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Asymptotically unbiased approximation of the QSD of
diffusion processes with a decreasing time step Euler scheme

Fabien Panloup and Julien Reygner

ABSTRACT. We build and study a recursive algorithm based on the occupation measure of an Euler scheme
with decreasing step for the numerical approximation of the quasistationary distribution (QSD) of an elliptic
diffusion in a bounded domain. We prove the almost sure convergence of the procedure for a family
of redistributions and show that we can also recover the approximation of the rate of survival and the
convergence in distribution of the algorithm. This last point follows from some new bounds on the weak
error related to diffusion dynamics with renewal.

1. Introduction and statement of the results

1.1. Motivation. This article is dedicated to the construction and study of a numerical scheme aimed at
approximating the quasistationary distribution, in some bounded domain D C R%, d > 1, of the solution
(Y2)¢>0 to the stochastic differential equation

(D dY; = b(Yy)dt + o(Y;)d B,

where b : R? —» R4, 5 : R? — Mg 4, and (By)¢>0 is a d-dimensional Brownian motion. Here and
throughout the article, we denote by My 4 the set of d x d matrices.

We shall work under the following assumptions:

(Hy) D is a non-empty bounded and connected open set of R, whose boundary is C2.
(H3) (a) band o are bounded measurable on R? and oo ' is uniformly elliptic in R?.
(b) band o are Lipschitz continuous on R,

Under these assumptions, it is known [ , Section 5.3] that if one defines
mp =inf{t > 0:Y; & D},

then there is a unique probability measure p* on D such that, for any ¢ > 0,
Pus(Yy € |mp > 1) = " ().

This measure is called the quasistationary distribution (QSD) of (Y;):>¢ in D. From a spectral point
of view, it is the left eigenvector associated with the principal Dirichlet eigenvalue A* > 0 on D of
the infinitesimal generator L of (1). The eigenvalue \* is usually called rate of survival in the literature.
QSDs arise in many fields of applied probability, for instance in population dynamics [ ], molecular
dynamics [ ], or Monte Carlo methods [ ]. We refer to the monograph [ ] for
an overall mathematical introduction.

The numerical approximation of QSDs is a nontrivial task. There exist two main classes of methods for
this purpose: particle systems, such as the Fleming—Viot process [ , , ], and interaction
with the occupation measure [ , , , ]. In the latter method, one constructs a
random process (X¢)¢>o in D according to the following rules:

e in D, X, follows the stochastic differential equation (1),
e when X; reaches 0D, it is killed and restarted from a point randomly chosen in D according to

the occupation measure ¢! fg dx,ds.
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Under assumptions which are implied by (H; ) and (Hz ), Benaim, Champagnat and Villemonais [
Theorem 2.1] proved that for any bounded and measurable function f : D — R,

1 t
(2) lim - [ f(Xs)ds=u*(f), almost surely.

In practice, in order to simulate trajectories of Xy, the stochastic differential equation (1) needs to be
discretized. Thus, the purpose of the present article is to provide a similar statement to (2) for an Euler
scheme associated with (1). If this equation is discretized with a constant step size -y, then it yields a
homogeneous Markov chain in R?, and the discrete-time adaptation of the algorithm described above
converges to the QSD p*7 of this chain in D. This QSD depends on -y, and it is known to converge to
pw* when v — 0 [ , Theorem 3.9], although to the best of our knowledge, no quantitative error
estimate is available.

In order to remove the bias introduced by the approximation of x* by p*7, in this article we follow
the idea, initially introduced by Lamberton and Pages [ ] for stationary distributions of diffusions,
to use an Euler scheme with decreasing step size ~y,. Our main result shows that the algorithm above
then directly converges to the QSD p*, without any discretization bias, as is the case for stationary
distributions.

1.2. The numerical scheme and a simplified statement. Our scheme is based on a sequence of positive
time steps ¥ = (¥ )n>1 Which satisfies the following assumptions, in which I';, := ZZ;(l) V41"

(Hg) (a) limy 100y, = 0, limy, 4 oo Ty = F00.

(b) There exists p > 1 such that 3229 75 < +oc.

(C) SUpp>1 ’Yn/’)/n-i-l < +o0.
These three conditions are for instance satisfied if v, = Cn™" with p € (0,1]. Whereas (Hs.a) is
standard in stochastic algorithms and used throughout the paper, the precise roles of (Hgz.b) and (Hj.c)
are respectively discussed in Remark 2.6 and Remark 3.3.

With this step sequence at hand, on a probability space (2, F,P) equipped with a d-dimensional

Brownian motion (B;);>0, we define the cadlag process (X;);>o as follows. We set X = 2o € D, and
forany n > 0, forany ¢t € [I'y, Tyt1),

X, =Xr, +b(Xr,) (t —T,) +0o (Xr,) (B — Br,).
In particular, given X1, the numerical simulation of
YF;H - YF" +0 (an) (Crng1—Tp) +o (an) (Brn_‘_1 — Br,)

only requires to sample the Brownian increment Br,_,, — Br, . Defining the Bernoulli variable

n+1

) bn1:=1ix,_ gy

n+

we next let

an+1 = 0n+1Un+1 + (1 — 0n+1)yl—\;+l,

where, conditionally on (Ypo, o ,an), Up+1 is drawn according to some random measure p,1 on
D, which we call redistribution measure and is measurable with respect to the o-algebra generated by
(Xrg,---,Xr,). Here, and throughout the article, the space M (D) of Borel probability measures on
D is endowed with the topology of weak convergence and the associated Borel o-algebra.

A natural choice for the redistribution measure p,, is the occupation measure of the scheme
1 n—1
S, 2

which mimics the ‘true’ occupation measure I';, ! fOF” 0x,ds associated with the continuous time process
(Xt)+>0 defined above. For this choice, our first main result reads as follows.
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Theorem 1.1 (Convergence to the QSD for p,, = p1,). Under Assumptions (H1), (H2) and (Hg), and
if P = fin, then for any measurable and bounded function f : D — R%
lm ., (f) = w*(f), almost surely.

n—-+00

1.3. More general redistribution measures. As a discrete measure, y,, can be easily simulated. How-
ever, its sampling requires to keep all the memory of the path of the Euler scheme (Xr,..., X, ) and
its cost of computation therefore strongly depends on n. This suggests to wonder about some strategies to
manage these potential numerical drawbacks and to consider the possibility of replacing the true occupa-
tion measure of the Euler scheme p,, by an approximation p,, (see §1.5 for a detailed discussion). Below,
we thus propose to generalize Theorem 1.1 to general redistribution measures p,, under the (natural)
following assumption:

(H4) for any Lipschitz continuous function f : D — R,

lm pn(f) —pu(f) =0, almost surely.

n—-+00

Our main result shows the convergence to the QSD of the occupation measure of (X, )n>0, and
almost as a by-product (see §3.4 for details), also provides a way to approximate the related rate of
survival X* by counting the number of jumps of the underlying continuous-time process X; between 0
and I',,.

Theorem 1.2 (Convergence to the QSD). Under Assumptions (H1), (Hz), (Hs) and (Hy4), for any
measurable and bounded function f : D — R,
lm  p,(f) = @ (f), almost surely.

n—-+o0o

Besides,

n
nll)l}_loo I‘ln Z O = \*, almost surely.
k=1
In the setting of Theorem 1.2, Assumption (H,4) combined with the tightness of (i, ),>1, which will
be proved in Proposition 2.1, implies that we also have p,,(f) — p*(f) almost surely for any continuous
and bounded function f : D — R. Therefore, one deduces the following corollary, which will be used
in the proof of Theorem 1.6 below, from a standard separability argument.

Corollary 1.3 (Almost sure weak convergence of (p,,),,>1). In the setting of Theorem 1.2, p,, converges
weakly to p*, almost surely.

The proof of Theorem 1.2 follows the strategy of [ ] and is classically divided into two parts
respectively devoted to the almost sure tightness of the sequence (yt,,),>1 and to the identification of the
limit. Below, we give some comments on the related proofs.

> Tightness: In this part, the main difficulty is to control the time spent by the sequence (X, )n>0
near the boundary of D and indirectly the number of redistributions induced by exits of D. Actually,
D being a bounded subset of R, proving the tightness reduces to showing that the dynamics does not
concentrate any mass close to the boundary of D. Roughly, our proof consists of coupling the (time-
changed) distance of (X, )n>0 to the boundary with an appropriately reflected process, which may be
seen as a discretization of a one-dimensional reflected Brownian motion with drift, and for which it is
possible to better control the time spent near the boundary. The construction of this coupling and the
study of the dynamics of this reflected-type process are probably among the main challenges overcome
in this paper. It is worth noting that in this section, we do not require b and ¢ to be Lipschitz and only
use Assumption (Hs.a) (see Proposition 2.1 for details). As well, we do not use (Hy) in this part of the
proof, which means that our tightness result is (surprisingly) available for schemes constructed with any
adapted redistribution sequence (py,)n>1 on D.

> Identification of the limit: As shown in [ ] (see also [ ] for a discrete-time counterpart),
w1 can be viewed as an attractive point of an ODE 1y = F'(1;) on M;(D) (see Proposition 3.7 for
details). With this property, the strategy is to show that the dynamics of (y)xr>y, asymptotically fits
the one of the ODE, i.e. that an appropriate continuous-time extension of (u)g>p is an asymptotic
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pseudo-trajectory of this ODE. Note that as in [ ], we choose in fact to mainly study the empirical
measure restricted to the renewal times of (X, )x>1 (denoted by (J¢)¢>1), which allows to look at an
asymptotically homogeneous and ergodic sequence (see Section 3 for details). In view of our discretized
dynamics, the main difficulty of this part of the proof is to show some uniform convergence properties
of the weak error related to the dynamics of the diffusion killed at 7p = inf{t > 0,Y; € D¢} (see
Proposition 3.2). The extension to measurable functions is also a challenge: with an adaptation of
[ ], we obtain some bounds on the density of an Euler scheme with a non-constant step sequence
satisfying (Hg.c) (see Lemma B.3).

Remark 1.4. We shall see in Remark 3.3 that without Assumption (Hg.c), the conclusions of Theo-
rem 1.1 and Theorem 1.2 hold true for continuous and bounded functions f : D — R. As a conse-
quence, Corollary 1.3 holds without this assumption. In fact, Assumption (Hg.c) is only employed to
extend the convergence to measurable and bounded functions, through a regularization argument which
requires to get some uniform bounds on the density of Euler schemes with nonconstant step sizes (see
Proposition 3.2 and Lemma B.3).

Remark 1.5. Assumption (Hy) is stated for coefficients b and o defined on the whole space R?. However,
the construction of our scheme only depends on these coefficients through their restriction to the set D.
We chose this formulation because in the proofs of Sections 3 and 4, we shall sometimes work with
extensions of the diffusion Y; or the scheme X beyond D. Yet, it is clear that all our results remain
true as soon as b and o only satisfy the condition that bjp and o|p coincide with bjp and 5‘ D, for some

functionsg : R — R¥ and 5 : RY — M 4 which satisfy Assumption (Hs).

1.4. Convergence in distribution of X1 . The previous results show the almost sure convergence of
the occupation measure of the discretization scheme (X, ),>0. Such a result is thus related to pathwise
averages of this sequence. Similarly to [ , Theorem 2.6], which is established for continuous-time
Markov chains in compact state spaces, we can also obtain a ‘spatial’ counterpart, i.e. the convergence
in distribution of (X1, )n>0-

Theorem 1.6 (Convergence in distribution of (XT,, )n>0)- Suppose that the assumptions of Theorem 1.2
hold. Then, (X, )n>0 converges in distribution to i*.

To deduce this result from Theorem 1.2, the main tool is a (nonquantitative) control of the weak
error in finite horizon related to the dynamics induced in this problem. More precisely, to prove this
convergence in distribution, our proof relies on Theorem 1.9 below which shows that the weak error in
finite time between the diffusion with renewal p and its discretization with close redistribution vanishes
under natural conditions.

For some p € M (D), let us define the p-return process associated with the SDE (1) in D as follows.
Starting from x € D, we let Xf evolve as the (strong) solution to (1) up to the first time 7p at which
it reaches @D, and then restart it from some position X+, drawn independently in D according to .
The construction goes on iteratively, with renewal epochs at each time the process reaches dD. This
defines a strong, cadlag Markov process (X1");>o in D whose semigroup is defined and denoted by
Pl f(z) = Ba[F(X).

The introduction of this process to study QSDs dates back to the first works dedicated to QSDs [ ,

]. In particular, Ferrari, Kesten, Martinez and Picco [ ] noted that p is a QSD if and only
if it is stationary for the u-return process, a fact that we shall also use in a slightly different formulation,
see Lemma 4.6. In this case, the p*-return process is also related to stationary Fleming—Viot particle
systems as it describes the limit dynamics of a tagged particle in such systems [ ], and its semigroup
was noted to appear in the asymptotic variance of the fluctuations of these particle systems in [ 1.

Our next result establishes the consistency of Euler schemes with a redistribution mechanism when
they attempt to exit D toward the p-return process. We first provide a precise definition of such schemes.

Definition 1.7 (Euler schemes with redistribution). Let 1 = (1), )n>1 be a sequence of positive numbers
such that

n—1
=4 = S
=0
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On a probability space (Q, F,P), an Euler scheme with redistribution is a triple ((G;)i>0, v, (X, )i>0)
such that:
o (Gi)e>0 is a filtration;
o v = (Vp)n>1 Is a sequence of random variables in M1 (D) which is predictable with respect to
the filtration (G, )n>0;
e the random variable X" is Go-measurable, and there exist a (Gy);>o-Brownian motion (By) >0
and a (Gy, )n>1-adapted sequence of random variables (Up""),>1 such that, for any n > 0,

W tnp), X7V =X 40 (X0Y) (0 t) 40 (X0Y) (B - B,

and

b b 9 777
X L =0 + (1-07) X2

n+1

where 077 =1 (X7 gD} and conditionally on Qtf the random variable U)""; has law vy,.
n+1

Notice that for any ¢ > 0, the random variable YZ”U only depends on the sequence v through the
elements v, for which ¢,, < ¢ and therefore the process (Y?’")tzg is adapted to (G¢)¢>0. In the sequel,
we shall often simply refer to the process (Y:”V)po as the Euler scheme with redistribution, and keep
the filtration (G;):>0, the step sequence 1 and the redistribution sequence v implicit.

Remark 1.8. For every n > 0, (Xr,41)t>0 @ (X7 Vim0 where (X" )0 is the Euler scheme
with redistribution with parameters 1 = (Yn1x)k>1, G0 = o(Xo, - . Xrn) Gt = GoVo((Br,+s —
Br, )o<s<t: (X1, +k)1<k<t-T,) and v = (pn+k)k>1 In particular, Xo = Xr,.

Let £(Y") denote the distribution of a random variable Y. In the next statement, we shall express our
convergence result in terms of the 1-Wasserstein distance on M (D), which is defined by

(@) Wi(u,v) =  inf /|x — y|lI(dz, dy),
TeC(p
where
®) Clu,v) :={I1 € My(D x D),II(- x D) = p, II(D x ) = v}

denotes the set of couplings of i and v.

Theorem 1.9 (Weak consistency of Euler schemes with redistribution). Assume (H1) and (Hz). Let i €
My (D). Foranyn > 1, let uy € My(D), and let (X} " )i>0 be an Euler scheme with redistribution
for some step sequence " = (n}})p>1 and redistribution sequence v" = (v}!)i>1. Denote v} =

E(an’un), and assume that the sequence (j1(})n>1 is tight, and that

n—-+o00 E>1 n—-+o00 n—-+o0o k>1

lim supmn, = 0; lim Wi (ug,vy) = 0; Vp>0, lim P (sup Wi (v, 1) > p> =0.

Then, for every T' > 0,

S s W (P (X)) o

Even if this result is ‘only’ a tool for Theorem 1.6, we chose to state it in this section since it may have
some interest independently of the rest of the paper. This result is a direct corollary of Proposition 4.2
which is a slightly more uniform result (see Remark 4.3). The main difficulty for its proof comes from
the dephasing between the jumps of the diffusion and its approximation and the strategy to overcome it
is based on the derivation and resolution of a renewal inequality.
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1.5. Practical implementation. The interest of the sequence (p,),>1 is to open the door to algo-
rithms based on a redistribution measure which is less memory-consuming than the occupation measure
(t4n)n>1. Before detailing such issues, let us consider the following example:

Pn = Z Mk+-1,n XF )
Zk 0 77/<J+1 n L—0
for some triangular array of positive steps (Uk,n)lgkgn- In this case, one easily checks that Assump-
tion (Hy4) holds as soon as

1 n—1

(6) im ———— ) [M+1n — Wet1/ = 0.
n——+o0o Zk 0nk+1n;) n

If one wants to consider an approximation of u,, which is less memory-consuming, the natural idea is
thus to forget the beginning of the path, .e. to consider

where (t(n)),>1 is a nondecreasing sequence of integers such that 0 < ¢(n) < n — 1. In this case, one
can deduce from (6) with 7, = Vi1 {4(n)+1<k<n} that Assumption (H4) holds true if and only if

If we further assume that v, = Cn~? with p € (0, 1), the condition (6) is equivalent to ¢(n) = o(n) as
n — oo, while if 7, = Cn ™! then the condition becomes log(t(n)) = o(log(n)).

One can observe that the gain of memory induced by this modification is unfortunately negligible with
respect to the number of iterations. A probably more efficient alternative is to ‘quantize’ the measure fiy,,
i.e to replace p,, by an approximation built on a partition of D: for a given € > 0, consider a partition

(A(E))LE1 of D and assume that max; dlam(Aég)) < e. Set

Le
= e,
(=1

where 7y () is a given distribution on Aée) and foreach ¢ € {1,..., L.},

n—1
1
G = 1 2 el a0y = (A7),
™ k=0

(e)

For instance, 7y () can be the uniform distribution on A, or a Dirac mass at a point xég) of Aﬁs). If fis
a Lipschitz continuous function on D, one easily checks that

PO (f) = pa(f)] < [flie
(en)

so that if (g,,),>1 converges to 0 as n — oo, then the sequence (p;, ™’ ),>1 satisfies Assumption (Hy).
In practice, one may fix € all along the simulation. In this case, one has ‘only’ to keep a vector

(e) ()

of length L. for which each coordinate is the (non normalized) mass Fnag related to the area A
Quantifying how the final error depends on € may be an interesting task which is left to a future paper.

1.6. Organization of the article and notation. The sequel of the paper is devoted to the proofs. Since
Theorem 1.1 is a particular case of Theorem 1.2, we only prove Theorem 1.2 whose proof is divided
into two parts (as mentioned before). The almost sure tightness of the sequence (fiy,)n>1 is proved
in Section 2 whereas the identification of the limit is achieved in Section 3 (see §3.4 for a synthesis).
The proof of the convergence in distribution is the objective of Section 4, which contains the proofs
of Theorem 1.6 and Theorem 1.9.

These sections rely on some technical results which are postponed to two Appendices. Appendix A
contains definitions and a few properties related with one-dimensional reflected Brownian motions,
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which are employed in Section 2. Appendix B gathers various estimates related with the Euler dis-
cretization of the SDE (1), which are then used in Sections 3 and 4.

Throughout the article, we denote by | - | the Euclidean norm on R?. For a function f : R? — R, [f];
and || f|| o respectively denote its Lispchitz constant and its sup norm.

For any ¢t > 0, we denote by F; the of the o-algebra jointly generated by (B;)o<s<: and the family of
random variables {Xr,,I",, < t}. In particular, the sequence of random probability measures (p,,)n>1
is (Fr,, )n>1-predictable, i.e. p,, is Fr, ,-measurable.

2. Tightness
We let ¢p : D — (0, +00) be defined by
Ve €D, x):= inf |z — y|.
Yp(z) y€D| yl

Since, by Assumption (H1), D is bounded, for any > 0, the set K,, := {x € D : ¢)p(x) > n}isa
compact subset of D. The following result is the main statement of this section.

Proposition 2.1 (Almost sure tightness of (1, )n>1). If Assumptions (Hy), (Hz.a) and (Hg) hold true,
then
lim lim sup pp, (D \ Kpy) = 0, almost surely.
70 n—too
Remarkably, in this tightness result, we do not require all the assumptions of the main result. On
the one hand, we do not need b and ¢ to be continuous. On the other hand, Proposition 2.1 does not
require Assumption (Hy) to hold, and thus holds for any choice of redistribution measure p,, on D.
As mentioned before, this property is rather unexpected. This means in particular that even in the case
where the redistribution is mainly concentrated close to the boundary of D, the scheme (X, ),>0 does
not spend much time in this area. Our proof shows that we have a reflection-type property which allows
the (discretized) process to move away from the boundary.
Last, if Assumption (H,) holds, Proposition 2.1 easily implies the almost sure tightness of (py,)n>1.

Corollary 2.2 (Almost sure tightness of (py,)n>1). Under the assumptions of Proposition 2.1 and the
supplementary Assumption (H4), we have

limlimsup p,, (D \ K,;) =0, almost surely.

0 n—4oo
Proof. By Proposition 2.1, (i, ),>1 is almost surely tight. By Prokhorov’s theorem and Remark 2.3
below, (pn)n>1 is almost surely relatively compact. Then, (Hy4) certainly implies that (p,,),>1 also is.
By what precedes, (pp)n>1 is thus almost surely tight on D. The result follows. O

Remark 2.3. It is well-known that the open set D is topologically Polish: one can build a distance §
which is such that the metric space (D, 0) is separable and complete and whose induced topology is
equivalent to the topology induced by the Euclidean distance on D (for instance, one can set 6(x,y) =

1 1
lz —y| + |d(m,8D) ~ d(y,0D) -

Setting &, := ¥ p (X, ) € (0,+00), Proposition 2.1 rewrites equivalently
1 n—1
7 lim lim sup — 1 =0.
) i lim sup -~ kZ:O Vet L (g, <n}

The proof of (7) is divided into two parts. In §2.1, we construct a one-dimensional process Z.-1;)
which essentially bounds from below the process ¥p(X;). Denoting by ¢, the value of this process at
time I';,, the main result of this first part, Corollary 2.11, states that ¢, < &, for n large enough and thus
allows to reduce the proof of (7) to a similar statement on the sequence ((,,)n>0. This is the object of the
second part of the proof, which is detailed in §2.2.

Throughout the section, we let Assumption (H; ), (Hz.a) and (Hg) be in force, and do not mention
them in the statement of our results.

2.1. Construction of the coupling. In this subsection, we adapt the coupling argument from [ ,
Proposition 4.1] to take into account the discretization mechanism.
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2.1.1. Preliminary material. We first extend the function 1/p to the whole space R¢ by letting

Ve & D, Yp(z) == — inf |z —y|.
yeD

Then ¢p : R — R is the signed distance to 9D, which is positive in D and negative in R\ D.

Since, by Assumption (H;), D is bounded with a C2-boundary, the following statement follows
from [ , Lemma 14.16].

Lemma 2.4 (Function 1; p). There exist ng > 0 and a c? function 1; D : R? — R such that:

(i) 1p and Vibp coincide with ¥ p and N'bp on the strip {x € R : |yhp(x)| < mo}:
(ii) ¥p, Vop and V> p are b~0unded onRY: N
(iii) ¥p(z) > no if and only if Gp(z) > no, and Yp(z) < —1io if and only if Pp() < —1p.

A particular consequence of the first assertion in Lemma 2.4 is that for any € R? such that
|p(x)| < no, it follows from the eikonal equation that

®) Vin(@)| = V()| = 1.
By It6’s formula, we then deduce that for any n > 0, forany ¢ € [['),, ['y41),

. . - e t - t
Ip(Xe) = dp(Xr,) + / Rods + / A, -dB,
s=I"p s=I"p

where
©) Ry = b(Xr.) - Von(Xs) + %tr (00" (K1) V?0n(X.)) € R,
(10) Hy =o' (Xr,)Vip(X,) € RY

2.1.2. Time change. We define the time change (7(r)),>o by the identity

),
29 . - _
vr =0, /s:o (P 5 o) + Lo ) 45 =7

Since, by Assumption (Hs.a), oo ! is bounded and uniformly elliptic on D, and QZ p satisfies (8), there
exists 0 < ¢g < 1 such that, for any r > 0,

(11) o <) < <,
co

which allows to define the inverse function 77! : [0, +00) — [0, +-00).
For any n > 0, we set A, = 77 5(T,,) and 6,41 = Ap1 — A, We then have

’Yn

r
(12) col'n <A, < 7”7 coYn < 0p < —
€0 co

For all r > 0, we set G, := ]-“T(r). Then (G, ),>0 is a filtration, with respect to which the sequence
(Ap)n>0 is an increasing sequence of stopping times. Besides, by the Dambis—Dubins—Schwarz theo-
rem [ , Theorem 1.6, p. 181] the process (W,.),>( defined by

T<r> _
- 1
W= / Lo o 4Bs + 15,0y dBL)

where B! is the first coordinate of B, is a one-dimensional (Gr)r>0-Brownian motion.



Asymptotically unbiased approximation of the QSD of diffusion processes with a decreasing time step Euler scheme 9

2.1.3. The sequence ((n)n>0 and the process (Zy)r>o. Combining the boundedness of o and b on D

provided by Assumption (Hs.a), the boundedness of V¢ and V29 provided by Lemma 2.4, and (11),
we deduce that there exists ¢; > 0 such that for any n > 0, forany A, <71’ <r < A,11,

T(r)
/ Kds
s=7(r")

We introduce the drifted Brownian motion (w,),>¢ defined by

wy = —cr + W,,

<ci(r—1").

and for any n > 0, we set
ln+1 = sup Wy — Wy
Ap<u<v<Anii1
Lemma 2.5 (Increments of (w;),>0 on the grid (A,)n>0). We have

lim ¢y, =0, almost surely.
n—-+o0o

Proof. Letn > 0. By (12), we have

lnt1 < L;H_l = sup lwy — Wy
An§u<v§An+cal'yn+1
Since A, is a (G, ),>o-stopping time, while (W,.),>0 is a (G, ),>0-Brownian motion, the strong Markov
property yields
Uil = sup lwy — wa in distribution,
0<u<v<cy 'nt1
and the right-hand side is bounded from above by #(cy *vn11)"/*, where & is the (random) 1/4-Holder
constant of the drifted Brownian motion (w;, ),>0 on the bounded and deterministic interval [0, ¢, * SUP,, >0 Yrt1)-
Using the Markov inequality, we deduce that for any € > 0,

1 1/4 (cg ' m1)” o
B (na1 > ) < P (nlcg i)/ > €) < 0TR[],
€
where p is given by Assumption (Hs.b). Since « is known to have finite moments of all orders [ ,
Theorem 10.1, p. 152], the conclusion follows from the Borel-Cantelli lemma. O

Remark 2.6. While Assumption (Hs.a) is clearly fundamental in all the paper, it is worth noting that
Assumption (Hg.b) plays only a role in the proof of Lemma 2.5.

We may now define the sequence ((,,)n>0 in [0, 70] and the process (Z;),>¢ in (—o0, 7o) as follows:
o 7y = (o = z for some zy € [0, o] which will be specified in the next subsection;
e for any n > 0, (ZT)TE[AH, Any1) 18 the one-dimensional Brownian motion started at Cp, with
constant drift —cy, driven by (W, — Wa, )reja,,A,..,) and negatively reflected at the level 7o;
in other words, with the notation of Appendix A, we set

Ze =T7((p + we —wa,,) on [An, Api1);

® (nt1 = [ZA;H]‘F‘
This construction is illustrated on Figure 1. It follows from this definition that (Z,),>¢ is adapted to the

filtration (G, ),>0.

Remark 2.7. The evolution of the process (Z,),>o can be concisely described by the reflected stochastic
differential equation with jumps

dZ, = —c1dr + AW, — dL?™ 4 [Z, ]_dN2,

where (Lf *1%),~¢ is the local time of (Z,),>o at Ny and (N,,A)TZO is the adapted counting process
defined by

“+oo
NTA - Z ]l{AnST}
n=0
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FIGURE 1. Construction of the process (Z;),>¢. Vertical dotted blue lines indicate the
times A,,. The solid black curve is 1p(X ,(,), the dashed black curve is ¥ p (X ().

Black points represent the values of &, = ¢p (YT( A,))- The red curve is Z,, the hori-
zontal red line has coordinate 7)y, and red points represent the values of (,,.

For any n > 0, we then let
An—i-l = inf{r < [ATMA'IH-I) : JD(YT(T)) < _770}7
with the convention that £n+1 = Ap4q if {E D (YT(T)) remains above —7)y on the interval [A,,, Api1).

The first step of our coupling argument is detailed in the next statement.

Lemma 2.8 (Coupling ¢'p (YT(,,)) with Z,.). Foranyn > 0, if ,, < &, then for any r € [A,, Api1),
Zy < Yp(Xo(r)-

Proof. Letn > 0 be such that ¢, < &, = ¢¥p (X1,). Letr € [Ay, Anﬂ) and " be the largest index in
[Ay,, 7] for which 9 p (X ;7)) > nos if there is no such index, we set 7' = A,,. In both cases, it is easily
checked that ¢)p (X T(r/)) > Z,, so that if ¥’ = r then the claimed inequality is immediate.

If ' < r, by the definition of 7’ and the fact that 7 < A, 11, we have p (X 7(,)) € (—n0,70) and thus

o - - T(r) T(r)
¢D(XT(7")) = dJD(XT(r)) = @Z)D(XT(T’)) +/ st5+/ H, -dB;.

s=7(r") =7(r")
The first term in the right-hand side is larger than Z,., the second term is larger than —c;(r — /), and
since ¢ (X 1 (y,)) remains in (=1, no] for u € [, 7], the third term coincides with W, — W,... Therefore
we get
wD(XT(r)) > Zypr — 01(7" - T/) + W, =Wy = Zp + wp — wyr,

which by Proposition A.1 (i) is larger than Z,.. O
We deduce from Lemma 2.8 that if {;,, < &, then

(13) Apir > inf{r € [Ap, Api1) s Zr < —mo} = ALy,

with the same convention as before that A;l 1= An41 if Z,. remains above —7) on the interval

[An, Apt).

Lemma 2.9 (Asymptotic behavior of A!). Almost surely, there exists N > 1 such that for any n > N,
Anpr = Batr.

Proof. Assume that n > 0 is such that A7 | < A, 1. Then ZA%H = —no, and since Za, = (, > 0,

the largest 7' € [Ay,, A}, ;) such that Z,» = 0 is well-defined. On the interval [r’, A] ], the reflection
at 19 does not act and therefore

—To = ZA;HA - ZT’ = WA;HA — Wyl
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We deduce that if A}, < A, then t,41 > 79, which by Lemma 2.5 implies that almost surely,
A}, 1 = Apyq for n large enough. O

Let N > 1 be given by Lemma 2.9. If there exists n > N such that (;,, < &, then by (13), £n+1 =
Ay, +1 and therefore Lemma 2.8 can be applied on the whole interval [A,,, A, 1) to yield

ZA; <¢D( )

n+1

If {/;D( F11) < 0 then ZAf < 0 and therefore (11 = 0 < &,41. Otherwise, X- = X, ,, and

+
therefore we also have (41 < §n+1 Thus the argument may be iterated and yields ¢, < &,k for any
k>1.

The existence of n > N such that ,, < &, is ensured by the next lemma.
Lemma 2.10 (Regeneration times for ((y,)n>0). Almost surely, the set {n > 0 : ¢, = 0} is unbounded.

Proof. For any n > 0, on the event {Vn’ > n, (,» > 0} we have Z - > 0 forall n’ > n and therefore

Ze =T7((y, + we —wa,, ), on [A,,, +00).

As a consequence, by Corollary A.6 there exists a finite time » > A, such that Z,, = —1. Let n’ > n be
such that A,y < r < A, Since (,y = Z A > 0, we thus have

ln) 2 ZA?/ — Ly 2 17
which by Lemma 2.5 shows that P(Vn' > n, (,; > 0) = 0. The result follows. O

We deduce from the discussion preceding Lemma 2.10 that almost surely, for n large enough, (,, < &,.
Combining this result with the bounds (12) yields our final coupling estimate.

Corollary 2.11 (Final coupling estimate). Almost surely, for any n > 0,

n—1 n—1

1 1 1
lim sup Z 7k+1]l{§k<77} < hm sup Z (5k+1]l{§k<n}

n—+oo L'n n—+oo An

Remark 2.12. Since the coupling argument works as soon as ¢, < &, for some n larger than the index
N given by Lemma 2.9, and Lemma 2.10 ensures the existence of such an n, the choice of the initial
value zq for (Z,),>0 and ((n)n>0 does not affect the results of this subsection. In the next subsection we
shall take zo = ng/3, which will allow to slightly streamline the formulation of our argument.

2.2. Study of the sequence ((;),>0. The aim of this subsection is to show that, almost surely,

n—1

1
14 lim lim sup — E Oyl =0.
( ) 70 n%+o<IJ) n ol {Ck<7]}

By Corollary 2.11, this proves Proposition 2.1.

To proceed, in §2.2.1 we shall set Zy = 79/3 and introduce intertwinned stopping times 0 = Sy <
Tp < S1 < Ty < --- such that, on [Sy, T), Z, goes from 19/3 to 219/3, and on [T, Sq+1), it goes from
210/3 to 1n9/3. As a consequence, on [T, Sy4+1), Z, behaves as a drifted Brownian motion negatively
reflected at 79, while for step sizes A, small enough, on [Sq, Tq), Z, should be close to a drifted Brow-
nian motion positively reflected at 0, which we will denote by Z, ; -~ The quantification of this assertion
is an important technical point of our argument, it is stated in Proposition 2.14. Then, for large n and
n < mo/3, the prelimit in the right-hand side of (14) should approximately coincide with the average time
spent by Z.f . in [0,7), on each interval [Sg, Ty ), divided by the average length of the interval [T}, Sy41).
This statement is made precise in §2.2.2.

We refer to Figure 2 for an illustration of several quantities which are introduced in this subsection.
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+
Zq

S, T, Syt

FIGURE 2. The process Z, on [Sg, Sg4+1). On the interval [S,, Ty), it is bounded from
above by Zq > Which is reflected at 0 and therefore does not depend on the A,. The
statement of Proposition 2.14 is that the distance between Z, and Z, +_ does not exceed

2¢4. For € > 0, the hitting times of the respective levels 27/3 and 2170 /3 + 2¢ for Z,
are denoted by 7" and T,

2.2.1. The sequences (Sy)q>0 and (1y)q>0. From now on, we set 2y := 7)9/3 in the definition of the
process (Z,),>0 and of the sequence ((;)n>0, and we let Sp := 0.

For any ¢ > 0, assuming that the random variable S; € [0, +00) has been defined and is such that
Zs, = no/3, we set

2
Tq = inf{T‘>S Ly > ;70} E(Sq)+oo]7

and if T;, < +o0,
Sg+1 = inf {r >T,:Z, < 7;)0} € (T, +o0].

Since (Z,),>¢ is adapted and right-continuous, both 7}, and S, are stopping times for the filtration
(Gr)r>0. Besides, on each interval [S,, T;,), the negative reflection at 7y does not act; while on each
interval [T}, Sq+1), there is no return to 0 on the grid (A,),>0.

Remark 2.13. In other words, with the notation of Remark 2.7, the process Zq satifies
dZ, = —c1dr + AW, + [Z,-] _dNA on [S,, Ty),
dZ, = —cydr 4 AW, — dLZ*0 on [Ty, Syi1).

As a consequence of this remark and the fact that, on the event {7, < +oo}, the Brownian motion
(W, — WTq)T>Tq is independent from QT we deduce that the variables S1 — T, ..., S¢+1 — Ty are
independent copies of the random Varlable TS 10/3.210/3 defined in Appendix A.2. However, the same
argument does not apply to the variables Ty — S, ..., T, — Sy because on each interval [Sg, T;), the
process Z, not only depends on the randomness induced by the Brownian motion (W, — qu)rzsq, but
also on all stopping times A,, in the interval, which need not be such that A,, — S, is independent from
gs,-

To remove this dependency, we denote by ( +)r>s, the Brownian motion started in 79/3 at r = S,
with drift —c;, driven by the Brownian motion (W Ws,)r>s, and positively reflected at 0. In other
words, we have

Zi, = 08, Be:=— +w. — wg, on [Sy, +00).
This process no longer depends on the stopping tlmes A, larger than S, and therefore it is independent

from G,. Our purpose is now to show that statistics of Z, on [S,, T;;) are well approximated by statistics
of Z,.
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Proposition 2.14 (Estimate between Z.,. and Z,). For any q > 0, let
ng :=min{n > 0: A, > S;} <my :=min{n >0: A, > T},
and with the notation of Lemma 2.5, let

€= SUp ip.
ng<n<myg
For any r € [Sy,T,), we have
+
0< 7 — 7, < 2¢,.

As a preliminary for the proof of Proposition 2.14, we clarify the relation between (Z),.¢| S,.17,) and

(Br)re(s,,1,) in Lemma 2.15 below. In this statement, we define (3,),¢(s,.7,) bY

B = Bs, =% on [Sq, An, NTy),
" Ba, =B +wa, —ws, on[Ay, Any1 ATy), forany n € {ng,...,mg —1}.
Lemma 2.15 (Zx,, as areflected scheme). For anyn € {ng,...,mqg — 1},

ZAn = (I‘JF’OB.)AH .

Proof. We first note that if A, . = Ty, that is to say n, = my, then the statement is empty. We therefore
assume that A,,, < T, and first remark that, by construction of the process (BT)TE[quTq) and since
Bs, =m0/3 >0, forany n € {ng,...,mq — 1}, we have the identity

+,073 _
(15) (T778,) 5, = Ban + max [Ba,]-.
In particular, for n = n4, we deduce that
(I‘+7OB.)Anq = BAnq + [6Anq}_ = [5Anq}+7

which clearly coincides with Z4,, .

Let us now assume that n € {n,,...,my — 1} is such that Z,, = (I‘J“OE,)A . Then, by Proposi-
tion A.1 (ii), we have

+,03 — +,0 ) ¥l
(F B.)An—o—l - (F (ZAn—i_/Bo_ﬁAn))An_H’
But it follows from the definition of /3,, and the fact that Zx, > 0, that

Anﬁrilgin+l [ZA" +Bv o BAn] - = [ZAn + /BAn+1 - BA"]— )

so that B
(I‘+7OB.)AR+1 = [ZAn + BAnJrl - ﬁAn] + = [ZAn + wAnJrl - wAn]+ ‘
Since A, 41 < Ty, Z, does not reflect at 1y on [A,, A,41] and therefore the right-hand side above
coincides with Za . ,. The end of the proof follows by induction. |
We are now ready to complete the proof of Proposition 2.14.

Proof of Proposition 2.14. We deduce from Lemma 2.15 and (15) that, for any n € {n,,...,mq — 1},

+ _ (T+0 (707 _ _
Zq,An ZAn (F BO)An (F ’B.)An nghangn [Bu]— n;gﬁ‘,};n[ﬂAn/]—a

from which it immediately follows that

(16) 0<Z A, —Za, < sup  [Bu—PB,] < max 1y <e
= Sq<u<Ay ng<n’<n

To complete the proof of Proposition 2.14, it remains to estimate Z;f - — Zp for values of r outside the
grid (An)ng<n<m,—1. To proceed, we note that for n € {ny, ..., my — 1}, Proposition A.1 (ii) yields

Z;:. = F+70 (Z;:An + /8. - BAn> 9 on [An, An+1 /\ Tq),

while
Lo =2, + Be — /BA,“ on [An, Api1 A Tq).
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Therefore, for any € [A,, Apt1 A Ty),

(17 Zde = Tr=Zfn, = Za,+ ax |ZEs +Bu—Ba,]

nSusr
which already shows that Z; - — Zy > 0 thanks to the lower bound in (16). Besides, letting
pn = inf{u > A, : Z;An + Bu — Ba, <0},

we get

Anusr [Z;An +Bu - ﬂA"} _

O lf p’I’L Z T’
maXAn <u<r [/BU - Bpn]+ OtherWise’

which shows that

(18) max [Zfy, +Bu=Ba,| < s |Bu- Bl =t <ep
nSuSr ’ - ’Ll,7’Ue[An,An+1]

Combining (17) with the upper bound of (16), we deduce that Z&f » — Zp < 2¢4. The same argument

applies on the interval [S,, A, A Tg), and this completes the proof of Proposition 2.14. (Il

We gather the results from this paragraph in the following final statement.

Corollary 2.16 (Estimates on (.Sy)4>0 and (1y)g>0)- (i) Almost surely, the stopping times S, and
T, are finite and they grow to +00 when q — +o0.

(ii) The random variables (Sy11 — Ty)q>0 are independent copies of T
(iii) The random variable T, — S, satisfies the estimate

C1
770/372770/3‘

0 +;
TH0 =8, <Ty— S, <T; =5,

where ¢ is defined in Proposition 2.14 and for any € > 0,

| 2
T = inf {7’ > 8,1 20, 2 0+ 26} € (S, +00)

is such that TqJr * — S, is independent from Gs, and has the law of T;oc/l372no J342¢

(iv) Almost surely, limgy_, oo €4 = 0.

Proof. Let ¢ > 0 be such that S, < +oc and Zs, = 19/3. As a consequence of Lemma 2.5, ¢; < +00.
Therefore Corollary A.6 shows that Tq+ " < +400. It now follows from Proposition 2.14 that

+;0 +3€
T, < T, <T

C1

which implies in particular that 7, < 4-00. On the other hand, S,41 — T has the law of T770 13,2003
(using a symmetry argument) and therefore it is finite, almost surely. We deduce that S;41 < +o00 and
Zs,., = 1o/3, which allows to show by induction that S, and 77 are finite for all ¢ > 0.

In addition, for any ¢ > 0, Sy41 — Tj is independent from QTq, and thus from ng, while it is Gg
measurable. Thus, the variables (S;41—1}),>0 are independent copies of T% /3.200/3°
the sequences (.S;),>0 and (73)4>0 do not accumulate and therefore they grow to +o0o when ¢ — +o0.
This completes the proof of the points (i), (ii) and (iii). We last deduce from (i) that the indices n, and
myg defined in Proposition 2.14 grow to infinity when ¢ — +00, and therefore by Lemma 2.5 we have

q+1"
Asa consequence,

lim e, < lim sup ¢, =0, almost surely,

q—+oo n—-+4o0o n'>n
which yields the point (iv). O

1 therefore the

Remark 2.17. It follows from Corollary 2.16 (iii) that for any ¢ > 0, G+0 C G, C Gg
q

—a
770/372770/3‘
Tq+ * may a priori be larger than Sy 1, the variables (Tq+ ' — S4)q>0 are not necessarily independent.

. 0 . . .
random variables (TqJr " —84)q>0 are independent copies of T However, as soon as € > 0, since
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2.2.2. Framing (14). For any q > 0, we set

—+o00 +oo
Ry = Z L5, <Ap<Sqi1}0k+15 Ry(n) = Z L5, <Ap<Sy41}0k+11(c, <)
k=0 k=0

Since the sequences (.Sy)q>0 and (Ty)4>0 are almost surely well-defined and do not accumulate, these
quantities are almost surely well-defined and finite; besides, for any n > 0, denoting by @), > 0 the
unique index such that Sg,, < A, < Sg,,,, we obtain the two-sided inequalities

Qn*l Qn Qn*l n—1 Qn
(19) Ry <A, < ZRqa Z Rq(n) < Z5k+1]1{<k<n} < ZRq(m-
q=0 q=0 q=0 k=0 q=0

Lemma 2.18 (Comparison for R, and R,(n)). Let us define

Ty

-/

Rq = (Sq+1 - Sq)v R;(ﬁ) = / s ]l{Z;:T<17}dT7 R;’(%E) = R;(n + 6) - R;(T] - 6),
r==Sy

where 0 < € < n. We have

lim ‘ﬁq — E; =0, almost surely,

q—+00

and, for any n € (0,10/3], forany 0 < € < n,

lim sup (|Rq (n) — R;(n)} — R;(n, €)) <0, almost surely.
q—+00

Proof. For any g > 0, we have

Ng+1—1

= Z 5n+1 - (Sq+1 - Sq) < (Anq - Sq) + (Anq+1 - Sq-l—l) < 5nq + 5nq+1-

n=ngq

= =
R, - R,

By Corollary 2.16 (i), ny — 400 when ¢ — +o0 and therefore (12) ensures that the right-hand side
above goes to 0 when ¢ — +4-00.
On the other hand, let € (0,70/3]. For any ¢ > 0, we have

ng+1—1 Ty
Ry(n) = Riyn) = 3 dwsaligen = [ Lgzg e

n=ng "="q
mq—1 Ty

= Z On+11¢¢, <n} _/ S 1{Z$r<n}dr
n=ng r=
mq—1 An+1/\Tq

=Y [ (Mo~ )
n=ng VT=5n

Anq Amq
_ 1,,+ d?“—i—/ 1., dr,
/T:Sq {Zgr<n} =T, {Zagm,—1<n}

where we recall that m,, is defined in Proposition 2.14 and we have used the fact that, since 7 < 7/3,
then (;, = Za,, > nforany n € {my,...,ngr1 — 1}. By the same arguments as in the beginning of the
proof,

< Ong + Omy;

Anq A'mq
- Ly opdr + / 1y dr
/r:Sq {Zg.r<n} 1, (2o, <m}

which vanishes when ¢ — +o00.
To complete the proof we first establish that, for any ¢ > 0,

Vn e {ng,...,mg—1}, Vre[A,, App1 ANTy), Z, — Zn,| < 3eq.

Indeed, we have

|Zgr = 2| <1240 = Zyn |+ 1248, = 2],
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and by (16), the second term is bounded by ¢,, while by Proposition A.1 (ii) and the definition of Z; o
Ziy—Zin, = Br = Ba+ s [Z75 +Bu— B .

and by (18), the modulus of the right-hand side is bounded by 2¢,. We deduce that for A,, and r as above,
1z, <ny % ]l{Zq+r<n} then necessarily n—3¢, < Z;:T < n+3¢4. Therefore, using Corollary 2.16 (iv),
we deduce that for any € € (0,7), for ¢ large enough we have 3¢, < € and thus

n+1/\Tq Ty y
Z / ]l{ZAn<77} B ]l{Z;fr<T]}) dr| < /7“—5 ]l{nfeSZ[]tr<17+e}dr = Rq (777 6)7
=9q

which completes the proof. O

Lemma 2.19 (Laws of Large Numbers) With the notation of Proposition A.3,

——cC1

QEIEOO Z 770/3 2n0/3 T 7€770/3 2n0/3» almost surely,

and, for any n > 0,

Q-1
. 1 .
QETOO ) Z Ri(n) = Rnoc/l3 om0 /3( n), almost surely.
q=0
Proof. We start by writing
= = Q-1
——/
a Z Rq = 6 (Sq+1 - Tq) + Q Z(Tq Sq)
q=0 q=0 q=0

Q-1
: 1 =e1
QE)TOO 0 qEO(SqH —Ty) = Ry /3.200/3: almost surely.

We now address simultaneously 7, — .S, and R;(n) by showing that for any measurable function 0 <
g<1,

T 1
n9/3,2n0/3 —
g(ZH 0% Ndr| | almost surely.
r=0 /3.

1 T
lim — / g(Z1)dr =E
Q—+o0 Q q—ZO r=_Sg ( q,r)

The difficulty here is that in the prelimit, the variable 7}, depends on (ZT)TE[quTq), and thus on the
randomness induced by the stopping times (A, )y, <n<m,—1, therefore the summands need not be inde-
pendent.

By Corollary 2.16 (iii), we have, for any ¢ > 0,

T, Ty
[ azioar- [ gz
r==Sqg r=S,

q

T+§€q
! +
< .
- /rT;—;O g(Zq’T)dr

We deduce from the argument in Remark 2.17 that the second term in the left-hand side forms a collection
T—C

n9/3,2n0/3 +,0;—

of independent copies of the random variable [, """ (Zno J3r

of Large Numbers and Proposition A.3 we have

QETOO Q Z/

To complete the proof, it therefore suffices to show that
+ i€q

2 li =
(20) Q—lg-looQZ/T+0 7d’r 0.

“1)dr, and therefore by the strong Law

0

T;OC/I3,2770/3 +, O _
9(Zf)dr =E / 9(Z, s hdr| almost surely.
r=0
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To proceed, we fix € > 0 and notice that by Corollary 2.16 (iv), we have

= Q-1 gt
lim sup — / g(Z1)dr < limsup — / g(Z1)dr, almost surely.
Q—+oc @ z(:) ey T Q-+ @ qz:(; e T

For any ¢ > 0, we now define

e T e
- + +
AM, := /T—T“O 9(Z),)dr —E [/T—TJ“O 9(Z,)dr QT;;o] )
—*q —tq

Since TqJ”0 <Ty < Sgp1 < th;(l], the family (gT+;o)q>0 is a filtration, with respect to which (AM;),>0
F0)g> >

is a martingale difference sequence. Besides, by the strong Markov property for the reflected Brownian

motion (Z; )r>s, (see Proposition A.2), for any ¢ > 0 we have, with the notation of Appendix A.2,

T
/ o(Z)dr
™

_mp+i0
_Tq

E

G0

T,1
2n9/3,2n0/3+2¢ +0i—c1 —
=k l/ 9(22770/377“ )dr| < R2n0/3727lo/3+257
T

=0
e . 2
<E |E /T:Tﬁog(Zq,r)dT

2
<E (T2ncol/3,2no/3+26) ] :

and

B Ttie
E [(AM,)?] =E |Var (/ ! g(Z],)dr

gT(;HO

Since, by Proposition A.3, the right-hand side is finite and does not depend on ¢, we deduce from the
strong Law of Large Numbers for martingale difference sequences that
1=
li — AM, = Imost ly.
QEEOO 0 q:Z[:) ¢ =0, almost surely

Therefore, we have

Q*l T+;€
1 a —
lim sup — Z / g(Z;:T)dr < R2n21/3,2n0/3+26’ almost surely.

Q—~+o0 Q 4=0 r:quL;O

By Corollary A.4, the right-hand side vanishes with €, which shows (20) and completes the proof. O

We are now ready to complete the proof of the estimate (14). By the Cesaro Lemma, we deduce from
Lemmas 2.18 and 2.19 that

Q-1 Q-1

. 1 Y . 1 -/ ~C1 —~—C1

ey lim 53 Ry i 5 Ry = R+ Ry amostsurely.
q=0 q=0

Similarly, we get, forany 0 < e < n < 19/3,

Q-1 Q-1
1 1
limsup |= Y Ry(n) — R (n)| <limsup — Y RI(n,e€), almost surely.
Qoo | Q qZO ' ol Qoo q—ZO '

On the other hand, using Lemma 2.19 again yields

Q-1

. 1 } : " - -

Qgr—{-loo a 0 Rq (m,€) = RWOC/13,2770/3 (n+¢€) - Rnoc/l&?no/?’ (n—e), almost surely,
q=
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and by Corollary A.4, the right-hand vanishes when € | 0. Therefore we finally get

Q-1

. 1 e

(22) Qgrfoo 0 E 0 Rq(n) =R, s 007305 almost surely.
q:

By (19) and since Q,, — 400 with n, we conclude from (21) and (22) that for € (0, 10/3],

1 n—1 R_C/132 /3(77)
lim —— Z5k+1]1{<k<n} = e o=
ntoo Ay k=0 Rn;/372770/3 + R770/1372770/3

which by Corollary A.4 yields (14) and completes the proof of Proposition 2.1.

, almost surely,

3. Proof of Theorems 1.1 and 1.2

Theorem 1.1 being a particular case of Theorem 1.2, we only prove Theorem 1.2. To proceed, we
introduce the discrete and continuous renewal times

ng := 0, n; = min{n >nj_q 0, = 1}, 5 1= Fnj,

with 6,, defined in (3). It follows from Lemma B.4 below and the strong Markov property that the set
{n >1: 6, = 1} is almost surely unbounded, so that n; and s; are well defined for any 7 > 0, and
under Assumption (Hsz.a), s; — 400 when j — 4o0.

We then introduce the empirical measure of the Euler scheme at renewal times

4
1
Ve>1, 9= ZE s, s
~J
=1

and first show that the almost sure tightness of (p,,),,>1 implies that of (¥¢)>1.

Lemma 3.1 (Tightness of (¥¢)¢>1). Under the assumptions of Corollary 2.2, the sequence (V;)¢>1 is
almost surely tight.

Proof. For any bounded and measurable function f : D — R and j > 1, we have
]E [f(yﬁj) - pnj (f)|'/—..5j—1] = 0

Therefore, the sequence (f(Xs,) — pn,(f))j>1 is a martingale difference sequence for the filtration
(Fs;_1)j>1. Since it is bounded, the strong Law of Large Numbers for martingale difference sequences
yields

l V4
lim 37 (F(X,) = pay(F) = lim | 0u(f) — % S pu(f) | =0, almost surely.
=1

=400 ¥ - {—~+o0
J=1
The almost sure tightness of (9¢),>; then easily follows from Corollary 2.2. O
The sequel of the argument uses the same strategy as in [ , Sections 4.2—4.4] and relies on the

introduction of two operators A and II. For any measurable and bounded function f : D — R, we let
Af be defined by

VeeD, Af(z)=E, [/DTD f(Yt)dt] .

The operator A is regularizing: by [ ], under Assumptions (H;) and (Hj3), for any measurable
and bounded function f : D — R, the function Af is bounded and Lipschitz continuous on D. Besides,
for any p € My (D), we have p Al p > 0, which allows us to define
A
y= /MZTD € My(D).

The remainder of this section is organized as follows. As a preliminary, we prove the convergence to
A of its natural discretization in §3.1. Then, the proof of Theorem 1.2 works in two main steps. First,
we prove in §3.2 that if 9}, converges to some measure v, then p,, converges to II,,. Second, we use the
notion of asymptotic pseudo-trajectory to show in §3.3 that 9, converges to p*. Using the remark that
II,~ = p*, we complete the proof of Theorem 1.2 in §3.4.
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3.1. Discretization of the operator A. Let Assumptions (H;) and (H3) be in force. Moreover, let
1 = (7n)n>1 be a sequence of positive time steps, denote

nli=supn,,  tn = me,
n>1

and assume that lim,,_, | o t, = +00. We denote by ( )t>0 the continuous-time Euler scheme asso-
ciated with the SDE (1), with the same initial initial condltlon YO = Yy € D and driven by the same
Brownian motion (B;):>0. We next set

(23) b =inf{t, : Y, ¢ D} =inf{t >0:Y] ¢ D},

with ¢t := t,, for any t € [t,,, t,+1). This allows us to define, for any measurable and bounded function

f:DSR,
/TD FOTTat
0

It follows from Lemma B.4 in Appendix B that the function A" f is bounded on D. The main result of
this subsection is the following statement.

(24) VeeD, A'f(z):=

Proposition 3.2 (Convergence of A" f). Assume (Hy) and (Hs). Let 1) be a step sequence such that

lim t, =400 and sup fint1 < +00.

n—-+o0o n>1 Mn
Then, for any measurable and bounded function f : D — R,

lim sup [A7 () — Af(x)| =
[7|=0zeD

The proof of Proposition 3.2 relies on various discretization estimates, which are gathered in Appen-
dix B and may be of independent interest.

Proof of Proposition 3.2. Let f : D — R be a measurable and bounded function, which we extend by
0 on R%\ D. It is well-known that there exists a sequence (f,)p>1 of Lipschitz continuous functions
fp : RY — R which are such that ||f,|lcc < | flloo @and f,(z) — f(x) when p — +oo, dz-almost
everywhere. Writing

A7 f(x) = Af ()] < [A7(f = fp) (@) + [A" fp(2) — Afp(@)] + [A(f = fy)(2)]

and applying Lemma B.8 to f,,, we observe that to prove the proposition it suffices to show that

(25) lim (sup |A(f — fp)(x)] + limsup sup |Zn(f - fp)(az)> =0.

p—+00 \ zeD |n|—0 z€D

We first address the term ]Zn(f — fp)(x)]. We fix 0 < t; < ta < 400, and write

A = fy)a \—

Eg [(f - fp)(?Z)]l{K;g}} dt‘

to +oo
< 2| fllocts + / I8 = BT e dt 2l [ B (< T e

t2

For § > 0, one may fix ¢; small enough for the inequality 2| f||oct1 < 6/3 to hold, and by Lemma B.4,
one may fix ¢ large enough for the inequality

Wl >

+o0
limsupsupQHf]m/ P, (t <7}h)dt <
|n|—0 =z€D to

to hold. Last, with the notation of Lemma B.3, as soon as 77; < ¢; we have

to - to
| =D ey < [ 1) = Sl [ ata,

t1 - yeD
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which by the Gaussian upper bound from Lemma B.3, the fact that D is bounded and the Dominated
Convergence Theorem, yields

to . 5
lim sup sup/ E, []f - fp|(Y2)]l{??eD}] dt < 3
In|—0 xzeD Jt -

and thus

lim limsupsup |[A"(f — f,)(z ‘ =0.
P=Fo0 pl0 x€D ( p)( )

The term |A(f — f,)(z)| follows from the same arguments. This gives (25) and thus completes the
proof. ]

Remark 3.3 (On the role of Assumption (Hs.c)). Assumption (Hs.c) is only used in the proof of (69),
which in turn is only used for the regularization argument in the proof of Proposition 3.2, under a rather
weak form since we actually only require that

(26) VO <t <ty < +o0, limsup sup sup py(z,y) < +oo.
In|—0 =yeD telt1,ta]

Therefore, the following two remarks are in order.

(1) If one is able to show that (26) holds true without using Assumption (Hsz.c), then Proposition 3.2
and all subsequent results of the article remain in force. For instance, if o is constant, this
property is true without (Hg.c) (with the help of Girsanov arguments). Similarly, Malliavin
calculus may also lead to (26) when the coefficients are smooth enough.

(2) In any case, Lemma B.8 shows that the uniform convergence of A" f to Af holds true for any
continuous and bounded function f : D — R, independently from the bound (26). Therefore,
without Assumption (Hg.c), Proposition 3.2 remains true for continuous and bounded functions,
and so do our main results Theorems 1.1 and 1.2.

3.2. Comparison between (1,,),>1 and (¥)¢>1. For any ¢ > 1 and f : D — R measurable and
bounded, let us define
Ngfl

ANy (f) = Z ’YkJrlf(YFk)'

k=ny_4

It follows from the construction of (X);> that, for any measurable and bounded f : D — R,

(27 Ve > 1, E[ANf(f)’fﬁeq] = ZArl([il)f(‘)(ﬁeﬂ)v
(28) W>2,  EAN(IF- 1=pa A,

where A" is defined by (24) and the sequence of time steps v(©) = (’y,g) )k>1 is defined by

{4
29) VE>1, A =y
In this subsection, we state and prove the following result.

Lemma 3.4 (Comparison between (i, )n>1 and (9¢)¢>1). Let the assumptions of Theorem 1.2 hold.
(i) For any bounded and measurable function f : D — R,

4 )
lim % Z <T(])f - Af> (Xs,) =0, almost surely.

4
—+00 =

(i) For any bounded and measurable function f : D — R,

l
1
KE?OO - Jz; (ANj+1(f) — ﬁgAf) =0, almost surely.
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(iii) Almost surely,

{—+o00

L
o |
1@131;1;15 YeAlp >0, lim inf > £ >0, lglglﬁglj 7 §E[A5j+1|f5j} >0,

where A5j+1 =541 —5; = ANj.H (]ID).
(iv) If (V1)e>1 is almost surely convergent to a probability v € M (D) for the weak topology, then
we have

5
lim ¢ = pA1 D, almost surely;
l——+o0

and, for any bounded and measurable function f : D — R,

lm ., (f) =1,(f), almost surely.

n—-+o0o

Proof. Since nj — -+oo when j — +o0, Assumption (Hs.a) ensures that |y()| — 0. Therefore, by
Proposition 3.2 and the Cesaro Lemma, for any bounded and measurable function f : D — R we have

l
1 [€)) 1 00
gz(f ;- Af) ) ZZsu]m Fo) - Af(a)] 222,
j=1 1:):6

which proves (i). Now, since the paths of X; are continuous on each interval [s¢,5¢+1), one can check
that for any £ > 1, sy is F, s -measurable. It follows that for any measurable and bounded f : D — R,

the sequence (AN(f))e>1 is (fsz)gzl—adapted and by (28),
(0
E[ANe 1 (NIF ] = po (A7 f).
But for any ¢ > 1, we also have

A f(X)IF, ) = pu (A1),

£) R
so that the sequence (AN, 1(f) — A" f(Xs,))e>1 is a martingale difference sequence for the filtration
(]:SZ )e>1. Moreover, for any £ > 1,

o \2
<ANe+1(f) - T( >f(X5€)> |]:52

© — \?
< 2E [(ANZ+1(f))2 + <T f(X52)> ]};g]

2 2 _n 2
< 2ASILE |(ser1 =50 + (Ex, [Phlinoy0) 1P

<4lfl% suwp  E.[(TH)%].
veD[nl<y?)]

Since || is bounded by || uniformly in ¢, we deduce from Lemma B.4 that

suplE
0>1

< 400,

(ANHl(f) - T“)f(Xs,Z)Y

which by the strong Law of Large Numbers for martingale difference sequences finally leads to

4

. 1 ) =
@ngloo - ]Zl (AN]H(f) —A f(ij)> =0, almost surely.

Combining this statement with (i) proves (ii).
By Lemma 3.1, almost surely, there exists a compact set X C D for which ¢,(K) > 1/2. Hence,
since Al p is continuous and positive on D, for any £ > 1,

1.
YAl p > §:tlglf(A]lD($) > 0,
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which proves that almost surely, lim infy_, , .o 9,A1p > 0. By (ii), and since

¢
1 S¢41— 8
7 E AN; 1 (1p) = %7
=1

we then deduce that almost surely, lim inf,_, . o, /¢ > 0. Last, by (27),
(4) —
E[Asjy1|F] = A7 1p(Xs,),
so that by (i),

Since, on the other hand,

l
N — .
lmint g 2, ALo(Xs) = fmbafdedly > 0
this completes the proof of (iii).

We finally assume that almost surely, 9, converges weakly to some probability measure v on D. Then,
for any measurable and bounded function f : D — R, Af is continuous and bounded and therefore ¥, A f
converges to v A f, almost surely. By (ii) we next deduce that

1
lim - Z AN;(f) =vAf, almost surely.
Applying this result to f = 1 p, we first get that s,/¢ — v Al p, almost surely. Then, for any measurable

and bounded function f : D — R, we deduce that

vAf

ZETOO i, (f) = 623100 P ;ANj(f) = Ay I, f, almost surely.

To complete the proof, we show that this convergence holds along the whole sequence (/i )n>1. To this
aim, we write, for any n € {ng, ..., ng 1 — 1},

)

-T Sp11 — 5S¢
<2 Sl

r,
lpn(f) — Nng(f)‘ < 2||f||ool_,7

n

and since sy/¢ converges almost surely to the positive number ¥ A1 p then the right-hand side vanishes.
This shows that i, converges to I, f and completes the proof of (iv). O

3.3. Convergence of (9;),>1. The purpose of this subsection is to establish the following statement.

Proposition 3.5 (Convergence of (9¢),>1). Under the assumptions of Theorem 1.2, (0¢)¢>1 converges
almost surely to p*, weakly in M (D).

The proof of Proposition 3.5 is based on the idea that, by construction,

1 1
Ypp1 =9 (1 —— — %
el g( €—|—1>+€+1X54+1

1 1
=Y+ — (Hﬂl — 19@) -+ (5ysz+1 — HW)

{+1 f+1
(30) = V¢ + heF(Vg) + hegosr
where
1
1 hy = F(u) = pA— (Al = (Y Alp)d+ — 9A.
(3D C= U DALy (1) = pA = (pAlp)p,  eerr = (VeAlp)oy, —— Ve

Written in this way, (J;)¢>1 can be viewed as a discretization of the ordinary differential equation
(32) ot = F(pr),
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with a sequence of random steps (h¢),>1 and a perturbation sequence denoted by (£¢),>2. It is clear that
F(p*) = 0, and to prove that 1, converges to p*, we shall show that (¢/)¢>1 is an asymptotic pseudo-
trajectory for (32) on the one hand, and that p* is the unique, global attractor of this ODE on the other
hand. To proceed, we first show that the noise component in (30) vanishes asymptotically. Before stating
it, we first remark that, by (31) and Lemma B .4,

1

(33) lzigjgof(ﬁ + 1)he > St Ealr] >0, almost surely,
and by Lemma 3.4 (iii),
. 1
(34) lzrﬁigop(ﬁ + 1)hy < ity U041 < 400, almost surely.
For t > 0, we also set
N+1
(35) N(t)=inf{ N> 1,3 hj >t
j=1

Note that (33) and (34) guarantee that N (¢) is almost surely finite, and that N (t) — +oo when ¢t — +o0.

Lemma 3.6 (Control of the noise component). Let the assumptions of Theorem 1.2 hold. For any
bounded and Lipschitz continuous function f : D — R, we have for any s > 0,

N(t+s)
t—lg—noo Z hjeir1(f) =0, almost surely.
J=N(t)+1

Proof. Let f : D — R be bounded and Lipschitz continuous. The sequence
¢
> (hj€j+1(f) —E |:hj€j+1<f)|‘F5;+1:|>
=1 >1

is a (Fs,,, )e>1-martingale, whose infinite bracket is bounded by

+oo 1
2£1% > 5 < +oo.
U+

This implies that this martingale converges almost surely. Hence, since N(¢) — +oo ast — +oo, we
are reduced to proving that

N (t+s)
(36) tiiinoo Z E [hj5j+1 (f)\fﬁjfﬂ} =0, almost surely.
J=N(t)+1

One remarks that
E[€j+l(f)|]:5j_+l] = ﬁjA]lenj+1 (f) - ﬂ]Af = ﬁ]A]]-D (pnj+1 - H’l);‘) (f)
Using Assumption (Hy), the definition of N (¢) and Lemma B.4, we get

N (t+s)
Z h‘jﬁjA]lD |(pnj+1 - :unj-H)(f)‘
J=N()+1
1 t—+00
<|=———+ssupE 7'D> sup — |l ——0.
(s + s Bl L [ ()
In view of the previous convergence and of (36), we are thus reduced to proving that
N(t+s) 1

37 tiiinoo Z m (H“j+l - Hﬂj) (f) =0, almost surely.
J=N(t)+1
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We remark that py,,, (f) decomposes as follows:

1 1
fing iy () = - = St 1fingpq (f
“J+1( ) <5j+1 Zi:1 E[A5k+1|f5k]> J+ “J+1( )
_ Sjpn () L AN
Zi:l E[A5k+1|f5k] ‘]7{;:]_ E[A5k+1|]:5k]
where we recall from §3.2 that AN; 1 (f) = ZJ *nl ! Yi+1f(Xt, ). Hence,

1

j +1 (H“j+1 - Hﬂj) (f) = ARjJ + AR]'Q + ARj,g + ARjA,
where,
1 1 1
s j+1 <5j+1 S 1 [AskH]}}k]) kg (F)
Ay = ) ZI A (X
G+ E[Awak] ’
1 Zf LA (X, 0,Af
ARj73 = - - ’
I+ ElAsen|F,)  UiAlp
IN AN;1(f)
4=

(G+1) ) E[As|F, ]

and we recall that for ¢ > 1, the sequence of time steps *y(f) is defined in (29). In view of (37), it remains
to prove that for: = 1,2, 3,4,

N(t+s)
(38) gl}gloo z:)ﬂ AR;; | =0, almost surely.

We first address the cases ¢ = 1,2, 4. We introduce, for any N € N and ¢ > 0,

{+1
. 1
ON,c ‘= inf {e 2 ]\[7 m ;E[A5k+1’f5k] S C} y

with the convention that o . = +00 if the set above is empty. We shall prove that, for 7 = 1,2, 4, for
any N € Nand c > 0,

ON,c
Z |ARj7i| < +00,

J=N

which shows that Z;‘JZV ~ |AR; ;| is almost surely convergent. Since, by Lemma 3.4 (iii), almost surely
there exist IV and ¢ for which o = +00, we deduce that } ;- |AR; ;[ is almost surely convergent
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and in turn that (38) holds true. For ¢ = 1, we use the definition of o . to write, for any N and c,

ON,c ON,c

[[£loo
E g AR; <E E
jN| J,1| J 1

§j41 — i:l E[Asy11|Fs, ]
E[Aﬁk-i-lp:ﬁk]

N

2

+o0 J
[1£llso
‘FZN@(JW kzl b1

< Z [BfIE3 \/jT sup Ez[(?g)Q]% < +00,

~ci(+1) 2€D,|n|<|

(k) —
by Lemma B.4. For i = 2, we remark that since, by (27), E[ANy 1 (f)|Fs,] = A7 f(Xs,) fork >0,
we have

-1 2 i1 ) 2
E |l (1) - S A" 1(%a)| | =E Z(ANM(f)—Z””f(X%))
k=0 k=0
Jj—1 ® 2
B | (ANa(r) - 4" f<Xsk>>]
k=0
7—1

< E[@Na ()]
k=0

j—1
< U712 Yo [(Askia ()]
k=0

<Jlfl3  sup  E.[(7H)7]-
z€D,|n|<|y]

Thanks to Lemma B.4 again, it follows that for any /V and c,

ON,c
B 3 18Rl < Z Do 1)\\fuoox€;};p<vwfmé < +o0.
Last, for ¢+ = 4, with similar arguments we have
ON,c 400 1
B 3 18l < Z GG PN S 3 el sup | Ealr) < oo

‘We now address the case ¢ = 3. We first write

1
ARj73 = m (I] + IIJ + III]) R

with
L L@ - A (X o AIE) — Af(Xo)
T Y E[Asg|F] LY E[Asp|F)
and
11, = 9AF S (Ap(Xe) ~ElAsl By S (Al — 1) (%)

J ﬂjA]lD i:l E[A5k+1 |.7:5k] £:1 E[AskJrl |~7:5k]
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Using Lemma 3.4 (iii) and Proposition 3.2, we get
Jdim || + [IL;] + [IIL;]| = 0, almost surely.
J—+o00

Therefore, almost surely, for any € > 0, there exists {o(e) > 1 such that |AR;3| < ¢/(j + 1) for any
j > Lo(e). As a consequence, if £ > {y(¢) then

N (t+s) N(t+s) 1 N(t+s)
Z |AR;3| < ¢ Z ]ﬁ Z hﬁAllD<€<1+ssupIE [TD])
j=N@©-+1 j=N@+1 j=N@+1 e
which by Lemma B.4 shows that (38) holds true for ¢ = 3 and completes the proof. (Il

We now gather useful properties on the ODE (32).

Proposition 3.7 (Solutions to (32)). Assume (H1) and (Ha).

(i) For each probability v on D, there is a unique (©})¢>0 in C(Ry, My (D)) such that for any
bounded continuous function f : D — R,

V>0, () =vf)+ /0 F(e?)(f)ds,

where F is defined by (31).
(ii) For any compact subset K of M1(D),
s v *
Jmsup iy = vy = 0.
Proof. The first statement is a transcription of [ , Proposition 3.3], and combining the latter result
with Proposition 3.1 in the same reference we get that there exist C' > 0 and A > 0 such that, for any
Ve Ml(D),
Y P
v(n)
where 7 is a measurable and positive function on D which is the right eigenvector associated with the
principal Dirichlet eigenvalue A* > 0 on D of the infinitesimal generator L of (1). Combining Eq. (3.4)
in [ ] with the Priola—Wang gradient estimate used in the proof of [ , Proposition 3.2], n is
observed to be the uniform ¢ — 4oo limit of the family of continuous functions z — e*"'P,(7p > t),
and therefore it is continuous on D. Thus, for any compact set K of M (D), inf,cx v(n) > 0, which
completes the proof of the second statement. O

We may now complete the proof of Proposition 3.5, by using the estimate from Lemma 3.6 to show
that (9¢),>1 is an asymptotic pseudo-trajectory for the ODE (32) and then deducing from Proposition 3.7
that it converges almost surely to p*. Before proceeding, we clarify a few topological aspects which will
be needed in the proof. Since D is compact, the set C,(D) of continuous (and necessarily bounded)
real-valued functions on D, endowed with the sup-norm, admits a dense countable subset (fx)g>1. For
any v, 2 € My (D), we define

eI (k) — V2 ()|
©% 22 A

Then d defines a distance on M (D), and a sequence (v,),>1 of elements of M (D) converges weakly
to v € My(D) if and only if d(vy,,v) — 0. This statement follows from the Portmanteau Theorem,
which states that the weak convergence in M;j (D) is equivalent to the convergence against uniformly
continuous functions on D; the fact that uniformly continuous functions on D extend to uniformly con-
tinuous functions on D; and the fact that any such function is uniformly approximated by elements of
(f&)k>1. Notice however that d does not make M (D) complete.

Proof of Proposition 3.5. The proof is divided in three steps.

Step 1. Definition and relative compactness of ( T))tz(]. We build a family of continuous-time

processes (19? ) )t>0 as follows. We begin by considering a continuous-time process (51:)7&20 with values
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in M (D) built by interpolation of the sequence (J;)¢>1: we setty = O and forany ¢ > 1, ¢, = 2221 h;.
Then we set, for any ¢ > 1,
~ s
(40) VS (S [0, h(], 19t£_1+5 = 19@ + E(ﬁg+1 — ﬁg),
which defines (9;);>0 € C(]0,400), M1 (D)) such that 5%71 = 1y for any ¢ > 1. We first show that,

almost surely, this function is uniformly continuous with respect to the distance d defined in (39). By (40)
and the fact that, for any bounded and measurable function f : D — R,

2| flloo

41 ¥ — < ,
we have for every s, t € [ty_1, e,

5 5 2| flloo

Y - < —0 = |t —

’ t(f) S(f)’— (£+1)h[‘ 8‘7
so that by (33), for every s,¢ > 0, almost surely, there exists a (random) positive constant C' such that,
(42) 9:(£) = 0(f)| < Cl fllsclt — 5.
Then, for every s,t > 0,
43) d(9;,95) < 2C|t — s,

and the uniform continuity of (QA%)QU follows.
From now on, we fix 7" > 0 and for any ¢ > 1, we define (ﬁgZ’T))tZO € C([0,400), M1(D)) by

(44) vt >0, %Z’T) = 5t+[t,3_1—T]+-
The uniform continuity of (@)tzo implies that the sequence {(5§€’T))t20; ¢ > 1} is uniformly equicon-
tinuous. On the other hand, for any ¢ > 1, 19((]&T) = },_,—7], 1s a convex combination of elements

of the tight sequence (¥/)¢>1 (by Lemma 3.1). Therefore, the sequence (5(()K’T)) ¢>1 is also tight and
thus, by the Prohorov Theorem, it is relatively compact. We deduce from Ascoli’s Theorem that the

sequence {(5§Z’T))t20; ¢ > 1} is relatively compact in C([0, +00), M1 (D)) for the topology of uniform
convergence on compact intervals.

Step 2. Any limit of (ﬁie’T))tZO solves the ODE (32). As in Step 1, we begin by considering (575)1520-
For u > 0, set up, = tx(y) and up, = tx(y)41, Where N (u) is defined in (35). With the help of (30) and
(40), one can check that for any 0 < s < t, we have: if s > ¢ N(t)>

Oy — Vs = (t = s)(F(,) + en+2)

and if s < ¢y (with the convention ), = 0),

N()-1
ﬁt - 795 = (ﬁt - 'l%h) + Z (ﬁtk-u - ﬁtk) + (195}1 - 195)
k=N(s)+1
N(t)—1
=({t—t)(F) tenmea) + > hart(F(Dpsr) + enga) + (5 — 8)(F (V) + Engs)s2)-
k=N(s)+1

In other words,
o t t
1915 — 795 = / F(ﬂyh)du + / €N(u)+2du.

We now fix a bounded and Lipschitz continuous function f : D — R and prove that for any s > 0,

(45) dim <{9’Hs( ) =9(f) - /t HSF(Q%)( f)du) =0,  almost surely.
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To this end, it suffices to show that for any s > 0,

t+s
(46) tl}inoo ) EN(u)+2(f)du =0 almost surely,
and that,
t+s . .
47 t_lgrnoo /t (F(ﬂﬂh)(f) — F(Q?u)(f)> du| =0 almost surely.
For (46), we remark that, using (34),
t+s N(t+s)—
/ en(uy+2(f)du = (tn — t)en )2 (f Z hk+15k+2 )+t +s—t+3s,)en(rs+2(f)
t
N(t+s) 1
L e +O<N<t>>’
t)+1

since t — N (t) is nondecreasmg and
supleo(f)| < sup  [VALp|flloo + [(AS)]] < 2sup Eqgfrp] < +o0.
>1 veMi (D) z€D

We thus deduce (46) from Lemma 3.6 and the fact that N () 12790, 400 almost surely.

For (47), we first remark that since the functions A f and A1 p are bounded and Lipschitz continuous
on D, they extend to bounded and Lipschitz continuous functions on D. This makes the mapping v
F(v)(f) continuous for the weak topology on M (D). Since the latter topology is known to be metrized
by the distance d defined by (39) on the one hand, and to make the space M1 (D) compact on the other
hand, we deduce that v — F(v)(f) is uniformly continuous on the metric space (Mi(D),d), and
therefore also on the metric space (M;(D),d). As a consequence, for any £ > 0, there exists 6 > 0
such that for any v, 12 € M1 (D) such that d(v*,v?) < §, we have |F(v1)(f) — F(v?)(f)| < &. Now,
by (34), there exists £o(e) > 1 such that for any ¢ > (), hy < §/(2C), where C' is given by (43).
Following this latter estimate, we deduce that if ¢ is such that N (¢) + 1 > £y(¢), then for any u > ¢,

d (5%,{9““) < 2Cu — wy| < 2Chy(uys1 <,

and therefore

t+s - .
[ (PO = FE)W)) du] < e

t

From what precedes, we deduce (47) and (45).

Let us now return to the study of (19§£’T))t20. Due to the construction of 9(“7) as a [t,_; — T -shift
of 9 (see (44)), one easily deduces from (45) that for any positive 7" and ¢,

o~ ~ t ~
(48) Jim AN ) = 98D () - / FOED)(f)ds =0,  almost surely.
—+00 0

Step 1 now allows us to extract a subsequence of {(19§"T))t20; ¢ > 1}, that we still index by ¢ for

convenience, which converges almost surely to some limit (29500’T))t20 in C([0, 4+00), M1(D)). Using
the uniform continuity of v — F'(v)(f) again, we deduce from (48) that, for any ¢ > 0 and bounded and
Lipschitz continuous function f : D — R,

~ ~ t Y
T =D+ [ FEED)(fds, atmost surely
0

Using a standard countability and continuity argument, it is easily checked that there is an almost sure
event on which the identity above holds for any ¢ > 0 and bounded and Lipschitz continuous function
f : D — R. This identity then classically extends to any bounded and continuous function f : D — R

so that, almost surely, (5,E°°’T))t20 solves the ODE (32) in the sense of Proposition 3.7, with an initial
5(00,T)

condition 56°O’T). Using the notation of Proposition 3.7, we may thus write ¥,

hisa)

= ;7 with vp =
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Step 3. Convergence to p*. Using Lemma 3.1 and the Prohorov Theorem, take a subsequence
(¥, )k>1 converging to some ¥o,. Let 7" > 0. On the one hand, up to further extraction, Step 2 shows

5(()Ek3 ’T)

that 5§,€k’T) — @i for some vy which is the limit of and therefore depends on 7'. Note that

v belongs to K := (@)QL which by Lemma 3.1 again is a compact subset of M (D) and does not
depend on 7'. On the other hand, since ﬂg,f"’T) = U¢,, it converges to Uo. As a consequence Voo = @7
and the result finally follows by letting 7" — +o00 and using Proposition 3.7 which guarantees that
v T—+
ler" — wllrv < sup [l — Wiy === 0. 0

ve
3.4. Completion of the proof of Theorem 1.2. We now conclude the proof by summarizing the argu-
ments.

By Proposition 3.5, ¥, converges weakly to p*, almost surely. Therefore, Lemma 3.4 (iv) yields
that for any measurable and bounded function f : D — R, p,(f) — IL,«(f), and it finally immediately
follows from the definition of QSDs that IL,, () = p*(f). This completes the proof of the first statement
in Theorem 1.2.

Now, to prove the almost sure convergence to \* of I',, ! > p—1 Ok, we again use the combination of
Proposition 3.5 and Lemma 3.4 (iv) to obtain that almost surely,

t% m M*A]lD = E,u*[TD] = %,
since 7p has exponential distribution with parameter A* when starting from p* (see e.g. [ ,
Theorem 2.2]). To deduce the result, it then suffices to remark that for any n € [ng, ng 1 — 1],

and that t,, — +o00 as £ — +o0.

4. Proof of Theorems 1.6 and 1.9

In this section, we focus on the proofs of Theorem 1.6, that is to say of the convergence in distribution
of (Xr,)n>0 towards p*, and Theorem 1.9 which establishes the weak convergence toward -return
processes, over finite time horizons, of Euler schemes with redistribution. The main tool for both results
is Proposition 4.2 which is a slight generalization of Theorem 1.9. It is stated and proved in §4.1. The
proof of Theorem 1.6 is then completed in §4.2.

4.1. Weak convergence of Euler schemes with redistribution. We first gather a preliminary esti-
mate related to Euler schemes with redistribution as introduced in Definition 1.7. For such a scheme
(X7 )i>0, and with the notation of Definition 1.7, we denote by (5 )x>1 the associated jump sequence,
that is to say the set of times ¢,, for which U = 1. We also introduce the notation

N+1

(49) N@t)=inf(N>1:> m>ty,
j=1

so that n < N (¢) if and only if ¢,, < ¢. We last recall the definition (4) of the Wasserstein distance WV);.
Lemma 4.1 (Estimate on Euler schemes with redistribution). Assume (H1) and (Hy). For any T > 0,

e > 0and p éMl(D), there exist p > 0, 6 > 0 and ng > 0 such that, for any Euler scheme with
redistribution (X} )i>o, if

(50) l<mo. Wi (LG )n) <o P (sg;; Wi(vn, 1) < p> =1

then

sup P(3k > 1,5, €[t—9,t+0]) <e.
t€[0,T]
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Proof. Letus first fix 4 € M1(D) and ¢ > 0. As a preliminary step, we claim that, defining the compact
set K, = {x € D,d(xz,0D) > r}, one can choose r > 0 and p > 0 such that for any v € M;(D), if
Wi (o, 1) < pthen a(Kf) < /3. The proof of this claim is elementary and we omit it. From now on
we set K = K.

We now fix 7" > 0. Let (Y?’V)tzo be an Euler scheme with redistribution which satisfies the second
and third conditions of (50) with p fixed in the preliminary step. We first write, for any § > 0 and
t €10,7],

(51) PEk>15,€[t—0,t+6) <> PS5 lt—06,t+4d)).
k>1

For any k£ > 1, it follows from Definition 1.7 that the random variable §5_1 is g(
conditionally on g(

5,_,)- “measurable, and
S5k 1)—» 5k — Sk—1 has the law of the exit time from D for an Euler scheme (without
redistribution) with initial distribution vy, ) and step sequence nGr-1) = (nN(gk71)+n)n21, where
N(-) is defined in (49). Note that for & = 1 we take the convention that G- = {&,Q}, 50 = 0
and 1y = E(Yg’u). By the second and third conditions in (50), we therefore deduce that, taking the

conditional expectation with respect to G, —,
k

(52) P sk €[t —0,t+0]) <E|®,(t — 861,00 N5, oyl

where, for s > —9,

(53) Q,(s,0,m) = sup P (T} €[s— 6,5 +0]),
a,Wi(a,p)<p

with the notation of (23) for ?g. For the compact subset K fixed in the preliminary step,

D,(s,0,m) < sup Py(|mp — TH| > 8) + sup Py(mp € [s — 26, s + 26]) + E.
cek zeK 3
By Lemma B.5, we may fix § € [0, 1) such that

sup P, (1p € [s — 20,5+ 26]) <
zeK

W m

uniformly in s < 7. By Lemma B.7 and the Markov inequality, for this choice of § one may fix g > 0
such that if || < ng then

sup Py (|7p —Th| = d) <
zeK
As an intermediate conclusion, we have constructed 9, p and 79, which depend on 7', . and &, such that
if |n| < np then

(54) Vs € 10,71, ®,(s,0,m) <e.

W m

As a consequence, by (52), as soon as the scheme (Y?’V)tzo satisfies (50), it holds
(55) vt € 10,77, P e[t —0,t40]) <eP(5p_1 <t+9) <eP(s_1 <T+1).

Now let ¢’ > 0 and &, = 1 az, >¢, Where A§y, = 55 — 55,1 for k > 1. For every k > 1, we have

k
P(s, < T) < > P (ﬂ {& = id) :

(i1,00ik) €{0, 1K in i <[ L] N1
But for any ¢ > 1,

P(& =0]G;, ,) < ‘5(1/3271,5’,77(5‘4—1)) < sup  P(a, 8, pe-1)),
a,Wi(a,u)<p

with ®(a, 8', n) = Po (73 < 0'). We remark that, if we set § = ¢’ in @, defined in (53), we have

sSup 5(0&,5,7’"]) S (I)p(oﬂélvn)'
aWi(a,u)<p
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As a consequence, applying (54) with e = 1/2, we get that there exist ¢', p’ and 7, such that

~ 1
sup ®(a,d',m) < =
(avn)vwl(a7“)§p7‘n|gn0 2

Up to replacing p and 7o by p A p’ and g A 17, we deduce that if (Y?’V)tzo satisfies (50), then

1 ifip=1,
3 ifi, = 0.

P(& = i¢lGs, ;) < {

As a consequence,

\H
(]

Lg/J

ILCRRE TS 3 3l 1 EEPTRD R SRR et

k>1 E>1 k>1

and the right-hand side is bounded by some constant C' which only depends on 7" and §’, but not on .
Combining the latter estimate with (51) and (55), we deduce that

sup P(3k > 1,5, €[t —d,t+0]) < Ce,
te[0,7)

which up to renormalizing € concludes the proof. (I
We are now able to state the main result of this section. We recall that, for any p € M;(D), we
denote by (P}*);>0 the semigroup of the p-return process (X} )¢>o in D defined in §1.4. If X} ~ po,

then a basic property of this process, which is crucial in the proof of Proposition 4.2 below, is its renewal
structure encoded in the identity

(56) vt > 0, MORS#f = EHO [f(X#)] = EHO [f(Y%)]l{t<TD}] + IE’,LLO [(MPtH—TDf)]l{tZTD}] )

with (Y;):>0 the solution to (1) with initial distribution po and 7 the associated exit time from D.
The Euler scheme with redistribution (X ? ’V)tzo enjoys a similar property, but its formulation is
slightly more involved. First, we set 1y = E(ng) and introduce the notation

(57) ve>0, E[f(X])] =wP"f,
for the time-marginal measure of this scheme. The key point is now that, with the notation introduced
before the statement of Lemma 4.1 and defining
~/M, )
gé = g§1+t) V/ = (VN(§1)+7L)71217 77/ = (T]N(El)Jrn)nZla th i = Xglib

we have that P-almost surely, the triple ((G;):>0, v/, (Y;"/’Vl)tzo) is an Euler scheme with redistribution,
with step sequence 7’ and initial distribution v, := VN(, ), defined on the space (€2, F) equipped with
the (random) probability measure P’(-) = P(-|Gs,)- ). The associated time-marginal measure

P =B [ (X)) =E 1 (X2%) 196, ]

is then a Q(gl)f—measurable random variable, and the discretized version of the renewal identity (56)
writes

(58) V=0,  wP}Uf=EX)] =E [T pergy| +E [06P Dlgsny)

with (??)tz() the Euler scheme associated with (1), with step sequence 77 and initial distribution v, and
7% is defined by (23).

Proposition 4.2 (Wasserstein error estimate for Euler schemes with redistribution). Let € My (D),
T >0, e > 0 and a compact subsit K C D. There exist p > 0, ng > 0 and C > 0, such that, for any
Euler scheme with redistribution (X, )¢ which satisfies

59) In| < no, P (SgI'I)WI(VnaM) > p> <e
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and for any 1o € M1(D), we have
S[UP]Wl (VOF?’V, NOPtH) < Cu (e + po(K°)) + CWi (o, vo),
tef0,T

where C)y is a constant which only depends on the set D.
Theorem 1.9 is a direct consequence of Proposition 4.2.

Remark 4.3. Proposition 4.2 is slightly more uniform than Theorem 1.9 since it applies uniformly to any
Euler scheme with redistribution satisfying the condition (59). Note that taking v, = i and Yg”’ = Xo
yields the natural Euler discretization of the u-return process (denote it by Y?’“ ), for which our result
vields the weak consistency estimate

sup Wi (L(XTH), £(xty) 220
t€[0,T]

0.

Remark 4.4. It seems that the methods used in this proof may be of interest for the -return process
itself. For instance, the reader may check that a very simple adaptation of our renewal argument leads
to the following local stability estimate: for any compact subset K of D,

sup sup Wi (6, P!, 6,P) 229, .
te0,T] z,ye K, |z—y|<d
Proof of Proposition 4.2. Let us fix p € M1 (D) and a function f : D — R such that
(60) Hf”oo <M := Sup{|x—y|,x,y€D}, [f]lzl

The combination of (56) with (58) yields, for any py € M1 (D) and for any Euler scheme with redistri-
bution (X;")s>0

V=0, [Pl - wPY S| ST4IL
with

)

I:= ‘Euo [F(Y) L jicrpy] — B {f(??)]l{K?g}}

= ’EMO (WP, )iz rpy] — E [(’/@ﬁg )]l{tzgl}} ‘ '

The proof is organized in 4 steps. In Step 1, we control the term I while in Step 2, we show that under
the condition

(61) ‘77| < no, P <SUp Wl(l/n,,u,) < p) =1,

n>1

which is stronger than (59), the term IT can be controlled so that |po P}’ f — IJQP:”’ f| satisfies a renewal
inequation. This inequation is solved in Step 3, and we detail how to relax the condition (61) to (59) in
Step 4.

Step 1: control of 1. Assume that (V;);>0 and (Y} )¢>o are defined on the same probability space,
driven by the same Brownian motion (B;)¢>o, and with initial condition (Yp, Y () distributed according
to an optimal coupling IT* of (g, 1) (see Appendix B.4 for the existence of IT*). Then, for any ¢ > 0,

I< ‘]EH* [(f(Y;f) - f(??)) ]l{t<rD,t<?g}] ) + M (Pr+ (p <t <7P) + P+ (TH <t <7p)) .

By Lemma B.2 and Lemma B.6, and since [f]; = 1, for any 7' > 0 there exists Cr > 0 such that, for
any t € [0,77,

‘IEH* [(f(Yt) - f(Y?)) ]1{t<m,t<?$}] ) < Ep- HYt B ??H
< [ BIw - W)+ sup, [Jv - 7]
DxD yeb

< Cr (Wl(NOaVO) + |77|) :
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On the other hand, by Lemma B.9 (ii), for any 7" > 0, ¢ > 0 and compact subset KX C D, there exist
C > 0 and 79 > 0 such that if || < 7o then for any ¢t € [0, 7],

P+ (tp <t <7P) +Pu- (T} <t < 7p) < e+ CWi(po, vo) + po(K°).
As a conclusion, for any 7 > 0, ¢ > 0 and compact subset K C D, there exist C](\/ll) >0, cW > 0 and
77(()1) > 0 such that if [n| < 77((]1) then for any ¢ € [0, T7,
1< Chf (e + no(K*)) + COWi (o, ).

Notice that the constant C’](\}) only depends on M and noton 7', ¢, K.

Step 2: control of T1. Taking again an optimal coupling IT* of (ug, 1), we now get, for any ¢ > 0 and
6 >0,

II < ’EH* [(MPtIiTDf WP 5 f) ﬂ{TDgt,\T—gﬂga}”
+ M (P (1p <t < 7P) + P (T <t < 7p) + 2P+ (J[7p — TH| > 6)),

and the first term satisfies the estimate
/'r, u

< Ep- H/"LPtIiTDf VOPT TI; f‘ 1{7D§t75}:|
(62)
P'r] V' fo OP/n N7 f

t—Tp t—Ttp+u

+ Em-

sup
u€[—04,d]

+2MP,, (p € [t — 6,t)).

We first address the right-hand side of (62). For any p > 0 and 19 > 0, denote by C(p, 1) the set of
Euler schemes with redistribution (Y:”V)tzo which satisty the condition (50). For any ¢ > 0, introduce

]1{TD<M}]

Fpmo (t) = Sup

C(p;mo)

uPlf — v P

/ /

We now remark that if (X;"");>0 satisfies the condition (61), then P-almost surely, the scheme x;" )t>0
belongs to C(p, np), which yields the crucial estimate

—m’ v
‘lupl;ul—’TDf VOPt D f’ p7]0 t_TD)7

and therefore

t—6
/"
Err- HHPtliTDf VOPtn TI; f‘ ]l{rpgt—é}] = /0 Fp o (t = 8)Puy (7D € ds)

t
< / Fpno(t —8)Pu, (1D € ds).
0

Let us now focus on the second term in the right-hand side of (62). We fix T' > 0 and for any
r € [6,T], we set
Qs,={3k>1:5,€[r—05r+4},

YN
where (5}.),>1 is the jump sequence associated with the scheme (X ;n " )i>0. We next write, for any
€ [_5a 5]

/’r]l/ /'r;l/

f =P F] S 2l flloeP () + [FIE [ =X ey,

On the one hand, on the event 2§ 5 (X, X )te[r_57r+5] coincides with an Euler scheme without redistri-
bution, with a step sequence " which also satisfies |n”’| < 7. Therefore, by standard arguments, there
exists C' > 0 which only depends on b and o such that
swp B[R X g | < CVe
rel8,T],ue[—4,0]
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Let us fix ¢ > 0 and set . such that C'v/6. < €. On the other hand, by Lemma 4.1, there exist p > 0,
1o > 0and & > 0 such that if (X, " )e=0 € C(p,no), then

sup P (Qs,) <e.
rels,T]

Therefore, up to replacing 6 with § A d., we get, for any ¢ € [0, 77,

— /,I// — ’,l//
v P Y f — Py f

t—Tp t—Tp+u

Em- | sup
u€[—4,9]

]l{TDSt—5}] < (2M + 1)5.
For any compact subset K C D, the third term in the right-hand side of (62) is easily controlled by

2M <sup Py(tp € [t — 6,t]) + MO(KC)) ,
zeK
so that, by Lemma B.5, up to decreasing d, we get that for any ¢ € [0, 77,
2MP,,(tp € [t —6,t]) < 2M (e + po(K)).
Finally, by Lemma B.9, there exist C' > 0 and 79 > 0 such that if || < 7 then for any ¢ € [0, T,

P+ (tp <t <79) + P (T < t < 7p) + 2P (

D —?%‘ > (5) < e+ CWi (o, ) +M0(KC).

Therefore, up to decreasing g, for any 7" > 0, ¢ > 0, and compact subset KX C D, we have
constructed p > 0, n(()Q) > 0 and C](\? > 0, C® > 0 such that, for any (X;"");>0 which satisfies (61),
for any ¢ € [0, 71,

t
2 [ Byt = 9B (rp € ds) + CF (e + () + COWi o, ),
0

As in Step 1, the constant C’](VQI) only depends on M and noton 7', ¢, K.

Step 3: renewal argument. Let us fix T > 0, ¢ > 0 and K a compact subset of D. Combining the
results of Steps 1 and 2, there exist p > 0, 779 > 0 and Cy > 0, C' > 0, such that Cys only depends on
M, and for any (X;"");>0 which satisfies (61), for any 9 € M1 (D), for any ¢ € [0, 7],

t
(63)  |uolf'f— VOF?’Vf‘ < / Epno(t = 8)Puy(tp € ds) + Cur (€ + po(K°)) + CWi (o, vo)-
0
Applying this inequality with piop = p and taking the supremum of the left-hand side over C(p, np), which
is included in the set of schemes satisfying (61), we deduce that

t
Ve [0,T],  Fpult) < / Fpo(t — )Py (70 € ds) + Cus ( + u(K©)) + Cp.
0

Let us now take K such that u(K€) < e, and then decrease p so that Cp < Cjse. Up to replacing C)y
with 3C)s, we get

t
vt € [0,T7, Fono(t) < / Fomo(t = 8)Ppo (T € ds) + Cpe.
0

Iterating this inequality and using the fact that F), ;) is nonnegative, we get for every N € N*, for every
te[0,T],

¢ N-1

Fan(® < [ Fplt =)V (d5) + Cure Y- Bl < 0"
k=0

where (P%)** = P¥ % ... % P¥ with x denoting the convolution and P% the probability distribution of 7p
under P,,. Forevery 0 <t <T,P,(7p <t) <P,(rp <T) < 1. Then, since F), ,, is bounded by 2M,
it follows that for every ¢t € [0, T7,

C C
(t) < 2M limsup P, (mp < TN M =

F, - < .
N—s+oo Prp>T) = Pu(rp >T)

P10
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Plugging this estimate in the right-hand side of (63), and up to increasing the value of Cj;, we conclude
that for any (X}"");>0 which satisfies (61), for any zo € M1 (D),

onp [Pl s = PP S| < Cur (e palK) + OWi s ).
te[0,T

Step 4: conclusion of the proof. Since the result of Step 3 is valid for any function f satisfying (60),
by the Kantorovitch—Rubinstein duality for the Wasserstein distance [ , Lemma 11.8.3], we easily
deduce the estimate

sup Wi (,uoptu, I/()FZ]’V) <Cuy (8 + No(KC)) + CW; (uo, Vo).
te(0,7)

Let us now assume that the scheme (Y?’V)tzo does not satisfies (61), but merely (59). On the same
probability space, endowed with the same filtration (G;):>0, define the sequence v = (7, ), >1 by

o= Un ile(I/n,,U,) <p,
" i otherwise,

and then construct the scheme (X;"");>o with the same initial condition as (X" );>, the same Brow-
nian motion (B;)¢>0, and, as long as v, = v, the same restarting points U,PY . Then on the one hand, it

is clear that (Yt"y)tzo satisfies (61), and therefore by the argument above,
sup Wi (,uoptu, I/()?:”V> <Cuy (8 + Mo(KC)) + CW; (/J(), Vo).
te[0,7)
On the other hand, for any function f : D — R satisfying (60),

sup [ELF (X)) - BLF(X)| < 207 1P (supWalp) > ) < 20

t€[0,T

Therefore, by the Kantorovitch—Rubinstein duality again and the triangle inequality for the Wasserstein
distance,

S[UP ] Wi (MOPtuv Voﬁ:w> < (Cyp +2M) (€ + po(K°)) + CWi (1o, o),
te[0,T

and the proof is completed at the price of replacing Cys by Cys + 2M. ]

4.2. Proof of Theorem 1.6. The starting point of the proof of Theorem 1.6 is the transcription of the
almost sure convergence of p,, toward p* given by Theorem 1.2 in Wasserstein distance.

Lemma 4.5 (Convergence of p,, to ;* in Wasserstein distance). Under the assumptions of Theorem 1.2,
Wi (b, 1) 22225 0, almost surely.

Proof. By Corollary 1.3, (py,),>1 converges almost surely to ;* for the weak topology on M (D). But,
by Remark 2.3 and [ , Corollary 6.13], one knows that the Wasserstein distance metrizes the weak
convergence on M (D). The result follows. O

We will also use the following property of the p*-return process. The argument is certainly standard,
for the sake of completeness we give a sketch of its proof under our assumptions.

Lemma 4.6 (Uniform ergodicity of the p*-return process). Under Assumptions (H1) and (Hz), for any
continuous and bounded function f : D — R,

lim  sup |aP" f— p*(f)| =0.
t—>+°°aeM1(D)| i ()]

Proof. From the renewal identity (56) we get, for any ¢ > 0 and « € My (D),

t
aPl" f=Eq[f(Y)|t < p]Pa(t < 7p) +/0 (W* P f)Po(1p € ds).

Applying this identity with o = p* and using the basic properties of p* yields, for any ¢t > 0,

t
WP f = (e 4 [P 3 s,
0
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from which one easily deduces the standard statement that p* P} ’ f=p*(f). As a consequence

aP” f =Eq [f(Yo)lt < 7p] Palt < mp) + p*(f)Ba(rp < t)

and the result follows from the fact that, by [ , Eq. (3.3)],
lim  sup |Eo[f(Y2)|t < 7p]—p*(f) =0. O
t=+00 he My (D)

For any n > 0, we now denote «v, = £(Xr, ) and prove the tightness of the sequence (v, )n>0.
Proposition 4.7 (Tightness). Under the assumptions of Theorem 1.6, the sequence (0w, )n>0 is tight.

Proof. We first introduce some notation. For n large enough, by Assumption (Hg.a) we may find
¢(n) < nsuchthat T, — 2 < Loy < Ty — 1. For such n, we set sg = T';(,,) and {sp, k> 1} =
{Tp,n" > ¢(n), 0, = 1}, similarly to the introduction of Section 3. With these notations, we have

P(Xr, € A) =Y P(Xr, € A,sp <Tp <sjyy).
k>0
In order to take advantage of the almost sure convergence of p,, to u*, for p > 0 we introduce the events
Y=< sup Wilpe, ) <pp, YW= sup ~ Wi(pe, ") <p o,
p(n)<L @(n)<L<N(sE)

where, as in §4.1, we have defined N(¢) = inf {N > 1: 'y > t}, so that n < N(¢) if and only if
I',, < t. By construction, Y™ C Y™k 5o that

(64) P(Xr, € A) S P((Y™)°) + > P(Xr, € A,sp < Ty, < spyy, T7FP),
k>0

By Lemma 4.5, P((Y™")¢) — 0 as n — +oo. We thus focus on the second term. For k = 0, we
deduce conditioning on Fp_ , that

P(Xt, € A,s5 < Ty <87, ") <E[WA(X1,,): T — Ty v < Sup[ ]‘I’A(ﬂf,t,’)’n)
zeD,te[1,2

where we have set ¥ = (Yy(n)1x)r>1 and defined Wa(z,t,m) = P, (Y] € A 70 > t). Now, let
k > 1. Conditioning with respect to Fz, we get

P(Xr, € Asf <Ty <sjy g, T0) =E [‘I’A (Y In = 52,7N<5?>) ﬂ{szgrnxw}} :

But, since the event {s? < T, Y™**} isin F(sp)-» we can still condition with respect to Fsn)- in order
to obtain

P(YI‘" c A,ﬁz S Fn < 57]34,17 Tﬂ,kyp) =E |:/ \IIA <.I'7 FTL — SZ”YN(E;;)> pN(sz)(dx)]l{szgrn7’rn,k,p}:| .
D

Then, for any subset B of D, we have:

/ Wy (m,Pn — s’ﬁv’YN(sz)) PN (s (dz) < paep) (BY) + sup Ua(z,t,m).
D 2€B1<2,|n| <[y R
Therefore,
Tpn s / va (w T — EE,VN(SZ)) Py (dz) < a (V)| p),
D

where

Vap(m,p)= sup wB)+ sup  Va(z,t,7n).

W1 (%) <p z€Bt<2,|n|<n

Hence,

P(Xr, € 4,57 < T < spyq, Y)W p(In ¥R, p)P(sf < T, T™0%).
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We deduce from (64), what precedes and the fact that |y™| — 0 that for any positive p, for any subsets A
and B of D,

limsupP(Xr, € A) < limsup sup Uy (z,t,m)
n—+00 n—0 zeD,te[1,2]|n|<n

+ lim sup \IJA,B (1, p) lim sup Z P(sp < T, YFP).
=0 e sy

(65)

Let ¢ > 0. As in the proof of Lemma 4.1, set K,, = {x € D,d(z,0D) > r} and choose 1 > 0,
pe > 0 such that sup, . (4 u0)<p. H((FG1)¢) < e. We thus fix B = K. Now, we set A = K7, for
some ry < r1/2 to be fixed below. On the one hand, since d(B, A) = r1 — r9 > r1/2, we have for all

T € B,
E. [[77 - af] < 29,

™

P, (Y] € A) <P (Y] —x| >r —r) <
r —Tg

for some constant C' which only depends on b and 0. Hence, we can find some ¢y € (0, 2], which depends
on ¢ and 71 but not on r, such that, for any 7,

sup Uy(z,t,n) <e.
TEB,t<to,|n|<n

Now, for t > tg, for any sequence 7,
P, (VY € A) <Pu(Y; € K5,) + Bo (V) — V| > ).

By Lemma B.3,

sup pt(x7y) < C< +00,
tE[tO,QL(z‘,y)EDXD

where C' depends on ¢g. Thus, by Lemma B.2,

_ 1 v

Since \¢(K$,,) 7220, 0, we may now fix 7o small enough such that

lim sup sup Vy(z,t,m) <e.
n—0  z€B,telto,2],|n|<n

Up to renormalizing e, it follows that

(66) lim sup sup Uy(z,t,n) <e, lim sup \T/A7B(77,p) <e.
n—0  zeD te[l,2],[n|<n n—0

It remains now to control the series which appears in (65). Noting that I';, — ',y < 2, the same
arguments as in the last part of the proof of Lemma 4.1 lead to the following statement: there exist
ng > 1 and a positive constant C' such that for every n > ng,

D P(sp < Ty, YMM7) < C < fov.

E>1
Combining the latter estimate with (65) and (66), and recalling that A is the complement of the compact
subset K,, we complete the proof. O

We may finally complete the proof of Theorem 1.6.

Proof of Theorem 1.6. Since, by Proposition 4.7, the sequence (o, )n>0 is tight, by Assumption (Hgz.a),
Lemma 4.5 and Remark 1.8, one may apply Theorem 1.9 to the scheme (Y]_"n_l’_t)tzo with ug = v = oy,
and o = p* to get, forany 7" > 0,

67) lim  sup Wi (anP" , L(Xr, 1)) =0.
n—-4o00 tG[O,T} 1 < t ( r +t)>

Let f : D — R be Lipschitz continuous and let ¢ > 0. By Lemma 4.6, there exists 7" > 0 such that

sup _sup|an P f — 1 (f)] < e.
te[T/2,T) n>1
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Now, by Assumption (Hz.a), for n large enough there exists p(n) < n such that T', € [Ty, +
T/2,T 4y + T, and obviously ¢(n) — +oc. Thus we have

B -0 (< s [B[fr 0] -0(0)

te(T/2,T
< sup ‘E [f(yf‘w(n)—i-t)} - agp(n)PtM*f’ + sup ‘aap(n)PtM*f - :U’*(f) .
te[T/2,T] te[T/2,T]

By (67) applied along the subsequence ¢(n), and using the Lipschitz continuity of f, the first term in
the right-hand side vanishes when n — 4-0o, while the second term is bounded by ¢ uniformly in 7.
Therefore o, (f) — p*(f) and the proof is completed. O

Remark 4.8. In the above proof, Assumption (Hg.c) is only used in the assumptions of Lemma 4.5. But,
by Remark 1.4, one easily checks that Lemma 4.5 holds without Assumption (Hg.c). This means that
Theorem 1.6 holds true without Assumption (Hgz.c).
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Appendix A. Useful facts on the one-dimensional reflected Brownian motion with drift

A.1. Positive and negative reflection maps. For some interval [rg, 1) with —oco < rg < r1 < 400,
we denote by D([rg,r1), A) the set of cadlag paths indexed by [rg, r1) with values in A. Given z € R,
we define the positive reflection map at z
e D([ro,m1),R) —  D([ro,m1), [2, +00))
' Be — ZF
by

vr e [7"0, rl)a Z';'F = /87‘ + T’H<13,><(7‘[/8u - 2]—7
0xUS

and the negative reflection map at z
p—z. ] Dro,m),R) = D([ro,m), (=00, 2])
' Be > Z7
by

Vre [7’0,7"1), Z, = Br — max [ﬁu - Z]+-
ro<u<r

Proposition A.1 (Properties of the reflection map). With the notation introduced above, we have the
following statements.

(i) Foranyro <v' <r <ry,wehave ZZ —Z_, < B, — B < Z} — Z;?.

(ii) Foranyro < v’ < ri, we have ZF = I‘i’z(Zj,[ + Be — Bp) on [1,11).

Proof. The first point is immediate. We show the second point for T, the argument carries over to
general reflection maps without any difficulty. For any ro < r’ < r < rq, the claimed identity rewrites

+_ ot +
Z, = ZT/ + By — B + T’HSI%)S(T[ZT/ + By — Br’]—a
and it is easily seen to hold if and only if

rgiér[ﬁu]_ - 7"01;13%(7"’ [/Bu]_ + r’nglg)gir BU + rorgggr’ [Bu]—

To prove the latter identity we distinguish between two cases, namely whether the maximum of [3,]_ is
reached on [rg, '] or on [/, 7]. In the first case, we have

,max [Bu]- = max [Bul-,

while £, + max,,<y<,[Bu]— > 0 for any v € [r, r| and thus

max [Bv—i— max [Bu]_] =0,

r'<v<r ro<u<lr’

which proves the identity. In the second case, we have

r'<v<r ro<u<r’ ' <v<r ro<u<lr’ r'<v<r ro<u<r’

max |f, + max [ﬁu]_] = max — <BU+ max [Bu]_> = max [fy]- — max [B.]-,
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and therefore

o, 0= =m0l == o Bl max, (Pt mes [Pl
which completes the proof. (Il

A.2. Hitting times of reflected Brownian motions. In this section, we let (G,),> be a filtration and
(W;.)r>0 be a one-dimensional (G, ),>o-Brownian motion.
For c € Rand zg > z, we denote by (Zjoz “)r>0 the Brownian motion with constant drift ¢, positively
reflected at the level 2, and started from 2y at » = 0. In explicit terms,
Z+,Z;c = +Z[3z0,07 ¢ = ZO+CT’+W7».

z0,® z0,T
Similarly, for ¢ € R and 2o < z, we define (Z,,5),>0 by
77%5C — P2 RC

20, 20,8"
Proposition A.2 (Strong Markov property). For ¢ € R and zy > z, the process (Z1,%),>¢ is adapted to

(Gr)r>0 and has the strong Markov property, in the sense that if o is a stopping time, then conditionally

on the event {p < +00,Z17%° = 2'}, the process (ZZO’ 75 o)r=0 has the same law as (2157, >0. Similar

statements hold for the negatively reflected process (Z,7)r>0-

Proposition A.2 directly follows from Proposition A.1 (ii) combined with the strong Markov property
for the Brownian motion (W,.),>o.

The following invariances in law are immediate:

+,z4u;c
zo+u,e

e symmetry: Z1'% has the same law as Z~ T €

These invariance properties allow to reduce the study of hitting times for reflected drifted Brownian
motions to the random variable

e translation: for any u € R, Z has the same law as Z2%°;

TS,z i=inf{r >0: Zjo’gjc =z}, 21 > 29 >0,
defined from the drifted Brownian motion with positive reflection at 0.

Proposition A.3 (Moments of T§07Z1). Let 0 < 29 < 2z1. Forany c € R, forany k > 1,
k
E[(T5,.)"] < +oo.

Proof. From the definition of (Zjo’gfc)rzo and Proposition A.1 (i), it is easy to show that
inf P(T¢ > inf P| su >z ] >0.
20€[0,21] ( s = ) "~ 20€[0,21] (re[opl] Bor = 1)

We therefore deduce from the Markov property that TZ . has geometric tails and thus finite moments
of all orders. U

Proposition A.3 allows us to introduce the notation

E[TS ],

20,71

(o

ﬁZo,Zl =
and for n € (0, zo),

c Tg()wzl
RZO Zl( ) = E /T_O ]].{zjo()rc< }dV“

Corollary A.4 (Continuity of R . ). The function RS .,

lim RS,,., () = 0.

o021 is continuous on (0, z9) and satisfies
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Proof. We first rewrite, for any n € (0, 29),

+oo
RS .. (n) = / P (TS, > ZH0e < n) dr,

20,21 0 20,71 20,7
so that by Proposition A.3 and the dominated convergence theorem, to prove the corollary it suffices
+,0;c

to show that for any » > 0, the nonnegative random variable Z;; " has a density with respect to the
Lebesgue measure. For ¢ = 0, this follows for instance from the fact that the process (Z;Lo’gio)rzo has

the same law as (|zo + W;|)r>0 [ , Corollary 2.2, p. 240]. By the Girsanov theorem, the absolute
continuity of ZjO’SjC is then preserved for any value of ¢ € R. O
Remark A.5. The density of Z;“O’Sfc is explicitly computed in | , Section 4.2].

Finally, since T¢ . is almost surely finite for arbitrarily large 21, the invariance properties combined

with Proposition A.3 also entail the following immediate corollary.

Corollary A.6 (Unboundedness of trajectories). Forany c € R and z < z,

; +,z5¢ .
limsup Z77° = +o00, almost surely,
r—+00
and similarly, for z > zy,
‘mi =%
I;Ln ngof L7 = —0o0, almost surely.

Remark A.7. The proofs of Proposition A.3 and Corollaries A.4 and A.6 could also follow from the
remark that, by the Tanaka formula, the process (Z1,%),>0 has the same law as the process (|X,|)r>0,
where (X;)r>0 is the solution to the stochastic differential equation

dX, = esgn(X,)dr + dW,., Xo = 20.

This allows to use general results on the integrability of exit times from bounded sets, the existence of
a density, and the ergodic behavior of one-dimensional diffusions with bounded measurable drift and
additive noise.

Appendix B. Discretization estimates

In this Appendix, we gather various estimates regarding the Euler scheme associated with (1) and the
(discrete) time at which it exits the set . These estimates are employed in Sections 3 and 4.

Throughout the Appendix, we let Assumptions (H; ) and (Hz2) be in force, and let p = (77,),,>1 be a
sequence of positive time steps. We define and assume

n—1
|| := sup np, by = an+1, lim ¢, = 4o0.
nzl k=0

n—-+o0o

As in Sections 3 and 4, we denote by (Y?)tzo the associated continuous-time Euler scheme for the
SDE (1), with the same initial initial condition 73 =Yy € D and driven by the same Brownian motion
(Bt)¢>0. We also recall that we denote

7 i=inf{t, : Y, ¢ D} =inf{t >0:Y} ¢ D},
with ¢ :=t,, forany t € [t,, tnt1).

Remark B.1. Since we do not require n,, to tend to 0, all results in this Appendix remain valid for Euler
schemes with constant step sizes.

B.1. Standard estimates. In this subsection we gather two estimates on (;);>0 and (Y )¢>0 which are
standard when the step sequence 1) is constant. The first one is a strong error estimate. In the constant
step size case, its proof can be found in [ , Theorem 7.2], the adaptation to the present setting is
straightforward.

Lemma B.2 (Strong error estimate). For any T > 0, there exists Cp > 0 such that

sup By |[¥i ~ V7| < Crv/Jn,
y€e

where the notation &[] means that Yo = Y| = v.
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The second estimate is a Gaussian bound on the transition densities of (Y;)¢>0 and (Y7 )>0.

Lemma B.3 (Gaussian upper bound on the transition densities). For any x € D andt > 0, the random
variable Y; admits a density pi(x,y) on R? under P,. Besides, for any T > 0, there exist C' > 0 such
that for anyt € (0,T)], x € D, y € RY,

C |z — y|?
pe(z,y) < 4z OXP (— 50t )

Likewise, for any x € D and n > 1, the random variable ?:'n admits a density ﬁ?n (x,y) on R? under
P,. Besides, for any T > 0,7 > 0 and k > 0, there exists C > 0 such that if

(68) Il <7, sup <y
n>1 Tin

then for any n > 1 for which t, < T, forany z € D, y € R,

C x —y|?
(69) pi (z,y) < 272 €XP <—’ yl ) :
tn

2Ct,

On the one hand, the existence and upper bound for the density of Y; is a classical result which follows
from Aronson’s estimates [ ]. On the other hand, the existence of the density ﬁ?n (z,y) forn > 1is
obvious from the construction of the Euler scheme (?;7)120- The Gaussian upper bound (69) is proved by
Lemaire and Menozzi in [ ], for a constant step size 7. Their argument can be adapted line-to-line
to the nonconstant step size case, at the price of bounding by ~ quantities of the form 711/ (¢t — tg+1)s
for 0 < k < n/, which appear in the estimates of [ , Section 4.3.1]. In the constant step size case,
such quantities are obviously bounded by 1.

B.2. Estimates on exit times. In this subsection, we gather various useful estimates on the exit times
mp and 7},.

Lemma B.4 (Tails of hitting times). For any 7 > 0, there exist positive p and (8 such that if || < 7,
then for every x € D and t > 0,

Py (7 > t) + Pu(1p > t) < pe L.
As a consequence, for any p > 0,

sup  E, [(TH)P] + supE, [h] < +oc.
zeD,|n|<n z€D
Proof. We only detail the proof of the tail estimate for ?7[7), the arguments are similar but simpler for

7p. By Assumption (Hy), D is relatively compact, therefore D C B(0, R) where R denotes a positive
number. Then, for any x € D and T" > 0,

P.(7} >T) <P, ( sup |Y7| < R)

o<t<T

t
<P, ( sup /a(??)st §R+Ifc!+T\|bHoo>
o<t<T |Jo -
L
<1-P,| sup /a(yg)st >M |,
o<t<T |Jo -

where M = 2R+ T'||b||oo. For any 77 > 0, one may now choose 71" large enough to ensure that if |n| < 7,
then the set {¢,,,n > 0} N [T'/2,T] is nonempty. In this case,

t
/a(?’;)st > inf
s

sup >
T/2<t<T

0<t<T

I

t
/ o(YdB,
LW

).

so that

P, (77 T <1-P inf
x(TD> )_ x(T/erglth

t
| o7has,
o7
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By Assumption (Hy.a), there exists ¢ € (0,1] such that c|y|?> < (oo (z)y,y) < ¢ !y|? for any
z,y € R% so that with y = (1,0...,0), this implies that ¢ < |oy.(z)|> < ¢~!. Thus, using the
Dambis—-Dubins—Schwarz Theorem [ , Theorem 1.6, p. 181] and denoting by (W,.),>¢ a standard
one-dimensional Brownian motion, we have

> M>

t
IP’;,;( inf /a(YZ)dBS
T/2<t<T | Jo s
21@"”( Wil Deas >M>

T/2<t<T

t
/ o1.(Y)dB,
; s

> M) > P, ( inf
T/2<t<T

ZIP’< inf Wr|>M> =: pr > 0.
T /2<r<c~1T

As a consequence, sup,cp P, (?g > T) < 1 — pr and a standard Markovian induction yields:

vk >0, sup P,(7) > kT) < (1 — or)¥,
xeD

which in turn easily implies that a positive p exists such that

log(1 —
V>0,  supPu(F > 1) < pexp(—Bt), with 8 = — 8L —PT). -

zeD T
Lemma B.5 (Estimates on 7p). For any T > 0, for any compact subset K of D,
sup Py(rp €[t —9,t+0]) 20 .
z€K,te[0,T)

Moreover, for any § > 0,
—0
sup P17 — 7h| = 6) £ 0,
z,y€D,|z—y|<p
where T, and T}, respectively refer to the exit times from D for the strong solutions to (1) with initial
conditions x and y, and driven by the same Brownian motion (Bt)¢>0.

The proof of the second statement relies on the following classical result, which is also used in the
proof of Proposition 4.2.

Lemma B.6 (Strong coupling estimate). For any T' > 0, there exists Cr > 0 such that

Ve,ye D,  E| sup |V Y|

te[0,T

S CT‘:U - y‘v

where (Y )i>0 and (Y} )i>o refer to the strong solutions to (1) with initial conditions x and y, and driven
by the same Brownian motion (Bt)¢>o.

Proof of Lemma B.5. LetT > 0 and § < 1. Let K be a compact subset of D and x € K. For a positive
M, we have, for any ¢t € [0, 77,

P.(tp € [t — d,t+ 4])
Y, - Y, Y, —Y,
<P,|{7mpeft—96t+6], sup %SM +P, | sup %>M .
sw+1 [v — sV sw<T+1 v — s/
Since b and o are bounded, it is classical background that
Y, - Y,
supP, [ sup %>M Mzieo,
zeK s,v<T+1 "U - 3| /

We fix M large enough in such a way that this term is small enough and now consider the first term. On
the event {sup; , <71 |Yo — Ys|/|v — s|'/* < M}, we have P,-almost surely, for any z € K,

D > to == (M~'d(K,dD))* A(T +1) and d(Y;,0D) 1y <r i1y < |Y: — Yo, | < M|t —7p|/%.
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Hence, if § < t(/2, we have

Y,
vVt €10,t0/2), VzeK, P, | <t+0, sup %gM =0.
su<T+1 |v — 8|t/

Thus,

sup Py | 7p € [t —d,t+ ], sup % <M sup P, <d(Yt,8D) < M51/4) .
t€[0,T] sw<T+1 |V — 5] / t€lto/2,T]

But, by Lemma B.3, there exist C' > 0 such that for any ¢ € (0,7, z € D, the density p;(z,-) of ¥}
under PP, satisfies, for any y € RY,

Hence
5—>0
sup sup P.(d(Y:,dD <MY < —— y € D,d(y,0D < M4 0,
zeK t€(to/2,T] ( ( ! ) ) (1t0/2)d/2 ({ ( ) }>

where )4 denotes the Lebesgue measure on R B

For the second statement, let us set, with the notations of Lemma 2.4, 77 = inf{t > 0,¢p(Y¥}*) <
—n} with 1 € [0,7). Remark that 7§ = 77 and that 7,7 > 7 if > 0. Define 7] similarly. For any
T>0,0>0andn € (0,79), we have

P(TD_TD>5TD<T)<P(T —TD>5)+IP’(T —TD<(5TD<T,YTyEED)

< sup P (inf%(Yf) > —n) +P | sup [V -Y[>n],
z€dD  \I<9 te[0,T+9)

where in the second line, we used the strong Markov property for the first term and the fact that
d(fo, D) > n for the second one.
Let z € 0D. Since ¢D Yy ) = 0, we deduce from the same arguments as in §2.1 that there exists a
time-change 77 (), a process (K7 )t>0 and a Brownian motion (W}),>o such that
TH(r) L

Vr < o, JD(YTZ(T)) = / Kjds + Wrzv
s=0

with ¢* := inf{r > 0: WD( )\ = 1o }. Furthermore, there exist cp, ¢; > 0 which do not depend on

z and such that
TEHr)
/ Kids
s=71%(r")
As a consequence, for any z € 0D we get

vr S sz {/;D(YTZ(T)) S car—+ WZ?

co < (T7)(r) < —

< — .
e <ci(r—r")

which yields
(Hlf Yp (YY) > ]P’( inf  Yp(Y7) > —77>
t<OAT=(0%)
=P f YZ.3) > —
( m L5 D( T(r)) 77)
§]P’< mf ar+ W7 > 77>.

L(§)Ap?
We now deduce from the fact that

Vr<ot, [p(Y)l < ar+ W),
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that o* > 9% :=inf{r > 0: c17 + |W}?| = no }. Hence,

P < inf ar+ Wi > —17) <P < inf ar+ W7 > —17>
r<(r) 71 (0)Ae* r<(r#)~1(6)ne*

§]P’< inf  cir+ W7 > —77>.
r<codNo*

The random variable inf, <. 515 c17 + W7 now only depends on the trajectory of the Brownian motion
(W7)r>0, and therefore its law does not depend on z, so that in the end

P (infop(Y?) > —n) <P( inf W, > —
o (?;W 0> 77) < (TSE;WW ' n)

with obvious notation for (W;,0). By the 0 — 1 law, inf, <. srgci7 + W, < 0, almost surely, and
therefore the right-hand side above vanishes when  — 0.
Finally, by Lemma B.6 and the Markov inequality, for any n > 0,

0
sup P sup [VY-YF>n| IS0
z,y€D,|z—y|<p te[0,7+4]

From what precedes, we deduce that for any positive 7',

p—0

sup P(r}, —1H > 6,7 <T) — 0.

z,y€D,|z—y|<p

To conclude, it is now enough to use that, by Lemma B.4, sup,cp P(7f) > T)) — 0as T — +oo and a
symmetry argument to obtain the same property for 73, — 77,. The second statement follows. |

Lemma B.7 (Strong discretization error on 7p). For every T' > 0, there exist some positive c and €
such that if |n| < e, then

sup B, [|7) — 7o) < erv/|nl + pe 7",
xeD

where p and 5 are positive numbers independent of T

Proof. By Lemma B.4 and the Cauchy—Schwarz inequality, one easily checks that there exist some
positive p and [ such that if |n| < 1, then for every 7" > 0,

ECUH?%_TD|]1{?%VTD>T} \/2 [(TD)?] + Ex[m2)) \/]P’ (Th>T)+Py(rp >T) < pe” BT,
On the other hand,
Eo[|7h = 70| Lznvrp<ry] S Eol[TH AT —7p AT
To control the above right-hand quantity, we apply [ , Theorem 3.11]. With the numbering of
this paper, one checks that the assumptions of this theorem are fulfilled in our setting: Assumption 3.5
holds true by our Assumptions (H;) and (H5), and Assumption 3.8 also holds with 6 = ¢ defined in

Lemma 2.4. By this theorem, we get the existence of some positive €, which can taken smaller than 1
without loss of generality, and ¢z such that if |n| < ¢, then for any « € D,

Ey[|TH AT —7mp AT| < ery/|ml. O

B.3. Discretization of the operator A. In the next statement, the operators A and A" are defined in
Section 3.

Lemma B.8 (Quantitative weak error on Af for Lipschitz test functions). For any T > 0, there exist
some positive cp and € such that if |n| < e, then for any bounded and Lipschitz continuous function
f:R* SR,

sup [A"f() = Af(2)| < (Ifloe V [F12) (erV/In + ).

zeD

where p and B are again positive numbers independent of T
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Proof. Let f : R? — R be bounded and Lipschitz continuous. For any = € D,

E, [ / o - son)a- [P s [ s

?g D
/T’Ig V7D
0

AMf(w) — Af(2)) =

<E,

FO77) = £ at] + 1l [[7 = 7]

For any T' > 0,

TpVTD —n
B | [ [0 = 100 gy

<TIfl sup B, [V] - il|,
te[0,7)

while, with the same arguments as in the proof of Lemma B.7,

Ey

THVTD —n
/0 ‘f(Y;) - f(Yt)‘ dt]l{?gvin}

< 20 oo |7V T0) Lz yrpory |

< 2| fllocy/Ee [(75)?] +Ex [13] /B2 (7 > T) + B (70 > 7).

Therefore, the proof follows from the application of Lemma B.2. O

B.4. Wasserstein estimates. In this subsection, we no longer assume that Yy = ?3, but rather that
the pair (Y, ?3) is random and distributed according to some optimal coupling in the following sense.
For any p,v € M1(D), we recall the definition (4) of the Wasserstein distance W, (u, ) and the def-
inition (5) of the set C(u, v) of couplings of x4 and v. By Remark 2.3 and [ , Theorem 4.1], the
set C*(p1,v) of optimal couplings IT*, namely for which Wi (u,v) = [ |z — y[II*(dz, dy), is always
nonempty.

Lemma B.9 (Wasserstein estimates). (i) Forany € > Q0 and § > 0, there exist C > 0 and ng > 0
such that, for any p,v € My (D), for any optimal coupling I1* in C*(u, v), if |n| < no then

Pre(|7 =7 2 6) < & + CWi(p, v),

where in the left-hand side, the notation Pri~ means that the initial condition (Y, ?g) is random
and distributed according to 11*.

(ii) For any T > 0 and € > 0, for any compact subset K of D, there exist C > 0 and 19 > 0 such
that, for any p,v € M1(D), for any optimal coupling I1* in C*(p, v), if [n| < no then

sup (Pp=(1p <t < 7)) + P+ (T} <t < 7p)) < e+ CWi(p,v) + u(K°).
te[0,T]

Proof. We shall write 7 instead of 7p and 7T instead of ?’177 when no confusion holds, and 7%, 7¥ when

we want to emphasize the fact that Yy = = and 767 = y. We first prove (i) and thus fix ¢ > 0 and § > 0.
For any p > 0, if I[T* € C*(p, v), then

]P)H*(|T — ?| > 5) < / ]l{|z_y|gp}[P(’T$ — ?y‘ > 5)H*(dx,dy) +/ ]l{|$_y|>p}H*(de‘, dy)
z,yeD z,y€D
1
< sup P(|7* —=7Y| > 6) + Wi (u,v)
(z,y)€D2,|x—y|§p p

0 0 1
< sup ]P)<|T$—Ty| 2> +supP<\Ty—Ty| 2) + Wi (p,v),
(z,y)eD? la—y|<p 2 yeD 2 p

where in the second and third lines, we respectively used the Markov and the triangle inequalities.
By Lemma B.5, we can fix p small enough in such a way that the first term of the right-hand side is
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lower than £/2. On the other hand, by Lemma B.7 (applied with 7" large enough) and the Markov
inequality, there exists 770 > 0 such that for all step sequence 1 with |n| < 7,

0 €
supIP’<7'y — 7Y > > < —.
yeD | | 2 2
This completes the proof of (i) with C' = 1/p.

To prove (ii), let us now fix 7' > 0. One easily checks that for any i, v € M1(D) and IT* € C*(u, v),
forany § > Oand ¢ € [0, 7],

Pue(r <t <7)+ P (F < ¢ < 7) < Prie(j7 — 7] 2 6) + Pl € [t — 6,2 +0)).
For any compact K C D,

sup Pu(ret—6,t4+0]) < sup Pu(ret—0,t+06]) + u(K°),
te[0,7) te[0,T],zeK

and for any € > 0, by Lemma B.5, one can fix d. small enough in such a way that

sup P,(1 €[t — ., t+6]) < e+ p(K°).
te[0,7)
Applying (i) with § = J., we conclude that for C and 7 given by (i), if || < 1o then
sup (Pr=(mp <t <7Ph) + P+ (Th <t < 7p)) < 26+ CWi (i, v) + p(K°),
te[0,7)

which completes the proof of (ii) at the price of replacing € by /2. U
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