N
N

N

HAL

open science

Approximation rate in Wasserstein distance of

probability measures on the real line by deterministic

empirical measures

Oumaima Bencheikh, Benjamin Jourdain

» To cite this version:

Oumaima Bencheikh, Benjamin Jourdain. Approximation rate in Wasserstein distance of probability
measures on the real line by deterministic empirical measures. Journal of Approximation Theory,

2022, 274 (105684), 10.1016/j.jat.2021.105684 . hal-03081116

HAL Id: hal-03081116
https://inria.hal.science/hal-03081116

Submitted on 8 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License


https://inria.hal.science/hal-03081116
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr

Version of Record: https://www.sciencedirect.com/science/article/pii/S0021904521001441
Manuscript_dd230e0dc7bbeb2¢35fd03295616adS5c

Approximation rate in Wasserstein distance of probability
measures on the real line by deterministic empirical measures

O. Bencheikh and B. Jourdain*
December 6, 2021

Abstract

We are interested in the approximation in Wasserstein distance with index p > 1 of a probability
measure p on the real line with finite moment of order p by the empirical measure of N deterministic
points. The minimal error converges to 0 as N — 400 and we try to characterize the order associated with
this convergence. In [17], Xu and Berger show that, apart when p is a Dirac mass and the error vanishes,
the order is not larger than 1 and give a sufficient condition for the order to be equal to this threshold 1
in terms of the density of the absolutely continuous with respect to the Lebesgue measure part of p. They
also prove that the order is not smaller than 1/p when the support of u is bounded and not larger when the
support is not an interval. We complement these results by checking that for the order to lie in the interval
(1/p, 1), the support has to be bounded and by stating a necessary and sufficient condition in terms of the
tails of u for the order to be equal to some given value in the interval (0,1/p), thus precising the sufficient
condition in terms of moments given in [17]. We also give a necessary condition for the order to be equal
to the boundary value 1/p. In view of practical application, we emphasize that in the proof of each result
about the order of convergence of the minimal error, we exhibit a choice of points explicit in terms of the
quantile function of p which exhibits the same order of convergence.

Keywords: deterministic empirical measures, Wasserstein distance, rate of convergence.
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Introduction

Let p > 1 and p be a probability measure on the real line with finite moment of order p. We are interested in
the rate of convergence to 0 in terms of N € N* of

N
1
(0.1) en(p, p) := inf {Wp (N Zézwﬂ> oo < <1 << ay < —i—oo} 7
i=1
where W, denotes the Wasserstein distance with index p. The Hoeffding-Fréchet or comonotone coupling
between two probability measures on the real line is optimal for W, so that when —oo < 21 < 29 < -+ <
rn < 400,

(0.2) we (N Z%w) = Z/_ |2i = F~H(u)|” du,
=1 1=1"Y "N

where F'~! denotes the quantile function of y defined by F~1(u) = inf {x € R : F(x) > u} for u € (0,1) with
F(z) = p((—o0,z]) for € R. The motivation for our study is the approximation of the probability measure p
by finitely supported probability measures. Examples of application are provided by the optimal initialization
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of systems of particles with mean-field interaction [14, 2|, where, to preserve the mean-field feature, it is
important to get N points with equal weight 1/N (of course, nothing prevents several of these points to be
equal) and by the numerical analysis of restricted Monte Carlo methods which may only use random bits
instead of random numbers [11]. The optimal approximation in the quadratic case p = 2 has been shown by
Baker [1] to preserve the convex order. This is not the case for the optimal quantization [12] which is obtained
by also optimizing over the weights and considering :

=1

N N
inf {Wp (Zpit?wi,u) i—o0 < <wp < --- <ay < 400, (p1,-o,pN) € 0,17, Zpi = 1}~
=1

The optimal quantization was introduced in signal processing [4] but has turned out since to be useful in
scientific computing [16]. Both the minimization problem with respect to the locations x; < zo < -+ < zy
under prescribed but non necessarily uniform weights (p1, - - - , px) and with respect to the weights (p1,--- ,pn)
under prescribed locations z; < 9 < -+ < xy have been studied by Xu and Berger [17]. The case when the
weights are not prescribed but only satisfy a size constraint has been studied in [5] while [15] addresses the
minimization with respect to the locations under prescribed uniform weights when the Wasserstein distance is
replaced by the energy distance.

According to Corollary 5.12 [17], the fact that [, |z[’u(dz) < +oo ensures that en(u,p) goes to 0 as
N — oo. The main purpose of the paper is to study the rate at which this convergence occurs. In particular,
we would like to give necessary conditions on p, which, when possible, are also sufficient, to ensure convergence
at a rate N~ with a > 0 called the order of convergence.

One of course has

N
1
en(tp) < Wy (v, 1) and en (. p) <EV? W] (v, )] where py = 2> dx,
=1

is the usual empirical measure of random variables (X;);>1 1.i.d. according to . In the one-dimensional
setting of the present paper, the convergence rate of W, (1w, 1) has been studied in [8] for p =1 and in [9] in
the quadratic case p = 2, the one of E'/? [pr (MN»M)] for p > 1 in the book [6] by Bobkov and Ledoux. In
general dimension, estimations of E'/? [Wg (1w, u)] and concentration inequalities for W/ (1w, ) are given
in [10]. In the random case, the largest possible order of convergence (apart from the case when p is a Dirac
mass and the error vanishes) is a = 1/2, which matches the rate of convergence in the standard strong law of
large numbers given by the central limit theorem under square integrability.

The rate of convergence of ey (1, p) has already been addressed by Xu and Berger [17] in the one-dimensional
setting of the present paper, by Chevallier [7] in higher finite dimension and by [11] along the subsequence
(N = 2"),¢n in the quadratic case p = 2 when p is a Gaussian measure on an Hilbert space or the law of the
solution to a scalar autonomous stochastic differential equation. In particular, according to Theorem 5.21 (ii)
[17], when the support of u is bounded, then supy; N%eN(u,p) < 400, while Remark 5.22 (ii) [17] ensures

that limsupy_, 4 N%eN (i, p) > 0 when F~1! is discontinuous. According to Theorem 5.20 [17], apart when
i is a Dirac mass and ey (u, p) vanishes for all N,p > 1, limsupy_, ., Nen(u,p) > 0 so that the order of
convergence cannot exceed 1 . It is equal to 1 when the density f of the absolutely continuous with respect to
the Lebesgue measure part of y is dz a.e. positiveon {x € R: 0 < F(x) < 1} (or equivalently F'~ is absolutely
continuous), since Theorem 5.15 [17] then ensures that

lim Nen(u,p) = L /1{0<F($)<1} dx v
Nortoo NP =00 e \ e (@) ’

where, by Theorem 2.4 [3], the right-hand side is not smaller than liminfy_, . Nen(u, p) even without the
positivity assumption on the density. In [7], Chevallier addresses the multidimensional setting and proves in
Theorem 3 that for a probability measure x on R? with support bounded by 7, there exist points 1,...,zx €

1 1
R? such that =W, (% Zfil 51“;1) < fp,a(N) where f, q(N) is respectively equal to (d%p) " N-a, (@

and C(p/d)N_% with ¢ denoting the zeta Riemann function when p < d, p =d and p > d.
The case when the support of u is not bounded is also considered by Xu and Berger [17] in the one-
dimensional setting of the present paper and by [7] in the multidimensional setting. In Corollary 1 [7],



Chevallier proves that limy_, o (fp,a(IN))~**W, (% Ef\il 59:1-#) =0 when [p, |x\1+)apu(dx) < +oo for some

a € (0,1/p). This generalizes the one-dimensional statement of Theorem 5.21 (i) [17] : under the same moment
condition, limy_,oo N¥en (1, p) = 0.

In the main contribution of the present paper, Theorem 2.2, we refine this result by stating the following
necessary and sufficient condition

Va € (0,1/p), lim xﬁ(F(—x)—l—l—F(x)):O(:) lim N%pn(u,p)=0.

T—+00 N—+oco

We also check that

Va e (0,1/p), sup aTa (F(—x) +1-— F(m)) < 400 < sup N¥en(p, p) < 400,
©>0 N>1

a condition under which, the order of convergence « of the minimal error ey (u, p) is preserved by choosing

r1=F71(F)A (—N%ﬂx), ey =F 1 () v N+~ and any ; € [FH (5 +), F7 (&) for2<i < N —1.
We also show that for (N“en (i, p))y>; to be bounded for o > 1/p, the support of p has to be bounded.
Then we address the boundary case a = 1/p : among Weibull distributions, we exhibit probability measures
p with unbounded support such that, for p > 1, limy_, 400 N*/? en (1, p) = 0 and give a necessary condition

for (N'?en(u, p)) n>1 10 be bounded, which unfortunately is not sufficient but ensures the boundedness of
(%e N (f, p))N . These results are summarized together with the ones obtained by Xu and Berger [17]
>1

in Table 1. They are stated and proved in the second section of the paper.
The first section is devoted to preliminary results. We first recall that, when [, |z|?p(dz) < oo, then the
infimum in (0.1) is attained:

(0.3) en (1p) =W, (N 25@7#) = 2[71 |z — F~'(u)|” du
=1 =1 N

for some points z¥ € [F~*(52+), F~'(4%)]NR which are unique as long as p > 1 and explicit when p € {1,2}.
To circumvent the otherwise lack of explicit formula for the optimal point Y when studying the order of
convergence of ex (i, p) to 0, we also derive bounds where ¥ does not appear for the i-th contribution in the
right-hand side of (0.3). We then give an alternative expression of each contribution in terms of the cumulative
distribution function F in place of the quantile function F~!, before taking advantage of the induced alternative
formula for ey (u, p) to recover that the error goes to 0 as N — co when [, [z[?u(dx) < co. We also precise
Theorem 5.21 (ii) [17] which states that the boundedness of the support of p implies that of the sequence
(N'Y?en(11,p)) ysqs Dy remarking that when F~! is moreover continuous, then the sequence goes to 0 as
N — oo for p > 1, with an order of convergence arbitrarily low as examplified by the beta distributions. Last,
when g is not a Dirac mass, we complement in a non-asymptotic way the positivity of limsupy_, ., Nen (i, p)
proved by Xu and Berger in Theorem 5.20 [17].
The proofs of two technical lemmas are given in the appendix.

Notation :

e Weset F(x) = u((—o0,z]) for z € R and denote F~*(u) = inf {x € R: F(x) > u} foru € (0,1). We have
u < F(z) & F~!(u) < z. The quantile function F~1 is left-continuous and non-decreasing and we denote
by F~!(u+) its right-hand limit at u € [0,1) (in particular F~(0+) = lir&_ F~Y(u) € [~00,+00)) and

u—

set F71(1) = lim F~1(u) € (—o0, +00)].
u—1—
e We respectively denote by x Ay and x Vy the minimum and the maximum of two real numbers x and y.

e We denote by |z] (resp. [z]) the integer j such that j < z < j+ 1 (resp. j —1 < z < j) and by
{z} =« — | x| the fractional part of z € R.



« H Necessary condition \ Sufficient condition ‘

Lot
a=1 /f{g(il?o)}d r < 400 f()>0drae on{zeR:0< F(z) <1}
1
(Thm. 2.4 [3]) and/ f{;’ 1>°} dz < +oo (Thm. 5.15 [17])
S (%, 1) F~1! continuous (Remark 5.22 (ii) [17]) related to the modulus of continuity of F~1!
when p > 1 || and g with bounded support (Prop. 2.1) (Example 1.8)
a=1 N >0,V >0, F(—z) +1— F(z) < — | p with bounded support (Thm. 5.21 (ii) [17])
(Prop. 2.7) For p > 1, Example 2.6 with unbounded supp.
o€ (0, %) sup z a7 (F(—x)+1—F(3c)) < 400 sup z a7 (F(—m)+1—F(x)) < 400
x>0 x>0
(Thm. 2.2) (Thm. 2.2)

Table 1: Conditions for the convergence of ey (u, p) with order a : sup N%en (i, p) < +o0.
N>1

e For two sequences (an)n>1 and (by)n>1 of real numbers with by > 0 for N > 2 we denote ay < by

when 0 < inf <aN and sup an < +00.
N>2 \ by N>2 \ by
Acknowledgement : We thank the referees for their useful comments that helped us to improve the
presentation of the manuscript.

1 Preliminary results

In the present section, we state preliminary results which will prove useful for the study of the order of
convergence of ex(f, p) to 0 when N — 0 in the next section devoted to the case when the support of
is not bounded. We first recall that the infimum over (xi,...,2zy) is attained in (0.1) and bound the first
(resp. last) coordinate of the minimizer from below (resp. above). Next, we give estimations from below and
above not involving 2V of each contribution in the sum in the right- hand side of (0.3). We also rewrite these
contributions in terms of the cumulative distribution function F in place of the quantile function F~!. We
recall that the finiteness of the p-th order moment of y is a necessary and sufficient condition for the error
en(u, p) to go to 0 as N — oo before checking that when p has a bounded support and a continuous quantile
function, then limy_,oo N%/?en(p, p) = 0 with an order of convergence arbitrarily low as examplified by the
beta distributions. We finally derive a non-asymptotic lower bound for Ney (i, p) + (N + Dent1 (i, p).

1.1 Infimum is attained in (0.1)

*

When p = 1 (resp. p = 2), R 3 y — N/ |y—F_1(u)’p du is minimal for y belonging to the set
i—1
N

, ~
[F~1 (E), F~1 (352 +)] of medians (resp. equal to the mean Nﬁq F~!(u) du) of the image of the uni-
N

form law on [’E ,N} by F~L.

ﬁ'
For general p > 1, the function R 3 y — / ‘y —F! u)’p du is strictly convex and continuously differen-
i—1
tiable with derivative "
W -1 p—1 —1 p=1
(1.1) o (er iy = F @) = Lyerqy (F7 @) )" ) du

N

non-positive for y = F~! (%—i—) when either i = 1 and F~'(0+) > —oo or i > 2 and non-negative for
i

y = F~' (%) when either i < N —1 or i = N and F~'(1) < 4o0. Since the derivative has a positive limit as



%
y — +oo and a negative limit as y — —oo, we deduce that R 3 y — / }y — F_l(u)|p du admits a unique

minimizer z)¥ € [F~ (%5 + NR, as already stated in Corollary 4.4 [17] (to keep notations simple,
we do not explicit the dependence of x on p). Therefore
(1.2)

2 — 1
F—1< ;N ) if p=1,

/ F~ (u)duif p=2,

not exphcrt otherwise.

N ook - .
e (1 p) = Z/H | — F~(u)|” du with [Fl (ZN +> e <Jif)]
i=1 N

We will see that when the support of p is unbounded, the contributions with ¢ € {1, N} in the right-hand side
of (0.3) are dominant. To prove our main result, Theorem 2.2 below which Characterizes the convergence of
~ (i, p) to 0 with order o € (0, ) we will need the following estimates on z{ and z¥.

Lemma 1.1. Letp>1 and o € (0, %).There is a finite constant C' only depending on p and o such that the

two extremal points in the optimal sequence (z¥)1<i<n for en(p, p) satisfy

YN >1, 28 > CN7~® inf u%_aF_l(u) and xx < CN+~ sup u%_aF_l(l —u).
ue(0, %) u€e(0,%)

If supye(0,1/2) ur (F7'(1 —u) — F7Y(u)) < 400, then supys; N~ ’ (2N V (—21)) < +o0.

The proof which relies on the expression (1.1) of the derivative when p ¢ {1,2} is postponed to the
appendix.

1.2 Bounds on ey(u,p)

To circumvent the lack of explicit formula for the optimal point z (unless p € {1 2}) when studying the
order of convergence of ex(u, p) to 0, we are now going to derive bounds where ¥ does not appear for the
i-th contribution in the right-hand side of (0.3).

When needing to bound ey (u, p) from above (see in particular the derivation of the order of convergence
of en (1{$>0}6m5_1 exp (—xﬁ) dx, p) for 8 > 0 in Example 2.6 below), we may replace the optimal point =¥

by P! (%)

P
du,

¥ ¥ 2i — 1
1.3 Vie{l,... N}, [ |F'w-—aNdu< [ |F'w-F"(Z

, i IN

,§1 i

i—1 i v
a simple choice particularly appropriate when linearization is possible since {N’ N] SV / lu —v|” du
iz1
2i—1
2N *
To bound ey (u, p) from below, we can use that, by Jensen’s inequality and the minimality of F'~ (2; 1) for

p=1

~ ~ 8 ¥ 2 —1 ’

/7 |F71(u)—sz|pdu2N’)71 (/ |F1(u)—va|du> > NP1 </ Fl(u)—F1< Z2N ) du>
4i-3 (41 21\
(o) () - (5)

is minimal for v =

1 2 —1
> p—1 -1 -1
1 4i—1 4i — P
(1.4) > (F1 (2 (3
4PN 4N 4N

This estimate will be used in the proof that the order of convergence of en(u, p) cannot exceed 1/p when
the support of p is not bounded (Proposition 2.1 below), in the derivation of the order of convergence of
en (810, (z)z?~1dx, p) and en (1{x>0}ﬁxﬁ*1 exp (—xﬁ) dx,p) for # > 0 in Examples 1.8 and 2.6 below and
in the derivation of the necessary condition for convergence with boundary order 1/p (Proposition 2.7 below).




1.3 Alternative formula in terms of the cumulative distribution function

In the proof of our main result (Theorem 2.2 below which characterizes the convergence of ex(p, p) to 0 with
order a € (0, p)) and in the derivation of our necessary condition for the convergence of ey (1, p) with boundary
order 1/p (Proposition 2.7 below), we will need to rewrite in terms of the cumulative distribution function F'
in place of the quantile function F~! contributions in the decomposition over i € {1,..., N} in the right-hand
side of (0.3). This is possible thanks to the next lemma.

Lemma 1.2. Assume that/ |z’ p(da) < 400 withp > 1. Fori e {1,...,N} andz € [F~' (), F~1 (%)]n
R
R (with convention F~1(0) = F~1(0+)), we have:
¥ —1 P ‘ p—1 i—1 F_l(%) p—1 i
e F @) du=p (@—y) " (Fly) - —— ) dy+p (=) 5~ F) ) dy,
i1 F1(ih) N z N

N
and the right-hand side is minimal for r = J;fv
Remark 1.3. Under the convention F~1(0) = —oo, when, for somei € {1,..., N}, F~1 (%4—) > F1 (ﬂ),

i—1 —1 (i=1 —1 (i=1 ) -1 i—1
then F(y) = 5+ fory € [F7' (554) . F~! (%2 +)) and /1:“1(11) (z—y)P (F(y) -5 ) dy = 0 so that

the lower integration limit in the first integral in the right-hand side of (1.5) may be replaced by F~1 (%—i—)
In a similar way, the upper integration limit in the second integral may be replaced by F~! (ﬁ—&—) under the
convention F~(1+) = +o0.

Plugging this equality written for = z in the right-hand side of (0.3), we immediately deduce the
following alternative formulation of ey (u, p) in terms of the cumulative distribution function F":

Proposition 1.4.
(1.5)

ey (1. p) = pé (/l:_it(izvl+> () =) (F(y) - Z]_V1> dy + /JCZI(N) (y—a2M)"" (;, - F(y)> dy) .

Remark 1.5. When p = 1, the equality (1.5) follows from the interpretation of Wi (v,n) as the integral of the
absolute difference between the cumulative distribution functions of v and n (equal, as seen with a rotation with
angle %, to the integral of the absolute difference between their quantile functions) and the integral simplifies

wmnto:
/FF_((N+)) <F(y) ?1) dy+/;:;§il (F ) ) R%le( y) - j| dy.

(1.6)
N
v =3
For p > 1, this equality can be deduced from the general formula for W(v, n) in terms of the cumulative
distribution functions of p and n (see for instance Lemma B.3 [13]).

i=1
Proof of Lemma 1.2. Let ¢ € {1,...,N} and = € [F’l( ), - (ﬁ ] N R. We have i’ < F(z) and
F(z—) < %. Since F*(u) <o < u < F(z) and F~ ' (u )—a:forue (F(xz—), F(x)], we have

~ F(z) ~

/ }:z:fFfl(u)V) du:/ (z—F! dqu/ z)p du.
i—1 i—1
~ ~

N

Using the well-known fact that the image of 1jg (v) dvu(dz) by (v,z) = F(2—) 4+ vu({z}) is the Lebesgue
measure on [0,1] and that 1j 1)(v) dvp(dz) a.e., F~' (F(z—) +vu({z})) = z , we obtain that:

F(z)
/;—1 ( du_/v OAGR et (z— )+vu({z})<F(x)}( Z)pﬂ(dz) dv

N
/ O/ER il R () top({z })<F<x}/ x—y 1{z<y<x} dyp(dz) dv
v= 4

— — )P~ 1
(1.7) = p/yoo x /U o/zeR i—1g )er({z})}l{zgy},u(dz) dv dy.




For v >0, {z € R: F(z—) +vu({z}) < F(y)} = (—o0,y]U{z € R: z > yand F(z) = F(y)} with
p({z€R:z>yand F(z) = F(y)}) = 0 and therefore

/ZER Lt crGmyon((en} e ild2) = /ZER Lt <r e on(zn <F ) yUE2):

Plugging this equality in (1.7), using again the image of 1o 1j(v) dvu(dz) by (v,2) = F(2—) + vu({z}) and

the equivalence 1]_\,1 <F(y) & F! (%) <y, we deduce that:

ﬁ;(z) (o F )’ du:p/;_m(x_y)p—l/ul_o Lt cucrn) dUdy:p/le(;l)(x_y)p_l (F(y)_ ZJ_\71> dy.

= N

In a similar way, we check that:
i Ffl(i) .
N _ N _ 7
[t a=p [ -t (5o F0)
which concludes the proof. O

1.4 Convergence of the error to 0

According to Corollary 5.12 [17], the finiteness of the moment [, |#|?u(dx) with order p implies that the error
en(u, p) goes to 0 as N — oo. Since, by the inverse transform sampling, the moment clearly has to be finite
for en(u, p) to be finite for some N > 1, the following equivalence holds.

Proposition 1.6. For each p > 1, we have / |z|Pu(de) < 400 & Nlirn en(p,p) =0.
R —+o0

N
The direct implication can also be deduced from the inequality en(u,p) < W, (11[ > dox,, ,u) and the
i=1

N
almost sure convergence to 0 of W, <§, >0 Xu/‘) for (X;);>1 i.i.d. according to p deduced from the strong
i=1
law of large numbers and stated for instance in Theorem 2.13 [6]. For the sake of completeness, we give an
alternative simple argument based on (1.5).
Proof. According to the introduction, the finiteness of ey (u, p) for some N > 1 implies that / |z|Pu(dx) <
R

+00. So it is enough to check the zero limit property under thelﬁnite moment condition.
When respectively F~1 (ﬁ) <0, F7! (%—i—) <0< F71 (%) or F~1 (%—i—) > 0, then, by Lemma 1.2,
the term with index 4 in (1.5) is respectively bounded from above by

1( 4

/FFI(E;)H (F—l (;,) —y)p_1 (F(y) _ z]—vl) dy < /FFlzfii)(—y)f’—l (;f /\F(y)) dy,

/Fol(iwl”(y)pl (le A F(y)> dy + /OF—l(m = (;f A - F(y))) dy,
)

/::((Nli) <y - F! <z N1+>)p_1 (;7 - F(y)) dy < /FF:;ENIH y* (le A1 - F(y))> dy.

After summation, we deduce that:

S
2=

e, p) < p/o (—y)t (]1, /\F(y)) dy+p/0+0c y* ! (11[ A1 —F(y))> dy.

— 00

0 “+o0

Since, by Fubini’s theorem, p/ (—y)P 1 F(y) derp/ y" 1 (1-F(y)) dy = / |z|?pu(dx) < +o0, Lebesgue’s
oo 0 R

theorem ensures that the right-hand side and therefore ey (u, p) go to 0 as N — +o0. O



According to Theorem 5.21 (ii) [17], when the support of x is bounded, then sup s N%eN(,mp) < 00,

while Remark 5.22 (ii) [17] ensures that limsupy_, Nven(u,p) > 0 when F~! is discontinuous. We
complement these results by the following lemma.

Lemma 1.7. If F~! is continuous and the support of u bounded, then for each p > 1, Nlir}: NYPen(p, p)=0.
—+00

Proof. By (1.3),
Rl CR) () () )
s () ()

. _ _ i _ i—1\\,—1
where we use the convention F~1(0) = F~1(0+) in <I§12>2(N (F'(5%) - F ' (4%))" . When the support

IN

of u is bounded then F~1(1) — F~1(0+) < oo and when moreover F~! is continuous, then this function is
uniformly continuous on (0,1) and the conclusion follows. O

The next example shows that when p is compactly supported with F~! continuous then, for each p > 1,
the rate of convergence of N'/Pex(u, p) to 0 as N — 400 may be arbitrarily small.

Example 1.8. Let pg(dz) = Bl y(z)z? 1 dz with B > 0. Then F~'(u) = u/?. Let us suppose that p > 1
and 8 > pfpl. Using (1.4) with i = 1 for the second inequality, we obtain that

1 1 1\ P
N . 1 3 B 1 B
a2 [0 o duz ((4) -(3) )

On the other hand, under the convention F~1(0) = 0:

1 Nox (L fien\F\’
?\/'(:uﬁvp)éwg <NZ§F1(iN1 7#/3) :Zﬁ71 (uﬁ-( N > ) du

=1 =1 N
1 1 N )
</ u? du + 1+£Z(ﬁ—(z—1)ﬂ>
0 L
N
15} 1 1 . o_
1.8 < X + —1)87°,
(18) T B4p  NE peN'tE ;(2 )

When B > %, the last sum is smaller than 3 =P8 which is finite since p — % > 1 and en(ug, p) =
JjEN*
N~#»~5. Notice that according Theorem 5.15 [17],

1 1 1/p
> i = 5P
VB3>0, Vp>1, NgrﬂwNeN(ﬂg,p) 26T )17 (/0 e du) ,

1/p
with the right-hand side finite if and only ifp =1 orp > 1 and <5 7 and then equal to B(p+11)1/ﬂ (p+ﬁ*p5) .

N
l 1 1
L. _p 1 1 p
When p > 1, for the limiting value 8 = 551, one has st5=1 and, by (1.8), e (1g, p) < P ﬁf’Nf’ Z 1
NN On the other hand ding to (1.4
BoN? as N — 4+00. On the other hand, according to (1.4),

N N N
1 1 1 2° 1 2° 1 2°In N
P - i 1\B _ (45 — 2B i
eN(MBaP) > 42p—1Np Z ((4Z 1)5 (42 3)B) = 42p— 1[3pr Z 4i —1 — 42p6pr Zl i 42;)59]\7/1

i=1




so that en (ug, p) < N_l(lnN)%
N
According to Corollary 6.15 [6], for (X;)i>1 i.i.d. according to g, EY/? {Wﬁ (11/ Z: 5Xi,ﬂﬁ>:| =N 7 if

p>2andﬁ>p2p2andE1/p[Wg< dei,mg)] 1/2ifp<2andﬁ>1orp>2andﬁ€[ 2).

Note that apart from the restriction 8 > 1 made in [6] to ensure that the distribution is log-concave, the Tesults
concerning the optimal deterministic choice and the random choice share the same structure with different
mazximal orders of convergence 1 and 1/2. When p > 2 and S > 5 , the deterministic and random orders of

convergence are both equal to * 5+ 13

1.5 Non-asymptotic lower bound for the error

According to Theorem 5.20 [17] and its proof, limsupy_,., Nex (i, p) > %foé (F~Yu+ %) — F~(u))du with
the right-hand side positive apart when p is a Dirac mass and ey (u, p) vanishes for all N, p > 1. This result
may be complemented by the following non-asymptotic bound.

Lemma 1.9. Vp > 1, VN > 1, Nen(u,p) + (N + Deny1(u, p) /F F(z))dx.

Remark 1.10. e One has

/RF(JU)/\(l—F(x)) do = /:(%) F(x)dx+/F+1) (; - (F(JJ) _ ;)) do = /0é (Fl (u + ;) - Fl(u)) du

as easily seen since the sum and the last integral correspond to the area of the points at the right to
(F(x))ioogxgp—l(%), at the left to (F(z) — %)F—l(%)<x<+oo, above 0 and below § respectively computed
by integration with respect to the abscissa and to the ordinate.

o The analalogous result in the random case is stated in Theorem 3.1 [6] : when (X;);>1 are i.i.d. according

to p, E { ( Z 5)@#” = 2F E[| Xy — F~1(1/2)|]. In other words, unless y is a Dirac mass, the

random rate cannot be quicker than the usual Monte Carlo rate \/%

Proof. Note that when p > p > 1 and / |z|?pu(dz) < +oo, with (zV)1<i<n denoting the optimal points for
R
p=1,

N N
1 1 ~
(1.9) en(p, p) =W, (N E 5@%#) >W; (N E 5@%#) > en(p, p)-

i=1 i=1

Hence p — en(u, p) is non-decreasing and it is enough to check the statement for p = 1. It follows by plugging
into (1.6) the following inequality written for v = F'(z) :
: - AN k)
vv € [0,1],VN > 1, Nov —j|V N+1v—j| > ——,
vel01] min |[Nv — j| Vmin [(N + 1)v —j| 5
To prove this inequality, we remark that for v € (0, 1), there are two possibilities

e Either [Nv] < Nv < (N+1)v < | Nv]+1, which implies that (Nv— | Nv])V([Nv|+1—(N+1)v) > =2

while |[Nv]+1—Nv=|Nv|+1—(N+1)v+v>vand (N+1)v—|Nv] = Nv—|Nv|+v > wvso that

—v

1
]ll‘l]l N - \Y IIll'Il JV + 1 — 7| > A\
j N | v j| j N |( )U ]| v

e Or [Nv| < Nv < [Nv]+1 < (N+1)v, which implies that (| Nv]+1-Nv)V((N 4+ 1)v — ([Nv] +1)) > §
while Nv— |Nv]| = (N+1)v—(|Nv]+1)+1-v >1—-vand |[Nv|4+2—(N+1)v = [Nv]+1—Nv+1—v >
1 — v so that v
in|Nv—j|Vmin|(N+1)v—j| > = A (1 —v).
min |[Nv —j| vmin [(N + v —j| = 5 A (1 = v)
Synthetising the two cases and remarking that the inequality still holds for v € {0, 1}, we conclude. O



2 The case when the support of i is unbounded

According to Theorem 5.21 (i) [17], when the support of y is bounded, sup N*/Pen(u, p) < 400 and, when
N>1

moreover F~! is continuous, then limy_ oo N/Pen (, p) =0 for p > 1 by Lemma 1.7. In this section, we first
show that in the unbounded support case, the order of convergence cannot exceed the minimal order 1/p in
the bounded support case. Next we state our main result : a necessary and sufficient condition for convergence
with order a € (0, %) which precises the implication stated in Theorem 5.21 (i) [17] :

/ 2| = p(dx) < 400 = Jim Nen(p, p) = 0.
]Rd — 00

We finally address the boundary case @ = 1/p where we only obtain a necessary condition and illustrate the
possibility that, when p > 1, limy_o N/ Pen (i, p) = 0 for some probability measure p with unbounded
support.

2.1 The order of convergence cannot exceed 1/p

According to the next result, the order of convergence of ey (u, p) cannot exceed % when the support of u is
not bounded.

Proposition 2.1. Let p > 1. Then Ja > %, supys; N%en(p, p) < +00 = F~1(1) = F71(0+) < +o0.
Proof. Let p>1 and a > % be such that supy~; N%en(u, p) < +00 so that, by (1.2),

1 1
sup N (/N |F~!(u) — o] | du—|—/ |F~!(u) —xN| du) < 4o00.
0

N-—1
N>1 =

By (1.4) for i =1 and N > 1, we have:

/}V|F1( ) —x | du > ! F! =S —rt L ’
0 ! = 4N 2N 4N '

Therefore C := sup (2N)*# (F1(5%) — F7* (5%)) < +oo. For k € N*, we deduce that F~1 (2=(k+1)) —

N>1
Ft(27%) > - k and after summation that:
C —ap (p.

(2.1) VEeN P (27F) > F 1 (1/2) - ———— (1 —_2'5 “-”) .

297 —1
When k£ — +o00, the right-hand side goes to <F‘1 (%) — QE ) > —o0 so that F~1(0+) > —oo. In a

27 P -1

symmetric way, we check that F~1(1) < 400 so that u is compactly supported. O

2.2 Necessary and sufficient condition for convergence with order « € (0, %)
Our main result is the following necessary and sufficient condition for ey (i, p) to go to 0 with order o € (0, %)

Theorem 2.2. Let p> 1 and o € (0, %) We have

sup &7 a (F(—x) +1-— F(x)) < 400 & supN%¥en (i, p) < 400 < sup sup NW,(un(xa.n-1), 1) < +00
x>0 N>1 N>2z2.Nn—1

N—1
_ + Yoicoe Oz, + 6F—1(NN1)\/N}’“> and sup,, ., means the supre-

anere a1 = & (3,4
( )a (N)] for 2 <i < N —1. Moreover,

l
F)M=NP
mum over the choice of x; € [F~!

lim 2T e (F(—x)Jrl—F(x)):O@ lim N%pn(u, p)=0.

T—+00 N—+o0

10



Remark 2.3. e Let us relate the order of com}ergence to the mazimal integrable power B = sup{f >

fR |a:|ﬁ (dr) < oo} of p. For B € (0,8), [qlz|’u(dz) < oo while when B < oo, for B > B,

f]R |a:| dz) = 400, so that, by Lemma 2.4 below, sup,s, =" (F(— ) +1—-F(x )) =+o0. Let p> 1.

If B > p, we deduce from Theorem 5.21 (i) [17] that for each o € ( = — 7) limpy_yoo N%n (1, 0) =0
and, when ,B < 400, Theorem 2.2 ensures that for each o > ; - E’

1

1f’ap > B In this sense, when p < B < 400 the order of convergence of en(u,p) to 0 is % vk

supNZlN en(p, p) = +oo since

11
Moreover, the boundedness and the vanishing limit at infinity for the sequence (N° Fen(u,p))n>1 are

respectively equivalent to the same property for the function Ry > x — 2P (F(—:r) +1- F(x)) Note

that limsup,_, | o P (F(—CE) +1- F(x)) can be 400, in which case, sup >4 N%_BeN(;hp) = +00

e In the proof (see (2.4) below), we estimate supysosup,, . NWH(un(z2:n-1), ) in terms of C =

igpo) zT e (F(—ac) +1- F(x))

o According to Theorem 7.16 [6], for (X;)i>1 i.i.d. according to u,

1/p p 1 = p—1 p—1 e
sup N%E lW <N;5Xi,u>1 < <p2 /R\x| \/F(ac)(l—F(x))dx)

N2>1

with 3 e >0, [plz[*Teu(de) < +oo = [plz[~'/F(z)(1 - F(z))de < +o00 = [ [z[*’pu(dz) < 400

(the reverse implications fail) by the discussions just after this theorem and after Theorem 3.2 [6]. The
condition sup,~q x> (F(—x) +1- F(J;)) < +oo equivalent to supysq N7 en(p, p) < +oo is slightly
weaker than [, |2|*’p(dx) < 400, according to Lemma 2.4 just below. Moreover, we address similarly any

order of convergence o with o € ( ) for en(w, p), while the order ﬁ seems to play a special role for

El/p [Wg (11[ > 5)@#)} in the random case. When p = 1, the order of convergence o for a € (0,1/2) is
i=1

addressed in the random case in Theorem 2.2 [S] where the finiteness of sup, > aTw <F(fx) +1 fF(x))

N
1s stated to be equivalent to the stochastic boundedness of the sequence <N"‘W1 (11, > 5&»#))
=1 N>1
When o = 1/2, the stochastic boundedness property is, according to Theorem 2.1 (b) [8], equivalent to

Jo VF(@)(1 = F(x))dz < +oo.

The proof of Theorem 2.2 relies on the next lemma, the proof of which is postponed to the appendix.

Lemma 2.4. For 8 > 0, we have

/ lyPu(dy) < +oo = lim 2P (F(—x) +1- F(x)) =0
R

r—+o0

— sup z” (F(—x) +1—-F(z )) <400 = Ve € ( / P~ u(dy) < o0

x>0

and sup,~, z” (F(—m) +1-— F(x)) < +00 & SUPye(0,1/2) u® (F7'(1—u) — F~(u)) < 400 with
1 1
B

(2.2) %?311)/2] u® (F'(1—u)— F () < (i‘;‘é xﬂp(_x)) 4 n <§1§3 2#(1 - F(a:))) "

Last, lim,_ 4 o0 2 (F(fx) +1- F(z)) =0 limy o4 u? (F71(1—u) — F~1(u)) =0,
Proof of Theorem 2.2. Since by Lemma 2.4,

sup  ur @ (F7'(1 —u) = F7'(u)) < +00 = sup T (F(—x) +1- F(x)) < 400
ue(0,1/2] x>0

11



and, by (1.2),
L 1

)= [P =l | du [

N-—1

N

|F~ (u) — x%|p du
to prove the equivalence, it is enough to check that

sup z a7 (F(—J:) +1-— F(x)) < 400 = supN* el (i, p) < +oc and that
2>0 N>1

1 1
sup N </N |F71(u) fxf[|p dqu/ |F~!(u) fx%|p du) < 400
0

N-—1
N>1 =

—  sup usr ® (F7'(1—u) = F7'(u)) < +oo.
u€e(0,1/2]

We are now going to do so and thus prove that the four suprema in the two last implications are simultaneously
finite or infinite.

Let us first suppose that C' := sup,, T (F(—x) +1- F(J;)) < 400 and set N > 2. Let x; €
[F=1(SE+), F7H(4)] for 2 <i < N — 1. We have

et p) < Wﬁ (un(z2:n—1), ) = Ln + My + Uy

with Ly = [ [F~1 ) = F~ () A (=N3 )| du, Un = [as [~ () = P (3 v N[ du and
N-—1 ﬁ N-1 ﬁ Z Z_ 1 P
My = / |F_1(u)—xi‘p duSZ/ (F_1 (N>—F_1( N )) du
im2 IR i—2 R

(2.3) =
<rCl-arN—ar

where we used (2.2) applied with 5 = —£— for the last inequality. Let . = 0V z denote the positive part of

1—ap
any real number z. Applying Lemma 1.2 with z = F~! (%) A (—N%ﬂ)‘), we obtain that
Ly = Fﬁl(%)A(_N%ﬁ? P E) A (=nbe HF d
N= p/_oo N (— ’ ) —y (v) dy
(%) 1 AL
o], = (3) 0 (7)) (5-rw)
p F*%%)/\(—N%_Q) Y N ( ) v FW)dy
+oo 1 P
ép/ YR y)dy+<Nﬂ‘“+F‘l<)>
Np ™~ @ N +
] +o0 . 1 1, . N-—1 P
In a symmetric way, we check that Uy <p | | 3" (1-F(y))dy+ N Nr~®—F N so that
, +
IntUx<p0 [ gy L (vie s P y2) s pt(1y2)”
NAUNSPC [ vty (Vs pra) (NPt a) )
1-— ap —ap p—1 —ap p—1 —1 P Ar—1
< CN= 4+ (14207 )N~ 4207 [P~ (1/2))" N~

ap

12



)]

2l

Since N1 < 29~ N~ we conclude that with sup,, _, denoting the supremum over z; € [F~1(‘t+), F~1(
for2<i<N-1,

(2.4)

1_
sup Nl (11, p) < sup sup NPWO(pun (way_1), ) < 200~ 4 =— 2L 1 4 9p= 1y gorar=2 | p=1(19)|°
N2>2 N>2x2:N-1 ap
We may replace sup > NePel (u, p) by SUp N >1 NePel (u, p) in the left-hand side, since, applying Lemma 1.2
with = 0, then using that for y > 0, F(—y) +1 — F(y) = u((—o0, —y] U (y, +00)) < 1, we obtain that
1

l—apC

+o0 +o0 2
_ _ 1 _ap”
e’f(u,p)ﬁp/ y° 1(F(—y)+1—F(y))dy§p/ y* 1dy+p0/ y TTerdy =1+
0 0 1

1 1
N
Let us next suppose that sup N’ / |F*1(u) - x{v|p du +/ |F71(u) - xmp du) < +o0. Like in the
N1 0 n1

proof of Proposition 2.1, we deduce (2.1). With the monotonicity of F~1, this inequality implies that

30 < +oo, Vu e (0,1/2), F~l(u) > FL(1/2) - S (=t —1).
1-2%7%

and therefore that inf,co,1/9) (uifo‘F_l(u)) > —oo. With a symmetric reasoning, we conclude that

sup ur “ <F_1(1 —u) — F_l(u)) < +o00.
u€e(0,1/2]

Let us now assume that limsup,_,, . g T w <F(—a:) +1- F(m)) € (0,+00), which, in particular implies

that sup, - T e (F(—m) +1-— F(a:)) < +o00 and check that limsupy_,.. N%en(p, p) > 0. For x > 0, we
have, on the one hand

2z
a

x% /;roo y?! (F(—y) +1- F(y)) dy > x% / Pt (F(—Zx) +1- F(2x)> dy

xT

=z (F(—Q:c) +1- F(2x)).

On the other hand, still for z > 0,

ap2 +oo op? +o00o ap2
w1 / y* (F(—y) +1- F(y)) dy < x7% supy=ar (F(—y) +1- F(y)) / y e dy
x y>x z
1—ap e
2.5 - sup y =57 (F ) +1—F )
(2.5) . SIpY (—y) (v)

ap? +oo
Therefore lim sup zi s / yPt (F(—y) +1- F(y)) dy € (0,+00) and, by monotonicity of the integral,

r—+o0

ap2

+oo
(2.6) limsup yy ** / y (F(—y) +1- F(y)) dy € (0,400)

N—+400 YN

along any sequence (yn)wnen of positive numbers increasing to +00 and such that limsupy_, ”g;l < +o0.
By Lemmas 2.4 and 1.1, we have r := supy>, No% ( Nv (—x{v)) < +oo (notice that since ziV < z¥,
k > 0). With (1.5), we deduce that:

e 1 p— e Pl
R s [ s [ - 0 RO

10 — 00 T



Applying (2.6) with yy = 26N+, we conclude that lim sup NePel (u,p) > 0. If T ar (F(—x) +1-— F(x))
N—+o00

does not go to 0 as x — +oo then either sup,~g T (F(—x) +1- F(m)) = 400 = supy> N en(u, p) or
limsup, o T (F(—x) +1-— F(:z:)) € (0,400) and limsupy _, ;.o N%en(p, p) € (0,+00) so that, synthe-
sizing the two cases, N%en (1, p) does not go to 0 as N — +o00. Therefore, to conclude the proof of the second
statement, it is enough to suppose limg_, 4 oo 277 (F(fx)JrlfF(x)) = 0 and deduce limy_; 400 N%en (1, p) =
0, which we now do. By Lemma 2.4, limy_,o, N7 (F~1 (N=1) — p=1 (L)) = 0. Since, reasoning like in the

above derivation of (2.3), we have YN ." fi |F~Y(u) — 2N |Pdu < & (F71 (M) — F~1 (%)) for N > 3,
N

we deduce that limy_,oo N Zfi;l s |F~Y(u) — 2N |Pdu = 0. Let
~

Sy = sup (azﬁ (F(—x)—kl—F(a:)))lg;j{f and yy = F~! <NA_/_1> \/Nﬁ*%\/(SNN%*“),

1

x> N 2

fe3
2

Using Lemma 1.2 for the first inequality, (2.5) for the second one, then the definition of yy for the third, we
obtain that

1
Nap/ |F_1(u) —m%|pdu

N-—-1
N
ap . p—1 N-1 ap i p—1
< pN (yn —v) Fy) = —x— | dy+pN (y—yn)" (1= F(y))dy
(8 YN
ap—1 [ -1 L—ap o *7101‘)2 e
< NP / plyn —y)’  dy + ——5— Ny, " sup yT-er (F(—y)+1—F(y))
Fo1( A ap y>yN
_ 14
< Nor-! (Nzlp—%’ V(SyN# @) — F~! (N 1))
N +
1-— P ap 1_4 _1033:0 P
t—a N (SNN" ) sup  yT=er (F(*y)ﬂ*F(y))
g y=NzE
.z e (N=1\\ | 1—ap e
S Nz2"2 \/SN - N o F T + B} SN .
+ o

Since lim o0 N5 1 (%) =0=limy_ oo N&~ 2 — limpy 400 SN, we deduce that lim oo NP f@ |F~1(u)—
N

1
2 |Pdu = 0. Dealing in a symmetric way with N7 [N |F~!(u)—2N|°du, we conclude that limy .o N*Pef, (1, p) =
0.
O

Example 2.5. let pg(dr) = f(z)dr with f(x) = Blifﬁ}} be the Pareto distribution with parameter 8 > 0.
Then F(z) = 151y (1—277) and F~'(u) = (1 — u)fﬁ To ensure that [ |x|Pp(dx) < +oo, we suppose
P
that 8 > p. Since ﬁ = [ we have limeJrooxl*p(%*%) (F(—x) +1— F(z)) = 1. Replacing limsup
P\ B
by liminf in the last step of the proof of Theorem 2.2, we check that liminfn_ 4 N%_%eN(ug,p) > 0 and
deduce with the statement of this theorem that en (ug, p) < N7»ts = sup,, v, Wolun(z2:n-1), i13)-

2.3 The boundary case a = 1/p

Before giving a necessary condition for convergence with the boundary order 1/p, we show in the next example
that for g > 0, eN(l{x>o}ﬂ:rB’1 exp (fxﬁ) dz, p) converges to 0 with this order up to some logarithmic factor.

In particular, the case 8 > 1 illustrates the possibility that, when p > 1, Nlir_I& Nl/”eN(;L, p) = 0 for some
——+o00

probability measures 1 with unbounded support. Of course, F~! is then continuous on (0, 1), since, by Remark
5.22 (i) [17], limsup N'/?en(u, p) > 0 otherwise.

N—+oo
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Example 2.6. For the Weibull distribution pug(dx) = f(z) dz with f(x) = {01827~ exp (—2?) with 8> 0
(the exponential distribution case B = 1, was addressed in Example 5.17 and Remark 5.22 (i) [17]), we have

that F(x) = 1zs0y (1 — exp(—xﬁ)), F~Y(u) = (=In(1 — u))% and f (Fﬁl(u)) =1 —u)(—In(1 - u))l_/%.
The density [ is decreasing on [xg, +00) where xg = (W) " Using (1.4), the equality F~!(w)—F~1(u) =

f FE-I) valid for u,w € (0,1) and the monotonicity of the density, we obtain that for N large enough so
that [NF(J;[;)] <N -1,

1 al ood 1 - 1
e p) > > rp (-1 (4=3))
wnzgy 2 (e f<F-1<u>>> N\ P O
1 1 N du
(2.7) > GV N;(;Bmz/' u)) ~ (8N)? /“VF(NM P F-1()

Using (1.3) for the first inequality, Holder’s inequality for the second inequality, then Fubini’s theorem for the
third, we obtain that

L p
e (pa, p) —/NN1 ‘xN P du < Z/ / % du
e 2i—1! dv 1 N d
<2 / | | T < w ), ey

We have F(xg) <1 and, when 8 > 1, F(zg) > 0. By integration by parts, for p > 1,
N-—1

%7ﬂpdu — [ (- —u) (= In(1 —u)f " du
(vh-1) /F T - /F =0T w)E

—1

= (1= w7~ m(1 = )5 7] M (g = >/FNN (1—w)(—In(1 — )5 """ du

F(zg) (z5)

N—-1

=N InN)F " +o0 (/F(N (1 —u)"?(—In(1 — u))ZPdu> ~ NP~ Y (In N)E 7,

zg)

as N — +oo. We obtain the same equivalent when replacing the lower integration limit F(xg) in the left-hand
[NF(zg)]
[V ()] : , v du

F(zg)
or 0 since lim —— =0 and/ —————— < +00. On the other
(u)) 0 fe(

ide b
suae oy Notoo Jpyy  JP(F F1(u))

hand,

/N1 e — ()| du < /Nl (TS (1nN)%)” du.

N

When B <1, foru € [¥F1,1], (—In(1 — u))% - (lnN)% < %(fln(l - u))%_1 (=In(1 —w) —InN) so that

/1 ((—ln(l — u))% - (1HN)%)’J du < % /NIN1 (—In(1 —u))ﬁ‘f’ (—In(N(1 —u)))” du

N—-1
N

= ﬂf’lN /01 (InN — Inv) 57 (= In(v))? dv

(2.8) < W ((mN)E /01(—1n(v))pdv+ /01(—1n(u))2 dv) .

When 8 > 1, for N > 2 and u € [YF 1], (—ln(l—u))}i (lnN)% %(lnN)%fl(—ln(l—u)—lnN) 50
that

! 1 1\P (InN)&—7 ! .
(2.9) /I\_1 ((—ln(l —u))? — (InN) ﬁ) du < 5”71\7/0 (—In(v))5 dv.

N

15



1 1 _
We conclude that for p > 1 and 8 > 0, ex (g, p) < N~ 7 (InN)7 1 < Wp(%(zzill 6F,1(%)+5F71(%))7uﬁ)'

In view of Theorem 5.20 [17], this rate of convergence does not extend continuously to en(ug, 1), at least for
B > 1. In fact, by Remark 2.2 [14], for B > 0, en(us,1) < N’l(lnN)%, which in view of (2.8) and (2.9),

N-1 i
implies that > f% |zl — F~H(w)|” du =< N='(InN)?
i=1

In the Gaussian tail case B = 2, en(uz2,p) < Nﬁi(lnN)_%+1{P=1} for p > 1, like for the true Gaussian

distribution, according to Example 5.18 [17]. This matches the rate obtained when p > 2 in Corollary 6.14
N

[6] for BY/P {W[)’ (i, > 5X1-7M>} where (X;)i>1 are i.9.d. with respect to some Gaussian distribution p with
i=1

1/2

positive variance. When p = 2, still according to this corollary the random rate is N~/2 (Inln N) (of course

worse than the standard Monte Carlo rate N=1/2).
The next proposition gives a necessary condition for ey (i, p) to go to 0 with order oo = %.
Proposition 2.7. Forp>1,

sup NYPen(p, p) < +00

N>1
1 1
=sup N </ |[F~ (u) — 2] ’ du+/ |F_1(u)—m%’p du> < +00
va1 \Jo N
& sup (F'(1—-w/2)—F'(1—u)+F 'u) - F ' (u/2)) < +oo
u€(0,1/2]
= sup FO—w - P < +o0o
u€(0,1/2] In(1/u)
eﬂAeax+m%vxzo,Qwﬂm+1—ﬁmw)geﬂwA
N1/ N
= sup su T2:N—-1), < 400
N>P2IZNIO1 TN o (N A (T2:N—1), 1)
N1/e
&SP Ty ey ) < oo

)vln;v) and sup,, ., means the supre-

where /J,N’)\(irth,l) = %(51; 1(1)/\( 111N)+Z,L 2 5I1+5F 1(
mum over the choice of x; € [F1(5A4), F71(%)] for2<i< N —1.

Remark 2.8. o The first implication is not an equivalence for p=1. Indeed, in Ezxample 2.6, for B > 1,

1
lim Ney(p,1) = 400 while sup N (fON |F~Y(u) — 2| du—!—fzv L [P u) — 2} du) < +o0.
N—+o00 N>1
e The second implication is not an equivalence as examplified by F~1(u) = g(u)In(u) where g(u) =

> keN kiﬂl(z,(ﬂl)s’z,ks](u). The function (0,1) 3 u — g(u)In(u) is a quantile function since it is left-
continuous and non-decreasing as the product of the left-continuous, non-increasing and non-negative
function g by the continuous, non-decreasing and non-positive logarithm function. Moreover, since g is

bounded by 1, one easily checks that sup,¢ g 1 /9 W < 400. On the other hand,
Fl (21—<k+1>3) _pl (2—<k+1>3) ) me+ F L 1)
kE+1 E+2
k (k+1)?
= In2 In2
e

goes to oo with k.

e The exponential tail condition 3N € (0, +00), Yz > 0, (F(—x) +1 —F(x)) < e /) is not equivalent to

SUP N >1 %eN(y,p) < 400 when p > 1 since in Example 2.6, for § € [1/2,1), supy>q %6]\7(#, p) <
+oo while the exponential tail condition fails.
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Proof. The first implication is an immediate consequence of (1.2).
To prove the first equivalence, we first suppose that:

N>1

1
+ 1 »
(2.10) sup Nv </0 |F_1(u ) — ’ du+/ . |F_1(u) —x%|p du> < +o0.
-~

and denote by C the finite supremum in this equation. By (1.4) fori =1,VN > 1, F~! (ﬁ) A (ﬁ) <4cC.
For u € (0,1/2], there exists N € N* such that u € [m, 2%,} and, by monotonicity of F~! and since
AN > 2(N + 1), we get

P - < P (o) < P (g )

P (3)- () ase) - )

Dealing in a symmetric way with F~1(1 — u/2) — F~(1 — u), we obtain that

IN

sup (F—1(1 —w2) — F Y1 —u) + FY(u) — F—l(u/z)) < 160.
u€e(0,1/2]

On the other hand, for N > 2, by Lemma 1.2 applied with z = F~! (%),

ot 5 (0 (1) ) o

- %Fl (2k1N)2,k§—1 (5rw) ji‘)(pl (leN) —F! (2J+11N>>
a2) > kz k+1

1
<= | sw (F'(u-F
w€(0,1/2]

where the last sum is finite. Dealing in a symmetric way with f@ |F’1 (u) — x%|p du, we conclude that (2.10)
N

is equivalent to the finiteness of sup,¢(g,1 /9 (F‘l (1—u/2)—F'(1—u)+F(u)— F_l(u/2)). Under (2.10)

with C denoting the finite supremum, for k € N*, F—! (2_(7”‘1)) —r! (2"“) > —4C and, after summation,

F7127%) > F~1(1/2) —4C(k — 1).

With the monotonicity of F~!, we deduce that:

Yu € (0,1/2], F~*(u) > F~1(1/2) + % Inu

and therefore that sup,,¢ g 1 /2] %;S) < +o00. With the inequality F~1(F(x)) < z valid for x € R, this implies
that Sup(, cp.0<r(2)<1/2) Wri/e@yy < +0° and therefore that 3 € (0, +00), Vo <0, F(z) < 6AI/IA' Under the
latter condition, since u < F(F~"(u)) and F~"(u) < 0 for u € (0, F(0)], we have sup, ¢ o, 7(0)] %/1(3) < oo and
even Sup,e(o,1/2] %;u)) < oo since when F(0) < %, SUDPye(F(0),1/2] %;S;) < 0. By a symmetric reasoning,
we obtain the two equivalent tail properties sup,¢(o,1/2] W < 400 and I € (0,400), Vo >
0, (F(—x) r1- F(a:)) < e

Let us finally suppose these two tail properties and deduce that supy s sup,, .., 1]111;;, Wy (una(za:v—1), 1) <
+00. We use the decomposition WP(MN)\(‘"EQ‘N 1), ) = Ly + My + Uy introduced in the proof of Theorem
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2.2 but with F~! (%) A (—ln)\N) and F~! (%) v (%) respectively replacing F~' (%) A (—N%ﬂl) and

F~1 (M=) v (N%7%) in Ly and Uy. By (2.3), we get:

VN >3, My < % <F1 (NNl) g (1>>p < (u;&% F (1 hl(ul)/u)Fl(U)>p (lnjl\y)f{

Applying Lemma 1.2 with = F~! (%) A (—%) then the estimation of the cumulative distribution function,
we obtain that for N > 2,

o[ (e (B) 0 (BY) ) Fay
o = G ) () o

p [ A 1 1 /InN (1))
< F _a\P Yy — ==t il
_A[w (-y) 6dy+N</\+F v)),

(k+1)laf In AN\t 1 /InN 1\’
P n Y n -1
<t 1)—— Y — (== 4+F 1=
—AZ/,CM (UH ) ) ¢ dy+N< N (2))
k>1 Py +
p(In N)? (E+1)r 1 1 /1 RN
< R -
— A\ HLIN Z 2k—1 + N )\lnN—l—F 2 +’

k>1

where we used that N* > N25~1 for the last inequality. Dealing in a symmetric way with Uy, we conclude

NW? N-1),
that supy>osup,, , , p(lfiaﬁi)f L):4) < +o0. O

Conclusion

In the present paper, we have characterized the convergence of en(u, p) to 0 with order a € (0, %) and also

studied the convergence with boundary order v = 1/p between the unbounded support case and the bounded
support case. In view of Example 2.6, it would be nice to investigate whether the leading factor remains
N—Y/? for ;i with unbounded support and superpolynomial but subexponential tails. Characterizing the order
of convergence when the support of 4 is bounded and its quantile function F~! is continuous is another open
question.

Of course, generalizing our results to higher dimension would be of great interest. This appears to be
challenging since our approach heavily relies on one-dimensional tools like the cumulative distribution function
and the quantile function.

Appendix

Proof of Lemma 1.1. Since the finiteness of sup,,¢ g1 /2] ur (F~'(1 —u) — F~'(u)) implies the finiteness of

both Supue(o,l)u%_aFfl(l — u) and infue(o,l)u%_o‘Ffl(u), the second statement is a consequence of the
first one, that we are now going to prove. When p = 1 (resp. p = 2), then the conclusion easily follows

from the explicit form 2l = F~!(5) and 28 = F~' (2JZ) (resp. 2zl = Nfoﬁ F~Y(u)du and ) =

N[ L F~1(u)du). In the general case p > 1, we are going to take advantage of the expression
N

1

s =0 [ (Lozrsamm (0= P70 =0)" = Lgepsao (70 =0 =0)") du

1

of the derivative of the function R 3 y +— / |y — F_l(u)’p du minimized by z¥. Since this function is
N—-1
N

strictly convex =% = inf{y € R : f(y) > 0}. Let us first suppose that Sy := SUDye(0, 1) u%_O‘F_l(l —u) €
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(0,400). Since for fixed y € R, R 3z (1gy>y(y — 2)P7! — Lycpy (x — y)P7 1) is non-increasing, we deduce
that Vy € R, f(y) > pS}'{lg(ﬁ) where

1

For z > (4N)%_a, we have zan-1 < v and z — (QN)%_O‘ > (1 - 20‘_9) z so that

% 1\ Pl Zﬁ 1 p—1 % 1 p—1 Zﬁ ap—1
9(z) = / . (z - u"‘F) du — / (u"‘? - z) du > / (z _ (zN);—a> du — / u P
zap—1 0 1 0

1\ P—1
% o1 (1-207%) &
> (1-2073) z”*l/N du— L e -
. 1+ (p—1ap 2N 14+ (p—1ap
The right-hand side is positive for z > (RN)%_‘” with k 1= 2p . Hence for z > ((k Vv 4) N)%fa,

a1\t
(1-2"77)" a+o-nan
g(z) > 0 so that for y > ((k V 4) N)%ﬂJK SN, f(y) > 0 and therefore
N Ia
N <(kV4)N)»"* Sy.

Clearly, this inequality remains valid when Sy = 4oc0. It holds in full generality since Sy > 0 and Sy =
0 < F~Y(1) < 0 a condition under which 2§ < 0 since 2§ € [F~* (82+),F~1 (1)] NR. By a symmetric
reasoning, we check that =V > ((k V 4) N)%_CK inf, e, 1) u%ﬂ’F_l(u). O
Proof of Lemma 2.4. Let 8 > 0. For x > 0, using the monotonicity of F for the first inequality then that for
y€[%,a], yt > (%)571 APl = 2&3?%, we obtain that

+oo

F(-2)+1- F(z) < > /w (F(*y) +1- F(y)) dy < 26;1 L

T Jzs2 z y <F(—y) +1-— F(y)) dy.

/2
Since f0+°° yP-t (F(—y) +1- F(y)) dy = % e ly[P1(dy), the finiteness of [, |y|?u(dy) implies by Lebesgue’s

theorem that lim, o 27 (F(—z) 4+ 1 — F(z)) = 0. Since z + 27 (F(—z) 4+ 1 — F(z)) is right-continuous with
left-hand limits on [0, 4+00),

sup (F(fz) +1-— F(x)) < 400 < lim sup z° (F(—:z:) +1-— F(x)) < 400,

>0 T—00

with the latter property clearly implied by lim, oo 2° (F(—2) +1 — F(z
For e € (0, ), using that for y > 0, F(—y) + 1 — F(y) = p((—o0, —y]

|
<
C
2
+ o

00)) < 1, we obtain
+oo
/ 2P u(de) = (6 — ) / Y (F(—y) + 1 F(y)dy
R 0

<(B-¢) /01 y? == ldy + (B — ¢) sup2” (F(—a:) S F(x)) /1+OO v Ldy

x>0

. c ig};xﬁ(F(—x) +1- F(x))

Therefore sup z” (F(—x) +1-— F(m)) < 400 = Ve € (0,8), / 2|7 u(da) < 4o0.
x>0 R
Let us next check that

(2.11) sup z” (F(—J:) +(1- F(x))) <4o00e sup uf(FH1—wu)— F'(u) < +o0.
©>0 ue(0,1/2]
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For the necessary condition, we set u € (0,1/2]. Either F~!(u) > 0 or, since for all v € (0,1), F(F~(v)) > v,
we have (—F’l(u))ﬁ u < sup,s_p-1(,) #°F(—) and therefore F~*(u) > — (sup,q xﬁF(—x))% u~ 7. Either
F~1(1—u) <0 or, since for all v € (0,1), F(F~!(v)—) < v, we have (F~(1 — u))’u < sup,> p-1(,_,) 2°(1 —
F(2z—)) and therefore F~1(1 —u) < (sup,sq 2°(1 — F(x)))% u~ 7. Hence (2.2) holds.

For the sufficient condition, we remark that the finiteness of sup,¢ g 1 /9] ub (F71(1 —u) — F~Y(u)) and the
inequality F~*(1—u)—F~'(u) > (F7'(1/2) = F~'(u))V(F~'(1 — u) — F~'(1/2)) valid for u € (0,1/2] imply
that inf,c,1/9 u%F_l(u) > —00 and Sup,¢(o,1/2) u%F_l(l —u) < +00. With the inequality z > F~(F(z))
valid for z € R such that 0 < F(x) < 1, this implies that inf,cp.p(zy<1/2 (F(m))% x > —oo and therefore that
sup,>¢ 27 F(—x) < +oo. With the inequality z < F~*(F(x)+) valid for # € R such that 0 < F(z) < 1, we
obtain, in a symmetric way sup,~,z”(1 — F(z)) < +oo.

Let us finally check that lim,_, o 2 (F(—x) +1- F(x)) =0 & lim, 04 us (Fr(1—w) — Fu) =
0. For the necessary condition, we remark that either F~1(1) < 400 and lim,_0s u? F~1(1 — u) = 0 or

F~1(1 — u) goes to +00 as u — 0+. For u small enough so that F~1(1 —u) > 0, we have (F~1(1 — u))’u <
SUPy> p-1(1—u) 2%(1 — F(z—)), from which we deduce that lim, o+ u(F~1(1 — u))? = 0. The fact that

limy, 04 us F~1(u) = 0 is deduced by a symmetric reasoning.
For the sufficient condition, we use that x(1 — F(l‘))% < SUP,<1-F(z) U%F’l((l —u)+) and z (F(z))
inf, < p(a) U%F’l(u) for x € R such that 0 < F(z) < 1.

=

>

O
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