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Abstract This paper studies the model selection problem in a large class
of causal time series models, which includes both the ARMA or AR(co) pro-
cesses, as well as the GARCH or ARCH(co), APARCH, ARMA-GARCH
and many others processes. We first study the asymptotic behavior of the
ideal penalty that minimizes the risk induced by a quasi-likelihood estima-
tion among a finite family of models containing the true model. Then, we
provide general conditions on the penalty term for obtaining the consistency
and efficiency properties. We notably prove that consistent model selection
criteria outperform classical AIC criterion in terms of efficiency. Finally, we
derive from a Bayesian approach the usual BIC criterion, and by keeping all
the second order terms of the Laplace approximation, a data-driven criterion
denoted KC’. Monte-Carlo experiments exhibit the obtained asymptotic re-
sults and show that KC’ criterion does better than the AIC and BIC ones in
terms of consistency and efficiency.
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1. Introduction. Model selection is one of the fundamental tasks in Statistics and Data
Science. It aims at providing a model (or an algorithm) that is the best, following a criterion,
to represent observed data. Two leading model selection procedures have received a lot of
attention in the literature. On one hand, the resampling methods such as hold out or more
generally V' -fold cross-validation are widely used in the machine learning community. On
the other hand, the methods based on the minimization of a penalized risk are also now very
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popular in the community of applied or theoretical statisticians. They are certainly more ap-
propriate to be applied to time series since they take into account the dependence between
data. This will be our choice in this paper.

The main challenging task when designing a penalized based criterion is the calibration of
the penalty. This is mainly dependent on the goal one would like the final criterion achieves.
For instance, the objective could be the consistency, the efficiency or the adaptive nature in
the minimax sense to name a few.

The consistency property aims at identifying the data generating process with high prob-
ability. Hence, it requires the assumption whereby there exists a true model in the set of
competitive models and the goal is to select this with probability approaches one as the sam-
ple size tends to infinity. Although the consistency is a convincing mathematical property,
this asymptotic property is not always the most interesting when switching to a practical im-
plementation. Indeed, the true underlying process is generally unknown and trying to identify
the true model for any data is quite ambitious. It is often more plausible to assume that the
true data generating process is infinite-dimensional, and that one tries to identify a "good"
finite-dimensional model based on the data ([19]). Therefore, it is common in this framework
to let the dimension of the competitive models to depend on the number of observations in
order to obtain a better approximation and to reduce the prediction’s risk. Hence, the model
selection is said to be efficient when its risk is asymptotically equivalent to the risk of the
oracle.

In this work, we are interested by providing efficient and consistent penalized data-driven
criteria for affine causal time series, which are defined by:

Class AC(M, f) : A process X = (Xi)icz belongs to AC(M, f) if it satisfies:
(1.1) X = M((Xi—i)ien+) & + f((Xi—i)ien+) foranyt € Z.

where (&;)ier is a sequence of zero-mean independent and identically distributed random
vectors (i.i.d.r.v) satisfying E(|&o|") < oo with r > 1 and M, f : R>® — R are two measur-
able functions, where R is the set of numeric sequence with finite number of non-zero terms.

For instance,

o if M((X¢—i)ien-) =0 and f((Xi—i)ien-) = d1Xe—1 + -+ + ¢pXi—p, then (X¢)sez is an
AR(p) process;

o if M((Xi—i)ien-) = \/ao + a1 XP |+ +apX? ,and f((Xi—i)ien-) =0, then (Xy)iez
is an ARCH(p) process.

Note that numerous classical time series models such as ARMA(p, q), GARCH(p, q),
ARMA(p, 9)-GARCH(p, q) (see [13] and [27]) or APARCH(4, p, q) processes (see [13]) be-
long to AC(M, f).

The study of these causal affine time series more often requires the classical regularity condi-
tions on the functions M and f that are not really restrictive and remain valid for many time
series.

We will consider the semi-parametric class of models AC(Mpy, fp) where 6 € O (a compact
subset of RY, d € N), where (fj)gco and (Mp)gece are two families of functions such as for
0 €0, fp: R® — Rand My : R* — [0, c0) are known and the distribution of &, is unknown.
A finite family of models M (for instance, the class of AR(p) processes where 0 < p < ppax)
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will be considered, where a model m € M corresponds to a linear subspace of R%. A trajec-
tory (X1,---,X,) generated from the class AC(Mpy-, fo-) with the "true" model m* € M is
supposed to be observed (see Section 2).

There already exist several important contributions devoted to the model selection for time
series; we refer to the book of [31] and the references therein for an overview on this topic.
Also, the time series model selection literature is very extensive and still growing; we refer
to the monograph of [33], which provided an excellent summary of existing model selection
procedure, including the case of time series models as well as the recent review paper of [12].
The asymptotically efficient selection property has already been tackled in case of linear pro-
cess type AR(o0) by [37], [36], [22], [21], [20], and recently by [18].

The study of a consistent model selection in this class of affine causal processes has been
also considered by [4] and [25]. As in these papers, we consider here a risk built from the
Gaussian conditional log-Likelihood, which is naturally deduced for all causal affine mod-
els AC(My, fy), and consider a model selection criterion as a penalized Gaussian Quasi-
Maximum conditional log-Likelihood (see for instance [16] or [5]). This allows us:

1. To study the asymptotic behavior of an ideal penalty that is defined as providing a mini-
mization of the risk;

2. To determine the conditions for obtaining (or not) the asymptotic consistency of a crite-
rion, i.e. that it allows asymptotically to select the true model;

3. To determine the conditions for approaching (or not) in 1/n or even in o(1/n) the minimal
risk, thus to obtain an asymptotic efficiency;

4. To determine from a Bayesian approach the BIC criterion as well as a second data-driven
criterion called KC’, which is obtained by keeping all the second order terms in the
Laplace approximation and to prove that they verify the properties of asymptotic con-
sistency and efficiency in o(1/n).

In the end, we show that in the chosen framework the BIC and KC’ criteria offer all the
advantages with respect to the classical AIC criterion, which allows neither the asymptotic
consistency nor the same efficiency. Numerical simulations confirm these results and also
show that the new data-driven KC’ criterion clearly outperforms the BIC criterion both in
terms of consistency and efficiency.

The paper is organized as follows. The model selection framework based on Gaussian Likeli-
hood risk is described in Section 2. In Section 3, the precise assumptions are stated and they
lead to new asymptotic results satisfied by the Quasi-Maximum Likelihood Estimator. The
asymptotic behavior of the ideal penalty is studied in Section 4 as well as some conditions for
obtaining the asymptotic efficiency or consistency of a criterion. In Section 5, the usual BIC
criterion as well as the data-driven criterion KC’ are studied. Finally, examples are detailed
in Section 6, numerical results are presented in Section 7 and Section 8 contains the proofs.

2. Model selection framework.
2.1. Finite family M of parametric affine causal models. Assume a trajectory (X1,...,X},)
is observed from a causal stationary solution of (1.1) where M and f are two known func-

tions depending on an unknown finite dimensional vector of parameters 6*.

Now consider a finite family M of models belonging to parametric affine causal models.
In Proposition 1 of [4], due to the linearity of such models and because M is a finite family,
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it was established that it is always possible to find a dimension d € N* and a unique couple
of known functions (Mg, f5) with § € R? such as in such a way that any model m € M be-
longs to the class AC(Mp, fp). More precisely, there is a one-to-one correspondence between
each model m € M and a linear subspace ©,, C R? and dim(©,,) = |m/| the number of
unknown parameters of the model m. As a consequence, if we denote m* the "true" model
corresponding to AC(Mp-, fo-), we will say:

e if m € M is such that ©,,- C ©,, and ©,,,- # O, (also denoted m* C m and m™* # m),
this is an overfitting’s case;
e if m € M is such that ©,,,- ¢ ©,, (also denoted m* ¢ m) , this is a misspecified case.

For example, if m* corresponds to a AR(2) process and if M contains AR (pmax) processes
and ARCH(¢max), we have d = 1 + pmax + ¢max and for 6 = (0;)o<i<d.

Pmax Pmaxtqmax

fo((Xi—k)k>1) 29 Xi—i and  Mp((Xi—k)k>1) = (90+ Z 0; X7 ,)

1=Pmax+1

Then ©,,,- = {(90, 01,602,0,...,0), (6p,01,02) € R3}, an AR(4) process implies an overfit-
ting, while an AR(1) or an ARCH(2) process implies a misspecified case.
In the sequel, we will always assume that

m* e M.

This true model m* is supposed to be unknown. After observing the trajectory (X, ..., X,),
our goal is to find the most probable model (see Section 5) among the finite family M or a
"best" model that forecasts with a minimum risk. Here we have chosen a risk that is derived
from a Quasi-Maximum Likelihood contrast, which is presented below.

2.2. Maximum Likelihood Estimation. For each 6 € ©, we will begin by defining its risk
by:

2.1)  R(0) :=Py(0) =E[(0, X1)]

(Xi f) fs = Fo(Xe—r)r=1)
with (0, X;) = 2 tlog(HE) and { Mp:=My((Xi—p)r>1) .
" Hy = (M})°

By referring to [30] or [16], the contrast y(6,.) is —2 times the Gaussian conditional
log-density of X;. Moreover, the Gaussian Maximum Likelihood Estimator (MLE) is de-
rived from the conditional (with respect to the filtration 0{(Xt)t§0}) log-likelihood of
(X1,...,X,) when (&) is supposed to be a Gaussian standard white noise. We deduce that
this conditional log-likelihood (up to an additional constant) L,, is defined for a parameter
by:

1 n
(2.2) Ln(0) :=—5 > (0, X).
=1

As it has been proved in [5], under a classical identifiability assumption, the risk function
R achieves its unique minimum at the "true"” parameter §* over any parameter set ©, when
0* €0, ie.

(2.3) 0* = argmin R(0).
0cO
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Therefore 0* is considered as an ideal predictor for the model selection procedure and serves
as a benchmark to compare predictors. Given a model m € M and ©,, its parameter space
that does not necessarily contains 6%, let us define

(2.4) 6, = argmin R(6).
0€O,,

As a consequence, we have:
0:.=0" andif m*Cm, 6, =06

Besides of minimizing the risk R, we also consider the minimization of its associated loss
function, which is defined as

(2.5) 00,6%) := R(0) — R(6") > 0.

This is a well-known measure of separation between the candidate model generated by 6 and
the true one indexed by 6*.

Let set by +,, the associated empirical risk defined by

1 (8) = Far (6, = = S 76, X0) =~ La(6),
t=1

so that maximizing the log-likelihood is equivalent to minimize the empirical criterion -y,,.

2.3. Quasi-Maximum Likelihood Estimation. Since the white noise is not necessarily a
Gaussian one and since the log-likelihood (and then the empirical risk) L, (#) depends on
(X¢t)i<o that are unknown, a quasi-log-likelihood Zn(ﬁ) can be used as an approximation
of the log-likelihood. It It consists of replacing (¢, X;) by an approximation 7(6, X;) and
those statistics are defined for all # € © by

~ 1 <&
(26) Ln(6) =~ > A0, X0)
t=1

(X; — J1)2 R Jfé\ = fo(Xe—1, X2, , X1, u)
with :Y\(QaXt) = Tg + IOg(Hé) and ]/\?5 = ‘Z\{Q(Xt—laXt—27 e 7X17u)
; T} = (4

for any deterministic sequence u = (uy,)nen With finitely many non-zero values (we will use
u = 0 without loss of generality).
In addition the computable empirical risk is then:

R R 1 o . 2~
n(0) =PuF(0,.) = — > (0, X1) = == Ln(6).
t=1

Finally, for each specific model m € M,,, we define a Gaussian Quasi-Maximum Likelihood
Estimator (QMLE) 6,,, as

(2.7) B, € argmax L,(8) = argmin 9,,(6).
0€0,, 0€0,,

The estimator @n is commonly called the Empirical Risk Minimizer (ERM).



2.4. The penalization procedure. For m € M, the ERM provides an estimator in O,,.
The goal is to come up with a model that minimizes the excess loss over M

(2.8) argmin K(é\m, 0%).

meM
This model is unknown since (2.8) depends on 6™ and the distribution P(x, ) that are
unknown.

~

A classical way to solve (2.8) problem is to design for every m € M an estimator of R(6,,)

~

and we naturally choose 7, (6, ). First, it is well known that the empirical criterion 3, (6,y,)

~

is an optimistic version of R(6,,) and decreases with the dimension of the model. Therefore,
it is common to add a penalty term to counteract this bias.

As a consequence, define a function pen: m € M +— pen(m) € R*, which is called the
penalty function and is possibly data-dependent. We will only require that pen(m;) <
pen(mgy) when m; C my. Then define the penalized contrast and the model selected by it:

2.9 Mpen = argmin {5pen(m)} with épen(m) = n (é\m) + pen(m).
meM
In order to achieve (2.8), the ideal penalty to consider in (2.9) is

~

(2.10) pen,;(m) = R(6m) — 3n(Om).

Using this definition, we obtain an "ideal" model defined by:
(2.11) M;q € argmin {E(gm, 0*)} = argmin {R(@m)} = argmin {épenid (m)}
meM meM meM

However, the function R is unknown except for very few particular and parametric cases and
therefore pen,; cannot generally be used directly. Therefore the question is how to choose the
penalty in (2.9) so that M., mimics the oracle m;q. Hence, we would like our final estimator

é\mpen to behave asymptotically like the oracle. That is to satisfy:

n * . o~ * C
(2.12) P(t0,.0%) < min {600} + ) — 1
and/or for any n > ng
0 * . n * C
(2.13) E[0(B 6] < min {E[0(6,67)] | +—.

The aim of this paper is to find a good choice of pen(m) in order to obtain the asymptotic
efficiency (2.13) or (2.12).

3. Asymptotic behavior of the QMLE. Before considering the problem of model se-
lection, we establish a central limit theorem satisfied by §m for any model m € M, i.e. as well
if m is an overfitted or a misspecified model. Before this, some notations and assumptions
have to be precised.

3.1. Notations and main assumptions. In the sequel, we will consider a subset © of R?
which is compact. We will use the following norms:

* ||.|| denotes the usual Euclidean norm on R”, with v > 1;
Al
ol

* for a matrix A, denote || A|| the subordinate matrix norm such that || A|| = sup
v#£0

e if X is a R”-random variable and r > 1, we set || X ||, = (E[HXH’"])VT € [0, 00];
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e for € © C RY, if Uy :R>® — E where E =RY or F is a set of square matrix, denote
() le =31€18{H\I'e(-)\\};

e fordc ®C R if Uy:R® > Risa C?(© x R*>) function, we will denote

0 0?

DoWo() = (892- ol )>1§i§d (891'\119( ))1SiSd and 9. Wy (") <89i89j ol )> 1<ij<d’

» consider Uy : R*® — R for any § € © C R?. Then, we define the assumption:

Assumption A (¥, 0): |[¥y(0)]e < oo and there exists a sequence of non-negative real

numbers (o (Pg,0)), ., such that Y77 | o (Pg, ©) < 0o and satisfying:

o
|Wo(z) — Po(y)|le < Zak(\llg, O)|zy —yk| forall z,y € R™.
k=1
Several assumptions on the AC class will be considered thereafter:

Assumption A0: The process X € AC(My-, fo-) where 0* € © is defined in (1.1) where:

o the white noise (&) is such as ||&ol| < oo with 8 <r;
s for any x € R, the functions 0 — My and 0 — fq are C%(©) functions:
e O € R? is a compact set such as

3.1) Oc {9 e RY, A(fy,{0}) and A(Mj, {6}) hold with

>~ anlfo, ) +licolle - (Mo, 03) <1},
k=1 k=1

Under this assumption, [14] showed that there exists a stationary causal (i.e. X is depending
only on (X;_x)ken for any ¢ € Z) and ergodic solution of (1.1) with r-order moment for any
0e€0o.

Now the assumption A0 holds. We will also add several assumptions required for insur-
ing the strong consistency and the asymptotic normality of the QMLE:

The first following classical assumption ensures the identifiability of 6*.
Assumption A1l: Forall 0,6 € ©, (fJ = £, and M = M) a.s. = 0 =4

REMARK 1. Even if this assumption is a classic one in an M-estimation framework,
it is important to remark that it does not cover all the cases of model selection of usual
causal time series. Indeed, in the case of the family of ARMA processes, it is well known
that a model is unique when both the polynomials Py and ()¢9 of AR and MA parts are
coprime. Hence, for instance, if the true model is an ARMA (py, go) process, any ARMA (pg+
1,qo + 1) representation with respective polynomials P(X) = Py(X)(X —r) and Q(X) =
Qo(X)(X —r) of AR and MA parts, is identically the same as the true model whatever r € R.
Then, Assumption A1 is never satisfied for ARMA processes in case of overfitting. However,
by initializing 6 around 0 in the optimization algorithm, we have noticed from Monte-Carlo
experiments that the algorithm always converges to 8* and not other solution.
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Next, the following Assumption ensures the invertibility of the asymptotic covariance matrix
G and F (see below) that is necessary to prove the asymptotic normality of the QMLE (see
for instance [5]).

Assumption A2: < o, 0pf§ >=0 = a=0a.s. or <a,0gMJ)>=0 = a=0a.s.

The definition of the computable empirical risk and requires that its denominators do not
vanish. Hence, we are going to assume throughout this paper that the lower bound of Hy(-) =

(My(-)) % is strictly positive:

Assumption A3: 3h > 0 such that gin(t:)(Hg(m)) > h for all z € R™.
€

The following assumption is a technical classical condition (see [28]).

Assumption Ad: For every m € M, if (O,n.,) is a sequence of ©,, satisfying O, », % 0*,
n——+0oo
then

(3.2) lim sup {E KH% (8gi9jLn(§m))i,j€m)_1“8} } < 00.

n—o0

REMARK 2. Note that under assumption A0, if E,w Rl 67, then
n—-+

|GG @ 2a@)ijen) |22 (- 5806 em) |

Thus, from the Egorov’s Theorem, we can find an event Q with sufficiently large probability
such that the relation (3.2) in the assumption A4 holds if the expectation is taken on the event
Q. For the particular case of the linear processes, the assumption A4 holds true under a mild
condition on the distribution of X, see for instance [32] and [15].

8

n—>+oo H

Finally, the decrease rates of (o (fy, ©));, (oj(Mp, O));, (e (0o fo,©)); and (o (Fp My, ©));
have to be fast enough for insuring the strong consistency and the asymptotic normality of
the QMLE:

Assumption AS: Conditions A(f,©), A(Mp,0), A(dyfs,©), A(OgMp,0), A(92. f5,O)
and A(9}, My, ©) hold with

a;(f0,0) + o (My, ©) + j(9p fo, ©) + j(99 My, ©) = O(j~°)  where §>17/2.

Note that Assumption AS does not allow to consider long-range dependent processes, but
usual short memory causal time series satisfy this assumption.

3.2. New asymptotic results satisfied by §m The asymptotic normality of é\m has been
already established in [5] when m = m* and in [4] when m* C m (overfitting). This property

can also be extended in the case of misspecified model, i.e. when m* ¢ m.

First, the following corollary is a particular case of a more general result, Proposition 4,



DATA-DRIVEN MODEL SELECTION FOR TIME SERIES 9

which is stated in Section 8 devoted to the proofs.
To begin with, and from Assumption A2 and A5, we can define the definite positive matrix

1
(3.3) G(0) = (ZCov (99,7(0, Xo) 30j’Y(97Xt))>1<ij<d
tEZ —"J =
1
(3.4) F(0) =5 (E[% gj’y(Q,Xo)])l<ij<d.

Now, for any m € M and 0 € ©, denote:

(35)  Gm(6) = i (3 Cov (96,10, X0) . 35,1(0. X))

ez ,JEM

=  Gp0") = E (Cov (99,7(0%, X0) 89].7(9*,)(0)))‘ ‘ ifm*Cm
4 1,J€EM
1
(6 Ful0):=—5 (E [agi Gj’y(H,Xo)}>

i,JEM

COROLLARY 1. Letm € M and suppose that Assumptions A0-AS hold. Then, with 6},
defined in (2.4),
1
Vn

Using mainly this new result, we also obtain:

3.7) (agjLn(e;m L5 N(0, G(65)).

THEOREM 3.1. Under Assumptions A0-A5, for any m € M,

G8) VA (On)i— 03)1),cpy 2 N (0, (Fn(03)) 7 Gn(05) (Fn(03)) "),

€M p 00

with G,,, and F},, defined in (3.5) and (3.6).

Hence, even in the misspecified case, §m satisfies a central limit theorem. We will use this
result several times, in particular to prove that the probability of selecting a misspecified
model tends quickly enough towards 0. Another technical result will also be useful for the
sequel:

PROPOSITION 1.  Under Assumptions A0-AS, with 8/3 <1’ < (8+r)/6 and r’ < 2(§ —
1) where ¢ > 7/2 is given in Assumption A5 and for any m € M, then we have
(3.9) sup H\/ﬁ ()i — (65)3).c,.
neN*

< 0.
,r/

Note that we also have sup,,c- || v/ ((§m)Z - (an)l)lem H2 < o0. This result will be essen-
tial for establishing the asymptotic behavior of the expectation of the ideal penalty.

4. Efficient model selection. The expectation of the ideal penalty (2.10) has been com-
puted (or asymptotically approximated) in several frameworks (see [29], [1], [34], [19], [7];
etc) and it is most often proportional to the dimension of the model (denoted |m| in the
sequel).

* the penalty is 2|m|c?/n in the regression setting, leading to the famous Mallows’s C),
criterion [29];
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* the penalty is 2 |m/|/n in the density estimation framework and others, leading to the fa-
mous AIC criterion [1];

* the penalty is |m| log(n)/n in the Bayesian density estimation setting and other frame-
works, leading to the famous BIC criterion [34] ;

» the penalty is Trace(B, A,;')/n where A, is the opposite of the Hessian matrix of the
log-likelihood and B,, the Fisher Information matrix in a general framework issued from
a Bayesian setting [28].

In order to approximate (2.10) in this framework, let first provide a decomposition of this
term in order to facilitate the computation. For any model m € M, write

~

(4.1) pen,(m) := R(Bm) — (O = L1 (m) + I(m) + Iz(m),

Ii(m) == R(8,) — R(67,)
with Iy(m) :=7,(0%) — 3 (0m) -
Is(m) := R(0%,) — 7n(6%)

Next we provide a preliminary result about the asymptotic behavior of the terms 77 (m) and
I>(m). Then we obtain:

LEMMA 1. Under Assumptions A0-A5, for any model m € M, there exists a probability
distribution U*(m) such that

-~

1. nli(m)=n(R@,) — R65)) = U*(m)

4.2) and  E[nI1(m)] — E[U*(m)] = —Trace((Fm(an))_l Gmw;)).
2. nlo(m)=n(3u(6}) = Fn(Bn) 22 U (m)
(4.3) and E[nIy(m)] - Trace((En(Q;kn))_1 Gm(9;)>

The proof of this lemma, as well as all the other proofs, can be found in Section 8. This result
leads to our first main result:

PROPOSITION 2. Under Assumptions A0-AS, there exists Ny € N such as for any n >
No,

4.4) argmin,,c v, E [@(@n, 0*)] =m*.

Another application of Lemma 1 is devoted to an expansion of the expectation of the ideal
penalty defined in (2.10):

PRrOPOSITION 3. Under Assumptions A0-AS5 and for any m € M, there exists a bounded
sequence (v )nen+, not depending on m when m* C m, and satisfying

*
vn

n

(4.5) E[penid(m)] ~ —gTrace((Fm(H:n))_lGm(ezz)))+

n—o0 n

Note that the Slope Heuristic Procedure, which allows to estimate a so called minimal penalty
(see [2]) consists in evaluating the slope of a linear regression of 7, (6,,,) onto |m| for m* C m

and this is equivalent to estimating the slope of — Trace (G, (67,) F;, (05,) ") onto |m| from
n
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(4.3). We will see that Trace(Gyy, (6;,)Fm(0),)~") behaves as a linear function of |m/| in
many cases, which also gives legitimacy to this approach in the case of time series after
having obtained it in the case of linear regression. The minimal penalty is then —2x the
estimated slope and this finally corresponds to an approximation of E [penid(m)] . The trace
of the matrix mentioned above is easily computable in some cases using the explicit forms
of the matrices F'(6*), G(6*) in [S]. Hence, even if the ideal penalty cannot be explicitely
obtained, we can replace it with its expectation, i.e. this trace of matrix. Then, define for

meM,

4.6) pen(m) = —% Trace((F(6;,)) ™ G(65,)).

As shown in Section 6, this trace is proportional to the dimension of the model |m| in some
cases, but could be more complex functions of |m|. In case of Gaussian process, we will also
see that it corresponds to the AIC penalty, 2/n. However, we will see that this penalty does
not provide a consistent model selection and contrary to the ideal penalty, does not provide
an optimal efficient model criterion.

Before this, we study the probability of not selecting a misspecified model under a general
condition on the penalty that is satisfied for instance by pen or by BIC criterion:

THEOREM 4.1. Under Assumptions A0-AS and if for any € > 0,

4.7 nP(pen(m) > ¢) — 0 forany m e M.
Then,
(4.8) nP(m* ¢ Mpen) — 0.

n—o0

Theorem 4.1 says that if the penalty asymptotically decreases to 0 in probability, then the
criterion épen does not select a misspecified model asymptotically.

Now, we state the main results of this paper, which specify the convergence rate of pen to
obtain an excess loss close to the minimal one over M:

THEOREM 4.2. Under Assumptions A0-AS, and if for any € > 0 there exists K. > 0
such as

4.9) lim sup max P(npen(m) > K€> <e.

n—oo ME

Then for any € > 0, there exists M. > 0 and N, € N* such as for any n > N,

(4.10) P(ﬁ(é%, 6*) < nrmré%{é(ém, ")} + %) >1—c.

REMARK 3. Let notice that this asymptotic optimality is quite a bit different from the
classical one about asymptotic efficiency, where both the cardinal of the collection M and
the dimension of competitive models are allowed to depend on n. However, this is done in
the framework where the parameter * is infinite-dimensional (see for example [37], [26],

[18]).

Now, we provide a condition on the penalty allowing to obtain a consistent criterion. More-
over, we also prove that such criterion satisfies a sharper efficiency inequality than (4.10):



12

THEOREM 4.3. Under Assumptions A0-AS5, if the penalty pen satisfies (4.7), and if for
any m € M such as m* C m and m # m*,

4.11) nEle,(m)] — oo and nE[|en(m) — Elen(m)]|] — 0

n—00 n—00
with e, (m) = pen(m) — pen(m™*) > 0 since m* C m and m # m*. Then we have,

4.12) P (ipen = m*) — 1.

n—o0

Moreover, for any € > 0 and 7 > 0, there exists N, , € N* such as for any n > N, ,,

n * n * n
4.13) P(Z(Gmpm,e ) < t(Bre,07) + ;) >1_¢,
and there exists V;, € N such as for any n > IV,

o * . o * /’7
(4.14) E[¢(07,.,07)] < Jmin, E[£(0m,07)] + —.

The best known criterion satisfying the conditions of this theorem and in particular (4.11) is
certainly the BIC criterion for which pen(m) = 10% |m| and therefore e,,(m) = 10% (|m| -

/m*|). This is also such a case for Hannan-Quinn criterion (pen(m) = % |m|, see [17])

or if pen(m) = % |m| as we used it in [4]. Note also that both the consistent data-driven
criteria mentioned in the next section (see (5.4) defined in [23], and (5.5)) also verify the
conditions of Theorem 4.3.

On the contrary, the AIC criterion with pen(m) = 2 |m/, or the criterion with penalty pen(m)
do not satisfy these conditions. The following theorem even shows that these criteria asymp-
totically overfit and have a less good asymptotic efficiency than consistent criteria satisfying
Theorem 4.3:

THEOREM 4.4. Assume that there exists g : M — [0, oo[ such as pen(m) = g(m)/n for
any m € M. Then, under Assumptions A(Q-AS5, the probability of overfitting is asymptotically
positive i.e.

(4.15) liminf P(Mpen overfits) > 0.
n—o0
and there exists M > 0 such as for n large enough,
o * : o * M
(4.16) E[((0,,07)] > min E[(0m,0")] +—.

COROLLARY 2. Theorem 4.4 is valid for pen(m) = 2 |m| (AIC criterion) or pen = pen.

To conclude, in this context where a true model belonging to a finite family of models exists,
the consistent criteria are those which also propose the best asymptotic efficiency. The next
section focuses on these. However, a criterion like the AIC criterion or more generally the
criterion with penalty pen regain all their optimality properties in asymptotic efficiency when
the model family is infinite or when the true model does not belong to the family.

5. From a Bayesian model selection to a data-driven consistent model selection. An-
other classical paradigm for model selection is the Bayesian one, leading typically to the BIC
criterion (see [34]). In this approach, the construction of the model selection criterion is first
done by assuming that the parameter vector * is a random vector. Let recall the hierarchical
prior sampling scheme in the Bayesian setting: given the finite family of models M, a model
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m is drawn according to a prior distribution (7, )meaq (generally a uniform distribution) and
then, conditionally on m, 6 is sampled according to some prior distribution fi,,(6).

The goal of this model selection procedure is to choose the most probable model after ob-
serving the trajectory X := (X1,---,X,), Le.

(5.1 mp = argmax {P(m|X)}
meM

Tm IP’(X | m)

Using Bayes Formula, we can write IP’(m | X ) =X Moreover, we have:

B(X | m) :/ B(X |8, m) diim ().

m

In addition, since P(X) does not depend on m, and P(X | 6,m) is the likelihood of X given
0 € ©,, and m € M, maximizing P(m | X ) is equivalent to maximize

S, (m, X) :=1log (P(X |m)) =log (/@ Tm exp (Ln(6)) dum(9)>.

From now on, we will assume that ,,, = 1/| M| for any m € M, a priori uniform distribution
of the models in the family M. We can also assume that there exists a non-negative Borel
function 6 — b,,,(6) such as di,, (0) = by, (0) df. Then we have:

~

(5.2) Sn(m,X):—log(|M|)+log(/® b (8) exp (Ln(e))de).

Let us give an asymptotic expansion of the a posteriori probability in order to derive a BIC
type criterion that is coherent with our framework where the observed trajectory is that of a
causal affine process. This could be obtained from a Laplace approximation, leading to the
following theorem:

THEOREM 5.1. Under Assumptions A0, A1, A2, A3, AS and if for any x € R, the
functions & — My and § — f, are C5(©) functions satisfying A (9%, fp, ©) and A(85. My, ©)
for any 0 < k < 6. Then

~ log(n)
2

(53) Sp(m, X)=L,(0n) im| + log (b (6m))

log(2m)
* 2
where F,(m) := (agieﬁn(ém))

i) — % log (det (— Fo(m))) — log(lM]) +O(n™Y) a.s.

In the above equation, it is clear that —2 S, (m, X) ~ —2 L,,(6,,) +log(n) |m| a.s.. This gives
legitimacy to the usual BIC criterion within the framework of causal affine processes since:

mprc = argmin,, - v { — 2En(§m) + log(n) \m[},

and we see that m g;c maximizes the main terms of §n(m, X).
From the relation (5.3), considering certain second order terms of the asymptotic expansion

of §n(m, X)), we also obtain the Kashyap criterion (see Kashyap [23], Sclove [35], Bozdogan
[6]), denoted K C criterion, defined for all m € M by

(54) KC(m):=—2L,(0,n) + log(n) |m| + log (det ( — F,(m)))

and Mmgc =argmin,,c {I/(E’(m)}
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Therefore the term log (det ( — Fy,(m))) is added to the usual BIC criterion. Several exam-
ples of computations of this term, generally equal to c¢|m/| but not always, are provided in
the forthcoming Section 6. It is clear that 7 ¢ can be more interesting that m ;¢ in terms
of consistency only for non asymptotic framework (typically for n of the order of a hundred
or several hundred). Note also that the data-driven criteria K C' that is "optimal" in the sense
of the a posteriori probability (see Kashyap [23]) is also asymptotically consistent under the
Assumption AS.

However, this choice of second order terms of the asymptotic expansion of :S’\n(m,X ) is
somewhere arbitrary. A criterion taking account of all the second order terms could also be
defined. For this, we could define a uniform distribution b,, on a compact set included in ©,,.
Asa congequence, using condition (3.1) of Assumption A0, there always exists 0 < C7 < Co

such as T < b (On) < %" As a consequence, we could define a new data-driven consis-

tent criterion, called K C’, such as for any m € M

(5.5
I?E’(m) = —2L,(00m) + (log(n) —log(2m)) |m| +log (det ( — ﬁn(m))) + 2log (|m/)

and Mmgc = argmin,,c {I/(Z’,(m)}

REMARK 4. We also know that under Assumptions A0-A5, F,, (m) % F(67,) where
n—-+00

F' is defined in (3.4). Therefore the term log (det ( — F\n(m))) can also be replaced by

—

log (det ( — F,(6},))) in the expression of KC'(m).

COROLLARY 3. The criteria BIC, KC and KC’ are consistent model selection criteria
and satisfy Theorem 4.3.

Thus, these three criteria are asymptotically consistent and asymptotically efficient following
the inequalities (4.13) and (4.14). Monte-Carlo experiments in Section 7 will also exhibit
that m v, which is a data-driven criterion, outperforms mpgjc in terms of consistency and
efficiency when the n size of the trajectory is of the order of a hundred or a thousand.

6. Examples of computations of the asymptotic expectation of ideal penalties. From
[5], with p1q = E[¢3], £ and H) defined in (2.1), we have for m* C m and i, j € m:

Oo. fo- 0o, f5- (s —1) Oo, Hp. 59jH3;}

(Gm®5)),; =E|

H). 4 (Hy. )?
« aé)lfg;n a@j fg; 1 a@zngn aé)j Hg:n

Here there are 3 frameworks where Trace((Fm(Q;;))_l Gm(ﬂ;*n)) can be computed for

m* Cm:

1/ A first and well-known case is the Gaussian case. Indeed, when (&;) is a Gaussian white
noise, then p4 = 3 and then from (6.1), for any i, 5 € m,

(Gm(e;kn))z T _(Fm(e;kn))w

= —2Trace((Fn(6},)) B

Gm(0y,)) = 2Trace(I},,,)) = 2|ml|,
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with I, the identity matrix of size £ € N*. As a consequence, in the Gaussian framework, for
m™* C m, the expectation of the ideal penalty is exactly the classical Akaike Criterion (AIC).

2/ A frequent case is when the parameter 6 identifying an affine causal model X; = M} &+ f}
can be decomposed as 6 = (01,62) with f} = fél and M} = ]\752. Let p1,p2 such that
p1=101], p2 = |62| and |m| = p1 + pa.

In such a case, from (6.1), it is clear that all the terms F},,(6;,); ; and G, (6},); ; are equals
tozerofori=1,...,p;and j =1,--- ,ps implying

Ay O > < Ay D1 Om D2 )
Fm 9;1 - _ »P1 P1,p2 and Gm 9:1 — > i ’
( ) <Op27p1 Bp1+17p1+p2 ( ) Op27p1 tn 2 L Bp1+1,p1+pz

where O is the null matrix and from the expressions of matrix G, (6;;,) and F},,(6},) in (6.1),

0o, fox Oo. fox 1 0o, Hy» 0o, HY.
ALpl = (E[ Eg* - m}) and Bp1+1,P1+p2 = <§E[ o

) O
1<4,5<p1 (Hejn) p1+1<¢,j<p1+p2

Asa consequence,

* * \— : (,U,4 B 1) : — —
Gm(em) Fm(em) t= _Dlag (ALPN T BP1+17P1+P2) X Dlag(Al,;}h ) Bpl{‘rl,pl-i-;l?z)

. -1
= _Dlag(IpN (M427) Ipz)

and we obtain

* -1 *
6.2) —2Trace<(Fm(0m)) Gm(om)) = 2p1 + (pa — 1) pa.
This setting includes many classical times series:

* For ARMA (p, q) processes, we have X; = f}+ o0& since X;+a1 X1+ +ap Xp—p =
o (&+b1 &1+ +by&—g) forallt € Z. Then by = (a1,...,ap,b1,...,by) and 6, = 0.
The penalty term is slightly different according to ¢ is known or not:

(a) if o is known, then 6 = 6; and G,,(0*) = —F,,,(6%), so that we recover exactly the
AIC penalty term:

-2 Trace(Gm(H;;)Fm(G;l)_l) =2im|=2(p+q);
(b) if o is unknown, # = (0, 0) and simple computations lead to

Fn(0") = <(Fm(9*))6<i,j<|ml—1 B 01 )

204

. (Gm(6%)) iicimi_1 0
and Gm(Q ): ( BS J<|m|-1 (1)

40%

where (Gm(e*))1gi,j§\m\—l = _(Fm(e*))lgi,jg\m\—l'

N
Thus, we obtain G, (0)F,,(§*)~! = — < ISZ’]S‘m‘_l M40—1> and therefore, with
2
|m| =p+ ¢+ 1 in this case,
—2Trace (G, (0;5) o (05,)71) = 2|m| + (pa — 3) =2(p+ q) + (pa — 1),

and therefore once again the expectation of the ideal penalty leads to the AIC model
selection.
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» For GARCH(p, q) processes (see [16]), we have fy =0 and X; = M; & since for any
teZ,

Xy =01&

of =wotar XP g+ FapXP, +biot 4 Hbot
Denote 6 = 0, = (wo,al, A ,ap,bl, o ,bq).
Then we have A, =0 and therefore G,,,(6*) = —@ F,,(6%). As aresult:

—2Trace (G (05,) Fin(07,) 1) = (a — 1) fm| = (ua = 1) (p + g +1).
» For APARCH(0, p, q) processes (see [13]), we also have fy =0 and X; = Mé &; since for
any t € Z,
Xt =o01&
of =wo+ a1 (Xe1 — | X))’ + - + ap (Xep — | Xep))®
+by o | 4+ by U?_q

For such a process, 0 = 0 = (wo, a1, ...,ap,V1,---5Vp, b1, .., by) When we assume that §
is known, and, mutatis mutandis, the result is the same than for GARCH processes:

~2Trace(Gum(05,) Fn(07,) ™) = (a — 1) [m| = (ua = 1) (2p + g + 1).

3/ Otherwise, the computations are no longer easy. Let us see the example of the family
of AR(1) — ARCH (p) processes. Then for any ¢ € Z we have X; = ¢.X;_1 + Z; where

Ly =& (Oéo + Oé1th_1 4+ OsztQ_p) 1/2. As a consequence, with 0 = (¢, g, ..., ), we
obtain for any t € Z,
Xe = fo(Xim1) + Mo(Xi—1,..., Xi—p—1) &
with {fG(Xt—l) =Xy
Mo(Xi—1,...,. X4—p) = (ao + >0 (X — ¢Xt—i—1)2)

Thus the parameter ¢ is present in fy as well as in My. From (6.1), and with the notations of
1/, we obtain:

A1 O1pt
F@r)=—( 1 Pl ) _p
m(0rn) <0p+1,1 Op+1,p+1 Lp+2

1/2 -

and Gm(ﬁfn)=< Ap - Ovpi >+M

Bipyo.
Op+1,1 Opt1p+1 2 P

As a consequence,
(pa—1) (a—=3) [ A1 Oipi
G 9* — F 0* + ’ Y .
Thus, with |m|=p+ 2,

_ —1) (a—3) [ A1 O1pn _
G (05 F-1(0F :—("471 A A , L) pelgr ).
( m) m ( m) 2 [m| + 2 Op+1,1 Op+1,p+1 m ( m)

Whatever the matrix F),,(6,), we have < A Ovp ) FL05) = < c(fm) Orpna )
p+1,1 Opt1,p+1 Op+1,1 Opti,p+1
with ¢(0},) = ¢(0*) € R since m* C m. Then for all m* C m,
—2Trace (G, (05) Frn (05) 1) = —2¢(0%) + (4 — 1) |m,

where —2 ¢(6*) does not depend on m.
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7. Numerical Studies. This section aims to investigate the numerical behavior of the
model selection criteria studied in Section 4 and Section 5 using R software.
To do that, three Data Generating Processes (DGP) have been considered:

DGPI  AR(2) Xi=04X, 1 4+04X0+&,
DGPII  ARMA(I,1) X;—05X; 1=£§+0.6&_1,
DGPIII GARCH(1,1) X;=o0,& with 02 =1+0.35X2 | + 0407 |,

where (&;); is a Gaussian white noise with variance unity.

REMARK 5. As already observed in the Remark 1, Assumption A1 is never satisfied for
ARMA processes in case of overfitting. However, in the used optimization under constraint
algorithm (program nloptr), we initialized 6 at 0 (except for the variance estimator). By
this way, we have noticed in Monte-Carlo experiments that the algorithm always converges
to 6* and not other solution due to the overfitting.

In order to illustrate the obtained theoretical asymptotic behaviors, we have realized Monte-
Carlo experiments where the performance of the AIC, BIC and KC’ criteria are compared
using the following parameters:

* The considered family of competitive models is the same for the three DGP
M = {ARMA(p,q) and GARCH(p, q) processes with 0 <p,q <6}.

» Several values of n, the observed trajectory length, are considered: 200, 500, 1000, 2000.
* For each n and DGP, we have generated 500 independent replications of the trajectories.

Hence, for each replication, the selected models m ¢, Mmprc and Mo are computed.
Then,

1. The consistency property is illustrated by the computation of the frequency (percentage)
of selecting the true model versus a model other than the true one (called here "wrong").

2. For the efficiency property (Theorem 4.2, 4.3 and 4.4), we first compute a very sharp
estimator R of the risk function R for each DGP: R = ~An computed from an independent
and very large (N = 106) trajectory of the DGP. By this way, and we obtain an estimator
((05,0%) = R(6,) — R(6*) of £(6,6%) for i = iz, Mmprc and fgcer. Then, we
compute

ME:=n (2(%,9*) - ?(ém*,e*))
where ? is the average of ¢ over the 500 replications. Therefore ME is an estimator of
n (E[¢(67,60%)] — min E [€(6,,,6%)] ), which appears in (4.14) and (4.16).
me

The results of Monte-Carlo experiments are reported in Table 1, devoted to the consistency
property, and in Table 2, devoted to the efficiency property.

Conclusions of numerical experiments:

» Concerning the consistency properties, the numerical results of Table 1 show that the per-
centages of choice of the true model tend towards 100 for increasing n and with the criteria
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n 200 500 1000 2000

AIC BIC KC’ | AIC BIC KC | AIC BIC KC | AIC BIC KC

DGP 1 True 172 362 356 | 304 732 782 | 364 874 922 | 324 962 984
Wrong | 82.8 63.8 644 | 69.6 26.8 21.8 | 63.6 13.6 7.8 | 67.6 03.8 01.6

DGP 11 True 27.8 80.8 920 | 30.6 884 96.6 | 31.0 89.1 97,5 | 333 952 999
Wrong | 722 192 08.0 | 69.7 11.6 034 | 69.0 10.9 025 | 66.7 04.8 00.1

DGP 111 True 004 108 148 | 014 322 558 | 01.0 548 820 | 020 758 93.8
Wrong | 99.6 892 852 | 98.6 67.8 442 | 99.0 452 18.0 | 98.0 242 06.2

TABLE 1

Percentage of "true" selected models depending on the criterion and sample’s length for DGP I-111.

200 500 1000 2000
AIC BIC KC | AIC BIC KC | AIC BIC KC | AIC BIC KC

| DGPI | 491 259 535|346 111 1.18|3.08 098 075|305 038 029 |
| DGPII | 366 087 054|337 042 011|262 015 00525 010 0.04 |
| DGPIII | 239 463 13.16 | 253 4.08 954 | 269 296 252|321 206 076 |

‘ n

TABLE 2
ME of selected models depending on the criterion and the sample’s length for DGP I-111.

BIC and KC’, and this corresponds well to the obtained asymptotic result (Corollary 3).
And as it could also be deduced from the theory (see Corollary 2) the AIC criterion is not a
consistent one. Moreover, we observe that the KC’ criterion outperforms BIC when deal-
ing as well as small and large samples for all considered DGP. These results confirm that
it is important to also consider the neglected terms in the derivation of the BIC criterion.
From the results of Table 2, we notice a decrease of the residual term ]\ﬁ to 0 for in-
creasing n for the consistent criteria BIC and KC’. This corresponds well to the o(1/n)
term observed in (4.14). We also observe that this convergence to 0 is globally faster with
the KC’ criterion than with the BIC one. Thus, in terms of efficiency as well as in terms
of consistency, the KC’ criterion performs even better than the BIC one for the selected
DGPs. Finally, as shown by Theorems 4.2 and 4.4, the statistic ME seems asymptotically
bounded and does not converge to 0 when the AIC criterion is applied to select the model.
This confirms that BIC and especially KC’ criteria are more accurate in terms of efficiency
than AIC criterion.

8. Proofs.

8.1. Proofs of Section 3. The asymptotic normality of (2 (9,

Ln(6},)) e, Was estab-

lished in [5] and [4] when m™* C m using a central limit theorem for stationary martingale
difference. Here we extend this result to any m € M:

PROPOSITION 4. Under Assumption A0-A5, for any 6 € O, we have

&1 Vit (= oL )+%E[39’Y(97X0)])

with G(0) :=

2, N (0, G(6))

n—oo

(ZCOV (D0,7(6, X0) , Da,7(8, Xt)))

teZ

1<i,j<d
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The main tool we use here for establishing Theorem 4 is the notion of 7-dependence for sta-
tionary time series and more precisely, the 7-dependence coefficients, which are a version of
the coupling coefficients introduced in [11] and used for stationary infinite memory chains.
The reader is deferred to the lecture notes [10] for complements and details on coupling,
based on the Wasserstein distance between probabilities defined as below. Its stationary ver-
sion is:

DEFINITION 1. Let (2,C,P) be a probability space, M a o-subalgebra of C and Z a
random variable with values in £. Assume that || Z]|,, < co and define the coefficient 7(P) as

T(p)(M,Z):H sup {‘/f(ﬂf)PZM(dl")—/f("”)PZ(dx)‘}Hp'

feA (E)

Using the definition of 7, the dependence between the past of the sequence (Z; )z and its
future k-tuples may be assessed: consider the norm ||z — y|| = ||z — 1 || + -+ + |2k — k|
on E*, set My, =0(Z;,t < p) and define

(7)) _ 1w (-0 . ) wi i<
T (8)—?;10){@21 {T My, (Zj,,.... Zj,)) withp+s < j1 < <Jl}}-

(p)

Finally, the time series (Z;);cz is 7
0 as s tends to infinity.

-weakly dependent when its coefficients Tép ) (s) tend to

LEMMA 2. Under Assumption A0, then for p < r and b,(f) = ar(My,0) [|Sollp +
ak(fe,®) for any j € N*,

8.2) Tﬁf)( )< CAs with Ag= 1nf {(ib,&p)yﬁ—k i bgp)} for s > 1.
k=1

<r<s
t=r+1

PROOF OF LEMMA 2. This Lemma can be directly deduced from Proposition 3.1 of [14]
where T'(x, &) = Mp(z) o + fo(x) for any z € R and therefore

| T (2, &) — T(?JafO)H <|l€ollp | Mo(x) — M (y)| + | fo(z) — foly)]|

inducing [|T(z, &) — T(y, )|, < 352 b7 ]

REMARK 6. Using Assumption A0 and A5, we deduce that b§p> =O0(t70) with 6 > 7/2,
and therefore T)(?)(S) <A =0(s""logs).

Now, under the Assumption A0, since X is a causal time series, define for any 7 =1,...,d
and 0 € O,
- Xi— f} — 5 0, M
QSé]) ((Xt—k)kZO) = 8917(07 Xt) =-2 69). Mé % f@ M 26 2 Mt :
(Me) ( 9) 0

Then we have:

LEMMA 3. Under Assumption A0Q-AS, forany j =1,...,d, for any 6 € ©, the sequence

() Xi—k)E>0 is a causal stationary sequence that is T(p ) -weakly dependent where
0 >0))iez Yy seq ) y dep
0
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1)

its coefficients Ty (s) satisfies:

S

(8.3) T(;%J)) (3) <C (Z (Oég(fg, @) + Oéz(Mg, @) + 043(89]. My, @) + 045(89]. fg, @)) )\S+1_g
(=1

+ > (ulfo, ©) + aul(My, ©) + y(95, My, ©) + (0, /0, ©)) )
l=s+1

for any s > 0 where (\;) is defined in (8.2).
PROOF OF LEMMA 3. In the proof of Proposition 4.1 of [3], it has been proven for

U = (Ui)i>1 and V = (V;);i>1 such as sup;s {||Usll4 V ||Villa} < oo that there exists C' > 0
satisfying

&4 E[supof @) - o V]|] < ¢ (101 - Vill

+ Z (i (f9,0©) + i(My,0) + ;i (Dp, fo, ©) + i (89, My, 0))||U; — Vz'||4)-

Using coupling techniques, if (Et)tez is an independent replication of (£ )tEZ’ define also

(Xt)tez satisfying the assumptions with (ft)tez instead of (&;)¢cz and (gb((f ( Xi k k>0))
Then for s > 0, using (8.4),

(5) < |05 (Xomr)izo) — 65 (Xemr)izo) Iy

teZ’

¢(J)
<C (HXl — X14
+3° (il fo, ©) + i My, ©) + i(Ds, fo, ©) + (Do, My, ©)) |1 X; — X[
<C Z (cu(fo,0) + ag(My,©) + ce(Dy, fo, ©) + v (Dp, Mg, ©)) Asr1—¢,
=1
that implies (8.3). [ |

REMARK 7. Under Assumption A0 and A5, and therefore with A; = O (sl_‘S log s) with
d > 7/2, we also deduce that 7';(]))( s)=0(s'"logs).

PROOF OF PROPOSITION 4. If Z is a 7z-dependent centered stationary time series satis-
fying E[| Zo|"] < oo with x > 2, and 3%, s/ (" 2)74(s) < co, we deduce from Lemma
2, point 2. of [9] that condition D(2,9/2,X ) is satisfied as #-weakly dependent coeffi-
cients are smaller than 7-weakly dependent coefficients, see (2.2.13) p.16 of [10], and
0<> ez |E[Z0Zt]| < oo from Proposition 2 of [9]. Then,

Z Z 2 N(0, Y ElZZ]).

tez
We can apply this central limit theorem to

=" ¢ (69 (Xe-iz0) — E[65 (Xe—r)kz0)])  with (¢;)1<j<a € RY.
=1
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Indeed, using Lemma 3, we easily obtain for s > 0

o0

d
() < C (Y lesl) D (el fo ©) + e Mo, ©) + el o, ©) + e(Da, My, ©)) A1

j=1 (=1

and therefore under Assumption A0 and A5, 7z(s) = O( 1=010g s) Moreover, using
Lemma 6, we deduce E[|Zy|*/®] < co. Then with x = 8/3, 20, s¥/(=2ry(s) =

S 532 74(s) < oo is satisfied since § > 7/2.
Therefore, we deduce for any 6 € O,

fzcj( )+ 5 E[ag 16, X0)))

e ( ZZCZCJ > " Cov (9p,7(8, X0) , 99, 7(0, Xt)))

’lljl teZ

which implies the multidimensional central limit theorem (8.1). |

PROOF OF COROLLARY 1. Firstly, it was already established in [4] that if m* C m
then (89i7(9m, Xt)) 1z, 18 @ stationary martingale difference process with respect to JF; =
O'((Xt_k)keN). As a consequence Cov (861-7(97 Xo), Op, (0, Xt)) =0ift#0.

Secondly, for all m € M, from the definition of 8}, as a local minimum of R on ©,,, and
from Assumption A0-AS5, then 9y, R(6;,) = E[y,v(6},, Xo)] =0 for all j € m. [

PROOF OF THEOREM 3.1. We use here a standard proof, allowing to show the asymptotic
normality of the QMLE and already used in [5].

Firstly, it was established in [4] that §m &% g

me
n——+o0o

Secondly, a Taylor-Lagrange expansion is applied to (89]. Ln(@\m))j cm around 6,

8.5) %(aejLn@m))jem f(ae n(07)) jem
+ (E 5.0, Ln(Om)); jem V1 (Om)i = (07):) e,

with?m—cg +(1—c¢)ff, and0<c< 1.
Using 6,, —> 8y, and the ergodic theorem = (893 ) L 6,Ln(0m)), . 2% Fp(0y,) for any

n— LIEM p s+ oo
0 € O, since E Hangy (0, Xo) H® < 00 , we obtain:

1 - a.s.
(8.6) (=00, L) 25 Fu(6],).

1,jEmM N—»+00

Finally, by definition of Orn, Oy, En(@n) = 0 for any j € m. As a consequence,

(a%Ln(é\m)) ; i) 0)

JEM 00

1
8.7 —
(8.7) Tn
using a Markov Inequality and E[ﬁ Hagin(a) — 0gLn(0)le] — 0 established in (5.11)

of [5]. Considering (8.5), (8.6) and (8.7), and with the central limit theorem satisfied by
% (0o, Ln(9,’fﬂ))j <., Provided in Corollary 1, this achieves the proof. [ ]
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Now, before establishing Proposition 1, three technical lemmas can be stated:

LEMMA 4. Under Assumptions A0-AS5, with 8/3 < ' <r/3 and ' < 2(§ — 1) where
0 > 7/2 is given in Assumption AS, for any m € M, there exists C' > 0 such as for any
n € N*

1 .

(), |
PROOF. First, for any m € M and n € N*,

H(agjLn(o:n))jEme < Jm|"/21 Z 169, L

jeEM

Z‘Z@g vy Gm,Xt

jem t=1

<C.

’m‘r’/2 1

(8.9)

Now, for all j € m, (aeﬂ(e;kat))teZ
(»)

ary Td)(j)—weakly dependent where its coefficients (Td(jj)) (s))s satisfies (8.3) (see Lemma 3).
0 0

is a centered (from the proof of Corollary 1) station-

Moreover, from the proof of Proposition 4, T;;.)) (s)=0 (31_‘5 log s).

In Proposition 5.5 of [10], since E[|8p, (6}, Xo) !T/] < oo from Lemma 6, it has been estab-
lished that:

E[| 32002030

} < CT" (Mr/,n + M27‘7'7/L2)

=1
n—1

where M, ,, := 2"2 i41)m2 ;}%(Z)
=0

Using 8/3 < r’ < 2(6 — 1) with § > 7/2, we obtain that

M, nSCTLZZ —1- 6log()<C' 141/ 610g( ) O(nT"/2)

=1

and My, <Cnd" i'~%log(i) < C"n. As a consequence, there exists C' > 0 such as for
any n € N*,

(8.10) EHZam(e;;,Xt) }gcnw/z.
=1
Then, using (8.9) and (8.10), the proof is established. [ |

LEMMA 5. Under Assumptions AQ-AS, then for any m € M, there exists C' > 0 such as
for any n € N*,

<C.
r/3

(00 2am) .,

PROOF. First, from the definition of é\m, we have 0y, En(@n) =0 for any j € m. Then,

(G020,

~

r/3 H (\/_(89 Ln(Bm) = 89jzn(9m))>j6m

r/3
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‘m’(r—ﬁ)/%“
S

= \/ﬁ

|m|1/2

Hae ) = 0, Lo (B)

> 51902, X0) — 00,3 X0

jeEM t=1

r/3

From the proof of Lemma 2 in [4], there exists C' > 0 such as

"

<O (- anlfo, ©) + ay(My, ©) + ax(9f. ©) + ak(Z?Mg,@))r/g.

[SupH@g (0, Xt) — 0p,7(0, X¢)
0O

k>t
Therefore,
|(==00,2.6.)) IS5 (70,0 + (14, 6)
Vi jem T/s t=1 k>t 7 7

+a(0fs,0) + ar(0Mpy,0))

ZZJ_6< Ztl 6<C///

t1j>t

with C’ > 0, C” > 0 and C"” > 0 and where the last inequality holds since § > 7/2 under
Assumption AS. |

LEMMA 6. Under Assumptions A0-AS5, for any m € M and any 6 € ©,,,

8.11) H (99,7(6, X0)) < .

GmH

PROOF. For j € m, we have for any 0 € ©,,,
3o, 7(0, Xo) = —2 (Mg)*(Xo— f§) 6, f§ —2 (Mg)~*(Xo— f3)* 0, Mg +2 (Mg) " g, My.
Therefore, with Assumption A3 and Minkowski Inequality,

H(agﬂ(@,Xo )jEmHT’/3 — h3/2 <ﬁ1/2 H(ag fe) ( 0 _fg)Hr/?)

+ (90, M8) | X0 = 18I, 5 + | (D0, M), 3)-

Now, applying the Holder Inequality, we obtain that there exists C' > 0 such that for any
0 € O,

(8.12) E[m@ﬂ(e*’XO)‘r/g] =C (Ha%fguzr/g [ X0 — ng2r/3

+ {108, M8, [| X0 — S8 + (196,231 )

Using Assumption A0 and AS and the proof of Lemma 1 in [5], all the right side terms in
(8.12) are finite for any 6 € ©,,, and this achieves the proof. |

Then Proposition 1 can be established:
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PROOF OF PROPOSITION 1. From (8.5) and (8.6) with F'(6},) the positive definite matrix
defined in (3.4), we know that for n large enough,

®.13) [|V7 (Om)i = (0r)3) el
(G B0, L)) % = (00, L) — 00, Lu(67),

Therefore, using Holder and Minkowski inequalities, we obtain:

IV (@i = @i el <[ (G 30, 20 )

—3r/

1
XH%(%L (O) — 99, Ln(65,))
_ -1
< (G B0, EnB) ) |
1 5 1 *
(| 7 @020 + | @0 L))
Now using Assumption A4, Lemmas 4 and 5, we deduce (3.9). u

8.2. Proofs of Section 4.

PROOF OF LEMMA 1. 1. From the assumptions, the function R: 6 € © — R(f) is a
C?(©) function and the Hessian matrix dp: R = —2 F is a definite positive matrix (see (3.4)).
Therefore, from a Taylor-Lagrange expansion:

n(R(Bm) = R(03,)) =n(R(0},) + (O —07,) " 06 R(6,)

+5 (B —07)T R O) (0~ 05,) — B(63))
(8.14) = 5 (VB — 03)) 0 RB) (VB — 67,)).

with 8 = 0%, + ¢ (6, — 0%,) € Oy, since ¢ € [0,1]. Using Lemma 4 of [5] and continuous
mapping Theorem, we deduce that:

(8.15) 892 R(0) = —2F(§)n%>0 —2F(6:) and G@) 25 G(67,).

n—o0

Moreover, using the asymptotic normality of §m established in [5] and [4], we have:
B16)  Va((B)i — B )idiem > N (0, (Fn03)) ™ Gon(03) (Fun(83)) ).

As a consequence, with Z,, = (Gm(?))_l/2 Fon (0)v/1((Bm )i — (65)1)iem _% N0, 1)

and from (8.14), we have

n(ROm) — R(02)) = —Z] (Gn(@) " (Fn (@) " Fin(8) (Fin(8)) " (G (8))* Zo,

— 77 (Gm(§))1/2(Fm @) " (Gm(8)" Z..
)Y

0:)) (G (02))"* Z where ZEN(0, I)).

¥
=
§‘j

Define U*(m) := —Z" (Gm(0
Then using (8.15) we obtain
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The computation of the expectation of U follows from
E[U;,] = E[Trace(Uy,)] = ~Trace (G (03,)) > (Fn(65)) " (Gun(6:)) )
- —Trace((Fm(e;;)) ! Gm(e;;)).

Finally, for establishing E[n (R(gm) — R(6;,))] — E[U;,], we have to prove that there

n—oo
exists ng € N such as

(8.17) sup E[n!R(é\m) — R(0},)|] < o0.
Indeed, from (8.14), we have:

(8.18) n|R(O) — R(6L,)| <

— E[|R@n) — RO < B[ V@ - 03],

since there exists A\pyax < oo such as H@gz R(9) H < Amax for any 6 € © from Assumption AS
where © is a compact set.
Using Proposition 1, we know that

sup [V (B — 03, < .
neN*
Finally using (8.18), we deduce (8.17).

2. As in the proof of 1., we use a Taylor-Lagrange expansion of 7, (6},) around 0., since

o~

097n(0) = 0. Then,

1 (Gn(65) 30 On)) = 5 VO~ 03) T (0330 P)) VO — 05,

n a.s, 1 1~
But using 0,, — 6, and E[H— L,(0)—— Ln(H)H } — 0, we have
n—-+oo n n (C]

n—oo
~ P *
(6327n(9m)) T 2F(0r,)-
Therefore, using the same reasoning as in 1., we deduce that

1 (Fn(05) = Fn(Om)) — U*(m).

n—oo

With Holder Inequality and using 8/3 < r/ defined in Proposition 1, we obtain for n large
enough

~

E 1 (Fn(05) = FnOm)] < || (08730 0m)) " VO — 03,3

(8.19) < | @@ | ., Iva@, - 6]

2
r’’

v
rl—2

Finally, with Proposition 1 and Lemma 4 of [5], we have sup,,cy- E|||0Z7n (0, Hé] <00
and % < 4 since r’ > 8/3, and therefore

sup E[n (3,(6%,) = 7n(0m))] < oo,

neN*

which concludes the proof. |
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PROOF OF PROPOSITION 2. For m* C m we have 6}, = 6* and therefore E(gm, 0*) =
R(0,,) — R(0*) and using (4.2), we have

E[((Bn,67)] = % E[l(m)] ~ —— Trace( (Fu(63,)) ™' Gn(03,))-

n—oo n

But the matrix G(6;;,) and —F'(6};,) are positive definite function from Assumption A2. Thus
if m* C m and m #% m*, then

—Trace((Fm* (9*))_1 G- (9*)> < —Trace((Fm(e*))_1

Gm(e*))

since all the eigenvalues of —(F((9*))_1 G(6*) are positive. This implies E[Z(@m*,ﬁ*)] <
E [ﬁ(é\m, 6*)] for n large enough.
If m* ¢ m, then:

(B, 60%) = (R(Br) — R(6%,)) + (R(6L,) — R(6Y)).
Using (4.2), we also have

B[, 07)] = - EIL )]~ Trace( (Fn(65)) ™ Gn(63,)).

n—o00 n
But as it was established in [4] that (R(6},) — R(6*)) =2 DK(6*||6};,) > 0 since m ¢ m*.
Therefore, E [Z(@m ) 9*)] = O(E [f(@m, 9*)]) for any m such as m* ¢ m.
]
PROOF OF PROPOSITION 3. The proof of this proposition can be deduced from
(8.20) E[nl3(m)] =E[n (R(6},) — 3 (05,))] =05
for any m € M. For establishing (8.20), we begin by
(8.21) I3(m) = (R(0),) = m(05,)) + (v (07) = Au(01,)) = Is1(m) + I2(m).
Firstly, since E[(6},, Xo)] = R(6},) and (X;);cz is a stationary times series, then for any
n € N*,
* 1 g * *
(8.22) E[v(05,)] = ~ > E[y(0;,.X)] =R(;,) = E[Is(m)]=0.
t=1

Secondly, from Assumption A0 and [5], there exists C' > 0 such that for any ¢t > 1

E[|[7(8, X0) =36, X1)|| o] <C D (sl fo,0) + as(Mp, ©)).

s>t

Therefore, there exist C' > 0 and C’ > 0 such that for any m € M,

E{|[7n(05,) = T (03] ] < % SN (0l fo,0) + as(Mo, ©))

t=1 s>t

C &5 C
8.23 <_§: b2
(8.23) = L S0

since 6 > 7/2 from Assumption A5. Moreover, for any m € M such as m* C m (overfitting
setting), we have v, (0,) — 7,.(0},) = ¥n(6},+) — Fn(07,.). Using this and (8.23) we deduce
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that for any m € M, there exists a bounded sequence (v};),en+ not depending on m when
m* C m satisfying

*
UTL

(8.24) E[Is2(m)] = ot
Using also Lemma 1, this implies the asymptotic behavior of [penid(m)] . |

Now we establish a preliminary lemma that is an important step towards the proof of Theorem
4.2.

LEMMA 7. Letpen:m € M, — pen(m) € Ry. Then,
(8.25) .
Oy 07) < min {0610, 0%)} + (pen(itia) — pen(Mipen)) — (Pensq(Mia) — peniq(fitpen))-

PROOF. By definition, for any m € M,

(8.26) Coen, (M) = R(B,) = £(0,, 6% ) + R(6¥).
As a consequence,
(8.27) nl;rg/]\a/({é(em,e )} =007,,,0") = nl;rélfl\a/({cpenid (m)} — R(0%).

For any m € M, we also have

Chen(m) = Cpn,, (1) + pen(m) — pen;g(m).
By definition of Mpeqn, we have (f*pen(mpen) < épen(m,-d). Therefore,

~

apen(mpen) S n d(/\id) + Pen(fﬁid) - penid(mid)

épe i
apenid (Mpen) + Pen(Mipen) — Pen;q(Mipen) < apenid (Mia) + pen(Miq) — pen;q(Mid)-

By replacing apenid (m) by €(§m, 0*) + R(6*) following (8.26) and using (8.27), then (8.25)
is established. [ |

PROOF OF THEOREM 4.1. Let M* = {m € M, m* Cm} and M’ = M\ M*.Let m €
M'’. We have:

< P{n (3 (Bm) = Fn(63,)) + 1 (Fu(0) — R(6)) + 1 (R(67) =7 (67))
+1 (30(60%) = An(Bm-)) <7 (R(67) = R(8;,)) +n (pen(m*) — pen(m)) }
< IP’{Zl N Tyt Da+ Zs+ Z5 < —2nDKL(9*H9;;)}
with Z5 = n (pen(m) — pen(m*)) and with R(6*) — R(6},) = —2 DK (6*||6;,) < 0 since

m ¢ m* from [4]. Now, using P(Z; +---+ Z5 < ¢) <P(Z; <¢/5)+--- + P(Z5 < ¢/5) for
any random variables Z; and real number ¢, we obtain:

(8.28) P(fpen =m) <Y _P(Zi < cn),
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where ¢, = —2n DK [,(0%(|0};).

Let Z; := 1 (3, (6m) — 7 (0%,)) . Following the same computations than in (8.19), with 8/3 <
r’ <r/3 and r’ < 2(6 — 1) defined in Proposition 1, and Holder Inequality,

B[ 2] %] < | (@3:50@n) 2 VB — 02|

3r/

4

< @55 @) |, Vi@ - 020015

Therefore, using Proposition 1,

1

(829) P(Z1 <cy) S]P(‘Zl’%z(‘cn‘)%) SEHZl\%]| =
Cn

1 1
— P(Zi<e)=0(—z) =o(5),

3r
ns n

since 3r'/8 > 1. The same kind of computations can also be done for Z; := n (3,,(6*) —
‘y\n(@n)) and we also obtain P(Z, < ¢;,) = o(2).

Consider now Zs :=n (3, (6;,) — R(6},)). Then,
EHZ2|8/3] < 95/3 (E[H H8/3 W83 ‘Z RO, ))|8/3])'

Using [5], we know that sup,,cy. E[||Ln(6) — Ln(H)HEgg] < oo from Assumption A5 and
since 0 > 7/2 > 2. Now, consider Y, := (6}, Xi) — R(0},). Then, (Yj)kez is a stationary
time series, Ty -weakly dependent because, using the same type of arguments as in the proof
of Lemma 3, we have:

$) <) (au(fs,0) + p(Mp, ©)) Agyi—r,

with A\ defined in Lemma 2. Therefore, using Assumption A5, we also have 7y (s) =
0(86_1 log(s)), with § > 7/2. Now, using the same type of arguments as in the proof of
Lemma 4,

E[| ZYk|8/3] < Cyy3 (Mg, + Méﬁ)v

and My, < C'n while Mg/, < Cn> 1 ;i3 1% log(i) = o(n*/?). Therefore, there ex-
ists C' > 0 such that for any n € N*,

B> vl < ont
k=1

Finally, we deduce that there exists C' > 0 such that for any n € N*,
(8.30) E[|2|*°] < o n'/?,
This result and Markov Inequality imply,

1
len|3/3

— P(Z<c)=0(n"? \ch8/3) — 0(#),

(831) P(Zy<ey) < [p<|Z2|8/3 > (|Cn|)8/3) < EHZz\S/S]
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We obtain the same bound for Z3 :=n (R(6*) — 7, (6%)).
Finally using the assumption (4.7), we have:

(8.32) nP(Zs<c,) = n]P’((pen(m) — pen(m*)) < —% DKﬂH*HQ;))

< n]P’(pen(m*) > %DKL(H*”H;)) — 0.

n—oo

By this way, (4.8) is established. [ ]

PROOF OF THEOREM 4.2. The proof is mainly based on Lemma 7. From the proof of
Lemma 1, we deduce that for any m € M, there exists two positive random variables Y (m)
and Z(m) suchas n |I; (m)+ Iy(m)| <Y (m) and n |I3(m)| < Z(m) for any n € N*. More-
over, Y (m) and Z(m) have bounded expectations. Therefore, using Markov Inequality, since
M is supposed to be a finite family of models, for any £ > 0 there exists K > 0 such as

lim sup max ]P’(n pen,;(m) > Ké) <e.
n—oo MEM

Therefore, using this inequality and (4.9), we deduce that for any € > 0 there exist M. > 0
and N, € N* such that for any n > N,

(8.33) P(n ‘ (pen(mi;q) — pen(Mpen)) — (pen;q(ia) — penid(ﬁlpen))‘ < Me) >1—c.
The proof of (4.10) is now completed from (8.25) of Lemma 7 and (8.33). [ |

PROOF OF THEOREM 4.3. Using the same tricks than in Lemma 7, we obtain:

(8.34) 2(@%&“, 6*) < €(§m* ,0%) + (pen(m*) — pen(Mpen)) — (pen;g(m*) — pen,y (Mpen))-

Let M* = {m e M, m* Cm} and M' = M\ M*. Now, for m € M* and m # m*, as in
the beginning of the proof of Theorem 4.1, we have:

P(iipen = m) < P(Cpen(m) < Cpen(m*))
<P{n (Ga(Bn) = 30(6")) + 71 (G(0") = Fu(B-)) < (pen(m") — pen(m)) }
<B{n (50(6) ~ 50 6)) = Efu(m)] s+ B (50 0c) — 5(0°)) = EL ()]}
+B{3(fu(m) ~ Bl (m)]) > B[, (m)]}

with f,(m) = § e, (m) and e, (m) = pen(m) — pen(m*) > 0 since m* C m and m # m*.
Using exactly the same arguments as in the proof of Theorem 4.1, there exists C; > 0 such
that for n large enough,

835) P{n (5,(6") = 5u(B)) 2 Elfa(m)] } +P{n (@) = 70(6")) 2 Elfu(m) |

Cq
< 3
Elfn(m)]"s
where 7’ > %. Moreover, from Markov Inequality we have
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As a consequence, from (8.35) and (8.36), with x > 1, for m € M* and m # m™ and n large
enough

630 Pl =) o v g o
Using this result as well as (8.37), one finally obtain (4.12).
Moreover,
E [‘pen(m*) — pen(Mpen) !]
— Z E Upen(m*) — pen(7ipen) | ‘ Mpen = m] ]P’{ﬁ@pen = m}
meM*
+ Z “pen pen(fﬁpen)‘ ‘ Mpen = m] P{ﬁlpen = m}
meM’
— Z E“pen(m*) — pen(m)|] ]P’{ffzpen = m}
meM*
+ Z Eﬂpen(m*) — pen(m)!] ]P’{ffzpen = m}
meM’
< % m;\/( ((nE[en?iQ)])ﬁ—l —I—nEHen(m) — E[en(m)m) + %é m;WE[en(m)],

from (8.37), where x > 1 and assumption (4.7). As a consequence, using the conditions (4.11)
of Theorem 4.3,

(8.38) nkE “pen(m*) - pen(fﬁpen)u — 0.

n—oo

Moreover, using (8.23), there exists C'3 > 0 such as for any m € M,
nkE Upenid(m*) — pen,;(m) u <(Cjs.

Using once again the decomposition on M* and M’, and P{ipen =m} — 0 for m # m*,
n—oo
we deduce

(8.39) nE[\penid(m*) - penid(ﬁ%pen)ﬂ —2 0.

n—oo

Using the limit (8.39) as well as (8.38), we deduce with Markov inequality that

n | (pen(m”*) — pen(ifipen)) — (pen;(m*) — penyy(iipen) | =5 0

n—o0

inducing the proof of (4.13) from (8.34).
Now, using the expectation of (8.34), we also obtain

~

E[((0s,,.0")] <E[((0-,07)] +E[|pen(m*) — pen(itpen)|]
+E Hpenz‘d(m*) — pen;g(Mpen) H .
Now, by using (8.38) and (8.39) as well as Proposition 2, we obtain the proof of (4.14). W

PROOF OF THEOREM 4.4. First we will prove that the probability of overfitting is asymp-
totically positive, which is

(8.40) lim inf P(ipen € M\ {m"}) >0.

n—oo
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Indeed, let m € M* \ {m*}. We have:
P(Chen(1m) < Cpen(m"))
=P(1n Ga(Brn) = 50(07)) + 1. (G(07) = Fu(B) = glm) — g(m"))

— p(n12(m) —nIy(m*) > g(m) — g(m*)),

using the notations of Lemma 1 and since pen(m) = g(m)/n for any m € M. But using
Lemma 1 and Proposition 2, we know that if m € M* \ {m*} then:

)

nfg(m)%zf;, nlg(m*)_%U;;* and E[U*.] <E[U]

Moreover, U}, = —Z(In) (Gm(@;‘n))l/2 (Fm(ﬁfn))_l(G (67, ))1/ Z(my and Z(, NN(O Lim|)-

With a symmetric matrix diagonalization (G, (67,)) 12 (Fn(05,)) (Gm (65)) V2 Py D) P

(m)
where D(,,,) is a diagonal matrix with positive diagonal components, leading to

m

* ~7T ~
Uu: = Z(m) D(m) Z(m) and Z NN(O I|m|)

Therefore we can write for m € M*\ {m*}, U}, = V5. + W*  _ with

m\m*
e = Loy Dy Zmymy - and Zg ey SN (0, L)

and V;;. and W* are two independent random variables. Moreover, it is clear that

m\m*
W \m- behaves as a weighted x%(|m| — |m*|) random variable, and therefore for any
* : x D * * * :
¢ >0, P(Wm\m* > ¢) > 0. Using nIz(m) — nI(m )njo(Vm* -Ul )+ W o\ With

(Ve —Up-) and W, . independent random variables, we deduce that

(8.41) P(nIy(m) —n Lo(m*) > g(m) — g(m")) — pum- >0,

n—o0

and this proves (8.40).

Now, using previous notations, we have:

E[l(0,0)] = > E[0(0rn,0")] P(pen =m) + Y E[((Br,0%)] P(ltpen = m)

meM* meM’
—E[¢ 1+ (E[6Om, 0%)] — E[t(Bn-,07)]) P(itpen = m)
mE./\/l \m*
+ > (B[O, 0%)] —E[((Bm-,07)]) P(frpen = m).
meM’

Now using Proposition 2, we know that for n large enough E [@(@n, 6*)] —E [@(@n ,69)]) >
0 for any m € M. Moreover, for m € M* \ m* and n large enough,

> (Trace(( - E,nb(H,’fﬂ))_1 Gm(efn)> - Trace(( — Fpe (9;;*))_1 G- (6;)))

1
>—-K *
> = K (m,m),
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where M (m,m*) > 0. As a consequence, for n large enough, with p(m, m*) defined in
(8.41),

A * A * 1 * / A * M
B[00, 07)] Z B[00, 0")] + 5= D K (m,m™) plm,m') > E[0(0n-,0")] + —
meM*\m*
with M = % ZK(m, m*) p(m,m’) > 0 and this achieves the proof. |

meM*\m*

PROOF OF THEOREM 5.1. We first verify conditions (C1) and (C2) of [8] that are suf-
ficient to imply Conditions (i), (ii) and (iii) of [24]. Condition (C1) requires that o,, the
largest eigenvalue of ( — (954 L(6n)) ! satisfies 3, 2% 0, which is satisfied

i,jEm) n—-+oo
2% Fn(6%) and F,(6%) is a

LIEM 5400
negative definite matrix. Moreover, condition (C2) is also satisfied because 6,,, € ©,, —

(936, L(0m)) and 0,, € O,, — ((agﬂji(em))i,jem)
n large enough. Therefore, using h, = —% Ly, the assumptions of Theorem 1 of [24] are
satisfied and this implies that:

since it was already established that % (%{@E@m))

-1 ) :
. are continuous functions for
,7€M

/@ b (6) exp (En(ﬁ)) df = exp (En(gm)) (2 71') Imi/2
x det (n (- %agiejf(ém))i’jem)—m (bm(gm) + O(n—1)> a.s.

As a consequence, we have:

~

S(m, X) = —log(|M]) + log [/@ b (0) exp (L, (0)) d@}

~ o~ log(n -
= Ln(0m) — % im| +10g (b (6m))
log(2 1 ~
—i—@ |m| — 3 log (det ( — Fn(m))) —log(|M|) + O(n—l) 0.
and Theorem 5.1 follows. -
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