αj(M)
)r/2

.The relation ht,t(θ)) = M̂ t
θ

(
M̂ t

θ

)′ implies (6.13). �From this Lemma, one dedu
es that f̂ t and M̂ t
θ

(
M̂ t

θ

)′ are respe
tively 
onsistent estimators (uni-formly in θ) of 
onditional expe
tation and 
ovarian
e matrix of X. It follows that the stationarysolution X of equation (6.1) for any θ = θ0 is invertible in the sense of Straumann [105℄.6.3 Asymptoti
 behavior of the QMLELet θ̂n de�ne as in (6.7). An identi�ability 
ondition, has to be added for the 
onsisten
e of θ̂n :Assumption Id : For all θ ∈ Θ, M t
θ = M t

θ0
and f t

θ = f t
θ0

a.s. if and only if θ = θ0.Then, using similar arguments than in Straumann [105℄, one obtains :Theorem 6.1 Let Assumptions ST(2), F, M and Id hold. Assume also that
αj(f) + αj(M) = O

(
j−ℓ
) with ℓ > 3/2. (6.15)Let (Xt)t∈Z be a stationary solution of equation (6.1). Then the QMLE θ̂n de�ned by (6.7) is strongly
onsistent, i.e.

θ̂n
a.s.−→

n→∞
θ0.From the proof of this Theorem, an obvious but interesting (notably for ARCH pro
esses) 
orollary
an also be added. Indeed, additional 
onditions on matrix Hθ (de�ned in (6.2)) 
an also be providedfor establishing the 
onsisten
e of θ̂n. Then :Corollary 6.1 Let Assumptions ST(2), F, M and Id hold. Let (Xt)t∈Z be a stationary solution ofequation (6.1). If it exists a sequen
e (αj(H))j∈N∗ of non-negative real numbers su
h that for all
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(xj)j∈N, (yj)j∈N in (Rm)(N),

∥∥∥Hθ((xj)j∈N))−Hθ((yj)j∈N))
∥∥∥

Θ
6

∞∑

j=1

αj(H)‖xjx
′
j − yjy

′
j‖, (6.16)with

αj(f) + αj(H) = O
(
j−ℓ
) with ℓ > 3/2, (6.17)then the QMLE θ̂n de�ned by (6.7) is strongly 
onsistent, i.e.

θ̂n
a.s.−→

n→∞
θ0.Classi
ally, other 
onditions have to be added in order to derive the asymptoti
 normality of theQMLE. Thus, for i = 1, 2, de�ne the following assumption :Assumption D(i) : The fun
tions θ ∈ Θ 7→ fθ((xj)j∈N) and θ ∈ Θ 7→ Mθ((xj)j∈N) are i-times
ontinuously di�erentiable for all (xj)j∈N ∈ (Rm)(N) and su
h that :

1.
∥∥∥
∂ifθ(0, 0, . . .)

∂θk1∂θki

∥∥∥
Θ

+
∥∥∥
∂iMθ(0, 0, . . .)

∂θk1∂θki

∥∥∥
Θ
<∞ for all k1, ki ∈ {1, . . . , d};

2. There exist two sequen
es (α
(i)
j (f))j∈N∗ and (α

(i)
j (M))j∈N∗ of non-negative real numbers with

∞∑

j=1

α
(i)
j (f) +

∞∑

j=1

α
(i)
j (M) <∞ for all (xj)j∈N, (yj)j∈N in (Rm)(N) and for all k1, ki ∈ {1, . . . , d},





∥∥∥
∂ifθ((xj)j∈N))

∂θk1∂θki

− ∂ifθ((yj)j∈N))

∂θk1∂θki

∥∥∥
Θ

6

∞∑

j=1

α
(i)
j (f)‖xj − yj‖,

∥∥∥
∂iMθ((xj)j∈N))

∂θk1∂θki

− ∂iMθ((yj)j∈N))

∂θk1∂θki

∥∥∥
Θ
6

∞∑

j=1

α
(i)
j (M)‖xj − yj‖.Theorem 6.2 Let Assumptions ST(4), M , D(1) and D(2) and Id hold. Let (Xt)t∈Z be a stationarysolution of equation (6.1) for θ0 ∈ ◦

Θ, where 
ondition (6.15) holds. Moreover, if
α

(1)
j (f) + α

(1)
j (M) = O

(
j−ℓ′

) with ℓ′ > 3/2, (6.18)then the QMLE θ̂n is 
onsistent and asymptoti
ally normal, i.e.,
√
n
(
θ̂n − θ0

) D−→
n→∞

Nd

(
0 , F (θ0)

−1 ·G(θ0) · F (θ0)
−1
)
,where the matrix F (θ0) (assumed to be invertible) and G(θ0) are respe
tively de�ned in (6.51) and(6.47).



6.4. EXAMPLES 153Like for Corollary 6.1, it is also possible to establish a 
entral limit theorem by repla
ing 
onditionson the matrixMθ by 
onditions on the matrix Hθ. Thus, for i = 1, 2, de�ne the following assumption :Assumption E(i) : The fun
tions θ ∈ Θ 7→ fθ((xj)j∈N) and θ ∈ Θ 7→ Hθ((xj)j∈N) are i-times
ontinuously di�erentiable for all (xj)j∈N ∈ (Rm)(N) and su
h that :
1.
∥∥∥
∂ifθ(0, 0, . . .)

∂θk1∂θki

∥∥∥
Θ

+
∥∥∥
∂iHθ(0, 0, . . .)

∂θk1∂θki

∥∥∥
Θ
<∞ for all k1, ki ∈ {1, . . . , d};

2. There exist two sequen
es (α
(i)
j (f))j∈N∗ and (α

(i)
j (H))j∈N∗ of non-negative real numbers su
h that

∞∑

j=1

α
(i)
j (f) +

∞∑

j=1

α
(i)
j (H) <∞ with for all (xj)j∈N, (yj)j∈N in (Rm)(N) andfor all k1, ki ∈ {1, . . . , d}, 




∥∥∥
∂ifθ((xj)j∈N))

∂θk1∂θki

− ∂ifθ((yj)j∈N))

∂θk1∂θki

∥∥∥
Θ

6

∞∑

j=1

α
(i)
j (f)‖xj − yj‖,

∥∥∥
∂iHθ((xj)j∈N))

∂θk1∂θki

− ∂iHθ((yj)j∈N))

∂θk1∂θki

∥∥∥
Θ
6

∞∑

j=1

α
(i)
j (H)‖xjx

′
j − yjy

′
j‖.Then,Corollary 6.2 Let Assumptions ST(r) with r ≥ 4, M , E(1) and E(2) and Id. Let (Xt)t∈Z be astationary solution of equation (6.1) for θ0 ∈ ◦

Θ and where 
ondition (6.17) holds. Moreover, if
α

(1)
j (f) + α

(1)
j (H) = O

(
j−ℓ′

) with ℓ′ > 3/2, (6.19)then the QMLE θ̂n is 
onsistent and asymptoti
ally normal, i.e.,
√
n
(
θ̂n − θ0

) D−→
n→∞

Nd

(
0 , F (θ0)

−1 ·G(θ0) · F (θ0)
−1
)
, (6.20)where the matrix F (θ0) (assumed to be invertible) and G(θ0) are respe
tively de�ned in (6.51) and(6.47).6.4 ExamplesIn this se
tion, several univariate and multivariate pro
esses �tting the representation of the system(6.1) are presented. In all the sequel, θ0 ∈ Θ a lo
ally 
ompa
t open subset of R

d and (ξt)t∈Z =

(ξ
(k)
t )t∈Z, 1≤k≤p is a sequen
e of R

p-random ve
tors su
h that (ξ
(k)
t ) is a family of r-order zero-meanindependent and identi
ally distributed random variables, su
h that κ2 = E

[
|ξ(k)

0 |2
]

= Var (ξ
(k)
0 ) = 1(with r ≥ 2).The previous asymptoti
 results are applied to these examples. For 
ertain of them (univariate and



154 PARAMETRIC ESTIMATIONmultivariate ARCH, GARCH, AR and GARCH-ARMA pro
esses), the 
onsisten
e and the asymp-toti
 normality have been already obtained by other authors under di�erent (often stronger for mul-tivariate pro
esses) and sometimes similar 
onditions than here. For the other examples (TARCH,bilinear, LARCH, NLARCH pro
esses), the 
onsisten
e and the asymptoti
 normality of QMLE arenew results.Pro
esses satisfying f ≡ 0 are �rst 
onsidered and univariate pro
esses (with m = p = 1) to be-gin with.6.4.1 ARCH(∞) pro
essesThe famous and from now on 
lassi
al GARCH(q′, q) model was introdu
ed by Engle [53℄ and Bol-lerslev [13℄. Su
h time series (Xt)t∈Z is a stationary solution of relations (6.24). However, a GARCHpro
ess 
an be written as a parti
ular 
ase of ARCH(∞) model (introdu
ed in Robinson, 1991) thatsatis�ed :
Xt = σtξt, σ2

t = b0(θ0) +

∞∑

j=1

bj(θ0)X
2
t−j , (6.21)where, for all θ ∈ Θ, (bj(θ))j are sequen
es of non-negative real numbers (whi
h depends on thefamilies (cj) and (dj) in the 
ase of GARCH(q′, q) pro
ess). In su
h a 
ase,

Mθ(Xt−1,Xt−2, . . .) =
(
b0(θ) +

∞∑

j=1

bj(θ)X
2
t−j

)1/2 and Hθ(Xt−1,Xt−2, . . .) = b0(θ) +

∞∑

j=1

bj(θ)X
2
t−j .As a 
onsequen
e, αj(M) = supθ

√
bj(θ) and Assumption ST(r) is satis�ed as soon as

∞∑

j=1

sup
θ∈Θ

√
bj(θ) <

(
E
[
|ξ0|r

])−1/r
, (6.22)i.e. a r-order pro
ess stationary solution X of (6.21) exists. However, the spe
i�
 
ase of stationarityof ARCH models has been intensively studied and r-order stationarity 
ondition have been obtainedby Giraitis et al. (2000),

∞∑

j=1

sup
θ∈Θ

bj(θ) <
(

E
[
|ξ0|r

])−2/r (6.23)that is weaker than the previous 
ondition (6.22) (see also Giraitis et al. [59℄ for an ex
ellent surveyabout ARCH models). Thus, straightforward appli
ations of Corollaries 6.1 and 6.2 imply



6.4. EXAMPLES 155Property 6.1 Let X = (Xt)t∈Z be a r-order stationary solution of (6.21) where 
ondition (6.23)holds together with assumption Id. Moreover, assume that infθ∈Θ b0(θ) > 0, the fun
tions θ ∈ Θ 7→
bj(θ) are inje
tive 
ontinuous fun
tions for all j ∈ N and

sup
θ∈Θ

bj(θ) = O
(
j−ℓ
) with ℓ > 3/2.Then,1. if r = 2, θ̂n

a.s.−→
n→∞

θ0.2. if r = 4, and if the fun
tions θ ∈ Θ 7→ bj(θ) are 2-times 
ontinuously di�erentiable for all j ∈ Nand su
h that for all (k, k′) ∈ {1, . . . , d}2,
sup
θ∈Θ

∣∣∣
∂bj(θ)

∂θk

∣∣∣ = O
(
j−ℓ′

) with ℓ′ > 3/2 and sup
θ∈Θ

∣∣∣
∂2bj(θ)

∂θk∂θk′

∣∣∣ = O
(
j−ℓ′′

) with ℓ′′ > 1,then the QMLE θ̂n is asymptoti
ally normal, i.e. satis�es (6.20).Re
ently, Robinson and Za�aroni [102℄ provided 
onsisten
y and asymptoti
 normality for the QMLEof univariate ARCH pro
esses. To summarize and 
ompare their Theorem 1 and 2 (see Robinson andZa�aroni [102℄ p. 1054-1055) with previous Property 6.1 (even if our results 
on
erning QMLE aremainly devoted to multivariate pro
esses),� 
on
erning the 
onsisten
y, they obtained an almost sure 
onvergen
e (instead weak 
onvergen
ehere) under order moment r > 2 (instead r = 2 here) and a de
reasing rate j−ℓ with ℓ > 1 (instead
ℓ > 3/2 here) for the sequen
e (bj(θ))j but also with derivative 
onditions (nothing like this here) ;� 
on
erning the asymptoti
 normality, their 
onditions on both the �rst derivatives of θ 7→ bj(θ) arethe same than in Property 6.1, and 
onditions on the third derivatives are also required (nothinglike this here).6.4.2 GARCH(q, q′) modelsHere Xt is the stationary solution of

Xt = σtξt, σ2
t = c0(θ0) +

q∑

j=1

cj(θ0)X
2
t−j +

q′∑

j=1

dj(θ0)σ
2
t−j , (6.24)where cj(θ) and dj(θ) are non negative real numbers for all θ ∈ Θ. In su
h a 
ase, Assumption ST(r)
ould be repla
ed by the 
onditions given by Ling and M
Aleer [84℄.This model 
an be nested in the 
lass of ARCH(∞) models (see again Giraitis et al. [59℄, as oneneeds to set

b0(θ) :=
c0(θ)

1−∑q′

j=1 dj(θ)
and ∞∑

i=1

bi(θ)z
i :=

∑q
i=1 ci(θ)z

i

1−∑q′

i=1 di(θ)zi
for all z ∈ C



156 PARAMETRIC ESTIMATION(in the last formula, both the polynoms are supposed to be 
oprime). As a 
onsequen
e, the sequen
e
(supθ∈Θ |bj(θ)|)j exponentially de
reases to 0. Our 
ondition ST(r) be
omes

∞∑

j=1

sup
θ∈Θ

√
bj(θ) <

(
E
[
|ξ0|r

])−2/r
. (6.25)In the spe
ial 
ase of GARCH(1,1) cj = dj = 0 for j > 1 and θ = (c0, c1, d1), ST(2) rewrites as

√
c1 +

√
d1 < 1. The optimal 
ondition of moment of order 2 write as c1 + d1 < 1. Our approa
hbased on ARCH(∞) representation do not allow as good results as in Berkes et al. [11℄.Property 6.2 Let X = (Xt)t∈Z be a r-order stationary solution of (6.24) where 
ondition (6.25)holds together with assumption Id. Moreover, assume that infθ∈Θ c0(θ) > 0 and θ ∈ Θ 7→ cj(θ) and

θ ∈ Θ 7→ dj(θ) are inje
tive 
ontinuous fun
tions for all j. Then,1. if r = 2 then θ̂n
a.s.−→

n→∞
θ0.2. if r = 4, and if the fun
tions θ ∈ Θ 7→ cj(θ) and θ ∈ Θ 7→ dj(θ) are 2-times 
ontinuouslydi�erentiable for all j ∈ N and su
h that then the QMLE θ̂n is asymptoti
ally normal, i.e.satis�es (6.20).The natural 
ase where θ = (c0, c1, . . . , cq, d1, . . . , dq′) implies that assumptions Id, D(1), D(2) are
he
ked like the following property :Property 6.3 Let X = (Xt)t∈Z be a r-order stationary solution of (6.24) where 
ondition (6.25)holds with c0 > 0. Then,1. if r = 2 then θ̂n

a.s.−→
n→∞

θ0.2. if r = 4, then the QMLE θ̂n is asymptoti
ally normal, i.e. satis�es (6.20).In the framework of GARCH pro
esses, the (strong) 
onsistan
e results established by Straumannand Mikos
h [105℄ hold under weaker assumption. The existen
e of a moment of order 2 on ξ0 iseven not ne
essary (see Pfanzagl [94℄ for more details). The 
ondition (6.25) for r = 4 implying theasymptoti
 normality of the QMLE (in the 
ase θ = (c0, c1, . . . , cq, d1, . . . , dq′)) has been previouslyobtained by Berkes and Horvath [10℄.6.4.3 TARCH(∞) modelsA real valued time series (Xt) is 
alled a TARCH(∞) (Threshold ARCH(∞)) pro
ess if it satis�es
Xt = σtξt, σt = b0(θ0) +

∞∑

j=1

(
b+j (θ0)max{Xt−j , 0} − b−j (θ0)min{Xt−j , 0}

)
, (6.26)



6.4. EXAMPLES 157where the parameters b0(θ), b+j (θ) and b−j (θ) are assumed to be non negative real numbers. This 
lassof pro
esses is a generalization of the 
lass of TGARCH(p,q) pro
esses (introdu
ed by Rabemananjaraand Zakoïan [99℄ and AGARCH(p,q) pro
esses (introdu
ed by Ding et al. [32℄. For su
h a pro
esssatisfying (6.26), Assumption ST(r) is 
he
ked when
∞∑

j=1

sup
θ∈Θ

max
(
b−j (θ), b+j (θ)

)
≤
(
E
[
|ξ0|r

])−1/r (6.27)sin
e αj(M) = supθ∈Θ max
(
b−j (θ), b+j (θ)

). Consequently,Property 6.4 Let X = (Xt)t∈Z be a r-order stationary solution of (6.26) where 
ondition (6.27)holds together with assumption Id. Moreover, assume that infθ∈Θ b0(θ) > 0, the fun
tions θ ∈ Θ 7→
b0(θ), θ ∈ Θ 7→ b+j (θ) and θ ∈ Θ 7→ b−j (θ) are inje
tive 
ontinuous fun
tions for all j, and

sup
θ∈Θ

max
(
b−j (θ), b+j (θ)

)
= O

(
j−ℓ
) with ℓ > 3/2.Then,1. if r = 2, θ̂n

a.s.−→
n→∞

θ0.2. if r = 4, and the fun
tions θ ∈ Θ 7→ b0(θ), θ ∈ Θ 7→ b+j (θ) and θ ∈ Θ 7→ b−j (θ) are 2-times
ontinuously di�erentiable for all j ∈ N and su
h that for all (k, k′) ∈ {1, . . . , d}2,
sup
θ∈Θ

max
(∣∣∣
∂b+j (θ)

∂θk

∣∣∣ ,
∣∣∣
∂b+−(θ)

∂θk

∣∣∣
)

= O
(
j−ℓ′

) with ℓ′ > 3/2 and
∞∑

j=1

sup
θ∈Θ

max
(∣∣∣
∂2b+j (θ)

∂θk∂θk′

∣∣∣ ,
∣∣∣
∂2b−j (θ)

∂θk∂θk′

∣∣∣
)
<∞, (6.28)then the QMLE θ̂n is asymptoti
ally normal, i.e. satis�es (6.20).This result is new and seems to be very interesting for the estimation of TARCH pro
esses parameters.We fo
uss now on ve
tor valued pro
esses su
h that f ≡ 0.6.4.4 Multivariate ARCH(∞) pro
essesAs for the s
alar 
ase, multivariate ARCH(∞) pro
esses generalize multivariate GARCH(q, q′) modelspresented below. Multivariate ARCH(∞) pro
esses are de�ned from relation (6.1) with a symmetri


Mθ = H
1/2
θ (and therefore Mθ(Mθ)

′ = Hθ) and
Hθ(Xt−1,Xt−2, . . .) := B0(θ0) +

∞∑

i=1

Bi(θ0)Xt−iX
′
t−iB

′
i(θ0), (6.29)



158 PARAMETRIC ESTIMATIONwhere Bi are fun
tion with values in non-negative de�nite d×d matri
es. In su
h a 
ase, AssumptionsST(r) is satis�ed when
∞∑

j=1

‖Bj‖Θ <
(
E
[
‖ξ0‖r

])−1/r (6.30)sin
e αj(M) = ‖Bj‖Θ. Moreover, αj(H) = ‖Bj‖2Θ. Like for univariate ARCH(∞) pro
esses, Theorems6.1 and 6.2 imply :Property 6.5 Let X = (Xt)t∈Z be a r-order multivariate stationary ARCH(∞) with (6.29) where
ondition (6.30) holds together with assumption Id. Moreover, assume that infθ∈Θ detB0(θ) > 0 and
θ ∈ Θ 7→ Bj(θ) are inje
tive 
ontinuous fun
tions for all j ∈ N. Then,1. if r = 2, θ̂n

a.s.−→
n→∞

θ0.2. if r = 4, and if the fun
tions θ ∈ Θ 7→ bj(θ) are 2-times 
ontinuously di�erentiable for all j ∈ Nand su
h that for all (k, k′) ∈ {1, . . . , d}2,
∥∥∥
∂Bj(θ)

∂θk

∥∥∥
Θ

= O
(
j−ℓ′

) with ℓ′ > 3/2 and ∞∑

j=1

∥∥∥
∂2Bj(θ)

∂θk∂θk′

∥∥∥
Θ
<∞,then the QMLE θ̂n is asymptoti
ally normal, i.e. satis�es (6.20).As far as the authors know, su
h models are introdu
ed here for the �rst time.6.4.5 Multivariate GARCH(q, q′) modelsClassi
ally multivariate GARCH(q, q′) models are shared in two sub
ases, the BEKK and VEC mo-dels. The next se
tion is devoted to ARMA-GARCH pro
esses for whi
h VEC models are sub
ases.BEKK pro
esses are solutions of equation (6.29) or equivalently

vec(Ht) = vec(C0) +

q∑

i=1

Ci(θ0)
∗vec(Xt−iX

′
t−i) +

p∑

i=1

Di(θ0)
∗vec(Ht−i),with vec the operator that sta
ks the 
olumn of a matrix, and for any p × k matrix A : A∗

i =
∑k

j=1Ai,j ⊗ Ai,j for i = 1, . . . , p, ⊗ denoting the Krone
ker produ
t. The multivariate ARCH(∞)representation holds with Bj su
h as
B∗

0 :=


1−

q′∑

j=1

D∗
j




−1

× C∗
0 and ∞∑

i=1

B∗
i Z

i :=


1−

q′∑

i=1

D∗
i Z

i




−1

×
q∑

i=1

C∗
i Z

i for all Z ∈ C
m



6.4. EXAMPLES 159(in the last formula, both the polynoms are supposed to be 
oprime). Here Assumptions ST(r) issatis�ed when
∞∑

j=1

‖Bj‖Θ <
(
E
[
‖ξ0‖r

])−1/r
. (6.31)sin
e αj(M) = ‖Bj‖Θ.The natural 
ase where θ = (C0, C1, . . . , cq,D1, . . . ,Dq′) implies that assumptions D(1), D(2) areautomati
ally satis�ed.Property 6.6 Let X = (Xt)t∈Z be a r-order stationary solution of (6.29) where 
ondition (6.31)holds together with assumption Id. Then, when infθ∈Θ detC0(θ) > 01. If r = 2 then θ̂n

a.s.−→
n→∞

θ0.2. If r = 4, then the QMLE θ̂n is asymptoti
ally normal, i.e. satis�es (6.20).The asymptoti
 normality was settled before by Comte and Libermann under bounded moments oforder 8. Our result need just a moment of order 4.6.4.6 Multivariate LARCH(∞) and NLARCH(∞) modelsIn this se
tion let {Bj(θ)}j∈N∗ be a sequen
e of real matri
es m × d, and B0(θ) be a real ve
tor ofdimension m. The LARCH(∞) pro
ess is de�ned in Giraitis et al. [58℄ and Doukhan et al. [47℄ as thesolution to the re
urren
e equation :
Xt = ζt


B0(θ0) +

∞∑

j=1

Bj(θ0)Xt−j


 .Remark that the innovations (ζt)t∈Z are 
lassi
ally in that 
ontext random matri
es. A generalizationof LARCH(∞) models (see Doukhan and Wintenberger [49℄) is given by equation

Xt = ζt


B0(θ) +

∞∑

j=1

Bj(θ)(Xt−j)


 . (6.32)where now Bj(θ) : R

m → R
p are bj(θ)-Lips
hitz fun
tions. When the innovations in this model are
on
entrated on the diagonal, it is possible to rewrite it as

Xt = Mθ0(Xt−1, . . .)ξt,where (ξt)i = (ζt)i,i and (Mθ(Xt−1, . . .))i,i = (B0(θ) +
∞∑

j=1
Bj(θ)Xt−j)i.



160 PARAMETRIC ESTIMATIONA non linear 
ase is when (Bj(θ)(x))k =
∑m

i=1Bj,i,k(θ)(x)
+ max{xi, 0} + Bj,i,k(θ)(x)

− min{xi, 0}for all 1 6 k 6 p. Those models ful�ll the Assumption ST(r) as soon as
∞∑

j=1

‖bj‖Θ <
(

E
[
‖ξ0‖r

])−1/r
. (6.33)We derive the 
onsisten
y and the asymptoti
 normality :Property 6.7 Let X = (Xt)t∈Z be a r-order stationary solution of (6.32) where 
ondition (6.33)holds together with assumption Id. Moreover, assume that θ ∈ Θ 7→ Bj(θ) are inje
tive 
ontinuousfun
tions for all j ∈ N and that infθ∈Θ det ΠVB0(θ)

(
ΠVB0(θ)

)′
> 0 where ΠA is the proje
tor on thesubspa
e A of R

m and V is the orthogonal of Ve
t{Bj , j > 1}. When
‖bj(θ)‖Θ = O

(
j−ℓ
) with ℓ > 3/2,1. if r = 2 the 
onsisten
y θ̂n

a.s.−→
n→∞

θ0 holds.2. if r = 4, the QMLE θ̂n is asymptoti
ally normal, i.e. satis�es (6.20) when
∥∥∥∥Lip ∂Bj

∂θk1

∥∥∥∥
Θ

= O
(
j−ℓ′

) with ℓ′ > 3/2 and ∞∑

j=1

∥∥∥∥Lip ∂2Bj

∂θk1∂θk2

∥∥∥∥
Θ

<∞ for all k1, k2 ∈ {1, . . . , d}.In that 
ontext, the parametrization of the fun
tions Bj(θ) with respe
t to θ has not yet beendis
ussed. Moreover, the Assumption M restri
t the appli
ation of our result. For example, the uni-dimensionnal LARCH model 
annot be treated be
ause Mθ = c(θ) +
∑∞

j=1 cj(θ)Xt−j 
an be null.The bilinear models of Giraitis and Surgailis [61℄
Xt = ξt


a(θ0) +

∞∑

j=1

aj(θ0)Xt−j


+ b(θ0) +

∞∑

j=1

bj(θ0)Xt−j
ould be seen as a ve
tor LARCH model and then 
ould possibly be treated under restri
tions thatensure Assumption M.6.4.7 Multivariate Nonlinear AR(∞) modelsNow let just fo
uss on one 
ase where M = Im and f 6= 0. In this 
ontext, assumption M is alwayssatis�ed. The QMLE is here also the least square estimator. Here
fθ(Xt−1,Xt−2, . . .) = A0(θ0) +

∞∑

i=1

Ai(θ0)Xt−i,where A0 and Ai are Lips
hitz fun
tions with values in positive de�nite d× d matri
es.



6.4. EXAMPLES 161Assumption ST(r) writes in that 
ontext as
∞∑

j=1

‖LipAj‖Θ < 1. (6.34)The 
onsisten
y and the asymptoti
 normality followsProperty 6.8 Let X = (Xt)t∈Z be a nonlinear AR(∞) pro
ess where 
ondition (6.34) holds togetherwith assumption Id. Then,1. If r = 2 then θ̂n
a.s.−→

n→∞
θ0.2. If r = 4, then the QMLE θ̂n is asymptoti
ally normal, i.e. satis�es (6.20), when

∥∥∥∥Lip ∂Aj

∂θk

∥∥∥∥
Θ

= O
(
j−ℓ′

) with ℓ′ > 3/2 and ∞∑

j=1

∥∥∥∥Lip ∂2Aj

∂θkθk′

∥∥∥∥
Θ

<∞ for all k, k′ ∈ {1, . . . , d}.6.4.8 Multivariate ARMA-GARCH modelsIn all that se
tion Mθ is 
on
entrated on its diagonal. Here f is not identi
ally null. The ve
torARMA-GARCH model is introdu
ed by Ling and M
Aleer [84℄ as the solution of
Φ(L)(Xt − µ) = Ψ(L)εt, (6.35)

εt = Mθ(Xt−1,Xt−2, . . .)ξt, diag(Ht) = C0 +

q∑

i=1

Cidiag(εt−iε
′
t−i) +

q′∑

i=1

Didiag(Ht−i), (6.36)where diag is the operator that sta
ks the diagonal of a matrix, Φ(L) = Im − Φ1L − · · · − ΦsL
sand Ψ(L) = Im − Ψ1L − · · · − Ψs′L

s′ are polynomials in the lag operator L. Assuming that Ψ and
Φ are 
oprime, the equation (6.35) has the AR(∞) representation Ψ−1(L)Φ(L)(Xt − µ) = εt =

Mθ(Xt−1,Xt−2, . . .)ξt. The ve
tor ARMA-GARCH model is then a subs
ase of 6.1 with fθ(x1, . . .) =
∑∞

i=1 Γi(xi−µ), where Γ(L) = Im +
∑∞

i=1 ΓiL
i = Ψ−1(L)Φ(L). In the spe
i�
 
ase f ≡ 0, the modelis the 
lassi
al VEC one studied by Jeantheau [74℄.Assumption ST(r) is sastis�ed when

∞∑

i=1

‖Γi‖Θ +
(

E
[
‖ξ0‖r

])1/r
∞∑

j=1

‖Bj‖Θ < 1, (6.37)where the matri
es Bj are su
h as
∞∑

i=1

BiZ
i :=


1−

q′∑

i=1

DiZ
i




−1

×
q∑

i=1

CiZ
i for all Z ∈ C

m



162 PARAMETRIC ESTIMATIONwhen both the polynoms are supposed to be 
oprime. This Assumption for bounded moments hasto be 
ompared with the one of the Theorem 2.1. of Ling and M
Aleer [84℄. But both of them arepra
ti
ally un
omputable.The natural 
ase where θ = (µ,Φ1, . . . ,Φs,Ψ1, . . . ,Ψs′ , C0, C1, . . . , cq,D1, . . . ,Dq′) implies that as-sumptions D(1), D(2) are automati
ally satis�ed.Property 6.9 Let X = (Xt)t∈Z be a r-order stationary solution of (6.35) and (6.36) where 
ondition(6.37) holds together with assumption Id. Then, if infθ∈Θ detC0C
′
0 > 0, ‖Γj(θ)‖Θ = O

(
j−ℓ
) with ℓ >

3/2, and1. r = 2, he QMLE θ̂n is 
onsistent θ̂n
a.s.−→

n→∞
θ0.2. r = 4, the QMLE θ̂n is asymptoti
ally normal, i.e. satis�es (6.20), when

∥∥∥∥
∂Γj

∂θk

∥∥∥∥
Θ

= O
(
j−ℓ′

) with ℓ′ > 3/2 and ∞∑

j=1

∥∥∥∥
∂2Γj

∂θkθk′

∥∥∥∥
Θ

<∞ for all k, k′ ∈ {1, . . . , d}.Ling and M
Aleer [84℄ provided 
onsisten
y and asymptoti
 normality for the QMLE of va
torARMA-GARCH pro
esses.� Con
erning the 
onsisten
y, they obtained the 
onsisten
y under bounded moments of order 2 andderivative 
onditions. We improve their results. In the spe
ial VEC 
ontext f ≡ 0, the (strong)
onsisten
y of Jeantheau [74℄, based on a powerful theorem, holds under a bounded moment inlogarithm and without assumptions on the derivative. Our results is not as good in that spe
ial
ase ;� 
on
erning the asymptoti
 normality, we improve the result of Ling and M
Aleer [84℄ whi
h needsbounded moments of order 6.6.5 Proofs6.5.1 Proof of Theorem 6.1The proof of the theorem is divided in two parts. In (i) a uniform (in θ) law of large number on
(q̂t)t∈N∗ (de�ned in (6.5)) is established. In (ii), it is proved that L(θ) := −E(qt(θ))/2 has a uniquemaximum in θ0. Those two 
onditions leads to the 
onsisten
y of θ̂n (see Wald for instan
e).(i) Using Proposition 6.2, with qt = G(Xt,Xt−1, · · · ), one dedu
es that (qt)t∈Z (de�ned in (6.3))is a stationary ergodi
 sequen
e. From Straumann and Mikos
h [105℄, we know that if (vt)t∈Z isa stationary ergodi
 sequen
e of random elements with values in C(Θ,Rm), then the uniform (in
θ ∈ Θ) law of large numbers is implied by E‖v0‖Θ <∞. As a 
onsequen
e, (qt)t∈Z satis�es a uniform



6.5. PROOFS 163(in θ ∈ Θ) strong law of large numbers as soon as E
[
supθ |qt(θ)|

]
< ∞. But, from the inequality

log(x) ≤ x− 1 for all x ∈]0,∞[ and Lemma 6.1, for all t ∈ Z,
|qt(θ)| 6

‖Xt − ft(θ)‖2
(M )1/m

+m

∣∣∣∣
1

m
logM +

‖M t
θ(M

t
θ)

′‖
M1/m

− 1

∣∣∣∣ for all θ ∈ Θ

=⇒ sup
θ∈Θ
|qt(θ)| ≤

‖Xt − ft(θ)‖2Θ
(M)1/m

+
∣∣∣ logM

∣∣∣+m× ‖M
t
θ(M

t
θ)

′‖Θ
M1/m

(6.38)be
ause v′A−1v ≤ ‖v′v‖‖A−1‖ and ‖A−1‖ = 1/‖A‖ ≤ 1/(detA)1/m for A ∈ Mm(R), invertible,and v ∈ R
m. But for all t ∈ Z, E‖Xt‖r < ∞ (see Proposition 6.1) and E

[
‖f t

θ‖rΘ
]
< ∞ underAssumption F (see Lemma 6.1). Then, with r ≥ 2, E

[
‖Xt − ft(θ)‖2Θ

]
< ∞. Moreover, for all t ∈ Z,

E
[
‖M t

θ

(
M t

θ

)′‖Θ
]
< ∞ from Lemma 6.1. As a 
onsequen
e the right hand side of (6.38) admits amoment of order 1 uniformly in θ and therefore

E
[
sup
θ∈Θ
|qt(θ)|

]
<∞.The uniform strong law of large number on (qt(θ)) dire
tly follows and thus

∥∥∥
Ln(θ)

n
− L(θ)

∥∥∥
Θ

a.s.−→
n→∞

0 with L(θ) := −1

2
E
[
q0(θ)

]
. (6.39)Now, one shows that 1

n
‖L̂n − Ln‖Θ a.s.−→

n→∞
0. Indeed, for all θ ∈ Θ and t ∈ N

∗,
∣∣q̂t(θ)− qt(θ)

∣∣=(Xt − f̂ t
θ

)′(
M̂ t

θ(M̂
t
θ)

′)−1(
Xt − f̂ t

θ

)
− (Xt − f t

θ

)′(
M t

θ(M
t
θ)

′)−1(
Xt − f t

θ

)

+
(

log
(

det
(
M̂ t

θ(M̂
t
θ)

′))− log
(

det
(
M t

θ(M
t
θ)

′)))

≤ (Xt − f̂ t
θ

)′[(
M̂ t

θ(M̂
t
θ)

′)−1 −
(
M t

θ(M
t
θ)

′)−1
](
Xt − f̂ t

θ

)

+(2Xt − f̂ t
θ − f t

θ

)′(
M t

θ(M
t
θ)

′)−1(
f t

θ − f̂ t
θ

)
+

1

|C|
∣∣∣det

(
M̂ t

θ(M̂
t
θ)

′)− det
(
M t

θ(M
t
θ)

′)
∣∣∣

≤2
(
‖Xt‖+ ‖f̂ t

θ‖Θ
)∥∥(M̂ t

θ(M̂
t
θ)

′)−1 −
(
M t

θ(M
t
θ)

′)−1∥∥
Θ

+
1

M

∥∥∥det
(
M̂ t

θ(M̂
t
θ)

′)− det
(
M t

θ(M
t
θ)

′)
∥∥∥

Θ

+
(
2‖Xt‖+ ‖f̂ t

θ‖Θ + ‖f t
θ‖Θ

)∥∥(M t
θ(M

t
θ)

′)−1∥∥
Θ

∥∥f t
θ − f̂ t

θ

∥∥
Θ

(6.40)from the mean value theorem, with C ∈ [det
(
M t

θ(M
t
θ)

′),det
(
M̂ t

θ(M̂
t
θ)

′)] and therefore |C| > M . Inone hand,
‖
(
M̂ t

θ(M̂
t
θ)

′)−1 −
(
M t

θ(M
t
θ)

′)−1∥∥
Θ
≤

∥∥(M̂ t
θ(M̂

t
θ)

′)−1∥∥
Θ
·
∥∥M̂ t

θ(M̂
t
θ)

′ −M t
θ(M

t
θ)

′∥∥
Θ
·
∥∥(M t

θ(M
t
θ)

′)−1∥∥
ΘIn the other hand, for A ∈Mm(R) an invertible squared matrix, and H ∈Mm(R),

det(A+H) = det(A) + det(A) · Tr((A−1)′H
)

+ o(‖H‖).



164 PARAMETRIC ESTIMATIONFrom the assumptions, ‖(M t
θ(M

t
θ)

′)−1∥∥
Θ
≤M−m for all t ∈ N

∗. Moreover, ∣∣Tr((A−1)′H
)∣∣ ≤

∥∥A−1
∥∥ ·∥∥H

∥∥. Thus, it exists C > 0 not depending on t su
h that inequality (6.40) be
omes for all t ∈ N
∗ :

sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣ ≤ C

(
‖Xt‖+ ‖f̂ t

θ‖Θ + ‖f t
θ‖Θ

)
×

(∥∥M̂ t
θ(M̂

t
θ)

′ −M t
θ(M

t
θ)

′∥∥
Θ

+
∥∥f t

θ − f̂ t
θ

∥∥
Θ

) (6.41)
=⇒ E

[
sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣2/3] ≤ C ′

E

[(
‖Xt‖2/3 + ‖f̂ t

θ‖
2/3
Θ + ‖f t

θ‖
2/3
Θ

)

(∥∥M̂ t
θ(M̂

t
θ)

′ −M t
θ(M

t
θ)

′∥∥2/3

Θ
+
∥∥f t

θ − f̂ t
θ

∥∥2/3

Θ

)]

≤ C ′′
(
E
[
‖Xt‖2

]
+ E

[
‖f̂ t

θ‖2Θ
]
+ E

[
‖f t

θ‖2Θ
])1/3

×
(
E
[∥∥M̂ t

θ(M̂
t
θ)

′ −M t
θ(M

t
θ)

′∥∥
Θ

]
+ E

[∥∥f t
θ − f̂ t

θ

∥∥
Θ

])2/3

≤ C ′′′
(∑

j>t

[
αj(f) + αj(M)

])2/3
, (6.42)from Hölder and Minkovski Inequalities and thanks to r ≥ 2 (and therefore r/2 ≥ 1), with C ′ > 0

C ′′ > 0 and C ′′ > 0 not depending on θ and t (the 
hoi
e of the power 2/3 for ∣∣q̂t(θ) − qt(θ)∣∣ isoptimal).Now, 
onsider for n ∈ N
∗,

Sn :=

n∑

t=1

1

t
sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣.Applying the Krone
ker Lemma (see for instan
e Stout, 1974), if limn→∞ Sn <∞ a.s. then 1

n
· ‖L̂n−

Ln‖Θ a.s.−→
n→∞

0. Following the Stout's arguments, it remains to show that for all ε > 0,
P(∀n ∈ N, ∃m > n su
h that |Sm − Sn| > ε) := P(A) = 0. (6.43)Let ε > 0 and denote

Am,n := {|Sm − Sn| > ε}for m > n. Remark that A =
⋂

n∈N

⋃
m>nAm,n. For n ∈ N

∗, the sequen
e of sets (Am,n)m>nis obviously in
reasing, and if An :=
⋃

m>nAm,n, then limm→∞ P(Am,n) = P(An). Remark that
(An)n∈N is a de
reasing sequen
e of sets and thus,

lim
m→∞

lim
m→∞

P(Am,n) = lim
n→∞

P(An) = P(A).It remains to bound P(Am,n). From the Bienaymé-T
hebyt
hev Inequality,
P(Am,n) = P

(
m∑

t=n+1

1

t
sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣ > ε

)
6

1

ε2/3
E

[( m∑

t=n+1

1

t
sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣
)2/3

]

6
1

ε2/3

m∑

t=n+1

1

t2/3
E

[
sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣2/3
]
.



6.5. PROOFS 165Using (6.42) and 
ondition (6.15), it exists C > 0 su
h that ( ∞∑

j=t

αj(f) + αj(M)
)2/3

≤ C
1

t2(ℓ−1)/3
,sin
e ℓ > 3/2. Thus, 1

t2/3
E

[
sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣2/3
]

= O
(
t−2ℓ/3

) and,
∞∑

t=1

1

t2/3
E

[
sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣2/3
]
<∞.As a 
onsequen
e, for all n ∈ N

∗

P(An) 6
1

ε2/3

∞∑

t=n+1

1

t2/3
E

[
sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣2/3
]

=⇒ P(An) −→
n→∞

0.Finally, P(A) = 0 and then 1

n
· ‖L̂n − Ln‖Θ a.s.−→

n→∞
0.(ii) Using usual Kullba
k information for Gaussian multivariate densities (it is 
lassi
al results formultivariate QMLE, see for instan
e Jentheau, 1998), Assumption Id implies that θ 7→ L(θ) has aunique maximum in θ0. �6.5.2 Proof of Corollary 6.1In the previous proof of Theorem 6.1, the distan
e supθ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣ is depending on the distan
e∥∥M̂ t

θ(M̂
t
θ)

′ −M t
θ(M

t
θ)

′∥∥
Θ

=
∥∥Ĥt

θ −Ht
θ

∥∥
Θ
. Therefore, by using from Condition 6.16, one obtains also

sup
θ∈Θ

∣∣q̂t(θ)− qt(θ)
∣∣ ≤ C ′′′

(∑

j>t

[
αj(f) + αj(H)

])2/3
.It implies that the QMLE θ̂n de�ned by (6.7) is 
onsistent sin
e Condition 6.15 yields. �6.5.3 Proof of Theorem 6.2One begins by showing the following Lemma :Lemma 6.2 Let Assumptions ST(r) with r ≥ 4, D(1), M and (Xt)t∈Z be a stationary solution ofequation (6.1). Then,

n−1/2 ∂

∂θ
Ln(θ0)

D−→
n→∞

Nd(0, G(θ0)), (6.44)where the matrix G(θ0) = (G(θ0))1≤i,j≤d is given in (6.47).



166 PARAMETRIC ESTIMATIONProof of Lemma 6.2First we would like to prove that ve
tor ∂Ln

∂θ
=
(∂Ln

∂θi

)
1≤i≤d

exists and is uniformly 
ontinuousfor all θ ∈ Θ. It requires to show the same property for ∂(M t
θ(M

t
θ)

′)

∂θ
=
(∂
(
M t

θ(M
t
θ)

′)

∂θi

)
1≤i≤d

and
∂f t

θ

∂θ
=
(∂f t

θ

∂θi

)
1≤i≤d

for all t ∈ Z. Only the 
ase ∂(M t
θ(M

t
θ)

′)

∂θ
is now studied, the 
ase of ∂f t

θ

∂θ
may besolved similarly. Denote by D(1)C(Θ,Mm) the Bana
h spa
e of 
ontinuously di�erentiable fun
tionswith values inMm, equipped with the uniform norm

‖g‖(1),Θ = ‖g‖Θ +

d∑

i=1

∥∥∥
∂g

∂θi

∥∥∥
Θ
.Under Assumption M and with θ → Mθ satisfying Assumption D(1), for all sequen
e (xi)i∈N ∈

(Rm)(N), Mθ((xi)i∈N) and therefore Mθ((xi)i∈N)(Mθ((xi)i∈N))′ belong to D(1)C(Θ,Mm). With thesame method and notations than in the proof of Lemma 6.1, for p ∈ N, the fun
tion θ ∈ Θ→ ht,p(θ)is proved to satisfy a Cau
hy 
riteria in L
r/2
(
D(1)C(Θ,Mm)

). Indeed, previous arguments imply that
ht,p belongs to D(1)C(Θ,Mm). Moreover, the r/2 moments of ‖ht,p(θ)‖(1),Θ exist be
ause :
(
‖ht,p‖(1),Θ

)r/2
=

(
‖ht,p‖Θ +

d∑

i=1

∥∥∥
∂ht,p

∂θi

∥∥∥
Θ

)r/2

≤ (d+ 1)r/2−1
((
‖Mθ(0, 0, . . .)‖Θ +

∞∑

j=1

‖Xt−j‖αj(M)
)r

+2r/2
∥∥Mθ(Xt−1, . . . ,Xt−p, 0, . . .)

∥∥r/2

Θ

d∑

i=1

∥∥∥
∂Mθ(Xt−1, . . . ,Xt−p, 0, . . .)

∂θi

∥∥∥
r/2

Θ

)

≤ C



(
‖Mθ(0, 0, . . .)‖rΘ +

( ∞∑

j=1

αj(M)‖Xt−j‖
)r)

+
(
‖Mθ(0, 0, . . .)‖r/2

Θ +
( ∞∑

j=1

αj(M)‖Xt−j‖
)r/2

)

×
d∑

i=1

(∥∥∥
∂Mθ(0, 0, . . .)

∂θi

∥∥∥
r/2

Θ
+
( ∞∑

j=1

α
(1)
j (M)‖Xt−j‖

)r/2
)

 ,



6.5. PROOFS 167with C depending only on d. Here again using again E‖X0‖r < ∞ and Hölder and Minkowskyinequalities :
E
[(
‖ht,p‖(1),Θ

)r/2]≤C ′


‖Mθ(0, 0, . . .)‖rΘ + E

[
‖X0‖r

]( ∞∑

j=1

αj(M)
)r

+

(
‖Mθ(0, 0, . . .)‖rΘ + E

[
‖X0‖r

]( ∞∑

j=1

αj(M)
)r)1/2

×

( d∑

i=1

∥∥∥
∂Mθ(0, 0, . . .)

∂θi

∥∥∥
r

Θ
+ E

[
‖X0‖r

]( ∞∑

j=1

α
(1)
j (M)

)r)1/2


 ,with C ′ depending only on d. From ∑

j αj(M) < ∞ and ∑j α
(1)
j (M) < ∞, it is 
lear that it exists

B1 not depending on t and p su
h that E
[(
‖ht,p‖(1),Θ

)r/2] ≤ B1 < ∞. In the same way as in theproof of Lemma 6.1 it is easy to show that the sequen
e (ht,p)p∈N∗ satis�es the Cau
hy 
riteria in theBana
h spa
e L
r/2(D(1)C(Θ,Mm)). Its limit M t

θ(M
t
θ)

′ is therefore also in L
r/2(D(1)C(Θ,Mm)) andis a.e. uniformly 
ontinuously di�erentiable in θ. Moreover, always like in in the proof of Lemma 6.1,one obtains for all 1 ≤ i ≤ d,

E

[∥∥∥
∂
(
M t

θ(M
t
θ)

′)

∂θi

∥∥∥
r/2

Θ

]
≤ E

[(
‖M t

θ(M
t
θ)

′‖(1),Θ
)r/2] ≤ B1 <∞.In the same way (but more shortly), one obtains f t

θ ∈ L
r(D(1)C(Θ,Rm)).Se
ondly, its is now possible to 
ompute partial derivatives of Ln(θ). Indeed, using Ln(θ) = −1

2

∑n
t=1 qt(θ),for 1 ≤ k ≤ d,

∂qt(θ)

∂θk
= −2

(∂f t
θ

∂θk

)′(
M t

θ(M
t
θ)

′)−1(
Xt − f t

θ

)
+
(
Xt − f t

θ

)′∂
(
M t

θ(M
t
θ)

′)−1

∂θk

(
Xt − f t

θ

)

+
1

det
(
M t

θ(M
t
θ)

′) ·
∂ det

(
M t

θ(M
t
θ)

′)

∂θk
(6.45)In one hand, θ ∈ Θ 7→ ∂qt(θ)

∂θk
is a measurable fun
tion be
ause :� the fun
tion θ ∈ Θ 7→ ∂

(
M t

θ(M
t
θ)

′)−1

∂θk
= −

(
M t

θ(M
t
θ)

′)−1 ∂
(
M t

θ(M
t
θ)

′)

∂θk

(
M t

θ(M
t
θ)

′)−1 is measurable ;� the fun
tion θ ∈ Θ 7→ ∂ det
(
M t

θ(M
t
θ)

′)

∂θk
= det

(
M t

θ(M
t
θ)

′) × Tr((M t
θ(M

t
θ)

′)−1 ∂
(
M t

θ(M
t
θ)

′)

∂θk

) ismeasurable.



168 PARAMETRIC ESTIMATIONIn another hand, E

(∂qt(θ0)
∂θk

| Xt−1, . . .
)

= 0. Indeed, by de�nition for all t ∈ Z, E(Xt | Xt−1, . . .) =

f t
θ0

and E

((
Xt − f t

θ0

)(
Xt − f t

θ0

)′ | Xt−1, . . .
)

= M t
θ0

(M t
θ0

)′. Therefore,
E

(∂qt(θ0)
∂θk

| Xt−1, . . .
)

= −2
(∂f t

θ0

∂θk

)′(
M t

θ0
(M t

θ0
)′
)−1

E
(
Xt − f t

θ0
| Xt−1, . . .

)

−E

((
Xt − f t

θ0

)′(
M t

θ0
(M t

θ0
)′
)−1∂

(
M t

θ0
(M t

θ0
)′
)

∂θk

(
M t

θ0
(M t

θ0
)′
)−1(

Xt − f t
θ0

))

+
1

det
(
M t

θ0
(M t

θ0
)′
) × det

(
M t

θ0
(M t

θ0
)′
)
×Tr((M t

θ0
(M t

θ0
)′
)−1∂

(
M t

θ0
(M t

θ0
)′
)

∂θk

)

= 0− E

[Tr((Xt − f t
θ0

)′(
M t

θ0
(M t

θ0
)′
)−1 ∂

(
M t

θ0
(M t

θ0
)′
)

∂θk

(
M t

θ0
(M t

θ0
)′
)−1(

Xt − f t
θ0

))]
+ E

[Tr((M t
θ0

(M t
θ0

)′
)−1∂

(
M t

θ0
(M t

θ0
)′
)

∂θk

)]

= Tr((M t
θ0

(M t
θ0

)′
)−1 ∂

(
M t

θ0
(M t

θ0
)′
)

∂θk

(
M t

θ0
(M t

θ0
)′
)−1

E

[(
Xt − f t

θ0

))(
Xt − f t

θ0

)′])
+ Tr((M t

θ0
(M t

θ0
)′
)−1 ∂

(
M t

θ0
(M t

θ0
)′
)

∂θk

)

= 0,always using the 
ommutativity of produ
ts for the linear appli
ation Tra
e. Then (∂qt(θ0)
∂θ

,Ft

)
t∈Zis a R

m-valued martingale di�eren
e, where Ft = σ(Xt,Xt−1, . . .). Remark also that arguments ofProposition 6.2 proves the stationary ergodi
ity of this martingale di�eren
e. To 
on
lude with theBillingsley-Ibragimov Central Limit Theorem for martingale-di�eren
e random �elds (see Billingsley,1995), we have to prove that E

[∥∥∥
∂qt(θ0)

∂θ

∥∥∥
2]
<∞. But,

(∂qt(θ0)
∂θk

)2
≤C

(∥∥∥
(∂f t

θ0

∂θk

)′(
M t

θ0
(M t

θ0
)′
)−1(

Xt − f t
θ0

)∥∥∥
2
+
∥∥∥
(
Xt − f t

θ0

)′∂
(
M t

θ0
(M t

θ0
)′
)−1

∂θk

(
Xt − f t

θ0

)∥∥∥
2

+
∥∥∥Tr((M t

θ0
(M t

θ0
)′
)−1∂

(
M t

θ0
(M t

θ0
)′
)

∂θk

)∥∥∥
2
)

≤C
(
M−2/m

(∥∥∥
∂f t

θ0

∂θk

∥∥∥
2∥∥∥Xt − f t

θ0

∥∥∥
2
+
∥∥∥
∂
(
M t

θ0
(M t

θ0
)′
)

∂θk

∥∥∥
2)

+
∥∥∥
(
Xt − f t

θ0

)′(
M t

θ0
(M t

θ0
)′
)−1∂

(
M t

θ0
(M t

θ0
)′
)

∂θk

(
M t

θ0
(M t

θ0
)′
)−1(

Xt − f t
θ0

)∥∥∥
2
)
,using usual inequalities between the norms and the tra
es of the produ
t of matrix and with thebound (M)1/m ≤ infθ∈Θ ‖M t

θ0

(
M t

θ0

)′‖ given in Lemma 6.1. Moreover, sin
e X satis�es relation (6.1),
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lear that Xt − f t
θ0

= M t
θ0
ξt and therefore,

(∂qt(θ0)
∂θk

)2
≤CM−2/m

(∥∥∥
∂f t

θ0

∂θk

∥∥∥
2∥∥∥M t

θ0
(M t

θ0
)′
∥∥∥‖ξt‖2 +

∥∥∥
∂
(
M t

θ0
(M t

θ0
)′
)

∂θk

∥∥∥
2
+ ‖ξ′tξt‖2

∥∥∥
∂
(
M t

θ0
(M t

θ0
)′
)

∂θk

∥∥∥
2
)

=⇒ E

[(∂qt(θ0)
∂θk

)2]
≤ CM−2/m

(
E

[∥∥∥
∂f t

θ0

∂θk

∥∥∥
2∥∥∥M t

θ0
(M t

θ0
)′
∥∥∥
]
× E

[
‖ξt‖2

]
+ E

[∥∥∥
∂
(
M t

θ0
(M t

θ0
)′
)

∂θk

∥∥∥
2]

+ E
[
‖ξ′tξt‖2

]
× E

[∥∥∥
∂
(
M t

θ0
(M t

θ0
)′
)

∂θk

∥∥∥
2]
)Therefore,

E

[∥∥∥
∂qt(θ0)

∂θ

∥∥∥
2]

=

d∑

k=1

E

[(∂qt(θ0)
∂θk

)2]
<∞. (6.46)sin
e� E

[
‖ξ′tξt‖2

]
<∞ (re
all r ≥ 4) ;� E

[∥∥∥
∂f t

θ0

∂θk

∥∥∥
2∥∥∥M t

θ0
(M t

θ0
)′
∥∥∥
]
≤
(

E

[∥∥∥
∂f t

θ0

∂θk

∥∥∥
4]
×E

[∥∥∥M t
θ0

(M t
θ0

)′
∥∥∥

2])1/2
<∞ from the Cau
hy-S
hwarzinequality for f t

θ ∈ L
r(D(1)C(Θ,Rm)) and E

[∥∥∥M t
θ0

(M t
θ0

)′
∥∥∥

2]
<∞ from Lemma 6.1 ;� E

[∥∥∥
∂
(
M t

θ0
(M t

θ0
)′
)

∂θk

∥∥∥
2]
<∞ be
ause M t

θ(M
t
θ)

′ ∈ L
r/2(D(1)C(Θ,Mm)).To 
on
lude, the asymptoti
 
ovarian
e of ∂qt(θ0)

∂θ
has to be 
omputed. Thus, sin
e Xt−f t

θ0
= M t

θ0
ξtand ξt independent to σ(Xt−1,Xt−2, . . .), with Tr(ABC) = Tr(CAB) = Tr(ACB) for symmetri
matrix A, B and C, after 
omputations,

(
G(θ0)

)
ij

= E

[∂qt(θ0)
∂θi

∂qt(θ0)

∂θj

]
=E

[
−Tr((M t

θ0
(M t

θ0
)′
)−1∂

(
M t

θ0
(M t

θ0
)′
)

∂θi

)Tr((M t
θ0

(M t
θ0

)′
)−1∂

(
M t

θ0
(M t

θ0
)′
)

∂θj

)

+4
(∂f t

θ0

∂θi

)′(
M t

θ0
(M t

θ0
)′
)−1
(∂f t

θ0

∂θj

)
+
(
κ4 + (p− 1)

)Tr((M t
θ0

(M t
θ0

)′
)−2∂

(
M t

θ0
(M t

θ0
)′
)

∂θi

∂
(
M t

θ0
(M t

θ0
)′
)

∂θj

)] (6.47)be
ause we also assume that ξt and −ξt have the same distribution =⇒ E
[
ξtξ

′
tAξt

]
= 0 for A amatrix, and E

[
ξtξ

′
tξtξ

′
t

]
=
(
κ4 + (m− 1)

)
Ip with Ip the p× p identity matrix. �Proof of the Theorem 6.2A uniform law of large numbers (ULLN) for the se
ond derivative of qt(θ), implying a uniform a.s.
onvergen
e of the se
ond derivative of Ln(θ), is established using the following arguments : the proofof Proposition 6.2 insures the stationary ergodi
ity of the se
ond derivative of qt(θ) (be
ause it isa measurable fun
tion of Xt,Xt−1, . . .) and therefore it satis�es a ULLN after proving that its �rst



170 PARAMETRIC ESTIMATIONuniform moment is bounded.But �rst, the a.s. existen
e of ∂2qt(θ)

∂θ2
=
(∂2qt(θ)

∂θi∂θj

)
1≤i,j≤d

has to be proved. Thus, f t
θ and M t

θ(M
t
θ)

′are shown to be a.s. twi
e 
ontinuously di�erentiable fun
tions. As previously in the proof of Lemma6.2, only the 
ase of M t
θ(M

t
θ)

′ is going to be studied, the 
ase of f t
θ being quite the same but simpler.Indeed, denote by D(2)C(Θ,Mm) the Bana
h spa
e of 
ontinuously twi
e di�erentiable fun
tions withvalues inMm, equipped with the uniform norm

‖g‖(2),Θ = ‖g‖Θ +

d∑

i=1

∥∥∥
∂g

∂θi

∥∥∥
Θ

+

d∑

i=1

d∑

j=1

∥∥∥
∂2g

∂θi∂θj

∥∥∥
Θ
.Under Assumptions M, D(0), D(1) and D(2), for all sequen
e (xi)i∈N ∈ (Rm)(N), Mθ((xi)i∈N) andtherefore Mθ((xi)i∈N)(Mθ((xi)i∈N))′ belong to D(2)C(Θ,Mm). With the same method and notationsthan in the proof of Lemma 6.2, for p ∈ N, the fun
tion θ ∈ Θ→ ht,p(θ) is proved to satisfy a Cau
hy
riteria in the Bana
h spa
e L

r/2
(
D(1)C(Θ,Mm)

). Moreover, one obtains
E

[∥∥∥
∂2
(
M t

θ(M
t
θ)

′)

∂θi∂θj

∥∥∥
r/2

Θ

]
≤ E

[
‖M t

θ(M
t
θ)

′‖r/2
(2),Θ

]
≤ B2 <∞,with B2 ≥ 0 not depending on t. One obtains also E

[
‖f t

θ‖r(2),Θ
]
<∞.Se
ondly, it is now possible to 
ompute se
ond partial derivatives of Ln(θ), i.e. se
ond partial deri-vatives of qt(θ). Indeed, for 1 ≤ i, j ≤ d,

∂2qt(θ)

∂θi∂θj
= −2

( ∂2f t
θ

∂θi∂θj

)′(
M t

θ(M
t
θ)

′)−1(
Xt − f t

θ

)
+
(
Xt − f t

θ

)′ ∂2
(
M t

θ(M
t
θ)

′)−1

∂θi∂θj

(
Xt − f t

θ

)

+2
(∂f t

θ

∂θi

)′(
M t

θ(M
t
θ)

′)−1
(∂f t

θ

∂θi

)
− 2
((∂f t

θ

∂θi

)′∂
(
M t

θ(M
t
θ)

′)−1

∂θj
+
(∂f t

θ

∂θj

)′∂
(
M t

θ(M
t
θ)

′)−1

∂θi

)(
Xt − f t

θ

)

+Tr((∂(M t
θ(M

t
θ)

′)−1

∂θj

)(∂
(
M t

θ(M
t
θ)

′)

∂θi

))
+ Tr((M t

θ(M
t
θ)

′)−1
(∂2

(
M t

θ(M
t
θ)

′)

∂θi∂θj

))Therefore, using the bound ∥∥(Ht
θ

)−1∥∥
Θ
≤ M1/m of Lemma 6.1 and usual relations between normsand tra
es of matrix,

∥∥∥
∂2qt(θ)

∂θi∂θj

∥∥∥
Θ
≤C

((∥∥∥
∂2f t

θ0

∂θi∂θj

∥∥∥
Θ

+
∥∥∥
∂Ht

θ0

∂θj

∥∥∥
Θ

∥∥∥
∂f t

θ0

∂θi

∥∥∥
Θ

+
∥∥∥
∂Ht

θ0

∂θi

∥∥∥
Θ

∥∥∥
∂f t

θ0

∂θj

∥∥∥
)∥∥Xt − f t

θ0

∥∥
Θ

+
(∥∥∥
∂
(
Ht

θ

)−1

∂θi

∥∥∥
Θ

∥∥∥
∂
(
Ht

θ

)−1

∂θj

∥∥∥
Θ

+
∥∥∥
∂2Ht

θ0

∂θi∂θj

∥∥∥
Θ

)∥∥Xt − f t
θ0

∥∥2

Θ
+
∥∥∥
∂f t

θ0

∂θi

∥∥∥
Θ

∥∥∥
∂f t

θ0

∂θj

∥∥∥
Θ

)Sin
e for all t ∈ Z, 1 ≤ i, j ≤ d,
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[∥∥∥Ht
θ

∥∥∥
r/2

Θ

]
<∞, E

[∥∥∥
∂Ht

θ

∂θi

∥∥∥
r/2

Θ

]
<∞, E

[∥∥∥
∂2Ht

θ

∂θi∂θj

∥∥∥
r/2

Θ

]
<∞ ;� E

[∥∥f t
θ

∥∥r

Θ

]
<∞, E

[∥∥∥
∂f t

θ

∂θi

∥∥∥
r

Θ

]
<∞ and E

[∥∥∥
∂2f t

θ

∂θi∂θj

∥∥∥
r

Θ

]
<∞ ;� ξt is independent of Mθ0 and f t

θ0
, with E

[
‖ξt‖r

]
<∞.To 
on
lude that E

∥∥∥
∂2qt(θ)

∂θi∂θj

∥∥∥
r/4

Θ
<∞ with Cau
hy-S
hwartz inequalities in the 
ase r ≥ 4, it remainsto show that E

∥∥∥
∂
(
Ht

θ

)−1

∂θj

∥∥∥
r

Θ
<∞ for all j. This derivative is equal to −(Ht

θ

)−1∂Ht
θ

∂θk

(
Ht

θ

)−1. Repla
ing
Ht

θ = M t
θM

t
θ
′ we obtain

∥∥∥
∂
(
Ht

θ

)−1

∂θj

∥∥∥
Θ
6 2M 3/2

∥∥∥
∂M t

θ

∂θj

∥∥∥
Θ
.We 
on
lude using the fa
t that E

∥∥∥
∂M t

θ

∂θj

∥∥∥
r

Θ
<∞. As a 
onsequen
e, the uniform strong law of largenumber on ∂2qt(θ)

∂θi∂θj
holds if r > 4. A similar ergodi
 argument as in Proposition 6.2 yields
∥∥∥

1

n

∂2Ln

∂θ2
− ∂2L

∂θ2

∥∥∥
Θ

a.s.−→
n→∞

0 with ∂2L

∂θ2
(θ) := −1

2
E

[∂2q0
∂θ2

(θ)
]
. (6.48)The end of the proof is very 
lassi
al. All the assumptions of Theorem 6.1 are satis�ed and

θ̂n
a.s.−→

n→∞
θ0. (6.49)Consequently, a Taylor expansion 
an be established for the �rst derivative of Ln and therefore forall n ≥ 1,

∂Ln(θ̂n)

∂θi
=
∂Ln(θ0)

∂θi
+
∂2Ln(θn,i)

∂θi∂θ
(θ̂n − θ0), (6.50)where ‖θn,i − θ0‖ 6 ‖θ̂n − θ0‖ for all i. Using equations (6.48) and (6.49), we 
on
lude with theuniform 
onvergen
e theorem that

Fn :=
( 1

n

∂2Ln(θn,i)

∂θi∂θ

)
16i6d

a.s.−→
n→∞

F (θ0).Using expressions of the derivatives of Ht
θ and sin
e Xt− f t

θ0
= Mθ0ξt, with ξt and σ(Xt−1,Xt−2, . . .)independent, we obtain the expli
it expression

(
F (θ0)

)
ij

=−1

2
E

[∂2q0(θ0)

∂θi∂θj

]
= −1

2
E

[
2
(∂f t

θ0

∂θi

)′(
Ht

θ0

)−1
(∂f t

θ0

∂θi

)

+3Tr((Ht
θ0

)−2
(∂Ht

θ0

∂θj

)(∂Ht
θ0

∂θi

))]
. (6.51)



172 PARAMETRIC ESTIMATIONIf F (θ0) is an invertible d × d matrix, it exists n large enough su
h as Fn is an invertible matrix.Moreover, (6.50) implies for n large enough,
n(θ̂n − θ0) = F−1

n

(
∂Ln(θ̂n)

∂θ
− ∂Ln(θ0)

∂θ

)
.Therefore, if 1√

n

∥∥∥
∂Ln(θ̂n)

∂θ

∥∥∥ P−→
n→∞

0, using Lemma 6.2 and the Slutsky Theorem, one obtains theresult of Theorem 6.2. Sin
e ∂L̂n(θ̃n)

∂θ
= 0 (θ̂n is a lo
al extremum for L̂n), it is su�
ient to showthat

E

[ 1√
n

∥∥∥
∂Ln

∂θ
− ∂L̂n

∂θ

∥∥∥
Θ

]
−→
n→∞

0. (6.52)Therefor, we evaluate E

[ 1√
n

∥∥∥
∂qt(θ)

∂θi
− ∂q̂t(θ)

∂θi

∥∥∥
Θ

] for all t ∈ N
∗. Using the inequality |a1b1c1 −

a2b2c2| ≤ |a1 − a2||b2||c2|+ |a1||b1 − b2||c2|+ |a1||b1||c1 − c2| and the relation (6.45), one obtains :
∥∥∥
∂qt(θ)

∂θi
− ∂q̂t(θ)

∂θi

∥∥∥
Θ
≤ 2

∥∥∥
∂f̂ t

θ

∂θi
− ∂f t

θ

∂θi

∥∥∥
Θ

∥∥∥
(
Ĥt

θ

)−1
∥∥∥

Θ

∥∥Xt − f̂ t
θ

∥∥
Θ

+2
∥∥∥
∂f t

θ

∂θi

∥∥∥
Θ

∥∥∥
(
Ht

θ

)−1
∥∥∥

Θ

∥∥f̂ t
θ − f t

θ

∥∥
Θ

+ 2
∥∥∥
∂f t

θ

∂θi

∥∥∥
Θ

∥∥∥
(
Ht

θ

)−1 −
(
Ĥt

θ

)−1
∥∥∥

Θ

∥∥Xt − f̂ t
θ

∥∥
Θ

+
∥∥f̂ t

θ − f t
θ

∥∥
Θ

∥∥∥
∂
(
Ĥt

θ

)−1

∂θi

∥∥∥
Θ

∥∥Xt − f̂ t
θ

∥∥
Θ

+
∥∥X − f t

θ

∥∥
Θ

∥∥Xt − f̂ t
θ

∥∥
Θ

∥∥∥
∂
(
Ht

θ

)−1

∂θi
− ∂

(
Ĥt

θ

)−1

∂θi

∥∥∥
Θ

+
∥∥f̂ t

θ − f t
θ

∥∥
Θ

∥∥Xt − f t
θ

∥∥
Θ

∣∣∣
∥∥∥
∂
(
Ht

θ

)−1

∂θi

∥∥∥
Θ

+
∥∥∥
(
Ĥt

θ

)−1
∥∥∥

Θ

∥∥∥
∂Ht

θ

∂θi
− ∂Ĥt

θ

∂θi

∥∥∥
Θ

+
∥∥∥
(
Ht

θ

)−1 −
(
Ĥt

θ

)∥∥∥
Θ

∥∥∥
∂
(
Ht

θ

)−1

∂θi

∥∥∥
ΘIt was seen previously that for all t ∈ Z, 1 ≤ i ≤ d,� ∥∥∥(Ĥt

θ

)−1
∥∥∥

Θ
≤
(
M
)−1/m, ∥∥∥(Ht

θ

)−1
∥∥∥

Θ
≤
(
M
)−1/m ;� E

[∥∥∥Ht
θ

∥∥∥
r/2

Θ

]
<∞, E

[∥∥∥
∂Ht

θ

∂θi

∥∥∥
r/2

Θ

]
<∞ ;� E

[∥∥f t
θ

∥∥r

Θ

]
<∞, E

[∥∥∥
∂f t

θ

∂θi

∥∥∥
r

Θ

]
<∞ and E

[∥∥Xt − f t
θ

∥∥r

Θ

]
<∞.Moreover, using Assumptions ST(r) and D(1),� E

[∥∥f t
θ − f̂ t

θ

∥∥r

Θ

]
≤ E

[
‖Xt‖r

](∑

j≥t

αj(f)
)rand E

[∥∥∥
∂f t

θ

∂θi
− ∂f̂ t

θ

∂θi

∥∥∥
r

Θ

]
≤ E

[
‖Xt‖r

](∑

j≥t

α
(1)
j (f)

)r ;
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[∥∥Ht
θ − Ĥt

θ

∥∥r/2

Θ

]
≤ C

(
E
[
‖Xt‖r

])1/2
(∑

j≥t

αj(M)
)r/2,

E

[∥∥∥
∂Ht

θ

∂θi
− ∂Ĥt

θ

∂θi

∥∥∥
r/2

Θ

]
≤ C

(
E
[
‖Xt‖r

])1/2
((∑

j≥t

αj(M)
)r/2

+
(∑

j≥t

α
(1)
j (M)

)r/2),
E

[∥∥∥
∂
(
Ht

θ

)−1

∂θi
− ∂
(
Ĥt

θ

)−1

∂θi

∥∥∥
r/2

Θ

]
≤C

(
E
[
‖Xt‖r

])1/2
((∑

j≥t

αj(M)
)r/2

+
(∑

j≥t

α
(1)
j (M)

)r/2) ;Using Hölder inequalities, for r ≥ 4, it exists C ≥ 0 su
h that
∥∥∥
∂qt(θ)

∂θi
− ∂q̂t(θ)

∂θi

∥∥∥
Θ
≤ C

∑

j≥t

(
αj(f) + αj(M) + α

(1)
j (f) + α

(1)
j (M)

)
.Consequently 1√

n

n∑

t=1

E

[∥∥∥
∂qt(θ)

∂θi
− ∂q̂t(θ)

∂θi

∥∥∥
Θ
−→
n→∞

0 if (6.18) is satis�ed. �Proof of the Corollary 6.2The proofs of Theorem 6.2 and Lemmas 6.2 
an be easily translated using Assumptions E(1) and E(2)instead of D(1) and D(2). The key point of this repla
ement are the following properties :
• E

[∥∥∥Ht
θ − Ĥt

θ

∥∥∥
r/2

Θ

]
≤ E

[∥∥∥
∑

j≥t

αj(N)Xt−jX
′
t−j

∥∥∥
r/2

Θ

]

≤
(
E
[
‖XtX

′
t‖r/2

])1/2
(∑

j≥t

αj(H)
)r/2

• E

[∥∥∥
∂Ht

θ

∂θi
− ∂Ĥt

θ

∂θi

∥∥∥
r/2

Θ

]
≤ E

[∥∥∥
∑

j≥t

α
(1)
j (H)Xt−jX

′
t−j

∥∥∥
r/2

Θ

]

≤
(
E
[
‖XtX

′
t‖r/2

])1/2
(∑

j≥t

α
(1)
j (H)

)r/2
. �
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