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Sign Consistency of the Generalized Elastic Net
Estimator

Wencan Zhu, Eric Adjakossa, Céline Lévy-Leduc, Nils Ternes

Abstract

In this paper, we propose a novel variable selection approach in the framework of high-
dimensional linear models where the columns of the design matrix are highly correlated.
It consists in rewriting the initial high-dimensional linear model to remove the correlation
between the columns of the design matrix and in applying a generalized Elastic Net crite-
rion since it can be seen as an extension of the generalized Lasso. The properties of our
approach called gEN (generalized Elastic Net) are investigated both from a theoretical and
a numerical point of view. More precisely, we provide a new condition called GIC (Gen-
eralized Irrepresentable Condition) which generalizes the EIC (Elastic Net Irrepresentable
Condition) of [1] under which we prove that our estimator can recover the positions of
the null and non null entries of the coefficients when the sample size tends to infinity. We
also assess the performance of our methodology using synthetic data and compare it with
alternative approaches. Our numerical experiments show that our approach improves the
variable selection performance in many cases.

Key words: Lasso; Model selection consistency; Irrepresentable Condition; General-
ized Lasso; Elastic Net.

1 Introduction

Variable selection has become an important and actively used task for understanding or
predicting an outcome of interest in many fields such as medicine [2} 3 4}, 5], social media
[6[7,18], or finance 9,10, 11]]. Through decades, numerous variable selection methods have
been developed such as subset selection [[12] or regularization techniques [13]].

Subset selection methods achieve sparsity by selecting the best subset of relevant vari-
ables using the Akaike information criterion [14] or the Bayesian information criterion [[15]]
but are shown to be NP-hard and could be unstable in practice [16][17].

The regularized variable selection techniques have become popular for their capability
to overcome the above difficulties [18] 19} 20, 21]. Among them, the Lasso approach [[18]
is one of the most popular and can be defined as follows. Let y satisfy the following linear
model

y=XB* +¢, (1)



where y = (y1,...,yn) € R" is the response variable, ’ denoting the transposition, X =
Xi,..., X, ) is the design matrix with n rows of observations on p covariates, p* = (ﬁ;', e, ﬁ;)/ €
R? is a sparse vector, namely contains a lot of null components, and € is a Gaussian vector

with zero-mean and a covariance matrix equal to o*I,, I,, denoting the identity matrix in

R". The Lasso approach estimates * with a sparsity enforcing constraint by minimizing

the following penalized least-squares criterion:

L 2
Ly (B) = lly = XBllz + A1l (2)
p n
where ||al|; = Z |ak| denotes the £ norm of the vector (ay,...,a,)’, 6|3 = Z b,zC denotes
k=1 k=1
the £ norm of the vector (by, ..., by,)’, and A is a positive constant corresponding to the reg-

ularization parameter. The Lasso popularity largely comes from the fact that the resulting

estimator
—~Lasso

B (1) = Argmin L/Ll“”"( B)
peRP

is sparse (has only a few nonzero entries), and sparse models are often preferred for their

~L
interpretability [22]. Moreover, @ (A) can be proved to be sign consistent under some
assumptions, namely there exists A such that

nlglgoP (sign (BLasso ()L)) = sign(ﬁ*)) =1,

where sign(x) = 1if x > 0, -1if x < 0 and 0 if x = 0. Before giving the conditions under
which [22] prove the sign consistency of BLQSSO, we first introduce some notations. Without
loss of generality, we shall assume as in [22] that the first ¢ components of f* are non null
(i.e. the components that are associated to the active variables, and denoted as f7) and the
last p — g components of f* are null (i.e. the components that are associated to the non
active variables, and denoted as 7). Moreover, we shall denote by X; (resp. Xj) the first ¢
(resp. the last p — g) columns of X. Hence, C,, = n'X’X, which is the empirical covariance
matrix of the covariates, can be rewritten as follows:

len a
Cn= [c;a el

with C%, = n"'X|X;, C%, = n X[ Xp, CF = n "X, Xy, C, = n'X,X,. It is proved by

~L
Zhao and Yu in [22] that f @ (1) is sign consistent when the following Irrepresentable
Condition (IC) is satisfied:

|(Cé11 (C?l)_lsign(ﬂ;r))j’ <1-aq, forall j, (3)

where « is a positive constant. In the case where p > n, Wainwright develops in [23] the
necessary and sufficient conditions, for both deterministic and random designs, on p, ¢, and
n for which it is possible to recover the positions of the null and non null components of
B*, namely its support, using the Lasso.

When there are high correlations between covariates, especially the active ones, the
CY, matrix may not be invertible, and the Lasso estimator fails to be sign consistent. To



circumvent this issue, Zou and Hastie [20] introduced the Elastic Net estimator defined by:

~EN
B (A= Argmin LY (B), (4)
€RP

where

LY (B) = lly = XBli + AlIBIl; + 1 11Bll, with 4, > o.

Yuan and Lin prove in [[24] that when the following Elastic Net Condition (EIC) is satisfied
the Elastic Net estimator defined by (4) is sign consistent when p and q are fixed: there exist
positive A and 5 such that

n n 1 2 .
(C21 (C11 + gﬂq) (mgn(ﬁ;‘) + Tqﬁf)) |s1-a forallj. (5)

J

Moreover, when p, g, and n go to infinity with p > n, Jia and Yu prove in [1]] that the
sign consistency of the Elastic Net estimator holds if additionally to Condition (5) n goes
to infinity at a rate faster than glog(p — q).

In the case where the active and non active covariates are highly correlated, IC (3) and
EIC (5) may be violated. To overcome this issue several approaches were proposed: the
Standard PArtial Covariance (SPAC) method [25]] and preconditioning approaches among
others. Xue and Qu [25] developed the so-called SPAC-Lasso which enjoys strong sign
consistency in both finite-dimensional (p < n) and high-dimensional (p > n) settings.
However, the authors mentioned that the SPAC-Lasso method only selects the active vari-
ables that are not highly correlated to the non active ones, which may be a weakness of this
approach. The preconditioning approaches consist in transforming the given data X and y
before applying the Lasso criterion. For example, [26] and [27] proposed to left-multiply
X, y and thus € in Model (1) by specific matrices to remove the correlations between the
columns of X. A major drawback of the latter approach, called HOLP (High dimensional
Ordinary Least squares Projection), is that the preconditioning step may increase the vari-
ance of the error term and thus may alter the variable selection performance.

Recently, [5]] proposed another strategy under the following assumption:

(A1) X is assumed to be a random design matrix such that its rows (x;);<;<, are iid.
zero-mean Gaussian random vectors having a covariance matrix equal to X.

More precisely, they propose to rewrite Model (1) in order to remove the correlation exist-
ing between the columns of X. Let »71/2 .= UDV?UT where U and D are the matrices
involved in the spectral decomposition of the symmetric matrix ¥ given by: £ = UDU,
then, denoting X =xx"Y 2, H can be rewritten as follows:

y=XB +e (6)

where E* =x!/? p* = up'*yT B*. With such a transformation, the covariance matrix of
the n rows of X is equal to identity and the columns of X are thus uncorrelated. The advan-
tage of such a transformation with respect to the preconditioning approach proposed by
[27] is that the error term € is not modified thus avoiding an increase of the noise which can



overwhelm the benefits of a well conditioned design matrix. Their approach then consists
in minimizing the following criterion with respect to f:

Jy - %3, + >, g

where X = X372 in order to ensure a sparse estimation of §* thanks to the penalization
by the #; norm. This criterion actually boils down to the Generalized Lasso proposed by
[28]]:

genlasso , o\ _ <3l12 - .
L9em1ass0 () ||y - Xﬁ”z +1 HD/s”1 ,with A > 0 ®)

and D = 571/2,
Since, as explained in [28]], some problems may occur when the rank of the design
matrix is not full, we will consider in this paper the following criterion:

" (B) = Hy Xﬂ” +)L||2 1/2/3” +77||/3|| , with 4,7 > 0. )

Since it consists in adding an L, penalty part to the Generalized Lasso as in the Elastic Net,
we will call it generalized Elastic Net (gEN). We prove in Section [2that under Assumption
and the Generalized Irrepresentable Condition (GIC) given below among others,
B is a sign-consistent estimator of f* where f is defined by

B =318, (10)
with R
f = Argmin 13" (ﬁ) , (11)
B
LgEN (ﬂ) being defined in Equation (9). The Generalized Irrepresentable Condition (GIC)

can be stated as follows: There exist 4, 1, a, 84 > 0 such that for all j,

<1- a) =1-0 (e_”54) )
J

(12)
Note that GIC coincides with EIC when X is not random and ¥ = I,. Moreover, GIC does
not require C7; to be invertible. Since EIC and IC are both particular cases of GIC, if the IC
or EIC holds, then there exist A or 5 such that the GIC holds.

The rest of the paper is organized as follows. Section [2]is devoted to the theoretical
results of the paper. More precisely, we prove that under some mild conditions ﬁ defined in
is a sign-consistent estimator of B*. To support our theoretical results, some numerical
experiments are presented in Section 3] The proofs of our theoretical results can be found
in Section

1. 2 2
((C& +130)(Cf + 1) (s1gn(ﬂ1*) + 7’7/31*) - 7’7221/31*)

2 Theoretical results

The goal of this section is to establish the sign consistency of the Generalized Elastic Net
estimator defined in (10). To prove this result, we shall use the following lemma.

4



Lemma 2.1. Lety satisfying Model (1) under Assumption andﬁ be defined in (10). Then,

P (sign (B) = sign(ﬁ*)) >P(A,NB,), (13)

)

where

(%;;’2)_1 W, (1)

b
S
i
——

A -
< 871 g |(27) " santp)

-1
S G

A
< —

2vn

@ (%1"1’2)_1 Wi (1) = W, (2)

o}
N
i
—_—~—

A S (eonz\ . 2n 2n
_ﬁ 76 ((g{; ) (519’1(/3;() + 7211/3’1’r - 7221/3; ;
and
» n » n 1 ’ w, (1)
Cgﬁ =C} + 2211, %znl =Cy + ;Zzl, W, = %X €= W:(Z) , (14)
with

1 1
Wy, (1) = —nX;e and W, (2) = —nXQE.

v v

The proof of Lemma[2.1]is given in Section [5}
The following theorem gives the conditions under which the sign consistency of the
generalized Elastic Net estimator f defined in holds.

Theorem 2.2. Assume that y satisfies Model (1) under Assumption|(Al)| with p = p,, is such
that p, exp (n_5) tends to 0 as n tends to infinity for all positive 5. Assume also that there
exist some positive constants My, My, M5 and a satisfying

fnin V2+\/§VM3O- < ﬁmin

M; < d , 15
1S9 M a 3My/q (13
and that there exist A > 0 and > 0 such that and
A 2B
Z < ﬁmm , (16)
n BMZ\/q
A 2V2+V2\Mso
- (17)
n a
1 .
’7 ﬁmm (18)

n " Modmex (Z1) B,

= min
1<j<q
positive constants 81, d,, I3 such that, asn — oo,

hold as n tends to infinity, where B

min

(ﬁ;‘)}’ Suppose also that there exist some

P (Amax (HaHjy) < M) =1-0 (e‘""‘), (19)

5



B (s ((42)") < ) =10 ). (20

P (Amax (HeHp) < M3) =1-o0 (e_"53), (21)
where Amax (A) denotes the largest eigenvalue of A,
_ L 1
~n Vn

%1"1’2 and %2"1’2 being defined in and X; (resp. X3) denoting the first q (resp. the last p —q)
columns of X. Then,

AN b) =\ !
Hy=—=(€7) X{ andHp = (%2”; (%) x;—xg),

P (sign (ﬁ) = sign(ﬁ*)) — 1, asn — oo,
where B is defined in (T0).

Note that Conditions (16) and (17) are consistent thanks to (15).
The proof of Theorem [2.2]is given in Section[5|and a discussion on the assumptions of
Theorem [2.2]is provided in Section

3 Numerical experiments

The goal of this section is to discuss the assumptions and illustrate the results of Theorem
For this, we generated datasets from Model (1) where the matrix ¥ appearing in
is defined by
1 212

=[5 2 (22)
In (22), 1 is the correlation matrix of the active variables having its off-diagonal entries
equal to ay, Xy, is the correlation matrix of the non active variables having its off-diagonal
entries equal to a3 and X, is the correlation matrix between the active and the non active
variables with entries equal to ;. In the numerical experiments, (a1, @, a3) = (0.3,0.5,0.7).
Moreover, B* appearing in Model (1) has g non zero components which are equal to b and
o = 1. The number of predictors p is equal to 200, 400, or 600 and the sample size n takes
the same values for each value of p.

3.1 Discussion on the assumptions of Theorem

We first show that GIC defined in (12) can be satisfied even when EIC and IC, defined in
and (3) respectively, are not fulfilled. For this, we computed for different values of A and



the following values:
1C = max (|(CA(CF,) " sign(8)

EIC = min max
An o

(Cgl(cﬁ + %]Iq)_l(sign(ﬂ;() + 27’7/3?))

J

. n n . 2 2
GIC = mlnmjax ( ((C21 + 5221)(6‘11 + %211) 1 (mgn(ﬁ;() + Tnﬁ;() - 7’7221/3;‘)

ni ) (23)
and Figure [1|displays the boxplots of these criteria obtained from 100 replications. We can
see from these figures that in all the considered cases GIC is satisfied (i.e. all values are
smaller than 1) whereas EIC and IC are not. The values of p and n do not seem to have a big
impact on EIC and IC. However, contrary to p, n seems to have an influence on GIC which
increases w 'h n when b = 1 and decreases when n increases when b = 10.

1
I show the behavior of Amax (HaH), Amax ((‘5{;2) ) and Amax (HpHp)
appearing in (19), (20) and (21) with respect to 5 for different values of n, p and for ¢ = 5

or 10. These plots thus prov1de lower bounds for M;, M, and M3 appearing in the previous
equations. Observe that can be rewritten as:

J

Flgures 2|and |3

ﬂmm

n
M.
TS S B0 B2,

(24)

Based on the plots at the bottom right of Figures [2| and [3| we can see that there exist 1’s
satisfying Condition [24| and thus and that the interval in which the adapted 7’s lie is
larger when g = 5 than when g = 10.

Based on the average of M; previously obtained, the left part of is always satisfied
as soon as b > V18. Based on the average of M, and M; previously obtained, the average
of left-hand side and of the right-hand side of the right part of Equation are displayed
in Figures[4and[5} We can see from these figures that it is only satisfied for large values of
b. Moreover, it is more often satisfied when g = 5 than for g = 10.

We will show in the next section that even if the cases where all the conditions of the
theorem are not fulfilled our method is robust enough to outperform the Elastic Net defined

n (4) even in these cases.

3.2 Comparison with other methods

To assess the performance of our approach (gEN) in terms of sign-consistency with respect
to other methods and to illustrate the results of Theorem[2.2] we computed the True Positive
Rate (TPR), namely the proportion of active variables selected, and the False Positive Rate
(FPR), namely the proportion of non active variables selected, of the Elastic Net and gEN
estimators defined in (4) and (10), respectively.

Figures [6] and [8] display the empirical mean of the largest difference between the True
Positive Rate and False Positive Rate over the replications. It is obtained by selecting for
each replication the value of A and 5 achieving the largest difference between the TPR and
FPR and by averaging these differences. They also display the corresponding TPR and FPR
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Figure 1: Boxplot of values defined in and obtained from 100 replications.
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function of . Bottom right: Average of the left (resp. right) part of in plain (resp. dashed)
line. The averages are obtained from 10 replications. Here q = 5.

for gEN and Elastic Net for different values of n and p. We can see from these figures that
the gEN and the Flastic Net estimators have a TPR equal to 1 but that the FPR of gEN is
smaller than FElastic Net. We can see from these figures that the difference between the
performance of gEN and Elastic Net is larger for high signal-to-noise ratios (b = 10). It has
to be noticed that when TPR=1 for our approach it also means that the signs of the non null
B are also properly retrieved.

4 Discussion

In this paper, we proposed a novel variable selection approach called gEN (generalized
Elastic Net) in the framework of linear models where the columns of the design matrix
are highly correlated and thus when the standard Lasso criterion usually fails. We proved
that under mild conditions, among which the GIC, which is valid when other standard
conditions like EIC or IC are not fulfilled, our method provides a sign-consistent estimator
of B*. For a more thorough discussion regarding the application of our approach in practical
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situations, we refer the reader to [5]].

5 Proofs

5.1 Proof of Lemma [2.1]
Note that (9) given by:

1N ) = - B[, 2],

can be rewritten as

~ ~ ~|2 ~
L) = [y X+ 2]

where
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blue) for g = 5.
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Figure 5: Average of the left-hand (resp. right-hand) side of the second part of in red (resp.
blue) for g = 10.

Then, E satisfies
—, _ = A
X* (y* _ X*ﬁ) — 5(2—1/2)12,’ (25)
where A’ denotes the transpose of the matrix A, and
zj = sign ((Z_l/zﬁ)j), if (Z_l/zﬁ)j #0

zj € [-1,1], if (=728); =0
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Equation can be rewritten as:
-~ A
Xy-X'X+n2)p = 27
which leads to

~ -~ A
X'X(B*-p)+Xe—nzp = 7%

) *

by using that y = XB* + €. By using the following notations: u =  — g*,
1 1
Cn=-XXand W, = —X'e,
n n an n ,\/ﬁ €
Equation (25) becomes
U ) <. M o A
Ch+=2)Vnu+ =X -W,;, = ———z. 26
(ot ) Vi + L2 =Wy = = (26)

With the following notations:
_(Ch Ch (P 2] - (w _ (Wa(1) «_ (BT
C"‘(c;a o Rl S Ll T O A R Y &
the first components of Equation are:

no M - n o N —~ 7 A
(Cn + ;211) Vnu; + (C12 + ;le) Vnu, + %Znﬂ’f -Wn(1) = —ﬁmgn(ﬁ;‘). (27)

Ifu = (l;l) it can be seen as a solution of the generalized Elastic Net criterion where, by
Equation , u; is defined by:

A
2vn

|

Vil = (1"12)_1W"<1)‘%(Cgﬁ’z)_lznﬁl*— (61%) " sign(p,®). (28)

where we used (14).
Note that the event A,, can be rewritten as follows:

-1 -1
( |ﬁ’f|+—“5"z ) sign(BD)|+ L|(€17) zupt

< (%"’2)_1 W, (1) <

e G

_ T ‘(cgnZ) Supr

|

which implies
( Bl 2 (Cg"z) sign(B7) + 1 (€11%) zuﬁl*)
< (cgn,z)—l Wn(l) -

(lﬂl*|+—(<f"2) sign(p?) + 2 (4117) zu/sl*),

14



using that —|x| < x < |x|, Vx € R. Then, by using , we get that Va[u;| < vn|B]| and
thus [1;] < |B¥|. Notice that [0;| < | 8| implies that §, # 0 and that sign(B,) = sign(B%).
Moreover, since u, = 0, we get that sign(ﬁ) = sign(B*).

The last components of satisfy:

n -~ n —~ n * A
C”+—Z) +(C"+—Z) +—3 - W, (2) = ———2z,,
( 2’y 21 ‘/ﬁul 2T 22 \/ﬁuz \/ﬁ 21/31 n( ) 2\/522

where by (25), |z| < 1. Hence,
n SO " A
C"+—Z) L+ =S B - Wa(2)| < 2=,
‘( 21 n 21 \/_ 1 \/ﬁ Zlﬁl n( )‘ 2\/5
which can be rewritten as follows by using (28):

%221/3’; - Wa(2)

G (%1";2)_ (w (1) -

A .
2 Vﬁszgn<ﬁl>)+

A
Zuﬁ1 < e (29)

\/_

When the event B,, is satisfied:

A A
NG

%nz(%nz) 1(Sign(ﬁ ) — Z11/31) ’7221/3»;

<gn” (%1”1’2)_ Wi (1) — Wi(2)

A A onz (oonz) 7! 2n
F o | G (Cg Z) (Slgn(ﬁl) + Z11/31) —2aB7|- (30)
By using that —|x| < x < |x| for all x in R, we get that it implies that
n,x n,x -1 A (an an)l -1 . * 2’7 *
CT(E0T) W) - Wa(2) - Nl (67%)  (sign(BD) + S2uBt | + —=xupl| < e

n
N
which corresponds to lb Thus, if A, and B,, are satisfied, we get that sign (B) = sign (B).

which concludes the proof.

5.2 Proof of Theorem [2.2]
By Lemma|2.1]
P (sign (E) = sign(ﬁ*)) >P(A,NB,) >1-P(A}) —P(B).
where Aj, and B;, denote the complementary of A, and By, respectively. Thus, to prove the

theorem it is enough to prove that P (Af) — 0 and P (B;,) — 0 as n — oo.
Recall that

Ap = {’(%{;’2) Wa(1)

<«/‘(|ﬁ1*| ](%"Z) sign(B7)

-1
- g ‘(%1’112) 211/3?

15



Let ¢ and 7 be defined by

z= (%;;’2)_1 W,(1) and 7 = (|/31*| ‘(%"2) sign(BY) —g‘(%{;’z)_lzuﬁ?).
Then,
P(An) =P (V) 15| < 75) .
Thus,
q
P(A) =P (3),151 2 ) < D P (1G] 2 7)) -
j=1
Note that
P(IZ1 > 7)) =P ( - (I(ﬁlbl n ((‘fﬁz) 13"9"“31*)). - ((‘4’1’2)_1 Znﬂl*).))
J J
/1 1
=161+ 57 () s [+ I ((7) am ) |2 v |(ﬁ1)1|)
|(ﬁ;()]| A n, . * |(ﬁ1)1|
SP(|§j| > +n 3 +P o ((‘g 2) slgn(ﬁl))j > \/ﬁT
n n, -1 * |(ﬁ1)|
P(% ((%112) z:11/31)1_ = \/ET]) (31)

Observe that
_ (gn,z -1 _ 1 n ’7 -1 ’
= 1 = — — = S
4 ( 1 ) W,(1) \/ﬁ (Cll + nZH) Xi1€ = Hye

where

_ 1 n n -1 ’
Hy = % (Cll + 5211) Xl’

X, denoting the columns of the design matrix X associated to the g active covariates. Thus,
forall jin{1,...,q},

n
= Z(HA)jkek-
k=1

By using the Cauchy-Schwarz inequality,

n n 1/2 n 1/2
1551 = Z(HA)jkek < (Z(HA)JZ'k) (Z ei)
k=1 k=1 k=1
= (HAHA)J] X ||€”2
< \Amax (HaH}) X [l€]l2-
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Hence, the first term in the r.h.s. of (31) satisfies the following inequalities:

(|g]|> |(ﬂ1)1|) g P(\/WTAH')X” HZM/_I(ﬂl)]I)

(BY):
).

IA

P (Amax (HaH)) x |l€]lz = n (32)

Since by (19), there exist M; > 0 and §; > 0 such that
P (Amax (HaH}) < Mj)=1-o0 (e_"él), asn — oo,

we have:

*) 2

. P(nen% > ”f') B (e (HaHY) > M)

IM;
2 2
P “6”2 > nﬁmin +0 (e—n‘sl) )
0'2 9M10'2

~ x*(n), we get, by Lemma 1 of [29], that

(BY)?
P (Amax (HaH)) X llells > n%

le ||2

*\ 2

2] < 2 o).

2 2
np: . n 2

since t = Bin > — using that ——~ B > M by (15).
9IM,o? 2 90?2

By putting together Equations (32) and (33) we get

P (|€Vj| > \/ﬁ@) < exp (—é + %\/n (2t — n)) +o0 (e_nal), (34)

2
nﬁ min E

9M1 O'2 2 '
Let us now derive an upper bound for the second term in the r.h.s. of (31):

(e lsignml*))j > %@).

P ()Lmax (HaH}) X lellz > n

with ¢ =

(Z‘f
By using the Cauchy-Schwarz inequality, we get that:

_ Zq:((%gz)_l) (sign(B?)),

k=1 Jjk

Ji((cﬂ) 1)2 X Isign Bl < (#1%) " x va

k=1

((‘fﬁ’z)_l sign(ﬁ?))

J

IA

IA

A ((%ﬁz)_l) X \q.

17



Then,

((%{;’2)‘1 sign(ﬂ?))} > \/ﬁ@)

SARC

IN
~
e U e

TS
=

>

=

)

b 5
—_

X

s

™

< Bt ((47) ) 2 %quﬂ’;jl)
< Pl Anax ((Cﬁz’z)ﬂ) > J—HWﬁmin) =0 (e_naz) ,asn — oo, (35)

2n
since YN Bmin > M by . Let us now derive an upper bound for the third term in the
q

r.h.s. of (31):

(((5{}2)_1 zuﬁ;) > \/ﬁ“iﬂ) .

J

n
P(w—l

We have

({6 wos1)

J

2

. JZ ((cgﬁ’z)_l zn) x|gl

k=1 J

> (@) =) 00

k=1 Jjk

< \/a ((e22) " 25 (622) ) B < s ( (22 e 20 ¢ -

Thus,
R (BY);
P % ((fglf) 211/31)] zﬁ' 3 ’l)
n -1 * (ﬁ*)
< P %Amax((%ﬂf) )Amax(zu>||ﬁl||zzx/ﬁ‘ 3”|)
n, ! nﬁmin _ —nd2
S )Z3n||ﬂr||2amax<zn>)“’(e Jasnoen 9
since 1B min > M, by (18).

3n ”ﬁr”2 Amax (Z11)
By putting together Equations (34), (35) and (36), we get:

P(AS) < gqexp [—g (K - \/ZK——I)] +gXo (e_"al) +2g %o (e_"(sz), (37)

2 2
P . Note that k — Y2k — 1 > 0 since k = ﬁLmz > 1 by . Equation

IM 10° 2 M 10
then implies that

with k¥ =
P (A5) = 0asn — .

18



Let us now prove that P (Bj,) — 0 asn — oo.

Recall that
n. n. -1 /1
B, = {%2;2 (€)W - wa(2)| < =
Aoy (onx\ 7 2n 2n
“avn G ((511’2) (Slg”(ﬁ’f) + 7211/3?) - 7221/3T }
Let
nx nx -1 1 n,x n,x -1 ’ ’
y =" (607) Wa(1) = Wa(2) = — | (€57) X; - X}) e = Hye
and N 5
. A 2n 2n
u= e e () (son ) + g ) - Svt|
Then,
P
P(BY) =PEilysl > ) < ) BUYi1 > wy).
J=q+1

By using the Cauchy-Schwarz inequality, we get that:

n 1/2
2 _ ’ ’
< (Z(ijk) xllellz = \(HsHg) , XIl€llz < \Amax (HsHp) X [€]]2,
k=1

(38)

1] =

n
Z(HB)jkek
=1

where
gty = 6% (637) oy (%) et - () cp-ch (6n®) et el
By (21), there exist M3 > 0 and §; > 0 such that

P (Amax (HgHp) < M3) =1-o0 (e_”ga), asn — oo.

By the GIC condition (12), there exist & > 0 and &, > 0 such that for all j,

dl <i-af=1-o(e).

A

-1 2 2
ngnfz (%{112) (31'9”(/3?) + 7’7211/3?) - —’7221ﬁ’f
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Thus, we get that:

P(B,)

IA

~
_

IA
~

A 4
1Mmax(HBH§) X ||€ll2 > 22 ) +(p—-qo (e_"é ), using Equation (38)
24/n
2 2

/14: ) +(p - q)o (e‘"54)

) + (-0 () + (o - g0 (")

~

IA
~

Amax(HBHllg) X ||€||§ >

~
_

IA
~

el  22a?
>
O'2 4nM3 O'2

~.
—_

IA
I v I I I
—_—— j\ —_——

< (p- q)exp(g 1m)+<p Do (e7”)+ (p - o (e
< (p-q)exp ( g(g \/z——l))+<p Do (e7)+ (o - o (e
< (p-gexp(-5)+(p-qo () + (p—go (") (39)

ith S = 2% Gnce L 54 ab 1D Finally, Equati li lies that
with — = since > . Finally, Equation implies tha
n  4n?Mso? 4n’Ms o> y Y= P

P(B;) — 0, asn — oo,

which concludes the proof.
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