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Abstract

We consider a logistic regression. The spatial dependence is captured through a hidden Gaussian
process after the logit transformation of the Bernoulli success probabilities. In a hierarchical
framework, likelihood-based estimation requires an EM algorithm. However, the expectations in
the E-step are not available in closed-from expressions. We propose a variational approximation
of the complete likelihood, that has a Gaussian form. We then obtain the desired approxima-
tions of the expectations. We conduct a simulation study to compare our approach with Laplace
approximation.

Keywords: logistic regression, variational estimation methods, EM algorithm, Laplace
approximation

1. Introduction, motivation

Binary spatial data occur in various domains; in ecology or epidemiology, binary variables in-
dicate absence or presence of a certain plant, or animal, or illness, on a two-dimensional domain.
In economics and social sciences, binary data can be used for instance in contexts of standard
adoption, voting models; in these contexts, the spatial feature is translated into a neighbourhood
graph between agents. Binary data also occur in image analysis, for instance in texture analysis.
More generally, one can also transform continuous data into binary responses, where we con-
sider 1 (resp. 0) over (resp. under) a predefined threshold. We consider in this paper the logistic
regression model. This model is well-known and used in many contexts, it allows to account for
both spatial dependence and for the effects of potential covariates. Spatial logistic regression has
been widely used for modeling land-use change; see for instance Tayyebi et al. (2010) and the
recent works of Schneider and Pontius (2001) for deforestation analysis, Serneels and Lambin
(2001) in agriculture (Serneels and Lambin, 2001), and Nong and Du (2011) for urban growth
modeling. In these models, socio-economic and environmental variables are used as covariates
while urban and non-urban areas are considered as binary outputs. Logistic regression is also
widely used in various other contexts, for instance for cloud-covering (Wu and Zhang (2013),
Sengupta et al. (2016)), or in disease mapping (Diggle and Giorgi (2015)).

Intrisically, inference involves a hidden unobserved process; then likelihood-based estimation
procedures rely on the so-called completed likelihood, together with an EM algorithm (Dempster
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etal. (1977)). However, the expectations in the E-step of the algorithm are not available in closed-
form expressions. There are several ways to overcome this issue, see Paciorek (2007) for a review
of the general techniques. A common approach is to use Monte Carlo procedures; see for instance
Robert and Casella (2004), Cappe et al. (2005). Another solution is to use Laplace approximation
to approximate the intractable integrals, see e.g. Spiegelhalter (1990) or Sengupta and Cressie
(2013). We propose in this work an alternative method, using a deterministic approximation for
the unknown conditional distribution of the hidden process given the observations. Our approach
is known as a variational method. Variational methods have been used in physics, but they also
appeared in machine learning context and more recently in statistics for estimation problems
(see e.g. Rustagi (1976), Jaakola and Jordan (2000)). The key feature is to consider a lower
bound on the complete likelihood, and optimize this lower bound. In this work, we consider a
lower bound of the logistic function; setting this bound in the completed likelihood expression,
we obtain a variationally transformed likelihood, which is our new objective function. This
operation introduces supplementary parameters known as variational parameters. Consequently,
our transformed likelihood involves both model parameters and variational parameters, but the
main interest is that it has a Gaussian form, for fixed values of the variational parameters. Thus
we obtain the expectations required in the E-step of the EM algorithm in closed-form expressions.
Hence we can run the M-step to find the estimates of the model parameters. Then in turn, we
update the variational parameters by an optimization procedure, the model parameters being
fixed to the latest estimates. In summary, each iteration of the so-called Variational EM (VEM)
algorithm is achieved in three steps, computation of the expectations, maximisation of the model
parameters, and adjustment of the variational parameters.

The method can be compared to the Laplace approximation, which also utilizes a Gaussian
approximation; particularly, the Laplace approximation needs to compute the mode of the objec-
tive function at each iteration of the EM algorithm, while the variational approximation involves
extra parameters that need to be updated at each iteration. We conduct simulation experiments,
running the two procedures, in order to evaluate the advantages and drawbacks of the methods.

The plan of this paper is as follows. In Section 2, we describe our process model for binary
data, based on a hidden spatial Gaussian process model. Section 3 is devoted to parameter es-
timation using the variational approach; we present the variationally transformed likelihood and
describe the Variational EM (VEM) algorithm for obtaining estimators. We conduct a simulation
study in Section 4; we compute the estimates obtained from both Variational EM and ordinary
EM with Laplace approximations, and compare the results of the two methods. We also investi-
gate the properties of the estimators; first, since there is no theoretical result about the variance
of variational estimators, we compute an approximation of the variance through a bootstrap ap-
proach. Then we study the large sample properties, conducting experiments for increasing lattice
sizes. Finally we investigate how sensitive to the initial values of the algorithm the estimates are.
We apply our VEM algorithm to a real data set in Section 5, and present a full procedure to
propose initial values of the algorithm, ending by final variational estimates and their bootstrap
variances. Conclusion follows in Section 6.

2. The process model

We consider a finite two-dimensional domain D = {s; : i = 1,...,n} c R?, with's; = (si1, 5p)
fori=1,..,n Let Z = (Z(s)), ..., Z(s,))" be the process on D, taking its values in the state space
E = {0,1}". In a hierarchical framework, we model the variables Z(.) as Bernoulli variables,
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whose means depend on an underlying spatial process Y = (Y(sy), ..., Y(s,))T. Moreover, we
assume that these Bernoulli variables are conditionally independent, given the hidden process Y.

Thus, for each s € D, we write the following independent conditional distributions for Z(s)
given Y as,

Z(s) | Y(s) ~ Ber(p(s)), (1)
where
eY(s)
p(s) = T30 ()

1
Then P(Z(s) = 2| ¥(5)) = p(s)(1 = pls)' ™ = ;-

Then we model the hidden process Y as the sum of two components:
Y(s) = X(s)'B + &(s). (3)

The first term represents the large-scale spatial variation, or the trend; it is modeled as a linear
combination of p known covariates X(s) = (X;(s), -+ , X p(s))T, and B denotes the p—dimensional
vector of the unknown regression coefficients. The second term holds for small-scale spatial
variation, and we consider a zero-mean Gaussian spatial process &,

g~ N,(0,X), 4

with unknown spatial covariance matrix X. Thus, the model parameters that need to be estimated
are B and X. If we set a parametric assumption for X, that is ¥ = ¢2Q(6), the full model
parameters are thus 8, 0%,6. We now present the parameters estimation procedure in the next
section.

3. Parameter estimation

Let us note the parameters to be estimated ¢ = (B,X), and let us take the notation [U | V]
for the conditional distribution of U given V. Since our hierarchical framework involves hidden
process, we consider the complete likelihood instead of the true likelihood. However, we do not
consider fully Bayesian inference. We do have a hierarchical model, but we do not put prior
distributions on the parameters.

Let us write the complete log likelihood, L., for the unknown parameters, given the data. The
complete data involves the observations Z and the unobserved &. Since we have the following
decomposition,

[Z,e|B.X1=[Z]&Blx[e]|X], &)

we write the complete log likelihood as,
L(Z,&|B,X)=In[Z]| & Bl +In[e]|X] (6)

= Z In(1 + ") + Z Y(s)Z(s) — %ln(detZ) - % Ty-lg - g In 27 (7)

seD seD

where we recall Y(s) = X(s)"8 + &(s). Our goal is to obtain maximum likelihood estimates of
¢ = (B,X) maximizing (7). The process & being not observed, estimation has to be performed
using the EM algorithm, see Dempster et al. (1977), McLachlan and Krishnan (2008).
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Let us define
qp.¢") = E[L(Z.5 | ¢) | Z."]. ®)

Starting with an initialization gb(o), the /—th run of the algorithm is achieved in two steps:
The E (expectation) step is to compute g(p, ™).

The M (maximisation) step is maximizing g(e, $"~") in order to obtain $" = arg max,, (¢, $").

In our case the E-step is an issue since we do not know the conditional distribution of &
given the observations Z. There are different ways to overcome this issue. One approach may
be to approximate the expectations using Monte Carlo integration, and run a so-called stochastic
EM (SEM) algorithm (see e.g. Robert and Casella (2004), McLachlan and Krishnan (2008)).
The issue in this approach lies in the simulation, where a Metropolis algorithm is typically used
to simulate &. Choosing the “right”proposal density (see Chib and Greenberg (1995), Roberts
and Rosenthal (2001)) can be problematic, and computations can be very slow for large data
sets. Another classical remedy is to apply self-normalized importance sampling (see Robert and
Casella (2004), Section 3.3). In this case, choosing the “right”’importance distribution can also
be problematic; moreover, we can observe a degeneracy of the weights for large n, leading to
poor estimates. Investigating closer, the main issue in both methods comes from the first term
of the complete likelihood, Y pIn(1 + €¥®), which is directly derived from the logit function
and hence the logistic regression model. Our alternative method replaces this term by another
one which is no more problematic. A third method which is widely used is to proceed with
Laplace approximations (see e.g. Sengupta and Cressie (2013)); they are based on second-order
Taylor-series expansions of the logarithm of the integrands around their respective modes. Then
the density of & given the data and ¢ is approximatively proportional to a Gaussian density;
the method also allows to treat the problematic term Y., In(1 + ¢'®). Here we propose a
variational method derived from an initial approximation of the logistic function, that we present
below. Our method can be compared to the Laplace approximation which also uses a Gaussian
approximation, but it is advantageous because it does not need to compute the mode at each
iteration of the EM algorithm; the use of variational parameters offers larger flexibility, and the
method allows for accurate approximation.

Roughly speaking, variational techniques are based on some approximation using extra pa-
rameters called variational parameters. Quoting Jaakola and Jordan (2000), for fixed values of
the variational parameters, the transformed problem often has a closed form solution, provid-
ing an approximate solution to the original problem. Unfortunately, since variational estimates
are based on an approximation of the true log likelihood, we don’t have theoretical results on
their consistency, or asymptotic normality. There’s no general theory about variational estima-
tors’ properties, see e.g. Peyrard et al. (2018), paragraph 6.3. However, they are known to be
empirically accurate. In the framework of binary data, our variational approach is based on an
approximation of the logistic function, which was introduced by Jaakola and Jordan (2000). In
a Bayesian and non spatial context, Jaakola and Jordan (2000) study a logistic regression model
with a Gaussian prior on the parameter vector; they show that the approximate of the condi-
tional posterior distribution contains the true conditional distribution. We develop their approach
hereafter, in the framework of an added spatial Gaussian process.

Let us note the logistic function,

er 1
() = l+e* 1+e*
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defined for any real x. Jaakola and Jordan (Jaakola and Jordan (2000)) give the following in-
equality for this function:

Ing(x) > Ing(r) + % — A2 -1 9)

g()—1/2

1
where A(1) = o tanh(7/2) = Y Moreover this lower bound is exact whenever 72 =
T T

x%. We apply this inequality to —In(1 + ¢'®) = Ing(=Y(s)), for each s € D. Let us note T
(T(81), -, T(8)) T, we obtain

= > (1 + ")+ 3T VOZS) = T1(7) + To(t, B) + T5(1, B, )

seD seD
where
Mﬂ=§§mmm—%hw#mwﬁ, (10)
1
nmm=§%%mmm®%fﬂm#ma@—?} (11
seD
and |
nmﬁm=Z{ﬂ#&@ﬂdﬂﬂﬁ;~ummm®%@. (12)
seD

That is, we have a lower bound for the complete log likelihood,
L(Z.&|B.E) > L(Z.£| B, E.7),
with

~ 1 1
L(Z,e|B,X,7)=T(1) + To(1,B) + T5(1, B, %) — 58’2_18 ) In(det X) + const. (13)

Let us note that the problematic term 3 In(1 + e¥®) is absent in this expression. Our new target
is the variational lower bound L.(Z, € | B, X, T) defined in (13), which involves the model param-
eters and the so-called variational parameters 7. Moreover, the variational lower bound is exact
for a particular choice of 7, which is 7(s)> = Y(s)?, for all s € D.

Starting with this initial choice, we have

L9Z,e|8,%) = ["(Z,e|B.E,T)

Then we alternately maximise L, with respect to the model parameters, and update the variational
parameters; we first search for (8¢, Zmax) Maximising ZC(Z ,€ | B, X, 1) for fixed T, then the
updated variational parameters are obtained maximising ZC(Z , € | Prax> Zmax, T) In 7. This leads
to the following inequalities,

LAZ,&|B,E,7) < L(Z, & | Brax> Zmas T) < Le(Z, & | By Emaxs Trmax)-

Our goal is to iterate this maximisation-update procedure in order to obtain
LC(Z9 &€ | ﬂmax? Emax: Tmax) = LC(Z9 &€ | Bmaw Zmax) at the end'
5
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As L.(Z,e | B, X, 1), the expression of ZC(Z ,€ | B, X, T) involves unobserved variables and,
classically, we run an EM algorithm (with an additional updating step of the variational parame-
ters). The advantage of considering this variational transformation is that we obtain the desired
expectations in closed-form expressions, as we now demonstrate. Indeed, we show that the con-
ditional distribution [Z, & | B, X, 7] is proportional to a multivariate Gaussian distribution, for
fixed variational parameter 7. Let us note M =(M(s;), ..., M(s,))", with

M(s) = Z(s) - % - 2A(1(s))(X(9)" B (14)
Then we write T5(t, 8, X) — %ETE’IS =™ - %sTW‘ls, with
W =%+ 2A(0), (15)
where A(7) is a diagonal matrix with diagonal elements A(7(s)). We obtain,
L(Z,&|B.2.,7) = T1(1) + To (1, B) + £'M — %sTw-ls - % In(det ) + const.

For fixed 7, the conditional distribution [& | Z, 8, X, 7] is unknown, but it is proportional to
[Z,g| B,X, 7]. Denoting g = WM, we write

1 1 1
p(e|Z,B,X,T) o< exp {Tl (1) + T (T, B) + —uTW_lu} exp {——(8 - )"Wl(e - u)} .
2 Vdet X 2
(16)
Moreover, evaluating the proportionality constant on the right-hand side of 16 yields:
[e|Z,B,2, 7] = N(u, W) 7
Finally, our variational EM algorithm is based on the following expectation,
9. ¢";7) = E|L(Z,5 | ¢,7) | Z,"], (18)

where the expectation is taken with respect to the conditional distribution (17) above. We deduce
that,

q(p, ;1) = Ty (T)+Ta (7, B) + f™ (19)

1 A 1
- Etr((W(l) +aPp0TywWh - 3 In(detX) + const. (20)
with tr(@®aPTW-1) = gOTW-'4? and using the notation tr(A) for the trace of a matrix A.

Thus, for any fixed 7, we get the expectations needed in the E-step in closed-form expres-
sions. Then we turn to the M-step and maximize g(¢, $"”; T) with respect to the model parameters
. This expectation-maximization step is achieved for any fix 7. Then, the final Variational EM
(VEM) loop is completed by adding an updating step for the variational parameter 7.

To precise the procedure, let us denote now M(t, 8) for M, W(t,X) for W, and u(tr,B,X) =
W(r, Z)M(T, B).

Starting with an initialization $©, #©, the I-th iteration of the algorithm is achieved in three
steps. For [ = 1,2, ... we follow the procedure hereafter:

6



172 1. E-step. Compute g(p,»"";#!"D) defined by (20). In particular, compute W(-D =

s WD, 270N =MD, 37 and g0 = We-DNIGD,
174 2. M-step for the model parameters.
175 (a) Compute B(l) = arg maxg (Tz(‘?'(l_l) B+ p=h TMEdb, ﬂ))
176 (b) Update ﬁ(l)in the objective function: compute 1\7[(‘?'(’_]) ﬂ )and pld=h = W= 1)M(Au b ﬂ )
17 Then compute o arg maxs, {—%tr((W“’” + [1(21 Vi (l D Tyw- (T(Z P, %)) - 1 In(det Z)}-
178 3. Variational parameter update
179 Update 20 in wt-b, 2?0 ) and jx A(l D= pd=n ,B(l) $ 0,
A(l—l) T A
Then compute 0 = argmax, 4 | 10 F 2B i U ot ) o b
Le(W@EED 29 + a5Vl Hw @, )
181 Now, let us consider the initialization and steps 2 and 3 in details.
182 Initialization
183 We here discuss how to choose starting values for the VEM algorithm. For the simulation

18« study presented in the next section, we just use the true parameter values that were used for
s simulation. However, we need to initialize the variational parameter. Let us recall that the
s variational lower bound of the likelihood equals the likelihood for 7 such that 7(s)* = Y(s)? for
w7 each s € D, where recall Y(s) = X(s)"8 + (s). Starting with this initial choice would induce
188 LE.O)(Z, e|B,X) = ZE.O)(Z, £ | B, X, 7). Then we choose to initialize the algorithm with #° defined
wo by 70(s) = (X(s)Tﬁ(O) +1(s)) X (2Z(s) — 1), where the variables n(s) are independent zero mean
wo Gaussian variables with variance 1. Thus we have #©(s)? = ((X(s)Tﬁ(O) +1(s))>. Adding the
191 value n(s) also ensures that 20)(s) is not equal to zero which is required to compute A(7(s)).

192 Step 2-a
For any fixed T we want to maximise,

1
=) {—A(T(S))(X(S)Tﬂ)z + (X()'BZs) - 5 = ZA(T(S))ﬂ(S))},

seD

s which is a quadratic function of 8.
- Let us note G(B) = ZT(B) = 3, (~24(x(s)(X(S)'B) + Z(s) — § — 2A(x(s))u(s)) X(s); if the
seD

195 dimension of B is 1 or 2, we can solve G(B) = 0 easily; otherwise we choose to use a Newton-
1%s  Raphson algorithm, that is, we solve

A

B

(k=1)

1
=" - (—G(ﬂ)) o CETD

op

A

P R _ N
W with 22G6) = 3 2(x(s)X(s)X(s)", until 3 ~ 3“7 and we take B = ¥
seD

198 Step 2-b
Since W™! = X! + 2A, and for fixed T and B, we search for

&0

1 1
£ = argmax {—Etr((W +pphHzh - 3 In(det 2)} )

7
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Writing the covariance matrix as £ = 0-2Q, we want to minimise:

fQ,0) = %tr((VAV +aa"HQ ™) + nino? + In(det Q),

&

with respect to o2 and Q. The derivative with respect to o> for a fixed Q gives the following
explicit solution:

1 .
Q) = ~tr(W+ Q™. (1)

Then the M-step is to minimize, with respect to Q,

8@ = nln| (W + 4@NQ ™| + In(det Q)

If we assume a parametric feature for Q, then we write Q = Q(#) and the minimization
above is with respect to parameter 6. For instance, we can choose the exponential covariance
function to characterize the spatial covariance matrix X; that is, X = (Z;;) with Z;; = C(s; — s;)
and C(h) = o2¢7 M9 for h € R?; we search for a scalar parameter 6 in this case.

Step 3

Let us denote W, the s-th diagonal element of W, K = (X(s)TﬁU))2 + Zﬁ(s)(X(s)TB(l)) +
W, + fi(s)?, and A@?; x) = In g(x) — g — A(X)[K? - x2]. Then we write,

E [ZC(Z €|, T) | Z, g?:(l)] = A@"; 1) + other terms that do not depend on T.

gx)—1/2
2x

g(=x) — % - AT (%) [fd’) - x2] + 2xA(x).

]
Recall that A(x) = , and notice that (Ing(x))" = g(—x). Then, a—A(gb(’);x) =
X

A simple calculus leads to 2xA(x) + g(-x) — 3 = g(x) + g(-x) — 1 = 0 and %A@(’); x) =
~AT @) |[RO - 2.
o
—(e*? — e7*/2)2_ we see that A’ has no zeros; we deduce that %A(gb(” ;x) = 0 for 22 = KO,

Then we get a closed-form expression to update the variational parameter, that is,

Let us compute A'(x) = f(x), where f(x) = 2x — e* + ¢*. From f’(x) =

#0652 = (X©B") + 20X B RO(s) + WD + 10 (o). (22)

This result is not surprising; recall the inequality (9); we have equality between both sides if
x* = 72; in other words, we are looking for 7(s)? as close as possible to Y(s)> = ((X(s)"B)+&(s))*;
then we take 7(s)2 = E[Y(s)? | Z,»""] which is exactly our result.

Finally, we update for each s € D,

#0(s) = V#0(s)2 x (2Z(s) - ).



20 4. Experiments

221 In this Section, we conduct simulations and run the VEM algorithm described in the previous
22 Section to derive model parameter estimates. We compare our method with Laplace approxima-
223 tions.

224 Let D be a square lattice of size 40 X 60, with n = 2400 sites. Following the model’s
225 description in Section 2, we start by simulating a Gaussian random field with spatial covariance
26 matrix X. Then we simulate independent Bernoulli random variables.

227 The Gaussian random field & is simulated on D with distribution N,(0; X); we choose the

28 exponential covariance function to characterize the spatial covariance matrix; that is, X = (Z;;); ;
. I . .
20 with ;5 = C(s; —s;) and C(h) = 0“e” 7, for h €R?. In order to obtain reasonable spatial depen-

20 dence, we choose 6 = 5 and then 6 = 15, the latter value ensuring stronger spatial dependence.
a1 Weseto? = 1.
232 We choose the trend to be linked to the spatial location on D; for s = (s, 52) € D,

X($)'B = (1,51 =20, 52 = 30)(Bo, 1, B2)"-
23 Now, let us define the variation of the ‘signal’, V, as V = %tr(2)+£ P (X(si)TB — average,p(X (S)Tﬁ))2 .
24 Following Aldworth and Cressie (1999), the parameter 8 is selected such that V is approximately
=s 2. Here we specify By = 15, B1 = ¢ and B2 = 5; which gives V, = 2, and balances the effect of

2 31 and B, (By is a free parameter that does not impact V).

237 We next compute Y(sy),: -, Y(s,) defined in (3); then, conditionally to Y, we simulate in-

2 dependent Bernoulli random variables Z(s), with success probabilities defined in (2), p(s) =
oY

239 m.

Each model is simulated L = 100 times, as described above. Then estimation is performed
on each simulation based on the procedure described in Section 3. We also compute the esti-
mates of the parameters obtained from the Laplace approximation procedure; considering the
complete likelihood, since the expectations in the E-step of the EM algorithm are not available
in closed form, we use Laplace approximations to approximate the intractable integrals. Laplace
approximations are based on second-order Taylor-series expansions of the integrands around the
mode, see for instance Sengupta and Cressie (2013); we give hereafter the main result, details of
the calculation can be found in the Appendix. The issue is to calculate, at the (k + 1)-th iteration
of the EM algorithm, g(¢p, ¢(k)) =E[L(Z,e|B,X)]|Z, B(k), ):“.(k)]. The Laplace approximation of
this expectation is g(¢, ¢(k) ) defined as,

1 e

(0. oMY = (1 + POy 4 H(g®)! Y®(s)Z
q(p. @) SE§D n(l +e )+2(1+6Y%))Z( (&) Dss + ¥, (9)Z(s)
1 1 1
-3 In(detX) — Es,(f? Te-lgh _ 5tr(z—‘(—H(sf,’;>)—1) - gln(Zn). (23)

. Ak ak . .
20 Where sf,]f) is the mode of L.(Z, & | ﬂ( ), Z( )), H(sf,’f)) is the Hessian computed at the mode, and

2w YO(s) = X(5)TB + eX(s).

242 We display in Table 1 and Table 2 the means and mean square errors (MSE) of the estimates,
243 for both methods, obtained from the 100 simulations.
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Bo Bi B2 o’ 0
Target 0.1 0.0625 | 0.0417 1 5
Variational method 0.0610 | 0.0596 | 0.0406 | 0.6378 | 5.2309
MSE 0.0322 | 0.0002 | 0.0001 | 0.1548 | 2.1402
Laplace approximation | 0.0828 | 0.0477 | 0.0320 | 0.8751 | 4.5952
MSE 0.0013 | 0.0004 | 0.0001 | 0.0429 | 1.4480

Table 1: Mean and MSE of VEM and Laplace estimates, § = 5

Bo Bi B2 o’ 0
Target 0.1 0.0625 | 0.0417 1 15
Variational method 0.1162 | 0.0607 | 0.0408 | 0.8146 | 12.8138
MSE 0.0026 | 4.107° | 2.107 | 0.1499 | 35.0405
Laplace approximation | 0.0837 | 0.0541 | 0.0358 | 0.9984 | 15.1183
MSE 0.0068 | 0.0001 | 0.0001 | 0.3119 | 79.4734

Table 2: Mean and MSE of VEM and Laplace estimates, 6 = 15

In the case of weak spatial dependence, 6 = 5, we observe a negative bias for B and o for
both methods; then we observe a positive bias for the VEM estimate of 6, and a negative bias for
the Laplace estimate. The MSE computed for VEM estimates are quite good, but they are greater
or equal than those computed for Laplace estimates. However, the difference between the MSE
of both methods is not very large.

On the other hand, in case of stronger spatial dependence, the VEM method performs better.
For 6 = 15, we observe a negative bias for f and o for Laplace estimates, and a positive
bias for the estimate of 6. While the bias is either positive or negative for the VEM estimates.
More important, the MSE computed for VEM estimates are quite good; we notice that they are
less than 0.0001 for parameters 3, and 3;. For the other parameters they are about half the MSE
computed for the Laplace estimates. Especially for parameter 6, the MSE of the Laplace estimate
is quite large, because the method sometimes completely fails and proposes an absurd value for
this parameter.

As stated before, there are no theoretical results on the variance of the variational estima-
tor. Hence we follow a parametric bootstrap approach as described hereafter to approximate the
variance. Let us note (8, o%*,0%) a set of estimates resulting from the VEM procedure. We
simulate £*® and Z*®, B times, for b = 1,..., B, using (8*,0>*,6*) as simulation parame-

. . b) N
ters. For each new simulated data set Z*®), we compute the VEM estimates (B*( ) 20, *y;
then, the bootstrap variance of the VEM estimator is given by the empirical variance of the B

A

estimates (ﬁ*(b), 62+ g*®) see Beran (2003). We choose B = 150 and we consider two real-
isations from the previous results; we consider the set (8*, o2, 0%) = (0.1042,0.0648, 0.0429,
0.9537, 14.9845), for which o®* and 6* are very close to 0% = 1 and 6 = 15; then we consider
the second set (8*,0%*,0*) = (0.1387,0.0649,0.0375,0.8246, 12.818), for which o** and 6*
are close to the mean values of the estimates of 0> = 1 and # = 15 given in Table 2. We make
this choice because our main interest is on the spatial dependence parameters. We do the same
work with the Laplace estimates, and we present the results in Table 3. We obtain very similar
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299

300

301
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303

304

B | B | B | o | &

VEM estimate 0.1042 | 0.0648 | 0.0429 | 0.9537 | 14.9845
Bootstrap std 0.0233 | 0.0031 | 0.0020 | 0.2303 | 3.8165
Laplace estimate | 0.1162 | 0.0545 | 0.0390 | 1.0011 | 15.0463
Bootstrap std 0.0273 | 0.0020 | 0.0010 | 0.2798 | 4.2371

Table 3: Bootstrap standard deviation of the VEM and Laplace estimators

bootstrap variance values for the two trials (8*, o2*,6%), in each case, VEM or Laplace; hence
we display the results for only one set. We note that the bootstrap standard deviations are slightly
smaller for the trend estimates B* resulting from the Laplace procedure than those of the VEM
estimates; on the contrary, looking at the spatial dependence parameters, the bootstrap standard

deviations of the VEM estimates are smaller than the ones of the Laplace estimates.

We notice that the bias on the covariance parameters is a bit large; in order to investigate
the effect of the lattice size on the bias, we run other simulations with 02 = 1 and 8 = 5
considering lattice sizes n = 30 X 30, n = 40 x 40, then n = 60 X 60. In each case, we adapt
X)) =(0,s - ‘/TE, Sy — ‘/TE) and the parameter 8 = (11—0,,81 ,[B2) in order to keep V; ~ 2; we present
the results in Table 4. Obviously, the standard deviation tends to decrease when 7 increases;
in most cases the bias is also reduced. The bias of parameter 6 is larger for n = 3600 than
for n = 2400 (but the standard deviation is reduced); an explanation is that a scale value of 5
characterises a weak spatial dependence in this case, weaker for the larger lattice; it might be
hard to detect it correctly on some simulations. Let us note that the number of iterations and
processing time of the algorithm both increase with n; we observe the same phenomenon for
the EM algorithm with Laplace approximations; the algorithms are slowed down by the size of
the involved matrices, but also seem to have difficulty to reach the optimum value of the log
likelihood, the log likelihood value evolving slightly. Thus, for large lattices, we do recommend
to use an approach which avoids the computation of large dimension matrices, as discussed in
Section 6.

Let us compare the variational and Laplace methods with respect to the processing time;
the Laplace approximation method particularly requires to compute the mode &,, maximising
L.(Z,& | @) at each iteration of the EM algorithm, and the Hessian matrix; the Variational
method ignores this stage but adds the updating step of the variational parameters. However,
the Variational EM remains faster than the Laplace EM. Especially for large 6, the time process-
ing for computing the Laplace estimates becomes important, while it does not increase for the
VEM method. For example, the average time for one iteration of the VEM algorithm for 8 = 5 is
39.08 seconds, and 45.22 seconds for the Laplace EM; for 6 = 15, the difference is a bit larger,
with 47.77 seconds for the VEM algorithm and 54.74 for the Laplace EM. The average number
of iterations is similar for both methods, 3.16 for the VEM algorithm and 3.00 for the Laplace
EM, for 6 = 5. Finally, we notice that for the Laplace EM, we sometimes get weird results,
completely out or range estimates for o> and 6, while the VEM leads to more regular values.

Finally, we investigate how sensitive are the estimates to the initial value of the algorithm.
This study has been conducted for a lattice size of 40 x 60 and true parameter values S =
(0.1,0.0625,0.0417), 0> = 1 and 6 = 15. Here, we generate random initial values of the
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326

327

328

329

330

Bo Bi B2 o’ 6
Target n = 900 0.1 0.0833 | 0.0833 1 5
Mean 0.1292 | 0.0822 | 0.0861 | 0.6278 | 4.1865
Std 0.2279 | 0.0238 | 0.0198 | 0.2326 | 1.6134
Target n = 1600 0.1 0.0625 | 0.0625 1 5
Mean 0.1034 | 0.0607 | 0.0580 | 0.6284 | 4.7605
Std 0.2024 | 0.0142 | 0.0146 | 0.1709 | 1.3341
Target n = 2400 0.1 0.0625 | 0.0417 1 5
Mean 0.0610 | 0.0596 | 0.0406 | 0.6378 | 5.2309
Std 0.1752 | 0.0125 | 0.0116 | 0.1538 | 1.4446
Target n = 3600 0.1 0.0417 | 0.0417 1 5
Mean 0.1149 | 0.0397 | 0.0415 | 0.6720 | 5.5579
Std 0.1690 | 0.0080 | 0.0079 | 0.1287 | 1.1918

Table 4: Mean and Standard deviation of VEM estimates for increasing lattice sizes, c?=1andf=35

model parameters (B(O), 520 9 in the estimation procedure; we recall that the initial value of
the variational parameter # is given by 7 (s) = (X(s)Tﬁ(o) +1(s)) X (2Z(s) — 1), where the 7(s)
are i.i.d. N(0,1). We use the same random initial values for both Variational and Laplace pro-
cedures. The first remark is that in most cases, the Laplace algorithm fails and stops, usually at
the step of finding the mode &,,, while the VEM algorithm always gives a final result. Of course,
the number of iterations of the VEM algorithm is quite large. We observe that the final estimate
values for the trend parameter 8 are usually not so far from the initial values. The mean values

areB = (2.0150, 1.2251, 1.4337) with standard deviations (2.49, 1.04, 1.16). At least, we do not
observe large outliers leading to estimates ten times larger or smaller than the target values. But
the spatial dependence estimates 6> and # are more sensitive to the starting values. Then we run
other experiments, starting with the true parameter values for B and different values for 2©
and #©. We observe that for small data sets, the algorithm converge to the correct values. For
larger data sets, we obtain close estimate values for 42, but the final estimates of 8 often remain
close to the starting value. For instance, starting from 6> = 2 and 8 = 5, we obtain mean
values 62 = 0.6044 and 6 = 4.8307; but the likelihood values are much less than the one ob-
tained starting with the true values. To conclude this experimental study, let us note that for real
datasets, we propose a method for choosing initial values, that we present in the next section.

5. Application to a real data set

We consider the study of a real data set; the columbus data is available in the R package
spdep. The data concerns 49 neighbourhoods in Columbus, Ohio, United States. Together with
location variables, the data also records the following variables: CRIME, residential burglaries
and vehicle thefts per thousand households in the neighbourhood, HOVAL, housing value (in
$1,000), and INC, the household income (in $1,000). From the variable CRIME, we form the
binary variable CRIME2, which takes the value 1 if the value CRIME is over the median value,
that is 34, and O otherwise. We consider HOVAL, INC, and X and Y, the coordinates of the
neighbourhood centres, as covariates.
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,33 ,3;( 0_2* 9"

VEM estimate 5.8652 | —0.4218 | 0.0493 | 2.5353
Bootstrap std 1.5400 | 0.1148 | 0.0045 | 0.3323
GLM Standard deviation | 1.6127 | 0.1163

Table 5: Bootstrap standard deviation of the VEM estimates and GLM standard deviations

When dealing with simulated data, we take for starting values of the model parameters in
the EM algorithm the true values that were used for simulation. We have discussed in Section 3
the initialization of the variational parameter, which is also related to the starting values of the

model parameter ﬁ(o). For real data applications, we propose the following procedure. We run an
ordinary GLM model (with no random effects) for CRIME2, with our covariates as explanatory
variables; we run all possible embedded models and select the best one according to AIC and
BIC criteria. In our case, the model with the lowest AIC and BIC values was obtained with the
single covariate INC. Thus we consider the following model (3):

Y(s) = X(5)"B + &(s)

with X(8)"'8 = (1, INC(8))(Bo. S1)"-

The starting values for parameter B are obtained by the ordinary GLM procedure, ﬁ(o) =
ﬁGLM = (5.8877994,-0.4226277)". This also allows to compute the starting values #?(s) =
(X(®) Bora +1(8)) X 2Z(s) = 1).

Furthermore, we need starting values for the covariance parameters, as well as the paramet-

ric feature of the spatial covariance X of &. We write &(s) = Y(s) — X(s)TB, and recall that
Z . _

p(s) Then, define U(s) = log ——= — X(8)"BgLy, with Z = 1 3o, Z(s). We

1-p(s) 1-7Z
compute the variogram of U and fit the latter, with different models. Here, the best fit was ob-

tained for the exponential model, without nugget effect, and parameters o> = 7.608678 and
6 = 6.152822. Hence, we choose the exponential model for the covariance matrix X, and we
use the previous values as starting values in the VEM algorithm. We finally obtain the following
estimates,f%VEM = (5.8652,-0.4218)T, o”%,EM = 0.0493 and By 5, = 2.5353. We note that if the
final estimate ,BVEM is close to the initial ﬁGLM, this is not at all the case for o“%,EM and Aygy. In
order to check the sensitivity to the initialization, we run again the algorithm for other starting
values 2 and 89, for instance 3>@ = 1 and 6 = 10, and satisfactory enough, we obtained
the same result.

Y(s) = log

We end the study by computing the variance of our estimators by a parametric bootstrap
approach, as described in the previous Section. The bootstrap standard deviations are given in
Table 5. As a comparison for the trend parameters, we also present the standard deviation of
the GLM estimates of the ordinary logistic regression. The bootstrap standard deviations of the
VEM estimates are slightly lower than the GLM standard deviations.

6. Discussion and conclusions

In this paper, we have developed a variational parameter estimation procedure for logistic
spatial regression. In a classical hierarchical framework, the binary process is obtained from a
13
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hidden Gaussian spatial process together with covariates, via the logit function link. We present
in detail the variational estimation method for this model and show its advantages; it bypasses
the problematic term Yo.p, In(1 + ¢’®) issued from the logit function. The variational transfor-
mation leads to a lower bound of the log likelihood, that has a Gaussian form. Accordingly, the
expectations needed in the E-step are available in closed-form expressions, and do not require a
Monte Carlo procedure. The VEM algorithm is easy to implement, it allows fast estimation, and
compared to the Laplace approximations, avoids the computation of the mode at each iteration.
It is less sensitive to the initialization of the parameters. We have shown through simulations that
the VEM method performs better than Laplace approximations in the case of strong spatial de-
pendence. We computed an approximation of the variance of both Laplace and VEM estimators
via a bootstrap approach; again, the VEM estimators performs better from this point of view. We
also investigated the behaviour of the estimates with respect to the size of the data.

Finally, we conducted a study on a real data set and explained the full procedure to initialize
the algorithm, and obtain estimates.

The estimation procedure requires to compute the inverse covariance matrix £~', which be-
comes problematic for large data sets. There are several ways to overcome this issue; one can
model directly the inverse covariance matrix (see for instance Lindgren et al. (2011)); or we can
use a reduced-rank approach (e.g. Wikle (2010)); particularly, we can model the spatial process
& with a Spatial Random Effects (SRE) model, as described by Cressie and Johanesson (2008),
see also Sengupta and Cressie (2013). Then the VEM algorithm has to be adapted to the new
writing of the likelihood. This extension is a work in progress.

Appendix

We now derive Laplace approximations to approximate the E-step in (8), which are based on
second-order Taylor series expansions of the logarithm of the integrands around their respective
modes. Let us recall the expression of the complete log likelihood given in (7):

1 1
L(Z,e|BX)=— Z In(1 + ") + Z Y(s)Z(s) — 3 In(detX) — ESTZ_] - gln 21

seD seD

Let us denote g, as the mode of L.(Z, & | B,X); then, we write the second-order Taylor series
expansion for L.(Z, g | B, X) around &,

L(Z.e|B,X)=L(Z,&y | B,X) + (£~ Sm)T%Lc(Z,S | B.X)

E=&nm
2

0edeT

1
+§(8—sm)T L(Z.g|B.X)| (6—&n)+ ..

The second term at the right-hand side is in fact zero, so we get the following writing:
1
L(Z,e|B.X)~L(Z,&,|B.X) - 5(8 — &) (—H(&n))(& = &),
2

0
where H(g,,) = WLC(Z, €|B.X) oo

We deduce that the probability density_flfnction of [e| Z, ¢.] is approximately proportional to
14
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expL.Z,g, | B,X) X exp [—%(s — &) (-H(g,)) (e — sm)] ; that is, it is approximately propor-
tional to a Gaussian density. Computing the normalisation constant, we conclude that E [& | Z, ¢..] ~
&, and var(e | Z,,) ~ —H(g,) .

It remains to compute the expectation of the term E[In(1 + ¢'®) | Z, ¢,] in (8); we apply
the same method and derive a second-order Taylor-series expansion of In(1 + ¢¥®) around &,,,(s);
denoting Y,,(s) = X(s)TB + &,,(s), we obtain,

Yols) BAC)

Y()y Y(s) ¢ 2
In(1 + ") =In(1 + &™) + (&(s) — Sm(S))m + 5(8(5) —&m(s) RV + ..

Then we can write the desired expectation as follows,

1 efn(®)

Y(s) ~ Yoy -~
E[ln(1+e"™) | Z,¢.] ~In(1 + ) 2 (1 + e¥n®)2

(H(gm) sy

Finally, we obtain the following approximation for the expectation needed in the E-step of the
EM algorithm,

90.0") = E|L.(Z.21 )| Z."]

1

1 You(s)
— Z (h’l(l + EY'"(S)) — —ee—ym(s))z(H(gm)_l)ss) + Z Ym(S)Z(S)

seD 2 (1 + seD

1 1
~ 5 In(det) - 5 (r(-Z 7' H(en) ™) + 60T E0) - gln 2r.

The mode &, and the matrix H(g,,) are obtained by a standard procedure. The gradient of

0 Yo
L.(Z,e|B,X)is given by $LC(Z,8 | B,X) = Z—vec( ¢ v )—X g, and we solve the equation

1+e

0
E)_LC(Z ,€ | B,X) = 0 by using a Newton-Raphson algorithm. Then a simple calculation gives
&

Y
the Hessian H(g,,) = —diag ((l-fo)z) -zl
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