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THE KINETIC FOKKER-PLANCK EQUATION WITH MEAN FIELD
INTERACTION

ARNAUD GUILLIN * | WEILIU * , LIMING WU * |
AND CHAOEN ZHANG *

® UNIVERSITE CLERMONT AUVERGNE

¢ WUHAN UNIVERSITY

ABSTRACT. We study the long time behaviour of the kinetic Fokker-Planck equation with
mean field interaction, whose limit is often called Vlasov-Fkker-Planck equation. We prove
a uniform (in the number of particles) exponential convergence to equilibrium for the so-
lutions in the weighted Sobolev space Hl(u) with a rate of convergence which is explicitly
computable and independent of the number of particles. The originality of the proof relies
on functional inequalities and hypocoercivity with Lyapunov type conditions, usually not
suitable to provide adimensional results.

Key words : Hypocoercivity, mean field interaction, Poincaré inequalities, logarithmic Sobolev
inequality, Lyapunov conditions

1. INTRODUCTION

In this paper we are interested in the system of N particles moving in R¢ with mean field
interaction ' '
dzy = vidt

V2dB! — vidt — VU (2}) — E:me " (1.1)

1<]<N

i
dvy

where xf, v} are respectively the position and the velocity of the i-th particle, and (B})>o(1 <
i < N) are independent standard Brownian motions on R?, U : R — R is the confinement
potential, and W : R4 — R is the interaction potential. Equivalently, denote (x¢,vp) =
((z}, 22, ,2l), (v}, 02, ,v])), the particle system can be rewritten in a more compact

form
dZEt = Utdt

dvy = V2dB; — vpdt — VV (2)dt
where B; = (B}, B?,---,B}") and the function V is the whole potential with mean field

interaction given by

V(x17x27...7xN): Z U(.Z'Z)—i-% Z W(.Z'Z—ij) (13)

1<i<N 1<i,j<N

(1.2)
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This damping stochastic Newton equation, though non-elliptic, is hypoelliptic. It has a
unique invariant probability measure p(dz,dv) on RV? x RN? given by
‘2

|v
pu(dx, dv) = Ee_v(x) . (2#)_¥6_Td$dv
where & = (x1,29, -+ ,xn),v = (v1, V2, ,vy) with z;,v; € R? for 1 <i < N, and Z is the
normalization constant (called often the partition function). Denote
1 lv[?
dm(z) = Ee_v(m)dzn, dy(v) = (271')_%6_7(1’0

and so p(dz,dv) = dm(z)dy(v).
The density function hy(x,v) = dug(x, v)/du(x, v) of the law p; of the diffusion process (xy, vy)
with respect to the equilibrium measure p satisfies the kinetic Fokker-Planck equation on
RNd % RNd

oh

En +v-V,h =V, V(z) Vyh=Ah—v-Vyh (1.4)
subject to the initial condition hg(x,v) = dpg(x,v)/du(x,v). Here a-b denotes the Euclidean
inner product of two vectors a and b, V, stands for the gradient with respect to the position
variable z € RN¢, whereas V,, and A, stand for the gradient and the Laplacian with respect
to the velocity variable v € RV, respectively. And we shall adopt the notation V2 for the
Hessian operator, and V2, = (9%/ 0x1,0v;)1<k,1<Ng for the mixed Hessian operator.

We denote by L?(u1) the weighted L? space with respect to the reference measure p for which
|| - || is the L?(p)-norm and (-,-) is the associated inner product. Denote by H'(x) the
weighted L2-Sobolev space of order 1 with respect to u, and the norm || - || H'(u) 18 given by

11171 ¢=/h2du+/(lvxh\2(wav)+\Vvh\2(ﬂf=v)) dp(z,v). (1.5)

When the probability measure m satisfies a Poincaré inequality, and when V2V satisfies
some ”boundedness” condition (see the condition (2.8) below), C. Villani [30] established the
exponential convergence of hy in H'(y). This is the starting of the term ”hypocoercivity”
method, which was before initiated by [13, 23, 21]. An other approach was initiated by
Dolbeault-Mouhot-Schmeiser [14, 15] with the advantage of not needing a priori regularity
results. Their H'-convergence holds under the same assumptions. Note that is has triggered
quite a lot of results for kinetic equations [16, 26, 8, 9, 10, 20]. However Both Villani’s and
DMS’s approach on the exponential convergence rate depends highly on the number N of
particles. To complete this review on the speed to equilibrium for the Langevin equation,
let us mention that a probabilistic approach based on coupling [19] or Lyapunov conditions
[29, 31] was also developed but, as is often usual for Meyn-Tweedie’s approach relying on
Lyapunov conditions, the rate also depends (even more dramatically) on the dimension. Note
however that, under very strong convexity assumptions, Bolley&-al [6] obtained a uniform
decay in Wasserstein distance for the mean field Langevin equation by a coupling approach.
Very recently, an interesting work by Monmarché [27] established an entropic decay, using
Villani’s hypocoercivity, but still under strong convexity assumptions, and Baudoin&-al [5]
mixed Bakry’s I's approach with hypocoercivity to obtain H' exponential decay even in a
non regular case, i.e. Lennard-Jones potential, but with a rate still depending on the di-
mension. Note also that for a non mean-field case but oscillators Menegaki [25] obtained a
dimension dependent convergence to equilibrium. The objective of this work is to establish,
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and it seems to be the first result under non convexity assumptions on the potential, some
exponential convergence in H'(p), uniform in the number N of particles. The originality of
our approach is that we will combine Villani’s hypocoercivity with recent uniform functional
inequality and Lyapunov conditions (usually not suitable to provide adimensional results).

As an other motivation to get uniform in the number of particles result, the linear diffu-
sion process (¢, v;)i>0 in RY 4 % RN? is the mean field approximation of the self-interacting
diffusion process (Z¢, Ut)e>0 in R? x R? which evolves according to

dz, = v dt

where wu;(dy) is the law of Z;, and B is a standard Brownian motion on R, Its equivalent
analytic version is: the density function g = ¢(¢,%,v) of the law of (Z;, 04)¢>0 with respect
to the Lebesgue measure dzdv satisfies the following self-consistent Vlasov-Fokker-Planck
equation on R? x R4

99
ot

subject to the initial condition that go(Z,v) is given by the law of (z,v}), where

m9(ZT) = /Rd g(t, z,w)dw

+0-Vzg— (VU(z) + VW x71g) - Vsg = Agg + Vi - (V9) (1.7)

is the macroscopic density in the space of positions Z € R?. This kinetic equation describes
the evolution of clouds of charged particles, and it is significant in plasma physics (see Villani
[30] and references therein). Only very few results on the long time behavior of this nonlinear
equation is known, see however [30] in the compact valued case or Bolley et al.[6] in the strictly
convex case (see also [27]). Our results are a first step towards such a long time behavior but
the H' convergence does not behave well with respect to the dimension. We thus plan for
a future work to consider entropic convergence and propagation of chaos for the mean field
Langevin equation.

Let us finish this introduction with the plan of our paper. The next Section presents the main
assumptions and the main results, i.e. a uniform exponential convergence to equilibrium in
H' under non convex assumptions. It also presents a crucial tool: Villani’s hypocoercivity
theorem. Its details will be given in Section 3. Section 4 contains useful lemmas in the case
where the interaction potential has a bounded hessian. The next sections present the proofs
of our main results: Theorem 3 in Section 5 and Theorem 4 in Section 6. The final Section
presents a discussion on an improvement on the rate of convergence.

2. MAIN RESULTS

2.1. Framework. As in the introduction, dm(z) = %e‘v(m)dx is the probability measure
on the position space RN¢ and will be referred as the mean field measure later. Let dy(v) be
the standard gaussian measure on the velocity space RV, so du(z,v) = dm(z)dy(v).

Now we introduce our assumptions.
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(A1). The functions U and W are twice continuously differentiable on R?, W is even (that
is, W(x) = W(—x) for all z), and

Z :/ e V@ dr < 00, VN > 2.
RNd

i.e. m is always assumed to be a probability measure.

(A2). V2W is bounded, i.e. there exists a positive constant K such that
~KI; < V*W < Kl

as quadratic forms on R%, where I is the identity matriz of size d.

This assumption, which of course relaxes convexity, has been also considered in the prop-
agation of chaos problem as well as the convergence of the (non kinetic) McKean-Vlasov
equation in [18, 17].

UPI. The measure dm(x) = %e_v(m) dx satisfies a uniform Poincaré inequality i.e. there
exists a positive real number k > 0 such that for any N > 2, and any compact-supported
smooth function h on RN?, it holds

k[ (h— [ hdm 2dm§ |V .h|? dm. (2.1)
J (1= fram) on< |

The most easy-to-check criterion might be the Bakry-Emery curvature-dimension condition
C'D(k,0) (see for instance [3]). It says that both Poincaré inequality and logarithmic Sobolev
inequality (see (2.12) below) hold true for dm(x) = %e‘v(x)da: as soon as

V2V($) Z HINd

in the sense of quadratic forms on RV, It can be verified if there exist constants k1, ko such
that

VU > ki1lg > 0, VW > koly (2.2)
as quadratic forms on R?, with k = r; — ke > 0 where k, is the negative part of xs. Indeed,
by Lemma 6 below, the above inequalities imply that the contribution of the interaction po-
tential W in V2V is bounded from below by —k; I4, and the contribution of the confinement
potential U is bounded from below by x1l;. Hence we have that V2V > (k; — Ky )INg as
quadratic forms. It should be noted that k is then independent of the number N of parti-
cles, i.e. we obtain a family of uniform functional inequalities for the mean field measure.
Note that this strong convexity assumptions are the one employed in [6] for convergence in
Wasserstein distance and by [27] for entropic convergence.

Other assumptions, more specified to the mean field measure m for the uniform Poincaré
inequalities and logarithmic Sobolev inequalities, can be found in another work [24] of the
authors. Indeed they proved these two functional inequalities with uniform (with respect
to the number N of particles) constants under various conditions on the confinement and
interaction potentials, even when U has two or more wells, and no convexity conditions on
W. The methods used there depend on some dissipativity rate of the drift at distance r > 0,
defined by

bo(r) = sup  —(—2 VU(x) = VU(y) + YW (e —2) = VW (y—2)).  (23)
vy seRtr—yi=r T Y]
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Theorem 1. Assume that the following Lipschitzian constant cripm s finite

1> 1 [®
CLipm ‘= Z/o exp{z/o bo(u)du} sds < o0. (2.4)

Assume that there exists some constant h > —1/cripm such that for any (z1,x2, -+ ,zN) €
RNd

1

N(—li?ﬁjv2W(xi —xj))1<ij<N = hng (2.5)

as quadratic forms. Then the mean field measure m satisfies the following Poincaré inequality

(h+1/cup,m)/ <h—/hdm>2dm§/lvxh|2dm.

for any function h € H'(m).

Recall that some nonnegative function f € Llog L(u), its entropy w.r.t. the probability
measure p is defined by

But,(f) = [ flog fau— u(f)logn(£). ()= [ fdu.

Theorem 2. Assume that

(1) There exists a constant prsm > 0 such that for all i and a:%, m;, the conditional
marginal distributions m; = m;(dx;|z") of x; € R knowing x' = (x;);4i, satisfies
the log-Sobolev inequality :

prsm Ent . (£2) < 2/|Vf|2dmi, feClma). (2.6)

(2) (a translation of Zegarlinski’s condition)
Yo = CLip,mK <1

then m satisfies
prsm( =0 Bun() <2 [ 19 1dm, 1 < @Y

i.e. the log-Sobolev constant of m verifies
prs(m) > prsm(l —0)>.

We remark that the assumptions can be verified in various settings for which we refer to
[24]. For instance, the uniform logarithmic Sobolev inequalities for the conditional marginal
measure can be verified by the Bakry-Emery I's-criterion and the bounded perturbation
theorem.

We will provide later explicit conditions on V' and W to get such a result.
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2.2. Villani’s hypocoercivity theorem. We shall present Villani’s hypocoercivity theo-
rem for kinetic Fokker-Planck equation concerning the convergence to equilibrium (c.f. [30]
Theorem 35, Theorem 18). In the sequel we shall adopt the semigroup formulation. Set

—L:=A,—v-V, —v-V;+VV(x):V,, (2.7)

then the kinetic Fokker-Planck equation can be rewritten as
Oth + Lh = 0.
The associated semigroup will be denoted as e ** and a solution could be represented by
h(t,z,v) = e Lh(0,-,).

We shall use the notation |S|%g := > |;5’Z-2jh|2 for the square of the Hilbert-Schimidt norm
of the square matrix S = (S5;;). Forl,ijnstance, V2, h|%g = > |8§ivjh|2. And for a square
matrix S, |S|op stands for its operator norm. v

Villani’s Hypocoercivity theorem in H'(j) (see [30, Theorem 35]) states,

Theorem 3. Let V be a C? function on RN?, satisfying the condition UPI. Suppose that
there exists a positive real number M such that

[12v@) - Vb < v ( [ v [ ’ngwh‘%rsdﬂ> | (2.8)

for any h € H?(iu). Then there are constants Co > 0 and X > 0, explicitly computable, such
that for all hg € H' ()

et hg — /hodMHHl(M) < Coe™|lholl a1 - (2.9)

The idea in Villani’s proof of Theorem 3 is as follows: if one could find a Hilbert space such
that the operator L is coercive with respect to its norm, then one has exponential convergence
for the semigroup e ** under such a norm; If, in addition, this norm is equivalent to some
usual norm (such as H'(x)-norm), then one obtains exponential convergence under the usual
norm as well.

We shall refer to the condition (2.8) as the boundedness condition (2.8) on V2V. In his
statement of [30, Theorem 35], this boundedness condition is verified by |[V2V| < C(1+|VV])
with a constant M depending unfortunately on the dimension.

In the setting with mean field interaction, the constants C( and A given in [30] depend on the
number N of particles, through the dependence of M (in (2.8)) on N. In fact, by a careful
analysis of the study in [30], we are led to the following observation: in [30, Theorem 35,
Lemma A.24], as N — oo, A decays faster than N2, while Cy grows faster than N 3/2 We
will give conditions under which we may bypass this dependence in the number of particles.

2.3. Main results. We have two different assumptions on the interaction potential ensur-
ing an H' convergence to equilibrium. The first one is quite strong, namely that W is a
Lipschitzian function but we only assume a uniform Poincaré inequality (UPI).
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2.3.1. case UPI and |VW | bounded.

Theorem 4. Assume (A1), (A2) and the condition UPIL. Suppose furthermore that
IVW| < K’ and the following Lyapunov condition holds

\V2U|,p < K1|VU| + Ky (2.10)

for some positive constants K', K1, Ko. Then there exist explicitly computable constants Cy
and X, independent of the number N of the particles, such that

e hg — /hoduuw) < Coe™ 1ol 1) (2.11)

for all hg € H' ().

2.3.2. case Uniform Logarithmic Sobolev Inequality and (A2).
In the next theorem, we shall release the boundedness assumption on VW, but reinforce the
condition UPI as

ULSI. The mean field measure m satisfies a uniform log-Sobolev inequality with a constant
Crs > 0, i.e. for all N > 2 and for all smooth compactly-supported function g on RN? it
holds

Ent,,(¢%) == /92 loggzdm—/g2dmlog </gzdm> < 2CLS/|Vg|2dm. (2.12)

In [24] practical conditions are given to ensure such a condition, see example below.

Theorem 5. Assume (A1), (A2) and the condition ULSI. Suppose furthermore that the
Lyapunov condition (2.10) holds for some positive constants Ky and Ko. Then there exist
explicitly computable constants Cy and X, independent of the number N of the particles, such
that

e hg — /hoduuw) < Coe™ 1ol 11 (2.13)
for all hg € H' ().

We relax in this theorem the strong assumption concerning the boundedness of [VIV| but we
reinforce the functional inequality needed to ensure the adimensional result.

2.4. Examples.

2.4.1. UPI and Theorem 3. Let assume the following convexity at infinity assumptions on
U: there exists constants cy, ¢ and R > 0 such that
(VU(x) = VU(y), 2 —y) > culz — y* = cle = yl1,_y <k (2.14)
By following [24, Cor. 5, Rem. 4], then assuming (A2), if we suppose moreover
(cr — K)e °f/* — 9K > 0,

then UPI holds. The Lyapunov condition (2.10), expressing that U cannot grow too fast
(more than exponentially) and the boundedness condition of |[VW/| are easy to verify.
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2.4.2. ULSI and Theorem 4. For simplicity, we will suppose that U is super convex at infinity,
i.e. for any K > 0 there exists R > 0 such that

VU>KI, V|z|>R.
Note that it implies (2.14). Suppose also
oCR/4
(cv — K)

where ¢ and Cp are described in (2.14), then a ULSI holds and once again the Lyapunov
condition can be easily verified on examples.

K<1

3. VILLANI’S HYPOCOERCIVITY THEOREM

This section is devoted to Villani’s hypocoercivity theorem. The following outline of the
proof of [30, Theorem 35| further details the use of the condition UPIT and the boundedness
condition (2.8),

(1) Introduce an inner product ((-,-)) in the form of

(B, 1)) = [|RI]* + a|[Voh|[* + 20(Voh, Vih) + [V h|[? (3.1)
where the coefficients a, b, ¢ will be specified later such that
e[l gy < ((h W)Y? < eal Bl gy, Vh € H' () (3.2)

for some constants ¢; > 0,co > 0.
(2) Prove a coercivity estimate for L under the new inner product. Thanks to the bound-
edness condition (2.8), one can choose appropriately the constants a, b and ¢ such that

((hy L)) = 2o([IVahl2 + [[VoRIP), it / By =0 (3.3)

for some constant A\g > 0 depending only on the constant M. By the tensorization
property of Poincaré inequality, the condition UPI implies that

((h, 1)) < 2a+ D[|Vh|* + (2¢ + £ )|[Vh]|?
for all function h € H' () with [ hdu = 0, and hence

(0 2) 2 AR, [ =0 (3.4
where A can be given by
. 1 K
A_Aomm{2a+1’2cl‘<a+1}' (3:5)

(3) Apply Gronwall’s lemma and deduce exponential decay in the new inner product,
((e7*h, e tn)) < e 2M((h, h)), if / hdp =0

which, due to the equivalence of the two inner products, implies exponential decay
in H'(p)-norm

_ C2 _
le-th— [ haplingy < Ze ik - [ hullig,
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and so the theorem follows by taking Cy = ca/cq.

In the coercivity estimate (3.4), a vital technical point is the introduction of the mixed term
(Vzh,V,h). And one has to bound the terms involving V2V since it appears naturally in
the computations. To see this, recall the following expression taken from [30],

((h,Lh)) = |IVuh|[> +a(||V2RI]* + || Vuhl[* + (Vyuh, Vh)
+b(2(V2h, V2 ) + (V,h, Vih) + ||Veh||*> = (Vuh, V2V - Vb))
+e(||[V2,h|> = (Vuh, VEV - V,h)). (3.6)

It is then clear that, without the mixed term (V, h, V,h) (i.e. let b = 0), there would be no
dissipation in the V, direction, and so it would be impossible to get a coercivity estimate.
That way, the inner products ((-,-)) and (-, -) g1(,), though being equivalent, are quite different
in coercivity. And we see that the mixed term really helps to get coercivity.

As the computation (3.6) shows, in order to obtain a coercivity estimate in the form of (3.3)
or (3.4), we need to bound the terms involving V2V (x)-V,h which occur in ((h, Lh)), namely,
—(Vuh, V2V (z) - Vyh) and — (V. h, V2V (z) - V,h), in terms of the L?norm of V,h, V2h,
Vh, and V2 h. And it then becomes natural to consider boundedness conditions in the
form of (2.8).

Moreover, assuming the condition (2.8) holds with a constant M, by Cauchy-Schwartz in-
equality, we have

((h,Lh)) >{(Z,TZ)

with the vector Z = (||V,hl|,||[V2h||, [|Vhl|, [|[V2,h|]) € R? and the symmetric 4 x 4 matrix
T given by

l+a—-bvVM 0 —(a+b+evM)/2 —bVM/2
0 a 0 —b
—(a+b+cvM)/2 0 —evV/M/2 |- (3.7)

r= b
—b\/M/2 —b —C\/M/Q c

To ensure the coercivity estimate (3.3), it suffices to choose a, b, ¢ such that
T > Diag(Ao, 0, Ao, 0) (3.8)

as bilinear forms. In doing so, the constants a,b,c and Ay depend only on M (and so does
Cy). For instance, assuming that M > 1, we could take a = ﬁ, b= 2001MQ, c= 8001M3 and
Ao = W. Then, following the outline above, we obtain a rate of convergence A given by

(3.5) which depends only on M and the spectral gap constant .

This shows that we can get rid of the dependence of the number N of particles, if we can
verify the boundedness condition (2.8) with a constant M independent of N.



10 ARNAUD GUILLIN, W. LIU, LIMING WU, AND CHAOEN ZHANG

4. BOUNDED INTERACTION ASSUMPTION

We compute at first the Hessian of the interaction potential:

1
, = 2 VW(ai—ap), ifi=j;
2 il _ _ k:ki
inxj ON Z W(azk a:l) = 7511
1<klsN —NVQW(@ —xj), ifi#j.
Denote it by H;j for 1 <1i,7 < N. It is clear that H;; = — Zj:#i H;j. Put
Hyw = (Hyj)1<i,j<n,

Hy = Diag(V?U(21), V2U (x2),- -+ , VU (2x)).
Then we get
V2V(ZE) = (V2 V(l‘))lgi,jSN =Hy+ Hy. (4.1)

T

We begin by giving an upper bound for the operator norm of the matrix Hyy (z). For a real
number r, as usual, we denote its positive part by r* and its negative part by r~.

Lemma 6. If |V2W (y)|op, < K for all y € RY, then
[Hw (2)]op < K
for all x € RN, More precisely, it holds

(1) If V2W < )\MId7 then Hw(aj) < )\L[Nd 5y

(2) If V2W > A\uly , then Hy(x) > =X\, Ing.
where the inequalities are understood in the sense of quadratic forms.
Remark 7. The coefficient in the above lemma is in fact optimal. Consider d = 1 and
W(y) = %yz. In this case, set p = (1,1,--- ,1)T € RV, and the matrix N Hy = NIyg—pp’ =

NII,. where IT,1 denotes the projection onto the subspace which is perpendicular to p. Hence
Hyy has two eigenvalues, 1 and 0. It follows that the operator norm of Hyy is 1.

Proof. Here we use the notation (-,-) for the scalar product in the Euclidean spaces. Fix
= (z1,29, - ,2n) € RV Let 2z = (21,29, ,2n) where z; € R? for 1 <4 < N. Since
Hii = — Zj:j;éi Hij and Hij = Hj,’, we have

(z,Hwz) = Y (2, Hijlzj —2)) = ) (2, Hji(zi — %))

J# i#]
1
= -3 > Az — 2z Hyilzi = 25)
i#]
1 2
= W <Zi - zj,V W(LZ'Z - a;j) . (Zi - Zj)>.
i

(1) Assume V2W < A\y1y, then

(zi = 2, VW (i — 25) - (21 — 25)) < Amlzi — 2]
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and therefore

(o Hws) <GS [ 5P - <N| ?- |Zzz-|2>

Z#J
< w.
(2) Assume V2W > A, I then
(zi = 2, VW (@3 — 25) - (20 = 7)) 2 Al — 24

and therefore

(2, Hwz) > Zm 5l = <N| |2—|Zz2|2>

> —)\m\z]2

(3) |V2W|,p < K means that —K1I; < V2W < KI;. By parts (1) and (2), this implies
that —KIyg < Hy < KIyg as quadratic forms and hence [Hyy |op < K.

O
Lemma 6 allows us to reduce the boundedness condition (2.8) to a simpler one,

Lemma 8. Suppose that |V2W|op < K. Suppose that there exist positive constants Cq,Co
such that for each i and for all g € H'(m),

/yv2U 20 dm < Cl/]ng\zdm—kCg/dem. (4.2)
Then the boundedness condition (2.8) is satisfied with a constant M given by
M = max{2C},2Cs + 2K°}. (4.3)

Proof. Under the assumptions and using V2V = Hy + Hyy, by Lemma 6, we have

/ |V§V : Vvh|2d:u < 2/ (|HU : Vvh|2 + |HW : vvh|2) d

/ > V() ]Vvih]2dﬂ+2K2/\Vvh\2du.

1<i<N

IN

We estimate these terms separately. Apply the inequality (4.2) with g = 0,,,h (here vy is the
I-th variable of v; € R?) for 1 <i < N and 1 <[ < d, we get

/ V20 (20)[2, B P < / [01 / V400, h2dm(z) + Cy / 1By, b dm(z ﬂ dy(v)

Summing over ¢ and [, we have

/ > VU(x p]Vvihfzd,u§Cl/]ngh‘%{sdu+(}2/‘vvh‘2du.

1<i<N

and so
/yvgv-vvhﬁdug 201/\v§why%wdu+(202+2K2)/yvvhy2du.

i.e. the boundedness condition (2.8) is satisfied with the constant M given in (4.3). O
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5. PROOF OF THEOREM 4

Let H be the elliptic generator associated to the mean field measure m, that is,

H = A,—VV(z) V,

1<i<N 1<j<N
- Z H;
1<i<N
where
Hi = Ny, — VU (x;) - Va, — Z VW (x; — xj) - Va,.
1<3<N

The following known lemma is a key to the Lyapunov type conditions, it was initially proved
in [4] to get a Poincaré inequality. We include its simple proof for completeness.

Lemma 9. Let H and m be defined as above, then for all twice-differentiable function S > 0
and for all g € H'(m),

/—%Sg2dm§/wg\2dm. (5.1)

Proof. Indeed, an integration by parts gives

/__g2dm < / (VS,Vg—;>dm(x)
< [vs 20 IS dma)

S S2
< / [Vgl*dm
where the last inequality follows from
Vs 9 ’VS ? 2
2g
29V, ~) < T2 1 VP,

0

This second lemma is the heart of the proof. It uses Lyapunov conditions, yet well know for
being highly dimensional, but at the marginal level, thus providing results independent of
the number of particles.

Lemma 10. Suppose that the Lyapunov condition (2.10) holds, i.e. there exists positive
constants K1, Ko such that

IV2U|pp < K1|VU| + K.
Then for all g € H'(m),

/\V2U(xi)]§pgzdm < Cl/]ng\2dm+C2/g2dm
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with C1,Co given by
25K {d> 25K K?
+ .

Cy =50K%, Co=4K3 + 1 5 (5.2)
Proof. Step 1: We show that the Lyaunov condition |V2U|,, < K;1|VU|+ K implies
VU2, < m((1 — a)|VU* — AU) + 1. (5.3)
where i
25K1d 1
m = 5K12,772 = 4K22+ 75 41 , and o = 5
Indeed, note that
C%d?
CAU < Cd|V*Ulop < | VAU + = —
for € > 0 and C > 0. And the condition |V2U|,, < K1|VU| + K implies
IV2U|2, < 2K7|VU|* + 2K3
Then we have
27712 202, C°d
VU, +CAU < (1+¢€)|VU[;, + »
C%d?
= 21+ ) KF|VU]? +2(1 + ¢) K3 + "
or -
1 K d
V2U2, < C [%WUP AU] 4214+ OK2 + 046 (5.4)

The desired inequality (5.3) follows by taking € = 1,C = 5K?.
Step 2. We take S(x) = e®V(#)/2 and compute

HS H;S « o 1
? = g = § (AU(%‘Z) + (§ — 1)|VU|2(:EZ) — N ZJ:VW(JJZ — :Ej) . VU(:EZ)

Since |[VIW| < K’, we have

——va xi—x;) - VU(z;) < K'|VU|(x:)

K/2
< Do + —|VU| (x;)
and so
2HS 5 K"
o< _ . -
s AU (z;) + (o — 1)|VU|*(z;) + 500
or "
2HS K
1-— 2(2) = AU(z;) < ——= + —
(1 - IVUP (i) - AU() < — 22 + o
Therefore, by the inequality obtained in Step 1,
2HS K"
VU (2) 2, < m(——5 + 5—) +m

oS 20
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Integrating with respect to g>dm, we obtain

2 K/2
/]VQU )2, %dm < m/ HS g>dm + (nz + 771)/92dm

2cy

2 K"?
< 771/|Vg| dm + (n2 + 2n1)/gzdm

where the last inequality follows from Lemma 9. O

Proof of Theorem 4. By the Lyapunov condition (2.10) in the assumptions, we can apply
Lemma 10 and obtain that for any g € H'(m), it holds

/\VQU(xi)lgngdm < / Vg)2dm + Oy /g2dm
with C1,Cy given by (5.2) for instance which are independent of the number N of particles.
Next, using Lemma 8, the boundedness condition (2.8) holds with M given by
M = max{2C},2Cs + 2K°}.

We apply Villani’s Hypocoercivity theorem 3 and then obtain the result. O

6. PROOF OF THEOREM 5

The next results extend the ones in the previous section to unbounded VW . Instead, we shall
require that the mean field measure m satisfies the Uniform Logarithmic Sobolev Inequality.
We prove the following estimate first, relying only on the variational formulation of entropy.

Lemma 11. Assume that the measure m satisfies a log-Sobolev inequality with a constant
Crs. ForO< 1< ﬁ given and for each i fixed, it holds for all suitably integrable function
g that

207, dIn(1 — 47C 1
/ Z 2, — x| dm < S/|V | dm + C 5 Ls)” /g2dm. (6.1)
JJ#Z

In particular, taking T = ﬁ, it holds

|5

Proof. Put

Z 2 — 2% dm < 160LS/|V9|2dm+41n2 dC’Ls/g dm. (6.2)
JJ#Z

1
F(z) = N_1 Z;'L’Ei—ﬂ?]
VR E)

Since the measure m satisfies a log-Sobolev inequality, we can apply the classical entropy

inequality
/fg2dm < Ent ,,(g°) +/g2dmlog/efdm
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with f = 7F. Then, for any 7 > 0 such that ¢, = log [ e™F'dm is finite, we obtain
1 1
/Fg2dm < ZEnt (g% +—/g2dmlog/eTde
T T

2C
< TLS/|Vm9|2dm—|—CT—2/g2dm

where the last inequality follows from the log Sobolev inequality for m.

Now it remains to give an upper bound of f e""dm. Thanks to the symmetry of m(dzy,dzg, -+ ,dzy),
we find
1 2
TF T\ —x|
/e dm < /—N—lz,e iTdm(x)
JiyF#

= / eT‘xl_x2|2dm(:E)

Let dyy (y) = (2m)~%2e~1¥*/2dy be the standard gaussian measure on R%. Due to the identity
el = [ eV2rudy, (y), we have

/eﬂxl_”Qdm(x) = //eﬁ(xl_xz)'yd%(y)dm(m)
= [an) [T mam)

For any given y € RY, the function v/27(z1 — 22) - y has mean zero w.r.t the measure m.
Indeed this is a consequence of symmetry,

/ (21 — 22) - ydm(z) = / 21 - ydm(z) — / 25 - ydm(z) = 0.

And note that v/27(z; — z2) - y is a Lipschitz function of = with Lipschitz constant 2./7|y|.
Therefore, according to the exponential integrability under a logarithmic Sobolev inequality
(see [3, Chapter 5] for instance), the function v27(z1 — 2) - y satisfies

/e‘/?(xl_xz)'ydm(:n) < e27l1*CLs
for any y € R%. Hence, if 0 < 7 < 1/(4CLs), we obtain

/eTde < /ezTcLSIyzd’Yl(y)
= (1—4TCL5)_d/2

and then the desired estimate follows. O

Lemma 12. Suppose that the mean field measure m satisfies a log-Sobolev inequality with a
constant Crg. Suppose the Lyapunov condition (2.10) and

|V2W|,p < K.
Then, for all g € H*(m),

/\V2U(xi)]§pgzdm501/]Vg\2dm+C2/g2dm
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with the constants Cq,Cy given by

2 22 o 25K 2 72
C; =50K{(1+4K“Cigq), Cy=4K5+ 1 +50In2-dK*KiCrs. (6.3)
Proof. As in the proof of Lemma 10, the Lyapunov condition (2.10) implies
VU2, < mi((1 = a)|[VU]? = AU) + (6.4)
with 11 = 5K7, 19 = 4K3 + 25K1d and o = 1.

Consider S(z) = e®V®@)/2 and compute

HS  « o 9 1
& =5 [ AU@) + (5 - DIVUP () - 5 Z'VW(@ ;) - VU (z;)
Jij#i
By Cauchy-Schwartz inequality, it holds
1 «
N Y VW(wi—w))-VU(z;) < —’— Y VW( (i — )" + S IVU (i)
1<j<N 1<]<N
1 2 @ 2
< L - )
< oy 2 IVWi— )+ SIVUP ()
1<j<N
and so
27‘[5 2 1 2
S AU () + (o = DIVUP () + 5 > [VW (i — )|

1<j<N
Using the assumption on V2U, we have
2HS 1
VU)o <m | = + 5 >, [VW(i—z)P | +m

oS 20N 152N

Integrating with respect to g?dm, we obtain by lemma 9

2
/]VQU (x;) Opg < ﬂ/—;Ll—sgzdm—i-ng/ 2dm+;7;(9
< 2771/|vg| dm—l—ng/ 2dm+;“@
with

/ Z VW (z; — z;)[>g>dm.

1<j<N

To prove the lemma, it remains to show that
o< 16K20§S/ \Vg[?dm +4In2 - dK20LS/g2dm (6.5)

Since W is even, we see that VW (0) = 0. Then it follows from the assumption |V2W|,, < K
that
VW (2)| < [VW(0)] + Klz| < K|z
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therefore
1 2 2 2 1 2 2
Jij# JiyFi

So we can apply the lemma 11 to get the inequality (6.5) and the proof is then complete. [
Now we turn to the

Proof of Theorem 5. By the Lyapunov condition (2.10) in the assumptions, we can apply
Lemma 12 and obtain that for any g € H'(m), it holds

/\VQU(xi)]?,ngdm < Cl/yvxg\2dm+02/g2dm

with C,Cy given by (6.3). Note that these constants are independent of the number N of
particles.

Next, owing to Lemma 8, we know the boundedness condition (2.8) holds with

M = max{2C},2C, + 2K?%}

We apply Villani’s Hypocoercivity theorem 3 and then obtain the convergence with rates
independent of the number N of particles. O

7. AN IMPROVEMENT ON THE RATE OF CONVERGENCE

The boundedness conditions proved in the previous sections share the following form

/\ViV-VUhIQdu < Ml/]VivhlﬂsdquMg/]Vvh]Zdu.
where the coefficients M; and Ms might be
My = 2Ch, M2:202—|—2K2

with constants Cy and Cy being given in (5.2) or (6.3). Note that C, and Cy depend on K;
and K3 in the Lyapunov condition (2.10)

\V2U|,p < K1|VU| + Ko.

It is clear that K is related to the asymptotic behaviour of V2U and VU at infinity, while
K> is more relevant to the local properties. For instance, when U behaves as a polynomial
at infinity, K7 can be taken to be arbitrarily close to zero (with the price of K5 being large);
consequently, M; might be very small while Ms might be large. This suggests that in general
we can obtain a boundedness condition with very different M; and Ms.

In this section, we shall take advantage of this fact and get a slight improvement on the rate
of convergence A. As mentioned before, the rate of convergence in [30, Theorem 35] is of
order M2, as M — oo with M = max{1, My, My}. However, by distinguishing the two

constants My and Ma, the rate can be improved to be of order M, 72 for small M, and big
Ms.

Proposition 13. If the following boundedness condition holds,

/ V2V - Vo hPdu < My / V2, b3y g du+ M / Voh2d,
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then the rate of convergence \ can be taken to be of order —— for small M, and big M.

VM2

Remark 14. We consider mainly the behaviour of A when Ms is large while M; is small.
For specific M1 and Ms, an refinement of the method is always needed to get a better rate
of convergence.

Proof. We set in this proof that M = max{1, Ms}. By Cauchy-Schwartz inequality and the

boundedness condition above,
—(V,h, V2V -V, h) > —||[V.h||[|[VEV - V,hl|

> —[[Vohl[\/M[[V2,h[2 + M|V, b2

>

~[[Vohll(v MLV 3 k] + /Mo [Voh]])

Similarly,
—(Vah, V2V - Vyh) > —||Voh|| (VM| V3,h] + v/ Ma|[V,h|])
This leads to
((h, Lh)) > (Z,T'Z)

with a matrix 7" given by

1+a—va2 0 —(a+b+c\/M2)/2 —b\/M2/2
0 —b

' 0 a
=1 (asbreviB)2 0 b VT2
NG o S Y v c

Denote
S = (Sij)1<ij<a == T" — Diag(\o, 0, Ao, 0),

Z = (21,29, 73, Zy).

The object is then choose a, b, ¢ such that S is positive definite. If now it is assumed that

1 b 1
< — = - < - .
b\/M2_4, ho=7< (7.1)
then
1 3
S11 =14 a— by/ M- —A02a+§, 53321)—)\0211). (7.2)

And if we impose furthermore the conditions below

b <a+b+c\/—M2>2 c (WWIY
- > - ' = , agz ,

1
2 2~ 2 2

a -

then we have

1 b
5212 + §Z§ > ‘25132123’, CLZl2 + %Zﬁ > ’25142124’,

b

3
aZz2 + %ZZ > ’2524ZQZ4‘, 1232 + gczz > ’25342324’7
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and it follows that
(Z, SZ> = 511Z12 + 522Z22 + 533Z§ + 54422 + 285132173 + 25142124 + 285947974 + 25347374

1 b
> 511Z12 + 522Z22 + 533Z32 + 54422 - (5212 + §Z§) - (CLle + gZZ)
c b 3c
—(aZ3 + 522) (423 Tg Z3)
1 3b
= (Su-3- a)Z} + (S33 — 1 —)Z3

> 0

where the last inequality follows from (7.2).

Case 1: To fix ideas, we consider the case My < 1 first. In this case, we may take M; as 1,
then the conditions (7.3) become

2
b> <a+b+c\/M2) . ac > 20, gbzc. (7.4)
For the moment let «, 5,7y be the constants such that

a=a/VM, b=p/V Mz,c:fy/\4/M3.
then, since M = max{1, My} > 1, it suffices that
3
B=(a+B+7)’ ay=28, oB>v (7.5)

where 5 < 1/4 (so that by/M; < 1/4). To conclude we may take all these inequalities to be
equalities, and in this case

5_5% _§5_3m2 _§6_2m
-~ 259217 N 250217 |~ 87 T 25021
and then

b 144

N=-=——.
T4 95091V
Recall the equality (3.5) says that
K 144 1 K

b= — min{ —g > Blzx }-

A= mln{

In particular, note that M = max{1, My} = My for My > 1, hence the rate of convergence A
is of order 1/y/Mj for large M.
Case 2: Now we consider the case M; > 1. The conditions (7.3) become

2 3
bz<a+b+cvMQ . ac>2M’, <> M (7.6)
The solution to the corresponding system of equalities is given by
1 16
b= a=—M3, c¢=——0>b.

(16M2+1+3\/_) 3 8M1
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which gives a rate of convergence of order M, ! for large M. Or we can proceed as in Case
1, and we may take

1 16 9 3
b == 3 s a = WMI s CcC = ﬁ
(1_§M12 Tl ﬁ) VM 8My VM
which gives a rate of convergence of order 1/y/Mj for large M. O

Remark 15. To ensure the positiveness of the matrix 7” in the proof, the constant Ay must
satisfy

14+a—by/My—Xg>0, and b— Ao > 0.

Assume a < 1, then the first inequality implies that b < 2/v/Ms while the second one implies
Ao < b. As a consequence, A < )g is at most of order 1/y/Ms. The rate of convergence stated
in the proposition is sharp in this sense.

Consider the matrix 7' given in (3.7) in section 3, similarly the rate of convergence \ is at
most of order 1/v/M. Furthermore, a fine argument shows that the positiveness of T' requires
that A\g is at most of order M ~2 as M tends to infinity. So the distinction between M; and
My allows us to get a better growth control for A (for large Ma).

Acknowledgements: A. Guillin and C. Zhang are supported by Project EFI ANR-17-
CE40-0030 of the French National Research Agency. W. Liu is supported by the NSFC
11731009. These results were first presented at the conference SMAI 2019 in Guidel Plages.
C. Zhang are grateful for the organizers for this magnificent event and especially for the
mini-symposium “Inégalités fonctionnelles en probabilités et analyse, et applications”.

REFERENCES

[1] Armstrong, S. and Mourrat, J.C.: Variational methods for the kinetic Fokker-Planck equation.
https://arxiv.org/abs/1902.04037 , 2019.

[2] Bakry, D., Cattiaux, P. and Guillin, A.: Rate of convergence for ergodic continuous Markov processes:
Lyapunov versus Poincaré. J. Funct. Anal., 254, 727-759 (2008).

[3] Bakry, D., Gentil, I., and Ledoux, M.: Analysis and geometry of Markov diffusion operators. Grundlehren
der Mathematischen Wissenschaften 348. Springer, Cham, 2014. xx+552 pp

[4] Barthe, F., Bakry, D., Cattiaux, P., Guillin, A.: Poincaré inequalities for logconcave probability measures:
a Lyapunov function approach. Elec. Comm. Prob., Vol 13, 60-66, (2008).

[5] Baudoin, F., Gordina M., Herzog D.: Gamma calculus beyon Villani and explicit convergence estimates
for Langevin dynamics with singular potentials. Preprint, https://arxiv.org/pdf/1907.03092.pdf.

[6] Bolley, F., Guillin, A., and Malrieu, F.: Trend to equilibrium and particle approximation for a weakly
selfconsistent Vlasov-Fokker-Planck equation. ESAIM: Mathematical Modelling and Numerical Analysis,
44(5), 867-884 (2010).

[7] Bouchut, F. and Dolbeault J.: On long time asymptotics of the Vlasov-Fokker-Planck equation and of the
Vlasov-PoissonFokker-Planck system with Coulombic and Newtonian potentials. Diff. Int. FEq., 8, 487-514
(1995).

[8] Calogero, S.: Exponential convergence to equilibrium for kinetic Fokker-Planck equations. Comm. Partial
Differential Equations, 37, 1357-1390 (2012).

[9] Cao, C.: The  kinetic =~ Fokker-Planck  equation  with  weak  confinement  force.
https://arxiv.org/abs/1801.10354, 2018.

[10] Cao, C.: The kinetic Fokker-Planck equation with general force. https://arxiv.org/abs/1905.05994, 2019.

[11] Carrillo, J.A. and Toscani, G.: Contractive probability metrics and asymptotic behavior of dissipative
kinetic equations. Riv. Mat. Univ. Parma 6, 75-198 (2007).



THE KINETIC FOKKER-PLANCK EQUATION WITH MEAN FIELD INTERACTION 21

[12] Carrillo, J.A., McCann, R.J. and Villani C.: Kinetic equilibration rates for granular media and related
equations: entropy dissipation and mass transportation estimates. Rev. Mat. Iberoamericana 19, 971-1018
(2003).

[13] Desvillettes, L. and Villani, C.: On the trend to global equilibrium in spatially inhomogeneous entropy-
dissipating systems: the linear Fokker-Planck equation. Comm. Pure Appl. Math., 54 (1), 1-42 (2001).
[14] Dolbeault, J., Mouhot, C., and Schmeiser, C.: Hypocoercivity for kinetic equations with linear relaxation

terms. C. R. Math. Acad. Sci. Paris, 347 (9-10), 511-516 (2009).

[15] Dolbeault, J., Mouhot, C., and Schmeiser, C.: Hypocoercivity for kinetic equations conserving mass.
Trans. Amer. Math. Soc., 367 (6), 3807-3828 (2015).

[16] Duan, R.: Hypocoercivity of linear degenerately dissipative kinetic equations. Nonlinearity 24(8), 2165-
2189 (2011).

[17] Durmus, A., Eberle, A., Guillin, A., Zimmer, R.: An elementary approach for uniform in time propagation
of chaos. To appear in Proc. Am. Math. Soc., 2019.

[18] Eberle, A., Guillin, A., Zimmer, R.: Quantitative Harris type theorems for diffusions and McKean-Vlasov
processes. To appear in Trans. Am. Math. Soc., 2019.

[19] Eberle, A., Guillin, A., Zimmer, R.: Couplings and quantitative contraction rates for Langevin dynamics.
To appear in Ann. Prob., 2019.

[20] Evans, J.: Hypocoercivity in Wasserstein-1 for the kinetic Fokker-Planck equation via Malliavin Calculus.
https://arxiv.org/abs/1810.01324.

[21] Hérau, F.: Short and long time behavior of the Fokker-Planck equation in a confining potential and
applications. J. Funct. Anal., 244, 95-118 (2007).

[22] Hérau, F.: Introduction to hypocoercive methods and applications for simple linear inhomogeneous kinetic
models. Lectures on the Analysis of Nonlinear Partial Differential Equations, 5, 119-147 (2017).

[23] Hérau, F. and Nier, F.: Isotropic hypoellipticity and trend to equilibrium for the Fokker-Planck equation
with a high-degree potential. Arch. Ration. Mech. Anal., 171 (2), 151-218 (2004).

[24] Guillin, A., Liu, W., Wu, L., and Zhang, C.: Poincaré and logarithmic Sobolev inequality for particles in
mean field interactions. Submitted, https://arxiv.org/abs/1909.07051.

[25] Menegaki, A.: Quantitative rates of convergence to non-equilibrium steady state for a weakly anharmonic
chain of oscillators. Preprint, https://arxiv.org/pdf/1909.11718.pdf

[26] Mischler, S. and Mouhot, C.: Exponential stability of slowing decaying solutions to the Kinetic-Fokker-
Planck equation. Arch. Ration. Mech. Anal., 221 (2), 677-723 (2016).

[27) Monmarché P.: Ergodicity and propagation of chaos for mean field kinetic particles. Stoch. Proc. App.,
127(6), 1721-1737, 2017

[28] Mouhot, C. and Neumann, L.: Quantitative perturbative study of convergence to equilibrium for colli-
sional kinetic models in the torus. Nonlinearity 19 (4) 969-998 (2006).

[29] Talay, D.: Stochastic Hamiltonian dissipative systems: exponential convergence to the invariant measure,
and discretization by the implicit Euler scheme. Mark. Proc. Rel. Fields 8, 163-198 (2002).

[30] Villani, C.: Hypocoercivity. Mem. Amer. Math. Soc. 202 . AMS (2009).

[31] Wu, L.: Large and moderate deviations and exponential convergence for stochastic damping Hamiltonian
systems. Stoch. Proc. Appl., 91, 205-238 (2001).



22 ARNAUD GUILLIN, W. LIU, LIMING WU, AND CHAOEN ZHANG

Arnaud GUILLIN, LABORATOIRE DE MATHEMATIQUES BLAISE PAscAL, CNRS UMR 6620, UNIVERSITE
CLERMONT AUVERGNE, CAMPUS DES CEZEAUX 3, PLACE VASARELY , F-63178 AUBIERE.

E-mail address: arnaud.guillin@uca.fr

Wei LIU SCHOOL OF MATHEMATICS AND STATISTICS, WUHAN UNIVERSITY, WUHAN, HUBEI 430072, P.R.
CHINA; COMPUTATIONAL SCIENCE HUBEI KEY LABORATORY, WUHAN UNIVERSITY, WUHAN, HUBEI 430072,
P.R. CHINA.

E-mail address: wliu.math@whu.edu.cn

Liming WU, LABORATOIRE DE MATHEMATIQUES BLAISE PAscAL, CNRS UMR 6620, UNIVERSITE CLER-
MONT AUVERGNE, CAMPUS DES CEZEAUX 3, PLACE VASARELY , F-63178 AUBIERE.

E-mail address: 1i-ming.wu@math.univ-bpclermont.fr

Chaoen ZHANG, LABORATOIRE DE MATHEMATIQUES BLAISE PAascAL, CNRS UMR 6620, UNIVERSITE
CLERMONT AUVERGNE, CAMPUS DES CEZEAUX 3, PLACE VASARELY , F-63178 AUBIERE.

E-mail address: chaoen.zhangQuca.fr



