N

N

Multilevel-Langevin pathwise average for Gibbs
approximation

Maxime Egéa, Fabien Panloup

» To cite this version:

Maxime Egéa, Fabien Panloup. Multilevel-Langevin pathwise average for Gibbs approximation. 2024.
hal-03345717v2

HAL Id: hal-03345717
https://hal.science/hal-03345717v2

Preprint submitted on 8 Feb 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03345717v2
https://hal.archives-ouvertes.fr

Multilevel-Langevin pathwise average for Gibbs approximation

Maxime Egéa * and Fabien Panloup |

February 8, 2024

Abstract

We propose and study a new multilevel method for the numerical approximation of a Gibbs dis-
tribution 7 on R?, based on (overdamped) Langevin diffusions. This method inspired by [PP18| and
[GMS™20] relies on a multilevel occupation measure, i.e. on an appropriate combination of R occupation
measures of (constant-step) Euler schemes with respective steps v» = 72", r =0, ..., R. We first state
a quantitative result under general assumptions which guarantees an e-approzimation (in a L2-sense)
with a cost of the order ¢72 or £72|loge|® under less contractive assumptions.

We then apply it to overdamped Langevin diffusions with strongly convex potential U : R? — R
and obtain an e-complerity of the order O(de™?log®(de™?)) or O(de™?) under additional assumptions
on U. More precisely, up to universal constants, an appropriate choice of the parameters leads to a cost
controlled by (S\U \Y 1)23{]3d572 (where v and Ay respectively denote the supremum and the infimum
of the largest and lowest eigenvalue of D?U).

We finally complete these theoretical results with some numerical illustrations including comparisons
to other algorithms in Bayesian learning and opening to non strongly convex setting.

Mathematics Subject Classification: Primary 65C05-37M25 Secondary 65C40-93E35.

Keywords: Multilevel Monte-Carlo; ergodic diffusion; Langevin algorithm.

1 Introduction

Let (Bt),~, denote a d-dimensional standard Brownian motion. Let (X¢);>o denote the solution of the
stochastic differential equation (SDE)

dXt = b(Xt)dt + O'(Xt)dBt, (1)

where b : R? — R? and o : R? — M, 4 (space of d-squared matrices) are Lipschitz continuous function.
Under these assumptions, strong existence and uniqueness classically hold and (X;),, is a Markov process
whose semi-group will be denoted by (P;),~,. Throughout this paper, we assume that (X;);>0 has a unique
invariant distribution denoted by . Such a property arises in particular under Lyapunov assumptions and
non-degeneracy of the diffusion coefficient o (for background, see e.g. [MT93| [Pag01]).

For such a diffusion process, we denote by (X;Z’)Ymo)nEN the related Euler (or Euler-Maruyama) scheme

with constant step v and starting point zo: for v > 0 and zy € R%, the discretization scheme ()_(,'{’f“)neN is
recursively defined by X)"*° = x and
V20, X = X2+ ab(X3) + o (X7) (Buusayy — Bus) 2

We also introduce one of its continuous-time extensions, sometimes called genuine continuous-time Euler
scheme given by: for all n € N and for all ¢ € [ny, (n + 1)),
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X0 = X000 4 (t — ny)b (X757°) + 0(Xny) (Be — Bngyy) -

This continuous-time extension is sometimes called pseudo-diffusion since it satisfies
X" =mg —|—/ b(X;*’””O)ds—i—/ o(X7*°)dBs, (3)
0 =y 0 it

for all ¢t > 0, where for n > 0,

t,:=max{k > 0,kn < t}. (4)
If no confusion arises, we will sometimes write ¢ instead of ¢
alleviate the notations.

,» and X; or X7 instead of X;"™, in order to
Now, let us come back to the literature on numerical approximation of invariant distributions of diffusion
processes and on multilevel methods.

Ergodic approximation and Gibbs approximation. There exists a huge literature on the numerical
approximation of the invariant distribution 7 based on such discretization schemes. For a general diffusion
process, [Tal90] studies the convergence of an algorithm based on the occupation measure of the Euler scheme
almost surely defined (with continuous-time notations) by:

T
Iﬂ::l S+ ds, T >0.
T T 0 XQ’Y ?

In order to manage the long-time and discretization errors in the same time, [LP02, [LP03] develop the same
type of algorithms for Euler schemes with decreasing step sequence (in the same spirit, see [Lem07bl, [MSH02,
PPQ9, [PP14] Pan08| for refinements or extensions to more general models). In the previous references, it
is worth noting that the objective is to approximate the generally unknown physical equilibrium of a given
stochastic dynamical system. The aim is thus different from the MCMC algorithms which aim at sampling
a given explicit probability = (in the most efficient way).

Nevertheless, the above methods can certainly be used in view of MCMC-type objectives when they are
applied to diffusions with an explicit invariant distribution. This is the case when one considers the (over-
damped) Langevin diffusion

dX; = —0?VU(X,)dt +V20dB;, (5)

where o is a positive number and U : R? — R is a coercive function (such that e~V is integrable on R?). Tt
is well-known that the unique invariant distribution of (&) is the Gibbs distribution 7 defined by,

m(dx) == L(fU(gc))\d(dJ:), Zy = /eiU(I))\d(d‘r).
Zu

The study of the long-time behavior of Euler-Maruyama schemes of (Bl has been the topic of numerous
papers in the last years. Among others, we can refer to [DMI15, [DM17, [DMM19, [Dal17, [DK19, MFWBI9]
where the authors generally focus on the (Wasserstein, Total Variation,...) distance d between the distri-
bution of the Euler scheme and 7 and optimize the step and the time in order to minimize the number of
iterations of the Euler scheme which is necessary to obtain d(L£(X)): +.), ™) < € (for a given €). In particular,
these papers focus more on the bias than on the variance. In view of applications in machine learning, the
authors generally emphasize the dependence on the dimension d of the cost of computation. We will come
back later to this point and to the existing results compared with ours (see Remark 2.9]).

Multilevel Langevin and c-approximations. Multilevel methods, pionnered by [Hei0I] and [Gil0§] (see
also [Keb05]), and based on appropriate combinations of rough and refined approximations of the target,
belong to the family of strategies for speeding up Monte-Carlo methods by bias reduction. The main idea
of multilevel methods is to (try to) bring correcting layers with low variance to a rough approximation of
a target. Multilevel methods received a lot of success in numerical applications, especially in discretization



methods for diffusions (but also in other problems such as the approximation of nested expectations). For
instance, in the classical problem of computing E[f (X )] (with T' > 0), such methods are known to produce
a complexity which is (almost) proportional to unbiased!] methods. More precisely, for a given € > 0, the
parameters of the multilevel procedure can be calibrated in such a way that the required number of iterations
of the Euler scheme for an e-approzimation (see Section 1] for a definition) is proportional to e~2log” ¢ in
general or to ¢ =2 under additional assumptions (which are true for additive diffusions).

Concerning the computation of the invariant distribution of a diffusion, multilevel methods have already
been studied in [FG20], [GMST20] and [PP18]. In [FG20] and |[GMS'20], the procedure is based on a stan-
dard multilevel Monte-Carlo approach with discretization schemes of a Langevin diffusion and adapted time
horizons and produces a complexity proportional to e~2|loge|? or to e~2 under additional assumptions. In
[PP18|, written in a multiplicative setting and based on a so-called Multilevel-Romberg weighted combina-
tion of occupation measures of discretization schemes with decreasing step, the algorithm has a complexity
proportional to £72|loge| (see Section ] below for our definition of complexity). In terms of &, these
approaches generate a real gain compared with the non multilevel ones (mentioned above) which generally
produce a complexity proportional to e 3. However, the above references do not calibrate the dependence of
the procedure with respect to the other parameters and especially with respect to the dimension, which may
be of first importance in applications. In this paper, our objective is thus to provide a procedure and some
related results which exhibit an O(e~2)-complexity combined with some sharp bounds on these parameters.

Idea of the algorithm. Before detailing our contributions, let us briefly describe the construction of the
algorithm (the precise procedure will be detailed in Section [2) and give some comments. Our procedure is
based on occupation measures as in [PP18]. With such an approach, we thus aim to take advantage of the
(pathwise) convergence of the occupation measure of a Markov process towards its invariant distribution.
Compared with [PP18], we use a simpler multilevel approach since we will use Euler schemes with constant
steps and do not introduce weights in the average (in particular, the weighted approach used in [PP18]
introduces many technical difficulties which seem to be hard to overcome in view of quantitative bounds).

More precisely, our strategy is based on an almost telescopic sum of differences of occupations measures
of Euler schemes with step v, = 72", r = 0,..., R with R € N* (this means that there are R + 1 levels).
Recall that 77 denotes the invariant distribution of the Euler scheme with step 7. Let f : RY — R. At the
starting point, we try to mimick the telescopic sum

TR(f) = 70(f) + Z o (f) = 71 (f)

in order to generate a procedure with a bias close to m(f) — 77%(f) but with a probability 77" viewed as
a correction of 77 by a sequence of (correcting) levels. With an “occupation measure point of view”, we
mimick the above decomposition by considering the procedure

v, (F) + Z VI (F) = vl (F), ©6)

where v] (f) = )ds and 7, Ty, ..., Tr are positive numbers. The terms from r = 1 to R play
the role of the correctmg layers and are based on couplings of Euler schemes with steps v,_1 and v, = —1/2.

Without going more into the details of the construction, let us give several hints.

e The parameter 7 must be viewed as a warm-start: we choose to average the path after a time where
the starting point has been slightly forgotten in order to reduce the bias induced by the long-time

'When a random variable Y can be snnulated exactly (i.e. without bias), getting an e-approximation of E[Y] with the standard
Monte-Carlo approximation N1 Z Y), (where (Y3)y is an i.i.d. sequence such that Y7 ~ Y) requires Ne = Var(Y)e ™2
simulations of Y.



error. In fact, this slight modification of the average is necessary to capture the complexity in O(e~2)
(i.e. to cancel the logarithmic terms of [PP18]).

e In a classical Monte-Carlo Multilevel setting, i.e. based on spatial average and not on time average
(i.e. on occupation measures), the idea is to simulate a large number of Euler schemes with large step
and less and less paths of Euler schemes with thin step (since the cost of simulation increases with the
refinement of the step). With an occupation measure point of view, this heuristic is replaced by the
following assumption:

To>T) >...> Tk,

which means that the length of the path of the Euler scheme decreases with the step size so that the
number of copies of the Euler schemes is here encoded by the length of the path. In particular, the
largest horizon corresponds to the Euler scheme with largest step which has the role of controlling the
variance induced by the empirical mean. We will see that (77.), is geometrically decreasing; this is
consistent with the geometric decrease of the step size.

e In (), we did not specify the choice of the Brownian motions inside each level. Here, we will adopt
the classical strategy: we consider a sequel of independent Brownian Motions B, r = 0,..., R and
at each level, we build v T and I/’YTT ' with this Brownian Motion B("). This means that on the one
hand, the levels are mdependent and on the other hand, the Euler schemes involved in a level r > 1
are built with a synchronous coupling (since they are driven by the same Brownian motion).

Contributions and plan of the paper. The first objective of this work is to provide a general diffusion
setting in which the invariant distribution can be approximated by this combination of occupation measures
with a complexity proportional to e~2. In the same time, we also want to give quantitative bounds and to
answer to the following question: Is a multilevel method able to reduce the cost in € without worsening the
dependence on the other parameters (and especially on the dimension) ? The answers to these questions,
given in Sections 2.3 and 24] are summarized below.

e We answer to the first question in Theorem 2.1l which is stated under general assumptions on the
behavior of the Euler scheme (ergodicity, long-time confluence of the paths, bounds on the distance
between 77 and 7 and on the moments). This result shows that for a given positive e, we can tune the
parameters of the multilevel procedure in such a Way that for any 1-Lipschitz function f : R? — R, an
e-approximation of 7(f) can be obtained with €262 or €2e72|loge|? iterations of the Euler scheme.
Furthermore, €, is an (almost)ﬂ explicit function of the parameters involved in the assumptions. Based
on some classical estimates of the occupation measure of a Markov process, the main novelty here is
to exhibit some precise conditions on the algorithm and some quantitative bounds on the complexity
which guarantee an e ~2-complexity.

e Even though Theorem [ZT] potentially applies to general diffusions (see Remark [Z2]), we choose to
focus on additive diffusions with strongly contractive drift, and especially on over-damped Langevin
diffusions (with strongly uniformly convex potential) in view of applications to Gibbs sampling. This
is the purpose of Section 2.4] where a series of results provide concrete multilevel procedures for e-
approximations in L? with (almost) explicit bounds on the complexity. The results are divided into
two parts. In the first one, b is a (contractive) Lispchitz Cl-vector field, or equivalently, U is C? with
Lipschitz gradient in the case of Langevin diffusions. In the second part, b is a C2-vector field with
bounded derivatives up to order 2. In this case, refined expansions lead to L2-bounds of order 1 for
the Euler scheme and allow to apply Theorem [2.1] with friendlier parameters. The main results of this
section are Theorems and 2.3 in the case of a general vector field b, and Corollaries 2.1l and in
the case of Langevin diffusions. In the first part (when b is only C'), we obtain some bounds on the
complexity in O(de=2|log(de)|?) whereas in the (refined) second part, the complexity is bounded by
O(de™2).

2By “almost”, we mean “up to universal constants” (see Section 2.1l for details).



However, the complexity also depends on the (intrinsic) parameters of the model: the Lipschitz con-
stant L of b and the contraction parameter « (corresponding respectively to the largest and lowest
eigenvalues \py and Ay of the Hessian of U when b = —VU). We thus also detail the dependence on
these parameters, which up to a logarithmic term, is proportional to L?/a3.

Finally, in Corollaries 2.1l and [Z.2] we apply these results to the particular case b = —VU and optimize
the choice of the diffusion coefficient ¢ in order to kill the logarithmic term and to obtain a normalized
procedure where the parameters have a nice and simple form (for instance, 79 = 1/2). These quan-
titative bounds with respect to d, e, L and « are the main contributions of this paper. They rely on
a careful study of the multilevel strategy given in Theorem 2.1] combined with sharp bounds on the
long-time behavior of the Euler scheme in the strongly convex setting (see in particular Lemma [5.1]
and Proposition [5.1)).

In Section 2.5l we propose several numerical illustrations with different models which allow to test the ef-
ficiency of our methods with respect to the parameters and to compare with other classical methods (in a
Bayesian example, see Section 2.5.4]). We also open to some perspectives for reducing the influence of « and
L on the complexity of the method and finally test our algorithm in a simple non convex setting in order to
show that theoretical extensions may be tackled in such a setting (in a future work).

Sections [B] M and Bl are devoted to the proofs of the main theorems. In Sections Bl and @, we prove Theorem
2.1 with the help of an accurate study of the bias/variance errors. The proofs related to additive diffusions
with strongly contractive drift (including Langevin diffusions) are written in Section

2 Setting and main results

2.1 Notations/Definitions
We list below the main notations. A list of all the specific symbols is also given in Section

e The usual scalar product on R? is denoted by (, ) and the induced Euclidean norm by |.|. The set
My, q refers to the set of real d x d. The Frobenius norm on My 4 is denoted by ||. || p: for any A € My 4,

HAH% = Z1gi,j§d Alz-,j'

e The Lipschitz constant of a given (Lipschitz) function f : R? — R is denoted by [f]i: [fl1 =
sup, yepa |f(x) — f(y)llz —y[~'. A function f : R? = R is C*, k € N, if all its partial derivatives
are well-defined and continuous up to order k. The gradient and Hessian matrix of f are respectively
denoted by Vf and D?f.

e The probability space is denoted by (2, F,P). The LP-norm on (2, F,P) is denoted by || . ||,-

e c-approximation: We say that ) is an e-approximation of a real number a (for the L?-norm), if
|V —alls = E[|JY — al?)2 < e. Equivalently, ) is said to be an e-approximation of a if the related
Mean-Squared Error (MSE) is lower than &.

e Complexity /e-complexity: For a random variable ) built with some iterations of a standard Euler
scheme, we call complexity and denote by C()), the number of iterations of the Euler scheme which is
needed to compute ). For instance, C (X,'{V) = n. The e-complexity is the complexity of an algorithm
which produces an e-approximation.

e Universal constant: A positive number which does not depend on any parameter of the problem is
called a universal constant and is denoted by ¢,,. We will write a <, b if a < ¢,b.



2.2 Design of the algorithm

We now detail the construction of the multilevel procedure. Let 2o € R (starting point of the Euler scheme),
R € N* (number of correcting levels), (7}),<, < be a decreasing sequence of positive times and (v,)y<,.<p
be the decreasing sequence of step sizes defined by v, = 727" and 7 be a positive number.

For these parameters, we denote by Y(R, (v,),.,7, (T+),. , ,.), the empirical probability measure defined by:
for any Borel measurable function f : R — R,

1 To

VR, (1), 7 (), 2, f) 1= et ds

TQ—T

& (r) (r) (7)
P / PGB - fE B s,
,',‘:1 /’a r r—

where {B(T), r=0,..., R}, denotes a sequence of R+ 1 independent Brownian motions. In particular, if 7
and Ty (resp. Ty, 7 = 1,..., R) are multiples of vy (resp. of v.—1), the above definition takes the form

N, T[)) 1
1 ’ BO
YR, (v),, 7, (Tr), z, f) = f(X%,wo, )
Mo (TO) Ny (7—) ke g(‘r) ko
R Ny, (Tr)—1

1 Sz . B™ 20.B(™
-+ (f(X’Yn 0, ) f(X’W 1,Z0, ))
; Ny, (TT) — My (7’) k—ngl ) k-1 k-1
where for some given positive T' and v, n,(T) = max{k,ky < T}, i.e. ny(T) is the discretization index
related to T when the step is equal to v (in the general case, the border terms of the above expression must
be modified).

Remark 2.1. It is worth noting that in the correcting levels (r = 1,..., R), the Euler schemes of steps ~,
and v,_1 are averaged at times kv,_1 only, i.e. at discretization times of the Euler scheme with thickest step.
In particular, one could wonder why one does not average over all discretization times for the Euler scheme
with finest step .. In fact, such an average would generate an additional error (with a size proportional
to \/¥-) which is not negligible in the case a > 1 of Theorem [Z1] below (case which leads to a complexity
proportional to £72).

Complexity of the algorithm. With respect to the definition given in Section 2] we remark that when
T.,7=0,..., R are multiples of the given step sequence, the complexity of ) satisfies:

+Z(% Yo 1)'

Note that for the sake of simplicity, we do not recall the parameters of Y(R, (v,), ,7,(Tr), ,z,.) in the
notation C(Y).

2.3 A general result

The aim of this section is to state a result about the e-complexity of our multilevel ergodic strategy under
appropriate general assumptions.

Let f : R — R be a Lipschitz continuous function with Lipschitz constant denoted by [f];. We introduce
the following series of assumptions depending on f, on a positive 7y (which in the sequel can be taken as the
largest step size used in the multilevel procedure), and on xy which is the starting point of each Euler scheme
involved in the multilevel procedure. In the following assumptions, we recall that the invariant distribution



w7 of (Xnv)nZO is assumed to exist and to be unique.
The following assumption is assumed to hold for a positive a.

(H;) (Convergence to equilibrium): For all 2 € RY, there exists a finite constant ¢, (x) such that, for every
v € (0, ng], for every t > 0,

B [ (X27)] -7 ()] < es@)l e

Such an assumption is adapted to the case, where exponential convergence in 1-Wasserstein distance holds
for the diffusion and extends to the Euler scheme with sufficiently small step (with a contraction parameter
independent of the step). Also note that in the above assumption and in what follows, we implicitly assume
that 77 exists (and is unique) for every v € (0,n0].

The following assumption is assumed to hold for a € [1, 2]:
(Hz) (L?-confluence) A positive constant cy exists such that for all v € (0, o],

_ S /2,
sup HX;Y@O _ X;Y/ Zo
>0 1 7 -

< eyt
2

Note that such an assumption is usually proved by controlling the distance between the Euler scheme and
the diffusion (by dividing the error into two parts). In the next section, we will see that for additive diffusion
with strongly contractive drift, (Hz2) can be proved with a = 1 or a = 2 with two alternative proofs but
leading to constants cy which are strongly different, depending on the Lipschitz constant of b in the first
case and on the size of the Jacobian matrix Vb and the Laplacian Ab of the drift b in the second case (see
Propositions 2.1 and for details).

The next assumption is a weak error bound on the distance of the invariant distribution of the diffusion and
the one of the Euler scheme (depending on a and §):
(Hj3): there exists a positive constant c3 such that for every v € (0, 7],

7 (f) =7 (F)] < es[fh’,
where § € [1/2,1]if a=1and 6 € (142, 1] if a > 1.

The last assumption below is related to the control of the moments of the Euler scheme. It also involves the
function c¢; defined in (Hjy).

(H4): There exists a constant ¢4 > 0 such that for all v € (0, 7],

S ([| X770 = zoll2 + ler (X77™)||2) < ea.

Theorem 2.1. Assume (H;), i = 1,...,4 with o € (0,1], a € [1,2] and for some given o € R? and
no € (0,1/2]. Let f :RY — R be a Lipschitz continuous function. For e € (0,1), assume that

te22-5% ifa>1

8
te—2R227"  ifa=1. ®

r 1 _
Yr=7%2"", Re= ’75 10g2(7”05 1)]7 T, = {

with v0 € (0,10], 70 > 1 and t > 0.

(i) Assume that T € [ log(e™') A £Tr_, $Tr.] with 7 > H‘#}%. Then, there exist some constants €1 and
€y which do not depend on f (which can be made explicit in terms of the parameters) such that for any
e € (0,1],

Hy(R7 (’77")7«77-7 (Tr)raf) _W(f)||2 S Cl[f]l‘€7 (9)



with a complexity cost,

g2 ifa>1
e 2R3 ifa=1.

C(Y) :=C(R, (y), 7 (Tr),, f)) < & {

a—1

where €3 = cqyy 't with ¢q = ((1 +3(2%= - 1)*1) ifa>1andcqa=75 ifa=1.

(i) Assume that ro > 1V (c373) and t > to, 7 € [11|loge| + 72, %TRE]; e € (0,e0) where to, 71, T2 and g are
given by BY) and Q). Then, @) and (@A) hold true for any e € (0,e9) with €1 Sye 1.

The above theorem exhibits a family of parameters which lead to a complexity proportional to e~2 (resp.
e 2|logel®) if a > 1 (resp. a = 1). The first part is adapted to the case where we have few informations
about the parameters of the assumption and thus on the constants €; and € involved in the result. In
particular, if « is unknown, we suggest to choose 7 = pTr_ with p € (0,1/2] (note that in view of alleviating
the notations, we omit the dependence on ¢ for 7).

In the second part, we show that one can tune the parameters of the procedure in order to obtain an
a—approximatiorE , up to a universal constant, with an explicit complexity. Note that this universal con-
stant could be avoided with a slight adaptation of the proof (see in particular the proof of Proposition [T))
which should lead in particular to €; = 1 instead of €; <, 1 (which in turn would modify ¢4). Neverthe-
less, this still introduces many technicalities in the result. We thus chose to introduce universal constants
for the sake of readability and will show in some numerical illustrations that this approximation is reasonable.

It is also important to remark that this second stage certainly depends on the knowledge of the parameters
of the diffusion (which is not always accessible in practice). In the next section, we will show that in the
strongly convex setting, we can obtain some bounds on the parameters which lead to an accurate estimation
of €5 in terms of the dimension.

Finally, note that in the second part, the result holds true for any e € (0,£9). This technical constraint
ensures that the warm-start 7 is lower than %TRE (which is necessary to get a “real” occupation measure).
In practice, the simplest is to replace 7 by 7 A %TRE in order to avoid such a problem.

Remark 2.2. > We chose to state this result for a given function f. Nevertheless, if ¢; and ¢3 in (H;) and
(H3) do not depend on f, this is certainly possible to write the result, uniformly in the class of Lipschitz
functions. Note that with the help of the Kantorovich-Rubinstein representation of 1-Wassertein distances
(see e.g. [Vil09] for background), assuming that ¢; and ¢z are uniform in the class of Lipschitz functions is
equivalent to suppose that (Hy) and (Hs) are replaced by

WIL(X]"),77) < er(w)e b and by Wi(m,77) < 39,
In this case, Theorem [Z] still holds true replacing (@) by

sup E[[V(R, (%), .7 (T)), . f) — 7(f)PP)2 < Ce. (11)
filflhi<1

> In the next section, we will apply the result to additive diffusions in order to be able to get quantitative
bounds. Nevertheless, it is worth noting that the result may apply to any (non degenerated) multiplicative
diffusion satisfying (H;), i = 1,...,4. For instance, it could be shown that if the diffusion satisfies the strong
confluence Assumption (Cg) of [PP18|, the assumptions hold with a = 1 and 0 € [1/2,1] (see [LPP15] for
results on confluence of diffusions). More generally, the result is in fact not specific to diffusions and may
hold for any non degenerated Markov process, equipped with Markovian discretization schemes satisfying
assumptions (H;), i =1,...,4.

3More precisely, when € = 1, the L2-error is lower than [f]1e. To obtain e, it is certainly enough to replace € by &/[f]1.



> In the references [McIL11l [GRI14] [Vih18], some debiased Multilevel Monte-Carlo methods have been intro-
duced and studied. In these papers, the idea is to randomize the number of layers (typically with a Poisson
distribution) in order to produce completely unbiased estimators of the target. However, such a method
seems to rely on the property that the last layer is asymptotically without bias. In this infinite horizon
problem, such an adaptation seems to be complicated since even the last layer contains a long-time error
which does not vanishes when the step size goes to 0 (see Remark Bl for other details in this direction).
Nevertheless, in the spirit of [GMS™20], in order to get a vanishing long-time error, an idea could be to restart
each layer from the final time of the previous one. Note that such an idea is unfortunately incompatible with
some parallelization of the layers but it may still deserve to be studied.

2.4 Application to uniformly strongly convex additive diffusions

In this section, we want to focus on the effect of our multilevel strategy on the numerical approximation of
the invariant distribution of an additive diffusion when b is strongly contractive, i.e. satisfying the following
Assumption (C,):
(C,) For all z,y € R4,

(b(y) = b(z),y —z) < —alz —y|*.

In the context of numerical approximation of Gibbs distributions, this corresponds to the case where U is
uniformly strongly convex. If U is C?, this is equivalent to suppose that the Hessian matrix D2U satisfies:
D?*U > al; with a > 0 (in a sense of symmetric matrices). Note that this assumption can be viewed as
restrictive. However, our main objective in this paper is to sharply evaluate the effect of such multilevel
strategies in this nice and benchmark setting (see Remark for a discussion about potential extensions).

Now, note that, with the help of the inequality (u,v) < (2a)7'ul? + (/2)|v|?), (Cs) (applied with
y = 0) implies the Lyapunov (or stability) assumption

2(b(x), ) < 2(b(0), ) — 2az|* < @ — alz|*.

Such a Lyapunov assumption classically implies the existence of m and that of 77 for v € (0, a/(2L?)] (see
Lemma [5.1)7)). Uniqueness follows from the non-degeneracy of the dynamical system since o > 0.

The following parts are dedicated to the study, in this uniformly contractive setting, of the complexity of
the related multilevel procedure and to the dependency in the dimension of their constants . As mentioned
before, the results will strongly depend on the value of a. In the two next sections, we propose two types of
results, with a = 1 and a = 2 respectively. The first case is based on simpler bounds and only requires U to be
C? (with bounded Hessian matrix) but the related dependence on ¢ is not completely optimal (proportional
to 72| log® g]). The second case will lead to a complexity proportional to e~2 but with refinements which
require slightly more constraining assumptions on U. Note that a = 2 is really specific to additive diffusions
whereas a = 1 may extend to multiplicative diffusions (as mentioned above in Remark [22]).

24.1 a=1land 6=1/2

Proposition 2.1. Assume (Cq) and b L-Lipschitz with o € (0,L A 1]. Let 2o € R and no € (0, 5% A 3]
Then, (Hy), (Hz2), (Hs) and (H4) hold true for a =1, 6 =1/2 (and for any Lipschitz continuous function
F:R% 5 R) with

e )<|x—x0|2+\/2|b:vo 2 (L + %) + 24,

(12)
max(O‘ch, O‘LCS,CZ) Sue 1V (@72[b(zo) > + a~to?d) =: T3

Remark 2.3. Note that when b = —VU and z¢ = Argmin, cr.U, the above bounds are simplified and have

a better dependence on «. In particular, this clearly suggests to start with this value of xo. However, we

kept the general bounds since z( is not always known in practice.



As a corollary of this proposition and of Theorem 2.1 the following theorem provides a first estimate of
the cost of the multilevel procedure under (C,):

Theorem 2.2. Let f : R? — R be a Lipschitz continuous function and assume (Co) with o € (0, LA1]. Let
zo € R? and suppose vo € (0, 5% A 3]. Let Y1 be defined by ([@2). Fore >0, let

T3log(v ")

Tro = Tl, Rs = |—2 logQ(roaflﬂ, TT = o

e 2R*27" re{0,...,R.},

and T = 11|log(e)| + T2 with 71 = 2a~! and 7o = a~tlog T;. Set
g0 := max{e € (0,1],2log(Y1e7?) < log(y, ') R?}. (13)

Then, @) holds true for any € € (0,&0) with €1 Sue 1 and

5log(vg "
e) < X8I0y -2 pigggriey), (1)
2ary9
Furthermore, if o/ L < 1, if 02~ d > 1 and if |b(20)|? Sue 02ad, then the result is true with Y3 = o2a~1d
and Yo = o/ (2L?) with a complezity satisfying

212\ L? o%d
C(Y) <5log (7) ﬁa2d5_2 [log, (75_2)]3. (15)
Remark 2.4. > Note that the choice of 49 does not depend on d (but only on o and L). This is due to
the fact that, in this strongly convex setting, this is possible to control uniformly the ergodicity and the
contraction properties of the dynamics of the Euler scheme as soon as 79 < «/(2L?). It is not clear that such
a property remains true in the weakly convex setting where such controls are generally difficult to obtain
especially in the discretized setting.

> If we skip the dependence on a and L and choose to only focus on the one on d and 5@, one can remark
that, as soon as |b(xo)| < CV/d, the cost of the procedure is of order de~2 (log3 d + log® 5). We can thus say
that we are at a “logarithmic distance” of the “optimal” cost de 2.

Gibbs distribution approximation I: Let us apply the above result to the approximation of ny =
Zg'e YdAg. Set
Ay = sup A and Ay = inf A
v zeﬂgd b2U(a) U T L epa TPV
where for a symmetric matrix A, A4 and )4 respectively denote the largest and lowest eigenvalues of A. In
the sequel, we assume that

0< Ay <Ay < +oo. (16)
In this case, (Cq) holds with ay = Ay A1 and VU is Ly-Lipschitz with Ly = AU
Furthermore, for any og > 0, 7y is the invariant distribution of the diffusion given with b,, = —02VU and

diffusion coefficient o = v/20¢. Then, it is natural to ask about the choice of ¢, especially in terms of oy
and L. We obtain the nice following result:

Corollary 2.1. Let (X\°),>0 denote the solution to dX ™ = by, (X\7))dt+/200dB; with by, = —o2VU.

Assume that [IQ) holds true. Then, for any oo > 0, (Xt(ao))tzo admits Ty as an unique invariant distribution.
Furthermore, (Cy) holds with ay, = oday and by, is Ly, -Lipschitz with Ly, = ogLy. Then, if

ay 1 d _ —
ol = E’ N=5 T0= ”E7 IVU(20)| Sue oy Ly*d and T3 = day’,

4This is usual in the literature.
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@) holds true for any € € (0,g0) (g0 being defined by [A3)) with €1 Sye 1 and

) < 282 L0 421100 (aptde2) ]2,
2 aU

Keeping in mind that a,, = 02y, we remark that in the previous corollary, T). = L%a;,” log(2)e "2 R227".

Proof. Let o¢ > 0. First remark, that since ay < Ly, then a,, < Ly, and hence, oy, € (0, Ly, A 1] if
o3 < ay'. Then, by Theorem 2 for any oo € (0, o] such that ay, /L2, <1,

2712 2
e B L (17)
ay

oy 2aU

But o, /L% < 1if and only if 0§ > ay/Lf; so that one can set 0§ = ay /L in the above inequality. In
this case, one remarks that

ado . OéU .
L, otly
so that v9 = 1/2 and Y? = day~*. The result follows. O

Remark 2.5. In the above proof, we choose the lowest value of o under which oy, /L2 < 1. The the-
oretical interest is to remove a logarithmic dependence on L and «. From a practical point of view, this
normalization leads to a simplification of the parameters.

The simplest choice for xg is certainly o = Argmin,cp.U(x). In the case where x¢ is unknown, we suggest
to introduce an optimization preprocess in order to start the procedure with an initial point which is not so
far from the minimizer of U (or, more precisely, which sastisfies |[VU (z0)| < o L;*d).

2.4.2 a=2 and § = 1: optimal complexity with slightly more constraining assumptions

Let us assume that b is C? and let us introduce the following notations: Vb = [0;b;]1<;<;<a, the Jacobian
matrix of b and Ab = (Ab;)L_,, the vector of Laplacians of by, . . ., by where we recall that for a given function
¢:RY =R,
d
Ap =) 8.
i=1

If b has bounded partial derivatives up to order 2, we can define:

IVB]I3 o = sup [ Vb(z)[r and [Ab]2,0c = sup |Ab(z)|* = sup Z | Ab;(z (18)
zERd z€R? zeRd ;T
where || . ||F stands for the Frobenius norm (see Section 2] for a definition). We are now ready to provide

some new bounds related to (Hz) and (Hg) when a = 2 and § = 1 (The results for (H;) and (H4) obtained
in Proposition 2.2 still hold true).

Proposition 2.2. Assume that (C,) holds true and that b is L-Lipschitz and C? with bounded partial
derivatives. Let o € R? and suppose v € (0, 5% A 3]. Then, (Hz), (Hs) and (Hy) hold fora =2, 6 =1

2 2 2
(and for any Lipschitz continuous function f : R — R) with max (aL?, aLi ,04) Sue Y3 where,

1 o ot aad o2d
T%—maX<1,§|b($o)|Q Y bl elb0)] + T MBS o, + |Vb||2oo+—> (19)
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Remark 2.6. In the Ornstein-Uhlenbeck case (b(z) = —z and o = v/2), which can be viewed as the simplest
toy-model, we remark that if 29 = 0, then T3 = max(1,202d) since [b(0)] =0, « = L = 1, [|Ab||3 ., = 0 and
[Vb|l2.00 = d2. In the general case, these constants strongly depend on b and on the behavior of Vb and
Ab. However, there are model-specific and it is difficult to state a general result taking really into account
this dependency. Nevertheless, in Theorem [23] we will provide some fairly explicit conditions on ||Vb]|2,0c
and on HAbH%Oo under which these dependencies are controlled (Note that the operator Ab also appears in
Assumption H3 of [DM19]).

Let us also remark that if b has the following form:

bi(x)z(bi(,fjl,...,l'jm), 1<m<d, (20)

where ¢1,..., ¢4 are C>-functions with partial derivatives (up to order 2) bounded by dimension-free con-
stants, then || Vb||2,00d™2 + |Ab[|3 ood~" < Cyy where C,y, does not depend on d.

As in the preceding part, we can now deduce a result as a corollary of this proposition and of Theorem 211

Theorem 2.3. Assume that (C,) holds true with o € (0,L A 1] and that b is L-Lipschitz and C* with
bounded partial derivatives. Let f : RY — R be a Lipschitz continuous function. Let o € R? and suppose
that vo € (0, 532 A %] Let Yo be defined by [[3). Fore >0, let

2 -1
T3log(vo ) 6—22—gr7
o

ro="o, ,R.= ﬂog2(ros_1ﬂ, T, = re{0,...,R.},

and 7 = 11|1log(e)| + T2 with 71 = a~! and 2 = (2a) " 'log Y. Set
g0 := max{e € (0,1],v2log(T2e2) < 1og(*yo_1)(T25*1)%}.
Then, @) holds true for any € € (0,eq) with €1 Syue 1 and

3 V2 3log(v ") s
e ”.

V2 -1 Yoo

In particular, if a/L? < 1, oc?a™td > 1, |b(z0)|? Sue o2ad, U2||Ab|‘%ﬁoo Sue o LA and ||Vb]2,00 Sue

a2L3Vd, then for vy = a/(2L?), the conclusion is true with T% = o2a7'd leading to the following

complexity bound:
e 2v/2 + 10212 202\ .,
C(y) S ﬁ o3 log T de™“. (22)

corresponds to ¢, in Theorem 2.1l Note that in all the results, we give the explicit

CY) < (21)

N TV
2
The coeflicient Ve

complexities since it may be convenient for practice. From a theoretical point of view, these explicit bounds
do not give more information than some bounds up to universal constants since the e-approximation is

always obtained up to a universal constant @; which changes with the normalization of Y3 (on this point,
see Remark [L.T]).

Remark 2.7. It is worth noting that in this result, we attain a complexity proportional to de=2. As
mentioned in the introduction, this means that if we forget for a moment, the intrinsic dependence on L and
«, one attains a complexity which is of the same order as a Monte-Carlo method without bias.

Gibbs distribution approximation II: As in the previous section, we apply this theorem to the approx-
imation of the Gibbs distribution (with the same notations) and obtain the following result. We use the
same notations as in Corollary introducing for a positive o, the diffusion dX; = by, (X;)dt + v/200dB;
with by, = —03 VU, which admits 7y = Z; 'e=Ud\, as a unique invariant distribution (for any oo > 0). We
obtain the following result:

12



Corollary 2.2. Let the assumptions of Corollary [21l be in force with U : R? — R C> with bounded partial

derivatives. Set . 11
€0 := max {5 € (0,1],v2log ((daal)%*z) < 10g(2)(da51)15’5} .

Y =1/2, Yi=dag', [AVU)|3 0 Sucay Lyd and  |[VU(zo)* Sue cvd,

@ holds true for any € € (0,e9), with €1 <ue 1 and,

log2(2v2 + 1) L%,d 2
V2-1 O‘U

Proof. We apply the second part of Theorem 23 with b,y = —03VU, LU0 = o3 Ly and a,, = oay. The
additional assumption on [[A(VU)]|3 ., implies that O'O”Ab(m”z o Sue o Ly d. One also checks that the

condition on ||Vby,||2.00 of Theorem 23] holds true if || D*U||2,00 = supzeRd ||D U@)||F Sue ap° LV d but
this condition is always satisfied: actually, for a symmetric matrix A,

c(Y) < (23)

JA|F = ) A7, =Tr(A%) < (Aa)d
1<4,5<d
so that -
| DU ||2,00 < AuVd < (o LE) Ly Vd, (24)

since aalLU > 1. Finally the condition |VU(z0)|? Sue apd ensures that by, (20)]? Sue 0faod. In this
setting T3 = 02a;'d = a;;'d , then for € € (0,£9) we get the result since

22+ 103L2, o <2L§0) g2 _ log 2(2v2+1) L?]d 2
3
V2-1 ad Qo V2-1  af

Note that the other parameters have the following form

dL? log(2
o = doz{,l, R, = ﬂogz(roa*lﬂ, T, = [;72%()5722737«7 re{0,...,R.},
U

and 7 = 71|log(e)| + 72 with 7 = L%a;” and 7 = %L%aaz log (daal).
O

Remark 2.8. > Once again, the best choice for x¢ is o = Argmin paU(x). If this x is not explicit, we
use a classical optimization preprocess in order to start the procedure with an initial point which is not so
far from the minimizer of U.

> It is worth noting that C()) has the same dependence on Ly and s as in Corollary 271l This implies that,
up to the additional condition on A(VU), this result strictly improves Corollary 2] since the logarithmic
term disappeared. This additional condition is in fact very reasonable in practice. For instance, owing to
(@4), we remark that it is satisfied if || A(VU)|3 oo Suc o Ly | D?U|3 o, i-c. if

sup ,]7_] ( )l ~uc ofUl‘L3 sup |a,] ( )l
(i,5,2)€{1,..., d}2xRd (¢,5,2)€{1,..., d}2xR4

Remark 2.9. Let us end this section with some comments and some comparisons with the literature. To
the best of our knowledge, this paper is the first which provides an algorithm for the approximation of Gibbs
distribution with an e-complexity of the order de~2. In the literature, it seems that the most comparable
paper is [DM19] where a part of the work is devoted to occupation measures of Euler schemes and where
the authors obtain a complexity in O(de=*) (or O(de~3) if f is bounded). The dependence on « and L is

13



also mentioned by the authors and a careful reading of their results seems to lead to 0454L2U. This shows
that, in this strongly convex setting, our multilevel procedure is able to improve the dependence in € without
affecting the dependence in the dimension.

In fact, in the literature, the study of the dependence on the dimension of Langevin methods is usually fo-
cused on the (Wasserstein/Total Variation) distance between the random variable produced by the algorithm
and the Gibbs distribution. This is why the authors usually define the complexity as the number of iterations
to sample one random variable whose distribution is at a distance lower than e from the target 7. In Wasser-
stein distance, it seems that the best bounds for this number of iterations are of the order de=2 (de~! for
the total variation distance, see e.g. [DKRD20| or [DM19]). Nevertheless, if one wants to deduce from these
bounds a Monte-Carlo method which generates an approximation of [ f(z)r(dz) with an MSE lower than
€2, one needs to compute N, ~ Var,(f)e~2. As aforementioned, for a general 1-Lipschitz function, Var,(f)
is “of the order d” so that the real complexity which would be deduced from these Wasserstein bounds is
in fact O(d?c73) (or O(de~?) in the particular case where f is bounded since Var, (f) is bounded in this case).

To conclude, let us remark that many papers now focus on the non strongly convex setting or at least try
to develop a “more robust strongly convex setting”. Actually, in spite of the optimization of oy, our results
show that, even in the strongly convex settings, the complexities are very sensitive to the contraction and
Lispchitz parameters so that in cases where « is very small or L is very large, the computation cost may
explode. In this case, the complexity in O(de~2) becomes a little “symbolic” and some other ideas must be
developed to manage this problem. On this topic, we propose an opening in Section 2.5.3] in a particular
example where numerical computations (and heuristics) show that an increase of the value of 7o leads to
strongly better performances.

More generally, extending multilevel methods to such pathologic situations seems to require to be able to
preserve the contraction property (Hgz). Actually, (Hz2) seems to be fundamental for the control of the
variance of the correcting levels. Then, even if in numerical simulations, we remarked that the L?-confluence
of the Euler schemes seems to be still effective in some non strongly convex settings (on this topic, see
Section 2Z.5.0]), the theoretical extension is a clearly difficult task. In the weakly convex setting, a first idea
could be to adapt the penalized Langevin algorithm proposed in [KD20|. In this paper, the authors regularize
a weakly convex potential by a uniformly strongly convex one and hence, approximate the regularized target.
This approach would probably extend to our multilevel setting. Still in the weakly convex setting, another
viewpoint has been proposed in [GPP20] by considering convex potentials (of the Polyak-Lojasiewicz type)
with positive but vanishing at infinity Hessian matrix. In this case, refined convex arguments seem to
lead to some weak forms of the main assumptions (Hy), (Hz), (H3) and (Hy4). In particular, one may
preserve the difficult L?-confluence assumption (Hz) and quantitative bounds may probably follow but with
a worse dependence in the dimension. Finally, in the non-convex setting, the recent paper [MEWB19| proved
quantitative bounds for the unadjusted Langevin algorithm with some arguments based on the comparison of
the semi-groups of continuous-time and discretized dynamics and some log—Sobole contraction assumptions
on the target probability. Precisely, such results could lead to assumptions (Hgz) and (Hy) respectively.
Unfortunately, the L2-confluence assumption (Hz) requires other type-arguments and makes this issue an
open problem.

2.5 Numerical illustrations

This section is devoted to some numerical illustrations in some toy models. We only investigate the setting
of Corollary 22l which produces a lower complexity (see Remark [2.8) and focus on two examples. In the first
classical Ornstein-Uhlenbeck, we detail the choices of parameters and discuss the practical efficiency with
respect to the theoretical one. In the second example, we focus on a model with a non-quadratic potential
and where the constants ay and Ly are really different from one in order to emphasize the interest the

5Even if this assumption is usually difficult to check in practice without strong convexity, such an assumption opens the way
to quantitative bounds in the non-convex setting.
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optimization of oy proposed in Corollary 2.2

2.5.1 Ornstein-Uhlenbeck

We propose to compute [,, f(z)r(dx) where 7 = N(0,I4) and f(z) = |z| (= (30

k € N*,

Iy = | fanlan)

(2k)!V2m

T 2%EI(k — 1)

¢ 22)%). When d = 2k,

(25)

The distribution 7 being the invariant distribution of the Ornstein-Uhlenbeck process solution to dX; =
—X,dt + V/2dB,, the idea is certainly to apply the multilevel procedure to this process. Note that since
U(z) = |x|?/2, we have ay = Ly = 1 so that the positive number oy of Corollary 22 is equal to 1. Taking
the parameters given in this corollary, we set:

1
’70257

so that for any d > 2, for any € € (0, 1),

R. = Mlogy(e7'Va)], T, =

LL‘QZO,

—9o_3
de™2272" r =

T3 =

1
0,...,R, and T=|10g5|+§10gd.

d,

Remark 2.10. Note that in all the simulations, we choose, for the sake of simplicity to set T, = L2Uoza3da*22’%’”
instead of T, = log(2)L,ag;°de=2273". By Theorem 2I)(ii) (where there is a lower-bound on t), this does
not change the conclusion except the cost which is divided by log 2.

With d = 10 and € = 0.1, we first provide a simulation giving the contributions of each level. In this case,
Iy ~ 3.084. The multilevel procedure applies with R = 5. In Table[I] we give the number of iterations of the
Euler scheme for each level and the evolution of the estimation after each level. The total number of itera-

Level 0 1 2 3 4 5
Number of iterations | 2000 2124 | 1497 | 1059 747 531
Estimation 3.579 | 3.315 | 3.204 | 3.149 | 3.118 | 3.105

Table 1: Evolution of the multilevel procedure with r. Theoretical valuex 3.084.

tions of the Euler scheme (complexity) is equal to 7958 whereas the theoretical bound given in Corollary 22]
is equal to 9243 ( since (2¢/2+1)(v/2—1)"! ~ 9.423). This difference comes from the fact that the bound on
the complexity is obtained by a computation of the series Z::T 273 whereas here it only involves Zle 273,
Note that the algorithm is compatible with parallelization procedures since the levels can be computed in-
dependently. However, it is worth noting that the degree of parallelization of such a multilevel method
is completely different from the traditional Multilevel-Monte-Carlo where the average is based on a mas-
sive number of Euler schemes (with a much shorter horizon) whose simulation can be completely parallelized.

The table suggests that the procedure seems to be slightly “oversized” for the required precision and that

the last levels bring corrections which are of order 1072.

This feeling is confirmed by a computation of

the empirical RMSE (Root Mean-Squared Error) with N = 50 simulations of the multilevel procedure. We

obtain:

RMSE(I;,d =10,e = 0.1) ~ 0.026.

In other words, the method calibrated to obtain a precision € = 0.1 produces a precision 0.026 in this
particular example. In Table[2] we now provide several tests of the robustness of the algorithm by computing
the empirical RMSE (with N = 50 simulations) for different values of d and ¢ and two different starting

points: xy = 0 (which is the theoretical best choice) and ¢ = (1,..., 1) satisfying |VU (o)
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d 5 R | Complexity Iy RMSE(zo =0/2z0 = (1,1,...,1))
10 0.1 5 0.80 % 103 | 3.084 0.026,/0.026

10 0.01 | 8 8.79x10° | 3.084 0.029/0.030

100 | 0.1 7 8.60 x 10* | 9.975 0.014/0.013

100 | 0.01 | 10 9.02+10% | 9.975 0.001/0.001

1000 | 0.1 8 8.79%10° | 31.615 0.016/0.016

Table 2: Computation of an estimation of the RMSE for different values of d and «.

that the condition of Remark is satisfied). Once again, we can remark that (at least on this example),
the numerical results outperform the required precisions. Furthermore, the performances are very robust to
d and e (which is coherent with Corollary 22)). Furthemore, it is worth noting that the performances with
29 = Oga or Zg = (1,1,...,1) are almost equal.

2.5.2 A logistic-type perturbation

In this second example, we consider the potential U : R? — R defined by

2
U(B) =Ur(B) + @ BeR?, with Uy(8) =log(l+e* ?)

and x € R%. In this second model, we added to the quadratic function S — /\|[23 ° the function U; whose
gradient is nothing but a logistic function. Such a potential is in the spirit of the ones which appear in the
posterior distribution of Bayesian logistic regression (see Section [Z5.4 below for details) with Gaussian prior
(in this perspective x may be viewed as a vector of covariates). We thus chose to keep the usual Bayesian
notation 3 for the variable but we will not investigate the real statistical model.

In view of our paper, this example is an interesting case since the theoretical results still apply but with
some different oy and Ly (and a non quadratic potential). Let us compute VU; and D?U;:

XXT

(L+e"P)(1+ex8)

VUL(B) = x(1+e > 7)~1 and D2U(B) =

Then, for any 3 € R,
x" B[
(1+e"A) (1 +ex"F)
so that Uj is a convex function but with infgega Ay, (8) = 0. On the other hand, we deduce from the previous
equality and from Cauchy-Schwarz inequality that

<D2U1(ﬁ)ﬂaﬂ> =

|x[?
(L+e>"8)(1+ex"F)

2
VB R, (DUL(8)5,) < 82 < B g,

where in the last inequality, we used that (1 + €“)(1 + e™%) = 3 4+ 2coshu > 5. From what precedes, we

deduce that we can set )
ay =AA1 and LU:/\‘F%-

Remark 2.11. Note that even though U; is a convex function, we say that U; is a perturbation of the
quadratic potential since it does not modify the contraction parameter but it increases the value of Ly .

Finally, let us consider the last condition on A(VU). We have

—2sinh(x7'3)
(3 + 2cosh(xT 3))?2

1

|83 kU(B)| = |XinX]g 25

2,75

| < —|xix;xx
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so that

d
1 1 ) ||6 _
E 07, UB)I° < 2—5|:C|2( E zj) < %|gc|4 max{z?,j=1,...d} < o5 < 5L} < 5ay' Lid.

1<id,j<d Jj=1

The last bound being very rough, this means that the behavior of D3U will have few consequences on the
2
performances of the algorithm. Now, we choose to throw randomly x and normalize it in order that % =a

for a given a. We set x = ‘ﬂg"HZ where Z ~ N(0, I;). We apply Corollary 2.2 with

A

2
00 =~ %25’
(A + )2
and an initial condition obtained after a standard gradient descent with constant step. At the end of the
procedure, we check that |VU(8)|? < apd in order to satisfy the assumptions of Corollary (note that
the convergence of the gradient descent is very fast in this strongly convex setting).

Here, we choose to consider the function f = Id (“in the spirit” of the posterior means in Bayesian statistics).
We first compute a sharp estimation of the vector ([ Bm(d@))le that we denote by Btmﬂ and then compute
a Monte-Carlo approximation (with N = 20 simulations) of the (normalized) expectation of the L?-distance
between the estimation and the target : d_%HBtme — Bestim|l2 = d_%EHBtme — BestimP]% where Bestim
denotes the approximation of S produced by the multilevel procedure and where the reader has to keep
in mind that |.| denotes the Euclidean norm on R¢. We propose a simulation with the parameters:

d=10,100, a=2, A=1/4 ay=1/4, and Ly =9/4.

Even with these not so pathologic values, we can remark that this unfortunately strongly increases the
cost of computation with respect to the Ornstein-Uhlenbeck case since it multiplies it by L%, / ai’, = 324.
Nevertheless, the procedure still works since we obtain for ¢ = 0.1,

0.042 with d =10

L _
d 2 rue — Mestim ~
1Btrue = Bestim|l2 {0,023 with d = 100.

2.5.3 Towards some strategies to reduce the impact of oy and Ly.

As aforementioned, bad values of oy and Ly may seriously affect the complexity of the procedure (being
proportional to L2U / a3U). This problem is not specific to the multilevel approach but should be certainly
tackled in order to produce less time-consuming algorithms in this case.

In our setting, we remarked in the numerical computations that oppositely to the nicely calibrated Ornstein-
Uhlenbeck process, the contributions provided by the correcting levels are two small with respect to the
required precision. For instance, in the above example, for € = 0.1, the correction related to the first level is
already of order 102 (whereas in Table [ the first levels bring a correction of order 10~!). This suggests
that the step is too small. More precisely, even though «o = 1/2 in Corollary 2.2 the factor o3 = ay/ (2L2U)
induces a very small evolution of the dynamics (but is theoretically optimal in terms of oy and Lyy).

From a theoretical point of view, we are in fact limited by the constraint v < «/(2L?) which appears in
Theorems and 2.3 Going back to the proofs, one can remark that this constraint is of first importance
in several arguments and firstly in Lemma [5.1)(7) for the L2-stability of the Euler scheme. Actually, for a too
large step, the Euler scheme explodes since the first order error produced by the discretization of the drift
term becomes stronger than the contraction coming from Assumption (C,). Note that this problem also

6This estimation has been obtained with € = 0.01.
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appears in models where the potential is superquadraticﬁ. Some solutions are proposed in the literature by
introducing alternative schemes such as implicit discretizations in [MSHO02| or explicit Euler schemes with
randomized (decreasing adaptive) step sequence as in [Lem0OT7al. Such alternative schemes (and other ones)
should be probably investigated in view of improvements of the procedure in the general case.

In our specific case, U(x) = Uy (z) + Uz(x) where U; has a bounded gradient and Us(x) = Mx|?/2 and it
is in fact possible to alleviate the constraint on the step which guarantees a L?-stability, without modifying
the scheme. Actually, since in this case,

[b(z) = b(y)* < 2X%|x — y|* + 8[| VUL|Z,,

a careful reading of the associated proof shows that the scheme is always long-time stable for any v < 1/(4))
with

_ N b(x* 2 U 2 2d
EHX?@ —JJ*|2] ,Suc |$—$*|2675t + | (I )| + H 1”007_"0' ]

a? o
In the case b(z*) = 0, this implies that the bound of Lemma [5.I{¢) remains of the same order as soon as
v < min((4a) 1, ﬁ) Note that such improvements of the domain of stability of the Euler scheme may be

possible (with other constraints) in the case where Us is Lo-Lispchitz with Ly < L and |[VU; (2)|? = o(Ua(x))
when z — 400 (case which usually appears in applications). However, Lemma [5.1)(7) is not the only part of
the proof where the constraint v < a/L? appears. In particular, it plays an important role for the control
of the distance between the paths of the Euler scheme (which in turns leads to the control of the confluence
properties which allow to control the variance). A a consequence, a potential improvement of Corollary
in this particular setting would require further investigations.

In order to give some little more substance to these perspectives, let us finish with a numerical computation.

In the spirit of Corollary 22 we keep 02 = ay /L% but replace v = 1/2 by 7 = min((4ag,) ™!, %)
in order to saturate the condition v < min((4a)™?, ﬁ) With d = 100, this leads in our example

to Y0 = (daw,) ™t = L} /(4ad) and by @2), to a complexity of the order o2L2 v 'a,2de2 = aj'de—2
(instead of L2Uaa3d£_2). With d = 100 and with the notations and values of the previous section, this yields

di% HBWUB - Bestim”2 =~ 0.017

for e = 0.1 (on N = 20 simulations). Thus, it seems to preserve the efficiency of the theoretically checked
method but with a number of iterations which has been divided by L2Ua,}2 (= 81 in this particular case).
Going deeper in the numerical and theoretical perspectives on this topic is the purpose of a future paper.

2.5.4 Comparison with some other MCMC methods for Bayesian learning

Let us continue this numerical section with some simulations that compare our proposed estimator to
benchmark methods such as the Unadjusted Langevin Algorithm (ULA) and the Metropolis-Adjusted
Langevin Algorithm (MALA). The aim is to compute a Bayesian estimator with the help of n observa-
tions Y = (y1,...,¥n) € R and many covariates X = (x1,...,2,) € R¥". The purpose of the Bayesian
paradigm is to find a law modeling the parameter 5. This research is based on the choice of a prior law mg
that characterizes what their value might be. By Bayes’ rule, the posterior density m, is given by:

7 (8) o< mo ) exp (— > tola, yn) . (26)

where in logistic regression, the function ¢g is defined by:

l5(z,y) = ylog (5(ﬁTw)) + (1 —y)log (1 — 5(BT:C))

7A function V : R? + R is said to be superquadratic if lim| 400 “/z(;) = +o0.
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with s denoting the sigmoid function defined by s(t) = (1 + e~ %)~ t € R. We can consider a large variety
of prior laws depending, for example, on our knowledge of the problem. Recently, great interest has been
given to the so-called Exponentially Weighted Aggregate (EWA) where m(3) o e *Pen(®) (see [DGPIS)),
with Pen : R? — R being a regularization function and A > 0. Here, we consider the Bayesian Ridge Logistic
Regression by setting Pen(3) = |3|?/2 (we thus penalize by the square of the Euclidean norm) and aim to
compute the posterior mean:

ern(ﬁ)

s = [ .00 = [ 55— —ras),

where U(B) := 31", £g(xi,y:) + AB? and Z = [ e~ Un(B))\,(dB).

We test our algorithm on a heart disease public databaseﬁ, also used in [DM19] which contains 13 covariatesd
supposed to be correlated to heart diseases. Consequently, the target will be the presence or not of heart
disease in the patient. To predict the target, more than 1000 patients are observed.

As mentioned before, we compare the performances of our Multilevel-Langevin pathwise average (MLPA)
with ULA (see e.g. [DMI9] and [Dall7]) and MALA (see e.g. [RT96, BRH13, DCWY19, ICLAT21, [DM22]).
We recall that ULA is based on a classical Monte-Carlo average of Euler schemes whereas MALA is a
Metropolis-Hasting-type algorithm (see [MRRT53|) where proposals are based on the Euler scheme of a
Langevin dynamics (see [RT96] for details). We compute ULA and MALA with the following parameters:

_ a3 1 de2 2d
Xo=0 =&y =+0-, T=-—1 N = d £=0.1 27
0 R4 Y € 2L?4Jd, 2OCU 0og <2OCU >7 €2OéU an € ) ( )

where ~ denotes the discretization step, T is the final time of each path, N is the number of Monte Carlo
sampling, and ay and Ly denote respectively the smallest and the greatest eigenvalue of the Hessian of
Relying on the results of [DM19], these parameters are optimal choices for ULA to provide a RMSE of order
. . Finally, we compare these estimations with MLPA applied with the following parameters (which lead
to a RMSE of order ¢ by Corollary [2.2]):

1 4/ d r
7025, RE—PO&(El £>—‘, r=0,...,Re, v =02

_ L3 s 1 1 d
Xo=0, T,=de"—272", and 7= —log(e ")+ —log — .
oy ay 2y Say

Our comparisons of ULA, MALA and MLPA are resumed in Table Bl below where we provide the number
of iterations of the Euler scheme and the empirical RMSE obtained after 50 simulations of each method
with ¢ = 0.1.  Table [ illustrates the result shown in this paper. Indeed, we see that we achieve the same

Algorithm MALA ULA MLPA
Number of iterations | 320089 | 320089 | 62415
empirical RMSE 0.0995 | 0.1458 | 0.0966

Table 3: Comparison of ULA, MALA and MLPA, ¢ =0.1.

precision for the three methods, but the computational cost of the Multilevel method is very cheap compared
to the two others.

8These data come from four different geographic placesCleveland, Hungary, Switzerland, and Long Beach V.
https: //www.kaggle.com /datasets /heart-disease-dataset

9Note that the ordinal covariates are replaced by dummy variables.

10They can be computed exactly as in Subsection
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2.5.5 Robustness in the non-convex setting

In view of applications, a natural question occurs. Is such an algorithm able to remain efficient in a non-
convex setting 7 More precisely, does such a multilevel procedure have the ability of remaining more efficient
than a standard one in the non-convex setting ? As explained in Remark 2.9 among the assumptions of
Theorem 2.1} the one which is the most difficult to check in a non-convex setting is the L2-confluence hy-
pothesis (Hz) (L2-confluence)This is also the assumption which is the only one which is really specific to
the multilevel procedure since its role is to control the variance of the correcting layers. The L?-confluence
is a very difficult problem and it is clear that (Hz) is not true in general in the non-convex setting (see for
instance the counter-example given in [LPP15, Proposition 3.1]). Nevertheless, the example below shows
that in some cases, the procedure may remain efficient:

Set U(z) = 3|z|* —log(1 + |z|?), € R%. One easily checks that VU (z) = (Izizﬁ) and that U has a local

maximum in 0 and that each point z satisfying |z| = 1 is a local minima. Let us denote by v o« e~Y the
related Gibbs distribution which is the invariant distribution of
[ X¢* —1

As in SectionZ.5.7] we choose here to compute v(f) with f(z) = |z|. In fact, v(f) can be explicitly computed.

We have Q42
dr) = ——1
R f(x)y( ‘T) d+ 1 f’

where I; is given by ([28). Since in this setting, the contraction parameter ay does not exist, we have to
fix arbitrarily some parameters. We choose to do as if we had ay = Ly = 1. This means that we fix the
parameters as in Section [Z5.Il Table [ below contains the empirical root-mean squared errors computed
with M = 50 computations related to a computation where e = 0.1. We thus remark that the method still
works here (since the empirical error is lower than €).

| [ d=100 | d=1000 |
[e=10 "] 0024 | 0017 |

Table 4: Empirical RMSE related to the computation of v(f)

3 A quantitative control of the error

The proof of Theorem 2.1]is based on a classical bias-variance decomposition of the error with respect to the
target. The originality of the proof lies in the sharp control of each term of the decomposition, according
to the set of assumptions of Theorem 21l Such controls are resumed in Proposition B.1] below where we
provide, for some given step and time sequences, an almost] quantitative control of the error in terms of
the parameters involved in Assumptions (Hy) to (Hy4). The proof of Theorem 2] will be then achieved in
Section [

Proposition 3.1. Let f be a (non constant) Lipschitz function. Assume that (H;), i = 1,...,4, hold for
some given a € [1,2], no € [0,1/2] and o € R?. Assume that vo € (0,m0] with ayy < 1, and that for every
red{0,..., R},

14+

Yr=v%2"" and T, =1Tp2" 2

a
T
I

11By “almost”, we mean that we omit the universal constants, i.e. which do not depend on the parameters of the assumptions
and of the diffusion. This will not perturb the sequel of the paper in which our main objective is to exhibit the dependency in
the dimension.
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and that T is a non-negative number satisfying T < Tr/2. Then,

1 u a - _
S IV(R, (), 7 (1), ) = 7R < e (3 4 max(G, acalyd log (1)) ((a — 1)72 A R2))
[f13 aTy
2
+ (%’Y?{ + 7%2;:0)6‘“213”:‘) :

where ¢, is a universal constant. The related complexity cost C(y satisfies:

T 3(9%5t -1}
2lA+3272 =1 ifa>1
) < ;0<§+%R>2 ) | (28)

The proof of the above result is the objective of the sequel of this section. By the bias/variance decom-
position,

Hy(Rv (’77")7« ) Ty (Tr)r ) f) - W(f)”% = ED)(Rv (’W)r » Ty (TT)T ’ f) - T‘—(f)]2 + Val“(y(R, (’W)r » Ty (TT)T ) f))

The sequel of the section is then divided into two parts successively studying the bias and variance terms.
The main respective results are Propositions[3.2land 3.3l Then, Proposition[3.Ilfollows from a combination of
these two propositions and from the following remark about the complexity cost: for some given parameters
R and (T,)E and (v,)f,, the complexity cost related to Y(R, (7:),., 7, (T,), ,.) satisfies:

R
r To 3 a
+§ == (1+= ",
<7‘ Yr— 1> ’70( 2r:1 )

This easily leads to (28)).

3.1 Step 1: Bias of the procedure

In the sequel, Y(R, (v+),. , 7, (T}),., f) is usually written ) for the sake of simplicity. We start with a telescopic-
type decomposition:
1 To

V() =) = [ FE) =2 (f)ds

Y0

T/, 1 T7

R
*2(7;1—7 T (s = e | PR - W””(f)d8>

“Yr—1 “Yr—1

(29)

+ () = ().

Remark 3.1. In a standard Multilevel Monte-Carlo procedure (in finite horizon), the expectation of the
above sum would be equal to the last term only, i.e. the bias would be exactly 772 (f) — 7(f). In this
long-time setting, the bias also contains long-time components which correspond to the (expectation of the)
first and the second right-hand members of the above equality. Nevertheless, these long-time error terms
will be negligible under the exponential contraction assumption (Hyp).

Let us now study the bias generated by the first and second terms of the right-hand side of (29).

Lemma 3.1. Assume (Hy). Let v € (0,m0]. Let n =~ orn =2vy. Let 7 and T be positive numbers, such
that T < % Then, for all z € R?,

1
T—T1

2eey (x)[flie” "
ol ’

T —
[ Eadsgm) - (nas| <

where x — ¢1(x) is given by (Hy).

12By complexity cost, we recall that we mean the number of iterations of the Euler scheme which is needed to compute

y(Rv ('YT')T » Ty (T'r“)r ) )
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Proof. Let n =~ or n = 2v. We have

1
T—171

<

E.[f(X2)] = 77(f)| ds.

1 T
T—T/.,_

T _
[ Bl - 7 (s

By Assumption (Hjy), it follows that

1
e o a@(fl [T a@fli <~ —ank
Y:Toy] — Y as, an
T_T/T Eq[f(X3:7)] = " (f)ds| < == /T e nds < = de
k=13
Then, a standard computation leads to
LT e1(@) [ e~
E.[f(XT")] — w7 (f)ds| < .
[ Bl - | < A2
The result follows by using that 7 < 7/2 and that n\_%] >T—n. O

We are now ready to state a proposition about the control of the bias of the procedure.

Proposition 3.2. Assume that (Hy), (Hs) and (Hy) hold for some given a € [1,2], no € [0,1] and zo € R?.
Let 9 € (0,m9] and R € N*. Let 7 and Ty be some positive numbers such that 21 < Tgr where for each
r€{0,..., R},

T, =Tp2 5.
Then, for every Lipschitz continuous function f:R? — R,
8e2*70¢1 (o) (/] Lo g

Le—aro™s" (30)

|E$0 [y(R7 (’77")7« )y T (Tr)r ; f)] - W(f)]' < C3[f]17?% + OéTO ’

where c1(x) and c3 are given by Assumptions (H1) and (Hs).

Remark 3.2. In the continuity of Remark [3.I] one retrieves that the right-hand side of the inequality is
made of two terms, the first one being derived from 772 (f) — 7 (f) and the second one coming from the long-
time errors. Note that owing to the exponential convergence to the invariant distribution, an exp(—a7)-term
appears, which strongly depends on the warm-start 7, i.e. on the starting time of the pathwise average.

In order to obtain a complexity proportional to £2, it will be necessary to take 7 large enough in such a
way that the long-time bias remains negligible.

Proof. Taking the expectation in (29]), we obtain:

/ "B, [fC0)] - (s

[ B[] - s

—Yr—1

T,
/T g [f (XQJ:;“)} — 7 (f)ds
+ [T (f) = ()]

The last term is controlled with the help of Assumption (Hz) which ensures that

TR (f) = 7(f)] < es[flivi.

22



For the three first terms, we apply Lemma BT with (v,n,7,T) = (70,70, 7, T0), (v, 7,7, T) = (Vr, Yr—1,7, Tt)
and (v,n,7,T) = (Vr—1, V-1, 7, Tr), respectively in the first, second and third terms. In each case, one can
check that 7 and T satisfy the assumptions of Lemma Bl This leads to:

4e2°%¢cy (z0)[fl1 _or "
Eeo D] - 7] < eslfhinfy + 2l mor g L (31)
r=0""
8¢2270c1(20)[f]1 _aryite
§c3[f]l/y%+a—%e 2 2 R7
where in the second line, we used that Ef:o p" < 2p% for any p > 2. The result follows. O

3.1.1 Study of the variance

Let us now focus on the study the variance of our estimator. The basic idea of multilevel strategies is in
general to introduce some additive layers which can correct the bias without adding too much variance. In
the setting of discretization of processes, this idea mainly relies on the capability of controlling the distance
between discretization schemes with different step sizes (v and /2 in our construction). Thus, our assump-
tion (Hz) will play a fundamental role in this part. However, in our setting where we consider empirical
averages, the variance also depends on the mixing properties of the involved dynamical system. Hence, our
ergodicity assumption (Hy) will also be of first importance.

First, owing to the definition (), to the independency of the Brownian motions related to each level r and
to the fact that v, = X1, one can check that the variance admits the following decomposition:

2
B R 1 T,
f(X;:(;xo)ds> + T:ZlVar < T /T Ggrlds> . (32)

To

Wmmwmﬂmﬁpw%;

0o—T T
where for some given v > 0 and s > 0,
GV = X%@U X V%o
s_f( Sy )_f( s, )
In the following lemma, we focus on the second term:

Lemma 3.2. Let f be a Lipschitz function. Let 0 < 7 < T. Assume that (H1), (Hz2) and (Hyg) hold for
some given a € [1,2], vo € [0,70] and zo € RY. Let v € (0,70] with ay < 1. Then,

1 g Coar[f]7 1
Tds | < ———=~"1 —
Var(T_T/T Gl s)_ 7.7 og<7),

with ¢yqr = 16ea™ max(c3, cacs) (ca and cy being given by (Hz) and (Hy)).

Proof. A standard computation shows that

1 T 9 T T
vy _ s eal
Var T /T Glds T /T /u Cov (G, GY}) dsdu. (33)

The idea of the sequel of the proof is to provide two types of bounds for Cov (G, G7}), depending on the size
of s — u (small or large).

First, by the Cauchy-Schwarz inequality,

Cov (G7,G7) < \/ Var(G2) Var(G).
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Then, by Assumption (Hz), and the fact that f is Lipschitz continuous, we get:
Var(G7) < E[(GY)?] < [fRIIXT™ — X2/2% |5 < [flic3y" (34)
Thus,
Cov (G1,GY) < [flic3r". (35)

Second, when s — u is large, one can make use of the ergodicity of the process. More precisely, let us first
remark that for a given step size v, G7 is fgw—measurable. Thus, for any s > u.,

E[G1G]] = E[E[G]|F, |G]].

Setting B
¢(n,t,x) = E[f(X;"")] = 7"(f), (36)
we deduce from the Markov property that
EIGIIFL ] =7 (1) + (5.5, 1, X8 = (7() + 61,5, — 1, X2™))

Thus, by Assumption (Hy),
E[GIGY] = (7 () = 7 (f)) EIGI) + Ra(s,u.7)

with
|Ra(s,u,7)] < [flre” )

El(er(XE™) + &1 (X))

- @ — z
< 2[flie= 72| Gl| max (Jler (X3 s len (X222 )

where in the second line, we used Cauchy-Schwarz inequality. Then, by Assumption (H4) and the same
argument as in (34), we deduce that

EGG] - (7#(f) - 7 () ElGy]| <

Let us now consider E [G|E[G]]. With similar arguments as above,

E[GUEIG,] = (v (f) - 7 (f)) EIG}] + Ra(s,u,7)

2 flicae™ ) (|G l2 < 2[f)2cacayF e &8, (37)

with
[Ra(s,u,7) < 2[flie*®e1(0)|GY |2 < 2[flfeacayie 2,
since ¢1(xg) < ¢y under Assumption (Hy).Thus, combining with @B1), we get
Cov (G7,G7) < 4 fffeacay? e &%) <de™[fleaeay?e 07,
since s, —u, > s —u + . Combining this inequality with B5), we obtain for every 0 <u < s <T:

Y
vE if s —u < 5-|log~|.
e~ if 5 —y > 5=|logyl.

Nla

Cov (G7,GY) < 4e*7[flfca max(ca, ca)y

Now, let us plug this inequality into (B3). Setting ¢, = 8e*Vco max(ca, ¢4),

T 2 Ut 5o log( )
Var 1 / Glds | < i]lz / / ’ ~*dsdu +/ / e~ qgdy
Tr—rJ); (T_T) T Ju ut 5% log(3)
o [/13 / Tay® / Tye
< i 1 d —d
STr-m2\J), 20 2\ ur . o

¢ (a/2+ D[f] o 1
= (T —7) 1g<7>

The result follows by using that a < 2 and ay < 1. O
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We are now ready to bound the variance of the multilevel procedure. This is the purpose of the next
proposition.

Proposition 3.3. Let [ be a Lipschitz function. Assume that (Hy), (Hz2) and (Hy) hold for some given
a€[1,2], 0 € [0,m0] and o € R? with any < 1. Assume that for every r € {0,..., R},

Y =%2"" and T, =Tp2~

3

and that T is a positive number satisfying T < Tr/2. Then,

Var(V(R, (v),. 7 (), f) < Cu% (¢ + max(c3, c2ca)y§ log (75 ') ((a = 1) "> A R?)),

where ¢, 18 a universal constant.
Remark 3.3. Whena=1, (a —1)"2 A R? = R?.

Proof. At the price of replacing f by f — f(x¢) (which does not change the variance), we can assume without
loss of generality that f(zp) = 0. In view of the decomposition obtained in ([B2]), we apply Lemma for
each level r € {1,..., R} with T =T, and v = v,_1. Using that (T, — 7)~! < 2/T, for every r € {1,..., R},
we obtain:

1
Var VR, (), 7 (T, ) < Var [ 7 [ f(R20m)ds ) + 260ar RS rhovls ()
s I ) s r)p = To—T N var 1T:1 Tr
1 To 2 f]Z,.Yu R 1
Y0,Z0 'uar SrvarlJ 11 10 L
< Var (TO—T j f(X—wo )ds ) 22 z ( (70> +T>
1 2Cpar [f]l%l)1 log (2'7(;1 & l-a
<V X Jo-%0 27z ", 38
< ar(TO_T f(X7 ) )—i— T, ;r 2 (38)
When a > 1, one can check that
ioa, 2<1*a>/2 4 e P V5) 72
ZTQ <y — a7 = og2l - @D TS ogap@ U

r=1 r>1

where in the second inequality, we used that 1 — e~ > ze™® for any x > 0. When a > 1, Zle r2 T <
R(R+1)
== so that

2 var 1 2 i 0!
¢ [f]ﬂo og ( Yo Z 237 < cuCour "o OgT(”Yo ) ((a— 1)_2/\R2).
0

where ¢, is a universal constant.

Now, it remains to bound the first term of ([B8) (with the help of ergodicity arguments). By similar
arguments as in the proof of Lemma (and with the notation ¢ introduced in (34))),

To 2

T() T()
£ X%,mo)ds) =T / Cov(f(XZ07), f(X30*))dsdu

To

1

vas
ar To—T
To

TO — 2 ”yo,gw _W,X’Y )+ gb(”yo,gw,:zro)) f(X;:[)ro)} dsdu

B[ (e (X0%0) + () ) Q)]0 dcl

=70

/T/T
TO—TQ/O/U
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where in the last line, we used Assumption (Hj). By Assumption (Hy),
sup ([les (X3270)]l2 +ex (x0)) < 2.
u>0 -

As well, f being a Lipschitz continuous function such that f(z¢) = 0, we have f(x) < [f]i|z — 20| and by
(Hy), we deduce that

sup || £(X707)|l2 < 2e4[f]1.
>0 Lyo

Hence, by Cauchy-Schwarz inequality, we easily deduce that

L™ Senlfid _ 16l
Vi X700 ds | < <
ar (TQ —r ). f( Sy ) 5) >~ Oé(TQ _ T) >~ OéTQ )

sinceTgTTRg%. O

4 Proof of Theorem 2.1

In the next proposition, we provide a quantitative estimate of the complexity cost C.()) (which corresponds
to the number of iterations which are necessary to obtain || V(f) — w(f)||2 < €) and in particular of the
constant € defined in Theorem 211 In particular, Theorem [Z1]is a corollary of this result.

Proposition 4.1. Let the assumptions of Theorem [2] be in force. For a given ¢ € (0,1], let R, ('yr)féo
and (T,)F=, be defined by (&) with vo € (0,70]. Then,

(1) If T € [11]log(e)| A TI;E , TQRE] with 71 > (1+a—20)/(2a0), there exist some positive constants €1 and €y

(independent of ) such that @) and [IQ) hold true with €5 = cqyy 't (where ¢q defined in Theorem [21)).
(i) Assume that the parameters given in (§) satisfy:
ro>1V (es37)), and t>tg:= %max (378 log(vo 1), c1), (39)
with 9, = (a—1)"2ifa>1and 0, =1 ifa=1. Set
ita

1 — 24 1 1
= L, T2 =0V —log (TO” (aaC4)_1), g0 := max{e € (0,1], 71| loge| + 12 < §TRE}. (40)

T1
ad «

Let 7 € [r1|loge| + 72 < 3Tr.]. Then, @) and [@Q) hold true for any € € (0,£0) with €1 Sye 1.
Proof. At the price of replacing € by €/[f]1, we assume in whole the proof that [f]; = 1.

(i) First, by ([28)), one remarks that if the parameters satisfy (), then, the related complexity cost C.())
satisfies for every e € (0, 1],

1+3@% - 1)) Le? ifa>1

((+ 3¢ )% @)
SLte?R? if a =1,

This leads to the value of €. On the other hand, we deduce from Proposition B that a positive constant
¢, exists such that (@) holds true for any ¢ € (0,1] if there exist some finite constants €; 1, €2 and €; 3
such that

(a) cs3v, < C€iae

(b) “lolemamaftRe < @) ge (42)
(c) QLTO (2 + max(c3, coca)¥g log (75 ' (a — 1) 72 A R2)) < €4 5¢2,

13Note that by construction, 7 < Tr. /2.
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where R. = [6~!logy(roe™!)]. Note that we used that under the assumptions, ayp < 1. For (a), the result
is obvious since by construction,

037};5 < 037652_10%2(”’871) =:C e with € = 037657“61. (43)

For (c), using the elementary inequality 2cacs < ¢3 4 ¢f and the fact that sup,e g 1),qep 9 2% logz| < 1, we
remark that

& + max(c3, caea)7 log(1 ) (@ = 1)72 A R2) Sy max (2,318 log(3p 1) ((a— )72 A R2).

Then, owing to the definition of Tp, we deduce that (¢) holds true with

¢y < 2(a — 1)2(ot) 'max (3,378 log(vy ) ifa>1 (44)
5 e 2(ct) " max (3,378 log(vo 1)) ifa=1.

Note that for a = 1, we used that (a — 1)72 A R?2 = R? and that Ty = te "2R2. Finally, for (b), first remark

that 275" e < (257"05)%1). Then, if 7 := 7(g) > 71 |log(e)| with 71 > 0, we get

161 (zo) e—oTg R < U (o) (2‘%‘0) T gltom =i (45)

In the case a = 1, we used that R. > 1. Set k = 1+ am — 18, Since 71 > (1 4+ a — 26)/(2ad), we have
k > 0. Thus,

sup L 01(130)67&721;“135 < c1(o)

14+a
(2°70) 3 < +o0.
c€(0,1] aTy at

This implies that €; o is finite as soon as 7(g) > 71|log(e)| for any € € (0,1]. This result easily extends to

the case where liminf._.q m > 0 (with the convention 1/0 = 400 if 73 = 0). Thus, the result is still

true if 7 € [ry|loge| ATr./2,Tr./2]. Actually, under (Hs), one can check that |log(e)| = o(Tkr.).

(3) First, let us remark that under the assumptions of this statement, 7 < Tx_/2 for any € € (0,¢0]. It
now remains to check that €; 1, €; 3 and € 3 defined in (i) are bounded by universal constants.

For (a), this is obvious by (@3] (since €; 1 < 1 when rg > 1V ¢373). For (c), one also remarks that t is
defined in such a way that €; 3 is bounded by a universal constant. Finally, for (b), one can check (with a
slight adaptation of ([@H)) that when 7 > 71| log(e)| + 72 with 74 = (1 4+ a — 2§)/(2ad) then,

E—lcl(‘TO) —oz7'21+“R5 < Cl(‘TO) ita 1fa —ars (46)
ady - ot

Thus, ¢; 2 is bounded by a universal constant if

Now, since ¢1(z0) < ¢4 and at = dgmax (04, 37§ log(vo_l)) > 4¢3, we can slightly simplify the condition
by taking

Lta

=0V — log(ro (0qcq)” 1).

Remark 4.1. In the sequel, we usually know the constants co, cs and ¢4 up to some universal constants.
More precisely, we will build our algorithm with ¢; = A\;¢; where A1, A2 and A3 denote some universal positive
constants. A careful reading of the proof shows that with the new parameters

(=%

ro=>1V (5373)7 Ra = ’—5_1 1032(7105_1)]7 t> Ea (0270 log(wo )s 5421)
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and 7 = 11| loge| + T2 with,

B 1 _1ta N1
To =0V — IOg (TOQJ (Du04) ) ,
[0

the conclusion of Proposition BI(4i) (and thus of Theorem 2.1)(i7)) is still true with €y = ¢y 't and with
a new universal constant €.

For the sake of completeness, let us give some arguments. First, the fact that €, = Yo 1% follows from
(I)). Then, to prove that ¢ Suc 1, one has to check that the controls of [@2]) are still true with the new
parameters of the algorithm (with some new universal constants 9;, i = 1,2,3). For (a), we have cyy%s <ie
with 0; = cnyFo_ Uand it is easy to check (considering separately the cases é373 < 1 and éng > 1) that
91 < ¢, = max(A;, A\]Y). For (c), one checks that the formula (@) is still correct replacing t by t. If a > 1,
this means that (c¢) holds with

2
min(A2, \2)

1

Ci3= 2max(6§7§ log(val), Ei)_ max(c§78 log(val), ci) <, =

and the same bound occurs with a = 1. Finally, for (b), using that ¢;(z0) < c4 = A; *é4 and that at > 0,é7,
we can replace Inequality (6] by :

_1¢€1(X0) _grnltae R _ N1 E
e 1 (T )e afog R, Suc )\41(0(104) 17.025 e~ oT2
Qlg

)

and the definition of 7 is exactly what we need to bound 9, by a universal constant.

5 Proof of the results in the strongly convex setting

This section is divided into two parts. In the first one, we prove that (C,) leads to a series of bounds which
in turn imply (Hy), (Hz2), (Hs) and (Hy4). Then, in the second one (Section [(52)), we thus derive our main
results from Theorem 211

5.1 Contraction/Stability /Confluence bounds under (C,)
5.1.1 (H;) and (H4) under (C,)
Lemma 5.1. Assume (C,) and b L-Lipschitz with 0 < o < L. Let x* € R, Then,

(i) For every (v,t,z) € (0,a/(2L?)] x R} x RY,

. (47)

_ o 1 2 202d
E[ X7 — o] < o — o*[Pe 3" + |b(a)? ( ) o

PR o

In particular, the Euler scheme with step v admits a unique tnvariant distribution w7 as soon as v &€

(0, oz/(ZLQ)]

1 2 o2d
sup (| — 2*?) < 20b(a)P (— N —)
yEa/(2L2)] L*  a?

(ii) For all z,y € R?, for all v € (0,a/(2L?)], for all t > 0,

E[IX]" = X7 < o —yl%e™™,

M1n fact, looking carefully into the proof, one can check that existence of 7 may extend to v € (0,2a/L?].
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and, -
Wa (X", 77) < Wa(bg, 77 )e

with,

202d
Wad, ) < calo) i= |x—x*|+\/lbfr* () 5

(iii) As a consequence setting no = a/(2L?), (Hy) holds with ¢1 defined above and (Hyq) holds with ¢ Sye
a2|b(xo)|? + o?a~1d.

Remark 5.1. Let us remark that the L2-bounds of (ii) rely on pathwise controls of the Euler schemes.
Furthermore, note that if b(zp) = 0, the dependence on « is improved. This is of interest in the case where
b= —VU and U has a minimum (unique under (C,)) which is known.

Proof. (i) Let (X{);>0 denote the Euler scheme with step v starting from z. Let t = ymax{k € N, ky < ¢}
and set . =t —t. For any ¢t > 0, we have

XF—a* = Xg —* + ntb(Xg) + o(By — By).
Using that the Brownian motion has centered and independent increments, we have for every ¢ > 0,
E[| XY — 2" "] = E[|X] — 2*[*] + 2pE[(X} — 2™, b(X)))] + iy E[b(XF) "] + meo?d.
Adding and substracting 2, E[(X[, b(z*))] in the preceding equality and b(z*) in E[|b(X})[?] we get
E[| XY — 2" "] S E[IXY — 2] + 2nE[(X] — 2%, b(X]) = b(a*))]
+ P E[b(XT) — b(@*) P + 07 [b(a™) P + 2 E[(X] — 2*,b(z"))] + neo’d.

Using that b is L-Lipschitz, Assumption (C,) and the elementary inequality (u,v) < (20)~'ul* + (a/2)|v]?
(with u = b(2*) and v = X7 — x*), this yields:

E[| XY — 2" "] S E[IXF - 2**] (1 — ane + 07 L?) + ne (|b(2") (0 + a71) + 0d) . (48)

If v € (0,0/(2L?)], then, 1 — ay +4?L? < 1 — fay. Hence, setting ugy = E[| X7 — 2*|?], we get

o . o 1
Upr1 < Up (1 — %) + v <|b(x )2 (2L2 + > +0’2d)

and an induction leads to

ko2 1
< |2 ( CW) *]2 2q) .
up <z -2 (1 5 +o¢ |b(z*)] 22_|_ +o2d
Then, Inequality (@) follows for ¢ = k~y by using that 1 —z < ™% for x > 0, and extends to any ¢ > 0 by [{#J]).

Inequality (@T) implies in particular that sup,~, E[|X; — 2*|] < 400, which in turn classically ensures the
existence of 77 and the fact that 77(|. — 2*|?) < limsup,_, , o < E[|X; — *|?]. Uniqueness is obvious since
the diffusion is not degenerated.

(i4) With the same notations as in (4),

X7 = X) = X7 = X + 0 (0(X7) = b(X))).
Expanding the square of the right-hand member and using Assumption (C,,), this yields:

X7 = XYP < IXT - XYP(1 = 2ame) + 0 [b(XT) — (XY
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Since b is a Lipschitz continuous function, we deduce that
X7 = XV < |XP - XY (1 - 20 + 07 L%) .

Since v < «a/L?, we have 1 — 2am; + n?L? < 1 — an, for any t > 0. The first inequality thus follows by
induction and by the inequality 1 —x < e™® for x > 0.

Let us consider the second inequality of (i¢): by the invariance of the distribution 77 and the definition of
Ws, we have

Wa(L(X]™),77) < [ Bxgurn 1X77 — X702] = \/ JE1x = X ),

and the result follows from the previous bound. Finally, for the last inequality of (i¢), one uses Minkowski
inequality to obtain:

W (02, 77) < |z — ™| + \//Iy—x*lzﬂ(dy),

but by (i) and the convergence in distribution of the Euler scheme towards 77,

= 1 2 202%d
— %277 (dy) < li E[|XZ — 2|2 < |b(z)]? [ = + = :
[ 1= ) < timsup B — o) < ) ( 5+ g ) +

(#4¢) This is a direct consequence of (7) and (i), applied with z* = x and using that o < L. O

5.1.2 Proof of (H2) and (Hj)

In view of (Hz), we begin with a fundamental “one-step” lemma where we consider the error between the
diffusion and its discretization on one step only. To this end, we consider for ,y € R? the couple (X7, X{)i>0
defined by

XF=a+ [)b(XZ)ds + 0B,

X! =y+tb(y) + oBy.

Lemma 5.2. Let v > 0.

()
72 L2

(0%

E[IX5 = XY < |z — g% + (VIo(y)* + o*d) .

v BILXE - 2] < o — yPe + o, (o)™
with ) .
cr(0) = & (B + T8 o+ oL Tl (V7S 7) +0Va) )
where ||Vb||2,00 and ||Abl|2,00 are defined by [AI8) and S(z,v) = SUPye[0,1] E[|b(Xff)|2]%.
Proof. Set

Fr(t) = SEIXE - Y1)

By the Lebesgue differentiability theorem,

Fy (1) =B [(X7 — X7, b(X7) = b(y))] (49)
=E [(X7 - XY, b(X7) = b(XP))] + E [(X7 — XV, b(XY) = b(y))]
< —20F,, () + E [(X7 - XV,0(X}) - b(y))] , (50)
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where in the last line, we used (C,,). The sequel of the proof is then dedicated to the second part of the last

line. To this end, we write
E [(XF — X7.0(X!) ~ b(w))] = E [(X} — X!.6(X?) ~ bly +0By)]
+E [(XF — X!, b(y +0B;) —b(y))] -
2

For the right-hand side of (B1I), we use the elementary inequality, [uv| < §|ul? + L|v]? to obtain

E [(X7 — XY, b(XP) — by + oBa)] < 5 Fay (1) + = L2bl0)

[\l e

Let us now focus on (G2]).

First inequality: To deduce (i), we use the same inequality as above which yields

- 2L%d
E [(X7 = XV.b(y + 0By) = by)] < FFry(t) + T——.

Then, plugging it into (B0) together with (B3)) yields:

2 o2 L2td
Fly (1) < —aFey(t) + —L?b(w)]* + ———.

A standard Gronwall-type argument then leads to
t 2 2L2 d
Fyuy(t) < Fy y(0)e +/ (%L2|b(y)|2 + %) (=0 ds
0

and the result follows easily by using that for r > —1, fot 5" s < % and by setting t = 7.

Second inequality: For (i), we need to give a sharper bound of (52). To this end, we again apply ItA

formula to b(y + 0B;) — b(y): writing b = (b1, .., bq), we have for each i € {1,...,d},
¢ ¢
bi(y +oBy) — bi(y) = o? / Ab;(y + oBy)ds + 0’/ (Vbi(y + 0Bs),dBs).
0 0
On the one hand, setting Ab = (Ab;)%_,,
_ t o ot
B |~ X0 [ Ay + 0B | < S0+ S0l .
0

where
d

1403 o = sup > |Abi(x)[*.

da
z€R® ;¢

On the other hand, setting M; = fg(Vb(y +0Bs),dBs) (with Vb = (Vby,...,Vbg)T) and using that M is

a martingale, we get
t t
B | (X7 - Xt [ (V04 0B, B )| =0+ oI 6(X2) - y)ds, M)
0 0

- / E[(b(X®) — b(y), M.)]ds.
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Again by the martingale property,

E[(b(X3) = b(y), Ms)] = (b(x) = b(y), E[M,]) + E[(b(XS) — b(x), M;)]
E[(b(XY) = b(x), Ms)]

so that by Cauchy-Schwarz inequality,
E[(b(XZ) = b(y), Ms)]| = [E[(b(XT) — b(z), My)]| < LE[|XT — 2] 2E[|M; )= (54)
But, by Minkowski and Jensen inequalities,
E[| X7 — a2 < IE[l/ b(X[)du*)? + oE[|B,[*]?
0

<s sup E[b(X®)?]? +oVsd
u€l[0,7]

and for the martingale term,

EIM.P) = [ B0ty + 0B
where for a matrix A4, | Al denotes the Frobenius norm defined by [|A[r = 3_, ; |A; ;. Thus,

E[M,[*]2 < [|Vb]l2,007/5,

where

d
IVb][2,00 = sup (ZWM?C)P) = sup [|[Vb(z)l|lr
z€ERC zERC

=1

Thus, we deduce from what precedes and from (B4) that
[E(B(X) = b{y), Mo)]| < LIVbllz.c (53 S(2,7) + 05V
where §(z,7) = sup,jo,,) E[I(XE)[?]2.

Finally, from what precedes, we deduce that

t2
Fp (1) < =Py (1) + — (L) + o |Ab) o + 0aL|Vbl200 (VES(@,7) + o))

A standard Gronwall argument then leads to the result. O

We now iterate the one-step inequalities of Lemma[5.2l For a given (F;);>0-Brownian motion, we consider
the couple (X7, X;"),_  defined by

t>0

{ X =a+ [Ib(X2)ds + 0B, (55)

X" =z + fot b(X2")ds + o By.

Proposition 5.1. Assume (Cq) and that b is L-Lipschitz with 0 < o < L. Let 2* € R? and v € (0, 3% A1).
Then for every n > 0 and x € R?,

(4) -
X5, — sziﬂb < Bi(x),
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with

L? o o (1 L?\  3L%2d
Bile) = o — a4+ 20 (= + 5 )+ g

(ii) For any n >0, for every x € RY,

| X2, — X722 < Ba(z)n?,

with

3 m0e) = 2L 12— 2+ ao b)) + 0— | Vb]ls.molz — 2* + ar[b(z*)] + azd

52\ =5 0 U\/E 2,00 1 24,
where

L? L4
ap = 4 <? + J> . ar=o(a % +a 3L)||Vb2.00,
2L402
a3

4
g
a2 = 5 || M]3 cd ! + L] Vbl|z00%d 2 (07 % +a7!) +

(iii) As a consequence, (Hz) holds with

{a =1 and ¢3 <ue L2a3|b(x0)|? + L?0%a~2d (56)

a=2and 3 Sy (LaV)4b(x0)|? + a1|b(xo)| + azd.
Proof. (i) Set u, = E[| X%, — X |?] (so that ug = 0). Using the Markov property and Lemma [5.2(i), we get
Vn >0, uny1 <upe N +9°Bi(z,7),

where 31 (x,7) = %2 (vsup,,>0 Bz [|b(Xny)[?] + 02d). Thus, by induction, we get

n—1

Up, S ’7261 (,’E,’}/) Z eiak’y S %ﬁl(x77)7
k=0

where in the last inequality, we used that 1 —e™ > 1 —x for any > 0. Then, it remains to control
sup,,>o Ee[|0(Xny)]?]. By Lemma 5.1l and the fact that b is Lipschitz continuous,

. (57)

_ _ o L*\  4(Lo)?
E[b(X;"")*) < 2L°E[| X" — 2*?] + 2/b(a*)[* < 2L%|2 — 2*[*e™ 2" + 4fb(a™) (1 * > v 2

o? o

Then, if v € (0,/(2L?)] (so that vL?/a < 1/2),

o L? 2(Lo)?d
L L2 sup By [|b(Xns) 2] < L2z — 2*[* + 2[b(a) 2 <1 + _2) + 2(Lo)°d
@ pn>0 « o

and

L? 3L202d
Bi(w,v) < LPa — x*|* 4 2[b(a")[? (1 + E) L

The first result follows.

(i1) With the same notations and the same strategy as in (), we deduce from Lemma [5.2](4¢) that,

72
Unp S Eﬂ?(xv FY)
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with

Ba(z,7) < sgpoE[cw(XﬁwX,fy))]-

By the definition of c,, we deduce that

3 L? . ot
SB2(@,7) < = sw ED(X;)* + —[|Ab]3 o + L[| Vb]l2,00Vd
+ 0L Vbl /T U ES(XL, )

n>0

But, since S?(z,7) = supg<;<., E[[b(X7)[?], we deduce from the Markov property and Jensen inequality that

N|=

ES(Xz,v) < sup (B [[b(X:)[*])
nyt<(n+1)y

so that )
sup ES(X77 ) < sup (E.[[b(X:)[*])” . (59)
n>0 >0

By ItA~ formula,

t
(X7 — 2*[?] = |v — 2 + / IE(XT — 2%, b(XT))ds + o2d.
0

Writing (z—2*,b(2)) = (z—a*,b(2)—b(z*))+(2—z*, b(x*)) and using (C, ) and the inequality (u,v) < a/2|u|? + 1/(2a)|v|?,
we get

1
2E(XY — 2%, b(XY)) < —alXT —a*[* + ~[b(z")[*.
@
Hence, a standard Gronwall-type argument leads to
1 o2d
x 2 2 —oat 2
B[X7 - o*) < Jo — a*Pemt 4+ — b(at) P + 2.
Thus, using that b is L-Lipschitz,
N N N L? 2(Lo)%d
E.[|b(X¢)|?] < 2L2E,[| X, — 2*[?] + 2|b(z*)|* < 2L2|x — 2*|* + 2|b(z*)[? (1 - §> + —,
which in turn implies that
x * * —1 2d
supES(X}7,,7) < V2L|z — ¥+ V2|b(z*)|(1 + La™ ) + Loy / —.
n>0 «
Then, since v < 573,

sup YES(XZ,,7) < Valz — 2| + |ba*)|(vVaL ™! +a"2) + oVd.
n>0

Then, plugging the above inequality and (&1) into (B8], we obtain the announced result.
(#4¢) To prove this last statement, we write:
— - — -
E[| X757 — X817 <E[X - X P2 +E(|1Xqg - X272

Hence, by (i) applied with z = z* = x¢, (Hz) holds with a = 1 and ¢, = /B1(20)(1 + 27 2). By (ii) again
applied with © = 2* = xy, (Hz2) holds with a = 2 and ¢ = %\/ﬂQ(Io). Then, the result respectively follows

from the bounds on $; and Py previously obtained and from the fact that o < L.
O

34



Now, let us focus on (Hgz). We recall that m and 77 respectively denote the invariant distributions of the
diffusion and of the Euler scheme with step ~.
Proposition 5.2. Assume (C,) and suppose that b is Lipschitz continuous function. Then for every ~v €
(0, %} , for every z* € R?,
Wi (. 77 < Bi(x*)y ?fazland6:1/2
Bo(x*)y ifa=2and J=1.

where 1 and By are defined in Proposition[51l Thus, (Hs) holds with

2= %(é+§_§)infzen%d|b($)|2+ L;sz if § = % and a =1,
P (a2 + (Lam Y)Y inf, cga [b(z)|? + ay inf, cpa [b(2)| + ad if § =1 and a = 2,

where a; and ay are defined in Proposition [5.1\ii7).

Remark 5.2. Even though (Hj), is an assumption related to the weak error, we chose here to prove it with
the nice strong error bounds obtained in Proposition 5.1l This approach is certainly specific to the setting
given by Assumption (C,) and sharper weak error expansions should be used in more general settings (see
for instance [MEWB19, Theorem 1]).

Proof. Let x € R% and n > 0. Let f be a Lipschitz continuous function. By the triangle inequality,
7(f) =7 (H) < |7(f) = E[F(X5)] |+ [E[FXG)] —E[f ()] [FE[F (X27)] =="(H]. (60)
By Lemma 5] we know that under (C,),
[7(f) — B [FXE)] |+ E[f (X77)] = a7()] 7 0.

Thus, since f is Lispchitz continuous,

7(f) = () <1i

[F(X2)] —E[f (X7)]| < [f]x limsup | X2, — X327

n—-+oo

But by Proposition 5.1(¢)and (é¢) applied with = z*, we get respectively

hmsup||X — X7"|l2 < /Bi(z*)/7 and hmsup||X — X"z </ Ba(x*) 7.

n—-+4oo n—-+4oo

Hence, since Wi (m, ©7) = supy 11, <1 [7(f) —77(f)] and [| X7, — X0 < | XE, — X172, the first inequality
follows. For the second part of the proposition, it is enough to remark that the inequality is true for every
r* € R4,

O

5.2 Proof of the main results of Section 2.4

We are now ready to prove our main results under (C,).
Proof of Proposition [2.1] and Theorem [2.2 The bound on ¢; of Proposition 2] follows from Lemma

2
a02 QcCg

BIX¢¢) applied with * = z¢. For the one on max( =%, 5%, c}), it is enough to apply Lemma[B.1iii), Propo-
sition B1)#¢¢) (with a = 1) and Lemma (with 6 =1/2).

To prove Theorem 221 we deduce from Propos1t10n 2.1 and from Remark 1] that we can apply Theorem
21)ii) witha=1,0=1/2,¢4, = Yy and ¢ 03 =& =72L% M and 2y = aL~2A1. Setting ro = Y (defined

in Proposition ) implies that ro > é37¢ (since 4o < a/L?). One also remarks that T, = te72R22™" with

t=a"172log(vy ") > 04 max(é2vo log(vg 1), &2)

15These notations are introduced in Remark 1] which manages the setting where the “real” constants are known up to some
universal constants, which is the case in the bounds of Proposition 2.1}
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as required in Theorem 2.1(i7). The condition on g( follows from the definition given in Theorem 2.I)(i7) and

from the fact that ) ) -
Tilog(vo ) o log(vo )R

Tg, > TOTO R? = #.
The bound (I4) then follows from the fact that € = 3~ 't. For the last part, we first remark that under
the additional conditions, T3 <,. 02a~'d so that if we set Y7 = 02(La~")d, we can again use Remark 1]
to obtain the last bound.

2.2 2.2

Proof of Proposition [2.2] and Theorem [2.3l Let us begin by the bound on max( R 2R, A) of
Proposition [Z21 By Proposition B1(i7) (applied with 2 = 29 = z*) and Proposition 5.2l (and the fact that
a < L), one checks that

o“cs a“cy aad

2.2 2.2 1 0,\/_ 0.4
o (22,22 ) S o)+ S bl )| + (ﬁAbn%m

2
L4 ) L4 ||VbH2oo+ >d

Using Lemma [5.1Yiii) for ¢, we obtain the result.

To prove Theorem 2.3] we deduce from Proposition and from Remark [l that we can apply Theorem
21ii) witha =2, =1, ¢ = Yo and 3 = 3 = T3L*a ™2 and 219 = aL"2 A 1. Using that To > 1, the
proposed values of rg, R, 71 and 19 easily follow. For t, we use Proposition which implies that

T3log(v )

02 =2 2 —1y =2
22 1 < Z2775\l0 /)
o max(¢37g log(vg ), €1) < o )

and thus set t = =113 log(wo_l). This implies that

Th > 7T%log(”ygl)27%0%2@26,1”1) _ (Tae™1)2 log(”yal).
° T o’ 2v/2a

Since 71 loge™! + 7 = (2a) ! log(T2e72), we deduce the proposed value of &g.

By Theorem [2.11(i7),

5 —|— \/_T2 log(vy b 9
e "

\/5 -1 v«

This is exactly 21)).

Let us finally prove (22)). By the additional assumptions on Vb, Ab and b(zo) (and the fact that o < L),
one checks that,

1 \/_ ot o ad’ o%d o%d
—51b(z0)|” + IVBll2,00lb(wo)| + 77140500 + =73 [IVbll2.00 + — Sue

Thus, T3 defined in Proposition satisfies Y3 <ye 0?a~!d. Then, with the help of Remark EE1l we can
apply Theorem 2I)(ii) with Y3 = 0?a~!d and obtain the announced result.

o .
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6 List of specific symbols

In order to help the reading of this paper, we list the specific symbols used in the paper and the page where
they are defined.
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Xvo ti -time Eul h Dl
¢ COMPIHOUSTLING BUICL SCACIe B t parameters related to T, m
t discretization time R .
14 . ¢; complexity constant, i =1,2 [
R number of correcting layers . :
. . L Lipschitz constant of b i)
T length of the path involved in level r . ..
_r T parameter in Proposition 2.]
Y step of level r: ~, = 72 - . . 9
(r) . . AU highest eigenvalue of D“U I
B Brownian motion of level r . 9
. : Ay lowest eigenvalue of D*U Ia
o starting point of each Euler scheme [0l N
cy lexity of the algorith o A nl
(V) coprexthy of LHe algOHLiL x Ly Lipschitz constant of VU
Mo maximal stepsize .
. . II-lr Frobenius norm @1
¢ constants in (H;), ¢ =1,...,4. @ . 5
. o I 12,00 Infinity-L? norm 1o
Y inv. distrib. of the Euler scheme @ ' . ”
.. . Ty parameter in Proposition [0
! ergodicity exponent in (Hy) @ .
. Cy universal constant
a confluence parameter in (Hz) @
. 04, to constants related to t
4] (weak order) parameter in (Hj) @ ;
Ti warm-start parameter, 1 = 1,2 [20
ro parameter related to R @
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