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Global solutions to quadratic systems of stochastic
reaction-diffusion equations in space-dimension two.

M. Leocata*and J. Vovellef

April 5, 2024

Abstract

We prove the existence of global-in-time regular solutions to a system of stochastic
quadratic reaction-diffusion equations. Global-in-time existence is based on a L*-estimate
obtained by an approach & la De Giorgi, as in [GV10]. The adaptation of this technique to
the stochastic case requires in its final step an L? ln(LZ)-bound, furnished by an estimate by
duality on the entropy inequality, as in [DFPV07]. In our stochastic context, and similarly
to [DRV21], we need to solve a backward SPDE to exploit the duality technique.
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1 Introduction

1.1 Quadratic stochastic reaction-diffusion system

We consider the binary reversible chemical reaction

A+ A3 = Ay + Ag.

*Scuola Normale Superiore, Pisa, Italy, marta.leocata@sns.it
TUMPA, CNRS, ENS de Lyon, julien.vovelle@ens-lyon.fr
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The species A;, i = 1,...,4 move by diffusion in the periodic domain T¢ = R¢/Z¢. Some
statements below (entropy estimate, L2-estimate by duality) are given in any space dimension d,
but our main results (L*°-bounds, global-in-time solutions) is restricted to the space dimensions
d =1 or d = 2. The evolution of the concentrations a;(t), i = 1,...,4, of the species A4;,
i=1,...,4 is described by the following system of equations

da; — N, (kN a;) dt = fi(a)dt + 0% (a)dBg(t), in Qp :=T? x (0,7),

1.2
az(()) = a0 > 07 in Tda ( )

fori=1,...,4, where f)i(a) is the reaction term, given by
fila) = (=1)"(a1a3 — azay). (1.3)

The family {By;1 < a < dw} is a finite family of independent one-dimensional Wiener processes
of the filtered probability space (Q, F,P, (F;)). Summation over the repeated index « is used
n (1.2). Our modelling approach, explained in Section 1.4 below, shall lead us to consider
coefficients o (a) of the type

ol(a) = (-1)'/ajas, o%(a) = (—1)"\/azas, o2 =0, Va > 3. (1.4)
However, we need the cancellation condition
a; = 0= o(a) =0, Vi, (1.5)

to ensure that the solutions to (1.2) stay non-negative, so we assume that (1.4) is satisfied
asymptotically only: for a € N\ {0}, 0®: R? — R is a smooth function satisfying (1.5) and the
growth condition

Z lo®(a)|* < v(aras + azay), (1.6)

where v is a positive constant. We also assume that

K= 11%1}24 ki > 0. (1.7)

We assume the diffusion coefficients k; to be constant, but variable (deterministic) coefficients
depending on the variable (¢,2) may also be considered, as long as the following bounds are
satisfied:

sup (1% ill b () + Iill () + 157 o (@n) < 400 (18)

1<i<4
We note also that we may as well consider different, independent noises for each equation in (1.2),
as in (A.1). Let us remark further that the restriction dy < 400, i.e. the fact that we work
with a finite-dimensional Wiener process, is relevant only in the justification of Theorem A.1 in
appendix A.

Remark 1.1 (Boundary conditions). We consider periodic conditions to avoid the compatibility
problems that arise in parabolic SPDEs when Dirichlet conditions (even homogeneous Dirichlet
conditions) are considered (all the more since, for a system of equations, we would have to
consider a system of compatibility conditions, for which existence of solution is not guaranteed
without further analysis - at least if one would not consider compactly supported initial data),
cf. [Fla90, DDMH15, Ger19]. It would also be very natural to consider homogeneous Neumann
boundary conditions, but this is a framework for which the adequate references would be missing
both for the direct parabolic stochastic problems and for the backward SPDEs used in Section 3.

Our main result and some additional comments and bibliographical references are given in Sec-
tion 1.3.



1.2 Notion of solution

Let us first introduce a notion of weak solution.

Definition 1.1 (Weak solution up to a stopping time). Let ag € L?(T¢;R%)) and let 7 be a
stopping time, 7 > 0 a.s. A predictable L?(T¢;R*)-valued process (a(t))¢<, is said to be a weak
solution to the system (1.2) up to time 7 if

1. P-as., forall t € [0,7), a;(t) >0, foralli =1,...,q,
2. for all T' > 0, the stopped processes al : t — a;(t A T) satisfy, for alli = 1,...,q,
af € L3(Q x [0,T); H-(T%) 0 L2(Q: C([0, T]: LA(T%))), (1.9)

and
fild) e L2(Qx Qr), 04:(aT) € L*(Q x Qr), (1.10)

3. for all ¢ € H(T?), for all i € {1,...,q}, a; satisfies P-almost surely, for all t € [0, 7),

(ai(t), 0) — {ai0,0) + ki / (Vpai(s), Vaig)ds

t dw

- / (fi(als)), @)ds + / S (0aila(s)), ¢)dBals). (111)

Notations: we denote by |a| the euclidean norm of a vector a € R%:

4 3
la| = <Z a§> . (1.12)

Definition 1.2 (Regular solution up to a stopping time). Assume a;o € C>°(T9), i € {1,...,4}.
Let 7 be a stopping time, 7 > 0 a.s. A weak solution (a(t));<, defined up to time 7 is said to be
a regular solution of (1.2) up to time 7 if, denoting by 7,, the stopping time!

T, = inf {t € [0, 7); esssup, cpa |a(zx, t)] > n}, (1.13)

the following properties are satisfied: for all p € [2,00), ¢ € (2,00), m € N with m > 2 and
mp > d+ 2, and all T > 0, the stopped processes a™"T': t s a(t A 7, A T) satisfy

a™ T € LA(Q; (0, T WP (T4)) 1 L™(Q: O(0, T W™ (1)) (1.14)

A regular solution up the stopping time 7 = 400 is said to be a global-in-time regular solution.

Construction of a regular solution up to a stopping time. Introduce the truncated
non-linearities

f(a) = Ixa(la))fila), 07" (a) = xn(|al)of (@), (1.15)
where

Xa(r) = x(n7"r), (1.16)

Lwith the convention 7, = 7 if esssup,cra a(z,t)] < n for all t € [0,7)




the function x: Ry — R4 being smooth, non-increasing, and such that x(r) = 1 if r < 1,
x(r) = 0if r > 2. We let al”) denote the global-in-time regular solution to (1.2) where f; is
replaced by f* and o¢ is replaced by of"". The existence of al™l is ensured by Theorem A.1 in
Appendix A. We then set

Tp = inf {t > 0; esssup, cpa |lal™ (z,1)]| > n} . (1.17)

Since f(a) = f(a), c®" ! (a) = 0¥ (a) if |a| < n, the functions

ts a™(E A7y AFpgr) and t s aPTUEA T A Fy) (1.18)

satisfy the same equation. By uniqueness (Theorem A.1) they coincide, with the consequence
that 7,, < 7,41, and al”l = a1l a5, on [0,7™]. We can the consider the limit

r= lm %, (1.19)

n—-+oo

Then 7 is a stopping time such that 7 > 0 a.s. and the process (a(t)) defined by

a(t) = al(t) e <, (1.20)
~]o ift>r '

is a regular solution to (1.2) up to the stopping time 7.

1.3 Main result

Theorem 1.1 (Global solutions). Suppose that the coefficients o satisfy (1.5) and (1.6) and
that the space dimension is d =1 or d = 2. Suppose that the positivity condition (1.7) is satisfied
by the diffusion coefficients k;. Then there is a constant Cp depending on d, on mini<;<4 K;
maxi<i<4 K; only such that, if the noise is sufficiently small, in the sense that the constant v in
(1.6) satisfies

Cpv < 1, (1.21)

then, for all a;o € C®(T9) with a;g >0, i =1,...,4, the problem (1.2) admits a unique global-
in-time regular solution.

In the deterministic case, the existence of global-in-time regular solutions to quadratic systems
of reaction-diffusion equation has been established by various authors. Souplet, [Soul8], and
Fellner, Morgan, Tang, [FMT20], use the maximum principle for certain auxiliary equations,
together with regularity estimates for scalar parabolic equations. This approach seems difficult
to adapt to stochastic equations (when multiplicative noise is considered at least, the “Da Prato
- Debussche trick” allowing to treat additive noise). De Giorgi’s iteration scheme, based on
truncates of the entropy, is shown to be efffective (for providing L*°-bounds almost-everywhere)
in dimension d < 2 by Goudon and Vasseur, [GV10]. The restriction on the dimension is related
to the use of Sobolev’s inequality in De Giorgi’s iteration method. By adding several non-trivial
ingredients (blow-up argument, estimates for the mass equation in particular), Caputo Goudon
and Vasseur extend in [CGV19] the result from dimension d < 2 to any space dimension. Here,
and with the help of the L?In(L?)-estimate given in Section 3,we show that the approach of
[GV10] is effective, under the same constraint d < 2.

There are few works on systems of reaction-diffusion equations with stochastic forcing in the
literature. Let us mention [Kunl5, DJZ19, BK22, DYZ23] and [HRT20] however. The papers



[Kunlb5, DJZ19, BK22, DYZ23] are related to our work, but relatively different in nature: the
emphasis is more on the existence of weak solutions (the problem of uniqueness is addressed in
[Kunl5] also). In [HRT20] a stochastic perturbation of the 2 x 2 Gray-Scott model is considered
on the Torus in dimension d < 3, and solutions in a Sobolev space that injects in L°® are obtained.
However, one of the two equations in the Gray-Scott model has a “good” non-linear reaction term,
insofar as it is non-positive (when the solutions stay in the class of solutions with non-negative
components). This allows to start with an a priori estimate for the good component, a situation
which has no counterpart in the case of the quadratic system (1.2).

Our method of proof uses a L? In(L?) estimate as in [DFPV07]. An argument of duality is used
to establish this L?In(L?) estimate. In our stochastic context, we have to consider a backward
SPDE as dual equation. Such a duality approach via BSPDE was already exploited in [DRV21].

The L* bound on solutions is obtained by the method of De Giorgi, via truncation in the
entropy inequality, as performed in [GV10]. In the companion paper [LV23], this method is
analysed in the framework of linear parabolic equations. An alternative proof by duality of
supremum estimates in this context is also given, and we still refer to this paper for references
about supremum estimates for parabolic stochastic equations.

We conclude this paragraph with some details on the structure of the paper. The following sec-
tion 1.4 accounts for the stochastic terms in the modelling of chemical reactions. The L!In(L')
entropy estimate, Proposition 2.1, and the L? In(L?) estimate, Theorem 3.1, are derived in Sec-
tion 2 and Section 3 respectively. The L estimate on solutions, Theorem 4.1, is then obtained
in Section 4.

1.4 Diffusion-approximation and modelling of the chemical reaction

In this section, we explain how an asymptotic expansion at the diffusive scale on the generator
associated to the Markov description of the reaction (1.1) leads to (1.2). We will neglect the
spatial displacements of the reactants in this discussion.

In a stochastic modelling of (1.1), each reaction happens at a random time, given as an ex-
ponential random variable. The parameters of these exponential random variables, also called
transition rates of the reaction, are respectively of the form

1 1
r— = )\—>NN1N37 Te = /\<—NN2N4a

where N is the total number of reactants and N; the number of molecules of type i, [EKS86,
p.454-455]. Note that N stays constant in the evolution. We take it as main parameter and
consider the situation where it is large. Using the approach? of [EK86, p.455], we consider the
Markov process Ay = (N;(t))1<i<a with state space N4, given by

An(t) = An(0) + ) (E, (/Ot N1 (AIZVV(S)> ds> , (1.22)
14

In (1.22), the sum is over the two following indices (where * indicates transposition)

0, = (-1,1,-1,1)*, f_=—0, (1.23)

2approach which is standard, see [NPY21, DNN21] for instance



the processes Ey are two independent unit Poisson processes and, given a € (R4 )%, the functions
n¢(a) are defined by
ne,(a) = araz, ne_(a) = azaa.
The generator £y of the rescaled process Ay (t) = N~'Ay(t) acts on functions ¢: (R)* — R
and is given by
Lnela) =Y Nme(a)(pla +EN1) = p(a)).
¢

We introduce f(a) := >, ¢ne(a) (it coincides with (1.3)) to expand Znp(a) as follows

Znp(a) = f(a) - Dap(a) + Y Nng(a)(pla+EN") = p(a) = (N~ Dygp(a))
14
— @) Daga) + 5 S m(@te” D2o(a) + 0 (53 ) (1:24)
14

where A: B =}, . A;;B;;. At the order 0, (1.24) gives the generator f- D, associated to the
ODE a = f(a). At order 1, we obtain the generator

1
Lie(a) = f(a) - Dap(a) + 5 Y me(@)ll” : Dip(a),
¢
associated to the SDE

da(t) = f(a(t))dt + \/zzE[ng(a(t))]lmng(t)7 (1.25)
¢

where the (By), are independent one-dimensional Wiener processes. When the space variable is
neglected, (1.25) corresponds to (1.2) where the sum over « involves two indexes, and

fla) = (a1a3 — azaq)l, o1(a) =e/arazl, o2(a) = e\/azaql, (1.26)

where ¢ is a small constant and ¢ = ¢_,, as given in (1.23).

Remark 1.2 (Space-time white noise). When spatial displacement is taken into account, a pro-
babilistic description of the reaction (1.1) in terms of particles can be done, with an explicit
expression for the associated generator (see [LLN20, Proposition 3.1] for instance). A procedure
of diffusion-approximation then leads to a stochastic system of reaction-diffusion equations with
space-time white noises affecting both spatial derivatives and reaction terms, see® [DMFLS86,
Theorem 3] for a similar (scalar) equation, describing the fluctuations of a Glauber-Kawasaki
dynamics with a fast rate of exchanges. In the present study, we will limit ourselves to the
consideration of coloured-in-space, time-white noise, the case of space-time white noise being
singularly more difficult of course.

3Note however that [DMFL86] gives a result in the vein of a central limit theorem, or of “first-order approx-
imation”, to use the term used in [CO20] for instance. In this approach, the stochastic equation obtained at
the limit is linear (and involves the linearization of the zero-th order deterministic equation). In the framework
of diffusion-approximation, where we use an expansion of the generator, and not of the solution, the stochastic
equation obtained at the end is non-linear.



2 Entropy estimate

We use the notation s* =1+ s, s € [0,400). Let us set

O(s)=s"In(s*)—s"+1=1+s)ln(1+s)—s, P(s)=P(s)+s=(1+s)In(1+s). (2.1)

Although ® is the natural entropy functional, we need to introduce ®, simply to ensure a control
of quantities ~ cgs with ¢g # 0 around s = 0.

Proposition 2.1 (Entropy estimate). Suppose that the coefficients o satisfy (1.5) and (1.6).
Assume also a;y € COO(']I‘d), apo > 0,1=1,...,4. Let a be a global-in-time regular solution to
(1.2) or a global-in-time solution to (1.2) with the truncated non-linearities defined in (1.15)-
(1.16). Then a satisfies the following estimates: for all p € [1,+00), for all T > 0,

(Do T oy ziddsﬂw (3 f ot )]

(2.2)
for all t € [0,T], where the constant C(p) depends on p, d, on v, T and on the constant k in
(1.7).

Proof of Proposition 2.1. We will denote by C1,C5, ... any constant depending on d, v and &
only. We write C1(p), Ca(p), ... if there is also a dependence on p. We will establish (2.2) under
the additional assumption that

T < Ti(p), (2.3)

for a positive time T (p) depending on p, d and v (¢f. (1.6)). The general case will follow by
iteration of this result. We consider first the case of a global-in-time regular solution a of (1.2).
The case of truncated non-linearities is explained at the end of the proof.

By the It formula, we have for all i:

- ((D’(ai)fi( ) — ki@ (a)|Veai)® + Z|a a;)|*®!( a1)> dt + ®l(a;)of (a)dBa(t). (2.4)

Then by integration in z, we obtain

[ 2t = [ s
//( (ai) fila) = i ®f (a:)|Vaail* + Zla a;) |2 ( az)> dads

/ / (a;)0% (a)dzdBa(s), (2.5)

Lemma 2.2 (Control of the source terms). There is a constant Cy depending on v only such

that A
> (@’ (a:) fi(a Z|a (a:) @7 (a;) ) < Clsz (s), (2.6)
i=1

forallay,...,aq € Ry.



Summing on ¢ in (2.5) and using the positivity condition (1.7) and the estimate (2.6), we obtain
t
E(t)+ D(t) < Cy / £(s)ds + M(t) + £(0), (2.7)
0
where

a;

4 B 4 t U,g 2
- /T B, D) =EY /O /T d Nl gyas, (2.8)

and M(t) denotes the martingale

//WZU a;) (14 In(a?)) dzdBa (s). (2.9)

Our aim is to get the following estimate:

EU@)P] < C(p)EE0)P], U(t):= sup E(s)+ D(t), (2.10)

0<s<t
for 0 <t < Ti(p). The bound
t
Cl/ E(s)ds < CitU(t) (2.11)
0

inserted in (2.7) gives us

U(t) < 28(0) + 2M(1)*, (2.12)

where M (t)* = sup ¢4 [M(s)|, for 0 <t < Ti(p), provided C1T1(p) < 1. Raising (2.12) to the
power p yields
U’ < Ca(p) [E(0)” + (M())"]. (2.13)

We take expectation in (2.13) and use the Burkholder-Davis-Gundy inequality to get
EM®)] < Cs(p) (E[E0)] +E [(M, M)F]). (2.14)

The quadratic variation of M(t) is

MMt_/ZAdZJ ) (1 +1In(a})) da

Set F = ajas + asaq. By the Cauchy-Schwarz inequality and (1.6), we have

(M, M), /[/WZF—U% 2 (14 In(al da:/TdZFl/zl—l—ln ))dx]d

2
ds. (2.15)

2

< F'/2 (1 +In( dd<C// i (1+1In(a})) dz| d
V//sz + In(a}))dz| ds 4 sza +1In(a x| ds.
(2.16)
Observe that we have the bound a < ®(a) and
a; In(aj) < a; In(a;) + @} In(aj), (2.17)



which, exploited in (2.16), yields

/TdZCD a;)dx

We insert this last estimate (2.18) in (2.14) to obtain

2

(M, M) <05/

0<s<t

E ()] < Cs(p) (E[£(0)7] + LFE (1))

The desired bound (2.10) follows, under the condition ¢ < T3 (p).

Proof of Lemma 2.2. Our aim is to control
* % |J
S = —(ai1as — azaq) (In(aja3) — In(asa})) Z

By the growth condition (1.6), we have

4
* % k% * * % ajal + asa)
S < —(aja; — a3ay) (In(ajaz) — In(azay)) + VZ % + eq,
i=1 i
where
e1 = (aj + a3 — a5 — a}) (In(aja3) — In(azay)).

We use the inequality (2.17) to obtain the bound

4
€1 § CQ Z i)(az)

i=1
We also have
: ajai + asaj) : ajai ajai asa; asaj
Z*<CBZ(‘I’(%)+@¢)+< -t + ),

* *
i=1 a; i=1 ay ay ay as

SO
S S @(CL) + €9,

where ey satisfies the same bound (2.23) as e; and where

* %
ajaz

ds < Cst sup E(s)* < CstU(t)?.

+

O(a) = (a3 ~ aja3) (n(aias) — m(aap)) +v | A5 4 25 1 2500 38

We will conclude the proof by showing that

4
DR

* % * % * %

aqa asQ asQ

13 2%4 2%4
_|_ _|_

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

Let K > 1 denote a constant that will be fixed later. Let us examine O(a) in the three regions

Y, ={aja} > Kaja}}, TYo={Kajai>aja}> K 'ala}}, YT_={aja}> Kaja}}. (2.28)



For symmetry reasons, it is sufficient to examine the last two regions Yo, T_. In T, we simply
use the sign of the entropy dissipation term,

— (a1a3 — aza;)(In(aiaz) — In(aza3)) <0, (2.29)

and the bound . . . .
ata ata ata ata
103 103 204 204

. . — + —— < K(aj+a3+a3+ai). (2.30)
) ay ap as

In T_, we can estimate ©(a) from above as follows: let us write aja} = caja} with a < K1,
Then we obtain

(a1a3 — aza3)(In(ataz) — In(azay)) = ajazy(a), (2.31)
where (o) = —(1 — ) In(«) is positive decreasing on (0,1] with ¥(0+) = +o0o0. In particular,
P(a) > (K1) and thus

— (aja3 — aza})(In(aja3) — In(aza})) < —ajasp (K1), (2.32)
The remaining part of O(a) is bounded by

aika:); G’Ta‘g -1 _x* -1 _x* * % -1 _x* -1 _*

— +——+K a3+ K “ay <2aja3+ K a3+ K “aj. (2.33)
g ay

We can conclude to (2.27) in Y_ if 2v < (K 1), which is always satisfied for K large enough

since 1 (04) = +o0. O

To conclude the proof of Proposition 2.1, we still have to explain why it remains true when the
non-linearities f™ and o™ defined in (1.15) are considered. This amounts to justify the validity
of Lemma 2.2 in this case (with a constant independent on n). Consider thus

o, (@)
* )

a;

S, = f7(a) (n(afas) ~ In(a3a) + 2 3

a,l

(2.34)

which is analogous to the quantity S defined in (2.20). Actually, by our choice of truncation in
(1.15), S,, is proportional to S:
Sn = [xn(la))?S < 8, (2.35)

so the results follows at once. O
3 An L?In(L?)-estimate by duality
Let ®, ® be defined by (2.1). Set

E(t) := /T Z |®(a;(t))>d. (3.1)

Assume that
Ez(0) = E [£2(0)] < +o0. (3.2)
The main result of this section shows that the initial L? In(L?)-bound (3.2) is propagated in a

bound
T
/ £x(t)ds
0

This quadratic estimate is obtained by duality, by considering an appropriate backward parabolic
SPDE (see (3.10)). This is an extension to the stochastic framework of the duality method
developed in [DFPVO07] (see also [Piel0]).

E < +o00. (3.3)

10



Theorem 3.1 (L?In(L?)-estimate). Suppose that the coefficients o& satisfy (1.5) and (1.6).
Assume also a;g € C®(T9), a;o >0, i =1,...,4. Let a be a global-in-time regular solution to
(1.2) or a global-in-time solution to (1.2) with the truncated non-linearities defined in (1.15)-
(1.16). Then, under the smallness condition (1.21), a satisfies the following estimate: for all
T>0,

T
E [ / Eg(t)ds] < 0?91 TEy(0), (3.4)
0
where the constant C' depends on d, min;<;<4 ki, Max1<;<a K; only, and Cy is the constant in
introduced in Lemma 2.2.

Proof of Theorem 3.1. The proof breaks into several steps.

Step 1. We start from the equation (2.4) and use (2.6) to obtain

dz — N, - (Z IAVA zl> dt = Fdt + Z In(a;)of (a)dBa(t), (3.5)

where

2= 38w (3.6)

and where, for all z € T?, (F(z,t)) is an adapted process, satisfying F(x,t) < Cyz(z,t) a.s., for
all (z,t) € Qr. We rewrite (3.5) as

dz — A(Kz2)dt = Fdt + g*dB,(t), (3.7)

where

9% = (1 +1n(a))o} (a), (3-8)

?

and where the coefficient K is given* as the convex combination

B @(ai(x,t)) .
K(z,t) = Z Wm € 1@124 Ki, 112%}(4 Kil . (3.9)

Thus K is measurable in (x,t) and bounded, with K(z,t) > k for all (z,t) € Qr, P-a.s. by
(1.7), and for all € T4, (K(z,t)) is adapted. Next, we introduce the solution (w, (¢%)) to the
backward SPDE

%

dw(t) + (K(t)Aw(t) + Crw(t))dt = —H (t)dt + ¢“(t)dBa(t), (3.10)

with terminal condition
w(z,T) =0, =T (3.11)

Let P denote the predictable o-algebra of © x [0,T]. In (3.10), we assume that
K, H:Qx[0,T] xT¢ - R (3.12)
are P x B(T?)-measurable, and that P-a.s., for all (z,t) € Qr,

< K < , < )
< K(2t) < max ki, 0< Ha,t), (3.13)

4if a(x,t) = 0, we set K(x,t) =k
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and that there exists an integer ¢ > 2 + d/2, a constant C r > 0 such that P-a.s., for all
(z,t) € Qr, for all multi-index m of length |m| < ¢

DR (2,t)| + DI H )| < Cpp e (3.14)

Note in particular that there is a modulus : [0, 400) — [0, +00) (i.e. a continuous and increasing
v with «(r) = 0 if, and only if 7 = 0) such that P-a.s., for all ¢ € [0, 7], for all z,y € T¢,

[K(t,2) = K(t,y)] < 7]z —y)). (3.15)

By [DT12] (see Remark 3.1 and Corollary 3.4), the problem (3.10)-(3.11) admits a solution
(w, (¢%)) in the following sense:

1. (w,(¢%)) satisfies the interior regularity
w € L2(Q % (0,7),P,C*(T*) N L*(Q,C(Qr)),  ¢* € L*(Qx (0,T),P,CH(T?), (3.16)
with the bound

T
IEJ/ > g% (@, t)|Pdt < +oo, (3.17)
0 «

for all x € T?,
2. the equation (3.10) is satisfied point-wise, for every x € T¢,

3. (w, (¢™)) satisfies the bound

T
EA <||w(t)|§{2(11‘d) + Z |Q(t)12ql(qrd)> dt + E

sup ||w(t)ip(1rd)]
te[0,7]

T
gCOE/ IH |72 gaydt,  (3.18)
0

where the constant Cy depends on d, T' and on the modulus v in (3.15).

Note that, in [DT12] this is the Homogeneous Dirichlet problem that is considered, but the
adaptation to the case of periodic boundary conditions is straightforward. We will justify in
Step 2 the It6 formula, which, based on the equations satisfied by z and w, gives

E [/ o szxdt} =R M zow(O)dﬂc} +E [/ o Aw(K — f()zdxdt}

+E U/T(Fclz)wdxdt} +E [//Tgo‘q“d:cdt] . (3.19)

In Step 3, we show that P-a.s., w(x,t) > 0 for all (z,t) € Qr. In Step 4, we establish the
following bounds on (w, (¢%)):

T
E (IO ] +E [ 2 [nw(t)n%{z(w) +y ||qa||%p<w>] at
«

T
SRiE [ EONHO it (3:20)
0

where the constant R, depends on d, k and max;<;<4 k; only. In the last, fifth step, we consider
the limit of (3.19) when K = K, is a regularization of K, and conclude our argument.
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Step 2. We need to justify the It6 formula for the product (z(t),w(t))p2(ray: at least three
possible approaches seem possible in our situation:

1. use the It6 formula for the square of the L?-norm (see [KR79] for instance) of w, z, w + z,

2. consider the equations at fixed = (this is possible since we work with regular enough solu-
tions), use the Ité formula for real-valued processes, and integrate the result over T¢,

3. use a spectral decomposition of the processes, apply the It6 formula for real-valued pro-
cesses, and gather the results.

This is the last method that we will employ since, even if regularity of solutions is available
in our case, it is less demanding from that point of view than the second approach (and as
explained in Remark 1.1, solutions with less regularity may have to be considered if different
boundary conditions are assumed). So let (v,,) denote the Fourier basis of L?(T4): —Aw,, = A, vp,
An = 472|n|?, for all n € Z4. We consider the spectral decomposition

w(t) = Z " (v, ¢C(t) = Z g (tv, z2(t) = Z ™ () vp. (3.21)

nezd nezd nezd

The integrability and regularity properties of w, ¢® and z ensure that the series in (3.21) have
at least the following convergence properties:

T T
E/ SR ) + 12" (B)) < +oo, IE/ D Aldg (1) < +oo. (3.22)
O neza O ezt
a>1
The solutions to (3.7) and (3.10) are weak solutions (cf. the terminology in [DT12, Definition 2.1]
for instance), so we can test them against the spectral element v,, to obtain the following set of
equations, for n € Z%:

dz"(t) = fu(t)dt + g, (t)dBa(t), dw"(t) = fn(t)dt + G2 (t)dBy(1), (3.23)
where
fu(t) = (A(K(8)2(1) + F(t),vn) r2(ray,  gn () = (9%(t); vn) £2(1a), (3.24)
and
fn(t) = (fK’(t)Aw(t) —H(t) - Clw(t),vn>L2(Td). (3.25)

By (3.23), the standard It6 formula and the terminal condition (3.11), we obtain

T
0=E[Z"(0)@"(0)] + A E [fu(t)d"™ () + fu(t)2"(8) + g5 (8)d5 (¢)] dt. (3.26)

We then sum (3.26) for n € Z? bounded by N: |n| < N. We use the property
- <Au, Un>L2('JI‘d) = )\n <U, U7L>L2(']I‘d)a u e H2 (Td)7 (327)

to obtain in particular a term

T
E/O Z [<K(t)2(t), Un>L2(']I‘d) (Aw(t), Un>L2(']I‘d) - (f((t)Aw(t), 'Un>L2(Td) (z(t), 'Un>L2(']I‘d)] dt.
In|<N
(3.28)

13



Since all the terms Kz, Aw, KAw, z involved in (3.28) belong to L*(2 x (0,T) x T%), we have
the convergence when N — 400 of the quantity (3.28) to the term

E U/ ) Aw(K — K)zdzdt| . (3.29)

The convergence of the other terms in the sum over |n| < N of (3.26) is similar: we obtain (3.19)
in the limit.

Step 3. We claim here that P-a.s., for all (z,t) € Qr, w(z,t) > 0. This can be proved by
justification of the It6 formula for the quantity w +— ||w™ ||%2(Td)7 where w™ = max(—w, 0) is the

negative part of w. The result also follows directly from [DT12, Theorem 5.1] and (3.11), (3.13).

Step 4. Bounds on (w,(¢*)). The basic principle to obtain appropriate estimates on w and
q“ (see (3.20)) is to “multiply” the equation (3.10) by Aw. In the deterministic case, we use an
integration by parts and the terminal condition (3.11) to obtain

T
/ (Oyw, AU]>L2(Td)dt =
0

Ta1

dt 2
The analogous result for the solution to (3.10) is more delicate to justify as d;w has no proper
sense. We use again, as in Step 2., a spectral decomposition to justify our computations. We
start from the equation (3.23) for w,(t), use the It6 formula and the terminal condition (3.11)
to compute the evolution of the square of ¢ — e“*b,, (). After taking the expectation of the
result, we obtain

T
1
- /0 (0, Vw, V) g2 (paydt = — IV @Iz raydt = S1Vw(0)[Z2(ray-  (3:30)

1 ~ 2 g 2C1t % A ~ 1 ~o|2
SE [0, (0)P] +1E/0 O |RWAWE ~ HO, ) o) + 5 31651 a

—=0. (3.31)
We multiply (3.31) by A, sum the result over |n| < N, use (3.27), and the identity

2
IVullg2ray = > An [, vn) p2qray| € H'(TY), (3.32)

n>1

to obtain in the limit N — 400 the following estimate:

1 T . 1 N
SE (Vw0132 70| +E/O et [<K(t)Aw(t),Aw(t>>Lz<w)+2Z|Vq ig(w)] dt

T
:—E/ 2 H (t), Aw(t)) po(raydt.  (3.33)
0

Using the bounds on K in (3.13) and the Cauchy-Schwarz inequality, we deduce from (3.33) that
1 2 g 201t | B 2 1 o2
LE [IV0Olaqan] +E [ e | ENAw®l2s rey + 5 3 IV ey |
0 o

T
< max (HZ)E/ eQCltHH(t)HzLQ(Td)dt. (3.34)
1<4 0

1<
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Since
[ullFripay < C@DINVUlFo(ray,  Nullfrzepay < CDIAUlfF2(pay, u € HX(T?), (3.35)

where C(d) is a constant depending on d, (3.34) gives (3.20) as desired.

Step 5. Let us conclude the proof of (3.4). We use the fact that F' < C1z (see (3.6)-(3.7)) and
w > 0, the Cauchy-Schwarz inequality and the bounds (3.20) to deduce from (3.19) that

(L, mes])

S R2 {]E |:|‘ZO||iQ(Td):| +E |://Q 672017&([( - K)222d$dt:|

T
// e2cltz|ga|2da;dt”{1E/o eQCltllH(t)llizamdt}’ (3.36)
T «

where the constant Ry depends on d, k and maxj<;<4 k; only. We apply (3.36) with K = IE'E,
where

+E

Koo t) = mlr((m) _ ﬁ Z koD (ai(,1)). (3.37)

This coefficient K has the desired regularity properties by regularity of z, and satisfies the bound
0<(K-K.)z<e, (3.38)

so, taking the limit ¢ — 0 in (3.36) where K = K., gives us

e, ]

<R, {E (120l v | +E

T
} {E / eQCIth(t)niQ(Td)dt}-

(3.39)

// e~ 20t Z |g°‘|2dxdt
Qr .

We replace H with ¢ — e“1*H(t) and, by an argument of density relax the hypothesis of regularity
of H to obtain

e, ]

<R, {E [lz0l22(a0)] +E

T
//Q 20 37 g% 2t }{E/O ||H(t)||§2(w)dt}, (3.40)

for all non-negative H € L?(Q2 x (0,T), P; L?(T?)), where 2(t) = e~“1*2(t). At last, we estimate

the term
E {// 6_201t|g°‘|2dﬂcdt] . (3.41)

Recall that ¢g* is defined in (3.8). By (1.6), and (2.17) we have

Z lg%> < Ravz? (3.42)
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where R3 is a numerical constant, and so

E[// 6_201t|ga2dxdt}§R3uE[// 2|2dxdt] (3.43)

We insert (3.43) in (3.40) and invoke (1.21) to ensure that RoRsv < 3 (note well that the
constant RoR3 does not depend on time) to conclude that

E U/ |22dq;dt} < R,E [||z0|\§2(w)}, (3.44)

which yields (3.4). O

4 L*-estimates

4.1 L*-estimate via truncation of the entropy

Various approaches to L>°-estimates for (deterministic) quadratic reaction-diffusion systems exist
(see [CV09, GV10, CGV19, Soul8, FMT20]). Here we follow the same approach a la De Giorgi
as in [GV10], using also some of the elements in [LV23].

Theorem 4.1 (L*°-estimate). Let
O(u) =In(1+1In(l 4+ w)), u>0. (4.1)

Suppose that the coefficients o& satisfy (1.5) and (1.6). Assume also a;g € C®(T?), a;o > 0,
t=1,...,4. Let a be a global-in-time regular solution to (1.2) or a global-in-time solution to (1.2)
with the truncated non-linearities defined in (1.15)-(1.16). Assume also that the space dimension
disd =1 ord =2 and that the strength of noise is small in the sense of (1.21). Then a satisfies
the following estimate:

E [@ ( sup4 |a/i||Loo(QT)):| < Cq, (4.2)

1<i<
where the constant Coy depends on d, v, T, miny<i<q ki, Maxi<i<q ki and sup;<;<4 ||aiol| poo (1ay-
Proof of Theorem 4.1. We will consider only the case d = 2. For a,& > 0, set

a*=(a—8&7T, a** =1+df, (4.3)
and

D(a;¢) = P(ad) = (1+ aE) In(1+ a®) —a® = a** ln(ag*) —a® +1. (4.4)

Evolution of the entropy. Note that

d 0° 1,
5 (a6 = In(a*) = In(a**)Lase, 5oz 2(a;€) = aff, (4.5)
so, similarly to (2.7), we have
Et:E) +D(t:€) < S(t:€) + M(t:€) + £(0:6), (4.6)
where
y cini, Do) eSS [ [ VL 4 a7
e =3 [ et pwo=EY [ [ Bt (7)
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and

_ Ex _Ex |a
S(t;€) = / /11‘(1 —(a1a3 — asay) <ln(a1 a§*) — In(a$"as” ) Z = 1111‘>5 deds.

(4.8)
The martingale term is
t
_ / / S 08 (a;) n(a*)dwdBa (s). (4.9)
0 Jre TS
As in (2.10), we introduce the quantity
Ut;€) = sup E(s;8) +D(t;€). (4.10)

0<s<t

Auxiliary functional. Set

/ \/>d _/ \/HS lfjjs)_sds (4.11)

and t 1o
ag 2 Xas . .
/O/Td;wundd] (112)
We have
VU(a) = /B(a)— (4.13)
Vita

so, by Sobolev’s embedding (recall that the space dimension is d = 2 here) and Cauchy-Schwarz’
inequality,

1 _1
1¥(a)l[r2(ray S NIVE(a)llzr(ray S 1R(a)]I 71 (payll(1 + a) ™2 Vallp2(ra), (4.14)

which yields

t N 2
Up(t:€)? S / &6 || +aH) " vaf ds < | sup E(s;6)| D(t:€),  (4.15)
0 2 L2(T?) s€[0,t]
and thus
Uy (t:6) SUEE). (4.16)
As in [GV10, Lemma 3.2], we will use the fact that
gla)In(a*) S ¥ (a)*, g(a) = a’locact +a’Los1. (4.17)

Bound on the source term. We will proceed as in the previous section 2, taking into account
the additional effects of the truncation at level £. In particular, our aim is not a bound like (2.6),
but instead, using (4.16)-(4.17), a bound of S(t;&) by a power of U(t;¢) (or more exactly, a
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power of Uy (t;¢)), for a given truncation level ¢ < . We begin as in Section 2 however, and use
first the growth condition (1.6), to get

S(t;¢) < / / —(a$*a§" — a57al") (1n(a§*a§*) In(a$*a ))}dmds
Td

+u/ / Zal a§’ “‘2 ai’ Lo, seduds + o(t;€), (4.18)
’]I‘d

t
o(t;€) = / {(aﬁ*ag* - ag*a4*) — (a1a3 — az%)} (ln(af*ag*) ln(a2 a4 )) dxds
0o Jrd

Ex Ex *
+u// § (@105 + a2a4) = Eal ai’ +a3'af’), 1o, scduds. (4.19)
Td

a;
We have
aa; — ag*ag* = a;a; — afa§ —1— (a5 + a?). (4.20)
The term a;a; — af 5 is non-positive, so
—1-(a + aﬁ) < aaj — af*ag*. (4.21)
From (4.20), we also obtain the bound from below a;a; — af §* < a;a; — afa?, and since
a; < af + &, we get
—1—(at + ag) <a;a; — aE*aE* < €2 4+ ¢(as + df ) (4.22)
which implies in particular
jaia; — ai"af"| < € +€(af +af), (4.23)
if
&E>1. (4.24)

Assuming (4.24) thus, we obtain the first estimate

t
p(t;€) < 2/0 /ﬂ‘d <52 JFfZaf) (ln( 5*) +1n(a2 a4 )) dxds
t 2 a
+y/0 /szl:f +i§] % 1,,5¢dzds.  (4.25)

Next, we will use the following inequalities (similar to (2.17)):
as > In(a &) < afn(as) + a5 ln( ), a?lapg <aflg,5e + a?laj>5. (4.26)

In the second term in (4.25) we also use the elementary bound (a$*)~! <1 to get

o(t:€) < //Z§2+£a Y(In(as*) 4 14,56 )dads. (4.27)
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Let then ¢ € (0,€). We have a < a¢ and
(LC a+1 a< «@
1a>§ S g — g 1a(§1 + Q 11<aC, (428)

for some arbitrary exponent o > 0. Taking successively a = 2,1, and using the fact that
In(a®*) = 0 if a < £, we deduce from (4.17)-(4.28) that

In(a$*) < Wa(&, )W), af n(as*) < W (€, )W (aC) 2 (4.20)
where 1 1
Wa y = . .
CO=—gm te-on (4:30)
We also note .
a>5:>a<*21+(§—g):>m(1hf‘(bgzo)z1, (4.31)
so, similarly to (4.29), we have
Wa(€, Wi (&,
Lot S it 6o o)) j(é OO) WP, aflase < f i(é C)O) (). (4.32)
Finally, we deduce from (4.27), (4.29), (4.32) and (4.16) that
1
P S Ty gy W6 O + e Ol U (50)” (4:33)

and obtain therefore a bound from above on the last term in the right-hand side of (4.18). The
other two terms in the right-hand side of (4.18) can be gathered to form a quantity very similar
to the the function O(a) in (2.26). The procedure followed to prove (2.27) can be adapted to
establish

/ / a1 ag ag*a4 )(ln(al ag ) ln(a a4 ))}dxds
’H‘d
a5 a§ +a *a$ t §
+y/ /sz ai’ay +a3’a;” 14, >¢dzds </o /sz:aﬁ 1,,>edxds. (4.34)
0.

By (4.26), (4.32), and (4.33), we obtain

1
S(t;€) < 1AIn(1+ (£-0)) [

assuming (4.24). We report the estimate (4.35) in (4.6). Assume that

EWa(€,¢) + EWL (€, Q)] Uy (t;:€)?, (4.35)

1v max, llaioll Loo (ray < €. (4.36)

Then £(0;¢) = 0 and we obtain the a.s. inequalities
1

U8 S Ty E gy €GO T ENE O U O F M, (48T
where
M(t;€)" = Zt[tpﬂ |M(s;€)|. (4.38)
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Bound on the martingale term. The quadratic variation of the martingale M(¢;€) in (4.9)

(M(& t—/Z/TdZU )In(a dac2

We proceed as in (2.16) (simply replace In(a}) by 1n(aj )) to obtain

ds. (4.39)

2

ds. (4.40)

(M(E), M(©)) / / Zazln “Vdz
The bounds a; < a$ + £ and (4.26) show that
/ S ailn(a§)dr S 3 / (€ + af) In(aS™ ) da. (4.41)
T — Jra

We can estimate the right-hand side of (4.41) in two different ways. First, using (4.32), we get,
for ¢ < &,

dZailn(ag*)d ~ EVan((f < JrWl gC Z/ U (a)|da. (4.42)

We also have af ln( *) < 20(a ) <2%(a ) and

Emef) < £ i) < 2.5 () (4.43
SO ¢ ¢
) £ < )< >
osglirg)t/qr«igaz In(a3")dz < g_cosgli];g)tg(&C) SEoe Ut Q). (4.44)
Using both (4.42) and (4.44) in (4.40), we obtain
§ EWL(E,¢) + Wi(§, Q) . 2
(@ M) 5 (5 T EELERED s 02 (1.45)
and from (4.16), we deduce that
£ §W2(§7§)+W1(§7C)> 3
< U(t; ). 4.46
(@, M) 5 (2 TR Yy g (4.46)
Recursive estimates. Let £ be a fixed threshold satisfying
4 (1 V max, ||a¢o||Loo(Td)) <¢. (4.47)
Let also p be a given exponent satisfying
1 3
1<g<#:§. (4.48)

Let 6 € (0,1) be a given parameter (which will eventually depend on &, see (4.92)). We set
& = (1 —27%"1)¢ k € N and we examine the occurrence of the bound

Uy <62, Uy =UT;:&). (4.49)
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Assume first that (4.49) is satisfied at rank k. Then, using (4.16) and the inequality (4.37) with
¢ =&, and € = €41, we observe that

Unir = Cry7 In(1 i 9—k—2¢) Wiid?2" + CLM(t; )", (4.50)
where .
Wi = &1 Wa(&rr1, &) + Ernt Wi (Er1, k) S % +4", (4.51)
so (4.49) will be satisfied at rank k + 1 if
@11 Aln(1w+/k2—k—2§) e < % (4.52)
and

1 k+1
M(T: )" < 502 (4.53)

Let Ej4+1 denote the event (4.53) and Hj, denote the event (4.49). Our aim is to evaluate the
probability P(H) of the event

k
H= ﬂHk: ﬂHk, H, = ﬂHj. (4.54)
k>0 k>0 j=0

We will estimate ), -, Pk — Pk+1, where pi, = P(Hy), and then, in the next step, evaluate py.
Assume that (4.52) is satisfied for all £ > 0 (we will see that an appropriate choice of parameter
0 ensures this). Then Hy N Exy1 C Hiyq, so

Pk — P11 < P(Hk) — P(Hk n Ek+1) = P(Hk n Eg+1) (455)
We use the exponential martingale inequality
P (M2 > a+b(M,M)y) < e 2 (4.56)

with M; = M(t A T;&,11) and some deterministic numbers a = Vi, b = V,~! that will be fixed
later (see (4.61)), to get

P(H, N EL, ) < e 2% +P(By), (4.57)

where By, is the event

B, =HgnN {;5Pk+l <Vi+ Vk_1<M(§k+1),M(fk+1)>T} . (4.58)

We use the estimate (4.46) on the quadratic variation of M(£) to obtain

Qka

3

(M(Err1), M(E1))r < Co

and thus -
(M (Egr1), M(Ekr1))T < C’zm&)’f , (4.60)

if H}, is realized. We choose V}, and Vk as follows:
A Qk [/[/k. k -t
— —6P -1_ X4 : 4.61
Ve » Vi =V 0251H(1 F2-k2¢) (4.61)
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With this choice of the parameters, By has probability 0 and (4.57) yields

W(;—Pk(?’—?f’)) , (4.62)

Pk = Pk+1 < €Xp < Ca2F W

Let K denote the index such that 275¢ ~ 1 (we are interested in large values of &, so large
values of K as well). For k < K, we have W}, < 4F by (4.51) and 1 < In(1 +27%72¢), so (4.52)
is realized if

Cyakstr—pe" < % (4.63)

while (4.62) implies

4—’fap’“<32p>> . (4.64)
5

1
Pk — Pk+1 < €Xp <_C
The map t > 4t6""22" is non-increasing on R if In(4) <1In(p)(p—p)|In(d)| so (4.63) is satisfied
if

In(4) < In(p)(p — p)|In(0)], Cad" 2 < (4.65)

which is a condition of the form
Cgd < 1. (4.66)

Let us examine (4.64) now, still when & < K. The parameter 3 — 2p is positive by (4.48). By
increasing the value of Cg in (4.66) if necessary, we can assume that

(3—=2p)|In(0)| > 21In(4), (4.67)
in which case the map ¢, : t — 47§ ~(3-20)p" g non-decreasing and satisfies
@i (t) > In(4)p, (t) > In(4) (4.68)
It follows then from (4.64) that
K 1
B X N (4.69)
R K 0 5
By (4.68), we have
In(4) 1
—®/(t) > O, (t) = =—d,(¢), 4.70
(6> S, (0) = 50, (0) (170)
SO
Z Pk — Prt1 < Cr®,(0) < Crexp (—057157(3723)) . (4.71)

k<K

If k> K, then Wy, < 8%¢~1 by (4.51) and 277¢ < In(1 4+ 27572¢), so (4.52) is satisfied if

16" 1
045725@—8)3’“ < 3 (4.72)
whereas (4.62) implies
3275k k(32
Pk — Pry1 < €xp (—6,35_’) (3= p)) . (4.73)
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Since € > 1 (see (4.47)), the first criterion (4.72) can be reduced to
.1
Cy16R5P0e" < 5 (4.74)

which follows from (4.66), by increasing the value of Cp if necessary. We can also assume that,
under (4.66), we have

(3—=2p)|In(0)| > 2 x 51n(2), (4.75)
in which case the same analysis as above shows that
5327515 '
Z Pk — Prt1 < Cs®y(K), Py(t) :=exp (05—9 (3—29)) ] (4.76)
3

k>K

The rough estimate ®4(K) < ®4(0) < exp (—Cj '¢?), which yields

> k= pre1 < Csexp (—C5'€%) (4.77)

k>K

will be sufficient for our purpose. Indeed, using (4.71) and (4.77), we obtain
P(H) > py — Crexp (—05:157(3723)) — Cgexp (—03_153) . (4.78)

We will take & ~ (In(€))~2 in (4.92) below, so the two last terms in (4.78) have a very fast decay
in £. We will see below how to estimate py (and actually will get a decay in & which is much
slower, cf. (4.89)).

Initial estimate. We wish to estimate the probability py of the event
(U =U(T;¢/2) < 6} (4.79)
By the Markov inequality and the inequality (4.37) used with ¢ = £/4, we have
P Uy > 0] <O'EU(T;€/2)] S 67 [Uy(T56/4)%] + 67 'E[M(T;€/2)"] . (4.80)
In the right-hand side of (4.80), the term related to the martingale part can be estimated re-

latively easily. We apply (4.45) with ¢ = 0 and use (4.47) which implies 1 < In(1 + £/2) to
obtain

(M(/2), M(E/2))r < %Lf(T)uq,(T; 0)°. (4.81)

By the Burkholder-Davis-Gundy inequality,

E[M(T;/2)7] < —

S gl U)o (T:0)]

and thus, by the Cauchy-Schwarz inequality and the entropy estimate (2.2) with p =1,

N 1 1/2
EIM(T:€/2)] £ giyg (BIEON)* {E [ (T307])”. (4.82)
To bound from above the last factor in (4.82), we use the estimate
[T (a)* < [@(a)f?, (4.83)
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which follows from (4.86) below. We exploit then the L2-estimate (3.4) to get
N 1
E[M(T:¢/2)' S g (EIEOI {E200} 77 (4.84)

The estimate of E [Uy(T;£/4)?] is done as follows: we observe that ¥ is non-increasing, so that

In(1+ a;) |®(a;)?
2 < N 1a e < Nk < . :
|\I](a/1)| — ‘\Ij(a’l” 1a7,>£ — |\Il(a2)| ln(1+£) ~ 1n(1+€) (4 85)
In the last inequality of (4.85), we use the bound
(¥ ()] In(1 +a) S [®(a)?, (4.86)
which is deduced from the obvious estimate
U(a) < / VIn(l + s)ds < ay/In(1 + a).
0
Then (4.85) implies
E2(0)
E [Uy(T;6/4)%] < ——2_. 4.87
e s (487
Set By = sup;<;<4 [|@iol| oo (1) By (4.80), (4.84) and (4.87), we obtain
1 1 1
Ss< L 1/2 1/2 o L .
Pt > 0] 5 g0+ grsE0) a0 < Clo) s (4:88)
and, finally, the estimate
C(Bo)
>1 - — . .
N ) (4.89)
Conclusion. Let
Br = sup |[|aillz=(Qy)- (4.90)
1<i<4
We have By < € if H is realized, so (4.78) and (4.89) imply the tail estimate
C(BO) —15—(3-2 _
<0 - 0) —C7led). :
]P’(BT>§)_6IH(1+£)+C7exp( Cs o )—I-C'gexp( Cy'e%) (4.91)
We take 1
0= ———F+ 4.92
Cov (@) .
which satisfies the condition (4.66), to obtain (under the condition (4.47))
P(B < C~'(BO) 1 —ley _(—1g3
7 >€&) < - + Crexp (—Cy '¢7) + Cgexp (—=C5'€7) , (4.93)
In(1+¢)>

where v = 2 — p > 0. Let Ag = 4(1 V By). The desired result (4.2) then follows from (4.93) and
the expression

E[O(Br)1(5,5.,] = A°° O/ (E)B(Br > ). (4.94)

O
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4.2 Existence of global-in-time regular solutions

The proof of Theorem 1.1 is now straightforward. We consider the regular solution a con-
structed in Section 4.2, based on the sequence of solution (a™) of the problem with truncated
non-linearities. By (4.2) and the Markov inequality, we have

(4.95)

which yields P(7 < T)) = 0 at the limit n — +oco. This being true for every T, we have 7 = 400
a.s.

A Regular solutions to semilinear stochastic parabolic sys-
tems

We consider the following system of SPDEs: for 1 < i < g and 1 < a < dw, let (Wi(t)) be
a family of one-dimensional Wiener processes such that, for each i, W{, ..., Wéw are jointly
independent. For 1 <1i¢ < ¢, let F;: R? — R and g; ,: R? = R be some given functions and let
k; be some (strictly) positive coefficients. We consider the system

dw
da; — k;Aa;dt = Fi(a)dt + Z Gia(@)dWEi(t), in Qr =T x (0,T), (A1)
a=1 :

(11(0) = a;0 Z 07 in Td,

for i = 1,...,q, where a = (a;)1,4, a0 = (aip) is a given function T¢ — R? and T > 0. Weak
solutions are defined as follows.

Definition A.1 (Weak solution to (A.1)). A process a € L%(Q2 x [0,T]; P; H*(T%)) (where P is
the predictable o-algebra) is said to be a weak solution to (A.1) if

1. Fi(a),gia(a) € L*( x Qr),
2. a; € LX(;C([0,T]; L*(T))),
3. for all t € [0,T], for all p € H(T?), P-a.s.,

t t dw
(ai(t), ) = (aion o)ri — / (Vas(s), pds + / (Fi(a), @)ds + 3 {gsa(a), @)W (1). (A-2)

We can then state the following result.

Theorem A.1 (Semilinear stochastic parabolic systems). Let p € [2,00), ¢ € (2,00) and let m
be an integer > 2 such that mp > d + 2. Assume

ug € WP (T4) 0 whmp(Td), (A.3)

and suppose that F;: R?T — R and g;o: R? = R are functions of class C™, bounded, with all
their derivatives up to order m bounded. Then (A.1) admits a unique weak solution which belongs
to the space

L@ €0, T); W™P(T%)) 0 L™ (€ ([0, T); WP (T4))). (A.4)
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Proof of Theorem A.1. The statement of Theorem A.l is essentially the statement of Theo-
rem 2.1 in [Hof13]. The extension to systems does not raise particular difficulties. The essential
point is a generalization of the estimate

1G(R)

s < C (L4 s + [Allwor) (A.5)

in [Hof13, Proposition 3.1], given for h real-valued and G defined on R, to the case where h
takes values in R? and G is defined on RY. This is obtained simply by generalizing the chain-rule

formula
18]

DPG(h(x) =D Y. Csiar GV (h(x)D* h(z) - D* h(x) (A.6)

=1 ar++toy=p
Oéi;éo

to

18l

DﬁG(h(x)) = Z Z Cslan, ou

=1 ar++o=p3
Oti;éo

x 3" DIG(h() Y. D™hs () DUhs(2), (A7)

|v|=1 O1+-+6=y
o:]=1

where, given § € N? of length |§| = 1, hs denote the component h;, where ¢ is the only index

such that &; # 0. O
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