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Submitted to the Annals of Applied Probability

SUPPLEMENT TO “WEIGHTED MULTILEVEL
LANGEVIN SIMULATION OF INVARIANT MEASURES”

By GILLES PAGES AND FABIEN PANLOUP

This document contains several postponed proofs of the article “Weighted
Multilevel Langevin Simulation of Invariant Measures”.

1. Proof of [PP18, Lemma 2.1]. Prior to the proof of Lemma 2.1,
we need to prove this first technical lemma which will be used to estimate in
a precise way the coefficients W, , and W, involved in the asymptotic
mean square error of the ML2Rgodic estimator in Theorems 2.1 and 2.2
of [PP18].

LEMMA 1.1. Let R > 2 be an integer.and let (x,)r,—1,. r be pairwise
distinct real numbers. Then the unique solution (y)r—=1
to the R x R-Vandermonde system

R to the solution

I

R
me_lyr == 1,..., R,

s given by
R
Hs:Ls;ﬁr ('7’.7" B C)
Hs:l,s#r(aj’f’ - .’Es)
Moreover,

c—xr

R

(1.2) Z yrxﬁ =
r=1
R

(1'3) Z yrl‘f =
r=1

PROOF. The above Vandermonde system Vand(z,,r =1: R)w = [Ofﬁl]g:LR
can be explicitly solved by the Cramer formulas since its right hand side is

/_\u,’:]:u

R
:Er —1—0) H(c— Tr).

of the form [¢!~1];</<R for some c€ R. Namely
= det(Vand(z1, ..., 2r—1,¢ Tpy1, . .. ,:ER))7 r=1.... R
det(Vand(zs,s =1: R))
1
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(the column vector [¢‘~!];</<p replaces the r* column of the original Van-
dermonde matrix). Then, elementary computations show that it yields the
announced solutions.

To compute the next two sums, we start from the following canonical
decomposition of the rational fraction

1 :i 1
H (X_ ) r=1 (X_ ! )Hs#r( L1 )

I’V‘ c Tyr—cC Tr—cC Ts—cC

Setting X = 0 yields after elementary computations

R R
Zyr(%‘ - C)R = (_1)R H(xr -
r=1 r=1

Now, using that (y,)y=1,.. r solves the above Vandermonde system, we get

R

R
> i ) zyz( ) (bt
ZR:<> RkRkar Zyx +AR (-1 =—1)

k=0
*/
=ckif k<R
so that
R R R
Zyrxﬁ =R (-1)F H(xr —c¢)=ct - H(c — Zy).
r=1 r=1 r=1

The second identity follows likewise by differentiating the above rational
fraction with respect to X and then setting X = 0 again. O

Proof of [PP18, Lemma 2.1]. (a) We introduce the auxiliary variables
and parameters

o q a W q a
(1.4) WT=< : ) T ap =M (1> ,r=1,...,R—1.
dr+1 dr+1

Then (W;)1<,<g-1 is solution to the system (2.17) of [PP18] if and only if
(W, )1<r<pr—1 is solution to

R-1 1
N -1 _
Z_:WT$T —W7£—1,7R_1
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Expanding yields by linearity of the above

1 1
“M-t Z MF k1
1-M e MPF k(1)
system that it suffices to solve the sequence of (R—1) x (R—1)-Vandermonde

systems.

R—
Vi) EZWT.%ZI M *ED =1, R—1, k>0.

As the x, are pairwise distinct, (V) has a unique solutions given by

R—-1 —k
xs— M
Weo= [ =M o1 R
Ts — Ty
s=1,s#r
with the usual convention [J; = 1 Consequently, for every r =2,..., R,
k
re —M™" M~ B
W, =) Mkw,” § H — ,r=1,...,R—1.
k>0 k>0 s=1,s#r

Coming back to the weights of interest finally yields the expected formula.
One derives from the definition of W, (see (2.18) of [PP18]), using the
auxiliary variables, that

R+1

N R-1
W, = “FQ+ (M F-1)W,) with W,=> W,z

and the x, are given by (1.4). Following the lines of (a), we derive that
— 1 —
R =2 5% W
k>0

where the identity (1.2) established in the above lemma 1.1 yields

N R—-1
WR,k = Mﬁk(Rfl) — H (.7\471C — .CCT).
r=1
Finally
1 R-2 q o
W — groft -R k—r 1
W= a1+ -1y (1= (1M (ﬁ>>
k>0 r=0
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Noting that Zkzo ﬁ = ﬁ completes the proof this claim. The com-

putation of W, follows likewise, starting from the identity (1.3).

R+2

(b) In the starting system (2.17) of [PP18] for the weights g, = no longer
depends on r and can be cancelled in each equation. This leads to the system

R
Wi=1, 1+M V)Y M 2EDW, =0, =2,... R
r=2

After a standard Abel transform, we get that W, = w,. + --- + w, where
the w, are solution to the Vandermonde system

R
Z M—(T—l)(f—l)WT — 0(—1’ g — 17 L. ,R.

r=1
Note that these weights corresponds to those coming out when dealing with
ML2R for regular Monte Carlo (see [LP17]) under a weak error expansion
condition at rate a = 1.

As for the boundedness, first note that the “small” weights w, read w, =

br_r/ar, =1,..., R, with

r 1

a=J[a-M") and b = (-1 M T a

k=1
One straightforwardly checks that a, | e = [[45;(1 — M%) > 0 and
Boo =)~ |br| < 400. As a consequence -

Boo
VReN* Vre{l,...,R}, WP < —= < oo

o0

Finally, the same Abel transform shows that

R
WR+i — RG(R+Z) Z M_(T_l)(R+i_1)Wr, Z — 17 27
r=1

and one concludes by formula (1.2) and (1.3) from Lemma 1.1. O

2. An additional bias term. In this part of the appendix, we focus
the bias induced by the approximation

T i)
— =~ qr_‘w— (with v, =vn™ % a € (0,1)),
| P T,

that we use to build some universal weights (WﬁR))r:L,.,, r (by universal, we
mean that they do not depend on n). We have the following lemma:
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LEMMA 2.2. Assume that v, = yin~* with a € (0,1).
(a) Let x € (0,1) and L € N such that La < 1. Then, for every n > ng =

1
61—a
[ X -|’
F(Z) €) -1 —al
Ixn] Xfa(ffl)ri < 3(1 n l-a )71 X
L] r,| — 1—a(R+1)/nl-ayl-e —3pa-l
2—al ,_1 _q_g40— 1
(25) = <61—aL’Yf b 1)) i
(b) Set

BiasY(a, R, ¢, n)

R e (0) R (0) (0)
7(1(@ 1) 'y W W, 'y —a(l— 'y
gz; !|: - Fn ] 1+Zmre |:FnT —h o FTL }] "

where m,. g = (M~D— 1) M~0=2ED " We have:

C(l '
Bias(a, R, g, n)| < 29

nl-a’

where

R
2—a(R+ 1
C :67 w
aar =TT Ry Wil qi gz; 74q,

R
1+ Z mr’g] |Cg|
r=2

. : R
with ¢, = mini<;<p ¢ and [[Wlloo = sup,cq1.. g} r>2 wR.

Furthermore, if g1 = ... = qr = %, then Bias(l)(a, R,q,n) =0.

REMARK 2.1. Note that since a < 1/2, n!7% = o(nfé) so that this
term is negligible at the first and second orders of the expansions obtained
in this paper. Finally, it is worth noting that this term is equal to 0 when
the ¢; are equal to %, case where, in addition, the W,., r = 1..., R have
a simple closed form given by formulas (2.22) and (2.23) of [PP18, Lemma
2.1].

PROOF. First, we derive by a comparison argument with integrals fon T~ %x
and an x~%x that

nl=¢—2 i
2.6 — < k<
26) R

1—a

,n>1,ac (0,1).
—>nzla (0,1)
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Elementary computations then show that, for every a € (0, %), x€ (0,1),

and every n > 1, every integer /€ {1,...,R+ 1}

® {4 —a
anJ B X—a(f—l)rgl) < 3t 1 L X ¢
F\_X”J I, |~ FLX”J 1—al 1—a

Using that u + u'~% is (1 — a)-Hélder, we derive from the left inequality

—a L
in (2.6) that I',,) > %(Xnil_ia—?’ so that, for every n > 767,
() ¢ —a
M_ a(t— 1)1"() < 3(1+ 1—a )fyf]‘ X Y4
T xn) T, | ~ 1 —a(R+1)/ni=axl=a — 3po-t
2 2—a(R+1)~4! ~1-a(t-1)

<
- 1—a(R+1)nl-e

Now, since ||[W/{|s < 400 (see [PP18, Lemma 2.1(b)]), we deduce by plugging
1

61—a
qx

the above inequality in Bias"(a, R, ¢, n) that, for every n >

Bias'a, R, ¢,n)|
R

2—a(R+1) 1 . et
< W a
<6 mr Dl oo 4. ;;(’qu* )

R
1+ ZmM] .
r=2

Whean:%,T:L...,R,

(©) (© R
'y ,—a —1)F
L Fﬂ](“’j—i—% WmM>ce—0

r=2

R
Bias( (a,R,q,n Z

since W is solution to (2.17) of [PP18]. O

3. Proof of of [PP18, Proposition 7.6]. (i) Setting 1" = %10g(1/s)
leads to

[E[f(X1)] = v(f)] < cae.
Thus, for such a T, it remains, for a given € to show that this is possible to
build Y(7', R,N) in such a way that | Y(T, R,N) —E[f(X7)]||2 < Ce (where
C is independent of &) with a cost of computation proportional to e =2 log(¢?)
when 8 = 1 and to e~2 when 8 > 1. This property is now classical but in
our context in the Finite Horizon Multilevel literature (see e.g. [Gil08]), but
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here, we certainly have to take into account the dependence in T": we recall
that

R
IY(T, R.N) — E[f(XD)][3 = (mpgi-n7)* + >

r=1

Var(Yl(r))
N,

where my, = E[f(X1)] — E[f(X7)]. Under the assumptions of the proposi-
tion, we have

|mh21712?T| S C2h21_R
so that R = (log2)~!log(1/e) leads to [myp-r 7| < ée with & = 2czh. Let
us now consider the variance component in terms of the computational cost.
Optimizing the choice can be made by minimizing the effort £(T, R, h,N),
i.e. the product of the cost of simulation by the variance. Here,

& R (r)
g(T, R, h,N) = % (Nl + BZQTZNT> (Z \/%ﬂ';\?i)) ‘

r=2 r=1

The equality case in the Schwarz Inequality shows that this above product
is minimal when the terms in both sums are proportional, 7.e. when there
exists A> 0 such that

Var(Yl(T))

T

(") R
> Varj(vyl ) _ a3 325y var(v{").
T r=1

r=1

Vr € {1, .. .,R}, 2"N, =\ & N, = \/XQ*% Var(y'l(r))

Hence,

Under the third assumption(on the variance), Var(Yl(r)) < (1—{—2§ )c;;hg 9Pt

so that

() R .
ZLr(Yl ) < (1+27)c3(2h) 225073 Y 200"

r=1 Ny r=1
1-8
o2ft=5~ 1
2 _

1-8
< Cpad 2 (27 g + R1p)

(with the usual convention 15%11 = R when = 1). We may now fix A in such
a way that the variance contribution to the quadratic error be proportional
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to €. Up to a constant only depending on h and 3, we have

(r)

Y, - _
E Varj(vl) fj 62 if \& S, 62057}1)\7% (2R12ﬁ 15;&1 + Rlﬁ:1) 1.
r=1 r

The above property combined with what precedes implies that the global
MSE is bounded by Ce? if we set

N — 952 log(l/e) fp=1
T2 if B> 1.

To complete the proof of this first part, it remains to note that with these
choices of T', R and N,, the computational cost for the simulation is equal

to
R —1,.—21.43 R
T N1+3Z2T_QNT < a ‘e ?log’(1/¢)) Tfﬂ—l
h — a~te2log(1/e)) if B> 1.

(77) We have to prove that the three conditions of (i) hold true under (Cs).
First, applying 1t6’s formula to 2| X7¥ — X/ Hi, shows, owing to Assump-
tion (Cg), that
2 2 _—2aT
E[| X7 = X7l5] < llz = ylge ™"

Using the Lipschitz continuity of f, the stationarity property and the pre-
vious inequality yield

B - ()] =| [ B - FXlv(an)
<Uh [ BIIXE - XEIvay)
e—oT x—yllv
<™ [ o= ylvia)

where [f], denotes the Lipschitz constant of f.

Assumption (c) is also obtained by exploiting the contractive properties
derived from (Cs). The proof follows the lines of [Lem05], Theorem IV.1
applied with p = 2 and the function V(z) := |z|%. This yields in particular
that 8 = 2 and the time-independence of c3. Note that finally, since 8 = 2
and f is Lipschitz, we can control the weak error as follows:

ELf(XT)] - E[f(¢)]] < [f]l\/E[HXT — &hls"] < el f], e
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