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THE FOKKER-PLANCK EQUATION
WITH SUBCRITICAL CONFINEMENT FORCE

O. KAVIAN, S. MISCHLER, M. NDAO

ABSTRACT. We consider the Fokker-Planck equation with subcritical confine-
ment force field which may not derive from a potential function. We prove the
existence of an equilibrium (in the case of a general force) and we establish
some subgeometric rate of convergence to the equilibrium (depending on the
space to which belongs the initial datum) in many spaces. Our results general-
ize similar results introduced by Toscani, Villani [33] and Roéckner, Wang [31]
for some forces associated to a potential and extended by Douc, Fort, Guillin
[I2] and Bakry, Cattiaux, Guillin [4] for some general forces: the spaces are
more general, the rates are sharper.
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1. INTRODUCTION

In the present work, we consider the Fokker-Planck equation
(1.1) of=Lf=Af+div(fF)
on the density function f = f(t,z), t > 0, x € R, d > 1, in the case of a subcritical
confinement force F, and which is complemented with an initial condition

(1.2) f(0,2) = fo(z), VzeR%L
1
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More precisely, we will always assume that the force field F € C'(R?, R?) satisfies
(1.3) z-F(z) > |z (x)?"", div(F(z)) <Cplz|"™% Vze€ Bf,,

as well as

(1.4) |DF(z)| < Ch(x)"™%, VzeRY

for some constants Cp > d, Ry > 0, C' > 0 and an exponent

(1.5) v € (0,1).

Here and below, we denote (z) := (1 + |2|?)'/? for any x € R?.

It is worth mentioning that we have made two normalization hypotheses by tak-
ing a diffusion coefficient equal to 1 in () as well as a lower bound constant
equal to 1 in the first condition in ([L3]). Of course, these two normalization hy-
potheses can be removed by standard scaling arguments (in the time and position
variables) and thus do not restrict the generality of our analysis, but on the other
hand noticeably simplify the presentation.

A typical example of a force field is the one associated to a confinement potential

¥
(1.6) F(z):=VV(z), V(z):= <i> +W, WwekR
In this case, we may observe that
(1.7) G(z) :=e V@ e LYRY) NC*(RY),

is a stationary solution of (ILl), and even an equilibrium state. We may assume
that G is a probability measure, by choosing the constant V[, adequately. We recall
that when F is given by (L6]) with v > 1, the following Poincaré inequality

Ge>0. [ If@Pes(-Vie)ds <c [ 195@)F (Vo).

holds for any f such that [;, f(z)exp(—V(x))dz = 0. Such a Poincaré inequality
does not hold when v € (0,1), which is the case studied in this paper, but only
a weak version of this inequality remains true (see [31], and below ([LI4)) and sec-
tion [41]). In particular, there is no spectral gap for the associated operator £, nor
is there an exponential trend to the equilibrium for the associated semigroup. Sim-
ilarly, the classical logarithmic Sobolev inequality does not hold but only a modified
version of it, see the discussion in [33] Section 2].

In the general case of a force field which is not the gradient of a potential, one
may see easily that the above Fokker-Planck equation preserves positivity, that is

f(tv)Z(), Vtzov if fOZ()a

and that it conserves mass, that is
(1.8) M(f(¢,-)) =M(fo), Vt>0, with M(g):= / g(z) dx.
Rd

Moreover, the Fokker-Planck operator £ generates a (Markov) semigroup in many
Lebesgue spaces which has a unique positive normalized steady state (or invariant
probability measure).
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Before stating our existence result, let us introduce some notation. For any
exponent p € [1,00], we define the polynomial and exponential weight functions
m:R? = R, by

(1.9) m(x) = (x)*, for some k> k¥, with k* := max(d,Cr)/p’,
where p’ :=p/(p — 1) is the conjugated exponent associated to p,

(1.10) m(z) = exp(k (z)°), for some 0 < s <+ and x>0,
or
(1.11) m(z) := exp(r (z)7), for some € (0,1/7),
as well as the associated Lebesgue spaces
L7(m) = { £ € LLo®; || fllzvemy = | fmllos < o0},

We also use the shorthands LY = LP(m) when m(x) = (z)"*. It is noteworthy that,
for such a choice of weights m, we have LP(m) C L'(R9).

As a first step, we have the following existence and uniqueness result.

Theorem 1.1. For any exponent p € [1,00], any weight function m satisfying

either of definitions (L3), (CIO) or (LII), and any initial datum fo € LP(m),
there exists a unique global solution f to the Fokker-Planck equation (LI)—([T2),

such that for any T > 0,
f € C([0, T LY (RY)) N L=(0, T; LF (m)).

Moreover the associated flow preserves positivity and conserves mass. Also, the
operator L generates a strongly continuous semigroup Sc(t) in LP(m) when p €
[1,00).

On the other hand, there exists a unique positive, unit mass, stationary solution

G such that
GelL;, MG)=1 and  AG +div(GF) = 0.

More precisely, there exists k§ > K& := 1/ such that for any ko € (0,K}), k1 €
(K7, 00), there holds

(1.12) Cre "8 < G < Cpe 0@ op R,

for some constructive constants Cy, C1 > 0.

~

The well-posedness for the evolution equation is not surprising and the proof
follows classical dissipativity arguments. Due to the lack of compactness of the
associated semigroup, the standard Krein-Rutman theory does not apply directly in
the case v € (0, 1), and the existence of a stationary solution is not straightforward.
We follow here a similar fixed point theorem strategy as in the recent work [30]
(see also [10, [I5] and the references therein) where the Fokker-Planck equation
with general force field (LI)-(LH) in the case v > 1 is considered. Our approach
provides an alternative deterministic proof of the existence of a stationary solution
which may also be established using the probabilistic approach developed by Douc,
Fort and Guillin in [I2]. Another deterministic approach is also presented in [9]
(which applies to much more general Markov semigroups).

Once the existence of a stationary solution is known, we are interested in the
long time behaviour of the solution f(¢,-) to the Fokker-Planck equation (II]). For
the sake of clarity, we consider separately the following two cases.
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Case 1. Following [31, Example 1.4(c)], we consider the case when furthermore the
above steady state G fulfills a weak weighted Poincaré-Wirtinger inequality. More
precisely, in this case we assume that there exist some constants Ry, c1,co > 0 such
that the function V := —log G € C'(RY) satisfies

(1.13) Vx € Bg,, c x| < Vi(z) <eglxl?,

and also that there exists ;1 > 0 such that for any f € D(R?) with M(f) = 0, the
following weak weighted Poincaré- Wirtinger inequality holds

(1.14) /|V(f/G)|2Gd:172u /f2 ()2 G da.

Inequality (LI4) holds when ¢; = ¢y in ([LI3]), see Lemma Il Although this
inequality probably belongs to folklore, we were not be able to find a precise refer-
ence. We however refer to [31, Theorem 3.3] and [I1, Theorem 2.18] where related
inequalities are established.

The weak Poincaré inequality (ILT4) is a consequence of a “local Poincaré inequal-
ity” (or “Poincaré-Wirtinger inequality”) together with the fact that the following
Lyapunov condition (see for instance [4], 3])

(1.15) Aw —VV -Vw < (=C(z) + Mxp)w, Yz eR?,

holds for some well chosen function w : R? — [1,00). Here it is assumed that
M and R are two positive constants, xr(z) := x(x/R) is a truncation function
defined through a certain x € D(R?) such that 1j,;<1] < x < 1{jz<g and ((z) ==
Co <x>2(1_7) for a constant (p > 0. It is worth emphasizing that, in this case, the
force field F can be written as

(1.16) F=VV+Fy, divieVFy) =0,

with no other specific condition on Fy except that F still satisfies conditions (L3])—
(CX). Under these circumstances, we can give a simpler proof than in the general
case.

Case 2.  This corresponds to the general case when F satisfies only conditions
[C3)-([CH), without any further assumption on the stationary state G, which in
general cannot be determined explicitly. Using the above notations for M, R, xr
and ¢ introduced in the inequality (LI5), the assumptions (L3)—(TH) made on F
imply in particular the following inequality

(1.17) L'mP = AmP —F - VmP < (=C(z) + Mxp)m?, Yz eR%
which is another version of the Lyapunov condition (LT3)).

The main and fundamental difference between these two cases is that the first
one involves assumptions on the equilibrium state G = e~" while the second one
only involves an assomption on the force field F.

In the sequel, when a(t) > 0 and b(¢t) > 0 are two functions of time ¢ > 0, we
write a(t) < b(t) to mean that there exists a positive constant ¢y independent of ¢
such that one has a(t) < ¢ b(t) for all ¢t > 0.

Our main result is as follows:

Theorem 1.2. Let F satisfy (L3)-([LH), and let p € [1,00]. For a weight function
m satisfying either of definitions (L9), (LIQ) or (LII)), we define the subgeometric
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rate function ©,, as follows: when m(x) = (z)*, we take B € (0,(k —k*)/(2 — 7))
arbitrary and we set

(1.18) O (t) :=(1+1t)7~.
When m(z) = exp(k (x)®), we take o :=s/(2 — ) and we set for a A >0
(1.19) O (t) := exp(—At7).

Then for any initial datum fo € LP(m), the associated solution f = f(t,x) to the
Fokker-Planck equation (L)) satisfies

(1.20) [1£(t,.) = M(fo) Gllr S Om(t) [ fo — M(fo) GllLr(m)
where we recall that M(fo) denotes the mass of fo defined in (LS).

Remark 1.3. We believe that Theorem is new in the sense that the decay
estimate (LI8)-(L20) is optimal and constructive and that the Lebesgue spaces
involded appear with the same exponent p € [1,00]. This last fact is of main
importance when one is interested in the stability of nonlinear evolution PDEs, see
for instance [10].

We discuss below in details some of the existent literature about the same kind
of results, some possible extensions and the general strategy of our approach.

Remark 1.4. When the force field F and the equilibrium G satisfy similar assump-
tions as described in Case 1, several previous results are known. A less accurate
rate of decay than the one given by (LLIR)-(20), actually a decay rate of order
Ot~ =2)/2=7)) in L'-norm, has been proved by G. Toscani, C. Villani in [33)
Theorem 3| under the additional assumptions that the initial datum fj is nonneg-
ative, has finite energy and finite Boltzmann entropy. The proof of this first result
relies on a modified and weak version of the log-Sobolev inequality. (It is known
that the standard (and stronger) version of the log-Sobolev inequality only holds
when v > 2). In [31l Example 1.4 (c) and Section 3 for the proof], M. Rockner,
F.Y. Wang have established the exponential rate

(121) £ () = M(f0)Gllze S e 1| fo = M(fo)Gll (-1,

with o := /(4 — 37), some A > 0 and any fo € L>(G~'). The proof of (L2
is based on a weak Poincaré inequality and the existence of a family of entropy
functionals.

Estimate ([CI8))-([20) is more accurate than (L21]) since, when the weight func-
tion m(z) = exp(k(z)?) we have ¢ = /(2 — ), and the function O,,(t) :=
exp(—At7/(2=7)) decays faster than exp(—)\t”ﬁ). Also, more importantly, the same
Lebesgue exponent p on both sides of the inequality is involved in (L20) while it
is not the case in (LZI). Also, as we shall see below, from ([I)-(T20) one easily
deduces by interpolation that for any 6 € (0, 1) one has

I1f(t,.) = M(fo) GllLr(me) S Om(t) || fo — M(fo) Gl Lr(m)-

Remark 1.5. D. Bakry, P. Cattiaux & A. Guillin in [4] have extended the approach
of M. Rockner, F.Y. Wang to the case of a general force field. More precisely, they
establish an inequality, which they call weak Lyapunov-Poincaré inequality, in [4,
Theorem 3.10 and Section 4.2.1] from which they deduce the same rate of conver-
gence ([L2I). That work is based on the Lyapunov condition method, which we
have already discussed in the presentation of Case 1 and which is closely related
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to the method we use here. The Lyapunov condition method has then been exten-
sively studied during the last decade, and we refer for instance to [4] Bl [11] and the
references therein for more details.

Remark 1.6. A completely different approach has been developed by R. Douc,
G. Fort & A. Guillin in [I2] generalizing the classical Harris-Meyn-Tweedie theory
to the weak confinement setting and adapted to both the potential case and the
general force case. We also refer to the notes on the convergence of Markov pro-
cesses by M. Hairer, and more precisely to [I9, Theorem 4.1], for a more explicite
formulation of the subgeometric convergence result and a simplified proof (starting
from a slightly different set of hypotheses). It provides estimate (.20) in the case
p:=1and m = G~ (with same rate), see [I9, (7.3)]. The drawback is that the
approach is definitively probabilistic and the constants are maybe not so explicit.
In a forthcoming paper [9], J.A. Canizo and S. Mischler provide a deterministic
and elementary proof of the above mentioned theorem. We also refer to A. Eberle,
A. Guillin & R. Zimmze [14] for recent related results.

Remark 1.7. The same kind of decay estimates remains true when, on the left
hand side of (L20), the Lebesgue norm L? is replaced by a weighted Lebesgue
norm LP(m?) with 0 < 6 < 1. More precisely, when m(x) = (z)* and 6 is such that
k*/k < 6 < 1, we choose 8 := k(1 —0)/(2 —~), and if 0 < § < k*/E, we choose
B € (0,(k—k*)/(2 —~)) arbitrary. In both cases, we define ©,, through (IJ).
When m(z) = exp(k (x)®) the definition of the decay rate O, is unchanged.

Remark 1.8. When an exponential weight function m(z) := exp(x(x)?”) is con-
sidered, one could have a field force F satisfying the first condition of (3] and
div(F) < Cr (z)7' =2, with v/ < 27, or v/ = 27 but with C’ small enough, and
obtain similar results. However we do not push our investigations in that direction,
since the general ideas of the proof are essentially the same.

Remark 1.9. When a polynomial weight function m(z) = (z)* is considered,
the decay rate in ([20) is given by (LIS]), which is better than the decay rate
one might obtain by a mere interpolation argument between L?(exp(x(z)?)) and
L'(R%). More precisely, assume that when the weight function m(z) = exp(s(x)?),
the function ©,, being given by (LI9) with s := v/(2—7), we have (L20)), as well as
the estimate || f(¢)||z1 < || follzr for any fo € L (exp(k{x)7)) such that M(fo) = 0.
Then for any R > 0 we have M(folp,) = —M(folpe), and thus we may write
Jo = for + foz + fo3 where
for = (fo —M(folBg)) 1Br, fo2:= folpg, fos:=M(folsg)lBy-

Therefore for ¢t > 0, denoting by f;(t) the solution of ([I)) with initial datum foj;,
one has

1£ Ol < MOl + 12010 + ([ f3E)][ 22
S exp(—=MY ) || forll L exp(eizy ) + | follzs + |l fosllza
S exp(=MCTD) || (fo — M(fo 18,)) 184 Lt (exp(s()))
+ IM(fo 1y )1BellLr + | fo 1 e
S exp(=M ) e FT foll o+ (RTF+ RTF)|| fll

S (exp(=A/ @70 4 i (RY) + R || Sy

~
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Assuming that t > (2k/X)2=7)/7 we may choose R so that x(R)Y = A7/ (=7 /2,
we find that when k > d, for any ¢ > (2&/)\)(2_7)/7 we have

1@l S 1 ollzy.-

This decay estimate is not as sharp as the one given by Theorem when the
weight function is m := (x)*, since according to the definition (IIS) in this case
we have actually a decay rate of O(t~%) for any K € (0,k/(2 —7)). O

Remark 1.10. In a few previous papers, due in particular to R.E. Caflisch [7] [§],
T.M. Liggett [23], G. Toscani & C. Villani [33], Y. Guo [18] or K. Aoki & F. Golse [1],
a certain number of models, arising from statistical physics, has been considered
for which only subgeometric (but not geometric) rate of decay to the equilibrium
can be established. As it is the present case, one can associate to each of these
models a linear operator which does not enjoy any spectral gap in its spectrum set
and that is the reason why exponential rate of convergence fails.

An abstract theory for non-uniformly exponentially stable semigroups (with non
exponential decay rate) has also been recently developed and we refer the interested
reader to [5l [6] and the references therein. We finally refer to K. Carrapatoso & S.
Mischler [I0] where similar semigroup analysis as here is developed and applied in
order to establish the well-posedness of the Landau equation in large spaces.

Let us briefly explain the main ideas behind our method of proof. In Case 1,
and as a first step, we may use the argument introduced in M. Roéckner & F.Y.
Wang [31] (see also O. Kavian [20, Lemma 1.3]) which we briefly recall now. We
consider three Banach spaces Fs, F1 and Ey, such that Fy C By C Ey C L', and
more precisely F7 is an interpolation space of order 1 — 1/« between Ey and Es for
some « € (1,00), that is

(1.22) 1£llz: < CallFIIES NI Y f € B,

and such that the semigroup S, () associated to the Fokker-Planck equation can be
solved in each of these spaces. Moreover, assume that for any fy, € Es, the solution
Sc(t)fo = f(t) to the Fokker-Planck equation ([LI))-(L2]) satisfies the following two
differential inequalities

(1.23 CIWlm < MOz 1@ <0,

for some constant A > 0. Using the fact that || f(¢ )||E2 < foll&,, as a consequence

of the above second differential inequality, together with (L22]), we obtain the closed
differential inequality

d —« —(a—1 a
OIS e Il FOIS
We may readily integrate this inequality and we obtain the estimate

(1.24) IFOlls, S VN follg..

Now, choosing By = L*(G~1/2), Ey := L*(G~'/?(2)7""1) and Ey = L>®(G~'), one
may see that the first differential inequality in (L23)) is an immediate consequence
of the weak Poincaré inequality (ILI4]). The second differential inequality is a kind
of generalized relative entropy principle (see [31) [24]). The above estimate (L.24)) is
a somewhat rough variant of estimate (LI9). It is noteworthy that for o € (1,2),
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we get that the associated semigroup S defined by S, (t)fo = f(t) satisfies in
particular || Szl g, € L(0,00).

We then generalize the decay estimate to a wider class of Banach spaces by adapt-
ing the extension theory introduced and developed in C. Mouho [29], M.P. Gual-
dani, S. Mischler & C. Mouhot [I7] and S. Mischler & C. Mouhot [26], and used in
M. Ndao [30] for the case 1 < < 2. In order to do so, we consider the two Banach
spaces & := LP(m) and & := LP, and we introduce a splitting £ = A + B, where
A is an appropriately defined bounded operator so that B becomes a dissipative
operator. Then, we show that for 1 =1 and i = 2

ISsAlle~e, € L'(R1),  [I98llesses € L'(Ry), || ASplle,—e, € L (Ry).

If 7;, with 4 = 1,2, are two given operator valued, measurable functions, defined on
(0, 00), we denote by

(Ti *Ta) (t) = / T (1) Talt — 7) dr

their convolution on Ry. We then set 709 := I, TG := T and, for any k > 2,
TR = 7= 5« T. We may show that for n € N sufficiently large (actually
n > 1+ (d/2) is enough), we have

(1.25) I (S5 || pymer € L'R), || (AS)*™le,»m, € L' (R4).

Then, from the usual Duhamel formula, the solution of (LI can be written as

£(t) = Ss(t)fo + /O Su(t — 7)ASe (1) fo dr.

Thus, using the above notations for the convolution of operator valued functions,
we have Sy = Sg + Sg * (ASr), and interchanging the role played by £ and B in
this expression, we get the following operator versions of Duhamel formulas

(1.26) SgZSB—I—SB*(ASg):SB-F(SB.A)*Sg
(1.27) = SB—I—SL*(ASB) :SB—F(SgA)*SB.

Upon replacing recursively S, in either of the expressions on the right hand side
by either of the Duhamel’s formula, we get, for instance:
Sy =S+ Si* A{Slg =+ (SBA) * SL}
= Sp+ (SA) * S5+ (SpA) ) « Sp.
By induction on the integers ny > 0, ny > 0 and n1 + ny > 1, we thus obtain
ni+ns—1
(1.28) Sc= 3 Sux(ASE)) 4 (SpAC™) 5 Sp x (AS) T2,
k=0
Using the above formulas (L28) and estimates (L.25), as well as the decay esti-
mate ([24)) for initial data in the space Es, we conclude that || S¢lle, e, € LT (R4)
which is nothing but a rough version of the estimates presented in Theorem
While the method leading to (L24) in FE; can be performed only in very specific
(Hilbert) spaces, the above extension method is very general and can be used in
a large class of Banach spaces &; (once we already know the decay in one pair of
spaces (E1, Es)).
On the other hand, in Case 2, we start proving an equivalent to estimate (L.24])
in one appropriate pair of (small) spaces. We then argue similarly as in the previous
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case. We present three different strategies in order to establish an equivalent to
estimate (L24). On the one hand, we may adapt the strategy of M. Rockner and
F.Y. Wang introduced to deal with Case 1 by using a generalization of the weak
Poincaré inequality (II4)) which also holds in the case of a general force field and
which has been established by D. Bakry, P. Cattiaux & A. Guillin in [4].

A second approach consists in using the generalization of the well-known Doeblin-
Harris-Meyn-Tweedie theory by R. Douc, G. Fort & A. Guillin in [I2] to the so-
called subgeometric framework, namely to the case when exponential trend to the
equilibrium is not available.

A third and more original way consists in adapting the Krein-Rutman theory to
the present context. On the one hand, it is a simple version of the Krein-Rutman
theory because the equation is mass conserving, a property which implies that the
largest eigenvalue of £ is Ay = 0. On the other hand, it is not a classical version
because the operator £ does not have a compact resolvent (however it has power-
compact resolvent in the sense of J. Voigt [34]) and, more importantly, 0 is not
necessarily an isolated point in the spectrum. First adapting (from [I5, 28] for
instance) some more or less standard arguments, we prove that there exists G, a
unique stationary solution of (ILI]) which is positive, has unit mass and is such that
G € L™ (exp(k(x)7)), for all k € (0,1/7). Next, we prove an estimate similar to
([C24) by establishing a set of accurate estimates on the resolvent operators Rz(z),
R, (z) and by using the iterated Duhamel formula

5
Se=>_ Sp*(AS) "M + Sp  (AS)*,
k=0
together with the inverse Laplace formula
(%6) i1 oo zt " 6
S (ASE)0 (1) = 5 o' ——[Re(2)(ARp(2))°] dz,

which holds true for any time ¢ > 0 and any integer n.

—ico

To finish this introduction, let us describe the plan of the paper. In Section 2]
we introduce an appropriate splitting £ = A + B and present the main estimates
on the semigroup Si. In Section [3] we deduce that the semigroup S, is bounded
in the spaces LP(m). In Section Ml the proof of Theorem is carried out in the
case when a weak Poincaré inequality (LI4]) is satisfied (Case 1). In Section 5] the
second part of the proof of Theorem [T on the stationary problem is presented in
the general case (Case 2). Finally, Section[flis devoted to the proof of Theorem 2]
in the general case.

Acknowledgements. The second author’s work is supported by the french “ANR
blanche” project Stab: ANR-12-BS01-0019. We thank M. Hairer and A. Guillin
for enlightening discussions on several results in relation with the present work.

2. THE SPLITTING L = A+ B AND GROWTH ESTIMATES ON Sp

We introduce the splitting of the operator £ defined by
(2.1) Af:=Mxgrf,  Bf:=Lf—-Mxrf

where M is positive constant, and for a fixed truncation function xy € D(R?) such
that 1p,1) < x < 1B(0,2), and for R > 1 which will be chosen appropriately as
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well as M, we set xr(z) := x(x/R). We establish several growth and regularity
estimates on the semigroup Sz and the family of operators ASg which will be of
fundamental importance in the sequel.

2.1. Basic growth estimates.

Lemma 2.1. For any exponent p € [1, 00| and any polynomial or exponential weight

function m given by ([L9), (LIQ) or (LII), we can choose R, M large enough in
the definition (1)) of B such that the operator B is dissipative in LP(m), namely

(2.2) | Ss)llLe(m)y—Lrm) < 1, Vit >0.

Moreover, if m(z) = (z)*, set B = k(1 —0)/(2 — ) for k*/k < 0 < 1, and
B € (0,(k—k*)/(2—7)) arbitrary when 0 < k*/k. Then the function ©,, being
defined by ([LI8)), we have

(2:3) IS5 Lr(m)—Lr(me) S Om(t)-

If m(z) = exp(r{x)®) satisfies (LIN) or (LI, the above inequality holds, provided
the function ©,, is defined by

O (t) := exp(—=At¥/ =),
where A > 0 can be chosen arbitrarily when s < v, and A < A, with
A = (k(1 = 0))C720/C7) 4oy (1 — gy))/ ),
when s = 7.

Proof of Lemmal21l The proof is similar to the proof of [I7, Lemma 3.8] and [26],
Lemma 3.8].

Step 1. We first fix p € [1,00), assuming m is as in the statement of the Lemma.
We start recalling an identity satisfied by the operator B (see the proof of [26]
Lemma 3.8]). For any smooth, rapidly decaying and positive function f, we have

[ s -
Rd
=—(p— mf)]? (mf)P2dx PP 0 (x)dx
0=1) [ IVpP enfy-das [ rm st @),

with
0 _@2-pAm  2|Vm]? 1 Vm

Observe that

Vm = kka(z)* 2

m

A

S = kkd(@)* 2 + s(s — 2)kz[2 (@) 4 + |z (z)2 4,

m

where we have set
5:=0, k=1, vi=k(k—2), when m(z) = (x)F,

k:=s, v = (sK)?, when m(z) = exp(k (z)°).
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In this latter case, for s € (0,7], the third term in the definition of 1/19,1717 is negligible
with respect to the first and second terms, and thus
mp(@) [ e T = (k7)* =Ky <0 if s =17,
z/;?nP(:zr) 2|77 — —a*i=-—c0 f0<s<7.
? |z|— 00
When m = (z)*, and k > k*(p) := Cpr/p/, the first and second terms are
negligible with respect to the third term, and then

1

limsup Y, e Yz < —a* = 1-=)Cr—k<0.
We deduce that for any a € (0,a*(m,p)), we can choose R > 1 and M large

enough in such a way that ¢, (z) < —a(x)7**72 for all 2 € R%, and then

@5) (BN m <o 1P @t = -1 [ [9m)Pmr .

In particular, using only the fact that the RHS term is negative, we conclude that
the operator B is dissipative and we classically deduce that the semigroup Sz is
well-defined on LP(m) for p € [1,00) and that it is a strongly continuous contraction
semigroup, in other words, (Z:2]) holds for any p € [1, 00). Since we may choose R, M
such that the above inequality holds true for any p € [1, 00) when a € (0, a*(m, 0)),
we may pass to the limit as p — oo in (Z2]) and we conclude that Sp is a contraction
semigroup in LP(m), for any p € [1, o0].

Step 2. Take p € [1,00) and k > k*(p) = Cr/p’, and finally, assuming first
that 0 > k*/k, set £ := 0k € (k*,k). If fo € LP(m) with m := (2)¥, denote
f(t) :== Sg(t) fo. Dropping the last term in ([2.3]), we have for a € (0,a*(m,p))

Using Hélder’s inequality

/fp pl /fp prr'v 2 /fp pk e

with n .= (k- £0)/[k — {4+ (2 —v)/p] € (0,1), and the fact that the semigroup
Sp is a contractlon semigroup in Lp by (I?EI), upon denoting « = n/(1 —n) =
p(k—10)/(2—7), we get

d

4 Vo) < ~apYo© VY0, where Yo(0) = [ 170
Integrating the above differential inequality yields

Yo(0) < ()" V()

k—¢
which in turn implies (Z3) with ©,,(¢) replaced with (%) *7 Since for
0 <t <1 we have clearly Yp(¢) < Y1(0) the proof of (Z.3)) is complete when p < co
and m(z) = (x)* and ¢ := k6 > k*.

In the case where ¢ = k6 < k*, it is enough to pick 6y > 0 so that kfy > k* and
observe that we have Yy < Yp,: in this way one is convinced that ([Z3]) holds for all
p<ocand 0<60<1.

We deduce the same estimate for p = oo by letting p — oo in ([2.3)).
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Step 3. Similarly, when the weight function m is an exponential as defined in
([CI0) or (TII), take p € [1,00). Given an initial datum f, € LP(m), denote
f(t) == Sp(t)fo, and set Yy(t) := || f(t)Hip(me). Thanks to the above Step 1 we
have forallt > 0and 0 <0 <1

Yo(t) < Yy(0).

For p > 0 denote by B, the ball of R? centered at the origin with radius p. Using
the estimate (Z35) with the weight function m?, neglecting the last term of that
inequality, we have successively

G Yo =p [B5) 1

—ap [ 1P (e

P

IN

<—ap( e [y

P

< —ap(p)"7% Yy +ap(p)t? / |fIP mP?

By

< —ap(p)TT? Yy +ap<p>”+s‘2m(p)_p(l_0)/ | fol? mP

B3
< —ap{p)" Yy +ap(p)? T m(p) PO [ fol? mP.

Integrating this differential inequality we deduce
Yo(t) < exp(—apt (p)7"72) Yy(0) + m(p) P =" ¥y (0).
< (exp(—apt (p)""*7%) +exp(—p(1 - ) p*)) Yy(0).

We may choose p such that a (p)Y 7572t = (1 —0) p*, that is we may take p of order
t1/(2=7) which allows us to conclude that (Z3) also holds in the exponential case.
As indicated above, the estimate ([Z3)) for p = oo is obtained by letting p — co. O

The following two lemmas state that when the weight function is exponential,
that is m(z) := exp(k(x)7), the semigroup Sp is ultracontractive in the spaces
LP(m), that is it maps L'(m) into L>(m) for ¢ > 0. As it is pointed out in
[21] (see Remark 2.2 of this reference for a proof based on Probability arguments,
and Remark 5.2 for a simple proof based on comparison theorems for parabolic
equations), when one considers an operator of the type Lf := Af 4+ VV - Vf with
V satisfying, for some constants R > 0 and ¢y > 0,

AV1/2
Vi
and if there exists a positive constant ¢; > 0 such that V(z) > ¢; for all z € B,
then the semigroups St (t) and Sp-(t) are ultracontractive in the spaces LP(exp(V))
(the above condition on AV1/2/V1/2 is a sort of convexity condition at infinity).
Here the operator B is not exactly of the same type as L, but nevertheless the
ultracontractivity of the semigroup Sp(t), as well as that of (Sg)*, holds. (Recall
also that the ultracontractivity of the semigroup Sz is equivalent to an appropriate
form of Nash inequality for the operator B).

Va € Bf, +co >0,
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Lemma 2.2. Consider the weight function mo = exp(k(x)?), for 0 < rky < 1.
Then there exists Ry, My > 0 such that for M > My and R > Ry we have
(2.6) vt >0, | SBO) L1 (mo)—L2(mo) S T,

Proof of Lemma[ZZ The proof is similar to the proof of [I7, Lemma 3.9], see also
[26, Section 3], [27 Section 2] and [20]. For the sake of completeness we sketch it
below.

Consider fo € L?*(mg) and denote f(t) = Sg(t)fo. From (2.4) with p = 2 and
throwing out the last term in that inequality, we find

d1
G35 | 1@rmide <= [ V(G @mo)Pds,

Using Nash’s inequality for g := f(t)mo (22, Chapter 8]) stating that for some
constant ¢ > 0
4

(2.7) /Rd g*dr < c (/Rd |vg|2da:>d% </ |g|dx>_2

we get (for another constant ¢ > 0)
(2.8) X'(t) < =2¢Y ()Y X () Fa
where for brevity of notations we have set
X(t) =1 Ol2mey: YO = 1f Ol (mo)-

Since according to ([2.2) we have Y (¢t) <Y, for ¢ > 0, we may integrate the differ-
ential inequality (2.8]) and obtain (Z.8]). O

The next result states that the adjoint of B generates also an ultracontractive
semigroup in the spaces L?(my).

Lemma 2.3. Consider the weight function mg = exp(k(x)7), for 0 < rky < 1.
Then there exists Rw > Ry and My > My (where My and Ry are defined in the
previous lemma) such that for M > My and R > Ry, the semigroup generated by
B, the formal adjoint of B, satisfies

(2.9) VES 0, 1S5 ()2 oy zrome) S
Consequently, for M > M, and R > Ry, we have
(2.10) Vit >0, | SB)| L2 (me)— Lo (me) St~ Y%

Proof of Lemma[2.3 We first observe that if the operator B is of the form
Bf=Af+b(z)-Vf+a(2)f,

and we make the transform h := fm, then the corresponding operator B,,h :=
m B(m~1h) is of the same type and is given by
A 2
Boh = Ah + [ (z )—2V—m] Vh+ [——m+2 VP o b@) Y™
m m m m

Observe also that the formal adjoint of B, denoted by B, to avoid any misunder-
standing, is given by

B.g = Ag —b(x) - Vg + (a(z) — div(b(x))) .
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Applying these observations to Bf = Af+F-Vf+ (div(F) — Mxgr) f, we get that
for h := gmyg the operator B, ,,, associated to the formal adjoint B, is given by

(2.11) B*Jnh:Ah—[F—2v—m]-Vh+[A—m—MXR—F-V—m h.
m m m

Thus, if gg > 0 is a smooth initial datum, then the solution g of
Org = By, 9(0,z) = go(x),
yields the function h := gmg which satisfies the evolution equation
(2.12) Oih = By moh, h(0, ) = ho(z).
Now, one can verify easily that for hy € C2°(R?) and hg > 0, the solution h to the

equation
Oth = Ah +b(x) - Vh + a(x) h, h(0,x) = ho(z)
satisfies h(t,2) > 0 and for 1 < p < oo we have the identity
d1 1
pTim / h(t,z)P dv = —(p—1) / |Vh|? hP~2 dx + - /(p a(x) — div(b(x))) h? dx.
p p
As a consequence, applying this to the operator B, ,,,, we have that the solution h
of equation (ZI2]) verifies

d1l
——/h(t,x)p dx < —(p—l)/|Vh|2hp72 dx—|—/hp1/)*7moﬁpdx,

dtp
where, for convenience, we have set
—2). Am 2 [Vmol?> 1 . Vm
(2.13)  Yupimo = (b )) 0, 2] 2°| + - div(F) = F- —2 — Mxg
P mo p mg P mo

Proceeding as we did above in the study of the function defined in (24]), we may
choose, if necessary, M and R large enough (in particular larger than My, Ry given
by Lemma Z2)), so that for all 2 € R? we have 1) ,,, < 0. Therefore we conclude
that

(2.14) —— |r@®I5, < —=(p—1) /|Vh|2hff’*2 dz.

On the one hand, taking p := 1, we deduce that the semigroup generated by By m,
is a contraction semigroup in L'(R?), that is |h(¢)||z: < ||hol|z: for all ¢ > 0.

On the other hand, taking p := 2 and using Nash’s inequality (27, together with
the fact that ||h(¢)||.1 is non increasing, we deduce that if we set X (¢) := ||h(t)||3.

then for some constant ¢ > 0, the function X (¢) satisfies the differential inequality
d _
ZX (1) < —e|holl ;7 X (1) P+

Integrating this, we get that for all ¢ > 0
ALz S = [lhol| -

From this, by a density argument and the splitting of any initial datum as the
difference of two nonnegative functions, we conclude that for any go € L'(mg) the
associated solution to 0;g = B.g satisfies

(2.15) 155, ()90l 22 (mo) = 190 | 220me) S ™Y * |90l L1 (o) V£ > O,
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which is precisely ([Z3)). To conclude the proof of the Lemma, observe that for
f,9 € C=(R?) we have

(Bf19) L2 (mo) :/Bfgmgdx:/Bmo(fmo) (gmo) dx

— [ (7 m0) By (g ma) do = [ (7 mo)m ey g m0) mo(a)?

= (fIB«9) L2 (mo)-

This allows one to verify that (Sp(t))* = Sz, (t), the adjoint being taken in the sense
of the Hilbert space L?(mg), where we assume that this space is identified with its
dual. Therefore, since with these conventions we have (L*(mg))’ = L>(mo), thanks

to (ZI3), we conclude (2I0). O

Putting together the previous estimates, we get the following ultracontractivity
result on the semigroup S and on the iterated convolution family of operators

(ASB)(*").

Lemma 2.4. Consider the weight function mo = exp(k(x)?), for 0 < rky < 1.
Then, M, R being large enough as in Lemma[Z3, there exists M. € (0,00) such that
for any p,q € [1,00], p < q, and for any 0 < 05 < 01 < 1, the semigroup Sp satisfies

(2.16) ||SB(t)||LP(mZ2)—>Lq(mgl) < ¢ (4/2)A/p=1/4) g= A 1/ @) vEso0.

Moreover, if n > d/2 is an integer, for all X\ < X\, and all t > 0, we have
1 A/ 2=
(2.17) [(ASg)" )(t)||L1(mg)~>L°°(m[2)) Se :

Proof of Lemma[Z7) Step 1.  Writing Sg(t) = Sg(t/2)Ss(t/2), and using (2.6)
together with (2I0), we deduce that for any ¢ > 0

1S (mo)— Lo (mo) < 1SBE/2)I122(mo)— Lo (mo) 198 (/2) || L1 (mo) = L2 (mo)
(2.18) <2,

Since on the other hand we have also [|S5()follLr(mo) < IlfollLr(me), @ classical
interpolation argument yields that for 1 < p < ¢ < 0o, we have

(219) ||SB(t)||LP(m0)~>Lq(mo) S t_(d/2)(1/17—1/q)'
Using Lemma 2.7}, since
”SB(t)”Lq(mo)%Lq(mg) < eXp(—,\t'V/(2*’Y))7

one sees that the proof of ([ZI6) with #; = 1 is complete. To see that (ZI0)
holds with 67 < 1, it is enough to observe that mgl (x) is of the same type as
mo(x) = exp(k(z)?) provided & is replaced with 6.

Step 2. In order to show (2I7), first note that the operator A consisting simply
in a multiplication by a smooth compactly supported function, thanks to the above
lemmas, we clearly have, for all t > 0,

(2.20) I ASB ()| Lo1 (mo) Loz (ma) S e,

with 0* := v/(2 —v) < 1 and where it is understood that o := d/2 if (p1,p2) =
(1,00), and « := 0 when p; = pa. We claim that the three estimates for three
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choices (p1,p2) = (1,00), and p; = pa = 1, as well as p; = pa = oo, imply that for
all integers n > 1 we have

(2.21) 1(AS5) ™ (Ol ot () L2 (my < Ot 717 €T

from which one readily deduces (ZI1). We prove (221 by induction. Estimates
@Z0) are clearly true for n = 1. Let us assume that p; = 1 and ps = oo, for which
@21) is true for a certain n > 1. Introducing the shorthand notation u := ASg
and || - |lpy—p, = | - ”LPl (mo)—LP2 (m2), We have

/2
[t )]y < / | u (= 8)ll1msoe | w(s)]l1os1 ds
t
+/ | a™ (¢~ 8)llaosoo || 2(8)]11so0 ds
/2
. t/2
<O, Cpe M / (t— s)_o‘+"_1 ds
0
o* t
+C,Cre / (t—s)"ts“ds
t

. 1/2
< CpCre M et { / (1—7) ot Ldr
0

1
+/ (1—r)"tr e dT} ,
1/2

where we have used the fact that t° < (t — s)"* + 57 for any 0 < s < t, since
0 < o* < 1. This proves estimate (221 at rank n + 1 and (p1,p2) = (1, 00).

The proof of the other cases (p1,p2) = (1,1) and (p1,p2) = (00, 00) is similar, if
not much simpler, and can be left to the reader. O

2.2. Additional growth estimates. In order to deal with the general case in
Section [6] we will need a more accurate version of the previous estimates.

Lemma 2.5. Consider mg := @7 with x € (0,1/(47)) and define the sequence
of spaces

m r (k{x )Y
(2.22) Xk = L2(mk), mpg = —0, Vk(x) = Z

Yk =0
for any k € N. There exist some constants R and M in the definition of B and
some constant > 0 such that for any k,j € N, k > j and any o € (0,a"),
a* :=1/2(1 — ), the semigroup Sp satisfies the growth estimate

J
< 7)\(15"‘)2(7’1)15 ( k )

(223) || Ss®)llxeox, Se + (10 gy ) Ve
Proof of Lemma[2Z3 We easily compute

Vmy . L+ .+ (6 (x )M/ (k= 1)
el L L {2_ 1+ ...+ (r(x V)RR ]

from which we deduce
mG

| <2ymfel @
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and
Y e (@) Vo€ B,
As a consequence, for f(t) := Sp(t)fo, we have
G [rmt<- [ivipmts [ Puto,
with
Vmy|? \Y
v = R i) —F - T
mk my
<

497 o @+ L oy
— &[] ()72 1pg —Mxr
< -2\ <x>2(v—1)

for any € R? and k € N, by fixing x > 0 small enough (as we did) and then R
and M large enough. We deduce

(2.24) G [rmi<= [pmi-on [ Fm

and in particular

= /f2 mi <Y(0) forany k> 0.
We now observe that for any j € N, 0 < j <k, there hold mj;, < my_; as well as
K
my(x) < mo(2) - = — - mg_;(r) VaeRL

= (@) (R (@) /R) R ()

The two inequalities together, we have proved

kI

(2.25) Vi<kVeeR! my(z) < (1 N e )mk,j(x).
As a consequence, for any p > 0, we have
Vi = [ fwde | pmd
B, B
kI 2
2(1—7) 2 2('7 1) .
= /f g (Y7 ) Y.
Coming back to ([Z24]), we deduce
d kI 2
2V £ =20 (07D 22 (0)20 7D (1A =7 ) Vi (0
dt k < > ]C+ <p> P <p>’” k ]( )7

which in turn implies
_ 2(v-1) k7 2
Yk(t)g{e 22 4p) ¢ +(1/\W) }Yk_J(O) Vt207p>0

We conclude by making the choice p = t¢ for « € (0, ™). O
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Lemma 2.6. Consider mg := e*®)" with x € (0,1/(27)). There exist two constants
C, X > 0 such that Sp satisfies (recall that o* =~v/(2 — 7))

C o
(2.26) Il S5 L2 (me)—Hr < e -\t Vi 0.
Proof of LemmalZ8l The function f = Sp(t)fo satisfies
00, f = A0, f+(0;div(F)) f+div(F) 0; f +0;F;0; f +F-VO, f —MOixrf— MxRrO; f,
S0 that

33 [ 19wt = = [102Pmi 4 o [1vrPam - [ (@) pagm
= [tawe®) Vs vnt - [oF00;rmi -5 [ @iv(e) 9sPm
~5 [194PP Vi 4 0 [ div(xumd)? - [ MxalviP

1
<5 [0 Pmida+ [ (91Pwdo1dn+ [ o da,

with
1 Amg 1 |Vm0| Vmg
Ui () = 7 me + 2| iv(F)| |DF| — Mxr
and
, 1 Amg 1 vm Vm
v i= ()2 + 308 4 TPV aria + 219 0L
0 0

Choosing M and R large enough, we have for some constants a > 0 and C € R

Y1 (z) < —a <x>2(7_1), Po(z) < C <x>2(7_1),

and, choosing then n > 0 small enough, we get
d 1
G [ euviPmd < =5 [QVaP -+ D22y
—a [+ 0V md (a0

On the one hand, keeping only the second term and arguing as in the proof of
Lemma 2] we get

(2.27) | Sl 2(H1 (o), 1) < Om(t), VE=0.
On the other hand, using the elementary inequality

1
J1vspni == [ 102w [ 528m8 < sz | Hlm +C 7B,

the differential inequality

d
il Vlli2me) < = D FlZ2(mey + 1921z 11 Z2(mo)

and the contraction in L?(myg), we then obtain

d -
71 VAlEz ey < - FollZ2ney | VFNL2(mo) + 1192 | e 1 foll L2 -
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As in the proof of Lemma 21l we deduce

C
(2.28) IV £ 1172 (me) < ?||fo||%2(mo) vt e (0,1).
We easily deduce ([Z26]) by gathering (Z27) and (Z28)). O

3. BOUNDEDNESS OF S,

In this section, we establish some estimates on S, which are simple results yielded
by the iterated Duhamel formula (L28]) and the previous estimates on Sp.

Lemma 3.1. For any exponent p € [1,00] and any weight function m given by

([C9), (CIO) or (LII), there exists C(m,p) such that
I'Sc@®llzwrmy < Clm,p), ¥t 20.

Proof of Lemma[31l The estimate

(3.1) | Sc)llzry <1, Yt>0,

is clear and is a consequence of the fact that S, is a positive and mass conserving
semigroup.

Step 1. We consider first the case p = 1 and we write the Duhamel formula
Se =S+ Sg*AS¢,
which allows one to deduce that
1Scllep—ser < WSllepsey +158ley ,~ep * 1 ASellpisry,, <G,
because t — || AS, (t)HLl—’LiH is a bounded function thanks to (BI), and, upon
choosing ¢ := 2(2 — v) and applying Lemma 2] we have HSBHLiu%Li < ()72,
showing that HSB(LL)HL%H*L}C belongs to L(0, o).

Step 2. In order to study the case 1 < p < oo, we write the iterated Duhamel
formula (28) with ny := £+ 1 and ny := 0 and we get

Se =55+ + 5 x (ASp) 1) 4 S x (ASp) ) x (AS)
with £ :=d/2 4+ 1 and then we infer that

-1
I Sellawoimy <Y 158l @@omy) * 1| ASBI S0y
=0

+ 158l L () Lo(m) * 1| (ASB) | L1 (@)= Lo (w2) * | ASe Lo(m)—11(w) »

where @ := e” " with v € (0,1/7) large enough. Using [Z20) and @I1), we see
that the RHS term is uniformly bounded as the sum of ¢ 4+ 1 functions, each one
being the convolution of one L*° function with integrable functions. O

Remark 3.2. When p = 1, m = (2)¥ and f(t) > 0, the above estimate means
exactly that for k > 2 — v > 1, there exists a constant C such that

Mi(Se(t)fo) < CuMi(fo), Muls) o= [ f () do.

We then recover (with a simpler proof) and generalize (to a wider class of confine-
ment force fields) a result obtained by Toscani and Villani in [33] section 2].
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4. THE Case 1 WHEN A POINCARE INEQUALITY HOLDS

In this section we restrict our analysis to Case 1, that is when furthermore the
steady state G to the Fokker-Planck equation (L)) is such that the weak weighted
Poincaré- Wirtinger inequality ([LI4) holds true and the function V := —log G is of
order (x)7, that is it satisfies (ILI3]). We startb by showing the probably classical
fact that (ICI4]) holds in the case when ¢; = co in ([LI3]). The proof uses some of
the arguments exposed in [3] [11].

Lemma 4.1. Consider a potential function V' such that (LI3]) holds with ¢; = ca
and denote G := e~V (that we assume to have mass 1). There exists u € (0,00)
such that the following weak weighted Poincaré inequality

/|Vh|2de > u/h2<x>2<v—1>de

holds for any h € CL(RY) such that M(hG) = 0.

Proof of Lemmal[f.dl We observe that |[VV(z)[*> ~ c39?[z[*'=2 and |AV(z)| ~
c1y|y +d — 2||z["72, so that

(4.1) V6 € (0,1), 3R >0, 0|VV|* > AV on Bf, .

We fix h € D(R?) such that M(hG) = 0. On the one hand, defining g = he=*V
and using the identity

/|Vh|2€_v = / |Vg|? ePa-DV 4 a/hz[(l —a)|[VV]? = AV]e Y
with a := (1 — 0)/2 together with ([fI]), we obtain a first estimate

(1-9)? 2 2 -V 2 —V 2 -V
(4.2) — RIVV|Fe™ < [ |[Vh]Pe™" +b h¥e™".
BRO

On the other hand, using the Poincaré-Wirtinger inequality in H'(Bg, Gdz), we
get

G G G 2
4.3 h27<0/ Vh?—— + h——o—),
(4.3) /B M(@isy = % o, V' w@isy) (BR M<G13R>)

with possibly Cr — oo when R — oo. Using the vanishing moment condition
M(hG) = 0 and the Cauchy-Schwarz inequality, we also have

(4.4) (/BRhG)2_(/B

with

2
hG) SER/ n? VV|2G,
% B,

€R :z/ VV[2e™V -0 as R— oo
Bg

Gathering ([@3) and (@4) for R > R», we obtain the second estimate

2
/ h2eV CR/ |Vh|2e_vd:v+2(/ he_Vd:v)
Br Br Br

CR/ |Vh|2e_vd:v+253/ RE|VV[2e V.
Br B

c
R

IN

(4.5)

IN
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Inserting ([{3) into [@2) with R > max(R;, R2), we obtain

1—6)?
%/hﬂVW?e—V < (1+Cgr) /|Vh|2e_v—|—253/ REIVV|2e Y,
B
and we conclude by taking R large enough in such a way that 2¢p < (1 —6)2/4. O
4.1. Decay estimate in a small space.

We first recall the following decay estimate in a small space. We define
Ey = LX(G™Y?), Ey:=L>®(G™).

Theorem 4.2 (Rockner-Wang [31]). Under assumptions (LI4)-([I3) on the steady
state G, set

(4.6) Og-1(t) == exp(—At?/ =),
Then there exists \* such that for A\ < \. the semigroup Sy satisfies for all t >0
(4.7) [15£(t) fo = M(fo) Gllz, S O+ () || fo —M(fo) G5,

We briefly sketch a proof of Theorem which uses as a cornerstone the weak
Poincaré inequality (LI4). We refer to [31] for a more detailed proof which uses
closedly related (but different) arguments and more precisely which are based on
the so-called weak Poincaré inequality (see [311 [IT1 [4]).

Proof of Theorem[{.3 We define V := —logG, we set Fy := F — VV and we
observe that div(GFy) = 0. The Fokker-Planck equation (II]) can be rewritten as
(4.8) o f = div[ GV(fG™1) + fFy).

Now, since fFo = fG~! - GF( and div(GFg) = 0, we have
div(fFo) = V(fG™1) - GFy.

Thus if j : R — R is a locally Lispchitz function such that j(fG~!) € L', we see
that j/(fG—1)div(fFo) = Vj(fG~1!) - GFy and therefore

(9)  [(sG div(fFe) = [ Vi(fG ) GFo =~ [1(7G)div(GFa) = .
In particular, taking j(s) := s2/2 we see that
[ 6 tatrEs) =0,
and as a consequence, multiplying [@J) by fG~! we obtain
s [rPe = = [alvue P [avirse
[P we

thanks to the weak Poincaré inequality (([LT4I).

More generally, for any convex function j : R — R, locally in W?2°° using (@3
on sees easily that the following generalized relative entropy inequality holds (see
[24], and also [31] and the references therein)

G fivene = [706an 6v(e) + [ 76 il s
- [irue e e <o

(4.10)

IN
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In particular, taking j(s) = |s|P, we obtain
IFOG e < oG | Lrs
and passing to the limit p — oo, we get
(4.11) IFOG Iz~ < [foG L, V0.
We obtain (7)) by gathering the two estimates ([LI0) and (@II). More precisely,
we write, with k := 2 — 2+,

/f2G_1 S f2 G—l 4 f2 G—l
Br Bg,

<r* [ ettt Iie / .
Br B¢

R

Together with (ZI0) and (£I1]), we get for R > Rg
d
4 [rats—r* [ po cine e [ e
dt BC

R

Integrating in time, for any 6 € (0,1), we find a constant Cy > 0 such that

[ratce ™ [Rats e |6 i

<RGN
by choosing R := (t/(fc;))"/ 2= for t large enough and defining \ := (6¢;) =1/ =),
which is nothing but ({Z1). O

4.2. Rate of decay in a large space. We now present the proof of our main
Theorem in the Case 1 when furthermore G satisfies the weak Poincaré in-
equality (LI4) and the asymptotic estimates (LI3). We recall that the projection
operator II is defined by

If := M(f)G.

Step 1. Here we consider the case p € [1,2]. We begin by fixing m a polynomial or
exponential weight function, and we introduce a stronger confinement exponential
weight mo(z) := exp(ko (x)7), with ko € (0,1/7). We denote by O,,(t), O, (¢) and
Og-1(t) the associated rate of decay defined in (II])), (IT9) and in the statement
of Theorem 2] and we may assume that ©,,,/0.,,0q-1/60,, € L'(0,00). We
split the semigroup on invariant spaces
Se=1ISg + (I —1I) S,
and together with the iterated Duhamel formula (L28) with ny =0 and ny :=n >
d/2+ 1, we can write
Se—M=8S,(I-1)={I-1)Se =Ty + T,

where

n—1
(4.12) T, = (I-1) <Sg + Z(SBA)(*Z) % SB>

=1
Ty, = ((I-10)Sg) *(ASE)*™.
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In order to estimate the first term 77, we recall that
I SB@)lLemy—re < Om(t), || SB(E)AlLr—Lr < Omy(t),
thanks to Lemma 21l We write
IT1ll (e (m),Lr)y < o+ o + Up—1
where, for £ € {1,...,n— 1}, we set

ug = C || SpAl G000 * || S8ll@wem).Lo)-
Since clearly O, 1(t) < ©,1(s) 9,1 (t — s) for all 0 < s < ¢, we deduce
I O uellzse < 11 05 S8 AlLy srry || O SBllLse (Lo (), L0,
and then
Vit >0, | Ty ()|l (Lr(m),Lr) < C Oml(t).
In order to estimate the second term 75, we recall that from Lemma[2.1] Lemmal[2.4]
and Theorem 2] we have
| ASB(t)||a(Lr (m),L1 (me)) < Om(t),
| (ASB) D) (8)| (L1 (mo), 2 (1)) < Omo (£),
| Sc@) I =Dl z(noe(a-1),02(c-1/2)) < Og-1(t),
where m; 1= my + G~'. We thus obtain that T, satisfies the same estimate as 7T}.
We deduce (L20) by gathering the two estimates obtained on T and Tb.

Step 2. We consider next the case p € [2,00]. Thanks to the iterated Duhamel
formula (L28) with ny :=n > d/2+ 1 and ny = 1, and using the fact that

(SgA) ™™ = Sp # (SpA) D)« A,
we can write
Se—II=T1+ 13
where T} is defined again by (£I12) and

Ts:= (I —11)Sp * (ASE)* (=) « AS, x (ASg)

and we conclude in a similar way as in Step 1. O

5. THE GENERAL CASE - THE STATIONARY PROBLEM

In this section, we present the proof of the existence and uniqueness of the solu-
tion to the stationary problem as claimed in Theorem [[T]in the general case, that
is assuming that the force field satisfies conditions ([L3])—(LH), without any further
assumption on the existence and particular properties of a positive stationary state.

In order to do so, we define the “small” Hilbert space

X :=L%(mg), mg:=exp(k(z)?), &€ (0,1/7),

and we study some of the spectral properties of the opertaor £ acting in X. We
consider below the eigenvalue problem on the imaginary axis. We start recalling
some standard notions and notations. For an operator A acting in a Banach space
X, we denote N(A) := A=1({ 0}) its null space, X(A) its spectrum, ¥ p(A) its point
spectrum set, that is the set of the eigenvalues of A, while p(A) := C\X(A) will
denote its resolvent set and Ra(z), for z € p(A), the resolvent operator defined by

Ra(z) == (A —2I)~ L
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We denote X the positive cone of X. In this section we shall prove

Theorem 5.1. There exists a unique steady state G € X, positive, normalized with
total mass M(G) = 1, such that

(5.1) N(L") =span(G), Vn>1.
Moreover, there holds
(5.2) Yp(L)n{z e C; Rez >0} = {0}.

Finally, estimate (L12) holds true.

We start by recalling some elementary properties regarding the positivity of the
semigroup Sg(t).

Proposition 5.2. The operator L and its semigroup Sp satisfy the following prop-
erties:

(a) The semigroup Sr is positive, namely Sp(t)f > 0 for any f >0 and t > 0.
(b) The operators L and L* satisfy Kato’s inequality, that is if f € D(L) is complex
valued, then we have

(53)  LIfl= m%e(f L), Ll = ﬂ%e(gﬁ*g) in D'(RY).
The above inequality means in particular that for all ¥ € D(L*) N X4 and all
v e D(L)N X, we have

(IF1,L20) = Re(|fITV FLEW), (Lo lgl) = Re(o,|g| 7 G Lyg).

(c) The operator —L satisfies a “weak mazimum principle”, namely for any a > 0
and g € X4, there holds

(5.4) feDL)and (—L+a)f =g imply f>0.

(d) The opposite of the resolvent operator is a positive operator, namely for any
a>0 and g € X4, there holds —Ry(a)g € X.

Proof of Proposition [2.2. The argument to establish (53) is a classical one,
but we outline it briefly. For a smooth complex valued function f if we set f. :=
(g2 + | f]?)'/? — ¢, then for 1 < j < d we have

o Re(7Of)
(5.5) 0ife = EreTBrE
(5.6) 9;if- = Re(f 95, 1) n 10; f|? _ (%G(Tajf)f

IR T @I (@ TP

Observe that f. — |f| in HL (RY) as e — 0, we have 9;|f| = |f|”'Re(f9;f) in
H (RY). Also since

10, /I (Re(F0,1))°

_ >0,
2+ Y2 (24 |f2)3/2 ~

(e?
we conclude that 9;; f. > f=1 Re(f 9;;f). Passing to the limit in the sense of the
distributions we obtain 9;;|f| > |f|~! Re(f 9, f), and using the expressions of the
operators £ and £* we obtain (&.3)).

The properties (a), (c) and (d) are classical consequences of (B3], applied to
real valued functions, see for instance [2] or [25]. O
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Remark 5.3. For later use, we point out that if f € H2_(R?) is complex valued
and moreover is such that |f| > 0 on R? then as ¢ — 0 one may pass to the limit
in (53) and (56]) and obtain the following equalities

Re(F 0
(5.7) @Uh=¢%%¢ﬁ,
Re(F ;. o, 12 (Re(Fo;f)?

Proposition 5.4. The operator —L satisfies a “strong mazimum principle”, namely
for any given real valued function f € X\{0}, there holds

f1fle DL), Lf=0 and L|f|=0 imply f>0 or f<O.

Proof of Proposition[5.4}  Consider f € X\{0} such that f € D(L) and Lf =
0. By a bootstrap regularization argument, we classically have f € C(R?). By
assumption, there exist then zy € R?, and two constants ¢, > 0 such that lf| >¢
on B(xzg,r). From Lemma2T] we also have that the operator £—al is dissipative
for a large enough, in the sense that

(5.9) VfeDL) (L-a)flf)x < flX.
For instance one can take a := M + 1, where M is the constant entering in the
definition of B, using the fact that B is then dissipative and that the same holds
for L — M1 because 0 < A< M.

We next observe that for ¢ > 0 large enough, the function

g(x) == cexp(0r?/2 — ol — 20]?/2)

satisfies g = ¢ on 0B(x,r) and
(~L+a)g = (a+do+oF - (x —x) — divF — 0|z — 20|?) g <0 on B(xg,r)°.
We define h := (g — |f|)* and Q := R¥\ B(zq,7). We have h € H} (9, mdx) and

(L-ah > Og—|f)Lg—|f])—ah
= 09— If)[ (£~ a)g+alf] >0,

where we have used the notation 6(s) = s*. Thanks to a straightforward general-
ization of (5.9) to Ha (2, m), we deduce

0 < ((‘C - a’)h’|h)L2(Q,m) < _” h”%2(ﬂ,m)7

and then h = 0. This implies that we have |f| > g on Q = B(zo,r)", and thus
|f| > 0 on RY. Since f € C(R?), we must have either f > g >0or f <—g<0. O

Proof of Theorem 5.3l  We split the proof into six steps.

Step 1. We prove that there exists G € N (L) such that G > 0, which yields in
particular that 0 € ¥p(L£). In other words, we prove that there exists a positive
and normalized (with mass 1) steady state G € X. For the equivalent norm ||| - ||
defined on X by

WA= sup | Sc()f]x,
t>0

we have [|S (&) fll < |If]| for all ¢ > 0, that is the semigroup S, is a contraction
semigroup on (X, ||| - ||). There exists R > 0 large enough such that the intersection
of the closed hyperplane H := {f ; M(f) = 1} and the closed ball of radius R in
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(X, I-1I) is a convex, non empty subset. Then consider the closed, weakly compact
convex set
Ki={feXs; IFfll <R, M(f) =1},

Since S, () is a linear, weakly continuous, contraction in (X, |||-[|) and M(S.(¢)f) =
M(f) for all ¢ > 0, we see that K is stable under the action of the semigroup.
Therefore we apply the Markov—Kakutani fixed point theorem (see for instance [13]
Theorem 6, chapter V, § 10.5, page 456] or its (possibly nonlinear) variant [I5]
Theorem 1.2]) and we conclude that there exists G € K such that S;(¢)G = G.
Therefore we have in particular G € D(£) and LG = 0. Moreover since G > 0,
G # 0 and G € C(R?), we may conclude that G’ > 0 on R? by the strong maximum
principle.

Step 2. In this step we prove that N(£2) = N (L), which implies that N (L") =
N(L) for all n > 1. Otherwise, there would exist g3 € D(L) with ||g1| = 1 and
g2 € D(L) such that Lg1 = 0 and Lgo = g1. Since S (t)g1 = g1 for all t > 0, one
sees easily that one must have S, (t)ga = g2 + tg1. However, since g1 # 0, this is

in contradiction with the fact that the semigroup S, is bounded on X as stated in
Lemma 311

Step 3. We prove here that N(£) = span(G). Since L is a real operator, we may
restrict ourselves to real valued eigenfunctions. Consider a real valued eigenfunction
f € N(L£) with f # 0. First we observe that thanks to Kato’s inequality we have

0= (Lf)sen(f) < L|f].

Actually this inequality must be an equality, since otherwise we would have

07 (LI, = (f,£71) =0
which is a contradiction. As a consequence, we have also |f| € N(L£), so that the
strong maximum principle, Proposition 5.4 implies that either f > 0 or f < 0, and
without loss of generality we may assume that f > 0, and up to a multiplication
by a normalization factor, we may also assume that M(f) = 1. Now, using once
more Kato’s inequality we have

0=1_c=qL(f—G) <L(f-G)7,

and due to the same reasons as above, we may conclude that this last inequality is
in fact an equality, that is (f —G)™ € N(L). The strong maximum principle implies
that either (f — G)T =0 or (f — G)* > 0 on R This means that either we have
f < Gor f>GonR?% Thanks to the normalization hypothesis M(f) = M(G) = 1,
the second possibility must be excluded and thus we have f < G on R?. Repeating
the same argument with (G — f)* we deduce that G < f and we conclude that
f=aG.

Step 4. We prove here that iR N Xp(L) = {0}: that is that the only eigenvalue
with vanishing real part is zero, or in other words, (&.2]) holds. We consider a couple

(f, 1) of eigenfunction and eigenvalue, with p := iw € iR, and normalized so that

M(|f|) = 1. Using the complex version of Kato’s inequality (5.3]), we have
1 -
(5.10) Llfl = m%e(fﬁf) =0.

Computing (L] f|,1), thanks to the above inequality, we get
0 <{L[f,1) =(f,£71) =0
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which implies that the inequality is in fact an equality, that is £|f| = 0, and since
M(G) = M(|f]) = 1, we conclude that |f| = G > 0.
Next, using Remark 5.3 and (&7)—(5.8]), we have
_ — . 1 — 2
12151 = Re(FAS) + Re(FF - V1) 4 div(E)f2 + V1 = o [ReT V)
1
Lf1?

Together with £|f| = 0 and Re(f Lf) = 0 (since Lf = iwf), the above identity
implies

—Re(FLS) + VI = = [Re (FVI)[".

(5.11) |Vf|2—# Re(FVf)|* = 0.

From this, as explained below, we infer that f = exp(if)G for some constant
0 € 10,27], and thus Lf = exp(i0) LG =0 and w = 0.
Indeed, in order to see that f = exp(if) G, for some 6 € [0, 27|, let us write

f=u+iv

for two real valued functions u and v. Then, since Re(f Vf) = uVu+vVw, relation

(511) means that
(u® +v2) (|Vul]? + [Vo]?) = [uVu +oVo]?,

which yields vVu —uVv = 0. Since u and v are both continuous functions and are
not both identically equal to zero, we may assume for instance that there exists
ro € R such that u(xg) > 0. Thus, if we denote by 2 the connected component
of {z € R% u(z) > 0} containing z, we have V(v/u) = 0 on Q. Hence v = au
on € for some a € R. However we must have Q = RY, since otherwise we would
have |f| = 0 on 952, which would be a contradiction with the fact that G = |f| > 0
in R%. Thus, setting a := 1+ ia we get f = au and thus u = |u| = |f|/|a| is
a positive steady state, so that |u| = G/|a| > 0 from Step 3. We conclue that
f=aG/|a| = exp(i6)G for some 6 € [0, 27].

Step 5. Denoting m := e*(*)" with x € (0,1/7), and a := xy(1 — K7)/2 > 0, the
function 1/12171 being defined by (24) for p =1, M, R > 0 large enough so that

myy, = L*m — Mxrm = Am —F - Vm — Mygm < —am,

with a > 0, we have

0= [tecm= [ erm) = [ G mus,, + Myam),
and therefore
1 M
/Gmg —/GMme§ — M(G).
a a

We have proved G € L*(m). Using the regularization property of Sg established
in Lemma 2.3] and Lemma [Z4] as well as the same Duhamel formula as in Step 1 in
the proof of Lemma [B1] we deduce G € L (m).

Step 6. We define #7 := v~ limsup, o = - F(z)/|z]" and we know that
K* € [1/7,00) from assumptions ([3) and (L4). We then denote g := ce®®l” | with
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Kk > K7, and we compute
g (~Lta)g] = w0 4 F ez fa
+a — divF + ky(d+v —2)|z[""2 <0 on B(0,R)S,
for some R > 0 large enough. Arguing as in the proof of Proposition 5.4 we deduce

that G > g on B(0, R)¢, and this yields the claimed lower bound (see also the proof
of Lemma [62] below for similar aguments). O

6. THE GENERAL CASE - DECAY ESTIMATE

In this section we present the proof of the our main Theorem in the general
case, that is assuming that the force field satisfies conditions (L3)—(L35). We denote
by Xy the “small” Banach space

Xo = LP(mg), mo:=exp(x(z)?), ke (0,k)), p=1or2,

and we will establish a semigroup decay in that space using three different strategies.
The proof of the decay of the semigroup in a general Banach space LP(m), with a
weight function m which is a polynomial or an exponential function, then follows
the same arguments as the ones which have been developed in section L2 and may
be skipped here.

6.1. Modified Poincaré inequality approach. In this section we fix the weight
function m = myg as defined above. We recall the so-called Lyapunov condition

(6.1) Lomy < ~Go+ Mlp,,, &) = Gmo(a)()* ",

which holds for some appropriate constants (o, M, Ry € (0,00) and which has been
established in Step 1 in the proof of Lemma 21 We also recall that the sta-
tionary state G given by Theorem (B.I)) satisfies estimate (LI2]), and thus a local
Poincaré (or Poincaré-Wirtinger) inequality on any ball with constants which may
be estimated explicitely. Under both above assumptions, we may adapt the proof
of [ Theorem 3.6] by Bakry, Cattiaux and Guillin in order to get the following
“weak Lyapunov-Poincaré inequality” which is a generalisation of the weak weighted
Poincaré-Wirtinger inequality (LI4]) established in Lemma .11

Lemma 6.1. There exists a constant 3 € (0,00) such that denoting wy := 1+ Smyg
and recalling that the function & has been defined by ([61)), the following inequality

L 2 2 1 2 px
. — < —
(6.2) 4/h foG_/(wo|Vh| 2h L w0>G,
holds for all functions h € CL(R?) such that M(hG) = 0.

Proof of Lemma[6dl. We take h € C}(R?) such that M(hG) = 0. From (&1]), we
have

/hzgoG < /h2 (M1p,, — L 'mo) G.
For any R > Ry, the local Poincaré inequality writes
1
W1p,G < & / Vh2G + ———— (/
/ Br R BRl | M(G].BR) Bs,

—1
KR 2 M(fo GlB%) / 2
< h2wo G+ —0 T PR) [ p2e i
= 1+[3/|v [Fuo G+ M(G1gz,) &G,

hG)2
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where we have used the the zero mass condition M(hG) = 0 in the first line and
the Cauchy-Schwarz inequality in the second line. We then deduce

(1 _Mw) /h2§0G < Mrr /|Vh|2w0G+/h2 (—L*wp) G.

M(G1g,,) 1+p
We may then first fix R > Ry large enough and next 8 > 0 large enough in such a
way that ([@2]) holds. O

We introduce the weight function m := w(l)/ *G~1/2 and the associated Hilbert
space L%(m). Despite the fact that in general the operator £ is not symmetric in
L?(m), the associated Dirichlet form has a nice positivity property. More precisely,
in order to make the discussion simpler, we shall consider the conjugate operator
h+ Lh:= G71L(Gh), which amounts to make the change of function h := G~1f,
and thus we define

Lh:= G ' L(Gh) = Ah + (2V—GG +F)-Vh.

For any smooth function f, defining the quadratic form E(f) := (=Lf|f)r2(m), We
compute, upon integrating by parts

Ef) = (Lflf)r2m) = (—Lh|h)L2(wé/2G1/2)
= —/ [Ah + (2% +F)- Vh] hw G
— / |Vh|?Guwg — % /V(hz) [~GVwy + woVG + FuoG|
= / |Vh|?Guwg + % /h2 [—GAwg + woAG + div(woGF)]
= /|Vh|2Gw0 —%/fﬁ GL*wy,
where we have used the fact that G is a steady state in the last line. For any

smooth function f such that M(f) = 0, we deduce from the weak Lyapunov-
Poincaré inequality (6.2 that

&)z g [ £ac

As a consequence, denoting f(t) := Sc(t)fo for fo € Xo with M(fp) = 0, we
compute

& [ Pue = e < 378 [ P e

This differential inequality is similar to [@I0) and we thus may conclude as in
Section @ that

I fllee S O (D) follzzemy, VE=>0.

6.2. Harris-Meyn-Tweedie approach. We present now a second way to get a
decay estimate in one small space. We start establishing a strict positivity estimate
which will be the main technical estimate in our analysis.
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Lemma 6.2. For any R > 0, there exist T > 0 and 1) € L>=(R%), ¢ > 0, ¢ #Z 0,
such that

Sc(T)go > ¢ godx, Ygo=>0.
Br

Proof of LemmalG.2.  We split the proof into three parts.

Step 1. We prove that for any p € [1,00) and m := (x)*, k > 0 large enough,
there exist C,a > 1, such that for any gy € L'(m), the function g(t) := S, (t)go
satisfies

C
(6.3) | Va(t)llzr < t_aH gollzigmy, VYt >0.
First, as a consequence of Lemma [24] and the iterated Duhamel formula
Sp =84+ (SpA) ) x Sp 4 (SpA)*™ % S,

we have that S, is ultra-contractive, that is

C
gl < WH gollzigmy, VYt >0.

Next, we differentiate the Fokker-Planck equation and proceeding in a similar way
as in the proof of Lemma [2.6] we get

C
lo@ )l < =5l gollzmy, V>0,

Repeating the proof of Lemma 2] for the derivative of g(¢), we may conclude in a
quite standard way to (6.3)).

Step 2. We prove that for any ¢t > 0, R > 0, there exist 7, A > 0 and x¢ € Bgr
such that

Sﬂ(t)go > A]-B(mo,r)/ go dx.

Br
We fix R > 0 and go € L*(R?) with suppg C Bg. With the same notations as in
the previous step, we have

[ottyds = [ ooz = /B oo .

Moreover, thanks to Lemma [3.I] there exists A > 0, such that

/g(t,x) |z dz < A/go|x| dx < AR/ go di.
Br

For any p > 0, , we write

/Bpg(t,x)da: = /g(tv‘r)d‘r—/cg(t,x)dm
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by choosing p > 0 large enough. As a consequence we infer that there exists
z0(t) € B, such that

1 1
g(t,xo(t)) > 2\ := —— / g(t,x)drdr > —— go(x)dx.
2|Bo| Jg, 4Byl Jpy
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Thanks to ([E3) and Morrey embedding W?(R?) ¢ C%/2(R%), which holds true
for p € (1,00) large enough, we know that there exists a constant ¢o > 0 such that
for all t > 0 and z,y € R?

l9(t,2) = g(t.y)| < col| Vot e - |z = y'/* < coCligollpr t~*x —y|'/2.
Therefore, we have
g(t,x) > g(t,z0(t)) — coCllgoll Lt™*|z — zo(£)]'/* = A
for z € B(xo(t),r), where 7 is chosen by setting ¢oC/||go|| 1t~ /2 = A.

Step 3. (Spreading of the positivity.) We prove that that for any rg,r; > 0 and
xo € R?, there exist t1, 1 > 0 (computable) such that

90 > 1B(woro) =  9(t1,-) > K1lp(gg,r)-

We first observe that h(t,z) := g(t, ) etl 4Fl= is a super solution of the Fokker-
Planck equation with initial data gg, that is 9:h — Lh > 0 and

dh > L = Ah+F - Vh.
We introduce the function
o(t,z) =0 —¢, o:=(t+ to)_ae_”‘w_moﬁ/(tﬂo),

for some parameters «, yi,€,tg > 0 to be specified latter. We compute

|z — 20/ a x —
a = - ) Vz =2 )
v (/L(t—l—to)Q t+t0)% v e, YO
_ 2 d
Az — (4 2 |I $0| o 1% .
o= (4 (t+ to)2 Tri)v0
To simplify notations, we only consider the case xy = 0 (the general case can be
dealt exactly in the same way) and we denote r = |z| and 7 = ¢ + to, and we
consider ¢ as function of 7 and r. For p > 1,7 > 0 and ¢t € (0,7T), we deduce
Orp — LF 2« r2 F-x
il u—2——+2dﬁ—4u2—2+2u
©Yo T T T T
2
@ r
< =2 92T 1 2d B 4y P,
T T T
and then
(6.4) dip < L% on (0,T)x RY

for any o > 2du + 4T|| F| L. We fix € such that
©(0,79) = tgo‘e_‘”g/t” —e=0.
We have built ¢ such that
Or(h — ) > L¥h — @) on (0,T) xR (h—¢)(0)>0 on R%
Because (h — ¢)_ € LY((0,T) x R%), by the weak maximum principle we deduce
that h > ¢ on (0,T) x R?, so that
g(t,x) > e v Flieee o 0y on (0,T) x RY.

B8 as well as

We now define ry := 7ot
2,=26 28-1

W(t) = p(t,r) = 7~ e Hroto — t5%e Mo/,
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We have (recall that 7 = ¢ + tg)

2,—28
MTOtO (1 - 26) —a—1 —ur2r2h-1t
(65) 1/)(0) = O, 1/)/(t) = (T -« )T e Ho > 0
—23

whenever o < W. We choose p =1+ 7“52, T = 2tg < 1 to be fixed
below, 8 = 1/4 and o := 2d + 4|| F||r=~ > 2. We observe that (64)) is true on the
time interval (0,7) and (63 is true on (0, 2ty) by choosing to :=1/(4a) < 1/2. In
particular, ¥ (2tg) > 0. As a consequence,

0(2t0,7) > @1 1= p(2t0,14,) = (3to) e H702 P/t _yragmuri/to 5

for any |z| < 7y = 792"/ and then

g(2t0,$) 2 @16_2t0|‘ div FHLoo 1B

(10,7‘021/4)7
by the above weak maximum principle. Iterating this argument, we get the an-
nounced estimate with

1 .
ty := 2nto, n = (1 + (470%0’;?0]), gy = o2l div Flioen o
and
B, = (3t0)—ae—upi2fl/2/to _ taae—upi/t07 o = 10284,

Step 4 and conclusion. From Step 2, we know that we may find 79,79, R, A > 0
and z¢ € B(0, R) such that

9(70,) > €0 1B(zg,r0)s €O = )\/ go dzx.
Br
Using Step 3 with r; := 2R, we obtain

g(to +11,-) > Ay 1B(0,R)/ go dz,

R

which is nothing but the announced Harris condition. O

We recall the following so called “abstract subgeometric Harris-Meyn-Tweedie
theorem”™.

Theorem 6.3 (subgeometric Harris-Meyn-Tweedie). Consider a semigroup S in
LY(mg) which is positive and mass conservative. Assume furthermore that the
following two additional conditions hold:

(1) the Lyapunov condition

L'm < —p(m) + b,

for some weight function m : R* — [1,00) converging to infinity and some positive,
concave and converging to infinity function ¢ : R+ — Ry and some constant b > 0;
(2) the strict positivity (or irreducibility) condition

Sefzv | f, Vf=0,
Br

for any R >0 and someT >0 and v >0, v # 0. Then, there exists some constant
C > 0 such that

C
(6.6) 1St follr <

m” follr(m)s
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for any fo € L*(m), M(fo) =0, where Hy, is the function defined by
“ ds

o= [ 5

A=) o

Theorem [63 is stated in [4, Theorem 1.2] and it is proved in [12, (3.5) in The-
orem 3.2| (see also [12] Section 5.1]) by the mean of probabilistic tools. A simple
semigroup proof is presented in [9]. A variant of 4, Theorem 1.2] is also presented
in [I9] Section 4]. Gathering the Lyapunov condition (6.1), the strict positivity
property established in Lemma and the subgeometric Harris-Meyn-Tweedie
Theorem [6.3] we deduce the following decay estimate.

Corollary 6.4. For any fo € L*(mo) such that M(fo) = 0, the associated solution
f(t,-) = Sc(t)fo to the Fokker-Planck equation (LIl satisfies

(6.7) 1 e S Omo (8) [ foll 22 mo)
which is nothing but the conclusion of Theorem LA in L*(my).
Proof of Corollary[6d. We write (LIT) (or (61]) as

(6.8) Lmo < —p(mo) + M,

with

1 —
y 04:22—7.

(logy)e’ ¥

ely) =C

We easily compute
u dy logu
Hy(u) = C/ (logy)o‘? = C/ 2%dz = C(logu)*™!,
1 1

so that H_'(v) = exp(cv#l). From (G6), we conclude ([G7) with ©,,,(t) =
Kexp(=M\=7), K >1, A > 0. O

6.3. Krein-Rutman type approach. We finally present a third approach which
is mainly an adaptation of an argument used in the proof of [28, Theorem 2.1]. The
key argument is an accurate estimate on the confinement process of the semigroup
and it does not deeply use the positivity estimates. The drawback comes from the
fact that the rate of decay in the small space X is lower than in the small space
L?*(G=1/?) (see section E2 for the notations).

We consider the sequence of spaces (X )ren, as defined in (222), and X :=
L2(mé/2). We observe that X C Xp11 C X for any £ € N. For 0 < n <1 we
also denote X, the space defined by Hilbertian interpolation between Xy o = Xy
and Xp1 = { f € Xy; Lf € X}, that is, with the notations of L. Tartar [32]
Chapter 22, page 109],

Xiy = (Xt Xi1), 5 -

Lemma 6.5. Let us fix an integer j > 2(1 —~)/v > 0. There exists a constant C
such that for any 01,02,k € N, k> j, ¢; > 1, we have for all z € C with Rez > 0
(69) ||RB(Z)||X1C7]‘—>X1¢ <Cy:= ij?

(6.10) [ARg(2) AR5 (2) | xox0 < (LMo CHE2 /()12

where z = x + iy, x,y € R.
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Proof of Lemmal6d ~ We use the representation formula

RB(Z) =— /OOO e ?t Sgp(t)dt

together with the estimates established in Lemmas 2] 224l and in the following
way. In order to simplify the presentation, we only consider in the sequel the
boundary case Re z =z = 0.

On the one hand, we define, as in Lemma[2ZH o* := 1/2(1—7), so that a*vj > 1,
and we observe that the LHS term of ([223) belongs to L'(R,). Therefore, with
the notations of Lemma [Z5] we have for any y € R

k\J 1

1Bs(iy)lxe ,xe < O+ () qormg <OF
On the other hand, from ([226]), we have
(6.11) sup | Rasi9) . g/ 1S8(8) | o dt < C.
ye 0

The latter estimate together with ([69) yield that, for any y € R and ¢5 € N*, we
have
IARB (1) | x0- X012 <
S ARB (W) x X010 | BBY) X0y -2y =Xy -0y, | BB(0) ]| x0-x;
(6.12) < (L)) C*=.
On the other hand, from the identity
Rp(z) = 27 ' (Rp(2)B - 1)
and an interpolation argument, we deduce that

||R3(iy)||Xo,1/2—>Xj < C/<y>1/27
and therefore for any ¢; € N

I AR5 (i) 1, jasx0 < (G CH/ ()2,
It is now clear that the above estimate together with ([EI2) completes the proof of

estimate ([GI0). O

Lemma 6.6. Let us fix again an integer j > 2(1 — ~)/v > 0. There exists a
constant C such that for any ¢ € N*, denoting by 11 the projection on G, that is
II(f) := M(f)G, we have
(6.13) sup || (I =) Re(2) | xo—x. < CF (A1)

Re z>0
Proof of LemmalG.6l  Since the operator £ — al is dissipative for any a > 0, we
clearly have

Cra= sup | (I -=IRc(2)|lxo»x0 S sup [[Re(2)]x0—x. < 00,
Re z>a RNe 2>

and thus we have only to prove that the constant Cr , does not blow up when
a— 07,
Step 1. We claim that for any fixed M, there holds

(6.14) sup || (I —=IDR(2)|lx,_;—x, < Cpr Cr,

z€Qn
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where we define Qp == { z=2+iy € C, 0 <z <1, ly] < M} and we recall
that C is defined in (69). We argue by contradiction, assuming that there exists
y € [-M, M] and a sequence (z,) in Qs such that

Zp — z:=1y and C;1|| Re, (Zn)||K@(Xn7j1Xn) — 00,

with £, := II+ £, where for brevity we note IT'+ := I —II, despite the fact that II is
not an orthogonal projection. The last family of blowing up estimates means that
there exist sequences (f,)n and (gn )y, such that

CMl Fallxn =000 [ Gnllxa, =1, fu=Re, (20) Gy
or, equivalently, that there exist (f,,), in X,, and (g,), in X,,—; satisfying
Ifnllx, =1, Cull gnllx.; =0, gn = (L1~ 2n) fa
This in turn would imply that
(6.15) Rp(20) A £, + 111 £, — 2, Rp (2,10 f, = Ri(20) g,
with
| Bs(2n)gnllx, < Cull gnllx._, =0,

by using ). Since (fy), is bounded in X,, C Xo, = L?*(e®{*)"), by weak com-
pactness of this sequence in X, we find f € X, and a subsequence denoted again
by (fn)n such that f, — f weakly in X, and then AII*f,, — AIl*+ weakly in X.
Together with (6.11]), we deduce that

(6.16) R (2,) A" f,, — Rp(2)ATI-f  strongly in Xj.
Now, passing (weakly) to the limit in ([G.I5]), we have
Rp(2) A" f + I f — 2Rp(2)TIf = 0.
We claim that f # 0. If not, we get from (GI0) that
Ri(z) ATl f, =0  and  IIf, = 0 strongly in X,
and then together with (GI5) that || II* f,,||x, — 0. Thus we would have
L=fullx, < ITfallxe + 10 fullx, — 0,

which is a contradiction. As a consequence, we have exhibited an f € X \{ 0}
such that (£; — zI)f = 0. This means that f is an eigenvector for £; = II*L
associated to an eigenvalue z € iR; however this is in contradiction with the fact
that $p(IT+L) NiR = (). Thus the proof of ([G.14) is complete.

Step 2. In this step we complete the proof of the Lemma. We begin by recalling
that £ = A+ B and then we write

Re(z) = Rp(z) — Re(2)ARp(2)
and
Re(2)(1 —V(2)) = Rs(2) — Rs(z) ARg(2),  where V(2) := (ARg(2))”.

Let )N(k be defined as X} but with a coefficient k¥ > & so that )ka - XOO C Xo C X
with embedding constants uniformly bounded with respect to k. First we may fix
M large enough such that [[V(z)[z(x,) < 1/2 and [V(2)]| 5%,y < 1/2, for any
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z = x + 1y, with |y| > M: this is indeed possible thanks to ([@I0) by choosing
{1 = l5 = 1. Next, we write the expansion

Re(2) = Ru(2) — (Rs(z) — Rs(z) ARs(z (Zv )ARB)

where the series converges normally in 2(Xo) and in %(X,). More precisely, for
z=ux+1y and |y| > M we have

H R. (Z)HXk—j_)Xk < HRB(Z) ||Xk—j_)Xk
+ | (Bs = Rs ARE)(:) g, x, (| VO, 5, ) 4By, %,
7=0

(6.17) < [|R5(2) lIxi—;—x. +2(Bs — Rs ARB)(2)| %, x, [ARBllx, %,

The right hand side of the above inequality being bounded by a constant C'Cj, we
conclude that

sup  [[( =) Re(2)][x,;»x, < CCh.

|Re z|>M
Together with ([G.14]), we conclude the proof of (6I3) in the case when ¢ = 1. For
the general case ¢ > 1, we argue similarly as we did in the proof of (G.I0I). O

Theorem 6.7. Let o} := 1/|2/v], where |s| stands for the integer part of the
real number s, and let mo(z) = exp(k(z)Y) and 0 < ky < 1/8. Then for any
o€ (0,0}] and 0 < 1 there exist X > 0 such that for allt > 0

1f(t) = M(fo) GllL2(mg) S exp(=At7) [ fo = M(fo) GllL2(mo)-

Proof of Theorem[6.7, ~ We write the representation formulas (taken from [28])

5

(6.18) Sc(t)f =T1f + ) (I —1)Sp * (ASs) " () f + T (1),
= i a+iM
where T (t) := A/}lgloo py. /7.MeZt (I —TR.(2) (ARg5(2)) dz,

for any f € D(£), t >0 and a > 0.

Thanks to Lemma 4] we know that each term ||(I — IT)Ss * (ASg)*O(t) f|| in
the above expression of S¢(t) is bounded by O(©,,,(t)). In order to conclude, we
have to estimate the last term.

We introduce the shorthands ®; := R.(I —II), &, = ARp, for 2 < £ < 7, and
we perform n integration by part in the formula giving 7 (¢) to get
i 1 a+ioco

(6.19) T() = —

5 t_n ezt d"
7T

7

Using the fact that all the functions appearing in the integral are bounded on the
imaginary axis, together with the resolvent identity

a—ioco

.

R} (2) := dd—n Ra(z) = nlRa(2)",
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we find in #(Xy), thanks to Leibniz formula and for any z = x + iy € C with

0<y<l,
a1

Iz Lo <7 _ow 1 T] oo

a€N™ Jal=n 7

7
<7 sup  []llea! (I =T R ™ al ARG a7l ARG (2)]

a€N7 |a|=n ;1
< O™ () (y) "2,

where in the last step we have used Lemma for some integer j which will be
fixed later. Next, using the bound n! < (C'n)", we get

[T <Crnt+dm=" V>0, VEk>0.

For any ¢ > t*, where t* is large enough and depends on j, we choose n € N such
that _
t>20n'" >t/2,

and we obtain
1
|T(®)] < (Ot < (1/2)" < (1/2)#47F v 0.

As a consequence, with the choice j := [[2(1 — v)/v] + 1, we have proved that for
all ¢ > 0 we have

ITOI < exp(=At7),
which clearly ends the proof. O

REFERENCES

[1] Aoki, K., AND GOLSE, F. On the speed of approach to equilibrium for a collisionless gas.
Kinet. Relat. Models 4, 1 (2011), 87-107.

[2] ARENDT, W., GRABOSCH, A., GREINER, G., GRoH, U., LoTz, H. P., MousTAKAS, U., NAGEL,
R., NEUBRANDER, F., AND SCHLOTTERBECK, U. One-parameter semigroups of positive oper-
ators, vol. 1184 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1986.

(3] BAKRY, D., BARTHE, F., CaTTIAUX, P., AND GUILLIN, A. A simple proof of the Poincaré
inequality for a large class of probability measures including the log-concave case. Electron.
Commun. Probab. 13 (2008), 60-66.

[4] BakRry, D., CaTTIAUX, P., AND GUILLIN, A. Rate of convergence for ergodic continuous
Markov processes: Lyapunov versus Poincaré. J. Funct. Anal. 254, 3 (2008), 727-759.

[5] BATKAI, A., ENGEL, K.-J., PRUSS, J., AND SCHNAUBELT, R. Polynomial stability of operator
semigroups. Math. Nachr. 279, 13-14 (2006), 1425-1440.

[6] BarTy, C. J. K., AND DUYCKAERTS, T. Non-uniform stability for bounded semi-groups on
Banach spaces. J. Evol. Equ. 8, 4 (2008), 765-780.

[7] CarriscH, R. E. The Boltzmann equation with a soft potential. I. Linear, spatially-
homogeneous. Comm. Math. Phys. 74, 1 (1980), 71-95.

[8] CarriscH, R. E. The Boltzmann equation with a soft potential. II. Nonlinear, spatially-
periodic. Comm. Math. Phys. 74, 2 (1980), 97-109.

[9] CaN1zO, J. A., AND MISCHLER, S. A semigroup proof of Harris’ theorem. In progress.

[10] CARRAPATOSO, K., AND MISCHLER, S. Landau equation for very soft and Coulomb potentials
near Maxwellian. Ann. PDE 3, 1 (2017), 1-65

[11] CaTTIAUX, P., GOozLAN, N., GUILLIN, A., AND ROBERTO, C. Functional inequalities for heavy
tailed distributions and application to isoperimetry. Electron. J. Probab. 15 (2010), no. 13,
346-385.

[12] Douc, R., Fort, G., AND GUILLIN, A. Subgeometric rates of convergence of f-ergodic strong
Markov processes. Stochastic Process. Appl. 119, 3 (2009), 897-923.



38

13]

[14]

(15]

[16]
(17]

(18]
19]

20]

(21]
(22]
23]
[24]
[25]
[26]
27]
(28]
[29]
(30]
31]
32]
(33]

(34]

O. KAVIAN, S. MISCHLER, M. NDAO

DUNFORD, N., AND SCHWARTZ, J. T. Linear Operators. I. General Theory. With the assis-
tance of W. G. Bade and R. G. Bartle. Pure and Applied Mathematics, Vol. 7. Interscience
Publishers, Inc., New York; Interscience Publishers, Ltd., London, 1958.

EBERLE, A., GUILLIN, A.; AND ZIMMZE, R. Quantitative Harris type theorems for diffusions
and McKean-Vlasov processes. To appear in Transactions of the American Mathematical
Society.

EscoBEDO, M., MISCHLER, S., AND RODRIGUEZ RICARD, M. On self-similarity and station-
ary problem for fragmentation and coagulation models. Ann. Inst. H. Poincaré Anal. Non
Linéaire 22, 1 (2005), 99-125.

GAMBA, I. M., PANFEROV, V. AND VILLANI, C. On the Boltzmann equation for diffusively
excited granular media. Comm. Math. Phys. 246, (2004), 503-541.

GUALDANI, M. P., MISCHLER, S., AND MoOUHOT, C. Factorization of non-symmetric operators
and exponential H-Theorem. Mém. Soc. Math. Fr. 153, (2017), 1-137.

Guo, Y. The Landau equation in a periodic box. Comm. Math. Phys. 231 (2002), 391-434.
HAIRER, M. Convergence of Markov Processes, (2016), available on http://www.hairer.org/
notes/Convergence.pdf

KaAviaN, O. Remarks on the Kompaneets equation, a simplified model of the Fokker-Planck
equation. In Nonlinear partial differential equations and their applications. Collége de France
Seminar, Vol. XIV (Paris, 1997/1998), vol. 31 of Stud. Math. Appl. North-Holland, Ams-
terdam, 2002, pp. 469-487.

KaviaN, O., KERKYACHARIAN, G., AND ROYNETTE, B. Quelques remarques sur l'ultracon-
tractivité. J. Funct. Anal. 111, 1 (1993), 155-196.

LieB, E. H., AND Loss, M. Analysis, second ed., vol. 14 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 2001.

LicgeTrT, T. M. L2 rates of convergence for attractive reversible nearest particle systems:
the critical case. Ann. Probab. 19, 3 (1991), 935-959.

MICHEL, P., MISCHLER, S., AND PERTHAME, B. General relative entropy inequality: an illus-
tration on growth models. J. Math. Pures Appl. (9) 84, 9 (2005), 1235-1260.

MISCHLER, S. Semigroups in Banach spaces - factorization approach for spectral analysis and
asymptotic estimates. In preparation.

MISCHLER, S., AND MouHOT, C. Exponential stability of slowly decaying solutions to the
Kinetic-Fokker-Planck equation. Arch. Ration. Mech. Anal. 221, 2 (2016), 677-723.
MISCHLER, S., QUININAO, C., AND TouBoUL, J. On a kinetic FitzZHugh-Nagumo model of
neuronal network. Comm. Math. Phys. 342, 3 (2016), 1001-1042.

MISCHLER, S., AND SCHER, J. Spectral analysis of semigroups and growth-fragmentation
equations. (Ann. Inst. H. Poincaré Anal. Non Linéaire 33, 3 (2016), 849-898.

MouHoT, C. Rate of convergence to equilibrium for the spatially homogeneous Boltzmann
equation with hard potentials. Comm. Math. Phys. 261, 3 (2006), 629-672.

NpAo, M. Convergence to equilibrium for the Fokker-Planck equation with a general force
field. phD thesis, Université de Versailles Saint-Quentin (2018).

ROCKNER, M., AND WANG, F.-Y. Weak Poincaré inequalities and L2-convergence rates of
Markov semigroups. J. Funct. Anal. 185, 2 (2001), 564-603.

TARTAR, L. An introduction to Sobolev spaces and interpolation spaces, vol. 3 of Lecture
Notes of the Unione Matematica Italiana. Springer, Berlin; UMI, Bologna, 2007.

Toscani, G., AND VILLANI, C. On the trend to equilibrium for some dissipative systems with
slowly increasing a priori bounds. J. Statist. Phys. 98, 5-6 (2000), 1279-1309.

VoiaTt, J. A perturbation theorem for the essential spectral radius of strongly continuous
semigroups. Monatsh. Math. 90, 2 (1980), 153-161.

(Otared Kavian) UNIVERSITE PARIS-SACLAY; UVSQ & CNRS, UMR 8100; LABORATOIRE DE

MATHEMATIQUES DE VERSAILLES; 45 AVENUE DES ETATS UNIS; 78035 VERSAILLES CEDEX, FRANCE.

Email address: kavian@math.uvsq.fr

(Stéphane Mischler) UNIVERSITE PARIS-DAUPHINE, INSTITUT UNIVERSITAIRE DE FRANCE (IUF),

PSL RESEARCH UNIVERSITY, CNRS, UMR [7534], CEREMADE, PLACE DU MARECHAL DE LAT-
TRE DE TASSIGNY 75775 PARIs CEDEX 16, FRANCE.

Email address: mischler@ceremade.dauphine.fr



SUBCRITICAL FOKKER-PLANCK EQUATION 39

(Mamadou Ndao) UNIVERSITE PARIS-SACLAY; UVSQ & CNRS, UMR 8100; LABORATOIRE DE
MATHEMATIQUES DE VERSAILLES; 45 AVENUE DES ETATS UNIS; 78035 VERSAILLES CEDEX, FRANCE.
Email address: ndao75019@yahoo.fr



	1. Introduction
	2. The splitting L= A+ B and growth estimates on SB 
	3. Boundedness of SL 
	4. The Case 1 when a Poincaré inequality holds
	5. The general case - the stationary problem
	6. The general case - decay estimate
	References

