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Abstract

This manuscript deals with the analysis of numerical methods for the full discretization (in time
and space) of the linear heat equation with Neumann boundary conditions, and it provides the
reader with error estimates that are uniform in time. First, we consider the homogeneous equation
with homogeneous Neumann boundary conditions over a finite interval. Using finite differences in
space and the Euler method in time, we prove that our method is of order 1 in space, uniformly in
time, under a classical CFL condition, and despite its lack of consistency at the boundaries. Second,
we consider the nonhomogeneous equation with nonhomogeneous Neumann boundary conditions
over a finite interval. Using a tailored similar scheme, we prove that our method is also of order 1 in
space, uniformly in time, under a classical CFL condition. We indicate how this numerical method
allows for a new way to compute steady states of such equations when they exist. We conclude by
several numerical experiments to illustrate the sharpness and relevance of our theoretical results,
as well as to examine situations that do not meet the hypotheses of our theoretical results, and to
illustrate how our results extend to higher dimensions.

1 Introduction

This article deals with the numerical integration of the classical linear heat equation in dimension 1,
over a finite interval with homogeneous Neumann boundary conditions, and is concerned with proving
uniform in time order estimates. The use of homogeneous Neumann boundary conditions is usual, for
example when one wants to truncate an infinite domain (say, R) to a finite one (say, a bounded interval)
and one wants to “allow the solution to get out” (see for example [9] for the transport equation and
references therein). Precisely, this article deals with methods using finite differences in space. This
approach of using finite differences in space for solving linear PDEs in long time on bounded domains
is simple and hence popular (see [I1] for the wave equation and [9] for the transport equation), even
though the treatment of the boundary condition raises delicate questions and sometimes unexpected
behaviors. For example, it is well-known that, for the heat equation, the most naive classical finite-
difference approach in space lacks consistency at the boundary of the domain [I12]. Note however that,
in this case, the associated matrix is symmetric and hence allows to carry out spectral analysis. A
possible approach to circumvent this inconsistency issue is to use a modified finite-difference matrix
on the first or last lines (as in [12] pages 21-23). This solution produces an order 1 scheme in space for



the stationary problem that involves a nonsymmetric matrix. Another approach to circumvent this
lack of consistency, developed in [19] (see page 15), consists in introducing a ghost point. Once again,
this last approach yields a nonsymmetric finite-difference matrix.

In this paper, we consider the initial approach, with a symmetric matrix, and the associated time-
dependent heat equation. For this discretization in space, and the explicit Euler method in time,
despite this lack of consistency of the scheme at the boundary that we quantify, we manage to prove
that the scheme has order O(dx) uniformly in time, under the classical CFL condition. To this end,
we perform a thorough spectral analysis allowed by the symmetry of the finite-difference matrix. This
is the main result of this paper and details are provided in Theorem The proof relies on the
one hand on a precise estimate of a consistency operator, and on the other hand on a precise control
of the evolution of the numerical error. We use a discrete Gronwall lemma and both discrete and
continuous coercivity estimates, that establish some uniform-in-time stability. This strategy is similar
to the one used to prove the standard Lax theorem, which states that consistency and stability imply
convergence. The originality of this paper is that we manage to carry out the analysis for all times,
and we obtain error estimates that are uniform in time. To the best of our knowledge, this is the first
ever uniform-in-time error analysis result for the heat equation with Neumann boundary conditions.

We also extend this analysis to address the nonhomogeneous linear heat equation (with a given source
term and given fluxes at the boundary of the line segment). This provides a way to compute steady
states of the heat equation with pure Neumann boundary conditions. The numerical approximation of
the continuous operator in this context and its analysis arise e.g. in control problems (see for example
[5], [4] and references therein). For the heat equation, the existence of such steady states is submitted
to a compatibility condition between the heat fluxes at the boundary of the domain and the source
term. When this compatibility condition is fulfilled, the direct computation of a steady state is known
to be an ill-posed problem, because the continuous operator is nonnegative and self-adjoint with a
nontrivial kernel. In this context, our method for the time integration of the time dependent heat
equation can be seen as an iterative method to solve the corresponding discrete noninvertible linear
problem. Our main result in this direction is Theorem [l Solving this kind of problems numerically
has a long history and may involve algebraic as well as variational formulations of the problem [I].
Other approaches use a Monte—Carlo formulation via a stochastic representation of the solution [13].

Most results about the convergence of numerical schemes for parabolic problems deal with finite
time horizons (see for example a finite element methods for nonlinear heat equations with Dirichlet
boundary conditions in [3], a Schwarz waveform relaxation method for the linear heat equation in [7],
or numerical methods for fractional heat equations with non smooth data in [I0]). Some results about
numerical schemes for parabolic problems deal with the asymptotic behaviour of the schemes in time,
but the question of the order of the scheme for all times is usually not addressed (see for example the
long-time analysis of numerical methods for linear advection diffusion equations, using finite volume
discretization for Dirichlet and Neumann boundary conditions in [2]). When the convergence of
the scheme is addressed uniformly in time, it usually often for problems with Dirichlet boundary
conditions and for weak (or weak-star) topologies. For example, in [I§], the author considers two
nonlinear Galerkin methods for the nonlinear Navier-Stokes system in a bounded domain Q of R?
with homogeneous Dirichlet boundary conditions, and obtains convergence in L2(0,T, H) (where H
is an appropriate subspace of L?(Q2)?) for any finite time horizon T' > 0 and weak-star convergence in
L>®(R*, H). In contrast, our aim is to obtain uniform in time strong estimates, to prove convergence
and uniform order of our scheme, and to describe how one can handle Neumann boundary conditions
using a discretization with finite differences that lacks consistency at the boundary of the domain.
Some authors addressed a similar question of obtaining uniform convergence in strong topologies as



well as uniform order estimates. For example, the present case of the nonlinear heat equation on
a bounded interval with Dirichlet boundary condition using the forward Euler method in time and
finite differences in space has been analyzed in [16]. In some sense, the sections 2] and Bl of this paper
are the analogue of the case f = 0 in [16] to the case of Neumann boundary conditions. Note that,
anyway, frameworks for the longtime nonlinear analysis of schemes for parabolic equations exist (see for
example [20]). However, they do not allow for the analysis of the scheme introduced in this paper (see
Section [6.3]), because of the way the Neumann conditions are discretized (lack of consistency with the
Laplace operator at the boundary). Other authors proved convergence results for parabolic problems
in the context of a data assimilation algorithm [14] [§] for the Navier—Stokes equation in dimension
2. In contrast, in this paper, we focus on the classical linear heat equation with Neumann boundary
conditions on a bounded interval, we consider a fully discrete scheme based on finite differences, and we
prove order estimates that are uniform in time for homogeneous as well as nonhomogeneous problems.

The main reason we address this classical problem is that it appears to be a very simplified version
of the problem of the time integration of the linear Fokker—Planck equation (see for example [6]). In
this setting, when the Fokker—Planck equation is homogeneous-in-space, the operator is symmetric
nonnegative (with a nontrivial kernel), and coercivity estimates are a crucial tool to prove exponential
convergence towards equilibrium, in the continuous and discrete settings. Moreover, this symmetric
operator also lacks consistency at the boundary of the velocity domain. For this reason, we wish to
consider discrete linear schemes with symmetric matrices for the operators in the linear continuous
equation that are self-adjoint. For the Fokker—Planck equation, even in the homogeneous-in-space
case, the analysis of the uniform order in time is still an open problem. The linear heat equation
in this paper therefore serves as a toy model for this problem. Even if the analysis is carried out in
dimension 1, our results extend to higher dimensions.

The outline of this paper is as follows. Section [2]is devoted to the introduction of the problem and the
statement of the main result (Theorem [2.12]). Section [3deals with the estimation of the errors in time,
and the proof of the main Theorem. Section ] presents an application of this result to the computation
of the steady state for nonhomogeneous Neumann problems. Numerical experiments are provided in
Section [B] to show the efficiency and optimality of the theoretical results of the previous sections, and
to illustrate the validity of these results in higher dimensions. This article ends with an appendix
containing technical lemmas and a discussion about the possible generalization of the method to the
discretization of the linear homogeneous Fokker—Planck equation with Neumann boundary conditions.

2 Setting of the problem and main results

2.1 The continuous linear heat equation with homogeneous Neumann boundary
conditions

We consider the solution u = u(t, z) to the problem

Owu(t,z) = Pu(t,x)
{u(O,aj) = u(z) "’ (1)

where P = 8% is the Laplace operator over (0, L) with homogeneous Neumann boundary conditions
at z = 0 and © = L, for some L > 0. The function u® € L?(0,L) is some given initial datum,
possibly smoother. We decompose the unknown solution u(t, ) of (Il) at time ¢ > 0 onto the classical
orthonormal basis of L?(0, L) associated to P for the scalar product

L
(u,v) = %/0 u(z)v(x)dz, (2)

3



in the form

“+oo
u(t,z) = Zape P’z cp(x), (3)
p=0
for t > 0 and x € (0, L), with
cp(x) = V2cos (p%m) , p>1, and co(z) =1, (4)

and a;, = (u%, ¢,) for p > 0.

We denote by 1jp 1) the constant function equal to 1 over [0, L]. We denote the norm associated to
the scalar product (@) by || - || ;2 and the mean value of any function v € L?(0, L) by

L
)= (o) = 7 [ o) )

2.2 Decay properties of the solutions of (I
A classical result for the solutions to the linear heat equation () is the following

Property 2.1. Assume u® € L?(0,L). The corresponding solution u to () satisfies
2
W20, lu(t) = ()i pllze < e 2w e

Proof. Using twice the fact that the functions (c,)p>0 are an orthonormal Hilbert basis of L%(0, L),
we have, with the notations introduced above, for all ¢ > 0,

(s ) — (W) |2 e Pt 2< ey 2 < o 252t |02
: ol =2 (ewe™ 22 ) <oty o <ot [l s
p=1 p=1

O

Assuming extra smoothness on the initial datum °, this decay property also holds for z-derivatives
of the exact solution to the linear equation (II), as is stated, for example, in Property

Property 2.2 (Domain of the operator P). The domain Dom(P) of the operator P is the set of
functions u € L?(0, L) such that 8?u € L?(0, L) and 9,u(0) = d,u(L) = 0. Observe in particular that
Dom(P) C H?(0,L).

Throughout the paper, we assume the following on the initial datum u°:

u’ € Dom(P), Pu° € Dom(P), P?4° € Dom(P). (6)

Remark 2.3. The hypothesis (@) is for example fulfilled for example in either of the following cases:
e u® is C* over (0, L) with compact support,

e u® is the restriction to [0, L] of an even 2L-periodic function of class C over R.



Remark 2.4. Assume that v’ € L*(0,L). Then, for all t > 0, the corresponding solution u(t) =
e Pu0 of (M) at time t defined in (B) satisfies the hypothesis [@). In particular, if u® € L%(0, L)
does not satisfy the hypothesis (6l), then it does instantaneously after t = 0. The numerical long-time
analysis presented below can surely be adapted using this remark to suppress the hypothesis (@) and
replace it with the simple hypothesis that u® € L*(0,L) (see for ezample Remark [J.3). We shall not
do this here for the sake of brevity. However, we illustrate this fact numerically in Section [4.

Property 2.5. If u° satisfies (B)), then the corresponding solution u of (d) defined in (B) is in
C2([0; +oo[, L*(0, L))

Property 2.6. Assume that u° satisfies (@). Then, the corresponding solution u to (Il) obtained by
@) satisfies
2
W20, [P, <o BP0 )

and )
VE> 0,  ||0.Pult)]| . < e 120 ]|0, P2, - (8)

Proof. Since P?u’ € Dom(P), we have that ¢ — P2u(t) is continuous from [0; +00) to L?(0, L). Since
it has zero mean value and solves the homogeneous linear heat equation with homogeneous Neumann
boundary condition, with initial datum P?u® € L?(0, L) with zero mean value (since Pu’ € Dom(P)),
we infer that (7)) holds, using Property 211

Moreover, the function t + d3u(t) is continuous over [0, +c0) with values in L2(0, L), and solves the
linear homogeneous heat equation with homogeneous Dirichlet boundary condition, and initial datum
5u® € L2(0, L) (which vanishes at 0 and L since P?u’ € Dom(P)). We infer that (8) holds. O

2.3 The discretized problem

We consider the discretization of the Laplace operator with homogeneous Neumann boundary condi-
tions on (0, L) that appears in (). To do so, we set J > 2 and define z; = jo for 0 < j < J —1 and
& = L/(J —1). We equip R’ with the inner product

J-1
1
(v,w)s = 7 Zvjwj, (v,w) € R/ x RY, 9)
=0
which is a discrete analogue to (2]), and denote by || - ||;2 the associated norm. And, similarly to (&),
denoting 1 = (1,...,1)T, we set
1 J—1
(V)g = (v,1)s = Wi ZV]‘, (10)
j=0

for all v € R’. We can think of v; as an approximation of some smooth function v on [0, L] at point
x;. We introduce the classical matrix

-1 1 0 O 0
1 -2 1 0 0
1 0 1 -2 1
Ps = —;
0 0 1 -2 1
0 0 1 -1



It is a real symmetric matrix and Ps has J simple real eigenvalues which read

2J
The eigenspace for the eigenvalue \g = 0 is generated by the vector 1. See Section [B.I] for more on
the spectral analysis of Ps.

)\g:—isin2<£ﬂ>, 0<l<J—1. (11)

For §t > 0 we consider the explicit fully discrete iterative scheme

vl = (Id + 6tPs)Vv"
{ VO given in R’ (12)

which is a discrete analogue of (IJ). The classical CFL condition of this scheme (see Proposition [2.7])
reads 5t )

— < - 13

&2 -9 ( )
Note that (I2]) is a fully discrete analogue of (II), where P is discretized by Py in space and the explicit
Euler method is used in time. We can think of v¥ as a discrete approximation of u’. Let us denote
by || - |2 the norm associated to the scalar product defined in ([@). We have the following classical

stability result.

Proposition 2.7. Assume J > 2 and 6t > 0 are such that the CFL condition (I3) is fulfilled. We
have
p((ld+6tPs)) =1  and  YWeR’, |[Id+6tPs)V]e <|v|e, (14)

where p denotes the spectral radius.

Proof. The CFL condition (I3]) ensures that the eigenvalues of P; satisfy (see Equation [IT)

vl e {0,---,J -1}, |1+ 6t < 1.
This implies that p(ld + 0tPs) = 1 (recall that Ay = 0). The fact that, additionally, Ps is symmetric
and has eigenvectors forming an orthogonal basis of R’ yields (I4]). O

We make repeated use of the existence of a spectral gap for the operator Ps, which is described in the
following proposition.

Proposition 2.8. Assume L > 0 is fized, J > 2 and 6t > 0 are given. We set, using the eigenvalues
(M)o<e<s—1 of Ps defined in (II)),

= 14 0tAg]. 1
n= Jnax [|1+0tA| (15)
Assuming that the CFL condition ([I3)) is fulfilled, we have
0<n<l (16)

Proof. Thanks to (IIl), we observe that \g = 0 and for £ € {1,--- ,J—1}, 0 < ¢n/(2J) < 7/2, so that
0 < sin? (¢7/(2J)) < 1 and hence, using ([I3), —2 < —46t/(&?) x sin® (¢x/(2J)) < 0, and therefore

—1 <140t <1
This proves (I8]), since the J — 1 values (1 + 6tA;)1<¢<s—1 are all distinct (hence not all zero) as soon

as J > 3 (J = 2 is easily treated separately). O

Another useful and more precise estimate on the eigenvalues of I + §tPs is provided in Proposition
0. 2l



2.4 Description of the lack of consistency

Definition 2.9. We introduce the “projection” operator Mg, acting on continuous functions w over
the closed bounded interval [0, L] by setting for all j € {0,--- ,J — 1}, (Mg (w)); = w(x;).

The consistency of the operator Ps with respect to P can be measured using the following operator.
Definition 2.10. For all smooth function w over [0, L], we set for all J > 2,

8%’[0(1‘0) _ w(u’vl)—;v(zo)

851[)(.%1) . w(wo)—2w&§1)+w(x2)

Lsw = (NgP — PsMNg) w =

w(zg_g)—2w(zy_g)tw(s 1)

Pw(zy—2) — o~
D2w(xy_ 1) — %

For the analysis to come, we split the consistency defect above into two terms.

Proposition 2.11. For all smooth function w over [0, L] such that Oyw(zg) = Oyw(xj_1) = 0, we
have for all J > 2,

Lsw := (NgP — PsMNg) w = Liw + & L3w, (17)
with
Lo @ [ 293
§8xw(xo) + 5 (1 —o)*0yw(odx)do
0
0
Lsw = : : (18)
0
1
—dsw(xg_1) + —/ (1—0)*3w(xy_o + odr)do
0
and
0
1 1
/ (1 —0)30tw(xy + od)do + / (o0 —1)30tw(x — odr)do
0 0
Li3w = — : . (19)
1 1
/ (1—0)30tw(xy o+ ok)do +/ (0 —1)3tw(xy_o — od)do
0 0
0

An interpretation of the splitting (I7) of the consistency error of the operator Ps with respect to P
is the following: The operator Ps is consistent with the operator P to order &2 at interior points
(xj)1<j<J—2, yet it is not consistent at boundary points z¢ and x;_;. This is the main difficulty in
the error analysis of the scheme (I2]). We shall explain how to deal with this lack of consistency in
Section

2.5 Main results

The main result of this paper is the following error estimate, that is valid uniformly in time for the
approximation of the solutions of the linear heat equation (II) by the linear scheme (I2). In particular,
this result encapsulates the lack of consistency that appears through the operator Eém + &2£§T defined



in (I77), and shows how the error behaves over short and long times. The proof of the result is carried
out in Section [3] and numerical results illustrating and supporting it are provided in Section [l

Theorem 2.12. Assume L > 0 is fived. There exists C > 0 such that for all u® € H%(0, L) satisfying
@), for all J > 2, 6t € (0,1) such that the CFL condition (I3]) holds, and all n > 1,

+oo
INgu(ndt) =v*e < [Mau® =0 o+ C | & loplp* + 6t | P2u|| . |- (20)
p=1

This theorem implies straightforwardly the following corollary.

Corollary 2.13. Assume L > 0 is fived. There exists C > 0 such that for allu® € H%(0, L) satisfying
@), for all J > 2, 6t € (0,1) such that the CFL condition (I3]) holds, the numerical solution (V*)n>0
of @) starting from v = Ngu® satisfies for alln > 1,

INgu(not) — vz < C(& + 5t)||u0||H5.
Proof. On the one hand, since u° satisfies (@), it is obvious that
(Rt PP [ PR

On the other hand, we have

SR

00 00 2 00 H] 00 7\ 10
Slapl < [ Slepl ) x [ Yop2 | <O (Il (BF) ] < Cloi s < Ol
p=1 p=1 p=1 p=1

where we used (@) for the computation of the coefficients of d3u” in the sine basis of L?(0, L). This
concludes the proof of the corollary. O

These two results say, in particular, that the scheme (I2]) applied to the discretized version of (II) using
the finite-difference matrix P, under the CFL condition (I3)), has uniform-in-time order O(5t*/2), if

we have in mind that, in the specific CFL regime 6t = &?%/2, & = O(ét%).

3 Error analysis

This section is devoted to the proof of Theorem Section Bl extends the spectral analysis of
the operator Ps. Sections and B3] present an analysis of the second and third terms in the
decomposition (2I]) of the error below. Finally, Section B.4] sums up the previous result, and allows
for the proof of Theorem

Using the operator Mg defined above (see Definition 29]), we define for all n € N the convergence
error at time step number n by
e" = Ngu(ndt) — v,

where u solves () and (v?),>¢ is given by (I2)). Since u’ satisfies (@), Property ensures that
t + u(t) is C? from [0, +00) to L?(0, L). Hence, using () in a Taylor expansion in integral remainder



form of ¢ — w(t) at t = ndt, we obtain

(n+1)dt
el = N, (u(nét) + ot Pu(ndt) + / ((n+1)dt — S)qu(s)ds> — (Id 4 0tPs) v"
ndt
(n+1)dt
= MNgu(not) + 6tMNg Pu(ndt) — (Id + 5tPs) v" + I'I&E/ ((n + 1)t — s)P%u(s)ds
ndt
(n+1)dt
= (Id + 0tPs) e" + 0t (Mg P — PsMg) u(ndt) +/ ((n +1)dt — s)Mg P?u(s)ds.
e not
=€y
This yields the expression of the error as
n—1 n—1
e = (Id + 0tPs)" " + > " (Id + 6tPs)" ' F ek + ) " (1d + 5tPs)" 1 eb. (21)
k=0 k=0

Observe that the terms in €; and €9 only depend on the exact solution u. Note also that £ contains
a factor 8t and eo scales as 0t2.

The goal of this section is to establish uniform in time estimates on the three terms in the right-hand
side of (ZI]), in order to prove Theorem 212l The term with ; is studied in Section B2and that with
€9 is studied in Section We start in Section B.I] with some additional spectral properties of the
matrix Pg.

3.1 Spectral analysis of Py

Spectral decomposition of P

Lemma 3.1. For all J > 2, the symmetric matriz Ps is nonpositive. Its eigenvalues are simple and
giwen by (). Moreover, the corresponding eigenvectors Wo =1 and, for £ € {1,-,J — 1},

(We)j = V2cos(l(j +1/2)x/J),  je{0,...,J -1},

form an orthonormal basis of R’ for the inner product defined in ().

The proof, which is very classical, is not included in this paper.

Decomposition of the boundary terms using the spectral decomposition of P

Let us denote by (ej)o<j<s—1 the canonical basis of RY. Using the spectral decomposition of Py given
by Lemma [B.1], we have

J—1 \/5 J—1 In 1
co =Y _(e0, We)sW; = v > cos <§> We + < Wo, (22)
{=0 /=1
and J—1 J—1
ej1 = (es-1,Wp)sWe = ? D (—1)"cos (5—3) W, + %Wo. (23)
(=0 (=1



Estimates of the powers of (Id + 6tPy)
Proposition 3.2. For all L > 0, 6t > 0 and J > 2 such that (I3)) holds, one has for all ¢ € {0,--- ,J — 1},

1+ 6th| < o azsin(F)" (24)

Proof. Observe that, for £ € {0,---,J — 1}, we have

ot b
1+0th =1 —4&2 sin <2J>

In particular,

ot r 5t? I
2 .
(14 6thg)” = 8?8111 <2J> —1—16& sin <2J>

Using that for all u € R, 1 —u < e~ ", we obtain

st . [em\? §t2 . (er\*
(1+ 5t)\g)2 < exp (_8@ sin <ﬁ> + 16@ sin <ﬁ> )
2
exp ( 8(;; sin <§7}> (1 — 2% sin <§—Z> >>
St i 5t 5t %
exp( 8&2sm<2J> [<1—2?> xl—l—ZE (1—5111(5) )])

In particular, taking square roots,

ot i\ ? ot ot i\ ?
< —4—— i - ) N - — si — .
\1+(5t)\4\_exp( 4— sin <2J> [<1 2 2> x1+2— (1 sm<2J> )])

Using (13]), we have

IN

IN

and the sum of these two real numbers is 1. By convexity over R of the exponential function, we infer

|14 5t
2 2 2
< <1 — 25;) exp ( 4— sin <§—7T> X 1) + Z%exp (—4% sin <§—7}> X (1 — sin <§—§> >>
5t m\? 5t 5t 2 i\ ?
. B (AT ot ot [dm £
< <1 2&2> exp ( — sin <2J> X 1) + 2&2exp ( 4&2 sin <2J> X COS <2J> )
< e s'n K—W : X COS K—W i + 2ﬁe —4ﬁ sin E—ﬂ : X COS E—ﬂ i
= P 27 27 2P\ T 2 27
< ex & sin tn i X COoS E—ﬂ i
S Bl Y 57) |-
As a conclusion, this implies (24]). O

We provide the following estimate of the sum of the powers of (Id + tPy).
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Proposition 3.3. Assume L > 0 is fized, J > 2 and 6t > 0 are given. Let n be defined by (3.
Assuming the CFL condition (I3]), we have

n—1
Vn > 1, oty nk<2r’.
k=0

Proof. On the one hand, using the CFL condition (I3]), Proposition and the definition (IH) of 7

_ ot
ensure that n < e &2

s

. 2
sin(7)" < 1. This ensures that, for all n > 1,

n—1 n—1 —ndt ﬁn(£)2
St o ()2 1 —e "2 7 1
5t it <oty e rasn(i) < g <4t N
k=0 k=0 1—e &2 sin(5) 1—e &2 sin(5)

Moreover, using the CFL condition (I3]), we have §tsin(r/.J)?/&? < 1/2, and hence this number z > 0
satisfies 1/(1 —e™#) < 2/z. This implies that, for all n > 1,

n—1 2 2 2
2 & ™
5ty <ot <2 <
k=0 &ig s (%) Sin (E) 4 (3)2

since J > 2.

O
Another useful estimate of the powers of (Id 4 6tPy) is the following, the proof of which can be found
in Section [6.11

Proposition 3.4. For all L > 0, there exists C > 0 such that for all J > 2, for all 6t > 0 such that

(@3) holds, we have
2

J—-1 n—1
Doty (1+6ata)"| <,
=1 k=0

where (A¢)o<e<j—1 are the eigenvalues of Ps (see (L))

3.2 Analysis of the term in ¢,

We insert the splitting (7)) into the error term with e; in (2I]). We obtain

n—1 n—1
> (I + 6tPy)" 1 Fel = 6t > (Id + 6tPs)" ' F Lou(két, )
k=0 k=0
n—1 n—1
=0t (Id+ 6tPs)" ' *Lju(kdt, ) + sta® Y "(Id + 6tPs)" ' FLiu(kdt, ).
k=0 k=0

In this section, we deal with the first and second term in this decomposition, and conclude.

11



Analysis of the term with £}

Proposition 3.5. Assume L > 0 is fized. There exists C > 0 such that for allu® € HY(0, L) satisfying
@), for all 6t € (0,1) and J > 2 such that the CFL condition ([I3) holds, and all n > 1,

n—1 +o0o
5t (Id+ 6tPs)" ' FLju(kdt, )| < Car ) |oylp®. (25)
k=0 02 p=1

Proof. Using the formula (3] for the exact solution u to (), we obtain the following £2 error inequality,

< Z‘aﬂ
2

Observe the disappearance of the term in p = 0 in the sum above, since E}}Eco = 0 according to
(IR]). Let us fix p > 1. Since the only possibly nonzero coefficients of E%cp are its first and last ones
(see (I8))), we can use the decompositions (22 and (23)) in the orthonormal basis of R’ consisting in
Wo, -+ ,Wy_1 (see Lemma [B.1)):

n—1

5t (I + 6tPs)" ' Lu(kdt, -
k=0

2
5t Z (Id + 8tP5)"E (Lhey)e P BN (26)

4 £2

n—1 2
5t 3 (Id + 6tPs)" 1 7F (Lhey) o P 1M
k=0

n—1 5
= —(5th 0s <2J> ( £5cp] + (=1) [L5cp) J—1) (Z(l +5t}\£)n—1—ke—p2’£2k6t> W,

k=0
+(?]t ([£5cp] [L5ep] ) (Z e_pz%k&) : (27)

Using the orthonormality of the basis (Wy)o</<s—1, we obtain

n—1 9 2
2T
5ty " (1d + 6tPs)" 1 E Lic, eV 1R
k=0 02

n—1 L2 2
o (fehly = ek, ) ()

k=0
3t 1,172 « [+ 1k —p? Ty kdt i
= 4J2 ([ﬁécp] + [ﬁécp]J—l) (Z(1+5t)\£)n e P )
(=1 \k=0
§t2 /1 12 112 — P2 kst i
ol (g + 2o (S o) o)
k=0

12



For the first term in the estimate above, we observe that for all p > 1,

_ 2
Z:I(Z (14 8tA)" 1+ o P’ 2k6t>

J-1 [ n—1 o 2 n-l 2 2
— Z(l + 5tA€)/rL—1—kle_p ﬁklét Z(l + (5t)\g)n_1_k2€_p ﬁkgét
(=1 k1=0 ko=0
n—1 n—1 J—
_ Z Z e—p L2 (k1+k2)d Z(l —|—5t>\ )2n—2—k1—k2‘
k1=0 ko= =1

Using the CFL condition (I3]), we may use Proposition to obtain

J—-1 /n—1 9 n—1 n—1 )
Z <Z(1+5t)\€)n—l—ke—p2%k5t) < Z Z e—p222 (k1+k2) &Ze &2 (2n—2—k1— kz)sinQ(Tﬂ). (29)

/=1 \k=0 k1=0 ko=0

One can split the sum on nonnegative numbers in (ky,ks) € {0,--- ,n — 1}? above into the sum over
the set C, consisting in the (ki,ks) € {0,--- ,n — 1}2 with 2n — 2 — k1 — ko > 1 and the term where

ki = ky = n — 1. The latter is bounded by (J — 1)e™? (2” 2% The former is bounded, thanks to
Lemma [6.2] by

Z 0P L2(k1+k2 6tze 24 (2n—2—k1—k2) sin?( )

(k1,k2)€Cn
1 5 2 J-1 s e
< — Z e P ﬁ(h-kkz)&t(h Z e—?(2n—2—k1—k2)sm (7)
&C (k17k2)ecn =1
< 1 Z e—p2§%(k1+k2)& C o
o (k1,k2)ECn V(2 — 2 — ki — ko)t
2 2 1
g C e_p ﬁ(k1+k2)5t ‘
(khk%):ecn \/(Zn —2— k1 — ko)dt

where C' > 1 may depend on L but does not depend either on n > 1 or k1, ko € {0,--- ;,n—1} or ¢t > 0

orJ>2orp>1 (see Lemmal6.2]). Using this estimate in (29)) and taking the term in ky = kp =n—1
into account, we infer for the term first term in the right-hand side of (28]) above

5t2 J-1 2
4? ([‘6502’] E(;cp ) (Z 1 +(St)\ )n 1-k —p 7k5t>

/=1 k=0
s : 2 - 2( 1)8t e—p (k1+k2)6
< 4—= [E%Cp] + [E%cp]J_ (J —1)e P?Z52(n— Lo
J2 ( 0 1) (k1 Fa)eCn \/(271 —2—ky — ko)ot
2
y - —p? Ty (k1 +k2)dt
< 9 (e (o)) (- e ey |

(k Fm) o V(20 —2 — Ky — ko)dt

where we used C' > 1 and distributed 6¢% in the sum.
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On the one hand, using (I3)), we have

(J —1)5t* < g(J —1)&dt®? < Lot3/?,

which is bounded since 6t € (0,1). On the other hand, using Lemma [6.4] we infer that
e—pzé—(kl-i-kg)ét

5t? <C,
(klgecn V(21 —2 = k1 — ko)dt

for some C' > 0 that may depend on L but that does not depend on n > 2, p > 1, §t € (0,1). This
implies

(5t2 J—1 /n—1 L .2 2
4? ([ﬁ};cp]é + [L’%cp]i_J Z (Z(l + 0tAg)" 1k, P Ikt < C&2 ([ﬁ(];cp]i i [E%cp]?]—l> ’

/=1 \k=0

for some C' > 0 that may depend on L but that does not depend on n > 2, p > 1, §t € (0,1). This
concludes the proof for the first term in the right-hand side of (28). Observe that a similar bound
holds for the second term in the right-hand side of (28]):

2
5t2 n—1 o2
2? ( [;C%Cp](z) + [ﬁéCp] 3_1) (Z e pzﬁk&f)

k=0
9 5 5 n—1 o n2 2
1 1 —p2 Tkt
< 72 ([ﬁécp]o + [L5p] J—l) (5’52@ r >
k=0
< ca?([Liely+ [Lhel)_,),
for some C' > 0 that may depend on L but that does not depend on p > 1, n > 2 or §t € (0,1) (see

the proof of Lemma for details). Using these estimates in (28]) and taking square roots, we infer
for all p > 1,

n—1
53 (1d + 5tP6)n—1—k£§Cp(,)e—p2g—két < O (‘ [Lhey] | + ‘ [Licp] J—l‘) :
k=0 02

Moreover, using (I8)), there exists C' > 0 such that for all p > 1,
[Lherly| + [[£der] | < 2.
Therefore, using the last two estimates above and (26]), we obtain (25]). O

Analysis of the term with E?;

Proposition 3.6. Assume L > 0 is fized. There exists C > 0 such that for allu® € H(0, L) satisfying
@), for all 6t € (0,1) and J > 2 such that the CFL condition ([I3) holds, and all n > 1,

n—1 +oo
ot > (Id + 6tPs)" ' F @ Liu(kt, )| < Ca® ) |oplp®. (30)
k=0 02 p=1
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Proof. Using the exact solution formula (B]), we may write

n—1 +00 n—1 5
ot (I + 6tPs)" ' F&? L3u(kdt, ) < 0ta? ) agl (1D (d+ StPs)" R (L2, )e P T2
k=0 02 p=1 k=0 02
—+o00 n—1 9
< 5t@® Y oyl H(Id + 6tPs)" K (L3, o P Ezhot
p=1 k=0
+oo n—1 52
< ot@? Y oyl || Lyl D e 1
p=1 k=0

using also (I4]) because of the CFL condition (I3]). Since obviously, in view of (I9)),
1£5en]]2 < CP",

where C' > 0 may depend on L but does not depend on p > 1 or J > 2, we infer (30]). O

Synthesis of the analysis of the term in L;

Plugging (25]) and (B0) into (IT), we infer the following uniform in time error estimate for the term
in 1 in (2I)).

Proposition 3.7. Assume L > 0 is fived. There exists C > 0 such that for allu® € H(0, L) satisfying
@), for all 6t € (0,1) and J > 2 such that the CFL condition ([I3)) holds, and alln > 1,

n—1 +o0o
0t (I + 6tPs)" ' Lou(kt, )| < Cdr > |oy|p*. (31)
k=0 02 p=1

3.3 Analysis of the term in ¢,

In contrast to the uniform in time error estimate (B1I) for the term in £ in (2I]) obtained in Section [3.2]
the following uniform in time error estimate (B2]) for the term in ey in (2I]) is more simply obtained,
using essentially the exponential decay of the z-derivatives of the exact solution of ().

Proposition 3.8. Assume L > 0 is fized. There exists C > 0 such that for allu® € HY(0, L) satisfying
@), for all 6t € (0,1), J > 2, such that the CFL condition (I3]) holds, alln > 1,

< Cot|| P?u°|| 1. (32)
g2

n—1
> (Id 4 5tPgs) R
k=0

Proof. Since u’ € HY(0,L), we have for all t > 0, u(t) € H%(0,L). In particular, for all + > 0,
P2u(t) € H?(0, L). Using Lemma [6.5, we infer that for all ¢+ > 0,

IN& P2u(t) ]|z < Ol PPu(t)| -
Using the exponential decay properties (7]) and () of Property 2.6l we have
7\_2
¥ 20, [P2u()|m < e P g
This implies that

7\_2
Vit > 0, Mg P2u(t)]| ;2 < Ce™ 2| P2u°|| g1

15



The condition (I3]) implies that (I4]) holds. This allows to obtain

z_: Id+ 6tPs)" R k|l < ZH (1d+6tPs)" ' F ||

k=0 02
n—1
k
< 4,
k=0
n—1 1
< 62y / (1 — o) P2u(kot + o6t)do
k=0 170 e
n—1 .1
< 5t2z/ (1—0)||NaP?u(kdt + o6t)]| . do
n—1 .
< c&?Z/ (1— o) | PPu(két + o6t)]| . do
n— 1 7'r2
< oty / (1= o) 22* g5 5 | P20 1
k
n—1 .2 .2
< Ot ‘ﬁ’“‘”/ (1 —o)e 27%do x || P20 1
k=0 0 "
<3
5t2 n—1 2
< O e 22 5 | P20 11
k=0
5?1
< C— 7., X HP2UOHH1
2 l—e1
L6t 50t
< C 2 L2 7., X ||P2u0||H1'
2m 1 — o 120
This proves (B2)) since the function s + s/(1 — e~*) is bounded over (0,7%/L?). O

3.4 Synthesis of the analysis and proof of the main result

The convergence error e” of the numerical scheme (I2)) applied to the linear heat equation (1) is split
into 3 terms (see Equation (2II)). For the first term in (21I), for fixed L > 0, we have for all J > 2,
dt > 0 such that the CFL condition (I3) holds,

vneN, | (Id+6tPs)" el < [|e°(le = [IMau” —vO|la (33)

For the second term in (2II), we use Proposition B (hence Propositions B.5 and B.6) to obtain (B1I).
For the third term in (2I]), we use Proposition B.8 to obtain (32]). This proves Theorem 212

4 Application to the computation of a steady state

4.1 The continuous nonhomogeneous setting

As a by-product of the analysis carried out in Section [ that led to the proof of Theorem 212,
one obtains an explicit, albeit complicated, formula that solves the naively discretized stationary pure
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Neumann problem (see (34]) below) with order O(dr). This is consistent with the classical compensation
of the inconsistency of a Dirichlet-Neumann problem by the (reinforced) stability property (see [15]).

For f € L?(0,L), 3,7 € R, the nonhomogeneous stationary Neumann problem reads

—0iu> = f
9u>(0) =5 (34)
0,u>*(L) =r.

If there exists a solution > to (34)), it is a steady state of

Oyt — 02 = f
a(0,2) =a%x)
a:cﬂ’(tﬂ L) =7

which is a nonhomogeneous version of ().

Note that (34) is ill-posed. First, solutions to (34) may fail to exist in H2(0, L). Indeed, a necessary
and sufficient compatibility condition for (B4 to have a solution is

L
7—ﬁ+/0 f=o. (36)

Second, solutions to (B4]) are never unique: There is an additive degree of freedom since adding any
constant function to a solution of (34]) yields another solution.

Here is a physical interpretation of (B0 in thermodynamics. Assume that (¢, z) is the temperature
in a metal rod of size L at time ¢ and position z, and there is a steady heat source f(x) and § and
~ are the temperature gradients at z = 0 and = L. The condition (B8) means that in order for a
steady state of ([BH]) to exist, the total energy due to the source f must be balanced by the energy
fluxes at the boundary. For example, if 8 > 0 and v = 0, (B6) means that the temperature gradient is
positive at x = 0, so the heat exits the bar leftwards, thus the integral of the source f over the domain
should be positive (and be equal to ), so the production of energy inside the bar compensates the
energy that leaves the bar at the left end.

In contrast to ([B4)), the problem (B3] is well-posed regardless of (B6]). Nevertheless, assuming (36]), the
mean value of the solution @ of (B8] satisfies 9;(u) = 0. Moreover, still assuming (36]), the solution @ of
(B8] converges exponentially fast in time to a solution @* to (34]). Therefore, assuming (B6]), one can
see (34)) as the limit in time of Problem (35]) and compute from @° the um’qu solution 4> € H%(0, L)

of [B4) with (a*°) = (a).

4.2 The discretized nonhomogeneous setting

The discretization of (34]) is also ill-posed since the matrix Py is not invertible, and, even more
dramatically, lacks consistency at both ends of the domain (see (IT) of Proposition [2.11]). However, the
analysis of the convergence error that is conducted throughout Section [ leads to writing a numerical
scheme that, the degree of freedom (V°°)s being fixed, approximates the solution of (34]), as the limit
in time of the discrete time-dependent solution of

V' = (Id + §tPs)V"™ + 0t by, (37)

1Using a classical result involving the Poincaré-Wirtinger inequality.
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where
b&r = I_I&Ef+(1/dx)(_/87077077)T+7‘&E17 (38)

for some small (with &) real number 5, to be chosen later, and where v° € R is given. The system
(B7) is a discrete analogue to the system (35]). Similarly, a discrete analogue to (B4) reads

—Psv™® = bg, (39)

where the definition of bg, incorporates both a discretization of f and the boundary conditions of (B4]).
In this setting, an analogue to the condition (36]) is

(bg:)s = 0. (40)

The condition ([@0]), together with the relation (B6]) imposes the value of rg,, namely

1 L J-1
T = e /0 f(ac)da:—&rjzzzof(:rj) . (41)

Observe that, provided f is smooth enough, we have rg, = O(d). The condition ([@0) means that bg,
belongs to the range of Ps, which is the vector space 1+ orthogonal to 1. Of course, this is a necessary
and sufficient compatibility condition for the existence of a solution to the non invertible linear system

(39). Indeed, similarly to Problem (34]), the system (39)) is ill-posed, since Ker Ps = Vect(1).

As mentioned above, the analysis carried out in Section [ ensures that, assuming (40) and the CFL
condition (3)), starting from v* € R”, the sequence (V*),>o defined by (B7) converges exponentially
fast to the unique solution v to ([B9) satisfying (v>°)5 = (V°)s. Indeed, one has

n—1
¥n >0, V"= (Id+5tPs)"° + 5t Y (Id + 6tPs)" by (42)
k=0

Recall that Id + 6tPs is diagonalizable with simple eigenvalues, and, under the CFL condition (I3]), 1
is an eigenvalue and the other eigenvalues are of modulus strictly less that 1. Consequently,

(|d+5tP5)n\70 — (\70>51.

n—oo

Observe that the power series with general term (Id + 6tPs)* does not converge in M ;(R). However,
one has, using the fact that bg has zero mean value (see (@0)) and the bound 7 of Proposition 28
using the assumption that the CFL condition (I3]) holds,

¥k >0, [|(Id + 6tPs)" balle < 7" [ballee

In particular, this implies that the sequence ( Z;(l)(ld + 5tP5)k b&) o converges in R”7. In conclusion,
n

assuming (@Q) and (I3), the only solution v*° of ([3J) with mean value (V0); is

+oo
WO = (@)1 40ty [(ld + 6tP)E b&} . (43)
k=0

Observe that, despite the expression ([43]), the vector v>° does not depend on dt.
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4.3 An interpretation of the previous result

Under the hypotheses ([@0]) and (I3]), the convergence of the sequence (V"),,>o generated by (B7)) towards
the solution v to ([B9) with (v°)s = (V)5 allows to interpret the explicit Euler scheme (37)) for (35)) as
an iterative method of a (very simple) relaxation type for the ill-posed linear system (34]): we rewrite
B9) with P; = M — N where M = (1/4t)(—Id) and N = —(1/6t)(Id 4+ §tPs). The matrix M is clearly
invertible, and one has

vn >0, 9" =MTINV" + M b,

Observe that the spectral radius of M~IN is 1 so that the classical results for iterative relaxation
methods do not apply. Nevertheless, thanks to ([40), the sequence (V"),>( takes values in the affine
space (V)51 + 1+, and the spectral radius of M~IN restricted to the stable subspace 11 is the 7
defined in (I5]) which satisfies 0 < n < 1.

4.4 Error estimates for the computation of the steady state

Similarly to the analysis of the error for the homogeneous case carried out in Section [3, we can analyse
the error at time step number n defined by

e" = Nga(dt) — v,
by writing
én—i-l

= Ngi((n+1)dt) — "t

(n+1)dt
= Mg (ﬂ(nét) + dt(Pu(ndt) + f) + / ((n+ 1)t — S)@fﬂ(S)dS) — (Id + 6tPs) V™ — dtbg,
ndt
(n+1)dt
= MNgu(not) + 6tNg Pa(ndt) — (Id + §tPs) V" + 6t(Ng. f — bg.) + I'I&T/ ((n 4 1)6t — 5)0%a(s)ds
not
(n+1)dt
= (Id+ 6tPs)e" + 6t [(H&P PsMNg) a(ndt) + (Mg f — b&t)] +/ ((n+ 1)t — S)n&ﬂafﬂ(s)ds
o not :
=y
This yields for all n > 0,
n—1 n—1
= (Id+ 6tPs)" & + >~ (Id + 6tPs)" ' F &k + > " (1d + 6tPg)" " &5 (44)
k=0 k=1

For the convergence of the numerical method ([B7) to a steady state of the nonhomogeneous heat
equation (35]), we prove the uniform result below.

Theorem 4.1. Assume L > 0 is fized. There exists C > 0 such that for all f € C3([0,L]), 8,7 € R
given such that [B8) holds, all W° € H®(0,L) such that

0,1(0) = B and  0,u°(L) = ~y
03u°(0) = —0,f(0) and  O3UO(L) = —0.f(L), (45)
93a%(0) = —83f(0) and  Ru(L) = —03f(L)



all 6t € (0,1) and J > 2 such that [I3) holds, alln € N, all V° € R’, one has

IN&@(ndt) =" (|2 < |[Ng@” = V|| o + C(&x + 6t) (18° |55 + £l ) » (46)

where @ is the solution to (BD) and (V"),>0 is the corresponding solution to [BT) with bs, defined in
(33)-ET).

Remark 4.2. Theorem [}.1] shows that, under the CFL condition (I3)), the numerical method (37)) is
of order 1 in time and space for the computation of the stationary state of the nonhomogeneous heat

equation (BB uniformly in time. Observe that starting numerically from V° = Mga° makes the first
term in the right-hand side of (@Q) vanish.

Remark 4.3. The conditions [@5) on the initial datum @° ensure that the function difference u =
U — U™ between the exact solution U of the evolution monhomogeneous heat equation (BH) and the
exact solution U™ of the steady state equation [B4) with (a™) = (@°) has a zero mean initial value
u(0) = @ — @™ satisfying @). In particular, the results of Section[Z2 apply to u.

Note that this hypothesis [@3l) allows to obtain an explicit and uniform in time bound, as described
in the right-hand side of (@Q). However, the relations (@3] are probably not mandatory to ensure the
uniform in time order of the method (see numerical experiments in Section[d). This remark is similar
to Remark in the homogeneous setting.

Remark 4.4. Observe that the estimate in the right-hand side of (AQ) is uniform in time. In partic-
ular, it does not depend on n. Moreover, we have u(t) o @™ in HY(0, L) (Remark [[.3 implies that
—+400

the difference between these two functions tends to 0 exponentially fast). Using Lemma [60, we infer

that Nga(t) — Mg in R, Since V@ — ¥ in R’ (see [@3))), we can pass to the limit in (40)
t—+00 n—s+00

to obtain

Mgt — V|2 < HI'I&EQO - \70ng + C(& +6t) (@ gs + I|.f]|ms) -

In particular, starting from V9 such that ||Mga°—V°|,2 = O(&), we infer that ||Nga> — V||, = O(dr),
so that the scheme (BT) computes an approzimation of the steady state u> in O(dr).

Proof. Recall that %> was defined at the end of Section F1] as the solution to (34) with (a>) = (a°).
Proving Theorem [4.1]is done by estimating separately the three terms in the right-hand side of (44]).
Observe that

e Thanks to the CFL condition (I3]) and the stability property (I4]), the first term in the right-hand
side of (44]) is bounded easily and yields the first term in the right-hand side of ({g]).

e The third (and last) term in the right-hand side of (d4)) is easily bounded as in Proposition 3.8,
by observing that the function wu(t) := a(t) — @* is the solution to a linear homogeneous heat
equation with homogeneous Neumann boundary conditions, with initial value u(0) = @° — @
with (u(0)) = 0. Moreover, the functions v = dyu and w = v, also solve the linear homogeneous
heat equation over (0, L) with homogeneous Neumann boundary conditions. Using (5)), we infer
that u(0) = @ — @™ satisfies (@). In particular, one may use Proposition to obtain that
w = 0?u tends to 0 in H'-norm exponentially fast, and so does 9@ = O?u. A similar analysis
as that of Proposition B.8 therefore yields a term in §t x ||@°|| s in the right-hand side of (@8]).

20



Therefore, proving Theorem [Z.T] amounts to finding a bound on the second term in the right-hand side

of ([44)). Recall that the function u defined above is a solution of the homogeneous problem (), with

mean value 0, so that ||u(t)|| g t—+> 0, exponentially fast. Moreover, replacing u(t) with u(t) + a°°,
——+00

we have
e} = 6t (Ng P — PsMNg) u(ndt) + 6t [(NgP — PsMNg) @™ + (Mg f — bg)] - (47)

The analysis of the error for the first term in the expression above is the very same as in the homo-
geneous case carried out in Section B2 since w is a solution of the homogeneous problem ([Il) with
zero mean value. This yields a term in & in the right-hand side of ({#f), as it did in Proposition B.71
Indeed, from Proposition 3.7}, denoting by (a,)p>1 the coefficients of u(0) = @° — 4> in the cosine
basis (d]), we infer that

n—1 +oo
0t (I +6tPs)" R Lsukst)| < Cary |aylpp!
k=0 p=1

+o00 1 2 (40

N[

< Cx 2_2 Z(p5|ap|)2
p=17 p=1

< C&)|03u(0) 20,1

< Ca (1028 z20.) + 1020 12(0.1))

< C& (180 mso,n) + 102 flr2(0,1))

where we have used ([@H) (which ensures that u(0) satisfies (@) to compute the coefficients of 92u(0)
in the cosine basis of L?(0, L).

So, proving Theorem 1] amounts to proving an estimate for the part of the second term in (44]) that
corresponds to the last term in the right-hand side of ([@T). In the perspective of analysing this term,
we may observe that, using the definition of bg, in (B8],

E(S'ELOO + rl&rf - b&r = ‘C(S,LNLOO - (1/&6)(_/87 0) s 70)7)1— - r&l' (48)

Using Definition [ZT0] (of £5) and the fact that 4> solves (B4]), we have

J

|
—

(Lsu™)s =

=,
(Pa%) (x;) = - > flag)
j=0

<~

This implies that

J-1
(L4 + Moo f — big)s = — > s+ (8= = s
Using the definition of rg in ([@Il), we infer
1= 1 1 b 1
(€5t M =iy = =5 XS+ 6= 7 | rwna )
1 L
= Ju (5—’}’— ) f(m)dm)
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Using the continuous condition (B6l), this proves that the second term in the error decomposition
(47) has zero mean value. We observe that, using (B8] and then the notation of Definition 2.10] and

Proposition 2.1T],

L50® + Ngf —bgy = L0 + Mg f — Naf — (1/8)(—B,0,...,0,7)" —rgl

L+ &2 L3 0% —rgl,
=A1 =N

since the boundary values of 4 simplify. Since this vector A; 4+ As has zero mean value, we may write
L™ 4+ Mg f — bg = Ay — <A1>1 + Ay — <A2>1. (49)

Denoting by Ao and A; j_; the first and last coeflicients of the vector A; (the others vanish, according
to Definition 2.10]), we compute using Lemma [3.] (see also (22]) and (23)))

\/5] 1 In
Al —7621 Alo-l- Al] 1)COS <2J> Wg

Using the orthonormality of (Wy)i1<s<j_1, this implies that, for J > 2, §t > 0 such that (I3]) holds
and n > 1, we have

[t 2 J—1 n—1 2
2 o
5t (1d + 6tPs)" R (A — (A1)1) = = D10t (Aro + (=) A1 s-1)(1 + 5tAe)* cos <2J>
k=0 02 (=1 k=0
2 J—1 n—1 2
< 72 Z 5tZ(|A1,0| + [Aq 1) (1 + 6tAg)F
(=1 k=0

2

1 J—1
< J( 0+A1le
=1

n—1
£y (14 5tA)"
k=0

Taking square roots and using Proposition B.4] we infer that there exists a constant C' > 0 such that
for all such J > 2, §t > 0 such that the CFL condition (I3]) holds and all n > 1,

n—1

ot > (Id + 6tPs)" 1 F(Ay — (Ay)1)
k=0

S Cdb max(|A170\, |A1,J—1D' (50)
02

Observing (see (I8)) that 2|A; | and 2|A; ;| are bounded by ||(7%°)"||s + &[|(7®)®) || yields a
bound of the form & times (|| f|lco + ||.f/||oc), Which in turn is absorbed by &/ f|| s in the right-hand

side of ([6l).

The analysis of the second part of the decomposition ([@9)) can be carried out using the triangle
inequality, Proposition and the definition of n in (I5])

(5152?7 ) [[Ag = (A2)1f] 42 -
62

On the one hand, using the CFL condition (I3]), we can apply Proposition [3:3] to obtain that

n—1

5t (Id+ 6tPs)™ (A — (Ag)1)
k=0

n—1

5t (Id+ 6tPs)™ (A — (Ag)1)
k=0

<207 [|Ag — (A2)1] g2 - (51)
62
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On the other hand, in view of (I9]) and the definition (@Il) of rs,, we have

~00 &62 ~00
182lle2 < @[ L30% 2 + lrael < == [1(@) D oo + Cl]floe-

And, similarly,
a? ~ 4) /
(sl < S 1) o + O]

Putting these two estimates in the right-hand side of (BII) by triangle inequality, we obtain a bound
in & times || f'||co + ||f”|loo, Which in turns is controlled by a term in dr times || f|| 3 in the right-hand
side of (46]). This concludes the proof. O

As we shall see numerically in Section [(£.2] the conclusion of Theorem [4.1] holds within it hypotheses,
and also extends to weaker hypotheses. We will also illustrate in Section [5.3] how it extends to dimen-
sion 2 and allows to derive a new method for the computation of steady states of fully nonhomogeneous
linear heat problems.

4.5 A remark on an alternative way to solve (34)

Another possible way to derive a numerical method to solve the nonhomogeneous linear heat equation
with Neumann boundary conditions (B4]) is to consider the Laplace transform in time of the time-
dependent heat equation ([BB]). Of course, we assume in this section that the condition (B6]) holds.
Setting for s € C with Re (s) > 0, U(s,x) = 0+°° e *'u(t, z)dt, we obtain

sU(s,z) — 02U (s,x) = f(z)+ (0, x)
0,U(s,0) =8
0.U(s,L) =+.

This motivates the introduction of the problem of finding u2° as the solution to

f(x)
B (52)
gl

)

s (x) — 07 (v)
9y (0)
Oyt (L)

Observe that this problem is well posed for all f € L?(0, L), and that its solution @S° has zero mean
value. Then, one can check that u° converges to the solution 4> with zero mean value when s tends
to 0. Indeed, we have for all s > 0, a50 =0, ap = 0, and for all p > 1,

as f— # and Oy = i’
P st p2n2 /L2 P p2r2 /L2

where 4° = Z;ﬁg Qs pCp, U = Z;ﬁg apcp, and f = Z;ﬁg YpCp. This way, for s > 0,

+ + 2
i =% =3 o) =3 (e ) 2
Ug 2 = 2 Qsp — Qp —p_l S+p27T2/L2 pzﬂ_z/LQ Yp

LS 2 = 1 2 LS 2 2
= FS Z — N 2717 < Fs ||f||L2
p=1p2 (%s +p)

In particular, ||a3° — a*||;2 = O(s) when s tends to 0, and the convergence follows. Observe that one
has, similarly, ||[a3° — 4| ;1 = O(s).
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Similarly, in order to solve (B9]), we consider the problem of solving for J > 2 and s > 0
sV — Psv® = bg, (53)

where by, is defined in (B8]) and satisfies (41]). In this discrete setting, the system (B3)) is well-posed
and its solution v§° satisfies (vi°)s = 0. Moreover, denoting by v the solution to (84]) with zero mean
value, we have |[V3°® — v*|[,2 = O(s) when s tends to 0 with J > 2 fixed. Observe that, in addition,
the constant in this O does not depend on .J. Indeed, denoting X(¢) := (x, W,)s for any vector x € R,
we have, for s >0, and 1 </ < J -1,

—)\g_s—)\g

T (0) — V(L) =

mo - [ - w0

Since

. 4 . . 7l 4 . ™ J—1)2 2
min || = <5 . min sin? <—> = —251112 ( ) < WQQ < 73
1<I<J—1 0x? 1<I<j—1

we infer that, for s > 0,

J-1 2
o0 _ o012 8 . 2
-l =3 (St ) 180

/=1

J-1 1~ 82
< s? — |bg (£ I L — b || o2
;AQ%' ()] eIAzl‘*H le

min
L8
< 2 a2,

and the fact that [|[v2° — V>°||,2 = O(s) with a constant that does not depend on J is proved.

Therefore, one may solve the well-posed discrete elliptic problem (G3]) for small s > 0 and consider it
as an approximate solution to the continuous ill-posed problem (B4]) with zero mean value. With the
notation above, the error in this strategy is bounded in the following way :

VS = N t™ | 2 < V5" = V(L2 + V2 = Mg a™| g2 - (54)

The first term in the right-hand side above is bounded by a constant that does not depend on J > 2
times s, as we explained above. The second term in the right-hand side of (54)) is bounded by & times
a constant that does not depend on s > 0, as we noticed in Remark I4l As a conclusion, this (direct)
alternative method to solve (34]), as opposed to the (iterative) method described in (7)), produces an
error in O(s) + O(dr), and requires solving a symmetric, sparse and well-posed linear system of size
J, the condition number of which tends to +o0o as s tends to 0.

5 Numerical results

In this section, we present numerical experiments illustrating the relevance and sharpness of Theorem
for the homogeneous linear heat equation and of Theorem 1] for the nonhomogeneous linear heat
equation. In Section [5.1] (respectively [0.2]), we investigate how the scheme (I2]) (resp. (B87)) behaves in
dimension 1 for several initial data, which allows to discuss the relevance of the hypotheses of Theorem
(resp. 1]). In Section 5.3l we perform numerical experiments on an nonhomogeneous linear heat
equation (similar to (I2])) in dimension 2, using an extension of the scheme (1) to this context and
we demonstrate numerically the fact that the uniform in time order estimate (analogue to (@6l)) of
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Theorem [Tl that allows to solve the corresponding time-dependent linear nonhomogeneous equation
in order to compute an approximation of a steady state still holds in dimension 2.

The Matlab code we developed can be found at https://github.com/paulinelafitte/codes_dl.

5.1 1D numerical experiments in the homogeneous setting

We consider in this section the homogeneous linear heat equation (IJ) in one dimension with homo-
geneous Neumann boundary conditions. Our goal is to illustrate numerically the result stated in
Theorem The error of the numerical scheme (I2]), for different values of §¢t and & (through J)
under the CFL condition (I3)), at time ndt, is bounded by O(dr) where the constant in the O can be
chosen independently of n. We also aim at testing the relevance of the hypotheses of that Theorem.
We perform three numerical experiments corresponding to three different initial data (a trigonometric
polynomial that satisfies the hypothesis (6l), a smooth function that does not satisfy the hypothesis
([6), and a compactly supported function that does not either satisfy the hypothesis (@)). We comment
them below.

First, we consider the trigonometric polynomial initial datum u° with (o;)o<i<s = (1,1,5,—1,2,1)
and a; = 0 for ¢ > 6 where (a;);en are defined just after (). We set the numerical initial datum
v0 = MNsu® and the length of the interval L = 1. For several values of J, we set 6t = dr?/2 so that
(I3)) is fulfilled. We plot in the left panel of Figure [Il the error ||Mgu(ndt) —v"|,2 at final time not
for several values of ndt as a function of J > 1 in logarithmic scale. We observe that, for large J > 1,
the error is indeed bounded by a constant times dr that can be chosen independently of ndt. This
illustrates the result of Theorem

Next, we consider the initial datum

u0:<(O’L) — R ) (55)

r  — 2*(L-2x)?

This function satisfies ug € Dom(P). However, Puy ¢ Dom(P). Therefore, uy does not satisfy ().
We set the numerical initial datum v? = Mgu® and the length of the interval is still L = 1. For several
values of .J, we set 6t = &?/2 so that (I3) is fulfilled. We plot in the right panel of Figure [I] the error
|INgu(ndt) —v™||y2 at final time ndt for several values of ndt as a function of J > 1 in logarithmic scale.
We observe that, for large J > 1, the error is once again bounded by a constant times d that can be
chosen independently of ndt. This indicates that the result of Theorem seems to hold even if wug
does not satisfy all the hypotheses of the theorem.

Last, we consider L = 2 and the initial datum

(0,L) —» R
o ( z —  max (1 - —lL/i_I‘,O)> ’ (56)

with ¢ = 1/50. This initial datum is compactly supported in (0, L). Even though it does not satisfy the
hypothesis (@), we may expect Theorem to hold, as illustrated numerically and explained above.
The numerical initial datum is set to v = Mgug. The numerical results are displayed in Figure Bl
The diffusion equation (II) takes some time to extend the support of the initial datum significantly up
to the boundary of the domain. Therefore, in the early times of the dynamics (for ¢ = not < 0.02),
the numerical analysis carried out to prove Theorem goes as if Llu(t) (see (I8) in Proposition
[2.11]) was zero (its cumulated contribution in the term in &1 in (2I]) remains below the size of the other
terms). For these short times (t = ndt < 0.02), the term in (25]) plays no role in the error, and one
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Figure 1: Numerical error as a function of J for several values of ndt when approximating the solution
of the homogeneous linear heat equation (1) using the scheme (I2)) under the CFL condition (I3])
(logarithmic scales). The initial datum given in the text : trigonometric polynomial (left panel) and
function (B3)) (right panel).

only sees the term in (30) in 1. Therefore, the bound in @0) is in O(&? + 6t) = O(&?) for not too
large values of J. In contrast, for larger times (ndt > 0.05), the support of the exact solution reaches
significantly the boundary of the domain and the term in E%u(t) in €1 can no longer be neglected. For
these times, and for all values of J, the bound (20) of Theorem 2.12]is this time in O(dr + 6t) = O(dr).
This numerical result illustrates once again that the conclusion of Theorem holds true even if all
the hypotheses are not met, and that the first splitting of the error in (2I]) and the second splitting
of the error in £ using the decomposition of L in Proposition Z11] are relevant for this numerical
scheme applied to this problem : When the exact solution has a significant nonzero contribution at
the boundary of the domain, it cannot be ignored in the analysis of the scheme, and it can anyway be
controlled to prove a bound as (20)) in Theorem

5.2 1D numerical experiments in the nonhomogeneous setting

In the nonhomogeneous setting of Section [ we consider a given source f and fluxes 8 and  such that
the balance equation (36]) between the source and the fluxes is fulfilled. We compute approximations
of the steady state @ solution to (34]) (with a constraint on its mean value). To do so, we implement
the algorithm (B7]), which produces approximations of the solution @ of the nonhomogeneous time-
dependant heat equation (B5]), associated to some initial datum @° with the same mean value as 4.
Our goal is to illustrate numerically the validity of Theorem A.1], and in particular of the bound ({g),
to discuss the necessity of its hypothesis, and to demonstrate how it allows to compute numerical
approximations of the steady state @°°. We consider the case L = 2 and the continuous and piecewise

affine source term
1 ifo<z<1/2,
fix—

20 ifl1/2<ax<2,
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Figure 2: Numerical simulation of the solution of the homogeneous linear heat equation (II) associated
to the initial datum (56]) using the scheme (I2]) under the CFL condition (I3]) for several values of ndt.
Left : Numerical approximation v" of the solution u(ndt) as a function of jor computed for several
values of ndt with J = 201 (multiple scales). Right : Numerical error as a function of J for the same
values of ndt (logarithmic scales).

and the boundary conditions 8 =1/2 and v = —15/4. Since

L
| s@de = /2 @ - (p2) =11/ =5 -,
0
we have that ([36]) holds. The solution @* to ([34]) with (a*>°) = —% reads

@R o< <1y,

[e.e]

U x> 5
—z -l L if12<az<2
We define the function 5 5 5
w:a:r—>’y2_L 332—1—53:—%[/—5@

which satisfies —92w = 0 over (0, L), the boundary conditions d,w(0) = 8 and d,w(L) = v (which
correspond to the first two lines of ({A3])), and has zero mean value.

We use two different initial data as @° and v°:

e First, we consider @ = (@)1 + w, and V' = Mga°. In particular, in this case, @° satisfies the
first line of the hypotheses ([A3]), and the first term in the right hand side of (46]) vanishes.

e Second, we consider 4" = (7)1, and V¥ = Mg a°. In particular, in this case, @° does not satisfy
the first line of the hypotheses ([@5]), and the first term in the right hand side of ([48]) still vanishes.

For the interpretation of the numerical results displayed in Figure [, we point out the inequality, that
is valid for all J > 2 and 6t > 0 such that (I3)) holds and all n € N,

Mg ™ — V"] < [Ngt™ — Neu(ndt)|| 2 + [[Ngt(ndt) —v" | . (57)
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Figure 3: Numerical error as a function of J for several values of ndt when approximating the solution
of the linear nonhomogeneous stationary heat equation (B34)) using the scheme (B7]) under the CFL
condition ([3) (logarithmic scales). Initial datum : @ = (a*°)1 + w (left panel) and @° = (a°°)1
(right panel).

The error displayed in Figure [ corresponds to the left hand side of this inequality. In the right-hand

side of (57]),

e the first term tends to 0 exponentially fast and independently of J > 2 when ndt tends to 400
because @ solves ([B5]), @™ solves (34) and (%) = (™),

e thanks to (46]) of Theorem [l the second term is bounded independently of n, under the CFL
condition (I3) (note that the first term in the right-hand side of (@8] vanishes in our two cases),
by O(dx).

Therefore, for a fixed ndt and varying dr, under the CFL condition (I3]), we should see (in logarithmic
scales, when plotting the error as a function of J > 2) a straight line of slope —1 that starts to stall
when the first term in the right hand side of (57)) becomes bigger than the second term. Moreover, all
these errors (no matter the value of ndt, in particular when it is big), in the regime when they are in
O(dr) (straight lines of slope —1), remain under a common straight line of slope —1. This illustrates
the fact that the constant C' in Theorem 1] does not depend on ndt nor J > 2 provided that the CFL
condition (I3]) holds.

These numerical results illustrate that the conclusion of Theorem [£.1] holds true way beyond its
hypotheses. First, observe that the source term f is not in C3([0, L]). Second, the two initial data
described above do not satisfy the hypothesis ([@5]). Indeed, the hypotheses (45]) appear as technical
hypotheses ensuring the simplicity of the proof in absence of initial layer in the solution of (35), so
that u(t) = u(t) — @ is a solution of the linear homogeneous heat equation (II) with an initial datum
satisfying (B, that ensures that «(0), Pu(0) and P?u(0) are in the domain of P (see also Remark 2.4
for the homogeneous setting). This point allows to consider virtually any initial datum in L?(0, L)
with the correct mean value to compute numerically approximations of 4> using the scheme (B7).
This is of particular importance since computing the function w above may not be accessible in higher
dimensions and more complicated geometries, as is illustrated in the next Section.
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5.3 2D numerical experiments in the nonhomogeneous setting
We consider, for some «, 8 > 0 and xg, yo € R,

e the rectangular domain Q = (0,2) x (0,4), and its boundary I' = Q \ Q = I'y U Ty where
I'y = ({0} x [0,4]) U ({2} x [0,4]}) and T’y = ([0,2] x {0}) U ([0,2] x {4}),

e the source term defined over 2

£ (@) — (2a(1 — 2a(z — 20)%) + 28(1 — 28(y — yo)?)) e @ =70)*~Bly=v0)*

e the boundary conditions ¢; : (z,y) — —2a(x — azo)e_o‘(m_wo)Q_ﬂ(y_yo)2 defined over I'; and
g2 ¢ (x,y) — —2B(y — yo) e—@=20)*=B(y-v0)* defined over Is.

We aim at solving for 4> € H?(2) the nonhomogeneous stationary heat equation
—@+o)uc =1 (ry) e, (58)

with the nonhomogeneous Neumann boundary conditions
0, u>* = g1, x,y) € 'y,
0yu™ = go, (z,y) € Ty.

The conditions (G8)-(E9) define @™ in H?(2) up to a constant. As in the one-dimensional case (see
Section M), this problem can be alleviated by imposing the mean value of u°°. The source term
f and the heat fluxes g1, g2 are designed so that an exact solution of (B8)-([B9) is @ : (z,y) —>
e~@=0)*=By=%)*  We use a 2d-version of the scheme B7) to approximate this exact solution as if
we did not know it, as we did in Section in the one-dimensional case.

The numerical simulations given below were computed for the parameter 3 = 5, starting from v° = 0.
The Matlab code, that we wrote to obtain the following plots, was written starting from a resolution of
a 2D Laplace equation with a mixed Dirichlet-Neumann boundary [17]. We run a first simulation with
a =15, zg = 1 and yy = 2, so that the Neumann condition at the boundary is very small, compared to
the numerical errors. We run another simulation with o = 1, ¢ = 0 and yg = 4, so that the Neumann
condition on the boundary can no longer be neglected. The numerical results are displayed in Figure
@ On the top panels of Figure d] the effect of the nonzero Neumann boundary condition seems to be
actually negligible : the numerical error seems to be bounded by (’)(61'2) when ndt is taken sufficially
big. On the bottom panels of Figure [4], the effect of the nonzero Neumann boundary condition can no
longer be neglected and the scheme behaves as it does in dimension 1 (see Section [5.2]) in accordance
with Theorem E1] : the numerical error seems to be bounded by O(&') when nét is taken sufficially
big. Note that, for ndt = 5 and J = 32, the error is still big enough for the maximum of V" to be close
to 1.5 (bottom left panel), while it was close to 1.0 in the centered case (top left panel).

6 Appendix

6.1 Proof of Proposition [3.4]

Proof. Since for all £ € {1,---,J — 1}, Ay # 0. For ot > 0, this implies that 1 + dtA; # 1 for
¢ e {1,---,J —1}. Assuming that J > 2 and 6t > 0 satisfy the CFL condition (I3]), we have
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Figure 4: On the left panels, numerical solution v"* obtained at ndét = 5 and J = 32. On the right
panels, numerical error ||Mga% — V™| as a function of J for several values of ndt. On the top panels
: (e, o, y0) = (15,1,2) so that the derivatives of the solution on the boundary are negligible. On the

bottom panels : (o, zo,y0) = (1,0,4) so that the derivatives of the solution on the boundary are not
negligible.
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|1 4 6tA¢| < 1. Therefore, using (1), we may compute

J-1| n-1 2 J-1 2
1 — (14 5tA)™
5ty (1+dtA)k| = St—— U
—| = y 1 — (14 dtAy)
1 o5 2
= Ot
=M
J-1
1
< 4 —
= 2
=1 Ay
J-1 4
P S

v—1 16sin (5—’})4

Using the concavity of the sine function, one has classically that for s € (0,7/2), 2s/m < sin(s). This
implies

J-1| n-1 2 1 I=r
k !
dO1oY (1 +bta)F| < e (5
1=1 k=0 =1 2
J—1
< - —.
- 4&6 J 04
=1

Since drJ = Lx (J/(J—1)) < 2L and the sum in the right-hand side above is bounded by ((4) = 7*/90,
the proof is complete. O

Remark 6.1. For the conclusion of Proposition to hold, the proof above indicates that it is suf-
ficient that Eg:_ll 1/)@ can be bounded independently of J > 2. This hypothesis, in which &t plays
no role, is related to a spectral gap condition on Ps and how well the eigenvalues of Ps approximate
the spectrum of P. Indeed, the nonzero eigenvalues of P are —(pm/L)? for p > 1 and the series
(1/(—=(pm/L)?)?),>1 is also convergent.

6.2 Two lemmas of numerical quadrature

Lemma 6.2 (Numerical integration over the spectrum of Ps). Let L > 0 be fized. There exists a
constant C > 0 such that for all J > 2, m € N\ {0}, and all a > 0,

J-1

- 2( fm 1
&y ememsin’(F) < ¢ . 60
; — (60)

Proof. Let us first observe that

Vee{l,---,J—1},  sin <€77T> = sin (@) . (61)

Hence, if J — 1 is even, then
J-1 ) = )
S Ze—amsinQ(Tﬂ) — 2% Z e—amsin2(7ﬂ)’ (62)
{=1 {=1

31



and, if J — 1 is odd, then

J
J-1 51 B . z(ﬁ)
&Ze—amsir@(%ﬂ) — o5 Z e_amsinz(%ﬂ) + dre amsin®( Z '
=1 =1

(63)

Assume that J —1 is even. In this case, for £ € {1,--- ,(J—1)/2}, we have ¢n/J € (0,7/2), and hence

gg_ﬂ < sin E—W
T J = J )’
This implies, using (62]),
J—1 Care L % 20\2
&C Z e—amsm (7) S Qﬁ Z e—Oém(T)
=1 =1
%

J 2 202
< L2 Zeom(y)
= My-a gt

=1
ST,
J=1 = Ju-
1

J 2 2
- J—1 0 ¢ v
< L —J /\/Zime_“Qdu
- VamJ-—-1J),
< c
- Jam’

with O = 2L [;F* e~ du.

Assume that J — 1 is odd. In this case for all £ € {1,---,.J/2}, we have ¢w/J € (0,7/2]
is valid for such ¢. Using (63]), we infer

., 20k L Fit 20 L
dxze—amsm (7) < 2ﬁ Z e—am(7) + 2J - 1e—am
=1 =1
o
J 2 202
< -2 N Zgmem(%)
= YT z_:l ’
3 )
< L—J / e—ome® qg
J =1 = J-1)s
1
J 2 2
< —amax
< 71 ; e dx
L J /”Zm 2
— e “du
vamJ —1 Jg
< C
- Jam’

with the same C' as above.

(64)

. Hence, (64



Remark 6.3. Note that the bound (60) allows to carry on the computations of order since it provides
(for a = 6t/8x?) a uniform bound on the sum in the left-hand side that

e tends to 0 as m tends to +oo
e does not depend on 0t except via the CFL number «.

In some sense, it is uniform in 6t, & in the CFL region (and still tends to 0 as m tends do +o0). In
contrast, using just a spectral gap in the eigenvalues of Ps would lead to a bound of the form

J-1

J-1 2 m
&[4 otA™ < &y <1 - %&)
(=1

/=1
7T2 "
L1 2

2
— TS mdt
< Le 277,

IN

which, when we take the supremum in 6t, & in the CFL region yields L x 1 and no longer tends to 0
when m tends to oco.

Lemma 6.4. Let L > 0 be fized. There exists C > 0 such that for all §t € (0,1), p>1, n > 1,

5t2 Z e—p2§(k1+k2)5t 1 -c
(k1,k)€{0,- ,n—1}2 \/(Zn -2 kl — k2)5t
2n—2—k1—ko>1

Proof. Because of the monotonicity and positivity of the terms in the sum, it is sufficient to prove the
result for p = 1. Hence, we assume p = 1. The sum is empty if n = 1, so any positive C' will work.
We assume n > 2. Let us denote by

En={(k1, k) €0, ,n—1}2 | 0<ki+ky<2n—3},
which we split into
ELG) = {(kr ko) €E | (2n—2— k1 — ko)8t > 1},

and
E2(5t) ={(k1, ko) €E | (2n—2— k1 — k)it < 1}.

Setting
Ta(6t) = {(s,t) €R® | >0, t>0, s+t<2(n—1)t},

2
—Z3(s+t) 1

— we can carry estimates as follows:
2(n—1)dt—(s+t)

and f(n—l)&t(sv t) =€

5 > s (k16t, kydt)

(k1,k2)EENR
< 62 D faens(Biot kadt) + 67 > e (kabt, kabt)
(k1,k2)€EL (5t) (k1,k2)€E2(51)
7r2
< o2 Y er®ER s NT s (Rt kadt). (65)
(k1,k2)€EL (8t) (k1,k2)€EZ(8t)
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For the first term in the right-hand side of (63]), we have

7 (k1 +ka)6t g (k1+ko2)
5t2 Z e—ﬁ( 1+k2) < 5t2 Z Z e L2 1+k2)
(kl,kg)eg}b(ét) k1=0 k2=0
n—1 9 n—1 9
< 5t Z o Tz kudt 5t Z o~ Fzkadt
k1=0 ko=0

2
ot
S |\ = -
1—e 12%

This last term does not depend on n > 2 and is bounded independently of §t € (0,1). For the second
term in (B5)), observe that, for (ki, ko) € £2(0t), we have (2n — 2)dt — 1 < (k1 + ko)6t, and hence
1

2
0 < fio 1o (k16t, kadt) < e~ 12 ((2n=2)3t=1) |
< fin—1)st(k16t, k2dt) < N (e e

Since we also have, using the monotonicity of the function ¢ — 1/1/(2n — 2)dt — t over (—oo, (2n —

2)6t),
5_t2 1 1

<
2 \/(2n —2)6t — k16t — koSt — /(klét,k26t)+7§/2(6t) V(@2n —2)0t —s—t
we may write

07 Y fnens(kadt, kadt)
(k1,k2)€EZ(8t)

dtds,

dtds

< 2er2 12772 /
(kl,kﬂze:gQ (k10t,k20t)+T3,2(3t) \/(Qn _ )& s _ ¢

2 2
9 o T2~ T3 (2n—2)dt

IN

dtds

/(klét,kgét)+7},/2(6t) \/(2n —2)0t —s—t

2e12 £z~ 2)&/ ! dtds
7'n @t) /(2n — 2)5t (s+1)

(2n 2)st (n—=1)0t  ,2(n—1)6 1
2 eL2 —iz dudv
V(2n =2)6t —u

(kl,kg)ég
2

IN

IA

IN

2eL2‘L2(2"‘2>‘”/ 2\/(2n —2)6t — vdv
0

< 4eﬁ—ﬁ(2n—2)5t ((zn o 2)5t)3/2

[SVRN )

< geﬁ—ﬁ@n—m&t ((2n — 2)56)%/2.

This last term is bounded independently of n > 2 and 6t > 0 by C' = (8e12 /3) X Sup,¢ (0, 100) 23267 12",
This concludes the proof of the lemma. O

Lemma 6.5. Let L > 0 be fixed. There exists a constant C' > 0 such that for all J > 2 and all

ve HY0,L),
IN&oll7 < Cllv]iF-
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Proof. Let v € H'(0,L) be fixed. For j € {0,---,J — 2}, and = € [z}, 2j11],
20\ _ 2 P
vi(x) = v (zj) +/ 0,v(s)ds. (66)
z;

Integrating over [z;,z;1], we obtain

Tj41 Tj+1
dx = &m) (z;)+2 s)dsdzx.
v*(x) 5)

J

In particular, for all j € {0,---,J — 2},

Tj+1
/ v?(z)dz — &v?(x;)

J

= / / (v2(s) + (8,0)2(s)) dsda

J J

< & / 2 (5) + (9p0)(s) . (67)

J

Moreover, we have, for = € [z7_2,25_1],

v (z) = v*(z ) 1)+2/r v(x)dv(s)ds.

J—1

Integrating over [zj_2,s_1], we obtain

-
/ v (z)dz = &v? (x5, +2/ / s)dsdz.
Tj_2

<& / T 02 (s) + (9.0)2(s)) ds. (68)

This yields
Tj—1
/ v (z)dx — &v?(z 1)

J=2

Summing (67) with respect to j in {0,--- ,J — 2} and (G8)), and then dividing by L, we obtain by
triangle inequality

%/OLUQ(J:)dx+%/:J_I ( d:z:— Jz: (x)] < L&U/ + (02 U)2($)) dx.

J—2 j=0

This implies, by inverse triangle inequality,

Mgl =

IN
<
)
—~
8
<

< =2 (14 &) ol
Since (J—1)/J < 1and & = L/(J—1) is bounded independently of J > 2, this proves the lemma. [
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Remark 6.6. In the context of the discretization of the homogeneous Fokker—Planck equation
Ou = —(—0y + v)Oyu, (69)

with homogeneous Neumann boundary conditions over a finite interval (0,L), one obtains a discrete
(in velocity) problem of the form
Oru = Psu, (70)

where Py typically is a nonpositive symmetric square matriz of size J > 2. Provided one can show that
one can number the eigenvalues (A¢)o<e<j—1 of Ps in such a way that one has

Vot 80 >0, VEE{0,--- T -1},  |1+40th|<e w29 (71)

for some nonnegative continuous function g over [0,1] (that may now depend on dv) such that g(0) = 0
and

Vo> 0, Wie {1, /20 (§)gg(§) §g<JT_£>, (72)

for some ¢ > 0 (that does not depend on &), one gets an analogue of Theorem [Z12 for the explicit
Euler method applied to the discretized (in velocity) Fokker—Planck equation (Z0) when compared to
the projection of the exact solution of ([€9) : the order of that method is uniform in time. Indeed, the
error analysis is the same for all the terms and follows the same lines. In particular, for the terms in
L', the hypothesis (TI)) plays the role of Proposition [3.2 with g(x) = sin®(nz), and (1)) ensures that
an analogue of ([60) makes a similar result to Lemma true.

6.3 Comparison with an existing longtime numerical analysis framework

This section is devoted to explaining the reasons why the longtime analysis of the numerical scheme
(I2) applied to the linear heat equation with Neumann boundary conditions () does not fit usual
longtime numerical analysis frameworks. We take for example the framework developed in [20]. For
readability, we use the convention, in this section, that in all the equalities and inequalities, left-hand
sides use the notations of [20] and right-hand sides correspond to the notations of our paper.

Looking at (2.1) in [20], we have f = 0, g = 0, A = P. Moreover, we have 7 = 0t and h = &.
Using the notation of (2.2), we have By, = Id, C . = Id + 6tP;, 9h, = 0. In (2.4), we have
Ly, -(pn(u(nt))) = (e} +€4)/dt (with the notation introduced just before our error expansion formula
21D)). With standard regularity assumptions implied by our Hypothesis (@), we have that |5 /dt||,2 is
a O(dt) where the constant in the O does not depend on n, 6t and & under the CFL condition (I3)).
However, the lack of consistency described in Section 2.4 shows that || Liu(ndt)||,2 behaves as O(a:'/?)
(only 2 nonzero terms of order 1 at the boundary) and ||&r?L£3u(ndt)||s is of order O(dr?), where the
constants do not depend either on n, 6t and dr under the CFL condition (I3]). Moreover, for a general
solution, these orders cannot be improved in general. This implies that |7 /6,2 behaves as O(az'/?).
Using (2.6) in [20], and the computations above, we infer that Sy, » > Cdx'/? for some positive C. In
particular, applying Theorem 2.1 of [20] yields a uniform bound on e} that is, at best, O(8/?) (see
relation (2.12) in [20]). This is much coarser than our result which provides a uniform bound of size

O(dr) (see ([20) in Theorem 2.12]).

Ethical statement: G.D. is supported by the Inria project-team PARADYSE and the Labex CEMPI
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